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ENERGY GAP STRUCTURE OF LAYERED SUPERCONDUCTORS
by
S. H. Liu
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Abstract

We report the energy gap structure and density-of-states (DOS) of a model layered
superconductor with one superconducting layer and one normal layer in a unit cell along the
c-axis. In the physically interesting parameter range where the interlayer hopping strengths
of the quasiparticles are comparable to the critical temperature, the peaks in the DOS curve
do not correspond to the order parameter (OP) of the superconducting layer, but depend
on the OP and the band dispersion in the c-direction in a complex manner. In contrast
to a BCS superconductor, the DOS of layered systems have logarithmic singularities. Our

simulated tunneling characteristics bear close resemblance to experimental results.
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1. Introduction

A common feature shared by all copper oxide based high-T. superconductors is their
highly stratified crystal structure. This influences the electronic structure in such a way
that the quasiparticles move freely within the layers but hop weakly between layers. Many
authors have analyzed the connection between the layered structure and the superconduct-
ing properties of the materials, which are more complex than low-T, superconductors.!~1!
For instance, the theories predict that in the weak hopping limit in which the interlayer
hopping strengths of the quasiparticles are weak compared with the critical temperature
T., the density-of-states (DOS) curves have peaks at the energy gaps or order parameters
(OP’s) of the individual layers.)~2 In the strong hopping limit, however, the main features
in the DOS curve should be identified with4the OP’s of the bands.3~® The present authors
have studied the interesting and perhaps most relevant parameter range where the hopping
strengths are comparable to the OP’s or T, for a two-layer model for which both layers
are superconducting but with different pair coupling strengths.19~?? It was found that the
results of both weak hopping and strong hopping theories are incomplete and potentially
misleading. The features in the DOS are not directly identifiable with the OP’s of the
layers, but are shifted and modified by the band dispersion along the c-direction. The
singularities in the DOS curves are logarithmic, which are less pronounced than those for
BCS superconductors. We conclude that the tunneling curves for layered superconductors
should be interpreted with caution. In this paper we report a similar analysis of a two-layer
S-N model in which one layer is superconducting and one layer is normal. There is only
one OP for the superconducting layer, yet the DOS curve shows the same kind of complex
structure as reported by us previously. It gives further support to our contention that the
structure of the DOS as observed in tunneling experiments is sensitive to the c-axis band
structure. Furthermore, the DOS curve has the V-shaped bottom around zero bias and

nonvanishing zero bias conductance, as observed in many experiments.
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2. Theory

The model consists of two conducting layers, one superconducting (S) and one normal
(N), in a unit cell with identical two-dimensional band structures. Two different interlayer
hopping strengths J; and J; are assumed. The quasiparticles within the S layer interact

via a phenomenological pairing interaction of the BCS type so that the total Hamiltonian

has the form H = Hy + V, where the band energy term is

2
HO = Z Z €0(k)¢}na(k)¢jna (k)

jko n=1

+ E[Jl¢;1a(k)¢j20(k) + J2¢;20(k)¢j+l,ld(k) + H.c.], (1)

jko

where &o(k) = k?/2mq¢ — Er, k = (kg, ky), o is the spin index, n = 1,2 is the layer index
within a unit cell, and the sum on j is over all unit cells normal to the planes. The units
are chosen such that # = kg = 1. The interaction term is

V=3 E 5 dothe Mo (e (KMo @

7 ke Ko

where the S layer is labelled by 1 and the pair coupling strengths Ao is cut off at an energy
wj;- The condition ¢’ = —o will be imposed, since the pair coupling mechanism only allows
singlet pairs. The model, sketched schematically in Fig.1, is a generalized version of the S-N
model proposed by Abrikosov except that two different hopping strenths are introduced.’
One can go one step further by invoking different two-dimensional band structures and
different Fermi surfaces for the two layers,® but the simpler model considered here is
sufficient for bringing out the physical picture.

The quasiparticle Green’s function matrix elements are defined in the familiar way:

G (b, = ') = ~(T(Wo (k, 7)WL (K, 7)),
Fﬂ"'(k’T - T’) = (ijna(k’T)d)n',—a(—vaI)])? (3)
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where k = (k, k;), k; is the crystal momentum in the c-direction, < --- > denotes thermal

average, and

Yo(k) = QY2 " hjng(k)eikslist(m=01, (4)
ky

In the above equation §2 is the volume of the crystal, s is the thickness of the unit cell in
the c-direction, and d is the separation between layer 1 and layer 2 within the same cell.
The separation between adjacent layers in adjacent cells will be denoted by d' = s —d.

The spin index is suppressed in the Green's function matrix elements. We define the order

parameter A for the S layered by

A= Z('Pla(k')d)l,-a('—k’))' (5)
k'
The inverse of the Green’s function matrix has the form
v —Eo(k) —g(k:) A 0
A1 _ | —g%(k:) v —&o(k) 0 0
GTkv) =1 ps 0 iv+éek) gk | (©)
0 0 gk iv+Ee(k)
where the quantity
g(k:) = e 4 T4 = ¢ (k,)e k), (7)
with
es(k:) = [J? + J2 +2J,J; cos k8] /2, (8)
_ Jasink,d' — Jysink,d
o(k:) = Jocosk,d + Jycosk,d )

The functions e, (k) represent the dispersion of the two tight-binding bands in the c-

direction.

The inversion of the Green’s function matrix is straightforward. Putting the results

in Eq.(3), we deduce the following gap equation:

_ o o [P+ &3 (K)A
A = 7 %: — (10)
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where 8 = 1/T, T is the temperature, and the sum on v is over the Matsubara frequencies

under the constraint that |v| < wj;. The quantity D is the determinant of the inverse

Green’s function matrix:

D= (v +&) +21(v* - ) + €L + |A1(V* + &) (11)

We will choose the OP to be real. The subsequent integration over the two-dimensional
bands brings in the density-of-states factor N(0) = mo/27$, but €4 (k;) remains explicitly
in the gap equation. Consequently, the c-axis dispersion of the quasi-particle bands enters

the superconducting properties.

The critical temperature T, is solved from the linearized version of Eq.(11). In the

limit of zero hopping the critical temperature is solved from-
/\oN(O)a"(Tco) = 1, (12)

where q)(T) = In(2yw)/7T), and v = 1.78. We use Tco to set the energy scale in our
numerical analysis. With increasing hopping T is lowered steadily from the zero hopping
limit Tco. In the limit of strong hopping, i.e. J;,J2 > wy, the critical temperature is
solved from

%/\UN(O)a"(Tc) ~1. (13)

It can be seen that T, < T.o. For intermediate hopping strengths the dependence of T, on
J's for a fixed Jy/J; = 0.5 is shown in Fig.2

The OP at zero temperature depends also on the hopping strengths. In the zero
hopping limit, Eq.(10) reduces to the BCS gap equation for the S layer alone. With

increasing hopping A decreases steadily as shown in Fig.3. The curve is calculated for the

same set of parameters as in Fig.2.



In Fig.4 we show A(T) for the same of model parameters except for fixed J2 /Ty = 1.
For these parameters the critical temperature T, = 0.854T¢. The quantity A(T') has the

typical BCS temperature dependence.

The density-of-states in the superconducting state is calculated in the standard way:

1
Ni(w) =~ )~ ImGu(k, v)|y——iw+6, (14)
kn ’

where § = 0+. The detail of this calculation has been reported elsewhere, ! so we will
merely discuss the results here. In Fig.5 we shdw a set of total DOS curves at zero temper-
ature for the same model parameters in Fig.1 with J;/T, ranging from a weak hopping
value of 0.1 to a strong hopping value of 5. The calculated OP’s are marked on the graph
with arrows. The four curves are displaced vertically by 2 units successively. In the weak
hopping case, the bottommost curve, the DOS consists of a BCS-type superconducting
part superimposed on a uniform background of one unit, which is the DOS of the normal
layer. Thus, the S and N layers are essentially independent of one another. The next
higher curve corresponds to a higher hopping, and it shows that a small and ill-defined
gap structure develops in the N layer by the proximity effect, although the OP is only
in the S layer. The third curve from the bottom clearly shows two sets of peaks, with
the inner peaks sharper and more prominent than the outer peaks. Furthermore, neither
sets of peaks coincides with the OP. In tﬁe top curve the outer peaks are hardly notice-
able, and the inner peaks are at approximately +A/2. We have identified previously that
the two sets of peaks are derived from two types of pairing when the local, single-layer
electron wavefunctions are projected onto the band states for the entire crystal.!®!! The
inner peaks mark the energy of the intraband pairs for which both quasiparticles are in
the same band, while the outer peaks measure the energy of the interband pairs where the

two quasiparticles are in opposite bands. The latter contains the band dispersion in the
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c-direction, therefore the peaks are broader and exhibit fine structure. All except the top
curve are gapless in the sense that the conductance at zero bias is nonvanishing. The two
middle ones have the V-shaped bottom as seen in many tunneling experiments.!?~1% We
conclude that the DOS of multilayer superconductors is intrinsically complex as a result
of the band structure in the c-direction, and it is inappropriate to interpret the structure

as evidence of multiple gaps.

We have discussed in previous publications that the DOS vanishes inside the threshold

" _
values tw, , where!®~1!

v A A?

The system is gapless if A > 2|J; — J3|, because wg is imaginary. The inner peaks appear

at twqy where

B oA
wo =3 \/1 AL (16)

The peaks are logarithmic singularities, i.e.
N,(w) = A{ln|w —wy| + By, (17)

where A4, By are nonsingular in w and =+ refer to the outside or inside of the singularities.

A second set of logarithmic singularities occur at :i:wf,_,.where

1
Wl = —2-[\/4(J1 + J2)% + A? + A). (18)
Both singularies are less sharp than the power-law (w? — A%)~!/2 singularity of a BCS
superconductor.

The tunneling characteristics at various temperatures are calculated by convoluting

the DOS curve with the Fermi distribution factor:

dI(V) Bebe
/ Moo = eV ) o (19)



where e is quasiparticle charge and V is the bias. We show in Fig.6 a set of tunneling
characteristics for the same set of material parameters used in Fig.4. The temperat.ures
are marked on the curves. At elevated temperatures the fine details of the DOS curves tend
to be smoothed away, with only a shallow dip left around zero bias. These curves resemble
qualitatively the ab-axes tunneling data of BSCCOQ!?'!3, The temperature sensitive features
inside of the main peaks seen in YBCO remain unexplained,*!® but they may indicate
interlayer pairing.3:4:11

3. Summary and Conclusions

We have demonstrated that, simply as a result of the layered structure, the copper-
oxide superconductors may have multiple peaks in their density of states and tunneling
characteristics. As a result, tunneling data should be analyzed with caution. Because the
short c-axis coherence lengths, one is more likely to observe the bulk behavior by tunneling
out of the a and b-planes.

Our theoretical results, though limited in scope, can shed light on real materials.
Many real high-T. materials have more than one CuQ; layers in a unit cell with other
intervening layers which may become superconducting. Consider a material with m iden-
tical superconducting layers and n normal layers. In the zero hopping limit the critical
temperature Ty is determined by A¢ of the S layers according to Eq.(12). In the strong
hopping limit, however, the effective coupling constant is mAg/(m + n), which is the aver-
age over all S and N layers.3~5 Therefore, within the same family of materials, we expect
higher T, in a material with more S layers.

More layers in a unit cell also result in more bands in the c-direction. Without solving
the more than two layer model in detail, we anticipate that the main DOS peaks are due
to intraband pairing and should be logarithmic singularities. On the other hand, there

should be more interband pairing features, each associated with a different pair of bands,
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resulting in a set of less distinct outer pep,ks. Only the dip outside the main peak remains
as a remnant of the multilayer nature of the material. It is interesting to note that the
layered organic superconductor k-(BEDT-TTF);Cu(NCS), displays the same double peak
tunneling characteristic although its critical temperature is merely 11K.!¢. We view this
as added evidence that the crystal geometry, rather than the coupling mechanism, is the
cause of the observed complex g#p tm;:tute.
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Figure Captions

Fig.1 Schematic diagram of the two-layer S-N model.

Fig.2 The dependence of the critical temperature T. on the hopping strengths for the S-N
model. The model parameters are displayed in the graph.

Fig.3 The dependence of the order parameter A on the hopping strengths for the S-N model.
The model parameters are displayed in the graph.

Fig.4 The temperature dependence of the order parameter A(T') for the S-N model with
J2/Teo = 1.

Fig.5 A set of density-of-states (DOS) curves at zero temperature for the S-N model. The

model .pa.ra.meters are giveﬂ in Fig.2. The curves are displaced vertically by 2 units

successively.
Fig.6 Simulated tunnéling characteristics for the S-N model whose model parameters are in

Fig.2. The curves are displaced vertically by 2 units successively.
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