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ABSTRACT: The internal micromechanical stresses which develop in
ceramic-ceramic composites as a consequence of temperature changes and
thermoelastic property differences between the reinforcing and matrix
phases are addressed by the Eshelby method. Results for two whisker
reinforced ceramic matrix composites and for quartz particles in porcelain
are discussed. It is concluded that the stresses which develop in the second
phase reinforcing inclusions are quite substantial (GPa-levels) and may be
highly anisotropic in character. These stresses are additive to the
macroscopic thermal stresses from temperature gradients which are
encountered during heating and cooling, and also to externally applied
mechanical stresses (loads). These micromechanical stresses are expected

to be highly significant for thermal cycling fatigue and other failure
processes.

INTRODUCTION

The development of thermal stresses causing thermal stress (shock)
damage to ceramic materials, both monolithic ceramics and ceramic/ceramic
composites may evolve through the occurrence of several different
conditions. In a macroscopic sense, whenever the temperature of a ceramic
object or artifact is changed, a thermal gradient develops. As most ceraraics
display significant thermal expansion, the ceramic object or artifact
experiences a state of thermal stress which relates to the physical
properties of the ceramic, including the thermal expansion, Poisson’s ratio,
elastic modulus, thermal heat transfer characteristics, etc, its geometry and
the magnitude of the thermal gradient which develops. This stress
development is a form of the ceramic object restraining itself from changing



dimensions as a result of the thermal gradient. A somewhat extreme of this
condition is the specific case where a ceramic object is fixed at its
extremities and thus totally restrained from dimensional changes during a
uniform temperature change. A simple mechanics analysis of this latter
situation reveals that conditions of total restraint can develop very high
stresses, often exceeding 100’s of MPa for a AT of only a few 100°C. Of
course, the application temperatures of ceramics are much greater than a
few 100°C, thus readily creating severe thermal stress problems in many
instances.

On a scale only slightly less than that of the complete ceramic object
or artifact itself, yet at a size level which is usually greater than the ceramic
microstructure, are the residual stresses which are developed in the glazes
on ceramic whitewares during cooling. Although Chinese and Japanese
artisans have developed glazes which intentionally yield cracked, or crazed
glaze patterns with considerable aesthetic merit, most glazes are usually
designed to exist at compressive stress levels of 50-100 MPa in order to
avoid any unsightly cracking. Although the analysis for actually calculating
the stresses in glazes may be considerably more complicated than similar
calculations for a ceramic monolith, treating the problem as a thin layer on
an infinite slab has proven to be satisfactory. Those results indicate that the
magnitudes of the thermal stresses which develop in the glaze and the
underlying ceramic body relate to the differences in their elastic properties
and thermal expansions, as well as to the relaxation temperature of the
glaze during cooling and the thickness of the glaze. It is significant that the
thickness of the glaze, that is its dimensions, or its geometric relationship
to the ceramic body is of importance. This illustrates the significance of the
geometric aspects of thermally induced stresses in a manner which is
different from the simple thermal gradient effects during heat transfer.

The geometry of the reinforcing phase microstructure is a critical
factor in the development of internal thermal stresses in ceramic/ceramic
composites. This has been demonstrated for SiC whiskers reinforcing
various matrices'”, and also for Al,0, whiskers in both mullite and garnet
matrices.” The aspect ratio of the whiskers,their length/diameter ratio, has
a significant effect. This is particularly true for short whisker, or fiber
reinforcements where (L/d) is less than about five. Equally important are
the thermal expansion and elastic anisotropies of the reinforcing phase
inclusions for they are invariably single crystals. Since the elastic properties
of single crystals are fourth order tensor properties, individual crystal
reinforcing phases will be elastically anisotropic. This paper addresses the
thermal stresses, or thermally induced micromechanical stresses in
ceramic/ceramic composites which are associated with the reinforcing
inclusions. It first reviews the Eshelby approach to calculating the thermally
induced micromechanical stresses associated with reinforcing phase
inclusions, then discusses the results for several ceramic/ceramic



composites, including SiC whiskers in alumina,” Al,0, whiskers in muilite®®
and quartz particles in a porcelain.®®

The conclusions reaffirm that four factors influence the thermally
induced micromechanical stresses that are associated with the rain forcing
phase within ceramic/ceramic composites. Those factors are:

(i) the thermal expansion mismatch between the phases,

(ii) the elastic modulus mismatch between the phases,
(iii) the geometry of the reinforcing phase or inclusions, and

(iv) the volume fraction of the reinforcing phase.
Of course, if one superimposes externally applied stresses upon a
ceramic/ceramic composite, then those applied stresses must add to the
internal micromechanical stresses as a second order tensor. Macroscopic
thermal stresses from the thermal gradients during rapidly heating or
cooling would do likewise. As the internal, thermally induced
micromechanical stresses may be quite substantial, in fact they often reach
the GPa range, it may be expected that those stresses will make a
substantial contribution to mechanical fatigue and also fatigue from thermal
cycling. Their variation during thermal cycling can be expected to create
local stress levels that far exceed those experienced during normal
mechanical cycling from the external design stresses.

MICRCMECHANICAL STRESS FORMULATION

Most research on ceramic reinforced polycrystalline ceramic matrix
composites has emphasized the interfacial properties of the reinforcing
inclusion phase and the matrix. However, recent studies have demonstrated
that the internal micromechanical stresses which are generated by the
thermal expansion and elastic moduli differences between the reinforcing
inclusion phase and the matrix assume a very important role in the
mechanical properties of all ceramic/ceramic composites “®, Studies of the
microme:hanical internal stresses in anisotropic single phase polycrystalline
ceramic materials and in multiphase composites have been in progress for
several decades. Numerous mathematical models have been proposed.
However, among the various models, it is the modifications of the Eshelby
equivalent inclusion method "!? which appear to be the most promising,
even though they are not readily adaptable to describe crystallographically
fuceted second phase inclusions."? One reason for its popularity is that the
Eshelby approach can exactly solve the stress field of an anisotropic single
crystal grain, or second phase inclusion. It is also relatively straight forward
to apply to actual ceramic systems. Using extensions, or modifications of the
Eshelby method and its matrix forms, the following related thermoelastic
stress problems can be directly addressed and solved: (i) the stresses within
an anisotropic single crystal grain, whisker or second phase inclusion, (ii) the
stresses at the interface between the second phase inclusion and the matrix,
(iii) the average stress within the composite matrix, (iv) the effect, or role



of the geometry of an anisotropic single crystal inclusion, (v) the effect of
the inclusion concentration, or its volume fraction within the matrix and (vi)
the change of stresses within the inclusion and matrix by an applied
external stress.

Figure 1 schematically illustrates an anisotropic ellipsoidal inclusion
that is situated within an isotropic matrix. For the analysis, the thermal
expansions and elastic properties of the second phase inclusion are
considered to be anisotropic, while those of the surrounding matrix are
assumed to be isotropic. The descriptive geometric parameters of the
ellipsoidal inclusion are denoted as L and d, where L is specified as parallei
to the X; axis of the inclusion and the d coincides with the X, and X, axes.
The angle ¥ in Figure 1 is defined as the angle between the X, axis and the
direction of interest. Two locations within the matrix, just outside of the
inclusion, are of special interest. One is at the equator of the inclusion,
¥ =0° as denoted by point B and the other is at the pole of the inclusion,
¥ =90, as denoted by point A. If the (L/d) ratio of the inclusion is equal to
unity, then the ellipsoidal inclusion is spherical. For an (L/d) ratio which is
much less than one, the inclusion approximates a flat tabular platelet, and
when the (L/d) ratio is much greater than unity then the inclusion
approximates a long cylindrical whisker. Those three special geometric
shapes of the inclusion are also illustrated in Figure 1 alongside the
inclusion.

L<<d

O platetet Figure 1. Schematic of an

Ellipsoidal Inclusion in a
Ceramic Matrix

D e
sphere

L>>d
fiber




Details of the formulation of the micromechanical stress calculations
associated with the inclusion in Figure 1 can be found in several
references.”® They are presented only in their final matrix form here. To
determine the micromechanical internal stresses it is necessary to solve for
the eignstrain, eu', which is generated by the thermal expansion and elastic
moduli differences between the second phase inclusion and the matrix. The
eigenstrain of the inclusion is expressed in Equation (1) as:

[<CP><§>+<CM> -V, <C D5 <§>1<e*> = <Clh<eT™>-<CP><e%>

where <¢°>, <€T> and <¢”> are each 6 x 1 matrices of the applied stress,
the thermal strain and the eigenstrain, respectively. The <C'>, <C¥> and
<CP> are each 6 x 6 matrices of the elastic stiffnesses for the inclusion, the
matrix, and the difference between the inclusion and the matrix,
respectively. The <S> and <S> are each 6 x 6 matrices of the Eshelby
tensor and the average Eshelby tensor. These are directly related to the
geometry of the inclusion and the elastic properties of the matrix. The V,
is the volume fraction of the second phase inclusion. Equation 1 can be
considered to be the fundamental equation for the microstructural design
of two phase, ceramic reinforced, ceramic matrix composites on a mechanics
basis.

The stresses inside of the inclusion are obtained from:
<g"> =<g% +<CM> [<§> -<I> -V,<§>] <e*>, (@)
.where <I> is the 6 x 6 identity matrix. The average stress in the matrix is
determined from: :

<a™> = <¢% - V,<C¥> <S> <e*>, (3)

and the stresses just outside of the inclusion in the matrix are expressed by:
<0™> =<gP>-<CH> <B> <C¥> <e*> + <CM> <e*>, (1)

where <B> is related to the elastic constants of the matrix and the unit
vector outward from the inclusion. '

From the above equations it is evident that the eigenstrain, eu'. is
directly related to the thermally induced micromechanical stresses. In
Equation (1) it can be seen that the eigenstrain and thus those stresses are
influenced by the following four parameters: (i) the difference between the
matrix and the inclusion thermal expansions, Aa, and (ii) their elastic



moduli difference, AE, (iii) the geometry of the inclusion, expressed as its
aspect ratio, (L/d), and (iv) the volume fraction or concentration of the
reinforcing phase inclusions, V. The relationships between the eigenstrain
and those four composite design parameters are defined through Equation
1. The first and the second terms on the right hand side of Equation
1,<e™> and <CP> respectively, indicate the effects of Aa and AE on the
micromechanical strésses. On the left hand side of the Equation 1, the
Eshelby tensor <S> and V,, respectively, indicate the geometrical effects
and the effect of the concentration of the second phase inclusions.

Although the formulation of Equations (1-4) appears to be relatively
complicated, it has been successfully applied to SiC whiskers in a
polycrystalline alumina matrix and also to sapphire whiskers in garnet and
mullite matrices by Li and Bradt “'?, For the former, their theoretical
calculations are in excellent agreement with the X-ray diffraction
experimental residual stress measurements of Abuhasan et al ‘2 for the
same composite in several ways. First, the magnitudes of the internal
stresses are nearly the same for the theoretical calculations and the
independent X-ray diffraction measu:zments. However, more importantly
the experimental results substantiate the necessary assumptions for the
theoretical calculations, namely that the micromechanical stresses in the
inclusions will be highly anisotropic, but those in the polycrystalline matrix
are essentially isotropic. Majumdar, et al ® and Tome et al “¥ have
employed neutron diffraction techniques to measure the residual stresses
within similar SiC/Al,0, composites and their results also confirm the
theoretical calculations from applying Equations 1-4. It must be concluded
that Equations (1-4) satisfactorily define the thermally induced
micromechanical residual stresses in ceramic reinforced ceramic matrix
composites.

MICROSTRESSES IN CERAMIC/CERAMIC COMPOSITES

Application of the Eshelby technique to ceramic composite systems,
that is ceramic second phases or inclusions within ceramic matrices, can
only be properly applied to those ceramic systems where the single crystal
elastic constants have been determined for the reinforcing phase, that is the
second phase inclusions. This is, unfortunately, a severe restriction, for the
single crystal elastic constants of many crystal structures have never been
measured. In addition, because of the anisotropy of the Eshelby formulation,
the principal axial thermal expansion coefficients of the inclusion phase are
also required. The truth is that only a few systems can be analyzed by this
rigorous method, however, those that have been are interesting and have
yielded informative results.



Before addressing those results, it is appropriate, in fact necessary,
to briefly address literature calculations which do not fully take into account
the complete thermoelastic anisotropy of the inclusions or the second phase.
These types of calculations abound in the journals, but none will be singled
out for criticism. It must be emphasized that the elastic properties of
crystals are fourth order tensors, and thus are anisotropic even for cubic
single crystals such as beta-SiC whiskers. In fact, the Young’s modulus of
cubic SiC in the <111> is about twice the value in the <100>."Y The
failure to incorporate the elastic/thermal anisotropy into calculations of the
stresses associated with single crystal inclusions that possess such
significant anisotropy can result in very large errors. Analyses which apply
only averaged property coefficients for the inclusions and do not fully
incorporate the thermoelastic anisotropy must be viewed with considerable
reservation. '

Figure 2 illustrates the results for the Eshelby analysis applied to
three ceramic/ceramic composites, a silicon carbide whisker in a
polycrystalline alumina matrix, a sapphire single crystal in a polycrystalline
mullite matrix and a quartz particle in a glass matrix. These calculated
results are for a single inclusion in an infinite matrix. However, the effects
of the volume fraction of the inclusions on the matrix stresses can also be
addressed. The reader is referred to the original manuscripts for those
effects and others as well. ¥ Space simply does not permit the presentation
of more complete analyses in this manuscript. Nor does it permit further
discussions of the thermoelastic anisotropy of the materials. The focus of
the remainder of this paper will be on the inclusion associated
micromechanical stresses which result from cooling to room temperature
after manufacturing at elevated temperatures.

The X, axes of the reinforcing phase inclusions for these calculations
were the [111] for the SiC, the [0001] for the sapphire and also the [0001]
for the quartz. The (L/d) ratios as defined in Figure 1 were only examined
to a value of five for the quartz, as those particles may be expected to be
more of an equiaxed geometry than the single crystal whiskers. The AT’s
were 600°C for the quartz porcelain and 1000 C for both of the other two
composites. The stresses specified in Figure 2 are those as they have been
defined in the Figure 1 schematic of the elliposidal inclusion.

There are a number of significant features to these stresses and to
the effects of the anisotropies of the second phase inclusions. Several will
be addressed in the following discussion. Perhaps the most striking aspect
of these stresses is their magnitude, which as it was previously noted, have
been confirmed by both X-ray diffraction ¢! and neutron diffraction.®3
The internal stresses in the whiskers are in the GPa range, many times the
macroscopic strengths of these composite materials and many times the
anticipated design stresses. For the case of SiC whiskers in alumina, where
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. the thermal expansion coefficient of the whisker is less than that of the
matrix, the whiskers are in a state of compressive stress of 2 GPa along
their longitudinal axis and 1 GPa in the radial direction. It has been
suggested that these very high compressive residual stresses in the
whiskers make a significant contribution to the room temperature
toughness of these SiC whisker reinforced polycrystalline alumina ceramic
matrix composites. One can hardly dispute that hypothesis for that
composite system is the only one which has experienced widespread
commercial success to date.!®

Alumina or sapphire whiskers reinforcing mullite is an extremely
attractive composite system from the thermodynamic stability point of view,
as 3 AL0, -2 Si0, and Al,0, are in equilibrium in air to temperatures above
1700°C. It is unfortunate that there is such an unfavorable thermal
expansion mismatch in this system, one which creates significant tension
within the reinforcing sapphire whiskers. Sapphire whiskers in a mullite
matrix would develop longitudinal tensile stresses of over one GPa, a value
which is well in excess of their reported tensile strengths, thus fracturing
the whiskers as reported by Mah et al.'® It is a prediction which can be
made from the previously outlined Eshelby stress calculations without ever
actually manufacturing the composite.

Both of thesc whisker composite systems exhibit a strong (L/d)
dependence of the internal micromechanical stresses. These internal
stresses reach an asymptotic value between (L/d) ratios of about six to ten.
This result sends a strong message to the microstructural designers of these
types of composites, for it reveals that there is little, or nothing, to be
gained by putting very long fibers in these structures, when and if the
mechanical property enhancement is based on the residual micromechanical
stress state of the fibers. Furthermore, since the processing of powder-
whisker (fiber) systems is quite difficult for long fibers, there is really no
need to go to extremes to process very long fiber composite systems. An
(L/d) ratio of six to ten is adequate.

The effect of the (L/d) ratio on the residual micromechanical stresses
in these two fiber systems illustrates a significant feature for all whisker
composites. This geometric effect is included within the matrix of the
Eshelby tensor, <S>, in Equation 1. One type of whisker (SiC) is highly
elastically anisotropic, but it is isotropic in its thermal expansion, whereas
the other whisker (sapphire) is much less anisotropic elastically, but
possesses a much greater thermal expansion anisotropy. In spite of this
contrast, both exhibit very similar stress versus (L/d) profiles, albeit one is
in compression and the other is in tension. This very vividly illustrates that
the geometry of the reinforcing inclusion phase has a profound effect on the
residual stress state. That effect is superimposed on the thermoelastic
anisotropy of the crystal structure of the inclusion. The form of the rapid



increase of the micromechanical stresses for platelet geometry (L/d) ratios
of less than one suggests extreme caution to those designers which attempt
to use platelets for composite reinforcements, particularly when the
platelets have a greater thermal expansion than the matrix.

The stresses within and about a quartz particle in a typical tri-axial
porcelain are also presented in Figure 2. These are quite interesting in
several respects. It is well known that traditional quartz-porcelains are
prone to internal microcracking about the quartz particles.'” These are
partially spherical cracks which appear to parallel the particle quartz surface
just removed from the particle into the glass matrix. These cracks are
caused by the o, stress in Figure 1, which Figure 2 reveals is a tensile
stress that can reach a level of several hundred MPa. The Eshelby
calculations suggest that these cracks will most likely occur perpendicular
to <2110> directions for platelet shaped quartz grains, but perpendicular
to the <0001 > for more fiber shaped or elongated quartz grains. All of the
micromechanical stresses for the quartz/porcelain system appear to reach
a symptotic values at low (L/d) particle ratios, except for the tensile stress
in the <0001 > which increases nearly linearly beyond an (L/d) value of five.
This further illustrates the geometrical/anisotropic coupling of the
micromechanical stresses associated with second phase inclusions.

An important feature of these very high micromechanical stresses is
their direct association with the reinforcing phases and the inclusion/matrix
interface. The character of the interface between the matrix and the
reinforcing 'whiskers or particles is well known to be a critical design
parameter for virtually all composites. Its proximity to these very high
stresses and the high strain energy density of the inclusion and the
immediate surrounding matrix is particularly critical, potentially increasing
its susceptibility to localized degradation phenomena. If, for example, one
is interested in the effects of externally applied stresses on the cyclic fatigue
of these composites, and the mechanism is one of interfacial debonding,
failure or cracking adjacent to a reinforcing inclusion, then it is necessary
to consider the internal micromechanical stresses as well as the externally
applied macroscopic stresses. This synergism can be addressed by the
Eshelby method as it has been formally outlined by Li and Bradt "’ in their
original paper on SiC whiskers in polycrystalline alumina.

SUMMARY AND CONCLUSIONS

Application of the Eshelby method to the calculation of the internal
micromechanical stresses which develop in ceramic/ceramic composites
during temperature changes is outlined. The methodology is then applied
to two ceramic whisker reinforced ceramic matrix composites and to quartz
in porcelain for the determination of the residual stresses which result from
cooling to room temperature after elevated temperature processing. Several



practical consequences of these types of theoretical calculations are then
discussed.

The general Eshelby derived equation clearly establishes the physical
and structural characteristics of ceramic matrix composites with ceramic
reinforcing second phase inclusions that affect the internal micromechanical
stresses. There are: (i) the thermal expansion mismatch, (ii) the elastic
modulus mismatch, (iii) the geometry of the reinforcing inclusion phase, and
(iv) the volume fraction of the reinforcing phase. The residual stresses
which result from cooling to room temperature after processing at elevated
temperatures can be in the GPa range, a level which is far beyond the
macroscopic design stresses of structural ceramics. As these very high stress
levels are directly associated with the reinforcing phases and the
inclusion/matrix interface, they may be instrumental in promoting failure.

A significant geometric effect occurs as the micromechanical stresses
associated with whisker reinforcemen* 1 exhibit a strong (L,/d) dependence.
The stresses reach asymptotic level: hatween (L/d) values of six to ten in
most cases. This result suggests that it may not be necessary to utilize long
whiskers or fibers in these types of composites, a welcome conclusion since
long whiskers or fibers are difficult to process into fully dense composites.
The rapid changes of the micromechanical stresses near the platelet
geometry for an inclusion also suggests that the optimal design of
particulate reinforced ceramic/ceramic composites may be considerably more
difficult to achieve than for whisker reinforced composites.
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