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Abstract

The ion temperature gradient driven instability, or 75 mode, is studied for discharges
with hydrogen, deuterium or tritium in a toroidal magnetic configuration. Impurity
effects on the mode and the instability which is driven by the presence of impurity
ions (impurity modes) are studied as well. It is found that the maximum growth rate
of the n; mode scales as M~1 for pure hydrogen, deuterium or tritium discharges,
where M is the mass of the working gas ion. With the inclusion of impurity ions the
growth rates of ; mode decrease in all three kinds of plasmas with a hydrogen plasma
still having the highest maximum growth rate, tritium the lowest, and deuterium in
between. However, the isotope effects are weaker and scale as M:ﬂ"l' with the presence
of impurity ions, where the effective mass Mg is a8 combination of A; and A;, the mass
number of hydrogenic and impurity ions. For the impurity mode the situation is similar
tu that of the 7; mode without impurity ions. Experimental database shows that the
plasma energy confinement time scales as Tg ~ A? in clean plasmas. The correlation

of the theoretical results with the experimental confinement scaling is discussed.
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I Introduction

Obtaining and understanding scaling laws for the energy confinement time in tokamak plas-
mas have long been one of the focuses of experimental and theoretical studies in fusion
plasma physics. Several empirical scaling laws have been proposed and work well for L-
mode as well as H-mode discharges.” 3 One of the common features of these scaling laws
is that the plasma energy confinement time 75 oc A%, where A; is the ion mass number and
0.3 < a < 0.7 is a constant that varies from one scaling law to another. This 7g versus
A? scaling is called the isotope scaling or isotope effects. Recently, the results of a wide
range of studies about the isotope scaling perforrned on ASDEX as well as on other tokamak
devices are reported and a variety of isotope scaling laws obtained from experiments are sum-
marized.® Despite its fundamental nature and widespread appearance in the experimental
observations, theoretical explanations for the isotope scaling are rare. Moreover, conventional
transport theories usually fail in predicting the right isotope scaling. Neoclassical theory,
conventional ion pressure gradient driven turbulence models, and resistive ballooning theory,
for instance, predict a degradation of confinement from hydrogen to deuterium.
Theoretical attempts have been made to overcome the contradiction between experiments
and theories. Impurity ion species are introduced into the ion temperature gradient (ITG)
mode turbulence, which is widely believed to be responsible for anomalous energy transport
in tokamak plasmas, to make A; an explicit parameter in the transport properties.*~% In ad-
dition, the impurity mode which is driven by the presence of second ion species even without
ion temperature gradient is considered to account for the energy transport in plasma periph-
ery.> & A slab magnetic configuration is usually used and even a simplified local dispersion
equation valid for long wavelength approximation and shearless slab geometry is solved in

these earlier studies. A more complete toroidal equation including ion curvature and mag-



netic gradient drift motions needs to be solved in this regard since the mode growth rate
and mode structure depend on the toroidal drifts and magnetic configuration. Models based
on the collisional drift wave turbulence in a region with magnetic shear seem to catch the
right trends.” However, collisionless plasma dynamics is more relevant to high temperature
core plasmas in tokamak devices.

The impurity effects on ITG (or 7;) mode in collisionless plasmas are studied for shearless
slab, shear slab and toroidal magnetic configurations in Ref. 8. Full hydrogen and impurity
ion dynamics is taken into account and the ballooning representation is used to take care of
the mode coupling introduced by the toroidicity of the tokamak plasmas. The same integral
dispersion equation for toroidal drift modes is used to study the isotope effects on ITG and
impurity driven modes as well as on plasma confinement in this work.

The remainder of this work is organized as follows. In Sec. II the integral dispersion
equation, including second ion species, for toroidal plasmas is presented and explained for
completeness. In Sec. III the numerical results for hydrogenic plasmas, with and without
impurity species, are described. Both the ITG and impurity modes are studied in the
former case. The correlation of these results with experimentally observed isotope scaling is

discussed in Sec. IV. Section V is devoted to the conclusions of this study.

II Integral Dispersion Equation

The gyrokinetic integral equation® for the study of low frequency drift modes, such as the
ITG mode, is extended to include impurity species in this section. The curvature and
magnetic gradient effects wp(v],vj,0) of both hydrogenic and impurity ions are included.
The ballooning representation is used so that the mode coupling due to the toroidal magnetic
configuration of tokamak device is taken into account. The full ion transit kyvy and finite
Larmor radius effects are retained while the ion bouncing is neglected. Electron response is

assumed to be adiabatic for simplicity. The integral dispersion equation derived in Ref. 9 is
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easily written as follows after being extended to include second ion species,
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k,k' and ke are normalized to p;! = Qi /vy = eB/c/2Tym; and r to p;, and I;(j = 0,1)
is the modified Bessel function of order j. The symbols with subscript “i” or without stand
for the primary ion species (hydrogenic ions) while that with “2” and “e” for the second and
electrons, respectively, in Eqs. (1)-(2) and the expressions afterwards. In addition, all the
symbols have their usual meanings such as: the L,’s are the density scale lengths, Lz's the
temperature scale lengths, g the safety factor, § = rdq/qdr the magnetic shear, and ws. the
electron diamagnetic frequency. Z is the charge number of impurity ions, m’s and T’s are
the ion mass and temperature, respectively. The derivation of the equation is given in detail
in Ref. 9 and not repeated here.

It has to be mentioned before starting to solve Eq. (1) that not all the parameters are
independent. This is because the quasineutrality condition holds in the plasmas studied

here. This condition requires that

=, (3)

and therefore

under the assumption Ti(r) = T;(r).



III Numerical Results

Equation (1) has to be solved numerically and special attention must be paid to the log-
arithmic singularity at 7 = 0 when k = k’.° The numerical methods for solving such a
Fredholm integral equation of the second kind are standard and well documented,® so will
not be repeated in this work.

The following reference parameters are used in this study unless otherwise stated: 7 =

M. =39, f;=028=083,¢=15 e, =056, 7 =7, =1, Ly = Loy = L.

A. ITG mode in pure hydrogenic plasmas

The ITG mode in pure hydrogenic (H, D, T or their mixture) plasmas is studied first to
show the isotope effects on the mode. The normalized mode growth rate as a function of

kepy is given in Fig. 1, where pg = c(2’I‘.‘m,~)l/2

/eB is the hydrogen ion Larmor radius. The
mode growth rate is normalized to wee/kopy = \/;'7_56,” /Ly so that the normalized growth
rate is independent of the poloidal mode number k¢ which is the variable on the absissa
axis. This is the right way to present the results and to perform comparisons since the same
normalization is taken for different ion species so that the numbers shown in the figures are
comparable.

The analysis makes it very clear that ITG mode has the highest maximum growth rate
and the widest k¢ range where the mode is unstable in a hydrogen plasma. Tritium plasma
which has the lowest maximum growth rate and the narrowest unstable ks range is the
most stable. A deuterium plasma is in between. The stability of ITG mode in a half
and half D-T plasma is just between deuterium and tritium plasmas, and the same for
the half and half H-D plasmas. It is easy to figure out that the maximum growth rates
Yenax H ° Ymax D : Ymax T = 1 : 1/v/2 : 1/4/3, i.e. the maximum growth rate of the mode is

inversely proportional to the square root of the ion mass number. This relation holds for



D-T and H-D mixing plasmas if an average mass number is used. The correlation of these
results with isotope scaling of energy confinement in tokamak plasmas will be discussed in

Sec. IV.

B. ITG mode in plasmas with impurities

Real plasmas in tokamak devices are not pure hydrogen plasmas. Instead there are lower
densities of higher Z elements called impurities in such plasmas. A second ion species
(m;,Z,n;) is now introduced in order to study the isotope effects on ITG mode in the
presence of impurities. Two kinds of impurities, carbon and helium, are considered. Shown
in Fig. 2 is the normalized mode growth rate as a function of poloidal wavenumber. The
same normalization as that in Fig. 1 is used. In both carbon and helium cases the impurity
concentration f, = Zn,/n, = 0.2 is used, corresponding to Zs = 2 with carbon and
Zeg = 1.2 with helium, respectively. Again, the mode has the highest maximum growth rate
in a hydrogen plasma, the lowest in a tritium, and the intermediate in a deuterium plasma.
In addition, the mode growth rate in plasmas with carbon is lower than that with helium

when the primary ions are the same kind (H, D, or T).

C. Impurity Mode

An impurity mode can be driven unstable when there is a second ion species in the plasma
with its density peak opposite to the primary ion and electron densities.!® With opposing
density gradients, no ion temperature gradient is needed to drive this instability. We choose
% =N, =0, Lpe = —2Lp,, § =1, q = 2.5, €, = 0.3. The parameter Le; = Lpe/Lni is
calculated from Eq. (3). Oxygen is considered to be the impurity in hydrogen, deuterium or
tritium plasmas. Shown in Fig. 3 is the mode growth rate as a function of the wavenumber
in the poloidal direction. Two impurity concentrations of f; = 0.2 and 0.3 (Ze.g = 2.4 and

3.1) are studied in Figs. 3(a) and (b), respectively. In these two cases the mode growth
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rate is the highest in a hydrogen plasma, the lowest in a tritium, and the intermediate in a
deuterium plasma. In addition, the mode has the widest range of unstable kg in a hydrogen
plasma, narrowest in a tritium, and the intermediate in a deuterium plasma, just as the ITG
mode does. The mode growth rate increases with increasing impurity concentration for the

same discharge gas in the range of parameters studied here.

IV Discussion

It is widely believed that the ITG mode is a plausible candidate responsible for the anomalous
energy transport in tokamak plasmas. There has been an effort to explain experimental
observations with I'TG theories.!! As one part of such an effort it is natural to try to find
some relationship between the ITG mode features and the experimental observations on the
isotope scaling. The mixing length argument, X ~ yA2, is usually used to calculate the
thermnal diffusivity X, where « is the linear mode growth rate and A, is the mode correlation
length in the radial direction. The conventional estimate identifies A, with the mode width
of a single helicity harmonic and takes A, ~ k; ' on the order of the ion gyro-radius. Such
an estimation gives rise to two important discrepancies with the experiments. The first is
the radial profile of X(r) as discussed by Beklemishev and Horton!? and the second is the
isotope scaling of the energy diffusion coefficient.

Recent toroidal particle simulations show that the radial correlation length is longer than
and does not scale directly with 1/ks.!® Indeed, an electrostatic perturbation is a superpo-
sition of different poloidal harmonics in a tokamak plasma. The neighboring harmonics are
coupled and overlapped due to the toroidicity of the configuration. The mode correlation
length A, may be much longer than and independent of the mode width of a single har-
monic if such coupling and overlapping are strong. Based on such physical considerations,
theoretical studies have shown that the radial correlation length can be a function of plasma

parameters, independent of and much longer than the mode width of a single helicity har-
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monic.'* !® In addition, density fluctuation measurements in tokamak plasmas indicate that
the wavenumber spectrum S(k, ) peaks at k. = 0 while the spectrum S(kg) peaks at kg # 0.1
However, finding out the proper formula for A, is still a challenge to plasma physicists and
is beyond the scope of this work. Even with these uncertainties in the scaling of the ra-
dial correlation length with the ion mass, the growth rate controls the driving force for the
turbulent energy.

It is qualitatively demonstrated in Sec. III that the ITG mode has the highest growth rate
and widest unstable kg spectrum in a hydrogen plasma, the lowest growth rate and narrowest
ke spectrum in a tritium plasm, and the intermediate growth rate in a deuterium plasma.
Some attempts are made to relate these results with the isotope scaling experimentally
observed. In doing so we assume that the correlation time is determined by the single
harmonic with the maximum growth rate and that the correlation length is independent of
the mode width of each single harmonic and determined by equilibrium plasma parameters.
Then the maximum growth rate of the ITG mode has an isotope scaling similar to that
obtained from experimental data. Shown in Fig. 4 is the maximum growth rate from Figs. 1-2

as a function of effective mass number
Meﬂ = (1 - fz)Ai + szz y (5)

where A; and A, are the mass number for hydrogenic ions and impurity ions, respectively,
and the same normalization as that in Figs. 1 and 2 is used for ymax. The solid line is the
curve of Ymax < Mz>® matching the calculated value at the point Mg = 1. Considering that
the parameter values of 7, ¢, 8, €5, and f; used in the calculation are chosen randomly from
those close to experimental observations, the M® parameterization of Ymax i8 considered
good.

The Ymax versus Meg dependence shown in Fig. 5 is the same as that in Fig. 4 but for the

impurity driven mode. In this case the fitting with M~%5, with M being the mass number

Ll



of the hydrogenic ions, is also good. Our attempt to fit these data by one curve with the
effective mass number as that for the ITG mode failed, indicating that Z.g is important for
the maximum growth rate of the impurity mode. Taking the influence of Z.g into account,
we find that Ymax o M~95ZL7 fits the data given in Fig. 5 reasonably good. Both ITG and
impurity modes have approximately the same isotope scaling Ymax x M~%5. Besides, the
impurity mode has the scaling Ymax ¢ Z%® which may provide a way to distinguish impurity
mode dominated transport from the ITG mode induced transport if the diffusion

V Conclusions

The integral toroidal gyrokinetic dispersion equation is extended to include a second ion
species. The ion temperature gradient driven mode (or 7; mode) is studied in hydrogen,
deuterium or tritium plasmas with or without the presence of impurity ions. It is shown
that the ITG mode has the highest growth rate and the widest unstable k¢ spectrum in a
hydrogen plasma, the lowest growth rate and narrowest kg spectrum in a tritium plasma, and
an intermediate growth rate in a deuterium plasma. The maximum growth rate of the mode
with respect to the poloidal mode number ky is found to scale as Ymax x Mz® with Mg being
the effective ion mass number defined in Eq. (5). This scaling is in reasonable agreement
with the experimental observations if the mixing length estimation for the plasma energy
transport is used, under the assumption that the correlation time is inversely proportional
to the maximum growth rate of the mode, and that the correlation length is independent of
each single harmonic mode width.

The impurity driven mode is studied in hydrogen, deuterium or tritium plasmas without
the temperature gradient of either the primary or the impurity ion species. The mode
growth rate has the same feature as that of the 7; mode: the highest growth rate and the
widest unstable kg spectrum in a hydrogen plasma, the lowest growth rate and narrowest kg

spectrum in a tritium plasma, and an intermediate growth rate in a deuterium plasma. The
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maximum mode growth rate scales as ymax & M~%% for the same impurity concentration
[z, where M is the mass number of the primary ion species. Taking Z.g influence into
account, Ymax X M~25ZL5 fits the numerical data reasonably well. The scaling Ymax o Z1
of the impurity mode is one of the major differences from the ITG mode, that may provide
the distinction between the ITG mode dominated and impurity mode dominated plasma
transports if the diffusion induced by the impurity mode is assumed to be proportional to
the maximum growtl. rate and independent of the mode width of a single helicity harmonic
component due to the toroidal mode structures.

It has to be pointed out that the isolope scaling discussed in this study only works for
fixed plasma parameters such as density and temperature gradients, magneiic and velocity
shears, magnetic curvature and safety factor. This means that the isotope scaling 75 ox MG
proposed in this work only holds for discharges with exactly the same plasma parameter
profiles in different working gases. The profile of those plasma parameters, however, usually
change from one working gas to another in experiment. As a result, it is not surprising to
find that weak or even no isotope effects are observed for some plasmas in certain discharge

modes as, for example, the L-mode plasmas on DIII-D with neutral beam injection.!”
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Figure Captions

1.

Normalized ITG mode growth rate versus poloidal wavenumber for pure hydrogenic
plasmas. In all figures the growth rate is in unit of T, / V2TimpyL,, and the wavenumber

is in unit of eB/cv2Timy.

Normalized ITG mode growth rate versus poloidal wavenumber for plasmas with impu-

rities, the solid lines are for helium impurity and the dotted lines for carbon impurity.

Normalized impurity mode growth rate versus poloidal wavenumber, (a) f, = 0.2, and
(b) f: =0.3.

. The maximum growth rate of the ITG mode versus the effective mass number for the

calculations given in Figs. 1 and 2. The solid line is vmax ~ Mz fitting.

The maximum growth rate of the impurity mode versus the mass number of the primary
ions for the calculations given in Fig. 3. The lines are ymax ~ M8 fitting, the solid
line is for f, = 0.2 and the dash-dotted line for f, = 0.3.
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