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TOWARDS A BETTER HYDRO FOR DYNAMIC MIX CALCULATICNS

Judith Binstock
Los Alaimos National L.aboratory

ABSTRACT

A difference equation technique suitable for clean, dy-
namic mix, and turbulence Lagrangian calculations is shown.
This new technique is compared to the standard one for
clean one-dimensional calculations of the Noh, Sedov Blast
Wave, and Strong Shock Tube test problems, and for a one-
dimensional two-phase flow dynamic mix calculation of a
modified Noh problem, all test problems involving shocks.
The new technique is shown to dramatically reduce the noise
in the calculated hydrodynamic quantities of pressure, den-
sity, specific internal energy, and Lagrangian interface veloc-
ity.

I. INTRODUCTION

Since dynamic mix hydrodynamic caleulations typically use a driving term involv-
ing the gradient of the pressure, nnd turbulence calenlntions depend on gradients of
pressure, density and veloeity, clearly the less spatial noise there is &vn endeulation,
the more believable are the resuits. We therefore show in this paper a difference
equation technique suitable for elean, dynmunic mix, and turbulence ealeulations,
that haw n smoothing effect on pressure, density and mean low veloeity, In the next
section, we show the effect on clenn ealeulntions. o the section following that we
extend the technique to mixed problems, and show the effect on a two plinse -tlow
dynamic mix caleulation.

All ealeulitions nnd equations are for one-dimensionnd Lugrangian hydrodynun
ies, with an even time diffecence seheme. For simplicity, all equntions-of state
(FOS) nsed in the cleen exnmples are analytic v = 5/3 ganunn laws, aed the
mixed example uses o tabular ¥ 0/3 ganma law BOS. The techmque, however,
v tore penerad and works for any tabular or nnalytic FOS.

1. CLEAN CALCULATIONS
A. The Busic One-Dimensionnl Lagranginn Diflerence Equations

Let:



a = acceleration v = velocity

P = pressure r = radius of Lagrangian interface
Q, AQ = artificial viscosity terms E = specific internal energy

4 = area V' = zone volume

m = zone Imass t == titme

subseript i = desigriator of a boundary-centered quantity, i** interface
subscript i-% = designator of a sone-centered quantiiy, between the (j-1)
and i** interfaces

Then the basic difference equations are:

@i = =2((Fiyiys + Quyrz — Picyyz — Qiciy2)Ai + (AQuy 2

(la)

+ AQi—I/‘z)]/(mHl/z +14_1/2)
dv, = «a;dt (1d)
dri = vidt (1c)

dV
mi_yedE;_yy2 = —(Pisyy2 + Qi—l/z)(w).‘—l/udt + AQ,_ ppvi + i) (1d)

dV
ot

For the even-time scheme, predictor-corrector form, the times at which the above
terms are to be evaluated are illustrated in Fig. 1. First evaluate P,Q, AQ, A ot ¢t,,,
then calculate a at t,, then advance v and r to ¢, 9, for the predictor step. For
the corrector step re-evaluate PoA at ¢, p1/2 calenlate a at £, 4 ), re-ndvanice v to
tu b2 tdvance E to ty, then advance r to ty, and then idvance v to ty. Note how
E.r and v are all advanced from ¢, to ¢, 41, moking this an even-time scheme, as
opposed to the time-staggered scheme shown in Fig. 2. While the examples i this
paper are nll caleulated with the two step even-time seheme of Fig, 1, a simpler
one-step even time scheme eould also have been nsed.

( )i—l/'l = l’”"" - l’|_|.4|_l (1()

It i critical, however, just how " and P2 (the values at t, and ¢, prye) are
evilunted, for use in Eqs. (1n) and (1d). We will now discuss two possibilities, the
standard form and the extrapolated (P*) form.

3. Standard Form

For the even tunme seheme, standared form, the presanre used in the basie equitions
T P, p) where p density, 8 tempernture, so that table look nps (or
analytic KOS functions) give

’)ll l)(HII‘I'II) (l.,',)

’,.”l/,' I.(HnH/.'I,’noI/.!)‘ (2h)



where
de

6V = 6% 4 () T b2 — ) (2¢)
pt=m/V", p" U2 =yt (2d)

and with volume V' evaluated from r at the specified time. Note that we have
dropped the zonal subscript 1-1/2.

C. Extrapolated Form (P*)

For the cven-time scheme, extrapolated form, we use a different assumption,
namely

P" = Pu+l/2 = p* (3)

in the basic Eqs. (1a) through (1e), to advance all quantities from ¢, to ta4, where

P, pr+i correspond to Fig. 1, and where P* 1s the pressure extrapolated from t,
to t,4) using Eqs. (4a)-(4e):

E"tY —E™ = —(P" 4+ P*Y(V"™ V™) /2m (dat)
P* — P" = (5 - L)m(E"* v+ BV (4b)
A=1-(y-1)pE"/P" (4e)
"r"-+l — v"l + (d—v)"(t,.+| _ t") (1(”
di
op» JE"
v - 1= (—@—)p/p(w)p (He)

where the subseript 1-1/2 applies to all quantities.  Note thav Eq.  (4a) is the
Hugoniot relation across n shock.
Note also that 4 corresponds to the standard specific heat entio y of 0 g law
equation-of-state if
Po:(y - 1)pk (Hat)
E . E(0) (Hh)
hold, in which ense A - 0. However, 7 is still defined by Eq. (4e;, for inere complex
or tabular cquntions-of state, in which ense it mny not correspor 1 exactly to the
standard speeifie heat ratio.
Solving Eqs. (An) (4e) or P*, and reinserting the subseript 1 1/7,

o S (O NdV dv (y + v " y
r, 12 {‘ Il TR A ‘I / || | ERNE e 1)
where
‘{" " " n n " 7Y N
( ”‘—-;_)| V2 (“l "‘I "y I"‘n I)('nl 1 'u.\/‘. 1/ (()h)

Thus ' the pressure exteapolated from £, Lo Ly, using quantities evalusted nt
{ , the beginning of the thine step.



D. Comparison of the Standard and Extrapolated (P*) Forms

To sce the advantage of the extrapolated form (P*) over the standard form, tor
cven-time hydrodynamics, we look at the results for three standard test problems for
which analytic solutions are known. For simplicity, we use analytic ¥ = 5/3 gamma-
law equations-of-state for these clean calculations, and zero in on the noise in the fig-
ures. The only difference between the standard and extrapolated (P*) calculations

is in the replacement of P*, Pt with P* for the latter.

1. Noh Problem (See Appendix A). We see in Figure 3(a) that for a given
form of artificial viscosity, namely the Von Neumann form, the effact of replacing
the standard evaluation of pressure (P®, P*t1/2) with the extrapolated value (P*)
is to smooth out the noise in the density without shifting the curve up or down.
The solid line is the analytic solution. Similarly in Fig. 3(b), we sce the same
cffect, this tine with a covariant tensor viscosity. This illustrates the fact that
the smoothing effect caused by ceplacing P*, P*+Y/2 with P* is not due to P*
mimicking an addition to the artidcial viscosity. An actual change in the artificial
viscosity causes the calculated curve to shift, as a comparison of Figs. (3a) and
(3b) illustrates. For similar comparisons of pressure, specific internal energy and
velocity, see Figs. 4(a) and 4(b), Figs. 5(a) and 5(b), and Figs. 6(a) and 6(b).

2. Sedov Blast Wave Problem (See Appendix B). We ow use the covari-
ant tensor artificial viscosity only, and caleulate v/vg, P/ Py, and p/pg, all versus
R/Ry, where vy, Py, py, and Ry are the analytic solutions of velocity, pressure,
density, radius at the shock position. The standard even-time solution (Fig. 7(a))
and the extrapolated (P*) solution (Fig. 7(1)) can be compared (Fig. 7(¢)). Note
thnt when R/Rg - 1, the curves should all go through 1 for a perfect caleula
tion. Here again the extrapolated 2* caleulation smooths out the cadeulated earve
without shifting it materially.

3. Strong Shock Tube Problemm (See Appendix C). Continuing to nuse the
covariaut (ensor artificial viscosity, we show in Fig, 8 the o, £ p. I? curves versus IR
The solid line is the analytic solution. Here again the extrapolated 7% calenlation
is much smoother.

I1l. DYNAMIC MIX CALCULATIONS
A. Extension of Uxtrapolation Technigque to Mixed Zones

Hoving smoothed out the neise in o clean ealealation, we would like to trey the
technique s a dynamie mix problem, and see what effect the smoothing has ow the
caleulated mixing. However, we shall first ueed an extension of the extrapolation
selicme detined earlier, from nstugle mnterind to o mixtare of materinls, So from
. (tn) we detine

[ {

Lo dv .
P T, v WAS I {ie)



where dv )av db av
(y - 1) dv (y-+1)dV
ELNI SIS I w
g7 a)=|1 v AT/ M YT
Then if we have a mixed zone with two materials in pressure equilibrium, designated
by a and b, ve have

(Th)

P* L dve
—};-f(‘T 1_‘/TnA ) (8(!)
dv?
= f(3 5 A0) (8b)
where
Vegvb=ov (9e)
dV® 4+ dVt = dv (9b)

Equations 7 to 9 can then be algebraically manipulated to yield

dve dv  Vve yb

= = /15 3 at)] (10a)
whern (y+ 1) P* 1
, S
g =——F—F t{—5-)-4a (106)

Since v*, 7”, Ve, VO AY ALV, dV can all be calculated at time ¢, the unknowns
can now be regarded as P* and dV®, so that Eqs. (8a) and (10a) ean be iterated
to solve for P*, in cach zone,

We are now ready to see what effect the smoothing hias on the caleulated mixing,
and shall try it out on a two-phase-tlow caleulation Hf dynamic mixing. Since the
two phase flow eqnations allow both mixing and demixing, and the term deiving
the interpenetration veloeity is linear in the gradient of the pressure, we coula gness
that the moise in the pressure would cancel out, at least approximately. We shali
now test this speculntion with another test problem, a maodified Noh problem.

B. Comparison of the Standard and Fxtrapolated (1’*) Formas, for the
Modifled Noh Problem (See Appendix D).

We uow exsine the effect of teplneing 177, P P2 with P* for o two phuse How
dyraie mix endeulation of nowodified Noh problem, This problem is sinnlar to
the Noh problew, with tnbulae y  5/3 gaunimin law eqpuations of state wsed, exeepl
that e materind is now divided into two regions, with the outer one of density 2,
the wmner one of density 1. Note that untal the shock formed at the o agin reaches
the interface, the cadeulntions nee clenn. While we anfortunntely J- not have an
analytie solution for this nwodified Noh problem, we eancstill compan the standaed
ever time hydro ealenlntion with the extrapolated even time 2** calealation.



In Fig. 9 we see P, p, hmixfr (hmixfr = fraction of zone mass that i1s the heavier
material) as calculated by the two different methods, the standard wethod and the
extrapolated P* method. Note that while the standard calculation continues to
be noisy in pressure, the difference in hmixfr as calculated by the two methods is
relatively small, at least for this simple test problem.

IV. CONCLUSION

The use of the P* extrapolation in the cven-time hydro equations decreases the
noise present in the standard calculation, for clean test problems involving shocks.
Extension of this method to the two-phase-flow dynamic mix even-time hydro ecqua-
tions .ntinues to decrease the noise in pressure, density, and Lagrangian interface
velocity. For the two-phase flow problem considered here, therz was little sensi-
tivity of the mix distribution to the noise in the calculation. While the examples
shown here were for a two-step (predictor-corrector) form of even-time hydro, other
calculations with one-step even-time hydro are quite similar.
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APPENDIX A
Spherical Noh Problem

[nitial conditions:

o sphere of radius 1.0 m

e 100 equal-spaced zones

o density - 1.0 kg/m?

o speeilic interual energy = 101 J/kg, (We nsed this small finite value of
specifie internal energy to avoid zero temperatures,)

o velocity « 1.0 m/s, all zone interfaces

Bound: ry Condition:

o orer boundary velocity = LO m/s at all vimes
The problem was run to 0.6 second, using an analytic y :5/3 gamma law KOS,
hydro only (no heat conduction, no vadiation), for four cases:

e Vou Neumannn artiticinl viscosity, standard even time hydro

v Vou Neamann arctificial viscosity, I’* even time hydro

o covariant tensor artificiad viscosity, standard even time hydro

e coviuiant tensor artificinl viscosity, ’* even time hydro
Discussion:
We have used
)

/A

() 1.2 ——-
v I,( ot

for the Von Newmwnn form! of artificial viscosity. For the covarinnt tensor form

of artiticial viscosity, ()| ) .'|(J' ) correspond to the Q. ._\Q,(,'\”* .'l] *)/’

U



of Eqs. 9 and 10 on page 318 of Ref. 2. Note that we have set their Cg = 1.2°
for all zones except the inner one, for which we use Cg = 1.22/3, following a
recommendlation by Ref. 3. The analytic solution to the Noh problem can be fouud
in Ref. 1.
APPENDIX B
Spherical Sedov Blast Wave Problem
Initial conditions:
¢ sphere of radius 1.2 n
e 120 equal-spaced zones, of thickness .01 m
e density = 1.0 kg/m?
e specific internal energy of 102! J/kg in outer 118 zones, and 14727.34 J/kg
in inner 2 zones
e velocity = 0., all zone interfaces
Boundary Condition:
e outer boundary velocity = 0. at all times
The problem was run to 1.0 sccond, using an analytic ¥y = 5/3 gamma-law

EOS, hydro only, for two cases:

e covariant tensor artificial viscosity, standard even-time hydro

e covariant tensor artificial viscosity, P* even-time hydro
Discussion:

For the analytic solution, sce Ref. 5 (problem of an intense explosion). For v =
5/3, we used a, value of A (as defined in Ref. 5) equal to 1.1517, a number calculated
by Ref. 6. We then selected the product of the initial specific internal energy and
volume of the central hot spot to be A™% so that the analytic solution would go
through radius = 1 at time = 1, in the appropriate units. The analytic curves we
plot were provided by Ref. 7.

APPENDIX C
Stirong Shock Tube Problem

Initinl conditions:

o planar geometry
e 30 zoues, constant mass ratio of 0.7337, density of 10% kg/m?, specific inter
nal energy of 100 J/kg, r = 0. to 0.03m (Note mass-matehing at material
intecface).
¢ 60 cqual mass zones, density of 1.0 kg/m?, specific internal energy of 10% J/kg,
v 0.03m te 0.09m
o veloeity - 0., all zone terfaces
Left and Right Boundary Conditions:
e veloeity 0. at all tines
The problem was run to 6.0 seconds, using analytic y - 5/3 gamma law EOS,
hydro only, for two cases:
e covarinnt tensor artiticinl viscosity, standnrd even time hydro
o covnpiant tensor arbificial viscosity, I'* even time hydro
Disenssion:
The test problem wis devised by Ref. 8, and is diseussed in Ref. 9, where the
analvtie solution can be found.



APPENDIX D

Modifled Spherical Noh Problem

Initial conditions:

e sphere of radius 1.0 m

e 50 equal-spaced zones, density of 1.0 kg/m?, specific internal energy of 10~*!
J/kg, from r=0. to r=0.5 m

e 100 cqual-spaced zones, density of 2.0 kg/m?, specific internal energy of 5.0
x 10722 J/kg, from r=0.5 m to r=1.0 m (Note mass-matching at material
interface.)

o velocity = -1.0 m/s, all zones

Boundary Condition:

¢ outer boundary velocity = -1.0 m/s at all times.
The problem was run to 0.6 second, using a tabular y=5/3 gamma-law EQS,
hydro only, with two-phase-flow dynamic mixing, a Newtoniar. drag force (with
a Newtonian drag coefficient of 0.44 and a particle diameter of 3000 microns),

for two cases: L . .
e covanant tensor artificial viscosity, standard even-time hydro

e covariant tensor artificial viscosity, P* even-time hydro
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