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Abstract

We present a supersymmetric renormalisation group fixed point determination of the
third generation fermion masses, in which the large mass ratio between the top and
bottom quarks is attributed to a hierarchy in the vacuum expectation values of the two
Higgs doublets. Above a supersymmetry breaking scale, My, we use the minimal

supersymmetric standard model with a transition at M to the standard model with only
one Higgs doublet effective. The mass predictions result from renormalisation group
evolution of large Yukawa couplings at M, ~ 1016 GeV. Averaging over a wide range
of these couplings, not subject to any symmetry requirements, gives

m, = 184.3 + 6.8 GeV, mj, = 4.07+0.33 GeV, my = 1.78 £ 0.33 GeV and a light
Higgs mass mypo = 121.8 £ 4.3 GeV for M;=1TeV and a; M) = 0.125.
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Limits on the top quark mass from experiment and radiative corrections [1,2] have revived
interest in the idea that its value corresponds to an infra-red fixed point [3,4,5,6] of the
renormalization group equations. Assuming the desert hypothesis of no new interactions

beyond the standard model up to very high energies, My ~ 1015 - 1019 GeV, the effective fixed
point [6,7] for three generations predicts the top quark mass to be m; =~ 225 GeV, together

with the mass of the Higgs my- = 250 GeV. In addition to the desert hypothesis it is necessary
to assume that the top quark Yukawa coupling constant is large (greater than unity) at the high
energy scale B = M, in order to be within the basin of attraction of the infra red fixed point.

However the value of the Higgs self-coupling constant A at 4 = M, does not have to be
constrained; it must simply be positive semi-definite. The large coupling of the Higgs doublet

to the top quark is sometimes interpreted [7,8] to mean that the Higgs particle is a tt bound
state with a compositeness scale L ~ M,. But the predicted high value of the top quark mass

my = 225 GeV appears to be inconsistent with the upper limit m; < 200 GeV derived from
precision LEP measurements and standard model radiative corrections [2].

Renormalisation group fixed points have also been considered for two Fliggs doublet models
[6,9,10]. With two Higgs doublets it is possible for both the top and bottom quark masses to
show fixed point behaviour, provided that the ratio of the scalar field vacuum expectation
values is fine tuned so that v,/v; = my/m;. In this way we trade the mystery of the bottom to

top quark mass ratio for that of a hierarchy of vacuum expectation values (VEVs). This
hierarchy of vacuum values would also help account for the fact that the charm quark is much
heavier than the strange quark, but not for the light quark mass ratio mg/m,. However the
motivation for the use of a hierarchy of VEVs in this paper is that it allows a fixed point model
prediction for the b quark to tau lepton mass ratio as well as for the top quark mass.

In some previous papers [10,11,12] the authors have investigated such a theory with a general
Higgs scalar potential without supersymmetry or any special grand unified theory structure at
high energies. One positive feature of these investigations is that for a large range of randomly
chosen Yukawa couplings (greater than 1) and scalar couplings at high energies (My = 1013
GeV), the renormalisation group equations give an my/m, ratio of 2.6 = 0.8. However, with
the scalar potential respecting the usual custodial discrete symmetry required to ensure tree level
natural flavour conservation and v, << v, a low mass scalar 1, with 5 GeV 2 mpo 2 3.5
GeV results [10] in disagreement with data on radiative upsilon decay [14]. To cure this a
term in the scalar potential which softly breaks the discrete symmetry is introduced [10,11] and
since it may break CP invariance it has its own intrinsic interest [15,16,17]. Nonetheless, for
v, << v/, the predicted top quark mass, m; = 220 GeV, remains too high, generating large
radiative corrections which are not compensated by the contributions from the spectrum of
Higgs scalar particles [11]. For v, = v, the fixed point top quark mass is of order 160 GeV

and the radiative corrections are within the range indicated by the present data, but there is no
fixed point prediction for my/my.

In this letter we consider the implications of importing supersymmetry into the above scenario.
There are several motivations for considering the minimal supersymmetric extension of the
standard model: 1) Supersymmetry can cure the technical gauge hierarchy problem; the



smallness of the electroweak scale relative to the high energy cut-off scale associated with new
physics, ie M, /M, << 1, is protected from large radiative corrections provided the

superpartners of the standard model particles exist in or below the TeV mass range. However
the minimal supersymmetric standard model [18] <oes not explain why M, /M, is so small to

start with and it is necessary to assume the supersymmetry breaking scale M is of order 1

TeV. 2) Unification of the standard model gauge coupling constants can be obtained by
including all the superpartners contained in the minimal supersymmetric model [19], consistent
with M, = 1016 GeV and M ~ 1 TeV. It should be emphasised however that the unification
requirement does not fix M, with any precision; Mg has an uncertainty of many orders of
magnitude [20]. 3) Minimal supersymmetry requires two complex Higgs doublets ®; and &,
which couple to the top quark and to the bottom quark and tau lepton respectively; this is
precisely the Higgs structure assumed above. 4) The fixed point value of the top quark
Yukawa coupling constant in the minimal supersymmetric model is smaller than in the standard
model [21,22]. This last point is pragmatically the main reason for introducing supersymmetry
into our model.

We now reconsider our fixed point model with v, << v, in the context of the minimal

supersymmetric model broken at Mg ~ 1 TeV. The soft symmetry breaking terms in the two
Higgs potential generate approximately equal masses of order M for the ‘extra’ scalar particles
and below this scale there is an effective one doublet Higgs system [11, 12, 23] with myo <<

M. Barbieri et al [24] have investigatcd the dependence of the light Higgs mass myo on the

top quark mass m,, using the renormalisation group equations, assuming that all the extra
particles introduced by supersymmetry have effectively degenerate masses of Mg =1 TeV.
Assuming the desert hypothesis between Mg ~ 1 TeV and M, = 1016 GeV we investigate infra
red fixed point predictions for the third generation fermion masses.

The renormalisation group equations for the minimal supersymmetric model are used for
M, < <M, and the standard model renormalisation group equations are used for L < M. All

the new supersymmetric particles are taken as effectively degenerate in mass at the
supersymmetry breaking scale M, Wc do not make any assumptions about the nature of the

unification symmetry or the Higgs structure at M, = 1016 GeV. In particular, unlike in other
related work [22, 25], we do not assume a symmetry relationship between the running fermion
masses, such as my = m_, at 4 =M, . The Yukawa couplings of the third generation fermions
are taken to be greater than unity but otherwise random at p =M, within a region which we
specify more precisely below. Using these random starting values at u = M, robust
predictions for m,, myo and the ratio my/m,. are obtained. Again it is possible to interpret the

large values of the Yukawa coupling constants at p = M, in terms of composite Higgs fields

and Carena et al [26] have considered such a supersymmetric top quark condensate model, in
which just the top quark mass takes a fixed point value depending on the ratio vo/v| which is

taken to be greater than my/m,.

In the minimal supersymmetric model the up quarks couple to a Higgs doublet & while the




down quarks and leptons couple to another Higgs doublet ®,. We adopt the notation g;
(i=1.2,3)and g¢ (f =t, b, T) for the gauge and Yukawa couplings respectively, with D = 16
n2d/d(2 npt) where Lt is the renormalization scale.

Then the renormalization group equations for |1 > M, are [21,27]

Dg; =-b; g3 and Dg; = g; By (1)
by==~11, by;=-1,by=3 2)
B, = (6g2+gp2-16g3%/3-3g2-13g,%/9) (3a)
By = (g2 +6g,2+g?2 -16g5%3-3g,2-7g,%9) (3b)

By = Bgl+4g? -3g,%-3g2 (3c)

For p > Mg the scalar potential is given by the minimal supersymmetric model [18] in which

we take all the superpartners to be degenerate in mass and equal to M. At = M all the extra
particles drop out of the theory and we join [24] to the standard model with one Higgs scalar,
¢, having potential

A (92 - v2)2 )

where v2 = vlz + v22 = (246 GeV)? and

2_ 2
Vi~V

v2

2
A My = ( ) (8,2 M) + g2 M)/8 (5)

We require also that the fermion masses (above M given by g, vll‘/2, g v2/‘/2 and g, v2/‘/2
respectively) be continuous so that the Yukawa couplings change as

B — & VIV By Bp Voo B > BVl (6)
We then continue for i < M, with the renormalization group equations given by (1) with

by = —41/6, by = 19/6, by =7 )

and by
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B, = 9g22+3g2 + g? -8g,2-9g,2/4-17g,%12) (8a)

B, = (9g 22 +3g2%2 + g2 -8gy2-9g,%4-5g,%12) (8b)

By = (3gl+3g,2+58g22 -9g%4-15g,%4) (8¢)
together with

DA = 2402+ (12 g2 +12g2+ 4g? -9g,2-3g,?)
+9g,%8+3g,2g2/4+3g4/8-6g.4-6g%-2¢° )

As p comes down through the physical masses of the various particles, these drop out of the
renormalization group equations [28]. The mass of the top quark is given by

my = g (=m) VA2 (10)

Below the scale of m, we set g, =0 in equations (8b) (8c) and (9) and we take by = 7.667.
The mass of the Higgs particle m, o is given by

2 _ C Y2
mlg = 2A( =i o) v an

and below this scale the Higgs particle and its self-coupling constant A drop out of the
equations.

Similarly below the scale of the weak gauge bosons we only run two gauge couplings, these
being g3 and e, the electromagnetic coupling constant which satisfies the matching condition

g Mg, M)
1/
(2M)+g2 M) (12)

eM,) =

The renormalisation group equation for the electromagnetic coupling constant is
De = —b,e? (13)

where

> 80
be=-32 Q="
i (14)

for my < <M,. The QCD beta function remains unaltered in this region with by = 7.667.
The renormalisation group equations for the running masses my, and my over the same energy

ke i,




scale are
Dm¢ = mg By (19)

where

-6¢2 (16)
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The results are relatively insensitive to the precise values of L at which the above scales are
introduced; in the results given we choose to drop the top quark at it = 190 GeV and drop the
Higgs particle and change the gauge couplingsatp = M, = 91.2 GeV.

We run the masses of the bottom quark my(it) and the tau lepton m (i) down to the bottom
quark mass given by

mp = mp (| =my) an

This is not a prediction of the bottom quark mass (coming from the high energy values)
because it depends on the ratio v,/v; which occurs in the transition at the supersymmetry

breaking scale given in eq (6). Similarly for the T mass. However it is our hypothesis that v,
is small: v, < 10 GeV, v,/v; <.04 and within such a range the ratio R = my( = mp)/my(n =
my) is independent of the particular value of v,. In other words given the experimental value
of my, there is a prediction of my (1 = my).

In our calculations we employ values for the U(1), SU(2) and SU(3) gauge couplings as
specified by experimen* [29] at the scale M, = 91.184 £ 0.007 GeV. Given [30]

apy = 127.9 £ 0.2 and [29] sin” §, = 0.2324 £0.0011 we use equation (12) and the

relation tan 6 = g,/g, to fix g, = 0.358 and g, = 0.649. Unfortunately the strong coupling is
less well specified [31]: possible values range from ot = 0.105 £ 0.004 using the lattice [32]
or 0.108+0.007 using Upsilon decay [33] to ag = 0.135£0.011 using the LEP line shapes [29]

and beyond. Allowing for the uncertainty we consider 0, in the range 0.100-0.150, equivalent
to g3 =1.121-1.373. Note a weighted average of all experimental measurements gives [31]

ag = 0.118 (g5 = 1.218).

Since we are assuming the validity of perturbation theory we use a range of Yukawa couplings

bounded above by V41> at the high scale M,. Our results are based on an average and root
mean square deviation over an integer valued starting grid with range:

1< g <6, 15g,<6 1sg <6 (18)




Defining R = my()/m (1) with p = 4 GeV, the lower scale at which evolution is stopped, we
find for o = 0.125 (g5 = 1.253) independently of v,/v,.

m, = 184.3+6.8 GeV, myo=121.8+4.3 GeV, R =242%0.74 (19)

This value for the top quark mass, though somewhat high, is within two standard deviations of
the result predicted from global analysis of experimental data (2, 11, 29]. Finally we tune v,

so that the average value of my is exactly equal to the experimental value [34] 1.7769 £ 0.0007
GeV, finding:

vy =3.86 GeV, my=4.07+£0.33 GeV, m, =1.78+%0.33 GeV (20)

Note that the error introduced by not running g, from my, to m, is significantly less than 1%
and can be safely neglected.

Of course there is some uncertainty in specifying our predictions due to the possible use of
alternative definitions. In order to assess the sensitivity to such ambiguities we investigated
three methods of defining our results and also use three sets of initial starting values for the
Yukawa couplings. This also serves to elucidate the role of the quasi-fixed point in

determining our mass predictions. Our results are summarised in table 1, for which o =
0.125 (g3 = 1.253) and M = 1 TeV.

At u = M, three options for the size of the uniform starting grid for the Yukawa couplings were
considered: (1 — 6)3 as in equation (18) above, (3 — 6)3 and (1 — 3)3. In each case three
alternative prescriptions for adjusting v, and obtaining predictions and errors were then
pursued. (A) v, was tuned so that the central value for my after evolution equalled the

experimental value, with errors specified as half the range spanned by the maximum and
minimum values. (B) v, was tuned to ensure that the statistical average of m, is correct, with

an error given by the standard deviation; this corresponds to the method employed above. (C)
v, was tuned point-by-point so that the correct m; obtains for each starting point in the initial

grid, the average and standard deviation of these individual runs are then quoted.

As expected, for each initial range, case (A) gives the largest errors and, except for my, there is
little difference between the errors given by methods (B) and (C). Note however that for Mo
and m; the central value from (A) is less than the average values from (B) and (C). This

indicates that the majority of the corresponding final Yukawa couplings lie in the upper half of
the total range spanned and is suggestive of the quasi-fixed point’s presence. To confirm this

observe that using the (3 - 6)3 sub-range, whose points preferentially converge to the fixed
point, gives higher mass predictions with significantly smaller errors. Further using the

(1 -3)3 sub-range we find slightly lower mass predictions but with errors almost comparable
in size with the full range (1 - 6).

Next in fig. 1 we show the dependence of m;,, m,0 and my, on the imprecise experimental input

ag (M,). Method B above is used to specify v,; g, g, and Mg are fixed as 0.358, 0.649 and
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1 TeV respectively and the o range is taken to be 0.10 to 0.15 (g = 1.121-1.373). Both m,

and myo show only minor variation with o5 (M,), which is approximately linear in g over the
range considered. This is not the situation for my, which shows a marked increase, from 3.42

to 4.87 GeV with o, For all three masses shown the errors remain essentially constant.

As previously noted the supersymmetry breaking scale My is not well deiermined, even within
gauge coupling unification scenarios. To investigate the dependence of our predictions on this
ambiguity we consider varying M between 200 GeV and 5 TeV. The results for m,, m;0 and
my, are shown in fig. 2, where again method B has been used to determine v, and o = 0.125
(8s = 1.253). The fermion masses m, and my, show only a modest dependence, which is well
described as linear in log (Mg). However the Higgs mass myo is sensitive to My, increasing
from 91.7 to 141.9 GeV as M rises from 200 to 5000 GeV; a corresponding rise in the error
estimate is also noted. The myo dependence is not logarithmic.

To summarise, our results have been shown to be stable to minor modifications in the details
of the method employed. We have also demonstrated that using larger starting values for the
initial starting grid at M, emphasises the role of the quasi-fixed point and significantly reduces

our error estimates. The M, dependence of m,, myo and my, has been investigated: larger
predicted values obtaining for higher supersymmetry breaking scales, but with this effect only
being significant for the Higgs mass. Also considered was the effect of varying oy (M,). A

small increase with 0, is seen in m, and through equation (9) this leads to a lesser dependence
in myo. However as suggested by equations (15) and (16), my(Q) is rather sensitive to OLS(J.l)

in particular because at the relevant lower scale, u = 4 GeV, o has started to grow
significantly.

The results presented here are consistent with those given in a preliminary report submitted to
the 1992 ICHEP, Dallas meeting [35].

The experimental bottom quark mass is not well determined. Values have been extracted from
QCD sum rules [36] and analyses of charmonium and B meson spectra [37]. Calculations
using QCD sum rules give my (my) = 4.25 + 0.10 GeV, but the quoted error probably

underestimates the intrinsic uncertainty in this approach. It is difficult to establish the
connection between my (my) and the constituent quark mass derived from analyses of

charmonium and B-meson spectra; but naive estimates of confinement effects have been used
to give values of my (my) in the range 4.7 £ 0.3 GeV. Our results are consistent with the

lower value my, (my) = 4.25 GeV obtained from QCD sum rules.

Other predictions for the b quark mass in the literature are usually based on the presumed
symmetry relation gy (M,) = g.(M,). This symmetry relationship is motivated by the minimal
SU(5) grand unified model with the Higgs particle in a § dimensional representation, giving my
(my)/m (mp) = 3 in approximate agreement [38] with the upper limit my, (m;,) = 5 GeV of the
‘experimental’ range mentioned above. In fact running the symmetry relation from pu = M, to

K = my (my) using the standard model renormalisation group equations gives a value closer to
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5.5 GeV; this value is further increased[39] if (i) a top quark mass greater than 100 GeV is
used and/or (ii) extra non-supersymmetric matter fields are introduced in the desert to ensure
unification of the gauge coupling constants. In a two Higgs model, however, the effect of a
large Yukawa coupling constant for the top quark is to reduce the predicted value of my, (my).

A b quark mass my, (my) of 5 GeV can thereby be obtained with a non-supersymmetric SU(5)
unification, provided that the top quark Yukawa coupling constant is close to its infra-red fixed
point [39]. Similarly, within supersymmetric grand unification, the symmetry relation g, (M,)
= g.(M,) leads to m, (my) = 4.25 GeV for Mg = 1 TeV and g, (m,) close to its infra red fixed
point [22,25].

We emphasise again that our model does not use any grand unification symmetry relation,
such as gy (M,) = g.(M,). Our assumptions are: 1) The minimal supersymmetric standard

model is valid at energies greater than M =1 TeV. 2) There are no new interactions beyond
the minimal supersymmetric model in the desert between My =1 TeV and M, = 1016 Gev. 3)
The Yukawa coupling constants for the t quark, b quark and tau lepton are greater than unity
but otherwise unrelated at the scale L = M,. This last assumption implies a hierarchy of
vacuum values v; << v, and infra red effective fixed point behaviour (6, 10] for both the top
and bottorn quarks. In practice the trajectories for g.(u) also cluster around a non-zero value in
the infra red.

In conclusion the supersymmetric renormalisation group fixed point third gencraﬁon quark-
lepton spectrum is phenomenologically attractive. Averaging over a wide range of large

Yukawa couplings at M, = 1016 GeV and choosing v, so that the average value of mg agrees

with experiment, we find for a; (M,) =0.125 and Mg =1 TeV: m, = 184.3 £6.8 GeV, my =
4.07 £0.33 GeV, m_ = 1.78 £ 0.33 GeV and myo = 121.8 £4.3 GeV.
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Case | myo GeV m, GeV m, GeV m, GeV my/m, vy GeV
Al1192+9.1|179.3 £ 14.7 | 4.20 £ 0.83 | 1.78 £ 0.79 3.19 +1.88 | 4.25

16811218 +4.3(184.3 +68 [4.07+0.33]1.78 +0.33 2.42 + 0.74 | 3.86
cli2174+4311843+68 |4.30%1.31]1.78 2.42 + 0.74 | 4.03 £ 0.98
Al123.1 +1.6]1866 +24 [4.00+0.15|1.78 +0.18 2.28 +£0.31 | 3.74

3.6B|123.2 +0.7]186.8 £ 1.1 [3.97 +0.07|1.78 + 0.08 2.24 £ 0.15 | 3.69
cli232+0.7/186.8+1.1 |3.98+0.26]1.78 2.24 +0.15 | 3.70 £ 0.18
Al1194 +£69]180.2 £ 11.1 {4.21 £ 0.54 1.78 £ 0.54 | 2.71 £ 1.13 | 4.10

-38 11204 +42]18224+6.7 |4.16+0.29|1.78 0.30 { 2.44 £ 0.60 | 3.96
Cl1204 +421822+6.7 |4.34+1.07]1.78 2.44 £+ 0.60 | 4.09 £+ 0.78

Table 1: Fermion and Higgs mass predictions based on a,

=0.125 (g3 = 1.253) and M5 =1

TeV using three integer valued starting grids with ranges (1 - 6)3, (3—6) and (1 —3)°. The

cases A,B,C correspond to the three methods of tuning v, referred to in the text (A) central

value; (B) full statistical average; and (C) point-by-point with statistical average.

.
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Figure Captions

Fig. 1 Top, Higgs and bottom mass predictions as a function of the input strong coupling o,

(My). The starting grid range was (1-6)3 and M = 1 TeV. Method (B) of the text was

employed to determine the mean values (solid lines) and standard deviation errors
(dotted lines). Note the two vertical scales.

Fig. 2 Top, Higgs and bottom mass predictions as a function of the supersymmetry breaking
scale. The starting grid range was (1-6)3 with os = 0.125 (g3 = 1.253). Method (B)

of the text was employed to determine the mean values (solid lines) and standard
deviation errors (dotted lines). Note the two vertical scales.
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