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Abstract

The vector potential and the magnetic field have been derived for an arrays of quadrupole magnets with
thin Cos(26) current sheet placed at r=R.’®. The field strength of each coil within the array, varies purely as a
Fourier sinusoidal series of the longitudinal coordinate z in proportion to wmyz, where wp, = gl T, L denotes
the half-period, and m=1,2,3 etc. The analysis is based on the expansion of the vector potential in the region
external to the windings of a linear 3D quad, and a revision of that expansion by the application of the “Addition
Theorem” from that around the coil center to that around any arbitrary poin.t in space .

The expression of the current density J in a quad (a form that satisfies the conservation condition V - j; =

%‘Ij + ]1;%%’4 = 0 as required), and its contribution to the vector-potential A and magnetic field B in an infinite array
of quadrupole magnets, are listed below for the region <R (excluding the self field of the coil with its center at 0,0)

j(f), Dle=n = Z Jos.m [(w,;R) sin 20 sin wy, z&g + cos 20 cos wy, z€,
m=1

J = —— . A/m) and G radient at z =0
5 U (wmR) Ky(wmR) (4/m) A
iy, = (—2-r-'—2—;—1)—w where L denotes the half period.
i PUJUz.mR(’lk - 3)! f - I2(2k—1)(“’m7’) 1 :
Ar = TV Y C,:.':mlz(zk_l)(wmr) + 2(2k — l)ck,mT cos 2(2k — 1)0sinwy, 2
m=1t=1 2(“3%) L
- podozmB(4k = 3) | _ Lor-1y(wmr)] | . .
Ag = — :;mR (2(2k-1) ) Ck,mfz(zk—l)(wm’") + 2(2k — I)Ciz}:m_—“(‘_)_,;._-_- sin 2(2k +* 1)0 sin wplz
m=1k=1 2(“3%) m
M Joz mR(4k — 3)!
A, = Z 0 O:;mR (2(%_1) ) O’j:mlrg(gk_l)(wm?") cos 2(2k — 1)8 coswy, z
m=1k=1 2(“3%)

. 1613 (wmR) (wm R\
Ck,m = Z Z [1(4(k_1)(wm8,-,j) cos 4(k — 1)0o;,j + Kar(wmS; ;) cos 4’“901',1'] (4k — 3)! 2

1=1 j=1
- 161y (wn R) (wm R\
hm = Z Z [K,,(k_,)(me;,J-) cos 4(k — 1)00;,; — Kyr(wmSi ;) Cos4k00,"j] (4;‘; —3)] ( 5 )

i=1 j=1

Where I, and K, are the “modified” Bessel functions of the first and second kind of order n, and the prime
denotes differentiation with respect to the argument. The summation i,j is over the infinite number of quads in
the first octant of the array.

b “Multipoles in Cos(26) Coil Arrays — Type I”, SC-MAG-583, LBID-2203, May 1997.
¢ “Multipoles in Cos(20) Coil Arrays — Type II”, SC-MAG-596, June 1997.



The magnetic field components are,

(4k = 3)'Cy. mfz(u 1) (@mr) sin 2(2k — 1)0 cos wmz

Iy2k—1)(wWmT)

er_

2(2k — 1)(4k = 3)IC cos 2(21:7-— 1)0 cos w2

4k—3
_ Z p:ngz,m LR) (4k — 3)! C.L ml2 (gk_l)(wmr) sin2(2k — 1)0sinwy, z
=1

The format used here for A and B was specifically chosen to avoid a singularity that may rise when L is large
(e.g. when the 3d problem reduces to 2d). Appendix B contains plots of both C* and C—.

In calculating the values of the multipole coefficients we need to distinguish between coils placed on lines
of symmetry and coils placed elsewhere.

0=45°

On the 45 degree line of symmetry we use,

wmSij = (2m — 1)2\/52'%

-
-

. 16Ly(wmR) [(wm R\ 2
Ci-g',"_m — _5 1) [ I(‘i(k 1) (me|,j) + I{4k(wﬂlS’:J) Cos 4k00’»1] 4k - 3)! ( )
=]
6T ) i B
ckm=——z T [Kagro1)(@mSis) + Kar(wm Si5) cos 4k0oi 5] (4}‘1(_"5)!)( 2 )

6=0°

Summing on this line of symmetry requires ,

5
wm S, = 2(2m — 1)211'_

and

1612(wmR) [ wm R s
i ()

) i IGIr(me) me 4k-1
c,,.,m=—§;(—1) [Kagr-1yomSi) = Karleom i) =71 =557 ( 2 )

Cl:m = K4(k 1)(“’m .J) + Kk (wm S ,J)]




Coils with centers in the first octant but NOT on lines of symmetry

This part also requires,

S
me;J = 2(2m - 1) (z +]) Jr.J?_L_
Ooi,j = tan™! — J_
AR )
and
P 1613(wm R) ((wm R\ "2
= - Z Z i+2j [K4(L 1)(wmSi ;) cos 4(k — 1)b0i,; + Kap(wm Sij) cos 4k0o; ;] 42(_17:;) ) ( 4 )
=1 3 ]
n )42 16[2(me) Y 1
Com="— Z Z K4(L 1)(wm Si ;) cos d(k — 1)80;,; — Kqx(wm Si5) cos 4!»00,.3] —3)1 5

self coil i=j=0

first octant

Figure 1 Cross section showing current density arrangement

From Figures 6-8 in Appendix B we can estimate the effect the geometry has on the values of C‘,‘:m and
C’k_, - If we just use the fundamental term m=1 and vary the value of k, we notice that for k=1, which is the
contribution to quadrupole term, the C’s drop to 1/2 of their maximum value when S/R changes from 1.0 to 1.2.
For the same change in S/R the dodecapole (k=2) and the 20’s pole (k=3) will be reduced by a factor of 1/4 and
1/8 respectively. All harmonic terms do not vary significantly as long as NTE < 0.5



Contributions from the self coil at i-0 j=0, r<R

T J z mR - .
Ay = Z o 04’ (win R)[K 3(wm R) [3(wmr) — K1 (wm R)I1(wmr)] cos 20 sin wpy, z

m=1
Ag = Z #Ojﬂi’mR(me)[Kg(me)Ig(wmr) + K1 (wim R) T (wynr)] sin 20 sin wp, z
m=1 .

A, = Z p0Joz,m BRI 2 (wm R) Io(wmr) cos 20 cos wp z

m=1

B, = Z #OJ;z,m (me)ZKé(me)I;(wmr) sin 20 cos w2
m=1

Ip(wmr)

(wmr)

cos 20 cos wpy, z

By = Z ungz,m(me)zK;(me)

m=1
B; =~ Z M(]J;z’m (‘-"mR)2K;(me)fz(wmr) sin 20 sin wy, z
m=1

Stored Energy

The energy stored in a single coil member of the array is,

1+

ﬂ'RZL ' '
Etotal == N Z ng,m(me)z-KZ(me)I2(me)

8

4CT,,
(wmR)* K} (wm R)

m=1

where the first term in the square bracket corresponds to the self coil energy and the second term arises from
all other coils in the array.

Figure 2 Top view of a single periodic coil array of a single function (m=1) quad.
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Analysis

Consider a quadrupole with its center located at (.S cos 6y, Ssin 6p) as shown in Fig. 4. The expansion of the
vector potential® in the region outside the current sheet (p>R) and around that center is,

/fp = Z M(me)[Ig(me)Kg(wmp) — [1(wn R) K1 (wmp)] cos 28 sinwp, z
m=1

4 JormH : 5

Ag = Z EM%-(me)[Ig(me)I(3(wmp) + I (w R) K (wmp)] sin 2 sin wyy, z
m=1

A, = Z 10J0z,m BRIz (wm R) K2 (wmp) cos 23 cos w2

m=1

The relations between the components of the vector around (0,0) — (A, Ag, A;) and the above components
(A,,, Ag, Az) around (.S cosfp, S'sinbp) are,

A =Aycos (0 — B) + Agsin (0 — B)
Ag = —A,sin (0 — B) + Agcos (8 — B)
A, = A,

coil i=j=0
Figure 4 The geometry associated with the Addition Theorem — top, and components of the vector potential — bottom.

Proceeding, we shall make use of the following relationships,

The unit vector relations are:
é, = —cos (f — 7)é; — sin (B — 7)éy = cos f&; + sin f&,

ég =sin (B — 7)€z — cos (B — w)&y = —sin B&; + cos B&,
é; = cos fé, — sin 0&y
é, = sin 0&, + cos &y

¢ “Combined Right and Left Hand Helical Function Magnets”, S.Caspi, SC-MAG-534, January 1996.




Therefore,

é, = cos (0 — B)é, —sin (0 — B)ég
ép = sin (0 — B)é, + cos (0 — B)ég
or
é, = cos (0 — f)é, + sin (6 — B)ég
ég = —sin (0 — )&, + cos (0 — B)ég

Addition Theorem

In deriving the expansion around (0,0) we shall make use of the Addition Theorem as described in Reference’

3 e cos k¢
Ka(wmp){:io;ihb } = E I{3+k(wm5)fk(wm1‘){ }

e sin k¢
cos2¢p | = cos k¢

.Kz(wmp){ sjn2¢ } = kzZ_:oo I(Hk(me)Ik(wmr){ din k¢ }
cos P b cos k¢

Kl(wmp){ sinh } = kzz_:oo I(1+k(wm.5')[k(wm7){ i ki }

p=1/52+1r%—2Srcos¢
for simplicity we have dropped the i,j index for the parameter S.

We proceed in the derivation of the vector potential using the above relations and,

¢p=0—10
B=m+0p—1
0—B=¢+p—7

cos (38 — 6) = — cos (309 — ) cos 33p — sin (30 — ) sin 3
sin (38 — 0) = —sin (30 — ) cos 3t + cos (30 — ) sin 33)
cos (B + 0) = — cos (6 + 0) cos tp — sin (6 + 0) sin 1
sin (B + 6) = —sin (0y + 0) cos + cos (g + ) sinp
cos 2/3 = cos 20 cos 21 + sin 20 sin 2¢p

_—

A,

—

A, = Apcos (0 — B) + Agsin (6 — B)

Ay = Y Edomn g BTy (o R) s () 05 (36— 0) — Ty(om B) K (wmp) c05 (8 + 0)] sinoms
m=1

I “Theory of Bessel Functions”, G.N.Eatson, Cambridge University Press, page 361
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{{ng(w,nR)[x'g_,_k(me) cos [(k+3)00 — (k+ 1)0)}+
+ {I1(wm R) K141 (wm S) cos [(k + 1)00 — (k — 1)0]}

t J
Z o Ozm ( i ) Z }I(wmr)smwmz
m=1 k=—o0
The above is a contribution from a single quad with its center at Se~1%. If we wish to assume an arrangement
of 8 quads with full symmetry around 0,0 and centers located at Se~1(#f) | Se~i(*5+60) ; Se“i(“”ig")(quads on

the symmetry line will require a weight factor of 1/2).

Zcos (k +3)0p = 2cos (k + 3)0y [1 + 2 cos L ";3)7r + cos (k + 3)%]

Zcos(k +1)fy = 2cos (k + 1)bg [1 + 2 cos (kgl)w + cos (k + 1)71']
o
> sin(k+1)0 =0

o

With the help of the relations,

' 2(2k -1
I4k—3 — Iz(gk_l) 2 %fz(zk 1)
22k —1)
Tgg—1 = Iygp_y) — w_mr‘fz(zk—l)

and additional algebraic manipulation and the introduction of a normalization factor,

i

Z Z #oJoz mB(4k — 3) o 12(% 1 (@mr) +2(2k = 1)Ci, M] cos 2(2k — 1)8 sinwy,z

1613 (wm R) (wmR) "7
C;:m — Z z [1{4(k_1)(wm5.',j) cos4(k — 1)00i,; + Kyx(wmSi ;) cos 4k00iai] (4k — 3)! ( 9 )

i=1 j=1

161y (wmR) [ wmR\*F ™!
- Z Z [I{4(k_1)(wm.5',-'j) cos4(k — 1)0p; j — Kax(wmSi ;) cos4k90i,j] (4]2‘:(_13)! ( rrza )

1=1 j=1

The summation in i,j is carried out over all coils in the first octant.

—+

Ay

Ap=—A,sin (0 — B) + Agcos (0 — B)
=> @i";’ﬁ(wmﬁ) s (W R) K3 (wnmp) sin (38 — 0) + Iy (wm R) K1 (wpmp) sin (8 + 0)] sin w2



{Ig(me)K;;_,_k(me) sin [(k + 1)0 — (k + 3)60]+
+ I(wm R) K4k (wmS) sin [(k — 1)0 — (k + 1)60]

" J =2 .
Ay = Z toJoz,m It Gld) Z k(W) sinwy, 2
n=1 k:—oo
The above expression is for the contribution from a single quad with its center at Sf_z‘ig". As before if we
now include contributions from 8 quads placed with full symmetry, we shall need to add the vector potential
of coils with their center at Se~i(£fo) | Se~i(E5+0) , Se~i(=7%6) Making use of the trigonometric relations as

shown for A,

ﬂﬂ']l]z mR 4k — 3) L B oy Ig(zk_l)(wm?‘) . .
2(2k -1 _— 2(2k —1)0
mz:l ; 2(2ak) 2(2k—1) Crmla@ar—1y(@mr) +2( 1CE et sin 2( )0 sin wyy|z

2

As = Z 10 Joz,m B Is(wm R) K2 (wmp) cos 2 cos w2

m=]

Ko (wmp) cos2f = Z Kotk (wmS) Ik (wmr)[cos 200 cos k(8 — bg) + sin 20 sin k(6 — 00)]

k=—oc0

The above expression is for the contribution from a single quad with its center at Se~i%  As before if we
now include contributions from 8 quads and make use of the relations as shown for A,

Z cos 20y cos k(0 — 0y) = 2 cos 26 cos kb cos kb [1 + (- 1) — 2cos I‘;—W]

o
Z sin 20g sin k(0 — 0y) = —2sin 26 sin kb cos k0 [1 + (—l)k — 2cos ’%r]
o
s k kr
Ks(wmp) cos 28 = 2 Z Koy (wmS)Ik(wmr) cos (k +2)0p |1 + (—1)" — 2cos -5 | cos ko
k=—o00
- = 3
Ay = HoJosmB(4k — 3)! C:mfz(zk—l)(wmr) cos 2(2k — 1)0 cos wm z

o R 2(2k—1)
2(451)™




Check V-4 =0

A way of checking the results is to assure the divergence is zero anywhere in space.

> 19(rA;) 0Ag  0A,
VA_; ar i rob ®

3( ZHUJOzm R(4k — 3)! ij:m [f;(zk—n(wm?‘)+Wm7’12(2k—1)(wm7‘)]-|—
2(*3 R) S 2(2k—1)C,;:mI;(2k_1)(wmr)

m=1 k=1
Crmla@r—1)(wmr)+

=0

} c0s2(2k — 1)0 sin wy, z

aAg pt0J0z,m R(4k — 3)!

(2k—1) — Liai N | cos2(2k — 1)0sinwy,z
mZMZ; (M)z(zk 1) +2(2k — 1)02},, 2(2L—1)(wm?)
’ Wt
3A toJoz,m(wm R)(4k —3)! | ; . :
= B ey i) o522k~ )0
G]-ck I;(zk—l)(wm?") + Wm"]2(2k—1)(wm")—
- M. : A
VA Z & :?L ) WmT | _ [2(2k — 1)]2I2(2k—1)(w”?) cos 2(2k — 1)@ sinwp,z
L WmT
+ Cif p Ta(2k—1) (W)
and since
Iyak—1)(wm
1 B 1)]2 2(2k 1)(w r)

— I:I;(Zk—l)(wm"") + Wit Tygp_y)(wmr) — [2(2K ] = Iyop—1)(wmr)

WmT W T

the divergence

-

- 4k -3)! | — Cf_mfz(Zk 1)(wm’”)‘|‘ .
VA=—3 ooz - cos2(2k — 1)0sinwy,z = 0!
Sl T i oo

as it should be.

The Magnetic Field Components.

The r component of B

From the vector potential we derive the radial magnetic ficld component in the region r<R,

(o), e

JuUJOZ m 4k — 3)! ‘
S X (wiR)Q(zk)—l)‘?(Zk — 1)CF  Lgk-1)(wmr) sin 2(2k — 1)0 cos w2
=5

m=1 k=1

aAﬁ JUOJOzm (‘“C )
Z Z w R 2(2k-1)

!

Cimla@r—1)(@mr)+

Iz(zk—l)(wm?”)

Wy T

sin 2(2k — 1)8 coswpz

+2(2k - 1)Cf

10



and B, reduces to,

9 4k—3 .
Br = Z ,U-(]J(]z,m Z (L-d—) (4k 3) CL ™ 2(2k 1)(wm7 ) sin 2(2]\7 =3 1)8 CosSwy, z
k=1

R
m=1 L

We need to add the self field contribution from the coil at i=j=0. For rSR we add,

20 J, 3
Z #0 Oszg(wmr) sin 20 cos wy, z

and for =R we add,

K; (wmr) sin 20 cos wpy 2

Z 21“'0']02171 Iz(wm )
(wm R) Kz( wm R)

The 6 component of B

+ !
= 0J0z,m
v =1 (4l R)m" D 4226 - 1)CE,,

Iyak-1) cos 2(2k — 1)0 coswmz

Wy

4k —
- Z JuOJDz,m( ) E ( 2(2L I)Ci;tmlz(zk—l)(wmr) cos 2(2k — 1)0 cos wm 2
m=1

2(2k — 1)(4k — 3)!__ Tpk—1)(wmr)
By = Z toJoz,m Z ( (me))(4k—3 ) Cin ( ww)lr cos 2(2k — 1)0 cos w2
A 1 T

In the region r<R we add the self field,

c0s 20 cos wm z

By Z 4#0Jﬁz,m I2(wm7')

= (wmR) wpr

11




and similarly for =R we add,

cos 20 cos wy z

Z 4#0J02 m (me) 1’12(wm7)

By =
4 (wmR) K (me) o

m=1

The z component of B

<R
T B A 1[0(rAg) 0A;
B“‘(VXA)z‘F[ o 89]
3\ | Cem Lyor— ) (@m?) + wmr Lygor 1y (wmr) |+
N B el - S | sin 2(2k — 1)0sinwnmz
1 Ym o (28) +2(2k — 1)C}f | Iy g1y (W)
2(2k — 1)C, Lyap—y) @mr)+
aAr NOJOZ ( ""'3)' ’ 3 . . .
T Z Z (o5 4L 3 . 12(21_1)(wmr) sin2(2k — 1)0sinwp, 2
m=1 k=1 +[2(2k-—-1)] Ck’mT
but
1 ! " Iy2k—1)(wmr)
s [12(2k—1)(wm7") + wmrlypp_1)(wmr) — [2(2k — 1)12#‘“ = Iy(ak-1)(WmT)
Therefore :

9 \ k3 ) . _
= — Z roJdoz,m z (n) (4k = )CL  Io(ak—1)(wmr) 8in 2(2k — 1)0 sinwp, z
=1 m

in the region r<R we supplement the field with the self field,

2uoJ
Z ,(u: Oszg (W) sin 260 sin wy, z

and in the outer region 1R we add

2"0'](}2 m I;(me) ; ;
5 == : 7 K m m
B mz=:1 @nE) K(wmPR) 2(wnr) sin 20 sin wy, z
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Check V- B =10

As was done for vector potential we make sure the divergence of B is zero,

B lB(rBr) 2 0By + 0B,
r Or rdf 8z

o]

\%

r

d(r B 4k — 3 " -
(;T ) pee Z 10J0z,m Z _(EU R)M) 5Chm [12(% 1)(wmr) + wmrfz(zk_l)(wmr) sin 2(2k — 1)0 cos w2
m=1 .

0B 4k -3 ~ Dhek-y(wamr)
i Z 10Joz,m Z —u-[ 2(2k — 1))? Crm i LN 2(2k — 1)0 cos wmz
m=1 k=1

a0 M)“ 3 Wy T
2 .
JB, 4k — 3)!
- Piada Z 1#0J0z,mWm Z %C}. mI2(2k—1)(WmT) sin 2(2k — 1)0 cos wm 2
“ m=1 k=1 (Wm )
o5 Iz(zk—l)(wm’“) + wmr Iygp_qy(wWmr)—
" —3) | - —== -
VB (4’6—3)3 WmT | _ [2(2k — 1)]? Ta(2k-1)(@mr) sin 2(2k — 1)8 cos w2
k=1 (“37) W
+ Cp mla(2k—1)(@mr)
and since
L 1+ " 2 L2k —1)(wmT)
Ot [IZ(Zk_I)(me) + wmrfz(zk_l)(wmr) - [2(2k — 1)] T = Iz(zk_l}(wm'f')
- (4k — = Cml2@k-1)(wmr)+ |
VB =—-) pioJozmwm sin 2(2k — 1)0 cos wyz = 0!
% - Z:(“’ R)“ 3[+C m12(2k—-1)(WmT) "

The stored energy

In calculating the stored energy we start from,

L[ [ [

and integrate the product on the surface current only over a full period® :

L 2 L
/ J . Ado = % ] f ARdOdz
0 -L

(the current density is per unit length and the unit of energy is J = T - A - m?).

&  “Forces and Stored Energy in Thin Cosine(nf) Accelerator magnets.” S.Caspi, SC-MAG-546, LBL-38500,
March 1996.
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We shall calculate the contributions arising from all external coil arrays followed by the self coil contribution.
The product of the current density and the vector potential is :

J - Alp=p = JoAg + J A,

In performing the integration we shall make use of the following orthogonality relations:

27

0 k#1
/sin 20sin2(2k — 1)0d0 =

k=1
0

2r 0
]c0320c052 2k —1)0d0 = {

0 }
0 m#j)
Sin Wy, z sinwjzdz = ]
m=j

k# 1

b~

/L
—-L
L
0 m
fcoswmzcosw_,zd =
A L m=

As a result the stored energy is reduced to,

™ R2L ' ‘]Ozzlm - ! 12 MR
7k R e [Cl,mfz(“’mm + chm_r(vw?ﬂ_l] *
Eept = = J - ARdOdz = 5 i J2 4.
) I +m R Lo 02 (wm—'mrcl,mh(me)
or,
7 R2 Lo

Eez!. =

2.,
m=

where,
' wm ‘
= Z [Ko(wmSi ;) — K4(wmSi,;) cos 40p; ;11615 (wm R) (-—"21—)
=1 j=1
the stored energy of the self coil is :

T R? Ly

Eyety = — 3" 2, m(wm R)’ Ky(wmR) Ip(wm R)

and the total energy is,

TTRgLﬂ[] 2 9 1 ' 401_1?1
total 8 b 0 |m( Ly ) 2( m ) 2( ) (me)a.[{?(me)

14



Simulation of Current density and flow lines

To generate flow lines we make use of a technic first demonstrated by J.Laslett and W. Fawley of this laboratory.
The character of the flow lines for a single function magnet n, will follow from the differential equation,
Rdf Jg
dz  J, z

Assuming the current density for magnet type n=2 as,

7 mR . . A a
4 = z Jozm [(wT) sin 20 sin wy, z€g + cos 20 cos wy, z€,
=1

it follows that,
> Joz,m(wm R) sin 20 sin wp, z

Rd0 2=
dz =~ 2 > Joz,m cos 20 cos wm 2
m._..
and
Y. Jizmlonk) sinwns
COs 29{19 Ve M G 1
= 2 =
sin 20 2R z Joz,m COswm z
m=1
or,
In(sin 26) 4 In (2 Z Jozm COB wmz) = const.
m=1
So that,
const.
in20 =
e 2 3, s CasEmE
m=1
and the flow lines are therefore, )
Z JOz,m
in20 = —m=1 in 20
- Y. Jozm COBWGE A
m=1

where 8y denotes the value of & at z=0.
In a special case, we may choose special values for Jop , such that,

oo (2M-1)_, 1 (2M —1)!
02m = M=) \ M —m 252(0=1) (M + m — 1){(M — m)!

where M is the number of m terms used in a particular case and Jg is a constant.

We note that in this particular case

e =0 ) 2M -1
22(M I)Z M+m_1 (M_m)!coswmz:(;os w1z

1 @M —1) -
22(M-1) mZ=1 (M +m—1D(M—m)! 4
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and therefore the current density is,

m=1

m=1

M
1 2M — 1)!
Z Jo2,m coswinz = Joo Z ( )

9201 (M + m — 1)I(M —m)!

With that, the flow lines reduce to the simple expression,

coswmz = Jyg cos

2M-1

w12

1
sin 20 = ———~———sin 26,
cos?M =1y, z
™
w = =
=L

and the components of current density are,

0e,
7 T AM-1)TZ . TZ . :
J(Ga z)|r=R = J[)z E(QM i 1) cos _E— sin -E-'Sln 2969
cos?M—1 1% (o 20¢,
L
m=1
Jp = % sin %sin 20
J, = cos z%z cos 20
Flow lines: sin2f = i 21?20
cos 7

m=1 and m=2

TR Tz\% , Wz ,
Jo = SE (cos f) sin A sin 20

3
Sy = (cos 7;—2) cos 20
sin 20

Flow lines : sin 20 = e
(cos %)
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m=1, m=2 and m=3

4
Jp = 5ﬂ (cos Ei) sin T sin20

25 y 8 L
Tz\ %
gy &= (cos f) cos 20
in 20
Flow lines: sin2f = i
(cos 7
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Figure 5 View of a full period array of a quad with m=1 only, a su
revel the reduction in cro
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The limiting 2 dimensional case

As a farther simplification and check, we reduce the results obtained for the 3D array by extending the
periodicity to infinity, {im[_, wm = 0, and compare those with more familiar 2D cases of multipole magnets

as cited in the abstract.

s —0
L —o0
HE% Iy(s) = & lim Iz,(s) = %
lim Ka(s) — & lim Ky(s) — —S—dg
§—
! ! 34
[ 2(2k—1) g o) o 4k—3
},E:% Iyak-1)(s) = [2(2;.-1—1j]!(%) }1_1}[1,12(2; 1)( ) — 2(ak=3) 3)1(;,)
"y k—5)! 7 s\ —4(k—1 5 4k—1)! 5\ —4
;1_111‘(1) ]‘4(10—1)(3) —F HTS)(%) ( ) ‘11_1;% 1‘41\:(3) =t (__:?—-)—('f)
- 2 -
dg =docoa2l : Jy= RGy,
140
The 3D vector-potential reduces to the 2D expression (including self coil):
Ar =0
}_1.9 =10

) 4k -
A‘z _ % HOJ:(I)z,m (?_) cos 20 + 2 Z 1oJoz mRZ (4k — 1) cos 4kby; ; (Si) (%)4#. 2COS 22k — 1)0

where the first term corresponds to thc self field contnbutlon from coil i=j=0. The field-not including the self
field, is :

RA\¥  pyab-3
B, _—42”0‘]‘32’“2 (2k —1)(4 k—l)cos4k90”(S‘ ) (E) sin2(2k — 1)0

m=1 k=1
» R A 2 podh—3
By :_-4;;;0%,.,,,1; 2k—I)(4k—1)cosék6'g,3(sd) (‘fz’)' cos 2(2k — 1)0

B.=0
in agreement with the references cited in the abstract. The self field is :

Z ;U(JJOzm( ) sin 20
Z #OJM = ( ) cos 20

B, =0
The array 2D multipole coefficients are equal to their contribution to the stored energy.

4
ED = ”RZL”" SR (1 - 0;29) & ﬂ%‘[ﬂ YNEYY 142 (%) cos 490;,1-]
m m 1 _7 )
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Appendix A Region outside the coil r>R

The contribution of the self field (centered at 0,0) in the region outside the current sheet is listed below,

Contributions from the coil at i=0, j=0 in the region r=R

A = Z 10 Joz,m (wm B)[I3(wm R) K3(wimr) — 1 (wm R) K1 (wnr)] cos 20 sin wp, 2

m=1 4
By B ”“{fz’m (o) B B o)+ T (s B e} i 20 oz
m=1

/i'z = Z toJoz,mBIa(wm R) Ka(wmr) cos 20 cos w2

m=1

J Zm M ! ] .
By = Z - 5_’( % (wimR)* In(wmR) Ky (wmr) sin 20 cos w2

m=1
J0zm 10 24! 2K (wmr)
By = n; 5 (wm R) IZ(me)T cos 20 cos wp, z
By=-), —JOZQ‘” 2 (win ) Iy (wm R) Ko (W) sin 20 sin w2
m=1
J ‘
Gom = =22 o R)* Ky (wm B)
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Appendix B 3 Dimensional Coefficients

=2)

1, k=1(n

m=

.
(=)

ol
o
)

Figure 6 The values associated with the multipole coefficients for m=1 and the
quad term k=1. Values at pi*R/L = 0 correspond to the 2 dimensional case.
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1, k=2 (n=6)

m=

O—OS/R=1.0 ]
=11 |
=1.2
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’ 0o | o
- ~ 5 -
: 4T

i ) I+ T I 0 |
1 1
O (] Jf T [J -

_ ® (] J> ¢ 0 e
- o m T $ O ¥ .
* e | = T = — o | © %
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9)

Figure 7 The values associated with the multipole coefficients for m=1 and the

dodecapole term k=2. Values at pi*R/L = 0 correspond to the 2 dimensional case.
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1, k=3 (n=10)

m=

1.05

i
1.15
i

O—OS/R=1.0
‘_<>_
7

O 0 R éﬂ%g

O 0 < &

O 0 G =1 S
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a & & &8 @ 5 68 € 86 o @ a O
S & S S S S g %3 g 9 9 9

0

D

Figure 8 The values associated with the multipole coefficients for m=1 and the
20’s pole k=3. Values at pi*R/L = 0 correspond to the 2 dimensional case.
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m=1 (n=2)

I

2.5

2.0

1 i | 1 1 L | "
= o o < N
— o o o o
3% (31ouzy) ™ ASx0ug

Figure 9 Ratio of stored energy contributed by external coils for m=1 and the
quad term k=1. Values at pi*R/L = 0 correspond to the 2 dimensional case.
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