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ABSTRACT

During the storage of the heavy ion beam in the Relativistic Heavy Ion Col-

lider (RHIC), the luminosity deterioration due to beam growth and particle
loss caused by intra-beam scattering (IBS) is of primary concern. In this pa-

per, we study compensation methods using bunched beam stochastic cooling.

With longitudinal and transverse stochastic cooling of 4-8 GHz bandwidth, the

longitudinal beam loss resulted from the inadequacy of the rf voltage can be
eliminated, and the transverse aormalized beam emittance can be confined to
about 307r mm.mrad. With such an emittance, the fl" at the crossing point

can be lowered under 1 meter without exceeding the transverse aperture limit

at the focusing triplets. The achievable luminosity can thus be significantly
improved.

1. INTRODUCTION

Hadron beams of species from proton to Au 79+ will be injected, accelerated, and then stored for
10 hours in the Relativistic Heavy Ion Collider (R, HIC), currently under construction at the Brookhaven
National Laboratory. For the highly charged ions like Au 79+, the luminosity deterioration due to beam
growth and particle loss caused by Coulomb intra-beam scattering (IBS)[I] is of primary concern. During
the 10-hour storage, beam loss of about 40% is expected due to the IBS beam growth and the inadequacy
of the rf voltage. Furthermore, the transverse beam emittance grows from 107r mm.mrad to about 407r
mm.mrad. When fl" at the collision point is squeezed down to I meter to increase luminosity, transverse
beam loss may also occur. Stochastic cooling potentially provides an effective and economic method to
reduce the beam size, eliminate beam loss, and thus improve luminosity.

In this paper, we summarize our study on the effects of IBS and the compensation method of
bunched-beam stochastic cooling. Expressions for IBS beam growth rates and for transverse cooling rates
are presented in sections 2 and 3, respectively. Section 4 discusses the Fokker-Planck apl)roach to evaluate
the longitudinal beam loss and beam evolution under IBS and longitudinal stochastic cooling. (:Ollclusiolls
and discussion are given in section 5.

2. INTRA-BEAM SCATTERING BEAM GROWTH

Because of the dispersion that correlates the horizontal closed orbit to the momentum, the scaling
behaviour of the I BS growth rates are drastically different at energies low and high compared with the
transition energy.J2] At, high energies, the rates are approximately independent of the energy. Asynlptof
i('ally, the horizontal and longitudinal bea,LL amplitudes are linearly related by the average dispersiou. At,
low energies, tile be.am e.volves such that the velocity distribution in tile rest franLe becomes isotropic ill
all the directions.

The IBS theorie.s[l] typically assume that the particle distribution rexlmins (_aussialL ill tile six-
dinlensiona[ (6-I)) phase space. Provided that the. [at,Lice of the accelerator mainly consists of regular cells,

_ the rates of growth in the rms I)earll alnplitude that are typically exprc_sed in complex integral t'orlll, can
be simplify into simple analytical form.[2} In I)articular, the beams in RttlC are stored at energies (7)
much higher than tile transition energy (77"). Due to injection conditions and transverse coupling, tile
horizontal and vertical emittance-s are about the same. In terms of the normalized transverse emittance

'r.,y = fl"t'crT_,,a/[3_,y ;uid longitudinal bunch area 5' = rrrn,oC-7O',cr_,/flacd, the growth rate of the rms
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Figure 1: Transverse IBS growth rate and cooling rate as functions of the emittance.

betatron amplitude a= and fractional momentum deviation ap can be written

1 dap ] [ nb(l_d2)/d

cr_ dt Z 4 N _rr2ornoc_L¢
&r= = A2 16¢i'47T_tevS d/nc (t)

a, dt

where N is the number of particles per bunch, 3' is the Lorentz factor, A is the atomic number, the Coulomb
!ogarithm Le is about equal to 20, r0 = e2/rnoc 2, nb is equal to 1 if the beam is azimuthally bunched, and
Is equal to 2 if it is not, and n¢ is equal to I if the horizontal and vertical motions are not coupled, and

f)2tr2_l[2
is equal to 2 if they are fully coupled. The quantity d = Dpap/(a 2 + --p-p/ < 1 is the effective ratio
between the longitudinal and horizontal total amplitude, where Dp is the average dispersion in the cell.

The growth rates are shown to be linearly proportional to the beam intensity, and are strongly
dependent (,,, Z4/A 2) on the charge state Z of the particle. Except for the factor d, the rates are inversely
proportional to the 6-D phase-space area. The dependence on the beam energy is usually weak. After ¢.he
initial stage of storage, the asymptotic configuration nbnca; ,.., 2 2" "" D_,o'p will be approximately reached.

In the case of storage of 109 Au 79+ ions per bunch in R.HIC, the beam of initial area L_3 eV.s/u
fills up the entire rf bucket of area 1.28 eV.s/u in less than 30 minutes. Thereafter, t_eat,', los,,, occurs in
longitudinal dimension. Without cooling, the transverse emittances grow in 10 hours from 10_",:,w.mr _,c
about 40r mm.mr. Assuming full transverse coupling, the solid line in Fig. 1 shows t.he _ransverbe Ills
growth rate at different emittances.

3. TRANSVERSE STOCHASTIC COOLIN(_

With a stochastic cooling systetn of properly chosen bandwidth, the li::IS _ .wt; .:_ _.r;'l_-ver;_ {._;tlll
emiLtances can be coml)ensated. The equilibrium state can be reached wh,,n '_,. c. _.ng _:,, ,_qual to
the IBS growth rate.

With the highly charged ions, the system thermal noise is often neglit:,., ,. i_ _- tr _,s.....r,_o cooling
rate can thus be obtained using the Fokker-Planck approach[3, 4}

1 der_:,v _ ,.lca,,,v dt - '2 - " " ' t' _":"' r' ' )

,_f,4 .... p(j,) [ (2 ),,_.,>,_ {lao(-)l _+ I_:;',_(+)l_ "; , _, -,.:t_(-':_]},t=-oo k---co

where
c-to

(TD(Zk) = Z (;(m+_° -4-IQj)J_t(rw.oor j)J_(rnwori), (3)
rn--I

0PK is the distance in azin_uthal angle between the pick ups and the kickers, _0 = 2_fo is l,lw rcvolutio_t
frequency, .Q_ is the syt_cl_rotron-oscilla6on frequency, Jt is the Bessel function of lth or,ter, p(J) is the



,h'nsit.v in .I, and 2,n",/ i.', t.lw I,:,n_it,udinal ph_c-:-space area enclosed I)y t.he particle tra.jectc, ry. The ,qu;ult.ity

',PP , re,ti,, ,,,o,,oto,,ic,dly functio,ofJ,

d_] ,,,

dJ = 8 k:_Ka(k) 1 -/,::_ 4 ' _ _ --- "-_"k',"
(4)

where Cw -- h2w_q/2E/3 'z, C4, - ZeQ/Trh, _" is the peak voltage, h is the harmonic number of t,he rf
system, 7/ is the slip factor, and K and E are complete elliptical integrals of tirst and second kind. Here in
Eq. 4, the sign --_ denotes the value in the small-amplitude limit. The summation on the revolution bands
in Eq. 2 is performed over the system bandwidth, while the summation on the synchrotron side-bands is
actually performed from l = 1 to n_.uor, with r = arccos (1 - 2k 2)/hwo ... 2k/hwo the oscillation amplitude

in time. The factor citn'oph'/_`' represents the phase slip that non-synchronous particles experience during
their passage from the pick-up to the kickers. In order to minimize this undesirable "mixing", the distance
between the pick-up and the kickers should be chosen such that 0PK ni'flo << 1, where /- is the half bunch
length in time. 170 is the zero-amplitude synchrotron frequency, and n is the average harmonic number of
the cooling system. The optimum cooling rate can be obtained from Eq. 2 by using numerically methods.
With a bandwidth of 4-8 GHz, the dash line in Fig. 1 shows the optimum cooling rate that can be achieved
when the rf bucket is nearly full (Fig. 2b). The transverse emittance at equilibrium is about 307r mm.mr.

For the convenience of order-of-magnitude estimate, the optimum cooling rate is[5] estimated

1 d_=,_[= (1, 2 I__1 nfo (j)a/_o'_:,y dt 87r(p(J)) -- 7ra/2hN(M) jala2: (5)

where 27rJma,: - 8v/C¢/Cw is the bucket area, ( ) denotes the average over all the particles, and (M) ---
wo/(l)f_o is the mixing factor. Cooling becomes very difficult when the bunch area 27r(J) is small compared
with the bucket area.

4. BEAM LIFETIME IMPROVEMENT WITH LONGITUDINAL COOLING

Because of the severe boundary limitation and the particle loss in longitudinal direction, the beam
evolution can not be adequately described by the growth rates. The transport equation is thus derived to
describe the time evolution of the longitudinal density distribution in the presence of IBS and stochastic
cooling.

A transport equation in terms of action-angle variables can be obtained by averaging the 6-D Fokker-
Planck equation over all transverse variables x, x', y, and y'. Because the time for IBS and stochastic
cooling to i)roduce ;tpl)reciable etfect is typically much longer than the synchrotron-oscillat, ion period,
which is again much longer than the correlation Lime of the collision process, t,his equation can be further
re.duced by averaging ow'r t,he angle variable tor one synchrotron-oscillation period

D (')p,')p i) I H (Op) .J ={)' -t'_p+ - 0[)t -- [}.J (1"/') + 7)_ D_./ , with "20.J ' (d)" '1 = ./,,,,ix " t' = t) .

For intra-I)eat_ scat, t,ering, the uo called coellicient of dynanlic frictic,_ /'" _,nd diffusion O are obtained
by assunting an 4- D t,ransw,rse (;atlssialls distribution and[4] integrating over ;all l.he t.ranbverse colllpotlelltS
,Jr l,}lO l,PSl, t);trl.ich '

f 2'lz L¼,I(_ 0"'"1-' _J OWl (Q',.J')[,.'I..(A,)+..'I..(.'.,)}I,(J'),t.]' (7)(q' ': ) o.--7,/_(.I)= 7rh, _ , ..,.

;iltd

D(,I )

where 27rt¢ is taw circutllference,

"" "' E _ h_,,,, l/(i,i_._

1o( ) ___ :'- ,,-:7"V',/
At'(),) = 2Z4vi_l.,.li ' It.'(,\) AD(A) = (lV_l.l"), ,t = "

..t_/-_.)._ ,rr a,_ .'t 273/_.Wo err cU_ 7f121t.' _
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Figure 2: Evolusion of the longitudinal distribution function a) under IBS; b) under IBS when both
longitudinal and transverse coolings are applied.

0J =8k K(k)cos27rQ [l-4_sin227rQ+O(_2)], _=exp[-TrK'(k)/K(k)], K'(k)= K(v/'i-k2).
(10)

The first integrals in Eqs. 7 and 8 represents the average over the machine lattice; the second integral
represents the average over synchrotron-oscillation period; while the third integral describes particles of
different action J' involved in the collision. The integration over J' is performed such that k(J') sin 27rQ' ._

sin[¢(Q,g)[2], extending from Emir, to the bunch edge J, with k(Jm,,) ._. [sin¢(Q,J)/2]. For a round
beam with/3= Dr, + a, Dp ... O, we have

IF(A)=2a2sgn(A)x{l-v/'_IXlex2[ I-_(A)]}, 'D(A)=ax{v/_(l+2A:_)eX2[ '-¢(A)]-21AI}, (l,)

where X = e-(D,'tA/2o=)2, d_ is the error function, and sgn(A) is 1 if A >_0, and is -1 if otherwise.
For longitudinal stochastic cooling, the corresponding coefficient of coherent correction F and Schot-

tky diffusion D can be obtained[3, 4]

OO

F(J) = Z2e2w° Z Z Ij2[mw°r(J)lRe[Gr(m'+l)-Gr(rn'-l)] (12)7tl
m=l I=1

with
Gr(rn,±t) = ()[ntfo 5:/;l,(J)] e±tla'(d)°p'/=°, (13)

;t[l(t

l an,(J')D(J)- _r = -- I _ If_.,(J,}-_tcEI,(J)/I

where the do.ble sumnlation o. i and k represents synchrotron sideband overlapping, ;u_d

c_

Go(k,t) - _ ]--G[,,,_o + Z_2.(J')]Jk [._or(J)]J,[._or(J')]. (15)Tlt
rr_-'- 1

With F and D obtained for various mechanisms, Eq. 6 can be solved numerically with a.y given

initial distribution p(,]) at, t = 0. Note that at the vicinity of the separatrix, the synchrotron-oscilhttioll
period approaches inlinity. Consequently, the a._sutnptions that_ Eq. 6 is based upo[| is rio longer valid ('l'lte
quantity ( in Eq. 10 is large cotIII)aretl to 1.). In our numerical calculation, we have cotlservatlvcly a.-_SUllt_tl

that the particle is lost if its action d exceeds 95% of the bucket value Jm_=. Our study also shows that
the results are not sensitive to the closene.',s of the chosen boundary to the separatrix. 'Fl_i_ ts partly due
to tlu_ low particle density t.:_ar the, bound;try.

Fig. 2a shows the "l,it_w _wolu;,io. ,_1"p(,J) duri.K the 10-hour period with '2.,5-hour t,i_t_eit_t, erv;tl t_
l,h," ;tl_s,_llc_' of c_>_li.g, TI." w_ltag/' _fl" flu, l!t{i Mllz rf systelll is kept at tlw lll;tXill|lllll V;t[ll(' {i _1\" Th,,
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Figure 3: Improvements on a) instantaneous and b) integrated luminosity in RHIC when stochastic cooling

is applied.

total beam loss is about 40%. The asymptotic distribution in longitudinal phase space is fouud to be
Gaussian-like, insensitive to the initial conditions.

With both longitudinal and transverse stochastic cooling of 4-8 GHz bandwidth, Fig. 2b shows
that the bunch approximately reaches the equilibrium state in several hours. Longitudinal beam loss is
essentially eliminated, while the transverse emittance is kept to about 307r ram.mr. With a reasonable
number (about 128) of kickers, the peak power needed is of the order of kW. Since the mixing factor is
large compared to l, full-turn delay between pick-ups and the kickers is plausible for this bandwidth.

Figs. 3a and b show the improvement in the instantaneous and integrated luminosity when stochastic
coolings in different planes are applied. With both transverse and longitudinal cooling, the instantaneous
luminosity can be significantly increased for the later period of the storage. The integrated luminosity is
increased by about a factor of 2 over the entire 10-hour period.

5. CONCLUSIONS AND DISCUSSION

Bunched-beam stochastic cooling in both longitudinal and transverse planes provides an effective
method to compensate for the beam growth, particle loss, and luminosity deterioration caused by IBS.
With longitudinal and transverse cooling of bandwidth 4-8 GHz, the longitudinal beam loss resulted from
the inadequacy of the rf voltage can be eliminated, and the transverse norma|ized beam emittance can be
confined to about 307r mm.mrad. With such an emittance, the /3* at the crossing point can be lowered
under l meter without exceeding the transverse aperture limit at the focusing triplets. The integrated
luminosity can be increased by a factor of 2 during the 10-hour storage period.

To accommodate for the future upgrade of the beam intensity in }{lllC, a wider cooling bandwidth
of 8-16 MHz is desirable. To optimize the performance, the delay between _,he pick ups and kickers may
be chosen to be |/6 of the machine circumference. More detailed technical ;mpec_s, however, are still to be
explored.

ACKNOWLEDGEMENTS The author would like to thank A.G. i{uggiero, M. llarrlsou, and S. Peggs
for many stimulating discussions, and also D. Boussard, S. Chattopadhyay, (i. Jackson, J. Marriner, G.
Parzen, and A.M. Sessler for helpful discussions.

REFERENCES

[1] For example A.Piwinski, Proc. CEI{N Accelerator School, Gifsur-Yvette, Paris, 1964, l)405; Noord-
wtjkerhout, Netherlands, 1991, p.226; J. B.iorken and S.Mtingwa, Particle Accelerat, ors t3, 115 (1983);
M.Martini, CEI{N PS/84-9(AA)(1984);andG.Parzen, Nucl. Ir,str. Meth. A256.231 (1987); Proc. 1988
EPAC, Rome, !).821.
[21 J.Wei, Proc. 1993 Particle Accelerator Conference, Washington DC, to be pul)lished.

S. Chattopadhyay, LBI, report LBL-14826 (1982).
J. Wei and A.G. ILuggiero, BNI, Informal i{,eport BNL-45269, AI)/I'_,ItlC,-81 (1993); J. Wei ;tad A.(I;.

R.uggiero, Proc. 1991 Particle Accelerator Conference, San Francisco, t).1869 (1991).
[5] J. Wei, Proc. 1991 Particle Accelerator Conference, San Francisco, 1866-1868 (1991); J. Wei, Proc.
XVth Inter. Confe. on lligh Energy Accelerators, ltamburg, Germany, p.1028 (1992).






