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ABSTRACT
A discussion is presented of Liouville's theorem and its consequences for
conservative dynamical systems. A formal proof of Liouville's theorem is
given. The Boltzmann equation is derived, and the collisionless
Boltzmann equation is shown to be rigorously true for a continuous
medium. The Fokker-Planck equation is derived. Discussion is given as to
when the various equations are applicable and, in particular, under what
circumstances phase space cooling may occur.

1, INTRODUCTION

This workshop is devoted to cooling, so why start with a paper on Liouville's theorem [1], a
theorem well-known to be "against cooling"? For very good reason, really, for it is only with a deep
understanding of when one can not cool, that one can design--and properly analyze--cooling systems.

Back in the "old days", starting in 1955, the lVIURA(Midwestern Universities Research Assoc.)
physicists were well aware of the limits imposed by Liouville's theorem [2]. They tried, in fact, to
produce damping _rith tapered foils (a scheme which works in principle, but is not practical) and
slaunched cavities (wrong in principle). Most of this work--for good reason--was unpublished,
although publication might have prevented others from wasting many hours [3].

Besides Liouville's theorem there are other invariants, enumerated systematically by Poincare,
which any dynamical system must observe [4]. In this paper we shall only consider the first Poincare
invariant, i.e., Liouville's theorem. This invariant concerns over-all preservation of phase space
volume and, therefore, is of relevance to the subject of cooling.

Starting in 1958 attention at MURA turned to evaluating space charge, or collective, effects;
first static effects and then dynamic effects [5,6]. It seemed proper tJ_base this analysis upon the
collisionless Boltzmann equation, or Vlasov equation, but it was rather unclear, in those old days,
just when that equation was a valid approximation. The present authors made a study of that
matter, but never published their work [7].

It seems appropriate to re-visit the subject and now--some 35 years later--to publish the work.
' At the same time, it seems useful to present--in one review paper--derivations of Liouville's

theorem, the Vlasov equation, and the Fokker-Planck equation. It is hoped that this will provide
useful background for a proper understanding of phase space damping, i.e., cooling.

*This work was supported in part by the Director, Office of Energy Research, Office of High Energy and Nuclear
Physics, of the U.S. Department of Energy under contract no. DE-AC03.76SF00098.
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2. LIOUVILLE'S THEOREM

This dynamical theorem applies in a conservative Hamiltonian system such as a single particle
in external magnetic and electric fields. In this case the phase density of many non-interacting
systems (having slightly different initial conditions) is preserved as one follows the motion of the
system.

Thus,thistheoremisapplicabletoa beam ofparticleswhen theinteractionbetweenparticlesis
negligibleand canbe ignored,whichisoftentrue--butnotalwaystrue--forhighenergybeams.

Even withintherestrictionsofLiouville'stheoremitispossibletoarrangetointerchangephase
space(between,say,longitudinaland transversedel_reesof,'freedom)or,equallyinterestingly,not
even toexchangephasespace,but tointroducecorrelationsbetweenthe degreesoffreedom,i.e.,
"pushphasespacearound".A devicethatdoesjustthis,todistinctadvantageforfree-electronlasers,
has recentlybeenproposed[8].

A proofofLiouville'stheoremcanbe foundinmany textbooks[9,10].A simpleway oflooking
atthistheoremistothinkofitas equivalenttotheconditionofincompressibleflowinthephase
spaceofa givensystem.Letthesystembe describedby theN coordinatesqa and theN conjugate
nomenta Pa,a=l,2,...,N.The phasespaceisjustthe2N-dimensionalspacewithcoordinatesqa and
Pa,and thedevelopmentintimeofthestateofthesystemisrepresentedby thetrajectoryofa single
pointinphasespace.Justaswithfluidflow,thereisa well-definedvelocityfieldateachinstantof

time,whichassignstoeachpointinphasespacea definitevelocity,withcomponentsqaand Ibagiven
asfunctionsoftheq'sand p'sby Hamilton'sequations.Forfluidflowinany number ofdimensions
theconditionthatvolumesarepreservedby theflowisequivalenttothevanishingofthedivergence
ofthevelocityfield'

V- v(x)= 0 . (i)

Forphasespacethecomponentsofthevelocityfieldare

cla= va(q,p,t}=_H/3Pa, (2)

15a= Fa(q,p,t)=-_HDqa , (3)

The divergencecondition(1)thenbecomes

Ze(avafaqe + aFjap e} = a2H/'dPakla - awaq =o, (4)

which is automatically satisfied as a consequence of Hamilton's equations, and thus demonstrates the
validity of Liouville's theorem. It is important to note that the Hamiltonian may depend explicitly on
thetimet.

Oftena dynamicalsystemisrepresentedby an ensembleofpossiblestates,witha distribution
functionfgivingthenumber n(Av)ofparticlessystemsina smallvolumeAV ofphasespace:

n{Av)= f{q,p,t}AV . (5)

Iftheqiand PiareHamiltonianvariables,thenAV isconserved,and sincethenumber ofparticlesis
clearlyinvariant,we deducethatmoving withtheparticles(orsetofsystems)thedensityfunctionf
isconstant:

dr=0 (6) 'dt

It is interesting to write this out:



dt=_+ I d--T+_ dtj-0 . (7)

From Hamiltop's equations:

- =o . (8)

From this we can see that a stationary distribution -- one for which _d0t=0 -- must satisfy the
relationship

{f,H} _ Za(aff&le 3H/_pa-OffOpa 0H]0qa) = 0 . (9)

The center expression here is the Poisson bracket of f with the Hamiltonian, and the vanishing of the
Poisson bracket, for a function that doesn't depend explicitly on the time, is just the condition that
the expression f(q,p) be a constant of the motion and therefore, normally, a function of the standard
conserved quantities. For many systems the only such constant of the motion if the energy itself, in
which case fmust be equal to a function of the Hamiltonian function H:

f= f[H(q,p)]. (10)

This result, applied to interacting particles, for which it is not strictly true, but is a very good
approximation, as we shall see in the next section, was first used in beam physics in 1958 [5]. It has
been widely used since that time.

3. LIOUVILLE'S THEOREM FOR A CONTINUOUS MEDIUM WITH CONSERVATIVE
INTERACTIONS

The MURA Report, which the authors wrote 35 years ago, still reads very well. This section
simply consists of the old report [7], somewhat streamlined. The formal proof, of that report, is
presented in Appendix A.

The study of the motion of particles in an accelerator becomes a many-body problem when the
interactions between particles are taken into account. It is thus important to investigate the
possibility of establishing the validity--or approximate validity--of general dynamical theorems
applicable to the n-body problem. Such a powerful theorem is the one proved here to be an extremely
good approximate theorem for particles in an accelerator.

Liouville's theorem asserts that in a 2fN dimensional space (f is the number of degrees of
freedom of one partiCle), spanned by the coordinates and momenta of all particles (called y space), the
density in phase space is a constant as one moves along with any state point. It is thus a statement
about the density of points, each point representing a dynamical system. The systems constitute an
ensemble and of course do not interact.

The theorem proven here refers to a system of many interacting particles, and asserts that in
the 2f-dimensional space spanned by the coordinates and momenta of a single system (called a
space), the density in phase is a constant as one moves along with any phase point. It is thus a
statement about the behavior of interacting particles, and thus really quite different from Liouville's
theorem.

The validity of the theorem, as well as the limits of its validity, may readily be seen by the
' following intuitive argument:

Consider first a system of many particles, N. Suppose these particles are subject to external
forces derivable from a Hamiltonian (which may even be time-dependent), but there are no

• interactions between the particles. Clearly density in phase in/_ space is a constant of the motion as
one follows the motion of a phase point. This follows then immediately from Liouville's Theorem in _'
space, since with no interactions between particles p space for N particles is simply sspace for a
single particle.



Considernow a systemofa greatmany particlesN, withinteractionsbetweentheparticles.
Imaginethatthesolutionhas been obtainedsothatwe know themotionofalltheparticlesasa
functionoftime.Concentratenow on a "small"number ofparticlesn,whichinitiallyarelocalizedin
space. We willdefinewhat "small"means shortly.Let allthe otherparticlesmove alongthe
trajectoriesappropriatetothe solutionofthe N-body problem.Ifthe interactionsamong the n
particlescan be neglectedcomparedtotheinteractionsbetweentheN-n particlesand one ofthen
particles,thentheseparticlesaresubjectto"externalforces"and by thefirstcasethedensityin
spaceisa constantas onemoves alongwiththesamplegroupofn particles.Thisisclearlytruefor
any sample,and hencethetheoremisestablished.

Thatis,thesamplesizemust be smallenoughcomparedtoN thattheinfluenceofthen sample
particleson one oftheirnumber isnegligiblecompared withthe influenceofthe N-n remaining
particles.At thesame time,n must be largeenough thatfluctuationswithinthe sample can b_
neglected.Both oftheseconditionscanbe met ifN issufficientlylarge,inwhichcasethetheorem,s
validto a goodapproximation.In theargumentgivenbelow,the limitofa continuousmedium is
takensothatfluctuationphenomena do notexist.For applicationstoparticleacceleratorswhere we
considera number ofparticlesN = 1013thisapproximationisveryvalid,correspondingtoneglectof
particle-particlecollisionswhichthrowa particleoutoftheaccelerator,butnotneglectinglongrange
electromagneticinteractionswhich areresponsibleforspace-chargelimits,plasma oscillations,
beam-beam interactionsand possibletwo-streamamplificationmechanisms.

Each particleofa systemmoves under theinfluenceoftheforcefieldsdue toalltheother
particlesofthe system,in additiontothe externallyimposedfieldsthatactequallyon allthe
particles.That particle,then,moves accordingtoa perfectlygoodsingle-particleHamiltonian,and
you might thinkthatLiouville'stheoremwouldbe exactforeachparticle.The reasonthisdoesn't
work isthatthe single-particleHamiltoniansarealldifferent,and thevelocityfieldsin ttspace
determinedby thoseHamiltoniansaredifferentalso.Thatis,thedirectionthatthepointmoves intt
spacedependson whichparticleyou arefollowing,notonjustthelocationin_ space,and thisspoils
thepictureofincompressibleflowthatconstitutesLiouville'stheorem.

What makes Liouville'stheorem validtoa verygood approximationin_tspaceisthatthe
individualsingle-particleHamiltoniansareso nearlysimilar,becausethecontributionofany one
particletotheforcefieldsissosmall.Inthecontinuumlimitthatcontributionistrulynegligible,
and Liouville'stheoremforp spacebecomes exactlyvalid.The proofistriviallyequivalenttothe
proofgivenaboveforan entiresystem;theonlyapproximationthatneedstobe made isthateach
particlemoves inthesame forcefieldand isthereforedescribedby thesame time-dependentsingle-
particleHamiltonian.

The densityp(r,p,t)ofparticlesin_tspaceislogicallyequivalenttothedistributionfunction
f(q,p,t)definedforan entiresystemby Eq.5,and inthecontinuumlimititremainsconstantalong
particletrajectoriesin exactlythe same way. In section4 we shallsee forthe explicitcaseof
relativisticparticlesinteractingelectromagneticallyhow thisapproximationyeildstherelativistic
versionoftheVlasovequation,orcollisionlessBoltzmannequation.Insection5 we shalldiscussthe
additionalcollisiontermoftheFokker-Planckequation.

4. THE VLASOV EQUATION

For a single particle of mass rn and charge e moving in an external field described by the
potentials (A,_p)we have the well-known Hamiltonian [l 1]

H = c[m2c2+(p-cA)2]Ir2+cop , (11)

withthemomentum givenintermsofthevelocityv by:
i

p = myv+ cA , (12)

and

7=[I+ (p --cA)2/m2c2]1/2 (13)



The collisionlessBoltzmannequationisequivalenttoEq.6, thestatementthatthephase-space
density,now equaltop(r,v,t),theparticledensityin11space,isconstantas one followsa particle
trajectory,withp expressednow intermsofvelocityratherthanmomentum:

dpldt= 8p/St+ZviSplSxi+ Z0iSPlSvi= 0 . (14)

Itisnecessaryonlytofindtheacceleration¢¢intermsoftheelectromagneticforceF:

F =c(E+ vx B) (15)

= d(mTv)/dt (16)

ffim'_(v + _'2vv.¼/c2} . (17)

Solvingfor#yields

i, =(]/m'yXF- vv.F/c2) , (18)

and substitutingthisresultintoEq.14thengivesthedesiredresult:

Inthenon-relativisticlimit

i_p v.VDo + F VvP 0 (20)

thewell-knownVlasov,orcollisionlessBoltzmann,equation.
Now thediscussionofthelastsectionallowsus toextendthistomany particles.In thatcase

8p) ratherwe must includecollisionsbetweenparticleswhich means we have on theRHS, _ oon_io_'
thanzero.

If,however,theparticlesonlyinteractthroughthefieldsE andB thenthereareno collisions
and we recovertheVlasovequation;butwithE andB thetotalfield(externalfieldplusself-field)and
p now thedistributionfunctionofinteractingparticles.ObviouslyLiouville'stheoremisapplicable.

5.THE FOKKER-PLANCK EQUATION

on,theRHS ofthe
We would liketoturn,now, toevaluationofthecollisionterm _- co,i,lom

Boltzmannequation.Clearly,evaluationdependsupon thenatureoftheforcesbetweenparticles.For
hardscattering,suchasmoleculesina gasundergo,Boltzmann,himself,addressedthesubject.

For Coulomb forcesthescatteringisprimarilyintoverysmallangles(i.e.,hardlyany changein
thedirectionofthe particle).In thiscasewe must considertheeffectofmultiplescattering,thus
derivingthechangeinp frommany, verysmall,collisions.The resultistheFokker-Planckequation,
whichhas been employedwidelyinphysics.In acceleratorphysicsithas been employed,amongst

' otherthings,tostudyintra-beamscattering,theeffectofnoiseon theappliedradiofrequency,and
theturbulenceinintensechargebunches[12].

LetW(v,Av)be theprobabilitydensityfora particlechangingitsvelocityfromv tov+Avintime
i

At,and supposeforthisdiscussionthattheonlychangesinp arathosedue tocollisions.Then

f . (21)

5
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Since

. .
we canTaylor _pm_d madget

=
(23)

a(PW)Av °2(pw) vav ...

By definition

f Wd{Av)= 1 (24)
o

Defining

At= f WAv d (Av}, (25)

at =f Wav iAvjd{Av), (26)

we have the Fokker-Planck collision term:

a2
_t)_oui,i,,,'=- _3_vai((Avi)tp}+ _½ _ ((Av._vj)tp). (27)

The coefficientshavebeenstudiedextensivelyintheliterature.

6.DISCUSSION

Letus,firstofall,renew thetheoremsdiscussedinthisnote.Liouville'stheoremappliestoany
Hamiltoniandynamicalsystem,thatis,a systemdescribableby a Hamiltonian,whichmay be time-
dependent.Thus thetheoremapplies,forexample,toa singleparticlesubjecttoa conservative
externalforce,and alsotoa collectionofnon-interactingparticles,eachsubjecttothesame external
conservative force.

Does Liouville's theorem apply to highly nonlinear, stochastic motion of non-interacting
particles? Clearly it does, since each particle still constitutes a Hamiltonian system governed by the
same single-particle Hamiltonian. How then can we reconcile the theorem with the very non-
Liouvillean motion characterized by non-zero Liapunov exponents? From a f'me-grained point of
view, there is no change in phase space density; Liouville's theorem is quite valid. From a coarse-
grained point of view, however, the density in phase space changes significantly. The filaments of
constant density become ever finer and lots of "air" mixes in, so the coarse-grained density is ever
decreasing. Notice that the coarse-grained density becomes more and more relevant because, given
any degree of precision with which density is observed, one only has to wait sufficiently long and the
coarse-grained density will become appropriate. Notice also that the coarse-grained density can only
decrease, that is, that only '_heating", but not "cooling", can occur through this mechanism.

The Vlasov equation, or eollisionless Boltzmann equation as usually used, is only a
nonrelativistic approximation. It is applicable to a collection of particles, each subject to the same



(possiblytime-dependent)externalforcesdescribedby a conservativeHamiltonian,where thestrong
collisionalinteractionsbetweenparticlesarenegligibleand theparticlesinteractwith eachother
onlythroughtheirmutualelectromagneticinteractions.Thisinteractionmay be verysignificant;the
collectivebehaviorofplasmas,forexample,whichisverycomplicatedindeed,isaccuratelydescribed

" by theVlasovequation.
The Fokker-Planckequationisvalidwhen theinteractingparticlesundergomany collisions,

eahoneofwhichonlydeflectstheparticleslightly(multiplescattering).[Isthisright?The derivation
= doesn'tseem tobe limitedtosmallmomentum-transfercollisions.]Itisthusa naturalextensionof

theVlasovequation.The Fokker-Planckequationcanbe usedto study,forexample,theeffectof
intra-beamscattering.

Secondly,letus now discussunderwhat situationsonecanhave "cooling",thatis,damping of
phase space.The simplestistohave a dissipativesystem,as,forexample,a chargedparticle
radiativelycoupledtotheelectromagneticfield[13].Actually,therearequantum fluctuationsin
thiscoupling,whichareusuallystudiedbymeans oftheFokker-Planckequation.

A secondexampleofa dissipativesystemisa beam ofparticlesinteractingwitha foil[14].This
iscalled"ionizationdamping",and isverysimilartoradiationdamping. Ithas been proposedfor
coolinga mu meson beam tomake a muon collider.

A thirdexampleisprovidedby interactionbetweenthe'_ot"beam one wishestocooland a
"cold"beam ofelectrons[15].Inthiscase,"hot"and "cold"refertotransversetemperature.Electron
coolinghasbeen employedinhigh-energyphysics,thoughitsmost importantapplicationshavebeen
innuclearphysics.

A ratherdifferentapproachto"circumventingLiouville"istodevelopa systemwhich probes
thedistributionofparticlesinmu spaceand toimprovethatdistributionby decreasingtheemittance
ofthebeam. Stochasticcoolingisofthisnatureand,aswe allknow,hasbeenveryeffectivelyusedin
high-energyphysics[16].

Finally,letus comment on thetransitionfromtheVlasovequation,where thereisno damping
ofphasespace,toa damping situation,such as isprovidedby radiationdamping.Clearly,in the
lattercase,ifwe includeallthe modes ofthe electromagneticfield(photons,ifwe thinkquantum
mechanically)withtheparticles,thenthewholesystemisdescribedby a Hamiltonianand Liouville's
theoremapplies.Thus,from this'bigpointofview"we onlyhave transferofphasevolume among
thevariousdegreesoffreedomand no damping ofthe totalphasespace.Nevertheless,thereis
damping ofthe particlephase space,spanned by alltheparticlecoordinatesand momenta, and
"undamping"oftheregionspannedby electromagneticmode coordinatesand momenta.

Ifwe have a groupofparticlescoupledwithoutradiativedamping tooneormore modes ofthe
electromagneticfield,thenthemotionoftheparticlesisdescribedby theVlasovequationand there
isno damping intheparticlephasespace.Inthissituationofparticlescoupleddynamicallytothe
electromagneticfield,one mightthink-erroneously-thatLiouville'stheoremrefersonlytothetotal
phase spacespannedby particlecoordinatesand momenta and fieldcoordinatesand momenta.
Thus,especiallyinthecasewheretheelectromagneticfieldisself-generatedand growingintime(as
ina free-electronlaser),onemightexpectdamping intheparticlephasespaceand undamping inthe
electromagneticfieldphase space,as describedin thepreviousparagraph.The Vlasovequation
shows,however,thatthisthinkingisquitewrong. Providedthenumber ofparticlesislarge,as
discussedinsec.3,eachparticlemoves inthesame well-determinedelectromagneticfield,described
by a goodsingle-particleHamiltonian,and particlephasespaceisconserved.Noticethatthisistrue
whetheror not the electromagneticfieldisremoved from the particle'ssurroundings(and,for
example,used forsome purpose);i.e.,phase spaceisconservedwhether or not the system is
dissipativeofenergy.

What, then,isneededtoachievea violationofLiouville'stheorem?There arejusttwo ways in
which themu-space Liouville'stheorem isviolatedat the microscopiclevel:throughradiation
damping,thedissipativeself-forceon thechargedparticles,and throughthefailureofthecondition

' discussed above, that the contribution of any one particle to the electromagnetic field distribution can
be neglected. The effects of radiation damping are well understood, and are not under discussion
here, while the number of particles in a typical accelerator beam is so great that the latter condition
is satisfied to an excellent degree. For this discussion, then, Liouville's theorem holds for mu space.



How, then,do we achievetheapparentviolationsofLiouville'stheoreminvariousmethodsof
beam cooling?As always,Liouville'stheorembreaksdown assoonasyou workwitha coarse-grained
averagedensityinphasespace.The usualeffectofthis,duetothenormalfilamentingofvolumesin
phasespace,isa reductionofphase spacedensity,butthegame we areplayingistoreversethis
normaleffectby playingMaxwelrs demon. We probethedistributioninmu space,determinewhich
partsareoccupiedand whicharenot,and thenadjusttheelectromagneticfieldssothattheoccupied
partsmove closertogetherand theunoccupiedpartsgo elsewhere.The time-dependentfieldsthat
we introducedo notalterthefactthatthesame single.particleHamiltoniangovernsthemotionof
everyparticle,and thusdo notdestroythevalidityofLiouville'stheorematthemicroscopiclevel.
The coarse-grainedaveragedensity,though,increasesintheoccupiedregionsofphase spaceand
decreases,necessarily,fortheunoccupiedregions.Foroccupiedand unoccupied,ofcourse,you can
substitutemore denselyandlessdenselyoccupied.

What, then,arethelimitationsonhow faryou canplaythisgame? The questionissimplyhow
preciselyyou canprobemu space,and how preciselyyou candissectand manipulateit;i.e.,what is
thespacialresolutionoftheprobe,insome casesa measureofthisprecisionisthewavelengthofthe
electromagneticsignalsinvolvedintheprocess;in othercases,such asin stochasticcooling,itis
more the "effectivewavelength",sincethe dipolemode sensedby the pickuphas a very long
wavelength,but itsamplitudeismeasured withverygreatprecision.Ifthespacialresolutionis
greaterthantheinter-particlespacing,thenno furthercoolingispossible.Othershavearguedthat
thespacvialresolutionshouldbe compared with thefinalbeam emittance.We believethatthis
questionisunsettled,and notethat155yearsafterLiouville'swork therearestillinterestingand
unresolvedaspectsofhisremarkabletheorem.
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APPENDIX A :Formal Proof ofLiouville'sTheorem fora Continuous Media

Let_,i(i= 1,---,2f,)beparameterslabellingtheparticlesofthemedium (2fdimensionalphase
space;thisisthe/_space);dn --Odkl...d_,2f= number ofparticlesin'volume'elementd_,;o = constant
'density'withrespectto_..

Letr_a(k)= momentum density= opx,qa(k)= positionofparticlek.
The Hamiltonianis

where h and v do not depend explicitly on k, and the equations of motion are

a (A2)++._._¢_.a ,l;t]+o.2j"= =° e_a(Xi

6H _h[A] _t72 0

Let us introduce a condensed notation:

_s = qs , s = 1..... f (A4)
=-to s, s=f+l ..... 2f.

The equations of motion may be written

t

where

£s,f+s = 1, s = 1..... f
. g'f+s,s = -1, s= 1..... f (A6)

est =0, otherwise.



Clearly_stisantisymmetric.Now the densityp(q,_)inphase spaceisgivenby

pdqd_t = adA (A7)

or °

pd_=c_. (3.8)
k

_.I= I x lacobian
9 a

= I_x dct_ (Ag)

= l--a,say.
¢Y

.0Ai
The inversematrix to _s/_liisofcourse_3.i/_-,s,and the adjointto _s/_kiis z_-_- .Thus we

I
have forthe rateofchange of-:alonga trajectory(_,= constant):

H

but

02_s O 6H

r <,,,.ix.:,.,],]t

:h[_] :v[_,;t'] ]r,t

r,!

= Z tst-'_i Mtr and Mtr is symmetric,r,t

SO

10



d(l_ 1 _ 0_i a_r
_7_;_=_A. 2., -_-e_,-N7

Ml,.
i,$J,r _"_$

AZ= -- 8r,sestMtrcr (A12)
$,t,r

-- _ Z E $I M,$
$,t

• =0

since¢ isantisymmetricand M issymmetric.So thedensityin# spacedoesindeedremainconstant
alongany trajectory.

11






