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Abstract

Stochastic cooling for a bunched beam of hadrons stored in an accelerator with a double

rf system of two different frequencies has been investigated. The double rf system broadens

the spread in synchrotron-oscillation frequency of the particles when they mostly oscillate

near the center of the rf bucket. Compared with the case of a single rf system, the cooling

rate is significantly increased. When the rf voltage is raised, the reduction rate of the

emittance, instead of decreasing linearly, now is independent of the ratio of the bunch area

to the bucket area.

With the double rf system, the spread in synchrotron-oscillation frequency is small for

particles with synchrotron-oscillation amplitudes comparable to the dimension of the rf

bucket. Consequently, stochastic cooling becomes less effective when the bunch area is

close to the bucket area.
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I. Introduction

Previous studies t indicate that stochastic cooling for a bunched beam of hadrons in

a single-frequency rf system becomes difficult when the longitudinal bunch area is small

compared with the area of the stable motion (rf bucket area). When the bunch area is

t small, the spread in synchrotron-oscillation frequency is small compared with the average

oscillation fret_uency. Compared with the coasting beam of similar line density and mo-

mentum spread, the Schottky noise in the bunched beam is higher due to the relatively

i higher particle density in frequency domain. Consequently, the achievable cooling rate isless. If the rf voltage is raised, the optimum cooling rate decreases linearly with the ratio

i of the bunch area to the bucket area (i.e. the bucket filling ratio).
Using a secondary rf system with higher frequency 2 significantly broadens the spread

lm
-mt

I in synchrotron-oscillation frequency of the particles near the center of the rf bucket. The

achievable cooling rate can thus be significantly increased. In section II of this report, the

small-amplitude particle motion in a double rf system is reviewed. Evolution of the beam

under stochastic cooling is described by the Fokker-Planck equation in terms of the action

variable. The reduction (cooling) rate of the transverse emittance is then obtained by an

integration. In section III, the scaling behaviour of the achievable cooling rate in the double

rf system is compared with that in the single rf system. Stochastic cooling in the case when

the synchrotron-oscillation amplitude is large, is discussed in section IV.

II. Stochastic Cooling with a Double RF System

L

A. Equations of motion

I The voltage seen per revolution by the particle of phase deviation _b relative to the

fundamental system in a double rf system, is

'11 + + (1)

' I



where

= peak voltage of the fundamental rf system

kV = peak voltage of the higher-frequency rf system

¢. = the stable phase angle relative to the fundamental rf wave-form

¢2° = the stable phase angle relative to the higher frequency wave-form.

In the general case of stochastic cooling, the particle beam is stored in the accelerator

without acceleration,

fr sin ¢. + kfr sin(m¢_.) = 0. (2.)

Besides, the first and second defiwtives of V(¢) should vanish 2 at the center of the bunch

to avoid having other stability re#ons nearby. Combined with Eq. 1, these conditions imply

Assuming ¢o = 0, and m¢2o = z, the longitudinal motion of the particle can be described

by an Hamiltonian, expressed in terms of the canonically conjugated variables ¢ and W =

AE/h_. describing the deviations in rf phase and energy from the synchronous values,

respectively,

-_ (1 - cos mC). (4)
C_

n(¢, W;t) = CwW _ + (_ - _o_¢)-2--- _

Here,

h2w_rl qeff

Gw = 2Eft2, C¢ = rh

qe = electric charge carried by the particle

h = harmonic number of the fundamental ff system

7T -- transition energy

=
w0 = synchronous revolution frequency

tic-- synchronous velocity

E = moc_"f, synchronous energy.



It is known that the Hamiltonian (Eq. 4) is integrable. The so-called action variable J is a

constant of motion

2_ (_- _os¢) - _-_tI - eds de (s)

where a is the value of the Hamiltonian, and 0 <_ a _ C¢. In the small-amplitude limit

mC <<:1, J is given by
x

J _ 2nl/2(7. 1/4 m 2 :- 1 a sld, a (( C¢ (_)
u,--W ,-,¢

where K(2 -1/2) _ 1.8541 is the complete elliptic integral of modulus 2-1/_. The synchrotron-

oscillation frequency is given by the time derivative of the angle variable Q, which is canon-

ically conjugate to J,

22/3K4/3(2-I/2) m 2 - 1 ' J << Jo (7)

where
i"

Jo

are the bucket area and the zero-amplitude synchrotron-oscillation frequency) respectively,

in the absence of the secondary rf system. In terms of the action variable, ¢ and W are

expressed

¢ -- ¢ cn [2K(2-1/_)f_ot/Tr]) (9)W -- I?VVI2 sn [2K(2-'/')_ot/Tr] dn [2K(2='la')_ot/_r]

where sn) cn) and dn are the Jacobian elliptic functions, a'4 Here in Eq. 9) the amplitudes

of the oscillation are

(._) 1/4 (_W)I/2¢---2 m2-- 1 , --

where a is related to J by Eq. 6.

Eq. 7 indicates that a secondary rf system changes the spread in synchrotron-oscillation

frequency of the particles of different oscillation amplitudes. Because of this change) the
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structure of the synchrotron side-bands in the frequency domain becomes different. For

a typical bunch of particles where the density is the bhghest at the center, and zero at

the separatrix, the side-band splitting no longer exists. On the other hand, side-band

overlapping becomes significant.

B. The transport equation for stochastic cooling
:,

Consider the stochastic cooling of the transverse dimension x of a bunched beam of ,N

particles that perform synchrotron oscillation with frequelacies f_i and phase amplitudes ¢i.

The increment U=, in _' = dx/ds, which is experienced by the particle i per unit time at

the kicker, is proportional to the displacement xp of all tlhe particles at the pick-up, x

N

tr.,,,= _ v,_f (__)
j=l

where

× _ _ i'a(-.#,l_)¢_. [it(._0-l_j +._0 - k.,)+ik¢°]
Irt OO k"--- _

Here, G(w) is the gain of the cooling system, _==is the Courant-Snyder parameter, Jt as

the Bessel function of lth order, and ¢0 is the initial ph&se of synchrotron oscillation. The

superscript P and K denote values a.t the pick-up and kicker, respectively.

It is convenient to describe the transverse motion of the particles in terms of the trans-

verse angle-action wriables _ and I, which are generated from the original variables z and

z' by a generating function of Goldstein's first type 5

F_(_,_o;.)= 2_. t_ _,- . (13)

The equations of motion then become

{ 1_ = _+v_
(14)
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where

Typically, the time for stochastic cooling to produce an appreciable effect is much longer

than the revolution period. The evolution of the transverse distribution function • of the

particles can be described by the transport equation, which is obtained by averaging the

two-dimension_ Fokker-Planck equation over

_ (00)O_ 0 (F_)+ '_0 D_N_at- Ol _-g-i " Czd)

Neglecting the thermal noise of the cooling system, the coefficients of coherent correction F

and diffusion D can be evaluated by employing the representation of the Jacobian elliptic

function 4 as a trigonometric series

cn[2K(2-1/2)] =cos_st[1-4_sin2_,t+O(_2)], _=e -'_ (17)

and keeping only the leading term. Then,

F(I)- F°I, DsH = D°I<I>. (18)

Here,
oo oo

F ° = -rg/dJ p(J)sing_A$ Pg __, y_ G(m+wo - Ifll)eim'a°vK/'°J_(mwow,)
lrlr],= _ O0 _'-- _ 00

v° = _s_ dJp(J)_

x {IG_(-)I"+ la_(+)l'+2R_[a_(-)a_(+)]}
(19)

with

GD(-4-) = _ G(m+wo -4-Iflj)J_t(m_bj/h)Jt=k(m¢i/h ). (20)
vtt-'-I

The boundary condition to this equation is

D 09

I=0: -F_ + 2 OI -0; (21)

I = I.vt : _ =0



e

where 1apt is the transverse aperture of the accelerator. In Eq. 19, p(J) is the density

in longitudinal action J, and the rate of change of synchrotron-oscillation frequency with

respect to J

di2,(J) 3113_'Cw (m2 --1) l/a (_) 2/3dJ : 24 22/3K4/3(2 -1/2) _ " (22)

approaches infinity near the center of the bucket (J : 0).

-.

C. Optimum cooling rate

Because F and D are both independent of _, the reduction rate of the transverse

emittance can be obtained by integrating Eq. 16,

v-I : 1 aT(1):F°'l---.DO (23)
(/) dt 2

From Eq. 23, the average gain Gopt for achieving the optimum cooling rate can be obtained.

numbeof  yn h ot on idebnd (k): typi  Uy
larger than 1, J_:k in Eq. 20 can be replaced by its asymptotic form. Employing the identity 3

OO

J2Cz)-I-2 _ J_(z) : 1, (24)
k--1

the optimum gain can be derived

Here, ( ) denotes the average over the quantity J, (n) is the average harmonic of the cooling

system, and Anfo is the frequency bandwidth. By employing Eqs. 22 and 9, the optimum

rate can be approximately obtained

2(p(J))(k)2 8K2(2-1/2)h2(p(j))Tr(n)2Cw (26)

which isvalidforsmall-amplitudeoscillations.Note thatin obtainingEq. 26, synchrotron

side-bandoverlappinghas been neglected.

A computer program has been developed to evaluatethe coolingrate with the double

rfsystem.The coefficients(F° a_tdD °)of the transportequationareewJuated according
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Figure 1: The reduction rates of the transverse emittance as a function of the bucket filling
ratio for a bunch of 19TAu79+ ions stored with a single (solid line) and a double (dashed

line) rf system, respectively.

to Eq. 19 .including synchrotron side-band overlapping. Fig. 1 shows the transverse cooling

rates of a bunch of 109 197Au70+ ions during stochastic cooling in the RHIC." The bunch is

assumed to be a truncated Gaussian with a 95% area of 0.3 eV-s/u. The frequency band-

width of the cooling system is 4-8 GHz. The dashed line indicates that with a fundamental

system of 160 MHz and a secondary system of twice the frequency (m = 2), the cooling

rate is independent of the bucket filling ratio.

III. Comparison with Single RF System Cooling

Stochastic cooling with a single rf system has been investigated previously. 1 The opti-

mum rate of reduction of the transverse emittance is

<n)2Ow (J) J < Jo. (27)
= J0'

In the case _hat the particle distribution in J remains unchanged, the transverse cooling



rate is proportional to the bucket filling ratio. For a certain bunch area, cooling becomes

less effective when the rf voltage is raised. The solid line in Fig. 1 shows the same transverse

cooling rate as the dashed line, except with a single rf system of 160 MHz. The cooling

rate decreases linearly with the increasing bucket area.

The dashed line in Fig. 1 shows that the cooling efficiency can be significantly improved

with a secondary rf system, especially for cases of small bucket filling ratio. When the sec-

ondary rf system is employed, the spread in synchrotron-oscillation frequency is broadened

appreciably. Eq. 26 indicates that the optimum cooling rate is approximately independent

of the variation of the rf voltage if the synchrotron-oscillation amplitude is small.

IV. Cooling in the Full Bucket Case

-- In the case of a single rf system, the spread in synchrotron-oscillation frequency increases

i for particles of large synchrotron-oscillation amplitudes. Consequently, stochastic coolingbecomes more effective when the particles occupy larger amount of the rf bucket.
|
-I

g On the contrary, cooling is less effective in the case of a double rf system when the rf

bucket becomes full. Consider the example that the frequency of the secondary system is

twice that of the fundamental system (m = 2). The synchrotron-oscillation frequency can

be derived

_ _ao _ 1 _ (28i
n. _ V_K(_) ' _"= _ _+

As shown in Fig. 2, Ft, -_anishes both at the bucket center and ai, the separatrix. The rate

of change of the frequency with respect to J is given by

• dJ 2JoK' (_) _ 4- - ,

I shown in Fig.3. In theseequations,the actionJ isrelatedto a by
as

2_r

fj = a.(_,)d_', (30)

as shown in Fig. 4. It is indicatedfrom Figs.2 and 3 that for particleswith large
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- Figure 2: The synchrotron-oscillation frequency as a function of the normalized tIamilto-

nian in the (m = 2) double rf system.
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Figure 3: The quantity dflo/dJ as a function oi the normalized Hamiltonian in the (m = 2)
double rf system.
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Figure 4: Tile action J as a function of the normalized Hamiltonian in the (m = 2) double

rf system.

synchrotron-oscillation amplitude (approximately with J/J0 between 0.3 and 0.8), the

spread in synchrotron-oscillation frequency is small. Stochastic cooling becomes difficult if

most of the particles in the bunch are in this large-amplitude region.

_r. Conclusion

Stochastic cooling for a bunched beam of hadrons stored with a double rf system of

two different frequencies has been investigated. The double rf system broadens the spread

in synchrotron-oscillation frequency of the particles when they are near the bucket center.

This broadening in frequency effectively decreases the Schottky noise. Compared with the

case of a single rf system, the achievable cooling rate is significantly increased. When the

rf voltage is raised, the reduction rate of the emittance, instead of decreasing linearly, now

is independent of the bucket filling ratio.

On tile other hand, the spread in synchrotron-oscillation frequency becomes small if the
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oscillation amplitudes of the particles arc comparable to the bucket dimension. Stochastic

cooling with the double rf system is less effective when the bunch area is close to the bucket

area.
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