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Abstract

A theoretical concept of onset and stabilization of sawtooth oscillations in
tokamaks is formulated based on the analysis of supershots in the Tokamak
Fusion Test Reactor [1] (TFTR). While the linear theory, which includes
the ideal m = 1 mode, contradicts the experimental data, the criterion of
wa-stabilization of the collisionless m = 1 reconnection mode determines an

operational space for the sawtooth-free phase in TFTR.
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Sawtooth oscillations [2] in tokamaks represent one of the best examples of reconnection
in plasmas [3] and have been the focus of extensive theoretical studies. Nevertheless, a
detailed check of the theory against experiments has become possible only recently, after
internal poloidal magnetic field measurements were performed in various tokamaxs. Among
these, the Tokamak Fusion Test Reactor [1] (TFTR) is distinguished due to its simple
(circular) geometry and high plasma temperature (more than 10 keV’s) which simplify
to some extent the theoretical analysis. Measurements of the local magnetic pitch angle
By(R)/B, based on the motional Stark effect (MSE), is now a routine diagnostic in TFTR
[4] (By, B are the poloidal and toroidal magnetic fields, R is the major radius). Together
with TRANSP (5] analyses of plasma profiles (the density n, ion and electron pressures
Die, and pressure py,; of hot beam particles), MSE data allow a reliable reconstruction of
the plasma current profile and the magnetic configuration, which can be used to perform a
quantitative comparison of the theory with experiment.

At present, reconnection theory faces considerable difficulties explaining the sawtooth
phenomenon because experiments do not confirm a theoretically predicted jump in the
central safety factor gp to unity during the sawtooth crash [6] (¢(r) = rB/(RBy), r is the
plasma minor radius).

In this paper, we limit ourselves to the simplest (but practically very important) question
of what the stability conditions are that determine the operational space for sawtoothing and
sawtooth-free phases in tokamaks. We rely on the fact that the initial stage of reconnection
is not rejected by experiments and use the theory of the m = 1 reconnection mode in our
stability analysis.

A number of supershots (64541, 64547, 65610— 65613, 68257, 68262, 68263 ), exhibiting
both sawtooth free periods and well established sawteeth have been analysed in TFTR.
Starting with the one-fluid magnetohydrodynamic (MHD) model, we immediately found
that the sawtooth onset and stabilization in these supershots exhibit tendencies which are
opposite tbipredictioxls of this model. In particular, the sawtooth free phases in experiments

correspond to peaked pressure profiles with central 8y o1 ~ 1 — 1.5, which is much higher
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than the theoretical threshold [7] 0.3 for excitation of the ideal m = 1 mode (81 po is defined
below by Eq.(3)).

We thus are led to consider a more advanced description, namely the two-fluid model [8],
which requires a minimum of additional experimental information. Unlike one—fluid MHD,
this model includes the effects of finite drift frequencies, w,, which are proportional to the
plasma profile gradients. These frequencies lower the growth rate of the m = 1 mode and
can, in fact, lead to stability.

There are several types of modes related to reconnection: ideal, collisionless and resistive
m = 1 modes. They are characterized by a rigid shift £, of the plasma inside the radius =
of the mode resonant surface (where ¢g(r) = 1) and by the resulting presence of a singular
layer at this radius.

The growth rate 7, of the ideal mode is
YT = G Ar/V3, (1)

where 74 = R+/4mn;m;/B is the poloidal Alfven time, ¢} = ¢'(r;) = dg(r)/dr|, is the radial

derivative of the safety factor and Ay is a width of the inertial singular layer

31 r2
Am _Ei—_R_lz (0-32 - 1612,],)01) : (2)
_ 87[<p > —p(n)]
/Bl,pol - Bg('rl) ) (3)

related to the well-known ideal stability criterion [7], Ag < 0. In Eq. (3), < p > is the
averaged total pressure, p = p. + p; + Dhot, inside the ¢ = 1 surface. (In our calculations
of Ag, the full original version {7 of the ideal stability criterion was used). For TFTR
supershots the typical value of Ay is positive and about 1 ¢cm.

The collisionless reconnection mode has a linear growth rate [9-11]

1/3
2c
/
= ¢\p, 4
YTA = Q1P (Wwpepa> (4)
in the regimes with p,w,./c = {/fimi/(2m.) > 1 (m., m; are the electron and ion masses).

Here p, = +/(T. + T;)/mi/Q. is the ion-sound Larmor radius, wy. is the plasma frequency
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and the local 8; = 8np/B? is calculated at the ¢ = 1 surface. For TFTR p, ~ 0.5 cm.
The resistive analog of this mode becomes unimportant in comparison with the collisionless

mode under condition

S (Bmi\* 7'_46277
/ 1 -1 __ 5
qlrlw:* LT3 (7rme >> 57 = 4nr} (5)

where S ~ 10® is the Lundquist (magnetic Reynolds) number. This condition is typically
fulfilled for TFTR supershots and so we neglect the resistive reconnection mode.

It is necessary to mention that the collisionless and resistive m = 1 modes arise in the
main tokamak approximation (neglecting corrections of order ¢ = /R ~ By/B < 1). In
contrast, the ideal m = 1 kink mode is marginally stable in the main approximation and
becomes unstable only due to €2 corrections. For this reason, during the nonlinear stage,
when & > {p,s, A}, the mode “forgets” about linear stability properties of the ideal mode

[12] and behaves as a collisionless reconnection mode with a universal nonlinear growth rate

[13]

TulinTA = qllps- (6)

Two-fluid linear theory predicts a stabilization of the collisionless reconnection mode as

well as the ideal mode by w,-effects [14,10]. It occurs when the singular layer equation [8]

ww—wwi)py W (w - wa)Tic? e '
{ )7

(W—wi)w —wl) (W - wee)wpeq?e?

_ (1 B W(w(;zijgi)T%) _ \/2_’\7:;2/ Zdr (7)

has a solution only for a real eigenvalue w with boundary conditions Z,—¢ =0, Z,_, = 0

and Z,;-., = 0 in the interval 0 < w < w,,;, corresponding to the reconnection root. Here,

w,’'s represent drift frequencies

cP! cPn'
W = — y Wh=———s, Pi=p
* nerB' " n2er, B’ Pi 7+ Phot; (8)
_ cpl, n _ CTen/ )
neriB’ " **  ner B



(we have included beam particles in the ion species, although the use of fluid theory for the
hot particles is problematic).

The stability condition can be written in a symbolic form
gL, > T141, (10)

where 71¢] is a shear of the g(r)-profile, while the left hand side is a complicated function
of w,’s, f1 and Mg, ¢, = @..(Wxi, Wk, Wee, Wk, B1, Am), calculated numerically by solving
equation (7).

In the analysis, the TRANSP code has been used to determine gradients of the plasma
profiles entering in ¢.,. A special code based on the Electrodynamical Moment EQuilibrium
(EMEQ) approach [15] has been developed to reconstruct the TFTR equilibria using MSE
data. This provides the g(r)-profile and allows the Ap-parameter to be calculated.

Three versions of criterion (10) have been compared against the experimental data. The
first is Eq. (10) exactly as described above: r1q;,.; = 71q;, > r14;. It is found to be violated
in all the discharges during their supershot phases due to the presence of an unstable ideal
m = 1 mode (Ag > 0), which is almost always dominant over the collisionless reconnecting
mode. Thus, this criterion is in contradiction with the existence of sawteeth-free phases in
these supershots. For stable shot 65611, where g, ; is about three times less than the actual
value of ¢}, the contradiction cannot be explained by uncertainties in experimental data,
profile reconstruction or theoretical estimates (Fig. 1c).

The second version of Eq. (10) includes the kinetic effects of energetic beam particles:

Mg — Mg + Ak, where

™1 T1 32 8¢ —/71 (7‘)3/2 '
= —— | —= —_ — dr. 11
Ax qir} (R) Bi(ry) Jo \ry Phot @7 (11)

This form [16] of Ax neglects the w dependence of this parameter and overestimates the
stabilizing effect of isotropic hot particles. Nevertheless, this modification only moderately
improved the situation. For shot 65611 (Fig. 1c), the value of qi, ;; = g [ayz0rkx0 is still

two times less than the actual shear.




We also compared a third version of criterion (10), where we put Az = 0 and Agx = 0,

thus neglecting the (dominant) linear ideal mode

! —_—
T ler 1 = 1A =Ag=0 > 14}, (12)

Earlier [13], a simplified form of this criterion (assuming equal temperatures T, = T;)

2/3 1/3

!
R
Ul > 714} (13)

n

PR

p

2/3
qulcr,uz = 1-4)61/

was used in a comparison of the two-fluid theory with TFTR TRANSP data (including g(r)-
profile). In (13), all quantities are calculated at the ¢ = 1 surface. In the present analysis we
did not use this simplification, but the analytical form (13} is numerically close to criterion
(12) and reflects the stabilization of sawteeth by an increase in 3; and the peakedness factors
of n(r)— and p(r)—profiles.

Criterion (12) (which is inconsistent with linear theory in the present case) is found to
be in good qualitative agreement with the analyzed shots. It is fulfilled in the supershot
phases of discharges 64541, 65611, 68257, which have no sawteeth, and is violated in the
shot 64547, which has large sawteeth during the supershot phase. Moreover, criterion (12)
reasonably well predicts the time of transition from the sawtooth-free to the sawtoothing
phase in shots 65610-65612, 68262, 68263 (the details of that will be described in a separate
publication).

Based on this comparison, we conclude that the linear theory of the m = 1 mode is in
contradiction with sawtooth stabilization in TFTR supershots. The success of criterion (12)
leads us to the following concept concerning sawtocth oscillations, in which the nonlinear
properties of the m = 1 mode play a crucial role.

We assume that w,-stabilization survives during the nonlinear stage of m = 1 reconnec-
tion because of an emerging jump in the plasma pressure profile across the singular layer.
The nonlinear reconection mode is a prolongation of a pure linear collisionless reconnecting
m = 1 mode. Although there is no theory of the nonlinear w,-stabilization at present, we

can presume that criterion (12) roughly describes this nonlinear w, stabilization.
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This concept can be described by a model equation for the evolution of the central core
displacement, where we assume for simplicity that the growth rate of the ideal m = 1 mode

is additive to that of the collisionless mode

déo

A+ A
TAGr = ~ f1ps (Qlcr,m - ql) §o + fzq'mH\-/’-g ~£
_ _4U(%)
=" (14)

Here, the function f; = f1(&o/p,) is of the order unity and describes the transition of the
collisionless reconnection mode from linear, f1(0) = [2¢/(7wpep,)])*/%, to nonlinear regime,

f1(€o/ps > 1) = O(1), while the function fo = fo(£/Ag) describes the cancellation of the

effect of the ideal mode during the nonlinear stage

f2(0) =1,  fa(o/Ag > 1) = 0.

Both of these functions have not yet been determined by the theory, but for our purposes
only their linear and nonlinear limits are essential. In Eq.(14), extrema of U(§p) determine
the stationary points (Fig. 2).

The first term on the right hand side of (14) determines the stability with respect to
the sawtooth crash itself. The second term determines the influence of the ideal m = 1
mode during the linear phase. For TFTR stable (qi, ;;; > ¢;) supershots, the second term
is destabilizing, Ay + Ax > 0, and Eq.(14) predicts the existence of a saturated m = 1 mode
(Fig. 2a) with an amplitude related to the Ay parameter.

This prediction has been checked for the analysed discharges. For most of the supershots
mentioned above the parameter Ay < 1 e¢m and no oscillations were detected. For shot
65611, Ay ~ 2.5 ¢m and a harmless m = 1 mode was observed (Fig. 3), thus supporting
the concept. It is possible that the “snakes” observed on several tokamaks have the same
nature as this saturated mode but with a larger Ay parameter.

According to Eq.(14), sawtooth crashes occur only when criterion (12) is violated. In
that cases the second term may provide stability to small perturbations if Ag + Ay < 0

(ideal mode is stabilized). But this state is expected to be metastable at best (Fig. 2b) and
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any finite perturbation or violation of linear stability will trigger a crash. This scenario is
consistent with previously proposed triggering mechanisms of the fast crash [13,17].

The concept described, although consistent with the basic linear and nonlinear properties
of the m = 1 reconnection mode and as well with experimental data, is still based on several
assumptions. In particular, the existence of nonlinear w,-stabilization requires qualitative
and quantitative theoretical justification. Also, the use of fluid theory for the hot particles is
problematic. Nevertheless, we believe this concept answers the question of what determines
the stable operational space against sawtooth oscillations, namely criterion (12) or (13),
reasonably well. Also, it predicts an achievable stable central ¢(0) ~ 1 — 0.57¢., ;;; (for
parabolic g-profiles).

This work was supported by United States Department of Energy Contracts No. DE-
AC02-76-CHO-3073, and DE-FG02-91ER-54109 and by the U.S.D.O.E. Fusion Energy Post-

Doctoral Research Program.
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FIGURES
FIG. 1. a) Central 5 5ot and b) ideal m = 1 mode scale length A for stable TFTR supershots;

c) theoretical critical shears and reconstructed shear in stable supershot 65611.

FIG. 2. Function U(&) (Eq.(14)) a) for stable supershots: r1q., ;77 > r1¢}, Aw + Ak > 0, and

b) for metastable case, qulcr,zu < 71¢1, A + Ak < 0, which is susceptible to the sawtooth crash.

FIG. 3. Contours of electron cyclotron emissivity T.(R,t) = const indicating the presence of a

saturated m = 1 mode in shot 65611.
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