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FOREWORD

This research program, initiated during summer 1000, was an outgrowth of

previous developments detailed in the paper, tlCharacteristic Time Coacept

Associated with Hydraulic Fracture Configuration Evolution and Optimization, _

presented as SPE Paper No. 19000 and subsequently published in SPE Production

Engineering (pp. 323-330, 1991). The multi-task effort was sponsored primarily

by the Morgantown Energy Technology Center (USDOE), Chevron, Conoco Inc.,

and Mobil. Supplemental funding was also received from Cray Research Inc. and

Amoco through their doctoral fellowship award program. In addition

acknowledging feedback from the sponsors, the authors wish to express their

appreciation to Dr. Norman Warpinski (Sandia National Laboratory) and Dr. Rick

H. Dean (Arco Oil and Gas) for their technical input. Computational facilities

were generously provided by the Ohio Supercomputer Center and Lehigh University

Computer Center.
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1.0 EXECUTIVE SUMMARY

The analysis of pertinent energy components or affiliated characteristic times

for hydraulic stimulation processes serves as an effective tool for fracture

configuration design, optimization, and control (Appendix A). This evaluation, in
d

conjunction with parametric sensitivity studies, provides a rational base for

quantifying dominant process mechanisms and the roles of specified reservoir

properties relative to controllable hydraulic fracture variables for a wide spectrum

of treatment scenarios.

Results are detailed for the following multi-task effort:

(a) Application of characteristic time concept and parametric sensitivity studies

for specialized fracture geometries (rectangular, penny--shaped, elliptical) and

three-layered elliptic crack models (in situ stress, elastic moduli, and

fracture toughness contrasts).

(b) Incorporation of leak--off effects for models investigated in (a).

(c) Simulation of generalized hydraulic fracture models and investigation of the
role of controllable variables and uncontrollable system properties.

(d) Development of guidelines for hydraulic fracture design and optimization.
Detailed evaluations of the roles of fracturing fluid rheology, flow rate,

reservoir elastic properties, fracture toughness and in situ stress contrasts for

rectangular, penny shaped and three-layered elliptic fracture models are presented

in Appendix B (SPE Paper No. 21296). No leak-off solutions for constant height,

circular, and elliptic fracture model_ in the dissipation and fracture dominant time

regimes are presented in Tables 1 and 2 of Appendix B. The fracture fluid

rheology and injection flow rate effects primarily control the fracture geometry and

responses in the dissipation dominant domain while, the reservoir fracture toughness

and flow rate are important in the fracture dominant domain. The characteristic

times defining the dissipation, fracture, and transition influence domains, for simple

fracture geometries, are presented in Table 3 of Appendix B. In lieu of

employing the characteristic time concept, the pertinent energy-rate (power) ratios

and measures can be used to identify the governing domain(s).

Rectangular, penny-shaped, and elliptical hydraulic fracture configurations are

revealed in Fig. 1 along with a listing of uncontrollable reservoir parameters and

controllable process variables. Practical discussions of various uncontrollable

1
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Uncontrollsble Prameters and Controllable Variables .
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parameters and their interactive role in fracture treatment design are presented by

Nierode [1] and Brown and Economides [2]. Theoretical considerations, numerical

• results and conclusions presented here are based on the unsymmetric three-layered

elliptic model presented in Fig. 2. This semi--general model accommodates

. reservoir characteristics exemplified by in situ stress, modulus, leak-off and fracture

toughness contrasts with the penny-shaped, rectangular, and symmetric layered

elliptical crack models representing special cases. Associated numerical experiments

and results are presented in section 2.0.

The major conclusions of this project, using the ELLIP2D and ERATE2D

model simulators [3], are presented below:

(i) The delineation of the governing energy domain(s) (dissipation, fracture

surface, and/or leak--off dominant energy domains) using the uncontrollable reservoir

properties and controllable fracture fluid variables, and the methodology in

Appendix A is an important design tool Asymptotic time-explicit solutions with

small and large leak-offs for PKN, GDK or penny--shaped models can be utilized

in the preliminary assessments.

(ii) Three-layered models smearing the reservoir mechanical properties,

layering conditions, and in situ stress contrasts are generally adequate as well as

computationally efficient for a majority of the field simulations. The unsymmetric

elliptic crack models developed here facilitate parametric sensitivity, response

simulations as well as vertical fracture penetration evaluations.

(iii) In situ stress contrasts along with layer interface conditions play a

significant role in governing fracture penetration with fracture fluid viscosity and

injection rate having a secondary influence. The effects of elastic moduli contrast

also have a secondarly role in the vertical fracture evolution and are primarily

reflected in the fracture width--effective pressure relation and resulting dissipation

energy rate variations.

(iv) Perforation placement in relation to the prevailing in situ stress field

• can be effectively utilized to govern fracture evolution and symmetry. The

payzone fracture effective area and volume efficiencies are more realistic measures

3
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for optimum fracture design than the traditional fracture efficiency definition in the

case of multi-layered media and are significantly influenced by perforation

. placement. Parametric sensitivity configuration studies highlighting the role of

fracture fluid rheology, injection rate, and leak-off are useful for optimal

. stimulation treatment design. A higher injection rate, for the same treat_nent

volume size, reduces leak-off but decreases fracture containment in the payzone.

Similarly, a higher fluid viscosity increases fracture width and vertical penetration.

(v) The energy efficiency of the hydraulic fracture process, evaluated using

effective bottom hole pressure (BHTP) or wellhead treatment pressure (WHTP)

values, is an important diagnostic measure. The available hydraulic horsepower

(ioPo) at the wellhead or bottomhole is converted into the time dependent,
dissipative, strain, leak-off, and fracture surface energy rates during the fracture

evolution. The conversion o.t the fracture fluid leak-off energy loss to reservoir

strain energy recovery, for example, should be optimized during the dissipation
dominant fracture evolution.

v
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2.0 NUMERICAL EXPERIMENTS AND DISCUSSION

2.1 Elastic Modulus Contrasts

The effects of reservoir strata elastic modulus contrasts for a three-layered

symmetric elliptic crack model with major semi-axis (a), minor semi-axis (b), and

payzone height (h) are illustrated in Fig. 3. Fractures are uncontained for a/b >

3, even with a barrier to payzone elastic modulus of 10. Complete containment is

evident when the modulus ratio is equal to 100. These results are a

generalization of the empirical results reported by Van Eekelen [4].

2.2 In Situ Stress Contrasts

The effects of reservoir symmetrically imposed in situ stress contrasts, in

conformance with the presentation in Fig. 3, are revealed in Fig. 4.

Corresponding trends for unsymmetric in situ stress differentials are shown in Fig.

5. These results quantitatively demonstrate the significant elliptic fracture

configuration evolution bi_s in terms of in situ stress contrasts and they provide a

sound reference base for fracture geometry characterization and design in

three-layered reservoirs.

2.3 Model Response Calibr_.tions _md (_omparison_

Selected-ELLIP2D model validations, comparisons with reported results, and

parametric sensitivity studies are presented in Appendix B and Reference [3].

Additional ELLIP2D and ERATE2D model penny shaped comparisons, incorporating

the SFE3 benchmark input data [5] in Table I with uniform in situ stresses, are

shown in Fig. 6 (Newtonian frac fluid) and Fig. 7 (non-Newtonian frac fluid).

Also, comparisons of the principal fracture dimensions and effective bottom hole

treatment pressure using the in situ stress contrasts in Table I, for the ELLIP2D,

HYFRAC3D, and ERATE2D simulators, are given in Tables II and III.

Considering the width profile assumptions inherent in these models, the relatively

large deviations in the fracture length responses are reasonable. The ELLIP2D

and ERATE2D models, for simplicity, assume an elliptical width profile with a

uniform pressure (Appendix B) and two term width as well as pressure

approximation (Appendix C), respectively. On the other hand, the HYFRAC3D .

finite element model response representation is general [6].

6
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Fig. 4 Effects of Reservoir In-situ Stress Contrasts for a

Three-Layered Symmetric Model
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Table I Input data for SFE No.3 Cases 5 and 6

Case 5 and Case 6

Formation Properties Upper/Payzone/Lower

Shear modulus (GPa) 24.218/24.218/24.218

Poisson' s ratio 0.21/0.21/0.21

In situ Stress (MPa) 49. 299/39. 302/50. 678

Energy release rate (Pa-m) 78.78/78.78/78.78 .

Payzone height (m) 51.51 (170ft)

Case 5 Case 6

Fluid Properties

Consistency index (Pa-rainm) 3. 333xi0 -3 0. 37089

Behavior index, m 1.0 0.5

Leak-off coefficient (m/_-_) 0.76xi0 -4 0.76xi0 -4

Spurt loss (m) 0.0 0.0

Injection Scheme

Injection rate (m3/min) 7.9494 (50BPM)

Total time (rain) 200

* Benchmark tests for a penny shaped model also use the

same input data of the payzone for Case 5 (Newtonian)

and Case 6 (Non-Newtonian fluid case).
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Table II Fracture Response Comparisons

(SFE No. 3 Case 5' Newtonian Fluid)

Half Frac. Frac. Average Effect.

Time t Length Height Height Width Pressure

(rain) (a: ft) (bu: ft ) (bl:ft) (w: in) (Ap:psi)

A 865.1 143 .9 136.9 0. 176 889.2

25

B 654.2 124.2 115.8 0.218 884.7

A 1304 .1 155.8 146.5 0. 209 990.1

5O

B 1068.5 143.3 130.6 0. 220 971.6

A 1661.3 163.8 152.7 0.230 1046.8

75

B 1303.0 158.0 140.5 0. 245 1039.6

A 1961.1 170. _ 157.4 0. 245 1089.2

i00

B 1501.4 168.8 147.0 0. 248 1047.7

A 2225.4 175.4 161.4 0. 259 1123.9

125

B 1635.1 176.7 151.0 0. 265 1077.2
,,

A 2462.8 180.1 165.0 0. 271 1152.7

150
B 1777.7 185.2 154.6 0.265 1089.9

A 2677.8 184.3 168.2 0. 281 1176.2

175
B 1982.5 192.7 159.4 0.238 1112.0

A 2879.0 188.3 171.2 0. 290 1197.0

20O
B 2088.9 194.9 161.7 0. 250 1112.6

t A : ELLIP2D

B : HYFRAC3D
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Table II Fracture Response Comparisons (continued)

(SFE No. 3 Case 5: Newtonian Fluid)

Half Frac. Frac. Average Effect.

Length Height Height Width Pressure

(a: ft) (bu: ft ) (bl:ft) (W: in) (Ap:psi)
Time *

(min) Pressure Press. Press. Max. Max.
Response Response Response Width Width

Var. -p Var. au Var. aI (W I: in) (W 2 :in)

1039.9 145.0 138.9 0. 146 626 o9 "

25 C
i. 602 3. IE-2 2.9E-2 0. 017 0. 335

..

1689.0 152.2 143.9 0. 164 685.2

5O C

i. 600 i. 3E-2 i. 2E-2 0. 015 0. 386
..... lr".

2232 •2 155.1 147 •0 0. 176 722 •7

75 C

1.595 7.7E-3 6.9E-3 0.013 0.417

2714.2 158.0 149.4 O. 184 750.4

I00 C
i. 590 5.4E-3 4.8E-3 0. 013 0. 440

I

3155.1 160.4 151.2 0. 191 772.5

125 C
i. 586 4. IE-3 3.6E-3 0. 012 0. 458

3563 •8 162.3 152.8 0. 197 790.7

150 C
i. 582 3 .3E-3 2 •9E'3 0. 011 0. 473

3948.4 164.1 154 •2 0. 202 806.3

175 C
i. 578 2 •7E-3 2 .4E-3 0. 011 0. 487

, , ,., I ,-

4312.4 165.6 155.3 0. 206 819 •8

200 C
I. 574 2 .3E-3 2 .0E-3 0. 010 0. 498

C : ERATE2D

14



Table III Fracture Response Comparisons

(SFE No. 3 Case 6: non-Newtonian Fluid)

Half Frac. Frac. Average Effect.

Time t Length Height Height Width Pressure

(min) (a: ft) (bu: ft ) (bl:ft) (W: in) (Ap:psi)

A 831.5 152.1 143.8 0. 174 901.5

25
B 904 .8 131.4 117 .1 0. 165 864 .8

A 1306.4 162.5 151.8 0. 199 970.4

5O

B 1322 .8 157 .1 138 .7 0. 191 995.1
,,,,

A 1708.9 169.1 156.8 0. 213 1005.4

75

B 1615.9 169.0 146.3 0. 198 1017 .4
......

A 2058.7 173 .7 160.3 0. 225 1032 .8

i00

B 1789 .9 178 .5 150.7 0. 218 1048 .2

A 2373 .7 177 .5 163 .1 0. 234 1055.7

125

B 2017.8 196.3 164.8 0. 206 1105.6

"A 2662.4 180.8 165.6 0. 242 1074 •2

150

B 2188 2 201.6 170.5 0.213 1104.3

A 2929 .6 183 .7 167 .7 0 .250 1090 •3

175
B 2380.9 225.7 180.4 0.216 1142.3

A 3181.0 186.3 169.7 0.256 1104.0

200
B 2424 .2 244 .0 190.5 0. 211 1170.9

t A : ELLIP2D

B : HYFRAC3D

15



Table III Fracture Response Comparisons (continued)

(SFE No. 3 Case 6: non-Newtonian Fluid)

Half Frac. Frac. Average Effect.

Length Height Height Width Pressure

(a:ft) (b u:ft) (bl:ft) (W:in) (Ap:psi)
Time .

(min) Pressure Press. Press. Max. Max.

Response Response Response Width Width

Var. ap Var. au Var. G_ (W I: in) (W 2:in)

1030.1 144.7 138.6 0. 147 633.5
25 C

i. 600 5.5E-2 5.0E-2 0. 017 0. 338

1608.9 153.1 145.5 0. 171 711.2

5O C

1.596 2.6E-2 2.4E-2 0.014 0.403

2079.2 158.5 149.8 0. 186 761.3

75 C

1.588 i. 7E-2 i. 5E-2 0.012 0.446
t

2487.9 162.6 153.1 0. 198 798.5

i00 C

i. 580 i. 3E-2 i. IE-2 0. 011 0. 477
tt i

2855.5 166.0 155.7 0. 208 828.2

125 -C

i. 573 i. 0E-2 9.0E-3 0. 011 0. 502
t

3193 .5 169.0 158.0 0. 216 852 •9

150 C

i. 566 8.4E-3 7.4E-3 0. 010 0. 524

3507 .2 171.6 160.0 0. 223 874 .1

175 C

i. 560 7.2E-3 6.3E-3 0. 010 0. 542
,,

3802 •2 173 •9 161.7 0. 230 892 •6

200 C

I. 554 6.3E-3 5.4E-3 0. 009 0. 559

C : ERATE2D

16



2.4 Fracture Design Diagnostic Measures

The energy-rate formulations, detailed in Appendix C, provide the

• underpinnings for deriving applicable energy-rate (power) balance laws. The

instantaneous individual energy rate components derived from the input hydraulic

power are useful fracture design diagnostic measures. The fracture fluid and

reservoir control volumes are considered separately in the energy balance and the

overall process energy rate conservation law is derived by eliminating the crack

pressure reservoir wall velocity coupling term.

The energy-rate components from the fracture fluid control volume energy

rate principle can be rewritten, after neglecting the body force contribution in the

form:

DI = Df + D L + Dr/ (1)
where

DI = I Pqn
ds

8Aq
¢,

Df = J
p_r dA

A

DL = J PqL dA'
and

A

D,7= - |  .(Vp- dAA
The total power input (DI) derived from the pressurized injection of the treatment
fluid is the sum of the energy rate components associated with the formation

opening due to the fluid pressure distribution (Dr), power loss due to fluid

leak-off into the formations (DL) , and fracturing fluid dissipation (D?).
The power component due to the fluid pressure induced fracture opening

(Df), transmitted by the crack surface, is further transformed into the
d *

instantaneous change of strain energy component (H_-Us) and the fracture surface

energy rate (fJf) expended for the crack propagation. Therefore the reservoir

energy rate conservation principle governing the formation structural responses is

given by
d *

Df = HT U s + Uf (2)
, where the fracture energy rate is

Uf = A Gcr
dA

17



and the total strain energy rate can be rewritten as

_s=_A_, d I ½WKAtWldA+IA_o(X)WdA_
_ G an ds
- IA _VKA[W] dA + IA Cro(X)_dA-10 A

= 0s + Or + 0_
The work rateterm due to the in---situstresscan be decomposedintothe payzone

in-situ stress and its contrasts i.e.

' I I
Utr- A #o(X)_VdA = aop A Aj

= U_ + I_Acr

We note that13c and UAc are the energyratecomponentsassociatedwith the
payzoneminimum in situstressand stressdifferentialsin thebarriers,respectively.

•- The totalinputpowerbalanceequation,obtainedby combiningEqs.(I)and

(2),is

DI = Us + Ur + U_ + UA_ + Uf + Dr}+ DL (3)
The energy rate due to the leak-off term can be divided into two components,

comprising of the borehole effective pressure and the minimum in situ stress terms
as follows:

_.DL 1 + DL2 (4)
Similarly,the totalinputpowercan be alsoexpressedin theform

DI - I Pqn ds - Poio + _opio
0Aq_
-_.Dleff + DI2 (5)

where Dieff= Poio representsthe power availablefor transformationintoother

formsof energyrateduringthe fracturingstimulationand DI2 = Cropio denotes
the baselinepowerrequiredto negatepayzonein situstresseffects.

Thereforethe totalinputpower can be expressedin terms of six power

componentsin the form

DI { d d (6)= _iTUsl + _T Us2} + Uf + Dr}+ DLI + DL2

d = Us + U r + and d = Oer.where _ Usl UAcr _ Us2
18
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Normalization of Eq. (6) with respect to DI provides a useful basis for
assessing pertinent ener_ rate components

• gt-dUs 1 + _{'dUs2 _Jf D DL1 DL2
+ + i_ T + + = 1 (7)DI -_I -- _ ]_I

Eq. 7 expresses the relative energy-rate expenditures associated with the hydraulic

fracture process mechanisms at a particular time instant. This equation includes

the power components associated with the reservoir in situ stress which can be

considered as a baseline term and can be isolated through the equation

" = .[ _ dA + Crop I qL(x) dA%PS° %P -A -A
or alternatively

d
DI2 = _- Us2 + DL2 (8)

Eq. 8 is equivalent to the fracture fluid mass conservation equation multiplied by

the payzone in situ stress.

The available effective power relation can be simplified in the form

d
Die ff = _-_-Usl + Uf + D_7 + DL1 (9)

Eq. 9 can now be normalized with respect to the available effective power, DIeff,
to give

d Uf D DL1

_T'USlDleff+ "_leff + _.,, D-_T.f_ + = 1 (10)

Eq. 10 expressesthe availableeffectiveenergy-rateexpendituresfor fracture

propagation, opening, as well as fracture fluid related losses at a time instant.

Since each component in eq. 10 is directly related to the fracture process

parameters and variables, the time history of each component demonstrates the

efficacy of energy rate transfer from the bottom hole treatment effective pressure

cure injection flow rate source.

In addition to the energy-rate considerations and related transfer--efficiencies,

the optimum generation of fracture surface areas and/or volumes in the payzone

layer for multi-layered reservoirs is a vital design consideration. Accordingly, we
$

" define the normalized effective fracture area (Aeff) and normalized effective fracture
$

, volume (Veff) within the payzone as follows [3]:

19
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Aeff - (A)payzone/H 2

- _ [ _ abj- abj sin-l_l - (_j)2)1/2 + hj/bj {1 - (_j)2)2/1]/H2

J for j - u,1 (11)

and

Veff =-(VF)payzone/Vi

-- _. [ _ abj W 1 {1 - RI(_j) } + _ abj W2 {1 - R2(_j))]/(iot )

J for j - u,l (12)

where _j --- hj/bj, R 1 and R 2 represent the ratios of integrals for barrier area to

the integrals for the payzone area with the integrands given by (l-p2) I/2 and

(1-p2) 2/3, respectively. The evaluation of pertinent energy-rate, effective fracture

area, and fracture volume efficiencies from an integrated systems viewpoint are

essential elements in the hydraulic fracturing design process. Numerical

experiments on the role of the fracture fluid controllable variables and perforation

placement on these design metrics are essential steps towards the optimization and

control of fracture configuration evolution.

2.5 Evalxlation Qf _EnerR_-Rate Comvonents: P¢nuy-Shaped Fracture Benchmarking

The asymptotic responses for a penny-shaped fracture, in the absence of

leak--off, can be obtained from the closed form time explicit solutions presented in

Appendix C. .The dissipation energy dominant regime solution (Gcr=0)yields the

ratio

d 10+7m (13)=
where m is the flow behaviorindex. The ratioin [13]is maximum when the

fluidis Newtonian (m=l), with a value of 4.25. Thereforethe percentagesof D_7

dU
and _i" sl with respectto the effectiveinput power (Dieff)for this case are
81% and 19%, respectively.

When the dissipationenergy is negligible(_/o-O),the solutionsyield the

energyratio

d = 3/2 (14)Uf/g_-Usl

2O



dU d with respect to the effectiveThis result reveals the percentages of_j_ f and HTUsl

input power (Dieff) for this case are approximately 60% and 40%, respectively.
Fig. 8 illustrates the asymptotic no-leak off power conservation responses

depicted by Eqs. 13 (ro=l) and 14. The baseline and available effective

energy-rate responses for the benchmark SFE3 case in Table I, in the absence, of

in situ stress contrasts, are plotted in Fig. 9a with the available effective power

responses highlighted in Fig. 9b. These responses are obviously dissipation

dominant since the fracture energy component is negligible and the relatively small

leak-off component leads to a large fracture volume efficiency. Figs. 10 and 11

reveal the trade-offs in the energy-rate components due to different fracture fluid

viscosities and leak-off coefficients, respectively. Minimization of leak-off and

pressure gradient energy rate dissipation can be controlled by the judicious

selection of the fracture fluid slurry.

2.6 Hydraulic Fracture Desien Evaluations in Three-Layered Reservoirs

Numerical experiments detailing the fracture design diagnostic measures are

presented here for variations in the controllable variables (frac fluid rheological

properties, injection flnw rate, fluid leak-off coefficients, and perforation placement)

specified in the three-layered SFE3 model data (Table I). These evaluations

facilitate the development of hydraulic fracture design guidelines.

Table IV lists the input data for 13 cases (cases a-m), using the

three-layered SFE3 model data in Table I. The hydraulic fracture dimensions,

effective pressure, fracture efficiency, effective area efficiency, and effective volume

efficiency responses are summarized in Table V. Figs. 12_ 13, and 14 illustrate

plots of the fracture efficiency, effective area efficiency, and effective volume
efficiency, respectivel'y I for cases (a-g). Although the perforation placement has a

negligible effect on :the fracture efficiency (Fig. 12, cases a-c), the effective fracture

area and volume efficiencies are significantly influenced b_" the perforation source.

An increased injection !rate for case d (i --- 2io with io = 50 BPM) apparently

yields a better fracture efficiency than case e (i = io/2 ) with a higher borehole
effective pressure. However, this increased injection rate in case d yields a lower

normalized effective area and higher normal effect_:_._ Volume than in case e. This
..

is an obvious result of less containment in the payzone and a higher fracture

width for the increased injection flow rate case. The fluid leak-off coefficient is
21
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Fig. 11 Effective Energy Rate Component Changes due to Fluid Leak-off

Variation (Penny-shaped Benchmark Model for SFE No. 3 Case 5)
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an important variable, as evidenced by its non-linear impact on efficiencies in

Table V. Since thecases in Table IV all fall in the dissipation dominant regime,

the advantages derived from reduced fluid leak-off should be carefully examined

relative to the disadvantages stemming from changes in the rheological and

proppant transport characteristics of the fracture fluid. For illustrative .

comparisons, the fracture and effective volume efflciencies for the Newtonian fluid

cases _l-m are shown in Figs. 15 and 16 respectively.

To demonstrate the importance of the energy-rate measures (Section 2.4),

Fig. 17 portrays the effective available energy components (plots q, s, 1, f) using

bold (three-layered) and dashed (penny-shaped) lines. Clearly, dissipation aod
leak-off effects are dominant. This indicates that injection flow rate, fracture fluid

rheology, and leak-off coefficients have a significant effect on the fracture responses

while the role of reservoir fracture toughness can be ignored. The base line in

situ stress component trends designated by S (strain energy-rate) and L (leak-off

energy-rate) reveal the relatively large uncontrollable energy-rate expenditures

during the fracturing process. Comparison of the energy-rate components for case

6 (Table I) and case a (Table IV) are shown in Fig. 18. Due to the reduced in

situ stress contrast in case a, the fracture length (height) is decreased (increased)

by 26.4% (28.3%), as listed in Tables I and IV. Therefore, the dissipation

energ3r-rate component for case a is lower than in case 6. This difference in the

dissipation energy-rate causes a commensurate change in the leak-off energy rate

component, with small changes in the stored strain energy rate components.

Figs. 19 and 20 illustrate the energy-rate component trend sensitivities due

to leak-off coefficient and injection rate variations. The higher leak-off coefficient

case (case f in Fig. 19) illustrates a large drain in the amount of available power

primarily at the expense of strain energy rate. This indicates that, in the

dissipation dominant regime, an increase in the leak-off component directly yields

an unfavorable fracture configuration response assuming that the maximum reservoir

strain energy transfer is desirable. Similarly, halving the injection rate increases

the relative leak-off energy-rate component due to the reduced exposure time

primarily at the expense of strain energy rate (Fig. 20). Favorable, but minor,

changes are also evidenced in the dissipation energy rate component. These

injection rate sensitivity trends have to be evaluated in conjunction with the .

effective area and volume efficiency changes discussed earlier.
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Fig. 19 Comparisons of Energy Rate Components between Cases f

and g (Leak--off Effect)
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3.0 FRACTURE DESIGN, CONTROL, AND OPTIMIZATION GUIDELINES

• Although numerical simulations specifically tailored for the SFE3 field data

are presented in Section 2.0, the following generic guidelines for hydraulic fracture

. configuration design, control, and optimization are proposed:

1. The characterization of the operative influence domain(s) (dissipation, fracture

surface and/or leak-off energy dominant regimes) using the uncontrollable reservoir

properties and range of controllable fracture fluid variables is an essential design

tool (Appendix A). Asymptotic time--explicit solutions with small and large

leak-off for PKN, GDK or penny-shaped models can be utilized in preliminary

assessments (Appendix B).

2. Three-layered models smearing the reservoir mechanical properties, layering

conditions and in situ stress contrasts are generally sufficient and computationally

efficient. The unsymmetric elliptic crack models facilitate parametric sensitivity

and vertical fracture pe_:etration evaluations (Tables IV and V).

3. In situ stress contrasts (as well as layer interface conditions) play a significant

role in governing fracture vertical penetration (Figs. 4 and 5) with fracture fluid

viscosity and injection flow rate having a secondary influence. The effects of '

elastic moduli contrast are also secondary (Fig. 3) and are primarily reflected in

the fracture width-effective pressure relation and resulting dissipation energy rate

variations.

4. Perforation placement in relation to the prevalent in situ stress field can be

an effective design tool in governing fracture evolution (Tables IV and V). The

payzone fracture effective area and volume efficiencies are more realistic measures

for optimum fracture design than the traditional fracture efficiency definition in the

case of multi-layered media (Figs. 12, 13, and 14). Parametric sensitivity

configuration studies delineating the role of fracture fluid rheology injection rate,

and leak-off are useful for the optimal stimulation treatment design (Tables IV

and V). A higher injection rate, for the same treatment volume size, reduces

leak-off but decreases fracture containment in the payzone. Similarly, a higher
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fluid viscosity increases fracture width and fracture vertical penetration.

5. The energy rate efficiency of the hydraulic fracture process evaluated using ,

effective bottom hole treatment pressure (BHTP) or wellhead treatment pressure

(WHTP) values is an important diagnostic measure (Figs. 17 and 18). The .

available hydraulic horsepower (ioPo) at the wellhead or bottom hole is converted
into dissipative, strain energy storage, leak-off, and fracture surface energy rates

during the fracture evolution. Transfer of fracture fluid leak-off energy to

reservoir strain energy, for example, should be optimized during the dissipation

dominant fracture evolution (Figs. 19 and 20).

.°
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ABSTRACT - A new applicationof an energy-ratevariationalprinciplefor

hydraulicfracturingprocessesis introduced.The formationstructural,fracture

mechanics,and fracturefluidflow responsesare integrallycoupledin this

treatment.This unifiedprinciple,with variousspecializedforms,providesa formal

frameworkforthe studyof continuumas wellas discretemodels.The applicability

of the developedformulationsis demonstratedby derivingtime--explicitsolutions

for a penny-shapedmodel and comparingnumericalresultswith corresponding

responsesfrom Lagrangianand finiteelementmethods.
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INTRODUCTION

, Hydraulic fracture processes involve the initiation and extension of cracks in

target formations through the pressurized injection of proppant-laden viscous fluids

at controlled rates (Veatch et al., 1989). Various methodologies have been

employed for the evaluation of hydraulically induced fracture responses, including

both energy as well as variational approaches. Perkins and Krech (1968), based on

the pioneering work of Sack (1946) and Barenblatt (1056), introduced the concept

of a damage zone using a modified energy balance equation for the case of a

nonpenetrating fracture fluid. The computed fracture extension pressures employing

laboratory determined Griffith surface energies are consistent with corresponding

pressures measured in experimental models.

A variational formulation coupling the formation structural stiffness and

fracturing fluid response via the crack fluid pressure was first advanced by Clifton

and Abou-Sayed (1982). They employed separate variational principles for the

formation structural responses and viscous fracture fluid flow, with the linear

elastic fracture mechanics (LEFM) criterion expressed as an auxiliary equation. The

subsequent discretizations for the crack width and pressure provide the

underpinnings for the numerical solutions (Abou-Sayed et al., 1984; Clifton, 1980).

A related variational technique for simulating fracture propagation has also been

reported by Toubul et al. (1986).

The use Of generalized coordinates, in a Lagrangian formulation, for deriving

solutions associated with constant height hydraulic fracture models was motivated

by Biot et al. (1986). The time dependent generalized coordinates for this discrete

model are defined from the admissible functions for the assumed crack dimensions
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and pressureprofile.This techniqueis similarto the Rayleigh-Ritztype solution

procedureswhich have traditionallyservedas precursorsto advanceduumerical

techniques.Itsapplicabilityto elliptical(Advaniet al.,1986)and penny---shaped

(Advaniet al.,1987)fractureshas alsobeen demonstrated.In the lattercontext, ,

fundamentalstudieson the propagationof a penny---shapedcrack have been

conductedby Abe et al.(1976).

The significanceof differentenergy contributionsfor examiningfracture

responsephenomena has receivedconsiderableattention.Thiercelinet al.(1987)
!

studiedthe influenceof fracturetoughnessfor penny-shapedcracks.They

contrastedtheirresultswith thoseof Wong and Cleary(1985)who studiedthe

limitingcaseof zerofracturetoughnessvaluein theirpreviouslydevelopedmodel.

Conversely,substantiallyenhanced fracturetoughnessscalinglaws have been

hypothesizedby Shlyapoberskyet al.(1988).The relativecontributionsof Griffith

surfaceand viscousdissipationenergy componentshave been systematically

investigatedby Lee et al. (1989).The ensuingcharacteristictime measures

developedin:#hesestudiesserveas diagnosticindicatorsforparametericsensitivity

evaluation,fracturefluidselection,bottom-holetreatmentpressure-flowanalysis

and eventual fracture configuration control in multi-layered reservoirs.

In this paper, application of a rigorous and integrated energy rate

variational formulation governing the coupled structural, fluid flow and fracture

mechanics responses is detailed. This unified treatment not only provides a formal

framework for invest'.'g_tingdiscreteLagrangianmodels (Biotet al.,1986)with

pre---selectedconfiguraticnsand lumped generalizedforcesbut it alsofacilitatesthe

formulationand computationalwork associatedwith advanced finiteelement

hydraulicfracturesimulators.Applicationsstemming from the theoretical

developmentare detailedfora penny---shapedfracture.
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FORMULATION OF A GENERAL ENERGY RATE FUNCTIONAL

. Consider a hydraulically induced fracture represented by a planar vertical

crack in a multi-layered formation, as shown in Fig. 1. We denote the volumes of

the reservoir (excluding the fracture) and the fluid (occupying the entire fracture)

by ns(t ) and hf(t), respectively. The fracture surface area and the crack front are

designated by A(t) and 8A, respectively.

A general form of an energy rate functional, coupling the elastic reservoir

structural, linear elastic fracture mechanics and viscous incompressible fracturing

fluid, is motivated from Appendix A. This functional, obtained from the principle

of virtu_.l work, is

d I e dV + Int_ dV + I ;fl(P'i-f gi)dVF(_'_'P'an) = aT f/s • n

d dA - I_Aq
-21A p vL dA-2 IAp VsinidA + _TIAGcr PVfn dA (i)

where e is the specificstrainenergy for the reservoirand _ is the fracturefluid

dissipationenergy rate.For the crack,we note that the boundary areas for the

crack surfaces are represented by loT/si = [oWlf[ = 2[AI. These integrals over

the area A in eq. (1) are calculated for one face of the fracture only; the factor

of two accounts for the opposite face. Also, the energy release rate Gcr = 21"

with r defined as the surface energy. In eq. (1), _rs, y.f, and vL denote the solid,

fluid, and leak-off velocities, respectively, p designates the fracture fluid pressure,

_n is the unit vector normal to A and pointing outward from Frf, _rg is the fluid

gravitational body force, and Vfn is the fracture fluid injection velocity at the

boundary @Aq.

One can readily identify the origin of the various terms in eq. (1) and
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pertinent mechanisms. The first term in eq. (1) represents the rate of increase in

strain energy in the solid and the second term is directly related to the rate of

energy loss through fluid dissipation. The vfip, i term includes the rate at which

the fracture fluid does work at the boundaries A and aAq, and enforces the .

incompressibility constraint. The -vfifg i term represents the rate of increase in the

gravitational potential. The terms 2pr L and 2pVsini account for the rate at which

energy is lost through fluid leak-off, and the rate at which work is done on the

solid. The term containing Gcr in eq. (1) represents the rate at which energy goes

into creating new surface area. Since vfn is defined to be negative for injection,

-pvfn represents the rate at which energy is supplied to the fracture at the

injection boundary aAq.

We introduce, in eq. (1), the expressions

1 o
e - _ eij Cijld Ckl + aij_ij (2)

o and
for the linear elastic formation subjected to initial stresses ai j ,1

r/o Lij)(l+m)/2¢ = _ (Lij (3)

for the power law type non-Newtonian fracturing fluid (vii = _o[L[m-lLij), with

r/o and m denoting the fluid consistency a1_d behavior indices, respectively, and Lij

designating the components of the fluid velocity gradient tensor (defined in

Appendix A). Also, we note that the fracture energy rate term in eq. (1) can be

equivalently written as

d I dA = I Gcr an dS (4)
i _ A(t) Gcr OA

with an representingthe normal crack propagationvelocityon _A. Eq. (I) can

now be rewrittenin the form

5O



,

= j .o.. ,o;<,.,_,,)<,+=>/,_,,d {½ qjOijldqd + ijqji dV + _ IIF(%,_,P,i'n) _ ns

• +Io;.<_,,-_.,__v-.j: v,,_,_A-'lr vL_,,

We take variations with respect to the variables vs, Xf, P, and i n only. The solid

displacement us and ali spatial regions (ns, flf_ A, aA and aAq) are not varied,

and the first integral (strain energy term) in eq. (5) must be expressed in terms

of _vs and us only. We also assume that Vfn and vL are prescribed with Vfn

defined to be negative for injection.

The resulting Euler equations, obtained from setting the first variation of

eq. (5) to zero, are :

Equilibrium equations for the reservoir
O

(aij + aij), j -_ 0 in fl s (6)

Traction boundary conditions for the reservoir

o nj + p ni 0 on A (7)(aij + aij) =

Fluid linear momentum equations for the fracturing fluid

- p,i+ rij,j+ fgi= 0 in f/f (8)

Fracturing fluid incompressibility equation

vii, i = 0 in Sf (9)

Fracturing fluid and reservoir velocity relations on the crack surface

vfini = Vsini + vL on A (10)

Injection flow condition for the fracturing fluid

vfini = Vfn on OAq and (11)
Reservoir fracture propagation criterion

G = Gcr on OA (12)
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We assume that the values of _'ijnj are negligible along the surface A and at the

injection boundary, _Aq. For hydraulic fracturing studies, one can show that the

deviatoric stress rij are much smaller than the pressure p. The stationary value of .

the functional given by eq. (5) yields the necessary field equations and boundary
¢

conditions for investigating the overall hydraulic fracture responses.

SIMPLIFIED ENERGY-RATE FUNCTIONALS

We simpUfy the general functional (5), for application to hydraulic

fracturing, by using the boundary integral form for the crack opening mode and

invoking the lubrication flow approximation. Although the functional and associated
o

analysis are applicable to a general state of in-situ stress _ij' we assume in the

sequel that the crack is planar and that it propagates perpendicular to the

minimum in-situ stress, cro - - cr_3, in the x3 --- 0 plane (Fig. 1).

First, the boundary integral representation of the strain energy term for the

crack opening mode (Usl=Us2=0, Us3=W/2) can be written as (Bui, 1977)

1 B(w,w) A (13)
Ins ½ .ijCi.13d.kldV-_

with the symmetricbilinearterm B(w,w)A definedin termsof the crackopening

width,w, by

B(w'w)A = I w KA[W]dAA

J I 1 o_w(_'t)dA} dA (14)= w(x,t)14_(_-v) A_i(Ix-_[) O{iA

where KA[W] representsthe boundaryintegralforthe cracksurfaceA and # and

v respectivelyare the reservoirshearmodulusand Poisson'sratio.The appropriate

formsfora planarfracturein a multi-layeredformation,reportedby Lee et al.
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(1988),have been obtainedby extendingthe basicwork of Lee and Keer (1986).

We note that the integralexpression(14) is definedin terms of the fracture

opening width,w, and the fracturearea,A, insteadof the displacement,_, and

volume, fls"This representation,therefore,significantlyreducesthe computational

effort.The correspondingterms in eq. (5),obtainedby usingeqs.(13),(14),and

Appendix B, foran openingmode planarcrack,can be derivedas

_I {½eijCijkleld + °'Ojeij} dV
ns

-I_'.c_fw,+"o_"_+I _.n,,_,.,_w,,w.,,ds (151A 9A - -

where the gradient,Vw, is definedwith respectto the coordinatesxI and x2.

Next, from the lubricationflow approximation,we expressthe dissipation

energyintegralin the form

'70lo(,,i.,,.,i,_<,+,,,_I_,,v_-_'70Ii",'___,i(_,_,,.,_._>_,+,,,>,,_,_:,,,.,_,01
We now evaluate the volume iv.'.egral for laminar Hele-Shaw flow behavior in a

channel with width w(x 1,x2,t) and fluid pressure p(x 1,x2,t) using the relations

(CHiton and Abou-Sayed, 1982)

[1- (I x31

vn = _2m+1 _____)(l+m)/m]ql/w (1'_)

= 2m+1 [1 - (w__llxvi'2 m+l )(l+m)/m] q2/w (18)

w/2 v
-w/2f3dx3= 0 (19)

where qi/w is the averagevelocitydefinedby

fw/2

qi-- J_w/2Vndx3 (20)
The dissipationterm can now be shown to have the form

-- , ,1+m

If/f(LijLij)( l+m IA w2m+llql dA (21)

r/o 1+m)/2 dV =
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where _ = r/o(2+l/m)m 2l+m. Also, for a vertical planar crack, we have

- = u"(Vp--_fg)dA (22)
Jf/;fi(P'i fgi ) dV I A

and

jw/2
w 2vfn dx3 = Qn on aAq (23)-/

On the crack surface, A, the velocities are represented by

_/2 = y.s.n and QL = 2VL (24)

Using eqs. (15), (21), (22), (23), and (24), the functionnl (5) can be rewritten in

the following simplified form •

I --J lql l+mF(w'_l'P'an)- A _ {HA[W]- P + G°} dA + +_m A w2m+l dA

+ I (rp _rg)dA- J p qL dA + JaAsn 8(1-v) GcrA n. - A { _/_ w Vw._n + } dS

- laAqPQn dS (25)

The resultingEuler equations,obtained from the firstvariationof only the

velocity-dependentand pressureterms in (25),are

6_v: KA[W] = p- _ro in A (26)

6p: V-fl+ w + qL = O in A (27)

!l'_U= Qn along aAq (28)

_: _ lql m-12m+1 g + Vp - _rg= _0 in A (29)
W

6_n:_ z'/_ w Vw-n = along OA (30)8 (l-v) _ G cr

Another, simplified form of the functional, using relation (29) and eliminating

the flux, _l, from the generalized coordinates, can be derived as

"[A _V{KA[W] - p + c°} dA - JA PqL dAF(w,P,Sn)

-- _m (_--I/ml A w(2+i/m){(VP--fg)'(VP-'fg )}(l+m)/(2m)dA
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J

_r _ Qn dS (31)+ + dS-db

The Euler equations,resultingfrom (31) afterapplyingthe variationalprocedure

and divergencetheorem;axe

oc_v:KA[W] = p - ao in A (32)

(_-l/mv'{w(2+l/m)lvP--f_[(1-m)/m(vP--f_)) + w + qL = 0 in A (33)6p:

Qn =- (_-l/m {w(2-1-1]m)ivp_fgl(1-m)/m(vp,fg))._.nalong aAq (34)

• Ir_ Vw n along OA (35)
6_n - 8{_1_p)w "- -_ Gcr

In summary, the functionalsrepresentingthe mechanics of hydraulic

fracturingaxe given by eqs. (5), (25), or (31), depending on the inherent

assumptions.Theoretically,the functionalgiven by eq. (31) can be expressedin

terms of two variables,by eliminatingthe pressurevariableusing eq. (32).

However, this additionalreductionrequiresthe derivationof a computationally

tractableexpressionfor KA[W ],associatedwith pre-selectedfracturegeometries.

APPLICATIONS: DISCRETE PENNY-SHAPED MODEL

We consider the hydraulically induced growth of a penny--shaped fracture in

an isotropic formation• The fracture geometry at any time instant is approximated

by the fracture radius (R(t)) and fracture opening width profile assumed as

w(r,t)- Wl(t) (1-p2)I/2 q" W2(t)(I-p2)3/2 (36)

where p = r/R is the normalizedradialcoordinate.The firstterm in eq. (36)

• represents the crack singular behavior while the second term corresponds to the

equilibrium crack growth condition (Barenblatt, 1956), satisfying a zero slope at

the crack front (p---l). The compatible polynomial expression for the effective
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pressure profile derived from the crack opening width profile (36) is

p(,O - % = P(t).,{1- 2}
where GO is the reservoir minimum in-situ stress. The approximate distribution in

eq. (37) assumes that the fracturing fluid occupies the tip of the advancing .

fracture and ignores the pressure singularity at the front, arising from the

lubrication approximation (Bui and Parnes, 1982).

The energy rate components and governing equations of motion corresponding

to the five generalized coordinates, _r 1, _r2, R, P and a, are derived in Appendix

C. The governing elasticity eqs. (C.11) and (C.12) can be re-expressed as

W1 = 4(l-v) PR (1 -_a) (38)

W2 = -4(l-v)PR _ a (39)

alongwiththe crackpropagationconditionfrom eqs.(38),(39)and (C.13)

W_ = Gcr (40)

The mass conservationequation,deducedfrom eqs.(C.14)and (C.15),is

= d 2, WIR2 _ W2R2) + 211 {t_r(p)}_4.pdp (41)i0 _ (-'ff + 4zCLR J0

where the last tem represents the fluid leak--off volume rate. The additional

equation reflecting the variation in a (etl. (C.15)) is

2 ,mr. _'I/mR(m-1)/m al/m pl/m l(Wl,W2,m)+ 4ZCLR2JI= 0 (42)- 2m+ 1_"0j ""

where

fl p3 dp (43)

1

and I(WI,W2,m)= IO[P(I-p2)I/2{WI + W2(I-p2)}] (2m+l)/m dp (44)

The procedures for solving eqs. (38) through (42), utilizing an incremental time

marching scheme, are detailed in Appendix C.
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Asymptotic Solutions

In the absence of leak--off (C L = 0), the solutions to eqs. (38)-(42) are

• identical to the time-explicit forms derived from Lagrange's method (Lee et al.,

. 1989). For the limiting case of negligible fracture energy (Gcr= 0), we obtain the

following relations from eqs. (38) through (41)"

_1; d (27r W2R2) (45)W 1 = 0, a = 3/2, W 2 - _8 v)pR, io = _" "_

Substituting these values into eq. (42), we have

.m+2 1 2(m+l)

rl° # 13(m+2'_ t3(m+2) (46a)
R(t) = Cl(m) t_7° (l--v) j

2. m+2 2 1 2--m

r(l-v) 1o _/o ]3(1+2) t3(,m+2) (46b)W(t) = W2(t)= C2(m) t 2
#

m+ 1 1 --m

[# o (46c)
P(t) = C3(m) (l_v)m+l

The numerical constants Ci(m) are detailed in Table 1. The difference in the

constant values using a previous Lagrangian formulation (Lee et al., 1989) can be

attributed to the assumed constant crack pressure and corresponding elliptical crack
.f

opening width profile.

The other _imiting threshold is characterized by zero dissipation energy rate

(r/o -0). This case correctly yields a constant pressure profile and, from eqs. (38)

through (42), we obtain

a = 0, W 2 = 0, W 1 4(l-v)_gRP, io = _d (-3"2_rWIR2) (47)
.2

R(t) = 0.617 r# 1° 11/5 t2/5 (48a)
L(I--V)Gcr j

C2crio(1-v)2
W(t) - Wl(t) - 1.254[ 2 11/5 tl/5 (48b)

#
2 3

P(t) = 1.595t#Gcr ]I/5t-I/5 (48c)
t(1--v)2io
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Numerical Results

For the cases wherein the effects of dissipation and fracture energy rate are

both prevalent, the governing equations (38) through (42) do not yield closed form "

time-explicit solutions. Therefore, the nonlinear coupled differential equations are .

solved using a numerical procedure (Appendix C). To illustrate the transition of

the solution behavior from the dissipation dominant regime to the fracture surface

energy dominant regime, we select an example (Table 2) wherein the effects of

dissipation and fracture energy are clearly evident. Figure 2 illustrates the

numerical results and the transition of the bore-hole crack opening width response

from the dissipation dominant regime solution (eq.(46b)) to the fracture energy

dominant regime solution (eq.(48b)). The results from a previously developed

_3-dimensional finite element simulator (Advani et al., 1990) are also included for

comparison. The corresponding fracture radius and bottom-hole effective pressure

responses are also presented in Figs. 3 and 4, respectively. The domain transition,

for the fracture radius growth, is not discerned readily in Fig. 3 since the slope

changes from a value of 0.44 (eq. 46a with m-l) to 0.40 (eq. 48a). Another

interpretation of this transition behavior can be found by examining the value of

the pressure-width response variable _t). The extreme values of a are 1.50 and 0

associated with the dissipation (eq. 46) and fracture energy dominant (eq. 48)

regimes, respectively. The computed values of _, for this numerical example,

decrease monotonically from 1.22 (t=5xl0 -3 rain) to 0.10 (t=1000 rain).
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CONCLUDING REMARKS

An application of variational principles integrating the elastic reservoir

structural and fracture mechanics as well as fracture fluid flow behavior are

presented. The formulations yield a comprehensive set of field equations for

characterizing the overall hydraulic fracture responses. They also facilitate the

computation of pertinent energy rates during fracture evolution. AppLication of the

developed methodology for a penny-shaped fracture is readily demonstrated by

using a l_yleigh-Ritz type solution technique. This procedure can also be

implemented for the case wherein the lag in the fracturing fluid front relative to

the crack tip front is represented by an additional generalized coordinate. It is

believed, however, that in-situ stress effects in the presence of the fluid lag are

less significant for penny-shaped rather than rectangular fractures. Investigations on

the evolution of an elliptical fracture in a three layered formation with stress

contrasts alid leak-off effects, using the presented variational formalism, are in

progress.
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APPENDIX A

Rate Form of Principle of V'n_ual ..Work

To demonstrate the physical relevance of the energy-rate functional (eq.(1))

and its rdationship with the traditional principle of virtual work (PVW), we

express the PVW for the hydraulic fracturing process in the form

IQs_iJ 6_ij dV+ I.frij o._ij dV -Iflffgi_fi dV

+ 2JA(p-nirijnj)6v L dA + J0A(Gcr- G)S n dS

+ J (p- nirijnj)_fn dA + Jnf_ _fi,i dV = 0 (A.1)aAq

where _rij = _ij . cr°j is the total formation stress tensor component and rij is

the deviatoric stress tensor components for the fluid. The variations 6_ij in eq.

(A.1) are restricted to those values of _ij which are compatible with the current

fracture configuration. Energy contributions due to a mo,_ing fracture front are

contained in the energy rdease rate G. The strain rate and velocity gradient
q¢ .

tensor components above are defined by

"i _'si aVs" l(_ifl+_i f') (A.2)_ij = _ (_k'_ + _)and Lij =

The Lagrange multiplier associated with the last integral in eq. (A.1), for the

incompressible fracturing fluid, can be shown to be equal to the fluid pressure, i.e.

= - p (A.3)

In converting eq. (A.1) to a functional, we retain variations in the variables rs,

y.f, p, and an only. We do not take variations with respect to us or the physical

boundaries.

We now convert eq. (A.I) to a functional form, useful for applications.

Since the fluid is incompressible, we require vfi,i = 0 in fif and write, after use
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of the divergence theorem and algebraic manipulations, the identity

-Iflf 6vfi'i dV = 6I :,ivfidV -26 I vfini p dA- _I p vfini dA .• fl A 0Aq

to obtain

• If_saij 6iii dV+ Ifl/'ij o"Lij dV+ 6Iflf(p,i-fgi)vfi dV-2IA6 p vL dA

+ It_A(Gcr-G)6ands-IOAqVfn6p dA + 26IA (vL- vfini) p dA

- 2 JAiijnj6L dA- JaAqnirijnj_fn dA = 0 (A.4)

P

Introducing, without loss of generality of the constitutive laws, the rdations

_iijae= aij and _ij = rij (A.5)

and the energy release rate expression (Budiansky and Rice, 1974)

6 _d IflsedV = Ii2saij/_[iJ dV-I0A G 6andS (A.6)

in eq. (A.4), we obtain the desired functional form

oT(y.s,y.f,p,An) = /_ {gfIflse dV + Iflf¢ dV + Ifl(P'i-fgi)vfi dV

-2IA p v L dA + I oAGcr indS-IOAqVfap dA- 2IA vsini p dA} = 0 (A.7)

In eq. (A.6), the energy release rate G is expressed as a function of current

configuration and displacement (Appendix B). Therefore, its variation with respect

to velocity tez:m and loading axe neglected• We note here that, in deriving (A.7),

the velocity constraint expression vfini = vsin i + vL is used along with explicitly

assumed leak-off and fluid injection velocities (_L = /_vfn = 0). Also, in

considering the variation of the strain energy e above, only the variations with

' respect to the solidvelocity vsi and crack propagation velocity i n are considered.
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APPENDIX B

Energy_Release Rate for a Planar Crack

The principle of virtual work in Appendix A contains the term

aA G 6andS (S.1)

where G is the energy release rate. Assuming that the crack tip experiences plane

strain, mode I loading conditions, in a neighborhood near the crack tip, we have

w(d) = 4(l-v) KI _ (B.2)

where w(d) is the fracture opening at a small distance d inside the fracture with

d measured normal to the leading edge of the fracture.

From eq. (B.2), near the edge of the fracture, we obtain

_ 4(!-v) 2
w Vw...n--- _._2 K_ (B.3)

where .nnpoints in the direction of fracture propagation. Since

we can write eq. (B.1) in the form

I G $indS =-I {_- " as (B.5)aA aA v) wVw._.n_,(_n

The energy release rate integral above is now expressed as a function of the

current crack configuration and displacement.

,4
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APPENDIX C

Gover-.in[ Ea___tion_ _nd Solutiqn pr__ure for Pcnny-Shaued Crack.

The energy rate components in eq. (31) are derived using the curtailed

two--term crack opening width and fracture fluid profiles given by eqs. (36) and

(37), respectively. The corresponding boundary integral KA[W] has the form (Shah

and Kobayashi, 1971)

KA[W]= 4(1-u)a(Wt + _ W2 -I W2 02)

The general sezies form expression for KA[W] for a penny_haped crack

correspondingto a polynomial seriesdescribingthe internalpressurecan be

obtained from the results of Shah and Kobayashi (1971) by inversion of the

appropriate coefficient matrix. The crack opening width rate from eq. (36) is Oven

by

_r = '_V1(1-p2)1/2 + _r2(1-p2)3/2
J

+ _t/R g2{WI(1-p2)-1/2 + 3W2(1-p2)1/2} (C.2)
,lp

The pertinentenergyratecomponentsfrom eqs.(C.I)and (C.2)are

+
_ 2 2 _wlw2+ _sw2)-, + 2(_-.)(_wi+ 3 2 (c.31

+_R__1- _)w_+_1- _)w_ (o_)
Dp- _(_-l/mm I w(2+l/m){(Vp-fg)'(VP"-fg))(l+ml/(2m)dAA

_ 2z-m2 1)(_7o)-1/m R(m-1)/m (ap)(m+l)/m I(W1,W2,m) (C.5)• - Ci+m)(2m+
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whereI(WI,W2,m)-- 10[P(I-p2)I/2{W1+ W2(1-p2)}](2m+1)/m dp

I v,.-v, 4(X2_l-_)_w21 (C.6) "IJF = an { l_--2_w Vw.n dS = - ....0A

uf=JoAGc' =2,Gc,Ri (C.7)

DI = 10Aqp Qn dA =---ioP (C.8)

DL = I PqL dA = 4xCLR2p J(a) (C.9)A
1

1-aP 2 - p dp.
where J(a)= 10 {t-v(P)}l

We notethatthe normalboundaryfluxQn in eq.(31)correspondsto sn out#azd

normalalongthe boundaryaAq, i.e.Qn = -io in eq.(C.8).

We definethe functional(eq.(31)),usingeqs.(C.3)through(C.9),as

F(VVI,W2,P,a,II)- IJs - Up - Dp - DL - DI + Ur + Uf (C.10)

and obtainthe followinggoverningequationsfrom thefirstvariation'

x2/uR 1 1 (C.11)
b_l: 2(_1-v) (_WI+3"W2)= 2xR2p (_- _'_)

•"2/A:t (C.12)
b_2: 2i1-v ) (_Wlq-_W2)}-- 2xR2p (_- _-)

6/I: _ (2W2_1 + _WIW2 + 32_W2) - 2xRP {_I-_)W1 + _1 - _)W 2}

-_W_ + 2_crR =0 (C.13)
4a

b'P"-21rR 2 {W"1(_i _ _) + W2(_"1 .. _._)} --2,RIt {_1 ---_)W 1

+ _(1- 4a _ 2 _rmt, a(m+l)/m p1/m"?)W2} 2m+ I,_7o)-l/m R(m-1)/m I(Wl'W2'm)

_ 4zCLR2j(a)+ io= 0 (C.14)

6a: 21rR2p (i_rl + _W2 ) + 2_'R_tP (T_W1 + _W 2) - 2m+27rm/,,i_'1oj_-l/m

R(m_l)/m al/m p(m+1)/m l(W1,W2,m)+ 4_CLR2p Jl = 0 (C.15) .

p3
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Equations (C.IO) through (C.15) can be rewritten in the form

fl _r_ W I - PR (1-_a) - 0 (C.16)= 4(l-v)

f2 --I__ W2 - PRa = 0 (C.17)

f3 = 8_-v) W2 -GcfR = 0 (C.18)

2 l{t_7_p)}-Ipdp _ io = 0 (C.19): + + 10
_ : _o_m+_/m_wl+_'#2_+_"o_2__/mR_I +_w2_

m r 91r/_ ,_ ll/m i(W1,W2,m) + 2CL(_}oRm+2)l/mj/ - 0 (C.20)
- 2m+ 1 _16{_l-v)""2j

The developednumericalsolutionprocedureis devisedso that Eqs. (C.16)

through(C.20)ate simultaneouslysatisfiedi.e._+At = 0 at time t+At usingthe

implicittime matching sheme. We note that eqs.(C.18),(C.19),and (C.20)can

be solved for W 1, W 2, and R using the standard Newton-Raphson iterative

method. The iterationis terminatedwhen the convergence,expressedin terms of

relativeerror is achievedwithin a toleranceof 0.1 %. The pressure,P, and

variablea ate obtainedfrom eqs.(C.16)and (C.17)usingthe convergedsolutions.

The solutionsare,then,updateaforthe subsequenttime step.
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Table 1. Constants for Dissipation Dominant Solutions

m Cl(m ) C2(m ) C3(m )

0.I 0.797 1.252 1.851

0.2 0.774 1.327 2.020

0.3 0.758 1.385 2.153

0.4 0.745 1.434 2.267

0.5 0.734 1.476 2.369

0.6 0.725 1.515 2.461

0.7 0.717 1.550 2.548

0.8 0.709 1.582 2.628

0.9 0.702 1.613 2.705

1.0 0.696 1.641 2.777
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Table 2. Selected Input Parameters and Characteristic Values (Lee et al., 1989)

Unit Value

INPUT PARAMETERS

Shear modulus (/J) GPa 2.0

Poisson's ratio (v) - 0.2

Consistency index(_/o) Pa-minm 1.6E--4

Behavior index(m) - 1.0

Injection rate(lo) m3/min 5.0

Critical Energy . Pa-m 200
Release Ra te (Gcr)

CHARACTERISTIC VALUES

Time (r) rain 1.0

Opening Width (W o) m 2.0E--3

Radius (Ro) m 50
4

Pressure (Po) MPa 0.1
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