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A FORWARD/ADJOINT TRANSPORT FORMALISM
FOR SENSITIVITY STUDIES-

J. E. More] and J. M. McGhee

Computer Research and Applications Group, C-3

Los Alamos National Laboratory
Los Alamos, New Mexico

ABSTRACT

We describe a formalism for efficiently estimating the
sensitivity of radiative transfer solutions to perturba~ions
in the absorption and scattering properties of the trans-
port medium assuming a fixed material temperature di~
tribution. This formalism is adapted from a similar for-

malism commonly used in the neutron transport com-
munity. It is bimed upon the use of solutions to both
the forward (standard) and adjoint transport equations.

Given any desired integral response, (any quantity -x-
pressible as an integral over phase space of the product
of an arbitrary function and the radiat:on intensity,) one
can use this formalism to obtain a first-order estimate
of the change in that response as a function of any per-
turbation in the absorption coefficients, the scattering
coefficients, and the scattering pkaae function. One fm-
ward transport solution and oue adjoint transport so-

lution are required for the unperturbed system. The
rstilnaie for the change in the response IS expressed in

terms of integrals over phw space of certain functions
constructed from the forward intensity solution, the ad-
joint intensity solution, the absorption coefficient pertur-
bation, the scattering coefficient perturbation, and the
scattering phw function perturbation. Given a large
set of perturbations, it is much Ima costly to use this for-
malism to estimate the effect of each perturbation than
to HOIVPthe transpor~ equation for each pertl!rbed cmd_lg-
uralion, Intererrtingly, standard radiative tranHfrr cmif’s

“’his work WM performed under the auspimn of the U. S. I)e-
parlment o: Energy,

can be used to solve the adjoint transDort equation, so
special adjoint transport codes are not required. After

describing the formalism, a simple analyt:c example cal-
culation is perforlned to demonstrate its validity. Fi-
nally, the method is used to determine the change in the
surface radiative heat flux due to changes in the multi-

grour (non-grey ) absorption and scattering coefficients in

a thr~dimensional benchmark problem with anisotropic
scattering.

NOMENCLATURE

spatial positiol, vector
differential surface area. (m2)
differential spatial volume, (m”)

direction ve~tor
differential solid angle. (strrrrdians)
energy. (e k’)

diil%rcntial energy, (f=V)

phase-space vector
differential phase-space volume,
(rn3 - stt,radians -- eV)
angular intensity function,

[W/(m2 - gec - steradian - FV)]
adjoint intensity function,
(arbitrary units)
total extinction coefficient, (m-’ )
absorption r.oefllcient, (m-’)
scat.tcring coefficient, (m-’ )
scattering plmac function,
(steraffiun~- 1)
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material temperature, (K)
Planck emission function,
[W’/(m2 - see - steradians - eV)]

emission term, u~ Ii
[kV/(m3 - sec – steracfians - eV)]

adjoint source function,
(arbitrary uniis)

integral response,
(arbitrary units)

integral response function,
(arbitrary units)

INTRODUCTION
The adjoint transport techniques have been used in the

neutron transport community to efficiently estimate the
effect of perturbations in material transport properties
on integral transport responses, e.g., energy absorption

in a volume, energy flow across a surface, etc. Such appli-
cations of adjoint tramport theory are discussed in Lewis
and Miller, 1993, The purpose ]f the present paper is to
adapt these adjoint neutron t ranspol t techniques to es-
timate the effect of perturbations in the absorption and
scattering coefficients and the scattering phase function
on radiative tranafer solutions assuming a fixed material
temperature distribution. Given a large set of pertur-
bations, it is much leas cdly to use this formalism to

estimate the effect of each perturbation than to solve the
transport equation for each perturbed configuration.

The remainder of this paper is organized as follows.
First we r!etine the mathematical concept of an adjoint
operator. Then we define the adjoint radiative transfer

equation, Next we derive an expression for the effect of
coefficient and phase function perturbations upon inte-
gral responses, Finally, we give a simple analytic exanlple
that demonstrates the validity of the perturbation the+

ory,

ADJOINT OPERATORS

Central to the concept of an adjoint operator is the
ccncept of an inner prnduct. The inner product of two
functions,~ and h, is denoted by (J, h), and is defined as
follows:

(1)

where ~ and h are any two square-i ntegr:lble functions

and the itltegml is taken over some premribed volume
(possibly unbounded) ~f phase-space, An operator, At,

is the djuint of the operator, A, if

(Af,h) = (f, Ath) , (2)

where f and h are Wy two square-integrable functions
defined within the prescribed ph~ -space volume. Dif-
ferent inner products yieid different adjoint operators.

;he mljoint operator does not always exist, but if it does
exist, it is unique for a given inner product. The adjoint
operator may formally exist on] y for functions which sat-
isfy certain conditions on the outer boundary of a pre+
scribed phase-space volume.

THE ADJOINT RADIATIVE
TRANSFER EQUATION

The radiative transfer equation with a prescribed ma-
terial temperature distribution can be written as follows:

E. FI+U,l=
—t -,.- —1

J,m(rJq $-l .Q)f(fi )cKI+Q , (3)

where Q is a fixed inhomogeneous source equal to the

Planck emission function. Note that the notation relnt-
ing to spatial and spectral dependencim has been su-
praed for simplicity in Eq. (3), The corr=ponding ad-
joint equation is

where It denotes the adjoint intensity and Qt denotea the
adjoint source function. The adjoint intensity is simply
the solution to Eq. [4). [t is not “adjoint” to the forward
intensity, Z, in any sense. We asaume that the desired

integral response, 72, can be expressed as follows:

(5)

where the phase+ space integral is taken over the prob!em

domain, and It is an &rbitrary function referred to as the

integral response function. For reaacxw whlcb will later
becmne c!ear, the adjoint source function is set tiqual to

the rexponse function:

Qt=R . (6)

Note from Eq, (3) and Eq. (4) that the tranmport oper-

ator is almost self-adjoint. The only constituent operator
that is not self-adjoint is the grndient operator, which is
skew- n(.ljoint:

This means thnt “adjoint photons” behave exnctly like
real photons rxcrpt that they trnvel bnckwardfi. Thus
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while a vacumm boundary condition for the forward in- forward transport schtion is required for each ?lew for-
tensity is ward source, but using the adjoint approach, one uses the

same adjoint tranport solution for all forward sources.
l(m) = o ,for Z.; <O, (8) in general, the boundary conditions for the adjoint in-

tensity are chosen so that one of the following conditions
the corrmponding condition for the adjoint intensity is is met:

It(F) = o ,for Z.-;>@, (9) 1. The surface integral term in Eq. (12) is idemically
zero.

where Fq. (8) and Eq. (9) are satified on the outer

boundary of the spatial domain, and ~ denotes the 2. The only non-zero contributions from the forward

o,ltward-directed boundary smfac,? normal. intensity to the surface in~.egral term come from

The adjoint relationship, Eq. (2), is not necessarily those directions for which the forward i~temity is

satisfied by the gradient operator and its adjoint within a known from boundary conditions.

finite spatial domain. Rather, the following relationship
is satisfied: If th~ adjoint boundary condition are not chosen in this

way, a full forward intensity solution will be recpured to

(E “Ff, h) = (fJ-m ‘ Fh! evaluate the surface integral term, thereby eliminatit,g
the fundamental advantage of the adjoint approarh.

+ [Ow,[4. & IIt ~ “~dAdf2dE , (lo)

where f’ denotes the outer boundary of the transport d-

main. However, if the forward and adjoint intensities sat-
isfy certain boundary conditions (e.g., the vacuum condi-
tion,) the boundary integraf will be zern and the adjoint
relationship will be satisfied. The adjoint formalism r~
mains useful whether or not the adjoint relationship is
satisfied.

An integral response can be expressed either as an

inner product of tke foi ward intensity and the adjoint
source or an inner product of the adjoint intensity and
the forward source, To demonstrate this, we take the in-

ner prduct of Eq. (3) with If, take the inner product of
Eq, (4) with f, and subtract the two resulting equations
to obtain

We close thi~ section by noting that the adjoint equa-
tion can be solved using standard forward codes. We

begin a demonstration of this .iact by evaluating Eq. (4)

at –R’:

Next we make the following definitions:

m) = I’(–F) , (14)

a(m) =G/v-m) (15)

Substituting from Eqs. ( 14) and (15) into Kq. (13), we
(l,@) = (it, Q)+ obtain an equation which is equivalent to the ar.ljoint

(11) transport operator, but has the same form aa the forwa’ d

transport operator:

Substituting from Eq. (6) into Eq. (11), we obtain

R= U+,Q)+
E. FIJ+u, f: =

S;J4,&l+l~7dAdQdE . (12) ~4#J@(~’ ~~)~!(-=’)dn+ ~! I (16)

The standard method for evaluating the response cor-
responds to Eq. (5). One solves the forward trsmport
equation and then takea the inner product of the forward
intensity and the response function (adjoint source. ) The
adjoinl technique for evaluating the response function
corrtwponds to Eq. ( 12). One solves the adjoint transport

Pquation and then takes the inner product of the adjoint
in!ensity and the forward source, The ndjoint approach
is su]mrior if one wants to evaluate the response fur sev-
A cliffcrent sources. ll~ing the forwal d approach, a new

PERTURBATION THEORY

The adjoint equation can be used to efficiently t-wti-

matc perturbations in an integral response due to per-
turbations in the material transport coefficients. In par-
ticular, let us assume that the unperturbed forwmd and
adjoint equ~tionn have been solved. It is co~”~eniwlt to
write these rmpectivc cquation~ in operator form:

L1=Q , (Ii)
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where L. denol~ the forward transport operator. Lt de-

notes the adjoint transport operator, and Q denotes the
Planck emission term. The forward equation for the per-
Iurl,rd system can be writtcll ~ fol]ow~:

(L+ AL)(I+JI)=Q+8Q , (19)

where AL. denotrs the perturbation to the transport
operator, fiLt denotes the perturbation to the adjoint

transport operator. and AQ dmrotes the perturbation to
the Planck rmimion term. \f’e h~gin tht= derivation of
an expression for the perturbed response by expanding
Eq. ( 19) to first-order in the perturbations:

Ll+b LI+Lbl=Q+bQ (20)

Taking the limit of Eq. (24) as fia — (), we obttin the
desired expression for the derivative of the r~ponse with
respect to o:

g= (+)-(+). . (25)

We stress that this derivative eaprrssion is exact. Its ex-
actnms is a direct result of the first-order accuracy of the

perturbation theory.

AN ANALYTIC EXAMPLE
To demonstrate the validity of Eq. (22) we consider a

simple 1-D slab problem defined on the interval (0, 1).
The temperature is assumed to br constant throughout
the slab. The scattering coefficient is assumed to be zero.

The equation to be soived is

‘raking the innm product of 1 iln(i khl. ( 18). and taking
tlw inner product of II with Eq. (20), and then suht.ract-

\l; +.Tal= flab , (26)
:

ing the resulting equations, we obtain: with vacuum boundary conditions:

(A/, Qt) = (/t, @ – (it, fiLl), . (21)

The inner product on the left of Eq. (2 I ) represents the

response pcrturbatirm. Thus the desired expression for
the rtwpcmse perturbation is

677. = (/t, AQ)- (it, JL/), (22)

Equaticn (22) is first-order accurate because the only
approxi:naiion made in deriving it was neglecting of the
second-order !erm in Eq. (20). Note that the effect of
my prrturhation can be vatirnatcd in tmll~ of an inner

product of the unperturbed adjoint intensity with the
perturkcd forwnrd source and an inrwi product of the un-
prrturherl adjoint imensity with the perturbed iorward
I r,~~sport operator acting upon the unperturbed forward
intcnsit.y. Evaluating these inr er products ]s tnrrch Icss
vxpvnsivr than solving thr pmturht,d transport equation.

i: i~ IIS4MLII for purprws nf sensitivity nnaly~is to rec-
figliz~ tha~ the adjoint formalimn all,lws one to exactly
ralcu]ale the derivative of the rt?SIJOll SO with rcslwct to

an:~ paranl~ter. In particular, given an arbitrary tranw
port I,mwlwtrr, 0, we re-express Eq. (22) as follows:

f(o, p, E) = o ,for p >0, (27)

and

/(l, p,lE)=fl ,for p <0, (28)

The so]ulion to Eq. (26) is

‘=+’’’(-%31 ,forp>O, (29)

and

‘=B{’-4’”T)I} forp<o’30)
The response we choose to calculate is the valhe of the
intensity at z = 1, p = 1. E = Eu. wher~ E. is an
arbitrary crwrgy. The corresponding response function
is

where IS(Z) iGthe dirac delta function. The corlssponding
adjoi II I trarmport rquat ion is

-,,i7’t~+6-alf=Qt , (32)

Asfunli:lg t hat hn is independent (If thr phase+pacr vari- with vacuun] tmundary conditions:
al)lrsl wc ran movr it outsidr of the inner product in

Kq, (’23) and divide hott. sih of the mluation hy fir): /t(U, Ii, K)=ll ,lrp <U, (33)

(M)
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where Qt = R in accordance with Eq. (6). The solution
to Eq. (32) is

fr = ezp[ua(z - 1)] +J(p - 1)4(E– Eo) ,

for p >0, (35)

and
It=-J ,forp <O. (36)

The unperturbed r-ponse, which can be calculated ei-
tner according to Eq. (6) (the forward approach) or

Eq. (12) (the adjoint approach,) is given by

n= Ll[l-ezp(-us)] , (37)

We next define the perturbed system by replacing U.
with u. + 6ua in Eq. (26):

The exact perturbed response is

R+ fiR=B{l -czp[-(ua+6u. )]} , (39)

Subtracting Eq. (37) from Eq. (39), we obtain the exact
r~ponse perturbation:

672 = Bcrp(–ua)[l – ezp(–ha)] (40)

Using Eq. (22) to evaluate the response perturbation, we
get

JR = 6Ua Bezp(-ua) + O (6u.2) . (41)

Expanding Eq. (40) in a Taylor series about dud = O, we
get

6R = L%. Bezp(–ua) + O (6ua2) . (42)

Ccmparing Eqs. (41) and (42), we find that the pertur-
bation theory is indeed first-order accurate.

A 3-D COMPUTATIONAL EXAMPLE
Tong and Skocypec ( 1992) defined several transport

problems which have been used to coinpare various nu-

merical transport methods and codes, We conaidel one
of these problems. It conaisu of a rectangular enclosure
(a box) containing a mixture of Cbrboc particles, C02
and N2. The width of the box is 2 m, the height of the
box is 3 m, and the length of the box is 5 m. The car-

bon particle denoity is 2 x 109 prwticlea/m3, and the

gas pressure is 1 atm. The participating medium is held
at a uniform temperature of 1000 K. The radiaiive hea~

flux (-.V/m2) is calculated at a point on the exterior sur-
face of the box having coordinates x=O.5 m, y=O.O m,

z= 1.5 m. The origin of the coordinate system lies at

the center of tne box. The x-axis is oriented along the
widbn of the box, the y-axis i~ oriented along the length

of the box, and the z-axis is oriented along the height of
the boy.. Both absorption and scattering interaction are
modeled. All additional information about the problem
can be obtained from Tong and Skocypec ( 1592).

We ud a simplified P3 method (Laraen, Morel, a.,d
McGhee, 1990) with Pt. anisotropic scattering to solve
the forward and adjoint transport equatiom. The SPn
equatiom were spatially discretized using a linear finite-
element technique on a tetrahedral mesh. The staudard

multigroup method (Lewis and Miller, 1993), was used to
discretize the equar,iona in energy. All of the calculaticms
were pefiormed on a Connection Machine CM-200 com-
puter at Loa Alamoe National Laboratory usiug twc!ve

enerKv groups and a spatial mesh conmting of 50,688
tetrahedral having 11,676 nodes.

Using the iorward equation to calculate the radiative

heat flux, we obtained 4.92 x 104 W/m2. Using the ad-
joint equation to cak.date the radiative heat flux (the
response), we obtained the same result. This is to be
expected since our numerical adjoint equations are ex-

actiyadjoint to our numerical forward t?quations. Each
calculatim %cok about 45 s of CPU time.

To demomtrate the utility of the adjoint approwh, we

have calculated the derivativea of the radiative heat flux
with respect to the absorption coefficient and the scatter-
ing coefficient for each energy group These deri ~ativea
are given in Table 1. The data in this table was geuer-
ated using Eq. (25) together with the solutions generated
in the forward caiculatiofi and the adjoint calculation for

the radiative heat flux. Evaluation of the inner products
in Eq. (25) took approximately 0.7 s for all of the data

in the table. Thus approximately 91 s of total CP!! time
was required to generate the table.

To validate the eccuracy of ;he adjoint-generated re-
sponse derivatives, we performed three calculation. The
first waa au unperturbed forward calculation for the ra-

diative heat flux. The second was a calculation in which
the abaorptic ~ coefficient was changed by 10-3 m-’ in
each group. The third was iden~i:al to the second except
that .he scattering coefficient rather than the abaorptioxl
coefficient was changed. The three corresponding zolu-
tions were used to cmmtruct a numerical estimate for the
rmponze derivative. Since a uniform change in the coef-
ficients for each group was made, the resulting derivative
corresponds to the sum over groups of the derivatives
in Table 1. The sum of &he absorption derivatives from
Table 1 is 952 W/m, and the sum ~f the scattering deriva-
tjveg from Tabie 1 is -263 W/m. The forward estimates

for these derivatives are identical to three digits.

The three forward calmlations used to estimate the



TA131,E I RESPONSE DERIVAT1l’ES
“Summary on Comparison of Radiative Heat Transfer

Solutions for a Specified Probiem.”’ ASME HTD-Vol,
203. Dcuclopmrnis In Radiaituc Heat Trunsjer, Thyntd.

Group Energi= a7z/aum i~/iie,
f

ct. al., eds.. FP. 253-264.
ev \Y/m \V/m

0.062-0.080 236 -69.?
!

0.080-0.103 218 -64.2

T.103 -0.133 408 -119

0.133-0.172 697 -201 ““

0.172- tJ.222 1071 -313

0.222-0.287 1464 -426

0.287- @.371 ~g!q -4!46

0.371-0.479 1693 -453

{!mivat,ivcs each required approxlmatrly 121 s of CP[!
time. Because two nearly equal numbers had to be sub-
tracted to est imat e the derivative, a tigfter iterative con-
vergence tolerance was requi, ed for these calculations.
This is Wh they rcqtiired more CPU time than the lni-
!id forward and adjoint calculations required. The total
C I‘’” ti.rriurequired to evai~ate the response dwivatives
using the standard forward approach was 333 s, whereas
the total CPU time required using the adjoint approach
was 91 s. This is a savings in CPU time of over a factor

of three. However, one must remember that any addi-
tional rmponse derivatives would require less than 1 s of
CPU time using the adjoint approach. whereas 121 s of

CP1! tiille .-’ mld be required for each additional response
derivative using the forward approach. It is clear that the
adjoint is vastly superiGr to the forward approach when
a large nu]nber of responss derivativea are desired.
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