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IMPULSIVE RESPONSE OF NONUNIFORM DENSITY
LIQUID IN A LATERALLY EXCITED TANK

by

Yu Tang and Y. W. Chang

ABSTRACT

A study on the impulsive componentof the dynamicresponse of a liquid of nonuniform

density in a tank undergoinglateral base excitationsis presented. The system considered is a

circularcylindricaltankcontainingan incompressibleand inviscid liquidwhose density increases

with the liquiddepth. The density distributionalong the depthcan be of any arbitrarycontinuous

or discontinuousfunction. In the analysis, the liquid field is divided into n layers. The thickness

of the liquid layers can be different, but the density of each liquid layer is considered to be

uniform and is equal to the value of the originalliquid density at the mid-height of that layer.

The problem is solved by the eigenfunction expansion in conjunctionwith the transfermatrix

technique. The effect of the nonuniformliquid density on the impulsive component of the

dynamic response is illustrated in a numerical example in which the linear and cosine

distributionsof the liquid density are assumed. The response quantities examined include the

impulsive pressure,base shear and moments. The results arepresented in tabularand graphical

forms. It is found thatthe impulsive pressuredistributionalong the tank wall is not sensitive to

the detailed distribution function of the density, and the base shear and moments for the

nonuniform liquid can be estimated by assuming an equivalent uniform liquid density that

preserves the total liquidweight. The effect of tank flexibility is assessed by a simple approach

in which the response quantities for flexible tanks are evaluatedby simplified equations.

V



I. INTRODUCTION

A large number of high level waste (HLW) storage tanks at various U.S. Department of

Energy (DOE) facilities contain liquids with nonuniform density. In order to evaluate the

structural integrity of these I-ILWtanks under seismic events and to provide the necessary method

of analysis for the future design of the HLW tanks, it is necessary to study the dynamic behavior

of a liquid of nonuniform density subjected to ground excitations. To respond to this need

comprehensive studies on a tank containing two liquids have been performed in the past two

years by Tang and Chang at Argonne National Laboratory (ANL) [1,2,3] as the first step toward

understanding the dynamic behavior of a liquid of nonuniform density in a tank. The ground

excitations considered included both horizontal and recking components of earthquake motions.

Both rigid and flexible tanks were studied. Recently, a study on the sloshing response of a liquid

of nonuniform density in a tank undergoing lateral base excitations has been performed by Tang

and Chang [4]. In that study, it was shown that the sloshing response in a tank containing a

liquid of nonuniform density is quite different from that of an identical tank containing uniform

density liquid. Especially, the sloshing wave height may increase significantly in tanks

containing a liquid of nonuniform density. Following that study and presented in this report is

the impulsive component of the solution to a tank containing a liquid of nonuniform density.

The objectives of this study are: (1) to develop a method of analysis for the computation

of the impulsive component of the dynamic response of a liquid of nonuniform density contained

in a tank undergoing lateral base excitations; (2) to examine the results of analysis from which

the effect of nonuniform density of the liquid on the dynamic response can be elucidated; and

(3) to propose a simple approach with which this effect can be evaluated cost-effectively for the

preliminary design. In the analysis, the liquid field is divided into n layers along its height.

These liquid layers may have different thickness, but the liquid density of each layer is assumed

to be uniform and its value is taken to be the value of the original density at the mid-height of

that layer. The eigenfunction expansion in combination with the transfer matrix technique is

employed to solve the problem. The response quantities examined include the impulsive

hydrodynamic pressure, base shear and moments at sections immediately above and below the

tank base plate. The tank wall is assumed to be rigid. The effect of the flexibility of the tank



wall is _ by a simple approachedin which simplifiedequationsfor evaluatingthe dynamic

response are proposed. For preliminarydesigns, this simple approachis very cost-effective.

II. SYSTEM DF..SCRIFrION

The tank-liquidsystem investigatedis shown in Fig. 1. It is a ground-supportedupright

circularcylindricaltankof radiusR filled with a nonuniformliquidto a height of H. The density

of the liquidis assumedto have a minimumvalue, denotedby Pt, at the top of the liquid surface.

The liquid density is assumed to increasemonotonically with the increaseof the liquiddepthand

reaches a maximum value, denoted by Pb,at the bottom of the liquid. The tank is assumed to

be rigidand clamped to a rigid base. The liquidis consideredto be incompressible andinviscid.

The response of the liquid is assumed to be linear. The cylindricalcoordinatesystem, r, e, and

z, is employed for the study with the origin defined at the center of the tank base where {}= 0

is assumedto be the dkection of the seismic excitation. The lateralexcitation consideredherein

is denotedby Jr(t). The temporal variationof _t(t) can be of any arbitraryfunction.

III. APPROACH AND SOLUTIONS

The liquid field is first divided into n layers as shown in Fig. 2. The thickness of the

Layerj (j = I, 2, 3...n) is denoted by I-_. The thickness of the liquid layers can be different. The

liquid densityfor Layer j is takento be the value of the original liquid density at mid.height of

the layer, and it is denotedby pj. It is assumed that the liquid is uniform in each layer. Thus,

the mathematical model that representsthe physical system depicted in Fig. I has n layers of

liquids with different thickness and densities. For the convenience of derivation, a local

cylindrical coordinatesystem, r, 0, zj, is introducedfor the Layer j where zj is relatedto z by the

equation

|-I

z =z! +_ Hkfor0Sz!,_Hj (1)
k=l
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Given the conditions that the liquids are incompressible and inviscid, the hydrodynamic

pressure induced at Layer j, denoted by pj, must satisfy the Laplace equation

V_pj = 0 for j - 1, 2, 3...n (2)

in the region0 • r s R, 0 • 0 s 2x, and 0 s zi • l-lj. The liquid acceleration at an arbitrarypoint

in Layer j along s-direction is related to pj by

1 api (3)
al s -

pj as

The boundary conditions are:

1. The vertical acceleration of liquid at the tank base must be zero; i.e.,

PlI = 0 (4)
z,I,,.o

2. The radial acceleration of liquid adjacent to the tank wall must equal the

acceleration of the tank wall, i.e.,

_ 1 aPjl - _(t)cosO, j = 1, 2...n (5)
Pj ar It.,

3. At the free surface, the boundary condition for the impulsive pressure is

P,I,..,. = o (6)



At the interface of Layersj and j+1, the boundaryconditions are:

4. Continuityof the verticalacceleration, i.e.,

oj azjI_.., pj._ az_.,I_.,.o

and

5. Continuity of the hydrodynamicpressure, i.e.,

P_I.,.,," PJ.,l_.,.o (8)

The method of separationof variablesis used to solve the differentialequation(2). The

boundaryconditions, Eqs. (4) (6) (7) and (8), are used to determine the e/genfunctions and

eigenvalues, and the boundary condition (5) is used to determinethe integrationconstants.

A. Eieenfunctiops

The eigenfunction, denoted by _ for Layer j corresponding to the kth eigenvalue,

denoted by Xt, is given by

where the proportionalconstants,Aptand Bpt,arerelatedto A_1kand B|.lk by the equationgiven

by



From Eq. (4), one obtains

B1k= 0 for all k (11)

Equation(10) defines a relationbetweenthe proportionalconstantsof jth layer and those

of the (j+l)th layer. By repeatingapplicationof Eq. (23) fromj -- 1 to j = n-1 and makinguse

of Eq. (11), one obtains the equationthatlinks AlkwithA_ and B.,. Symbolically, this equation

can be writtenas

where the 2x2 matrixin Eq. (12) is the transfermatrix,and Tll, Tn, T21and I"=are its elements.

It can be shown thatthe orthogonalcondition for the kth and Ith eigenfunctions is given by

_ I.j_Hs_jk(zj)_p(zj)dzj " 0 for k ,,,,
(13)

j-l Pj

: B. Eieenvalues

Equation (6) requiresthat

A,, +B,, -0



Substitutingthe constants Aj and B/in Eq. (14) with those obtained from of Eq. (12), one

obtains

which is the chara_eristic equation, and its roots arc the eigenvalues.

For n = 2, it can be shown thatEq. (15) yields

_(x.,)_(Xl_)-_ _i.(XH,)sin(Xl_)-0 06)
01

which is the characteristicequation for tanks containing two liquids [5].

Then, it can be shown that the impulsive pressure,p|, that satisfies Eq. (2) takes the form

m

pj(r,O,zj)= _ Ckll(_r)_|_(zj)cosO (17)
k-I

where the integrationconstantC_can be determinedfrom the boundarycondition definedby Eq.

(5) by makinguse of the eigenfunction expansion and the orthogonalcondition defined by Eq.

(13). The resultantcan be expressed as

pj(r,8,zj) = Co! (r,z|)(pb_(t)Rcos0) j - 1...n (18)

where the function Coj(r,zj) is given by

Coj(r,zj) = _ H _ 1 _ l,(_r) (19)R _ II*iil"r,(x,x),,,(z,)



in which 11is the modified Bessel functionof the first kind and I'1 is its derivative;function AA

is given by

and II 00[ is given by

t,

j-1 Pj

I. Base Shear

After the impulsive pressure is obtained, the base shear, denoted by O(t), is

computedfrom the following equation

j.l f_ pj Rcos0dzjd0 (22)

Substituting Eq. (18) into F.,q.(21) and performingthe integration,one obtains O(t) which may

be expressed as

O(t) ffir8 M,t X(t) (23)

in which lVl,1 ffi_pbR 2H ffithe total liquid mass if the tank is f'flledwith a liquid having a

density of _. Since Eq. (22) involves only simple integrationof the trigonometryfunctions, the

expression for r, is not given herein.
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2. Base Moments

The base moment at a section immediately above the tank base, M(O, is obtained

by perfonnin8 the following integration

t

and theresult is cast into the form

U(t) - rM _1 H _(t) (25)

The base moment induced by the pressure exerted on the tank base is denoted by AM(O

whichis given by the followingequation
i

!

= p_ r2cosedrde (26)

and may be expressed in the form as

AM(t) - ArM Mts H Jr(t) (27)

The base moment at the section immediately below the tank base, denoted by M'(t), is

then given by the sum of Eqs. (25) and (27). The result is expressed as

M'(O- M,'H (2s)

in which
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r'M , rM+ ArM (29)

IV. NUMERICALR_ULTS

Unlike the case of tanks containing uniform density Hquidwhere H/R is the only

parameterthatcontrolsthe response,the parametersthat controlthe responseof tankscontaining

a liquid of nonuniform density are H/R, P/Pb, and the density variationalong the liquid depth.

For the numericalstudy presented herein, the variation of the liquid density between Ptand Pb

is assumed to be either a linear or a cosine function. More precisely, if p(z) representsthe

density at liquid depthof z, the linear function is given by

p(z) =Pt +(H,,,,H"-Z/(Pb" -Pt) (30)

and the cosine function is given by

p(z) = p, + _ 2H ) (Pb - Pt) (31)

It is importantto determine the numberof layers neededto approximatethe liquid field

in orderto get accurateresults. Therefore, the studyfor the convergence of the numerical results

for base shearand base moments is performedfirst,the values of r,, ru and r,Mobtainedby using

different numberof layers arepresented in Table I for P,/Ob= 0.25 and Table II for P/Pu= 0.5

assuming either linear or cosine variationfor the liquid density. In these tables two values of

H/R, 0.5 and 3, areconsidered and for simplicity the thickness of the layers are takento be the

same. As one can see from these tables thatwith n = 30, the results are quite accurate. Thus

all solutions presentedhereinafterare obtainedby using n = 30. It should be mentionedherein

that the approachpresented in this report is implemented into a FORTRAN computerprogram

thatruns on PC 486 machine, and for n = 30 the C'PUtime is less than three minutes.

ii
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To study the effect of the nonuniform Hquid density on the dynamic response, the

response quantities for uniform, linear and cosine Hquiddensity functions are computed and

compared. In orderto make the comparisonmeaninl_k the total liquidmass in the tank is kept
./

the same. If the total liquid mass in a tankfor the linearvariationcase is chosen to be the base

liquid mass for comparison,it can be shown that for the uniform density case the equivalent

uniformliquid density, p*, has to be

P*" 111+2 O___.,]pb) Pb (32)

and for cosine variationcase, the liquid density defined by Eq. (31) has to be multiplied by a

coefficient given by

Presentedin Tables III, IV and V are the comparisons of the coefficients for the base

shear and momentsfor the linear, cosine and uniformvariationcases. The coefficients defined

in Eqs. (32) and (33) have been appliedto the results for the uniform and cosine variationcases,

respectively. Four values of H/R, 0.5, 1, 2 and 3, and three values of P/f_o,0.25, 0.5 and 0.75,

are considered in these tables. Examiningthese three tables, one notices that for the linearand

cosine variationcases, the responsequantitiesarevery close. This indicates that the response

is not sensitive to the detailed density variationalong the depth. The difference, however, is

observed between the results for the uniformcase and those of the linear and cosine cases. The

values for the base shearare larger for the uniformcase thanthose for the linear and cosine cases

for broadtanks (H/R _ 1); however, for tall tanks(H/R a 2) the opposite trend is observed. The

values for the base moments are larger for the uniform case for all the tanks considered in

comparisonwith those for the linear and cosine cases. In orderto gain more insight into the

problem,the impulsive pressureexerted on the tank wall for tanks with HAt = 0.5, 1, 2 and 3
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are plotted in FiBs. 3, 4, 5 and 6 for the value of p,/_ = 0.25 and 0.5. It is clearly shown in

these figures that the pressure for the linear and cosine cases are very close; however, the

pressurefor the uniformcase is larger at the upperportionand smaller in the lower portion of

the height. Therefore,the center of gravity for the enclosed area by the curve correspondingto

the uniform case is hiBherthan those of the linear andcosine variationcases. This explains why

the moments are higherfor the uniform variationcase. Examinin8the datamore critically,one

may fred thatthe results for the uniformcase are about 15% higherthan those of the other two

cases. Realizing the conservatism requiredfor design, one may conclude that the response for

tanks filled with a liquid of nonuniform density may be evaluated, at least for the preliminary

design, from the solutions for tanksf'dledwith the equivalentuniformdensity liquid.

A, Effect of Tank Flexibility

The procedureproposedhereinto assess the effect of tank wall flexibility is basically an

extension of the simple procedurepresented in Ref. 6 for tankscontaininga uniform liquid. The

procedurerequires thatthe groundacceleration Jr(t)in the rigid tank solution be replacedby the

pseudoaccelerationfunction Ae(t) which is defined by

........co _t Jr(z)exp[-t;(o(t-z)]sin(_(t-z))dx (34)Ao(,)-...:
m

where m = the fundamentalcircular frequencyof the tank-Hquidsystem; _ = the fraction of

criticaldamping;and _ = (o_/1__;2 . The resultingexpressions for the responsequantitiesfrom

the simple procedureare given as follows.

The impulsive wall pressure is expressed as

pj(e, zj,t) = Coj(R,zj) Ao(t) pbRcose (35)
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The base shear is expressed u

O(t) - r, M_t Ae(t) (36)

and the base moments areexprefsed as

M(O t rMM,1 H Ae(t) (37)

and

- M__ H Ae(t) (38)M'(t) r'M

The maximum values of these response quantitiesmay be obtained by replacing Ao(t) by its

spectralvalue.

The most crucialpartof this simple procedureis the evaluationof thefundamentalnatural

frequencyof the tank-liquidsystem. In this report,the simple equationpresentedin Ref. 3 for

estimatingthe fundamentalfrequencyof tank-liquidsystems for tankscontaining two liquids is

extended herein to permitthe considerationof the liquid density to be nonuniform. It has been

shown [3] that this simple equation yields accurateresults for tanks with values of H/R in the

cangebetween 0.25 and 1.0. This equation is based on two assumptions: (1) the effective mass

of the tank-liquidsystem thatparticipatesin the fn_t mode of vibrationis equal to the impulsive

componentof the liquid added mass in the rigidtank, and (2) the mass of the tank wall itself is

negligible in comparisonto thatof the liquid.

Let the fundamentalfrequencyof the tank-liquidsystem be expressed as

f s ._12x_.ell_ (39)
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in which E = Young's modulus of elasticity for the material of the tank wall; p = its mass

density; and c = a dimensionless coefficient. Let the values of f and c for a tank filled with

nonuniform Hquidbe designated by f* and c* and for the same tank filled with water be

designated by f.,,and %; then, c* can be estimatedfrom % by the equationsgiven below.

Fora rigidtankfilled with water,the base shear,denotedby Q,,, can be expressedas [7]

= (40)
t

wherer,, is a dimensionlesscoefficientdependingonthevalueof H/R. The quantityenclosed

bytheparenthesisin F.,q.(40) istheso-calledliquidaddedmass.So,basedontheassumptions

mentioned above the stiffness of the tank, denotedby kt, for the first mode of vibrationis then

given by

k, = (rwXP,,R=H)(2Xfw)= (41)

Forthe same tank filled with a nonuniformliquid, the liquid added mass can be identifiedfrom

Eq. (23). It is r,pb_R=H. So, the fundamentalfrequency, f*, can be computed from the

equationgiven by

f" = _ I ..... _ (42)2=t (r, Pb_R=H)
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SubstitutingEq. (41) into Eq.(42), one obtainsthe equationthatrelatesc* withc,, which is given

by

c, - c. I (43)
r.l:)b

Extensive numericaldata for the value of rwand _ for steel tanks fiUedwith water have been

, reportedin Refs. 7 and 8.

V. CONCLUSIONS

An analytical method for computingthe dynamicresponseto earthquakesfor tanks f'dled

with a liquid of nonuniformdensity is presented. The responsequantitiesexam/ned include the

impulsive component of the hydrodynamicpressure,base shearand moments. Unlike the cases

of tanks containing a liquid of uniform density in which the response is controlled by one

parameter,H/R, the response of tankscontaininga liquidof nonuniform density is controlledby

the parameters, H/R, p/f_, and the density variation along the Liquiddepth. In the study

presented herein, the variation functions are assumed to be either a linearor a cosine function.

The results show that the response is not sensitive to the detailed density variation along the

liquiddepth. This study also shows thatthe response for tanksrifledwith a liquid of nonuniform

density may be estimated by assuming that tank is filled with an equivalent uniform density

liquid in wh/ch the equivalent uniform density is determined such that the total liquid mass is

kept the same. Finally, a simple equation is derived for estimating the fundamental natural

frequencyof the tank-liquidsystem, and simple approachfor computing the response quantities

for flexible tanks is proposed.
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Table I. ConvergenceTable of Base Shearand Momentsfor P,/Pb= 0.25

I I I I IIIIIII I ii I I I I i i I I

r, r. r,m
I I ili I II lil

No. of
Layers Linear Cosine Linear Cosine Linear Cosine

_. ii i i_ I I I I I I I I I ,

=0.5
,, L

2 0.169 0.203 0.0625 0.0754 0.249 0.298
I I il in I i i I

5 0.164 0.193 0.0585 0.0692 0.240 0.284
i i I I ii i

10 0.163 0.192 0.0577 0.0682 0.238 0.282
I I I II

20 0.163 0.191 0.0577 0.0680 0.238 0.281

30 0.163 0.191 0.0577 0.0679 0.238 0.281

40 0.163 0.191 0.0577 0.679 0.238 0.281

H/R = 3.0

2 0.533 0.632 0.206 0.247 0.227 0.272
i ii _ I r I I I I

5 0.540 0.630 0.201 0.249 0.225 0.265

10 0.541 0.629 0.201 0.237 0.224 0.263

20 0.541 0.629 0.200 0.237 0.224 0.263

30 0.541 0.629 0.200 0.237 0.224 0.263

40 0.541 0.629 0.200 0.237 0.224 0.263
I I III II I I I I II I II
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Table II. Convergence Table of Base Shear and Moments for p,/_ = 0.5

........... ,,,an , ,, ,_11 I I III IIII , ,,,,,,

r0 r. r'
III I IIIIII III iiiilllll II I I II I IJ I iiiIll i I lid ] I_ I] [

No. of

Layers Linear Cosine IAncar Cosine Linear Cosine
j Ill _ _ Illlll Iilil I I Illl I

H/R=0.5
l lll llli i I I II II I I• I I I J Ill

2 0.215 0.237 0.0823 0.0909 0.314 0.347
II IIIIII . I I I Illl i Illlll i I

5 0.211 0.231 0.0799 0.0870 0.309 0.338
I ill ]11 Is i iiii i i i i _

10 0.211 0.230 0.0795 0.0864 0.309 0.337
l l l l I JEll l l l I l l J I llll [l II

20 0.211 0.230 0.0794 0.0862 0.308 0.337
i i i lli l i II i I li i I I ii iiii i MS

30 0.211 0.220 0.0794 0.0862 0.308 0.337
.... ii II i ii i __

40 0.211 0.229 0.0794 0.0862 0.308 0.337
I lili il liil i II il i li • iii i i ill

H/R = 3.0

2 0.641 0.706 0.262 0.290 0.286 0.316
i iii

5 0.645 0.705 0.260 0.285 0.284 0.311
ii II i I iiii

10 0.645 0.705 0.259 0.284 0.284 0.310
II II ii ii ii I IIII i i iii

20 0.645 0.704 0.259 0.284 0.284 0.310
III ii I

30 0.645 0.704 0.259 0.284 0.284 0.310
III I I I i I

40 0.645 0.704 0.259 0.284 0.284 0.310
IIIIII I II I I I II IIIII i, I I '
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Table IlL Comparisonof BaseShearCoefficient,r.

p/_ = 0.25 p/_ = 0.5
tt H tttl i ira,m, ,,,,,, , , - IIH, tlt t i t l i i lilt i,,

H/R Linear Cosine Uniform Linear Cosine Uniform

0.5 0.163 0.164 0.188 0.211 0.210 0.225
i I III I I I I Ill I I iiimml Ill I I I I]lllllll I I

1.0 0.317 0.319 0.342 0.399 0.399 0.4,11
i i i ii ii [ i i ii IN I II I II ml , II

2.0 0.480 0.480 0.477 0.580 0.580 0.572
...... i Ill I IIIlii IIlll II I IIII IIII I I I II

3.0 0.541 0.540 0.526 0.645 0.646 0.631
ii i i i iiii ii Illll|l I I I I I I I II II1| I I I II I I fll I II liT I

Table IV. Comparisonof Base ShearCoefficient, r,

I I I I III I I III , , I III I In

p/_ - 0.25 p/_, = 0.5
iiiii illllil i i illl_ i

H/R Linear Cosine Uniform Linear Cosine Uniform
ii i i i i ii ii iii i iii ,,,,

0.5 0.0577 0.0584 0.0749 0.0790 0.0790 0.0899
111111 ii i i iiii ii i i i i i ii

1.0 0.113 0.114 0.138 0.151 0.151 0.166
iii ii lmll I I ii iii i

2.0 0.174 0.176 0.202 0.227 0.227 0.242
iii i ii i i i i

3.0 0.200 0.2114 0.231 0.259 0.260 0.277

Table V. Compm_n of Base Shear Coefficient, r'
m

p/,_, =0.25 p/l>,,=0.5
i i ii lll l l i ii i i ii,i

H/R Linear Cosine Uniform Linear Cosine Uniform
i im I

0.5 0.238 0.241 0.275 0.308 0.308 0.330
ii i i ii

1.0 0.228 0.228 0.247 0.288 0.286 0.296
" " i iiii i i iii i illl

2.0 0.221 0.222 0.239 0.278 0.2"/"/ 0.286
imlu • I Imll Im _

3.0 0.224 0.226 0.248 0.284 0.284 0.298
I I I IIIIII IIIII I i I I I
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Fig. 2. Hathemacieal Model for the Liquid Field
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FiB. 3. Impulsive Pressure Exerted on Wall of Risid Tank with H/R = 0.5
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FiB. 4. Impulsive Pressure Exerted on Wall of Risid Tank with B/R - 1
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Fig. 5. Impulsive Pressure Exerted on Wall of Rtsid Tank with H/R - 2

FiK. 6. Impulsive Pressure Exerted on Wall of Rts£d Tank rich H/K = 3
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