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ABSTRACT

We describe a formalism for efficiently estimating the
sensitivity of radiative transfer solutions to perturbations
in the absorption and scattering properties of the trans-
port medium assuming a fixed material temperature dis-
tribution. This formalism is adapted from a similar for-
malism commonly used in the neutron transport com-
munity. It is based upon the use of solutions to both
the forward (standard) and adjoint transport equations.
Given any desired integral response, (any quantity -x-
pressible as an integral over phase space of the product
of an arbitrary function and the radiat‘on intensity,) one
can use this formalism to obtain a first-order cstimate
of the change in that response as a function of any per-
turbation in the absorption coefficients, the scattering
coefficients, and the scattering phase function. One for-
ward transport solution and one adjoint transport so-
lution are required for the unperturbed system. The
estinate for the change in the response 18 expressed in
terms of integrals over phase space of certain functions
constructed from the forward intensity solution, the ad-
joint intensity solution, the absorption coefficient pertur-
bation, the scattering coefficient perturbation, and the
scattering phase function perturbation. Given a large
set of perturbations, it is much less costly to use this for-
malism to estimate the effect of cach perturbation than
to solve the transport equation for each perturbed config-
uration. Interestingly, standard radiative transfer codes

*This work was performed under the auspices of the U. S. De-
partment of Energy.

can be used to solve the adjoint transport equation, so
special adjoint transport codes are not required. After
describing the formalism, a simple analyt’c exarnple cal-
culation is perforuied to demonstrate its validity. Fi-
nally, the method is used to determine the change in the
surface radiative heat flux due to changes in the multi-
grour (non-grey) absorption and scattering coefficients in
a three-dimensional benchmark problem with anisotropic
scattering.

NOMENCLATURE
T spatial position vector
dA  differential surface area, (m?)

dV  differential spatial volume, (m?)
Q direction vertor
dQ?  differential solid angle, (steradians)

E energy. (el’)

dE  differential energy, (eV)

p phase-space vector

dP  differential phase-space volume,
(m® - steradians -- eV)

1 angular intensity function,
[W/(m? — sec — steradian — eV))

"t adjoint intensity function,
(arbitrary unils)

7, total extinction coefficient, (m=!)

aa absorpiion coefficient, (m~!)

a, scattering coefficient, (m™~!)

P scattering phase function,

(steradiana=!')



material temperature, (K')

Planck emission function,

[W/(m? — sec — steradians — eV')]
emission term, 0,8

[W/(m3 — sec — steradians — eV)]
adjoint source function,
(arbitrary units)

integral response,

(arbitrary units)

integral response function,
(arbitrary units)

OH oY
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INTRODUCTION

The adjoint transport techniques have been used in the
neutron transport community to efficiently estimate the
effect of perturbations in material transport properties
on integral transport responses, e.g., energy absorption
in a volume, energy flow across a surface, etc. Such appli-
cations of adjoint transport theory are discussed in Lewis
and Miller, 1993. The purpose >f the present paper is to
adapt these adjoint neutron transpoit techniques to es-
timate the effect of perturbations in the absorption and
scattering coefficients and the scattering phase function
on radiative transfer solutions assuming a fixed material
temperature distribution. Given a large set of pertur-
bations, it is much less costiy to use this formalism to
estimate the effect of each perturbation than to solve the
transport equation for each perturbed configuration.

The remainder of this paper is organized as follows.
First we define the mathematical voncept of an adjoint
operator. Then we define the adjoint radiative transfer
equation. Next we derive an expression for the effect of
cuefficient and phase function perturbations upon inte-
gral responses. Finally, we give a simple analytic exaniple
that demonstrates the validity of the perturbation the-
ory.

ADJOINT OPERATORS

Central to the concept of an adjoint operator is the
concept of an inner prnduct. The inner product of two
functions,f and h, is denoted by (f, k), and is defined as
follows:

(f.9) =/f(‘p‘)h('p”)d1’ . (1)

where f and h are any two square-integrable functions
and the integral is taken over some prescribed volume
(possibly unbounded) of phase-space. An uperator, At,
is the adjuint of the operator, A, if

(Af.h)=(f.A'h) (2)

where [ and h are any two square-integrable functions
defined within the prescribed phas.-space volume. Dif-
ferent inner products yieid different adjoint operators.
~he adjoint operator does not always exist, but if it does
exist, it is unique for a given inner product. The adjoint
operator may formally exist only for functions which sat-
isfy certain conditions on the outer boundary of a pre-
scribed phase-space volume.

THE ADJOINT RADIATIVE
TRANSFER EQUATION

The radiative transfer equation with a prescribed ma-
terial temperature distribution can be written as follows:

Q- -Vitol=

[T - R)+Q . (3)

where Q is a fixed inhomogeneous source equal to the
Planck emission function. Note that the notation relat-
ing to spatial and spectral dependenciza has been su-
pressed for simplicity in Eq. (3). The corresponding ad-
joint equation is

-Q -Vttt lt =

——t e —
Jeo®(Q - Q)(Q)de+Q" (4)
where I' denotes the adjoint intensity and Q' denotes the
adjoint source function. The adjoint intensity is simply
the solution to Eq. {4). It is not “adjoint” to the forward
intensity, /, in any sense. We assume that the desired
integral response, R, can be expressed as follows:

R = f RCP)HI(P)dP {5)

where the phase-space integral is taken over the problem
domain, and K is an arbitrary function referred to as the
integral response function. For reasore which will later
becomne clear, the adjoint source function is set -qual to
the response function:
Q' =R (6)
Note from Eq. (3) and Eq. (4) that the transport oper-
ator is almosat self-adjoint. The only constituent operator
that is not self-adjoint is the gradient operator, which is
skew-adjoint:
(@ - V)I'=-a-V (7
This means that “adjoint photons” behave exactly like
real photons except that they travel backwards. 'Thus



while a vacumm boundary condition for the forward in-
tensity is
, for _(—). .7 <0,

(Q)=0 (8)

the corresponding condition for the adjoint intensity is

f(a)y=0 . for Q. -m >0 (9)

where Eq. (8) and Eq. (9) are satisfied on the outer
boundary of the spatial domain, and 7 denotes the
oatward-directed boundary surfac: normal.

The adjoint relationship, Eq. (2), is not necessarily
satisfied by the gradient operator and its adjoint within a

finite spatial domain. Rather, the following relationship
is satisfied:

(Q - ViR =(f-Q VA&

+ [ [ 6 11'Q - dAdQdE  ,  (10)

where I' denotes the outer boundary of the transport do-
main. However, if the forward and adjoint intensities sat-
isfy certain boundary conditions (e.g., the vacuum condi-
tion,) the boundary integral will be zer» and the adjoint
relationship will be satisfied. The adjoint formalism re-
mains uscful whether or not the adjuint relationship is
satisfied.

An integral response can be expressed either as an
inner product of the foiward intensity and the adjoint
source or an inner product of the adjoint intensity and
the forward source. To demonstrate this, we take the in-
ner produet of Eq. (3) with I', take the inner product of
Eq. (4) with I, and subtract the two resulting equations
to obtain

(1.g" = (I".Q)+

fn”f.,frl'lﬁ-?dunw (11)
Substituting from Eq. (6) into Eq. (11}, we obtain
R=(I'.Q) +
I $111°Q 7 dAdQdE (12)

The standard method for evaluating the response co:-
responds to Eq. (5). One solves the forward transport
equation and then takes the inner product of the forward
intensity and the response function (adjoint source.) The
adjoint technique for evaluating the response function
corresponds to Eq. (12). One solves the adjoint transport
equation and then takes the inner product of the adjoint
intensity and the forward source. The adjoint approach
is superior if one wants to evaluate the response fur sev-
cral different sources. Using the [orwaid approach, a new

forward transport solution is required for each riew for-
ward source, but, using the adjoint approach, one uses the
same adjoint tranport solution for all forward sources.

In general, the boundary conditions for the adjoint in-
tensity are chosen so that one of the following conditions
is met:

1. The surface integral term in Eq. (12) is idemically
zero.

2. The only non-zero contributions from the forward
intensity to the surface integral term come from
those directions for which the forward intensity is
known from boundary conditions.

If the adjoint boundary conditionr are not chosen in this
way, a full forward intensity solution will be required to
evaluate the surface integral term, thereby eliminating
the fundamental advantage of the adjoint approarh.

We close this section by noting that the adjoint equa-
tion can be solved using standard forward codes. We
begin a demonstration of this iact by evaluating Eq. (4)

at — Q:
—_—t e —t
finos¥(Q - Q)'(-Q)d2+ Q'

(12)
Next we make the following definitions:

Bay=r-a) (14)

Qi) =Q'(-9) (1)

Substituting from Egs. (14) and (15) into Eq. (13), we
ob‘ain an equation which is equivalent to the adjoint
transport operator, but has the same form as the forwa'd
transport operator:

H-—V.ll-!-ﬂtl.! =

—t —
Jnos®( - Q)(-Q )d+ 2} . (16)

PERTURBATION THEORY

The adjoint equation can be used to efficiently esti-
mate perturbations in an integral response due to per-
turbations in the material transport coefficients. In par-
ticular, let us assume that the unperturbed forward and
adjoint equations have been solved. It is copvenient to
write these respective equations in operator form:

Lr=qQ , (17)



and
L't =t (18)

where L denotes the forward transport operator, L! de-
notes the adjoint transport operator, and Q denotes the
Planck emission term. The forward equation for the per-
turb,rd system can be written as follows:

(L+6LY(I+0D) =Q+8Q (19)

where 4L denotes the perturbation to the transport
operator, §LT denotes the perturbation to the adjoint
transport operator. and Q denotes the perturbation to
the Planck emiesion term. We begin the derivation of
an expression for the perturbed response by expanding
Eq. (19) to first-order in the pcrturbations:

LI+eLI+ Lol =Q+46Q (20)
‘Taking the inner product of I and Eq. (18), and taking
the inner product of I' with Eq. (20). and then subtract-
ing the resulting equations, we obtain:

(81,Q") = (I'.0Q) -

The inner product on the left of Eq. (21) represents the
response perturbatian. Thus the desired expression for
the response periurbation is

(I'.6L 1), (21)

R = (I1',6Q) - (I'.6L 1), (22)
Equaticn (22) is first-order accurate because the only
approxiznaiion made in deriving it was neglecting of the
second-order term in Eq. (20). Note that the effect of
any perturbation can be estimated in terims of an inner
product of the unperturbed adjoint intensity with tke
perturked forward source and an inner product of the un-
perturbed adjoint invensity with the perturbed forward
trarsport operator acting upon the unperturbed forward
intensity. Evaluating these inrer products is inuch less
expensive than solving the perturbed transport equation.
I is useful for purposes of sensitivity analysis to rec-
ognize thau the adjoint formalisin allows one to exactly
ralculate the derivative of the response with respect to
any parameter. In particular, given an arbitrary trans-
port parameter, a, we re-express Fq. (22) as follows:

s
! —llb N,

6Q
R =, —60)—(1 (23)
Assuming that A is independent of the phase-space vari-
ables, we can move it outside of the inner product in
tyq. (23) and divide botk sides of the equation hy éa:

—-<'6Q)—(l' a1 (24)

Taking the limit of Eq. (24) as da — 0, we obtain the
desired expression for the derivative of the response with
respect to a:

R, 0Q
5;—("-'(-,—0')-("

We stress that this derivative expression is exact. Its ex-
actness is a direct result of the first-order accuracy of the
perturbation theory.

oL
‘Ja 1), (25)

AN ANALYTIC EXAMPLE

To demonstrate the validity of Eq. (22) we consider a
simple 1-D slab problern defined on the interval (0, 1).
The temperature is assumed to be constant throughout
the slab. The scattering coefficient is assumed to be zero.
The equation to be soived is

d
1—1 + 3.0 =0,8

26
L (26)
with vacuum boundary conditions:
10,4, E)=0 Jfor u>0, (27)
and
I(1,.0, E)Y=0 Jor p < 8. (28)
The solution to Eq. (26) is
2T
I=8B [l —exp (— )] Jfor u > 0, (29)
u
and
I:B{l—f:p[@]} Jor p <0, (30)

The response we choose to calculate is the value of the
intensity at z = 1, u = 1, £ = E,. where Ep is an
arbitrary erergy. The corresponding response function
is

—5(--1)—501-1)6(1’ Ey) (31)
where 6(z) is the dirac delta function. The cori=sponding
adjoint transport equation is

—p%l:—+a'al'=Q' ) (32)
with vacuum boundary conditions:
Mo.pEy=0 1rtp<o, (33)
and
ML Ey=0  foru>0, (34)



where Q' = R in accordance with Eq. (6). The solution
to Eq. (32) is

I' = ezploa(z — 1)] é(p— 1)6(E — Eo),

for u > 0, (35)

and

I'=0 ,foru<O0. (368)

The unperturbed response, which can be calculated ei-

iher according to Ej. (6) (the forward approach) or

Eq. (12) (the adjoint approach,) is given by

R=B[l-ezp(-0a)] . (37)

We next define the perturbed system by replacing o,
with o, + éo, in Eq. (26):

I
u2:+(a,+6d',)1=(o'¢+6cr,,)3 , (38)
The exact perturbed response is
R +6R = B{1-ezp[- (o, +b0,)]} . (39)

Subtracting Eq. (37) from Eq. (39), we obtain the exact
response perturbation:

R = Bezp(—0,)[1 — exp(—b0.)) (40)

Using Eq. (22) to evaluate the response perturbation, we
get
6R = bo, Bezp(--0,) + O (60,%) (41)

Expanding Eq. (40) in a Taylor series about 60, = 0, we
get
6R = ba, Bezp(—aa) + O (604°) (42)

Cemparing Egs. (41) and (42), we find that the pertur-
bation theory is indeed first-order accurate.

A 3-D COMPUTATIONAL EXAMPLE

Tong and Skocypec (1992) defined several transport
problems which have been used to coinpare various nu-
merical transport methods and codes. We consider one
of these problems. It consists of a rectangular enclosure
(a box) containing a mixture of carbor. particles, CO9
and N9. The width of the box is 2 m, the height of the
box is 3 m, and the length of ihe box is 5 m. The car-
bon particle density is 2 x 10° pnrticles/m3, and the
gas pressure is 1 atm. The participating medium is held
at a uniform temperature of 1000 K. The radialive heal
flux ('.’V/m2) is calculated at a point on the exterior sur-
face of the box having coordinates x=0.5 m, y=0.0 m,
z=1.5 m. The origin of the coordinate system lies at

the center of tue box. The x-axis is oriented along the
widun of the box, the y-axis i oriented along the length
of the box, and the z-axis is oriented along the height of
the bor.. Both absorption and scattering interactions are
modeled. All additional information about the problem
can be obtained from Tong and Skocypec (1992).

We used a simplified P3 method (Larsen, Morel, a.d
McGhee, 1990) with P+ anisotropic scattering to solve
the forward and adjoint transport equations. The SPp
equatious were spatially discretized using a linear finite-
element technique on a tetrahedral mesh. The standard
multigroup method (Lewis and Miller, 1993), was used to
discretize the equarions in energy. All of the calculatiors
were performed on a Connection Machine CM-200 comn-
puter at Los Alamos National Laboratory using tw.!'ve
energy groups and a spatial mesh consisting of 50,688
tetrahedra having 11,676 nodes.

Using the rorward eguation to calculate the radiative
heat flux, we obtained 4.92 x 104 W/m2. Using the ad-
joint equation to calculate the radiative heat flux (tke
response), we obtained the same resuli. This is to be
expected since our numerical adjoint equations are ex-
actiy adjoint to our numerical forward aquations. Each
calculatiosn tcok about 45 s of CPU time.

To demonstrate the utility of the adjoint approarh, we
have calculated the derivatives of the radiative heat flux
with respect to the absorption coefficient and the scatter-
ing coefficient for each energy group These derivatives
are given in Table 1. The data in this table was geuer-
ated using Eq. (25) together with the solutions generated
in the forward caiculation and the adjoint calculation for
the radiative heat flux. Evaluation of the inner products
in Eq. (25) took approximately 0.7 s for all of the data
in the table. Thus approximately 91 s of total CP! time
was required to generate the table.

To validate the accuracy of “h adjoint-generated re-
sponse derivatives, we performed thr=e calculations. The
first was an unperturbed forward calculation for the ra-
diative heat flux. The second was a calculation in which
the absorpticn coefficient was changed by 103 m! in
each group. The third was identical to the second except
that .he scattering coefficient rather than the absorption
coefficient was changed. The three corresponding solu-
tions were used to crnstruct a numerical estimate for the
responee derivative. Since a uniform change in the coef-
ficients for each group was made, the resulting derivative
corresponds to the sum over groups of the derivatives
in Table 1. The sun of ihe absorption derivatives from
Table 1 is 952 W/m, and the sum of the scattering deriva-
tives from Tabie 1 is -263 W/m. The forward estimates
for these derivatives are identical to three digits.

'The three forward calculations used to estimate the



TABLE 1| RESPONSE DERIVATIVES

Group Energies | 3R /o, dR/be, |
eV W/m W/m
0.062 - 0.080 <36 -69.2

N 0.080- 0.103 218 -64.2 ]
0.102-0.133 408 -119

0.133- 0.172 697 2201
6.172 - 0.222 B 1071 -313
0.222 - 0.287 1484 -426
0.287 - 0.371 1815 -496
0.371 - 0.479 1693 -453
0.479- 0618 | 1184 | 307
0.618. 0.798 532 | -139
0.798 - 1.031 154 -38.7
1.031 - 1.332 237 -5.97

derivatives each required approximately 121 s of CPU
time. Because two nearly equal numbers had to be sub-
tracted to estiinate the derivative, a tighter iterative con-
vergence tolerance was requi.ed for these caiculations.
This is wh  they r-quired more CPU time than the ini-
tinl forward and adjoint caiculations required. The total
CP'" time required to evaiuate the response derivatives
using the standard forward approach was 333 s, whereas
the total CPU time required using the adjoint approach
was 91 5. This is a savings in CPU time of over a factor
of three. However, one must remember that any addi-
{ional response derivatives would require less than | s of
CPU time using the adjoint approach. whereas 121 s of
CPU time -~ )uld be required for each additional response
derivative using the forward approach. It is clear that the
adjoint is vastly supericr to the forward approach when
a large nuinber of responsz derivatives are desired.
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