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AI3STl<AC1' 

In Part One we fornrulate in a general way the problem 

of analyzing and evaluating the aberrations of quadrupole magnet 

beam systems~ and of characteri:z.ing tho shapes and other properties 

of the beam envelopos i~ the neighborhood of foci. We consider 

all a~errations, including those due to lnisalignments and faulty 

construction, through third order in small parameters, for 

quadrupole beam systems. Ono resul t of this study· is the develop-. 

ment of analytic and numerical t.echniques for treating these 

aberrations; yielding useful expressions for tho comparison of 

the aberrations of different beam systems. A second result of this 

study is a comprehehsive digital computer program that determines 

I 

the magnitude and nature of the aberrations of such beam systems. 

The ~ode9 using linear programming techniques~ will adjust the 

parameters of a beam system to obtain spocified opti6al proporti~s 

and to reduce the magnitude of aberrations that limit the 

performance of· that system. We examine numerically~ in detail, 

the aberrations of two typical beam systems. 

In Purt Two, we examine the problem of extracting the 
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proton boalil .from a synchrotron of "H" type magnet construction Q 

We describe the optical studies that resulted in the design of 

an external beam from the llevatron that is optimized with respect. 

to linear, disporsive, and aberration properties.and that uses 

beam elements of con~ervative design. The design of the beam is 

the result of the collaboration of many people representing several 

disciplines. We describe the digital computer programs developed 

to carry out detailed orbit studies which were required because 

of the existence of large second order aberrations in the beam. 
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1. INTRODUCTION '1'0 PART ONE 

As the complexity of modern physics experiments increases 9 

more sophisticated boam systems are needed. The aberrations of 

quadrupole magnets .limit t1,e performance of many beam systems. 

An object of this theoretical study is to formulate in a general 

way the problem of analyzing and evaluating theso aberrations~ 

and of characterizing the shapes and other properties of the 

beam envelopes in the neighborhoods of foci. Another purpose of 

this study is to generate, for the use ofexp6rimenters, a 

comprehensive IBM digital computer program which will determine 

the magnitude and nature of the aberrations of beam systems 

consisting of quadrupole magnets. This code also provides the means 

to reduce the magnitude of the aberrations that limit the perfor-

mance of a beam system. 

In the decade since their use was first proposed 

independently by Christophilos
1 

and by Courant. Livingston y and 

Snyder
2

, the quadrupole lens has become the standard focusing 

device in beam opticso 

Quadrupole magnets have two planes of roflection 

antisymmetry. Symm'etry arguments demonstrate that there can be 

no second-order aberrations in beam systems possessing this 

symmetry. The calculation of aberrations is restricted to beam 

systems having the quadrupole symmetry_ Thus we exclude bending 

magnets which already have second-order aberrations. 

There are five classic third-order aberrations in. light 

optics, where the lenses possess rotational sy~netry. Described 

by the Seidel coefficients, these five aberrations are sph~rical 
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aborration, coma, astigmatism, curvature of field, and distortion. 3 

Owing to the relaxed symmetry, beam systems consisting of quadrupole 

lenses have an additional cleven geometric aberrations~ making 

a total of sixteen aberrations of third order o 

Burfoot classified the additional aberrations that might 

occur in electron optics, whore the classic rotational symmetry 

is replaced by two plane reflection antisymmetry.4 He determined, 

from geometric symmetry considerations, that a total of 16 

distinctive aberration types could occur. He described several 

of these figures~ with the objective of recognizing, by inspection 
I 

of the image, a particular aberration if it should dominate. He 

did not attempt to describe figures resulting from the presence 

of more than one type of aberration, nor did he include any of the 

chromatic aberrations. 

Reisman examined the possibility of using a strong-focusing 

, 5 
lens as a sustitute for a rotationally symmetric projector lens. 

A quadrupole doublet may be adjusted to provide focal points and 

focal planes which are at the same position in both symmetry planes; 

such a lens is optically equivalent to an axially symmetric ,lens. 

It is always the case for such ,a lens that the focal points are 

imbedded within the lens, thus restricting its use. He solved 

analytically, to third order, the equations of motion for this 

particular doublet configuration, neglecting all end effccts o 

He conclud~d that the aberrations of such a quadrupole doublet 

were of comparable magnitude to those of a good axially symmetric 

lens. 

Bernard and Grivet solved analytically the linear 
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equations of mO,tion for' n symmetric doublet I adding an impulse~ 

correction term which corresponds to the action of infinitely 

sharp fringint; fields.
6 

Their assumpt.ion is appropriate to a 

very weak lens in which the slopes of trajectories are small. 

The effect of tho infinitely sharp fringing field is to abruptly 

alter the slope of trajectories passing through the lens. They 

examined the effect of thiH correction upon a paraxial line image, 

determining that the imag;e was "smeared" in the particular 'cases 

investigated. 

Septier has experimentally measured the detailed fringing 

field shape for a quadrupole magnet 150 mm long with a bore of 

40 d · 7 mm ra l.US. His paper contains the results in graphical form~ 

showing the dependence of the three field components upon the 

coordinates. The magnet measured was constructed with poletips 

of circular contouro 

Grivet and Septicr traced several initially parallel rays 

through the same symmetric doublet considered by Bernard and Grivet~ 

numerically integrating the equations through third order~ This 

was first done on an analog machine and then repeated on a digital 

computer. They found aberrations comparable in magnitude to those 

obtained by adding tho impUlse-correction term. This validates 

their assumption that those aberrations which are highly dependent 

upon the slopes of the trajectories may be neglected in a weakly 

excited symmetric doublet. This method is slow and does not readily 

yield the dependence of the total aberrations upon the initial 

displacements and slopes. The chromatic aberration is less than 

tho aperture aberration for this lens when used in their linear 
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uccoleratoro 

The work describod above has boen collected by Soptier 

in u treatio80 v.n strong-focusing lenses. 9 
The work is divided into 

four sections. Theoretical linear properties of magnetic and 

olectrostatic quadrupole lenses are coverod in the first section. 

Section II is a re~iew of previous work on the aberrations of such 

lenses, as described above. Construction of these lenses and field 

mea~urements conducted upon them are next reported.. The final 

section reviews eXPerimental results obtained by using quadrupole 

lenses. A particularly comprehensive inclusion in this work is a 

list of 101 references. 

In the present paper the aberrations are treated by 

studying the third-order terms in the power-series expansions of 

the displacements and slopes near the image plane in terms of the 

rolative momentum and the displacements and slopes at the object 

plane o A method of successive approximations is applied to the 

trajectory equations which generate explicit expressions for the 

coefficients of terms through third order in the expansions of the 

displacements and slopes. These calculations are valid for any 

beam system that possesses the previously mentioned two-plane 

reflection antisymmetry. Forty derived coefficients characteriz~ 

the third-order geometric aberrations. In Chapter VI we show that 

the canonical nature of the transformations that carry the 

trajectories between two points restricts the number of independent 

coefficients·to 16, the number determined by Burfoot from symmetry 

arguments. An additional 16 coefficients describe the chromatic 

aberrations of second ~rder! which satisfy the quadrupole 



symmotry~ and ... hose of third order. If the characteristic length 

of the fringing field of a quadrupole magnet is much smaller than 

the geometric mean of its effective length nnd its focal length~ 

aberrations due to fringinc.: fiedls maY' be separated from inherent 

aberrations of the magnet. These aberrations arc characterizod 

by 16 coefficients that depend upon the detailed shape of the 

fringing field. 

Rcal beam systems may fail to produce pure quadrupole 

fields , owing to mechanical limitations. Nonalignments and 

iotations of individual quadrupole lenses introduce additional 

aberrations. The effects of these aberrations are calculated iti 

the present worko Knowing these effects 9 one may prescribe 

tolerances in positioning eacll quadrupole magnet in a beam system 

which, if satisfied, insure that displacements in the trajectories 

due to nonalignments will be smaller than inherent aberrations of 

the beam system. 

Heal quadrupole magnets frequently contain several 

troublesomc.harmonics in the magnetic field which produce 

aberrations higher than third order. In section H of Chapter V we 

derive the approximate magnitude of displacements in the trajectories 

induced by each harmonic. 

The maximum displacements due to aberrations are 

calculated for all trajectories whose momenta and initial displacements 

and slopes lie wi thin speci fied symmetric bounds. Hoot·~mean-square 

displacements due to the aberrations are calculated for three 

models of the occupied region of object-plane phase space. These 

rms displacements are u~eful quantities for comparing the aberrations 
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of B number @f beam systems. Numerical calculation. i~cludBd in 

an order of magnitude than the maximum aberration dieplacemantHe 

BecausB of .tbe aberrationB 9 it is not generally possible 

to obtain a true line Dr point image of a poi~t source from a beam 

system. The location ~nd size of the "region of least contusion" 

sourCR. The results determine the beat location for ~ resolving 

alit and the degree of maSH Dr momentum resolution that can be 

attained. The width of this region may be aa 8mall os one fourth 

the width of the beam at the paraxial image. 

The detailed imaging of an axial point Bource is discussud. 

All possible image shapes are claSBifiad and described. Howevdr~ 

because of the great varioty possible in these images! quantitativa 

reBults are obtained from tho computer program. 

In the examples quoted y it is shown that the inherent 

aberrations of the quadrupole beam systems constitute the limiting 

factors in their performance. It should be easy to ~Balize the 

tolerances needed to make the aberrations due to'misalignments 

and higher field harmonics smaller than the inherent aberrations. 

Numerical calculations were made on several beam system. 

which differed only in separation of the constituent quadrupole 

magnets; the mB~nification and focusing properties were the SRme 

for all systems. In every caSB examined~ all the aberrations were 

smaller for systems with larger separatioDs y a~eD wheD the different 

admittances were taken into consideration. 

The digital computer program previuusly mentioned 



calculates all the aberration coefficients derived in thiu thes'B~ 

including the coefficients relating to the toleranccs in magnet 

construction and placement. The code calculates all the linear 

properties of a wide vl3lriety of beam systems. By use of the 

powerful methods of linoor programming, all parameters of a beam 

system may be adjusted to meet any specified optical propertiesl 

phYfJically unreal solutionR lUc0 precluded by constr,aintra plaeau 

upon each parameter. The code will also adjust parameters ,to 

reduce the aberrations of a beam system. 

Many results are presented graphically by USB of the 

cathode=ray tube (crr.r.) display of tX-H:! IBM 7090 computer. Much 

quanti tative and qualitv.tive det.ail about the ab~H'xoutions 16 

contained in plots of the projections on the three coordinate plaDe~ 

of representative groupa of trajectories leaving the beam system. 

Buam-prQfile plots and phaBe~8pace plots complement the printed 

output describing the linear beam properties. The accuracy of 

numerical calculation of the aberration coefficients has been 

verified by application of 28 relationships derived in Chapter VI. 

In Chapter II we discuss the linear properties of beam 

BystemB~ including th<2 properties 'Of the beam envelope. 'rhe symmetry 

properties characteriatic of quadrupole magnets are discussed in 

Chapter III. In Chapter IV we deri~e the equations of motion from 

a Hamiltonian in which distance along the optic axis is the 

independent variable. The successive-approximations method of 

solving these equations 'ti the topid of Chapter Yo Relations 

between the coefficients of aberration are derived in Chapter VI0 

In Chapter VII9 we discuss the character of the aberrationso The 
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computer program resulting ,from this study ia described in Chapter 

VIII. Appendix I contains the detailed expressions for the coef­

ficients of aberratioD 9 using a symbolic notation introduced in 

Chapter V. Instructions for operating the computer program are 

contained in Appendix II. Several sample calculations are presented 

in Appendix III. 
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110 K,.INEAR Tlmmnr 

A beam-transport systeM generally conaiato 01 an 

array of magnaitl}<Qopt.:fi.c/lIl Q?1I3ment3~ Gapalt'<b'd;ed by dr:il.ft !SlpaC®fi\~ 

dusigned to achieve certain desired optical propertie.. For 

a given eyatl9mp th@n~ mr.iflta fA centlcal tJ'cll\j~Q;tlU>rY9 the £P~t!.~ 

!!-2cia 9 which provid~H. refelCence POllh'lltBl for th~ displacementfil 

and slopes of other trajBctoriuso Throughout the first part 

of this paper~ the optic axis is identified with the z axia; 

displacements from this axis are measured along the x and y 

!lJlXOlSlo The z auds 11"10 a s;;\tl<~21ight 1 Ji.nH'1 «('JJKCopt An HI beh.1\IrJ\ing magraat .. 

The equations for x and y os function. of z are 

calle(i the :t:r..~;,t.~~ct2XI'I ~~51,~!£~,"!,~~"!,§," a;'@!c thill' clJlmJrlolfdy .lIsed 

pea!!! el~!.!?-_~:!! (quaolcunpol® m&gn\~tI.3l9 qJlrift BpfH!eS Q amrl bencll:ii.ng 

magnoti3) the dlfferential eqlJ!.aU.on® irrn ,r aXM:A y in the i'irl'l9t 

approximation are of the type 

f!1>~·l ) 

n[",,2) 

here IJ. Ei (p,mPO>/P? where Po is UUe> ,'!~Ei15E~ !!!~;l1el!!l.:L\3!I! of the 

beam ~ystem; primes refel!" to dIfferentiation with respect tlU> 

z. That the J~ and y equatiooe !'JIIre 1ndepend<aot ilra the firat 

approximBtilJlD moans that motion in ODe plane ia independent 

of motion in the other plane to this approximation. This 

simpl{fication is obtained oraly for beam systems in which th0 

constituent magnets are arranged with their principal axe. 

correlated 9 as described in Section F of this chapter. 

Another type of focusing element used is the solenoid 9 

which do~:"" not. hav® thi0 property t'tllJr' any orientation b!l:JcalAI3I@ 
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as that in a solenoid. Howovor 0 the solenoid may be included 

In aach of the two planes, x and y, the optical propsrtie~ 

of the beam system for tho design momentum are completely determined 

by any two linearly independent solutions of the trajectory 

equations. Given x and Xi at zl' we can then determine x Bnd Xl 

at any other point z2 (simi 113\Icly f~Hr ;:'{ and yO). Let \)\B choo.6\o the 

two independent solutions to satisfy the following conditions at Zig 

]1: i(2; ) 
(f:' 1 

;~ () 

,and ~l: i(:f~I) ~~ l~ o _"_ 

Then at any other point z we have 

or 9 in matrix notation, 

The matrix in x and x is called the X transfer matrix 
e 0 

between zl and z. The determinant of this matrix is the Jacobian 

determinant of the t.ransformation betwe~n :&1 3.1THA z. In a non~ 

dissipative system, Liouville's theorem requires that volume in 

5n-dimensional phase space fo~ a system of n particles must bo 

conserved. To first approximatiun? the equations of motion of 

each particle are independent of all otherB~ the motion in 000 
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one plane is independent of the motion in the other two~ and the 

components of momenta are proportional to the slopes XV and y'o 

Thus Liouvillevs theorem for Go-dimensional phase spac~ requires 

that the area occupied by the beam in two-dimensional apace of x 

and Xl be conserved. The Jacobian determinant of the tranaformation 

muat therefore be unitT; hence the determinant of the transfer 

matrix ia identically equal to unity. Thus a tranafer matrix 

always possesses an inverse (which in this case ia the matrix 

that takes the beam backvmrds from z to 1£1). It is easily 

verified th~t T13 = T23T129 where T13 is the tran~fer matrix 

between zl and 1£3 while Tl2 and T23 are the transfer matrices 

between 1£1 and z2 and between Zz and z3 1 respectivelY0 

As with the thick lens in optics, the linear behavior of 

a monoenergetic beam transport system between two points is 

completely determined by the location of the focal points and 

the focal length in each plnneQ There ara in each plane three 

independent quantities that determine the optical behavior; they 

may be thought of in terms of either focal points or matrix elements. 

To discover the relationship between matrix elements and the location 

of the focal points, it is necessary to calculate the location at 

which an incoming parallel beam is imaged on the axis and that 

at which a source on the axis is imagediinto a parallel beam. The 

focal length is then determined by applying the Newtonian lens 

2 
equation qp=r .9 with p the distance from the image focal point to 

the image and q the distance from the object focal point to the 

object. Let z be the location of the object focal point and 
o 

z. the location of the imago focal point. If (T) ia the transfer 
J.. 

matrix between the points zl and z2~ then 
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ThreB equivalent reprcaontBtions of a lens system hava 

been pressnted 9 together with the relationship betwBen them; 

these representations are in terms of (a) linearly independent 

solutions of a differential equationB~ (b) transfer matrices, and 

(c) cardinal points. As stnted previously, we have been considering 

the trajectories in the two planes xz and yz separatelYe The t~ 

tranfer matrices and the cardinal points in general differ in the 

different planus. 

In characterizing the behavior of a group of trajectories, 

the concept of a ~ ~Evel2.P"!' is of great value. The beam 

envelope is tha~ surface which encloses the entire beam and 

which is tangent to at least one trajectory at every poiht. 

Before one can work with the envelope, it is necessary to define 

the region in phaso space occupJed by the beam; this region varies 

with z. As long as we are dealing with independent motion in the 

two planes, we CBn consider the product of the two-dimensional 

phase spaces in each plane. A convenient representation of the 

curve in x-x' space that cOJ~tains the beam is an ellipse, for 

if the bounding figure is an ellipse at one value of z~ it is an 

ellipse at all valuss. Confining our attention to the x-z 

and the x-x' planes~ we note several properties of the envelope 

that hold independently for the y-z and y=yi planesg 



-13-· 

Xn what follows we shall require the bounding phase 

space figure to be an ollipse. Because of Liouvilla'B theorem 

and the stipulated independonce of the x and y trajectory 

independent of z. The set of trajectories that forms the b~unding 

phase-space ellipse at one value of z forms the bounding figure 

for all values. 

The displacement of a particle passing through a drift 

space is changed in proportion to the drift distance while the 

slope remains constant. The corresponding ~frect on the phase 

ellipss for a group of particles is a shear in the x direction. 

It is apparant that any phase ellipse can be sheared to an 

upright ellipse by drifting some distance either forward or 

backward. 

The effect of a th~E ~e~9 defined BS an element thai 

changes the slope of a trajectory while not changing its 

displacement 1 is to shear the phase ellipse in the Xl direction. 

c. Beam Widths 
_~ __ . __ ~"'T<J<'''''''-'''' __ '' 

A point along the optic axis at which the phase ellipse 

is upright is known as a ~~tist; at this point the envelope has a 

minimum width in x. We may parameierize an upright ellipse as 

follows: 

X ::l X cos G~ 

Let us assume the beam to have a waist at the entrance to the beam 

system v with maximum diBplacement~ and slope given by i and XiV 

respectively. Xf T'j is the transfer matrix to some other pointi 
1, 



-14-

then the maximum displacement and maximum slope at that point aro 

given by 

x 
max 

This result is easily obtained by differentiation with respect to 

the parameter Qo Since the transfer matrix for a drift distance 

z is given by T, , "" (1 rf:

1
'). the equation .fI{1lA~ the beam envelope in 

. .lJ 0 

a field~free region containing 0, waist with maximum x and x I equal 

to x.and Xii respectively~ is 
:2 

x(z) 
-2 

.... J( 

z is measured from the waist. The envelope is thus a hyperbola in 

a field-free region. 

ConverselY9 let UH assume an upright waist at the input 

to the beam system. With x at the input corresponding to the size 

of the source~ we araable to determine Xl so that nODe of the 

trajecto.J;'ies will strike fA boundary at any point within the beam 

system, provided the source is smaller than the apertures. 

At every value of Zi the beam may be thought of as having 

come through a field-froe region from a waist. If~ because of some 

intervening focusing element l this waist does not really exist7 we 

will denote it as a ,virtual wilis!.. The study of the beam envelope 

is thus reduced to knowing the location of all the virtual wai,ats 

and waists and their respective widths. 

To determine the transfer matrix between any two arbitrary 

points, we may. proceed by locating the virtual waist Been by 

each point and then determi!ling the transfer matrix that carries 

one virtual waist into the other. We now Imow the transfer matrix 

between the two virtual waists, and the drift distance between 
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each of the original arbitrary points ond its virtual waist. We 

mul tiply the tJ('onsfer matrix betw('t(H1 the two v:i.rtual wed.etlSl by th0 

matricus appropriate to the two drift spaces to obtain the desired 

transfer matrix. 

produces an up~ight ellipBe at z2 with maximum width X
2 

A M Xl and 

slope x~ a (l!M) ii ~ provided there is an upright ellipsB at zlQ 

(:lvi/I') sin 

(11M) COB 

Thus ~ corresponds to a rotation of points on the ellipse about the 

I!lllipse is center ~ ~\nd th.e m.11 trix providee the specified tranaformatioil o 

We have detormined the mOl!Ot ge~f!ral transfer matrix which carrie13 

Doe upright ellipse into another upright ellipse; the parameters M 

and r are determined by tl~e ellipses. It should be noted that M, 

the ratio of waist wi~thB, differs from the magnification (which is 

defined only if 2:2 is the image 0 f zl); they alee tho Bame only for 

¢:::n:n: where n is zero or a positive integer (n~,l corresponds to the 

first image of the i:wwrce ~ n",,2 corrosponds to' the second image v (1.0) Q 

If T .. is the transfer matrix that tokes the upright 
l.J 

ullipse at zl to some arbitrary point Zv then one is interested in 

knowing tho location and width of the equival{mt (virtual) waist 
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that would produce the observed ellipse at z by a pure drift. If 

d is the distance from z to the virtual waist and x is tho maximulll 

displacemont at this waist~ then 

and G[-l2) 

If we now broaden our attention to include beams having 

a spread in momenta about the design momentum, PO' and dispersive 

systems, then it is convenient to abandon the 2x2 transfer matrices 

in favor of 3x3 transfer matrices operating on the column vector 

Tho bottom row of a 3xJ transfer 

matrix is the same as the bottom row of the unit matrix, since 

the momentum of a single particle is not changed by any of the 

beam elements considered in this paper (of courso t we exclude those 

particles which are lost by collision with a wall)o If there are 

no bending magnets in the beam system, the right-hand colunm is 

the, same as the right-hand column of the unit matrix (in this case, 

there is no advantage in the 3x3 matrices over the 2x2 matrices) 0 

lt~or -fl.::: fl. :::fl. ~ the maximum di splacement and slope at any point are 

increased by the dispersive terms lT131 "'i: and lT231 7:, respectivelY9 

where T .. is the 3x3 transfer matrix. to the point in question. 
1J 

" . 
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It is obvious that the 3x3 transfer matrix also has a determinant 

of unity. The third column of the matrix provides all tho needed 

information about the firat-order dispersive properties of tho 

system. The third column of a transfer matrix for a quadrupole 

magnet is the same as that of the unit matrix~ 

E. Circular A£ortures 

Provided that all the apertures encountered by the boam 

are rectangular 9 We may separate the occupied region in x, y, X'9 

y' space into independent products of regions in x-x' space and 

in y-y' space. If the beam is bounded at any point by a circular 

aperture (~s is frequently the case when beam pipes are involved) 

then we may no longer make the soparation into two independent 

bounding figures. We now introduce a model for the four-dimensional 

space which corresponds to a double waist and is very usoful for 

comparing the effects of various types of aberrations. 

plane. 

Let T, . be the transfer matrix in the x;·plane between 
l.J 

z, with V .. the corresponding transfer matrix for the y 
lJ 

All the trajectories that lie within the.hyperellipsoid 

tIL-13) 

lie within a circular aperture of radius R in the x-y plane at 

z. In parametric form, the equation for this hyperellispsoid is 

Xl"" Xl cos ¢ cos Q Xl 
i 

"" Xl 
, cos ¢ sin Q 9 

(jft41 
y = YI sin ¢ cos ~ Yl 

, -- Yl 
v sin ¢ sinW I t 
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To concludo this (Iiscussion and review of the pertinent 

linear properties of bBam~transport systems and their constituent 

elements w the following list gives the properties of each type of 

element treated. For the calculations for each element discussed 

below~ we will need 

(a) the independent parameters that determine the optical 

properties w 

(b) several useful derived parameters~ 

(c) the equations of motion (i.e.~ the trajectory equations)w 

(ct) tha 3x3 transfer matrices in each plane. 

1. Drift SEBC<;' 

The single parameter describing the optical pr6perties 

of a drift space is the length of the drift Bpace~ L. Additional 

parameters pertinent to the drift space are those which determine 

its aperture: width and height for rectangular cross-Bection~ or 

radius for circular crosB-section. A fictitious element to be 

~sed later in this paper is the drift space in either x alone or 

y aloDe; inclusion of such elements facilitates the treatment of 

beams in which a waist in the x plane dOBS not coincide with a 

waist in the y plane. 

The squat,ions of motion in a drift space are x"",O 

and yiV=:O. The transfer matrix for eit.her plane is 



-19 ;.. 

(which is generally longer than the physical length~ owing to the 

existence of fringing fieldK)v and the field gradientuQ9 Three 

derived quantities are 

c "" .--~ 

By convention both G and <p are taken as posi ti va when the leos 

is convergent in the x-z plane. A quadrupole lens that is 

convergent in the y-z plane possesses imaginary values of k and go 

The equations of motion in a qu~drupole are, to lowest 

(~~17). The general solutions 

are x '" x cos (1).( z-z )J + (x Ilk) sin [k( z-z )] 
o .0 a 0 

and y '" y cosh [k( z~z )] + (y '/k) sinh Cld zooz )J • 
o o' a 0 

rJC-19) 

The case G<O is treated by eliminating all imaginary quantities 

by use of the relations cas(iO) ~ cOSh(G)9 sin(iQ) E i ~inh(g)~ 

etc. ~ which merely interchanges the x and y matrices and changes 

the sign of ~. The transfer matrices are 

tk 
cos G (l/id sin G 

D sin G cos G (x plane) 

0 0 

<J£-20) 

( cosh Q 
(Ilk) sinh G 

D k s~nh G cosh G (y plane) 

0 

n1:-21) 
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3. Bending Magne~ 

We first consider a bend in the x-z plano in the x 

direction. The significance of the five independent parameters 

describing a bending ~agnet is more easily seen by reference to 

Fig. 10 Each of the paramoters is positive~ as shown. The 

parameters are 

(0) L, the length of the llwgnet ~ measured along the perpendicular 

to the entrance edge of the magnet at the point where the optic 

axis intersects that edge; 

(b) Y 9 the anglo between the entrance and exit edges to the magnet, 

which is positive when the region of magnetic field increases in the 

negative x ~irection; 

(c) a 9 the entrance angle (the angle between the optic axis and 

the normal to the entrance face)~ which is positive when particles 

wi th x<O pass through a lonl~er fi old region than do those with ,00; 

(d) The field strength~ B, which is positive when the bend is in 

the negative x direction (for a positively charged particle); 

(0) n~ the field exponent, which is measured orthogonal to the 

optic axis (n = £. on 
Bar>· 

These parameters have been chosen as the primary 

parameters because each is independent of the others, with the 

exception of n, which depends upon the location of the optic axis o 

Derived parameters include: 

(a) p 9 the radius of curvature v which is positive when B is 

positive; 

(b) G, the angle of bend, which satisfies G = a + ~ - y (It-22) ; 

(c) ~, the exit angle~ defined in much the same way as ai 



-21-

''''''1----- L ----4-

\ -;-f~'\--------
~. \--\ B (out), n 

\ 
\p 
l--=-~~~~~~ 
\ / 
\ / 
\ / 

axis 

\ / 

\~/ 
\8/ 
\I 

MU -30403 

Fig. 1. Parameters pi a bending Magnet. 
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i.o.~ P is positive when exccss field is Bxperienced by a particla 

with x<O. !3 is derived from tho formula 

sin p :t ~ cos Y + sin <Y -a) Q 

In addition to the focusing in the interior of the 

bending magnet, there may be focusing by the fringing field at the 

edge, which acts as a thin lens if the optic axis is not orthogonal 

to the magnet face. The cause of this focusing in tho x-z plane 

(orthogonal to the magnetic field) at the edge is obviousx a 

particle displaced in x experiences either a greater or a lessor 

amount of bending field than needed to turn through the angle Q. 

Thin~lens focusing in tho vertical plane occurs because the field 

linos "bulgo" at the edge:; if the edge is not orthogonal to the 

optic axis there is a component of field in the x direction which 

produces a force in'the y direction on a particle traveling 

essentially in the z direction. With the sign conventions given 

above for a and ~9 the transfer matrices for the edges areX 

x-z plane y-z plane 

Gtan a)/y 

0 

~) (~(tan a)/f 

0 

D in: ). 1 

0 0 

Ctan ~)/f t(tan Wf ~) 
(IJ-24) 

0 

D 
0 

out: 1 1 

0 0 Q 

The equations of motion in the central potion of the 

magnet are 

d
2

x ct
2 

01:-25) 0 ... (1-0) x ::IJ6 --1L + n y =0 
dQ2 dQ2 
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The general solution of the x equation is 

x = x 
'0> 

QI-26) 

, 
( Vi' Q) Yo That for the y equation is y ::: Yo cos + sin ( )):1 Q) • (II~27) " 

. Vy 
!.--

Here lJ~:.:(l··n) ~ ~ i 
<Ix 1 dx 

etc o V.::: n;!., x - dz - 7 dG 
, 

y~ 0 

The x-z transfer matrix is 

(-
( Vx G) 

I 9 I 
sin (Yx Q) rip; ~ ~ cos (J1" Q II cos . JJ .. 

Yx sin O{ G) cos (l{ Q) 1 L . (VI(Q) atn 28) " I? I T7 I.!(I Sl.n 
Ie 

0 0 1 

The y-z transfer matrix is 

cos (Vy G) 
12 I 

sin (9y G) 0 
y)' 

-J!.t. sin ( j}y G) C9S (Yy Q) 0 (~Q29) 
I pi 

0 0 1 

which passes to the limit 

G 
~G 

D 1 
<IT.-30) as goes to zero. n 

0 

The total transfer matrix is the proper\y ordered product of the 

exit-edge matrix~ the matrix for the interior 9 and the matrix for 

the entrance edge. 

If the entire magnet is physically rotated 180
0 

about 

( 
\I the incoming optic axis Ct 9 ~. ~ ~ B, and f are reversed in sign) 

then the first and second columns of the transfer matrix are 

unchanged, whereas the third column is reversed in sign. 

If the bending magnet is oriented so that the bend is 

in the y-z plane, then the above relationships all hold with 

x and y interchanged everywhere. 
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4. Solenoid Magnc~ 

Two parameters are required to describe the linear 

properties of a solenoid mal~net; they are the length I Li and 

the central magnetic field, ilv which is axial in the magnet's 

interior. Two derived quantities are of interest: 

k:::~m/2pOc 9 

G:::: kLo 

If the condition is imposed that the beam entering a solenoid be 

rotationally symmetric, the rotation induced by the axial field 

(which results in mixing the solutions for x and y) can be ignored. 

The radial equation of motion is r" + k
2

r "" 0 0 The transfer 

matrix, which is the same in both the x-z plane and the y-z plano w 

1 
sin Q 

k 
cos G o 

is -k sin Q cos Q o Ot-31) 

o o 1 

50 Octupole Magnet 

We intpoduce octupole magnets in the next chaptero 

Prop,erly oriented octupolc illagnets in some instances may be 

adjusted to reduce the magnitude of the aberrations of a beam 

system of quadrupole magnetl:;. The linear properties of an 

octupole magnet are the same as those for a drift space, hence 

the matrices are also the snmB. 
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III QUADHUPOLE SYM~mTl{Y pnOprmTIES AND THE MAGNETIC SCALAR POTENTIAL 

We continuo to refer to the Cartesian coordinate frame 

used in the last chapter in which the optic axis coincides with 

the z axis and particles travel in the positive z direction. 

A. Magnetic Field Symmetries 

The ideal quadrupole field possesses several important 

symmetry properties. The magnetic field is antisymmetric with 

respect to reflection throul~h both the x=O and y=O planes, and 

is symmetric with respect to reflection through both the x=y 

and x=,-y planes. The magnitude of the magnetic field in an 

ideal quadrupole lens is proportional to the radial displacem~nt 

from the optic axis and is independent of z. The restoring force 

produced by the ideal quadrllpole field is proportional to x in the 

x-z plane and proportional to y in the y-z plane. Such a ~agnetic 

field would be produced by an ideal magnet possessing hyperbolic 

cylindrical pole pieces of infinite transverse extent, infinite 

length, and infinite permeability which satisfy the equations 

xy::: a
2
/2 (north poles) and xy::: _a

2
/2 (south poles) where a is the 

radius of the inscribed circle. With this choice of polarity, 

positively charged particleHare focused in the y-z plaDe and 

dcfocused in the x-z plane. Reversing the polarity interchanges 

the converging and the diverging planes. 

The scalar magnetic potential appropriate to the 

linear f.feld produced by the ideal magnet is proportional to the 

product xy or, alternatively, proportional to 
2 . 

r s:.n 2G, whore 

G is tho usual angle in cylindrical coordinates ( x:: r cos G, 

y= r sin G I Z::::' z) • The field producod by a magnet having polo 
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piecos of the ideal magnet configuration but finito in extent will 

contain~ in addition to the linear field component 9 ~~rmonic 

components proportional to higher powers of x and y. In addition o 

all tho field components, inclUding the linear component~ depend 

upon z. 

To treat real (not ideal) quadrupole magnets, we need a 

general expression for the magneic fi(~ldo 

D. The General 1-1agllctic li'i~ld 

We first introduce a general expression for a potential 

giving rise to a magnetic field which possesses the previously 

stated symmetries, and which approximates the field produced by 

an ideal quadrupole magnet~ this field will be referred to as a 

"pure quadrupole magnetic field." We then consider field components 

that may be introduced by failure to achieve the assumed symmetries 

exactly. 

1. General Magnetic Scalar Poteritia! 

In terms of cylindrical coordinat~s, we choose the 

following general expansion of the scalar magnetic pot e ntial V: 

Vc ~ r. \~,5.d (1;);'JlI1nGl _1 1 (;l) COS 'fie} 
~'OI~)= L L \- (-/'1111 Ymn (11L-I) 

,(IV' f) I\"t\ 

This expression is chosen because the field is obviously periodic 

. b . 2 in g with period 2n, is dominated near the z aX16 y a term 1n r 

that approximates the ideal field~ and is nearly independent of z 

except in th~ regions near a magnet edge. 

1 
V = 

Applying Laplace's equation, 

=: 0, (](-2) 
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As r approaches zero, terms in the above expression with m=O or 

m=l increase without bound except for those terms for which m=n~ 

hence '.;tAa,VI;;JiII'i~O for 0>0 andjJVI;: J..\",:::O for 0>1 o 

Since Laplace's equation must be satisfied at all values 

of r, G, and z, we have 

for n=O, It 2, 9 G 0 

for n=O, 1, 2 00. 

t o 

For each n, the lowest-order nonvanishing term which appears 

is that for m=n, yielding the following general expression for Vx 

V(r, G, z) = 
~ ~ 1-1< ( }':lK) 

~ \. \ rVl I/l! i . ) S\Y1 v\eAA~(":;l;) t- COS '(Ie ~ (~) L L 'KI(Y\~I<)! C-IJ()K l /-
Yf\":'o V\~ 

Here f(2k) denotes the 2~th derivative of f with respect to z, 

'f(O) ~ f, and/Jn and ))1. are functions of z which must be chosen to 

fit, the boundary conditions and the symmetries of the problemo 

2. Pure 9uadrupole Ma~netic Scalar Potential 

We'1irot apply eq. (3-3) to the pure quadrupole field. 

All terms in cos nG must vanish owing to the required nntisymmetry 

for reflection through the x=O plane. Reflection antisymmetry 

through the y=O plane rules out all terms in sines of odd multiples 

of G~ Finally, the required symmetry for reflection through either 

th x=y or the x= -y planes rules out all terms except those 
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containing a factor sin[2(2~+1)GJ with .,q""l, 2, 3, •• c 
The 

general expansion of the pure quadrupole field is 

6 
- r 

+ o 

Only the leading term of this expression· would appear in the 

potential of an ideal quadrupole magnet of infinite extent; this 

term would be independent of z. The higher-order terms in the 

coefficient of sin 20 appear as a consequence of the finite extent 

of the magnet in the z direction. The higher harmonics in 0 are 

induced by truncating the poles of an ideal magnet in the x and y 

direction. An object of much effort has been the design of 

magnet pole-face contour~alld coil placement so that these higher 

harmonics are minimized. <luadrupole magnets have been constructed 

for which the contribution to the magnetic field due to the higher 

harmonics is less the 0.5% of the contribution due to the sin 2Q 

. .. 10 
term at maXlmum radlus. 

Dropping terms that do not contribute to the trajectory 

equations when trucated to third order in the displacements and 

slopes, and expressing in terms of x, y, and z~ we have 

c V (x, y , z) = -xy ~(z) 
p c 

1 ') 2 \.,.u 
+ 12 (x~ + Y ) xyCy(z) 

o 

where c'p =eJ)1.(z)/Po~ 0 
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3. The Octupo~ Field Compol~t 

It may bodcsireable to consider quadrupole magnets that 

possess all symmetries listed above except for reflection thr~ugh 

the x=y and x~ -y planes. Such is the case in quadrupole magnets 

that have been shimmed in such a manner that the reflection anti-

symmotries are preservod, and in octupole magnets oriented so tha~ 

the x=O. y=O, x=y, and x~ -y planes are planes of reflection anti-

symmetryo The terms in the scalar potential possessing antisymmetry 

about each of the four planes mentioned are those in sin 4kQ~ 

k= l~ 2, 3, o • 0 Including these terms yields tho scalar potential . 
c 

V 
Poc 

where 

-xy <?( z). 
I . " 2 III 

'" + 12 xy (x" +y ) q ( ~~) 

lJ) (z) = 12 ~;., ( z) • 
p c tr 

° 

1 2 2 4J . .. " ., 
m - xy (x ~.y~) (z) + 3 

Finally~ real bcaci systems may fail to achieve the above 

symmetries owing to nonalignment, rotation, etc. Therefore, we 

9 

add several terms to the scalar potential which will be used later 

to calculate the tolerances permitted in the construction and 

placement of the constituent magnets in particular beam system. 

Truncating to fourth order,.we have 

t"::l. r /J ~ .11,"] --" CO$ e- [V, - }::::.8 .... 1l,"J 
V(r~Q9z)=-?I)(;2o) - \""' ';;)'{\1;.7 L/, - \J /~ y 

r 11 1"'"7_ 0 Ij "J r r"l.· _. V'h SIn 1.9 L/,o;l-- ~/'1l- - \"~ C O$;1.G \... V;!.·- 77: ))/'] 

0-:-''(~3S)n 3e - ,('b Y3 COS 39 -r)J1.{ '$)'(It../() -,(,a.fv..(C()st{B (III~7) 

I~ terms of x and y, . 

C I . I 0 • 2 2).." 1 2 2 lj) 
P c V(x,y,z) ::: -xyCP(z) + 12 xy (x +y )<1::l (z) - 3' xy (x ~y) (z) 

o 
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These extra terms are assumed to be unwanted and therefore 

small; in particular, the following assumptions have been made. 

The coefficients ?S1 P-;.. v and)):;:; are assumed to be smaller by at 

least or~ order of magnitude tha'; the coefficient/.J;t.o The terms in 

sin 30 and cos 30 (sextupole terms) are not the result of a simple 

displacement or rotation; they are treated separately as field 

errors in the same way as the 60 and 100 terms are treated. The 

term in cos 4G is also treated as a field error, since it does not 

satisfy the basic quadrupole antisymmetry. However, the sin 40, 

term is treated with the pure quadrupole field terms, since the 

sin 40 term maybe adjusted in some instances to reduce objection-

able aberrations due to the 20 terms. The coefficients ~, ~ 9 

and~1 , arc assumed to be smaller by two orders of magnitude than 

/vi", which is consistent with the assUl'1)ption made th,roughout this 

paper th~t the r2 sin 20 term represents the dominant field 

component. 

As an example of how these terms may enter, consider the 

field produced by a quad,rupole; the potential is given by Eq. 

(111-5) with x and y referred to the magnet's axis of symmetryo 

If this magnet is now translated so that its center axis is the 

line x= Sx and y= by, and if the magnet is rotated about the optic 

axis by an angle W (positive when the magnet is rotated in the 

direction of increasing 0), the added terms in the scalar potential 

take the va)ues ~ -::: ~ >< 

~ <P ='P (z') L c-oS :;.w -11 

• ~ (z) J J},,:: cl Y • <l? 0:'\ 

:l:: ~cP(z) .$"1'1"\ ;z.W 
o (III-9) 

Here ~x, ~ ~ I and ()J are assumed, to be an order of magnitude smaller 
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than the displacements and slopes of trajectories to be considered. 

The term in Sl. gives rise to a uni form z component of 

the field which can occur £H1 the resul t of tilting a particular 

magnet so that the axis of symmetry of the magnet ceases to be 

parallel with the optic axis. 

Returning to a field which possesses reflection antisym-

metry about the planes x=O and y:;:O~ let. us consider what types of 

terms may be pr~sent in the expressions giving the displacements 

and slopes at any chosen ~oint in terms of the displacements and 

slopes at some initial point (the object). Since a linear r01ation-

ship is assumed to dominate (this is the lens assumption)~ we are 

justified in expanding x, Y9 Xi9 and yi at an arbitrary valua of z. 

point)o 

Since the trajectories cannot depend upon the coordinate 

system in which they are represented, we find that all even-order 

terms in tho displacements and slopes are absent in the power 

series as a consquence of the reflection antisymmetry. The same 

reasoning demonstrates that the expansion of x cannot contain any terms 

that are odd in y or y 0 nor can the expansion of y contain any 
o 0 

terms that are odd in x o? x '. Thus the following terms are the 
o 0 

only terms o to third order, which may appear in the power series 

expansions; these terms are grouped according to aberration type 

generalized 
dispersion 

Terms in x and Xi 

A A2 A i A2~ i 
uX 9 u X ~ uX 9 U ..... 
000 0 

:!:erms in .. y and'~ 

2 A2 i l:J.y 9 I:J. Y 9 Ay g~ u Yo 
000 
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aberration 
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2 x 'y , 
o 0 

,3 2 
Yo ' Y i'lX i o 0 

generalized 
coma 

x x 
0 

,2 
0 

x Y 
,2 

'I ~ o 0 
Y x'y i yoyo 

,2 
yoxo 

,2 x X iy 'I i i 000 000 

generalized 
astigmatism 

generalized 
distortion 

X 
2 

0 
Xl 

0'1 

3 x 
0 

2 I 
Yo Xo'l xoyoyo 

i 

2 
9 X Y , 

o 0 

2 
I 2 I i 

Yo Yo x o Yo X y x Ii 
000 

3 2 
Yo \l Yoxo 

x X i 
Yo' Yo 

I 
(]ra 10) 0' 0 

Linear terms 

Thus there are many more terms to be considered than in 

light optics, where complete rotational symmetry rules out all third-

order terms except seven corresponding to the five Seidel coefficients 

and two chromatic aberration terms, the seven classic optical 

aberrations. Although a total of 40 terms appears in third order 

for x'/ Xl~ y, and yi (excluding dispersion terms), only 16 of these 

coeffici~nts are independent, as is shown in Ch. VI. The classical 

aberrations of light optics are described in most textbooks on 

optics, such as that by Jenkins and White.
3 

The expressions for the coefficients to the 40 aberration 

terms are derived in Ch. VM The equations forethe coefficients, in 

terms of the symbolic notation introduced in Ch. V., are listed in 

Appendix I. 

The significance of the aberration coefficients is discussed 

in Ch. Vllo 
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IV. THE EQUATIONS OF MOTION 

In preparation for derivations presented in Ch. V j we 

need certairi results'~hich are obtained from the following 

derivations of the equations of motion. A single charged particle 

of mass m and charge a, under the influence of a magnetic field, B9 
possesses the following Lagrangian, L, and Hamiltonian, H. 

L :::; 1 2 a ~ ~ 
mv ~. - A·v 

2 c 

(IV-2) 

, ...p '1' 
where v ::: l' :::: 

As long as the only force the particle experiences is d~e to th~ 

field, B, the velocity of the particle will be a constant of tho 

motion; the nonrelativistic equations of motion that would be 

derived from eithe~ the Lagrangian or the Hamiltonian given above 

may be e~tended to relativistic particles by marely replacing the 

mass m by the so-called "l'e1ati vistic transverse mass~ 10 

2 2-.!. 
ill :;: m( l-v Ic ) ~. Thr()ugh the rest of this paper 9 the symbol m 

r 

will always refer to tho transverse mass. The variational 

principle known as Hamilton's principle from which both LaGrange's 

equations and Hamilton's canonical equations of motion are derived 

is generally stated in terms of t as the variable of integration8 

.s[Ldt 
-7 

:= J l~·d;: r' --" ~ H Jt :: 0 (IV-3) .. 
t, "I t/ 

To obtain the trajectory equations9 we replace t by z. the variable 

mea~uring distance along~the optic axis~ as the independent variable. 

For all the orbits of interest. the transformation from t to z 

is single-valued, with a well-defined derivative everywhere. We may 
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thon rewrite Hamilton's princi)Jle in terms of z as the variable of 

integration. From this point primos refer to differentiation with 

respect to z, and dots to differentiation with respoct to time¥ 

(IV-5) 

Having made this transformation~ we follow the same procedure t which 

reducos this variational principle to the equations of motion in 

the case of the standard Lagrangian or Hamiltonian 9 yielding 

L U:! - d ;(,4 ~ 0 .4.. ~ _ If. :::: 0 .4.. 2;J.., - ~S-!. -r2> () 

da: u~1 aX. db dY' d~ ~ db a-r;1 a-t; J 

;;;:, 14 f .::I 'hI. 
X' ::: ~ 10,.. ~ - ~;; ) etc. 

In terms of z as the independent variable, the canonical momenta are 
I 

r,,::: ~~I ~ m Vx,' (I +~'J. + y/7.)--s.. + %- Ax 
• 

f'y-':' ~::: vYI V '/' ( 1-t"><'7.. -ry,il )~"i. -+- ~ Ay 
d '.Ii 

I V71. .:' E '" f't:::-':;"lV' --

Two easily derived relationships are 

2 2 2 2 v = i (l+x' +y' ), 

,!... 

[
22 e 2 . 2 J;l. mz~ m v -(p - -A) - (p - ~A ) x c x y c y 

(IV-7) 

(Iv-a) 

(Iv-9) 

In terms of the canonical sot of coordinates and momenta, the 

(IV-IO) 

(IV-ll) 

Applying the modified llamilton's equations for x (IV-7), we obtain 

J 
(IV-12) 



-35-

B 

-t' -:: ~r') l :;:U"fl -e - (\'-'1' - %: A ~ ~2. .- (flv - % Ay ')";&, ] - ~ ") 

-+ ~ ,2..A~ 
c ~x ) 

(IV-13) 

and then to 

and 

2 
we obtain (I-ty' ):x:" ~. xiyiy" "" 

~ 
e (I 2 2);t, ) +x' +yl ,\~B +yiB 

P c y' z o 

Solving for Xii and then yli t we obtain 

· i x" 
e 2 2:;; ~.(1~.x,2)B +:x:'y'B +y I B

z
} ;:; (l+x v +y I ), 

~ p c y • X 

I 

y" e (1 ,2 i2{i{ (1 ,2)B +x'y'B +x I B
z 

} 0 .- +x +y - +y pc , x y 
(IV-19) 

These are tho exact trajectory equations for a particle under 

-» 
the influence of a magnetic field, B. That they are identical to 

the equations obtained from first principles confirms the 

correctness of the procedure and the choice of new canonical 

variables. 

The expansions for·the magnetic field components, in terms 
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of the scalar magnetic potential (IXI~8) are 

00 .. 
+ ~ 

With the insertion of those fields and the trucation of terms of 

fourth order and higher (fourth order of smallness in x~ y~ x'~ yi)9 

we obtain the following equations of motionr 

a 2:3 
+ t?x =-3xX'2. ¢>/2 ~xy I €?/2 +yx i Y I~+xyy i ~i +xy ~ "/4 -loJ{ +"/12 

-x 3W/ 3 +xy
2lY -x ~ :fI +2y ~ ~,. 0 • 0 (IV-21) 

yli _ + y;:: 3yy i 2¢/2 +yx g 2~/2 -xy 0 x I ~ ~xy'X' 4" 

_y3W/ 3 +x2ylJl +y,s? +!J +2x..i\ +0 •• 

2 :3 
.,x ~IXi"~Y ~et/12 

(IV-22) 

Wi th respect to the terms in?, JJ t;fl., and 1/ ~ the following 

assumptions have been made: 

(a) ,/4 , P i. and ~ are piecewise constant functions in this 

approximation; 

(b) r:;.v" r2y" , r2;l'" and r ':n ~ are smaller than third order 

and may be dropped; . 

(c) fi ,)J t and rA are of higher order in "smallness" than rep 

which gives rise to tho main field o In Vo C. we discuss further the 

relative orders of magnitude of the terms in the equations of motion. 

These assumptions restrict the application of these equations only 

to situations where tho displacement or rotation of any 

quadrupole magnet from the corr~ct alignment is small compared with 

typical displacements and slopes of the trajectories. Any·flutter 

in';; 9 J.' ~ or A is assumed to average to zero to third order 
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in the parameters of smallness. 

For pure quadrupolo fields, tho oquations of motion are 

2 2 
x" + <l(x::: -3xx' .0:/2 -xy' q/2 +yx'y'q;,,' +xyyitl:t' 

2, / 3.-1.,. / ( ) +xy q" 1 +x y" 12 + 0 5 (IV-23) 

yli -<py= 3yyq2<f./z, +yx,2 ...... /2 -xx'y'q -xyx'4>' 

2 3 
·~x y"~'/4 -y <)~1I/12 + 0 (5) (IV-24) 

In the noxt chapter we solvo these equations by an iter~tive method 

to obtain expressions for the coefficients of aberration. 
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V. THE CALCULA'frON OF '1'118 COEFF'ICIEN'rS Oli' ABERRATION 

In ordor to separate most clearly and to characterize 

the different aberrations in a beam system, it will be our purpose 

to obtain the coefficients in the power-series expansions of .the 

displacements and slopes of a trajectory at some arbitrary value 

of z (such as the image) as functions of the initial (bbject plane) 

displacements and slopes. We further would like to separate 

aberrations that depend upon the shape of the fringing field from 

those which appear even in itn ideal model magnet with infinitely 

sharp fringing fields. Finally, we shall examine the effect of 

misalignments, rotations, and other defects in the constituent 

magnets o 

1'. Separation of Equation~ 

We first turn our attention to solving the equations of 

motion for particles in a pure quadrupole field [Eqs. (rV-23) and 

(IV-24) J. These equations are expressed in terms of the function 

cf<z), which is proportional to the radial field gradient along the 

z axis. Applying the method of successive approximations to the 

equations in x, we obtain three equations, one entirely linear, 

one containing all the dispersive ond fringing field effects, and 

the third containing the aberrations that are cubic in the initial 

slopes and displacements. Only the x-z equations will be treated 

explicitly here, as the corresponding equations in y can be obtained 

from them by interchanging x and yond changing the sign of cpo 
a 

Let x = x + x + X I where 
s c 

X II 
S 

x " c 

I 
+v?x :::0 

'$ s 
(V-I) 

(V-2) 
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ai, ()'" -h) a ' 2MJ 2A,.J'!;h 2 / :3 / x + "Y$+iC X =-3xx' "'V"1 2 - xy' 't'/2+yx'y' ... +xyy'ct>'+xy <:pu 4+x 4>" 12+"u 9' 

(V-3) 

~=(p~po)/p and <P is given by (Ir~16)" 

The gradie~tfunction ~z) has been split into two parts 

q(z) E 4: (z) + <P (z) ~ (V-4) 
s c 

<liphi simple") is a piecewise constant-step-function;cp 
, c 

,( "phi complicated") describes the field behavior in the fringing 

field regions. The function~<p , is assumed to vanish well inside c 

a magnet as well as in the field-free regions. For reasons'to be 

given later (V o De), the locations of the 'discontinuities in <P (20) 
s 

;11;& 

are chosen so that the integral~ {~9c(Z) dz, vanishes when taken 

Over any fringing field region~(between 20
1 

and 20
2 

such that 

1 ' 

ce'ZI)e: ct<Z2)= i'(ZI):C '2'(Z2)= 0 6 l"igure 2 shows <f(2o) and its 

division into rh and.,.h c The graphs are taken over a single , lis ~c 

quadrupole magnet. 

, In the event that the fringing fields are very large 9 this 

separation need 'not be made; greater accuracy is thereby achieved 

at the loss of the desired separ~tion of the fringing-field 

effects. When retaining the separation 9 we shall show that the 

solution to Eqe (V-3) is not affected,within the approximation 

, already made, by taking the limi t .q,~~ (corresponding to neglecti~g 

the detail~d shape of the fringing field in these terms)e 

B. The Integral Equations of r.10~ 

In order to proceed to solve equations (V-2) ,and (V';'3) 

by the method of successive approximations, we form integral 

equations by means of Green's functions o we define two Green's 

functions, one appropriate to each'equation; the Green's functions 
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. e cpn- G poe 

z z 

(0) 

r-Physico~ 
extent 

(b) 

<Pc 

z 

f-Physicol.., 
extent 

(c) 

Fig. 2. The gradient function over a quadrupole magnet; 

(a) the total function, ¢(z); (b) the step function~ 

¢ (z); (c) the difference function, ¢ (z). 
s . c 

b 
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satisfy' 

and 

Green's functions can be constructed from pairs of 

linearly independent solutions of the equations. l.et X (z) 
so 

and xse(z) be two linearly independent solutions of Eq. (V-I) for 

which the initial conditions at the object plane are 

X (0)=1,. X (O)~O, x '(0)=0. and x '(O)al 
. se . so se so. 

Any solution of (V-I) may be written as 

x (z)'" x(O) x (Z)'0 x,(O) x (Z) Q 

S se so 

l"urthermore? the Green's function is 

(v-s) 

for S<z - , 
for ~ 2:,z • (V-9) 

Since the equation does not contain terms in xQ~ the Wronskian, 

W(x ,x ). is constant: W = x X i_X ~ I = I. 
se so . l3e so so se 

Similar independent solutions, Xc and XOI will be 

defined for. the equation XII -t. (C~s+ t) x "" 0 

such that the general solution can be written 

x(z) = x(O) x (z) + x'(O) x (Z), 
e 0 

while ~he Green's ~unction for Eq. (V-IO) may be written as 

The implicit solutions of (V-2) and (V-3) written 

as inte~ral equations are 

z 
"c (z). ~ ~(:Z/'S)LX.'$') ~ )(,C'ljz- ~(<;Jr ,'-1:.%(1;")+ <p.(~)n d$", (V-13) 

z . . 
x

a
( z);;: tcgccz/S") f-fX><~CP"'~X; Y'"Zep + Y xy'<?+ )(YY'cf/-t :4-xl<t:f'+;\Y;>?4'~ d'S' J 

(V·· 14) 



-42· .. 

a 
- x +:x +x 

s c 
etc. 

Let E be characteristic of the magnitude of the slopes 

XU and y'; we assume that s is small compared with unity. For 

each magnet9 we define a characteristic length9 

( (J )~J"t.' ,);" ~ II'!, 
L= c"~ f ~ 'i~ 9 

:,0 
(V-15) 

where R is the effective length of the magnet and f is the absolute 

value of its focal length. Then x/L and y/L are considered smull v 

of the order of magnit~de o~ Eo 

Further 9 6 =(p-PO)/p is assumed small compared with unity. 

Let h be a characteristic length of a fringing field~ 

such as the half width of the fringing field. Then ~ =h/L is 

assumed small compared with. unl ty when we separate ~ into c?$ and~!I. 

In the treatment that follows~ all terms are of third or 

lower or~er in these three parameters of smallness j E, 6 w and ~ 

are retained~ while those of higher order are dropped. For example~ 

2 :3 '1 2 1\2 . Ii 2 'i :3 
A E~ E 7 and A E are retained while ~ AE~ AA E~ and AE are 

dropped. 

Some magnets in use barely qualify for the classification 

"quadrupole magnet ~ 1& since the characteristic length of their 

fringing -field is the same order of magnitude as their effective 

l~ngth~ This is due tri their largo aperture-to-Iength ratio. In 

such magnets the approximation made above with respect to the 

extent of the fringing field is invalid and may easil,! be 
I 

abandoned by replacing <\JoG by dr and then dropping all terms in <Pc 

in the final expressions. One then loses the ready identification 

of the effects of the, fringing field and also loses the calculational 
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advantage of simple known first-order solutions. 

D. The Dispersion and Fringing-Field Term~ 

We turn first to Eq. (V-13) whose solution yields the 

disp~rsive ,and fringing field termso The term x can be written 
c 

as the sum of the expressions 
Z ~' 

Ia:: ) ~c:;;z .. \") f - fcCS') Xs('5:J~JS :: ... S [X~~:u );(si'S')" X"sJ.;zn<$~\i) J t Xs J $ J (V -16)' 
6 . ¢ . 

Id= A tz.~ c~.~) 4':;('$) ).(<;("$) d $.1 

11 )~ ';?:,z.';) <PcC>;) X~($)dS',. 

. " 

A S ca: (Z,~) 9r. c)~ 'X,C'S) J"5 0 

o . 

(V-l7) 

(V--lS) . 

(V-19) 

(V-20) 

(V-21) 

The integral Ib contains two parameters of smallness, 

thus x has at leaston~ component which is of second order in 
·c 

mag~itude. W~ will show that, under the assumption t~at ~ i~ 

a small parameter 9 I
b

, is the only second-order term in x w 
C . 

Integrals that contain ~c as a factor have contributions 

only in the fringing field regions. These int~grals ma~ be split 

into sums of integrals taken over each magnet entrance and exito 

A typical term in the integral I is 
a 

. (' 'P.(<;) )(s~'i) Xs«~) J, ~ I r;: '.<,. les• 
. k .ZJ<~ 

(V-22) 

where the sum is taken over each entr~nc~ and exit. At each 
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fringing field, the ,integ~al1d may be expanded about the point of 

discontinui ty in 9s • Let -':;p and "y 4- be the ends of one fringing field 

region wi th 1; <"\. Then we have 
~' + 

However, the integrand has a discontinuous second derivative, hence 

We now invoke the definition of the 

discontinuity in <fs which was chosen so that 

x II + rbx =0 and x "+ <p. x =0 we have 
so Is so se S se ' 

location of 
($"+ 
J .:pc> d!= 0 
!( 

(V-24) 

the 

Using 

(V-25) 

where the coefficient cl~k2 depends only upon the detailed shape 

of tho fringing field. The expression for this 'khape coefficient" 

is: 

~..y 

ckAk2::~ ('-~tc(;()cJf, 
s 1-; d 

(V-26) 

Let us determine the order of magnitude of this expression 

for a typical example o A good approximation to the actual 

fringing field shape is the I'bell shape'; II for which 

cp::: CPs for ~:::. -nh/4, ) 

cretllll+(l'+i"h/4)/1{~-Z. for"S">-nh/4) (V-27) 

J: '=0 at the effective ends, and h is the "half width. iI Figure:3 

shows the parameters used in the calculation of the shape coefficient 

for the exit fringing field of q quadrupole magnet. One half of the 
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/Magnet center 

Effective end 
of mag net 

I \---..----; 

Plateau -'--+---... 
reg ion 

z axis 

Fig& 3 0 Ca~culating the shape coefficient with the bell­

shape .curve~ 
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magnet 'is shown o The function'> y as shown, obeys the "bell shape" 

II 2 2 2 2 ) 
formula. With this model, we find ck/\: ,... h (l~1' 116) /2 ~h /5. '(\I~ta 

The compar~ble coefficient for the other end of tho magnet is 

just the negative of the one abovo Q 

To calculate the order of ~agnitude of the terms in '~~ 

we should compare them with the comparable terms incp~. For 

an example, consider 

with the integral taken over one magnBt~ ,Applying (V-25) and (V-2S) 

to the expression for R , we obtain 

R-ch
2 o/~J(Xlx2) 'Iz,. - (x l x 2 ) 'I:.ej _ ch2q:>(xlx2)n~ 
~ (x1x 2 ) (z2-z1) 

where f is the average value of the function f9 defined by 

We approximate further, using Eq. (V-I): 

This demonstrates that 

2 
-h -xr -12 

""'1\ 0 
(V-3 l) 

_t/~ 
"" h(c;2) is the appropriate 

3. 

param6ter of smallness for treating ,the fringing field terms o 

We are now in a position to evaluate all the integrals 

appearing in x : 
c, 

Ia" ~ L- Cl<?~ cPsJ { ~ l~C7·'» )(.m])~~ ~I< 1, 
C(lI'ld'J) , 

Ib= D. jZg(z,$ )CPs(;;)~s(.~) dt' 'i 

I ::: 0(6 'A:I.€) 
c 

(V-3~' 
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I '" /1
2Jz d'\<f (~)g(z,~) ! d'!~S (-r)(Y'(-r '\.") d s 's b ~~ 

2 I :::oU, d, 
e 

,(V-34) 

The integrals Ie' Ie' and If' being smaller than third order, 

are droppedo The remaining integrals are readily evaluated • 

..,. 
E. The £0 Aberrations 

a 
All of the integrals in the expression for x ~V~l4) 

are continuous, as 4> has not been separated into c'Ps+ CPc v 

Consequently, we may integrate by parts to eliminate the terms in 

4 III 

, C? and 9 ; this has the advantage of leading to increased accuracy 

and simplicity' of subsequent numerical calculations. The presence 

of the Green's function poses ,no difficulty, as it is readily 

expressed in terms o£ x and x (V-l2); we retain g in the 
o e 

expressions only for brevity. All the integrated term~ resulting 

from the integration by parts vanish, since ~ and its derivatives 

all vanish at t.he end points, which have been chosen to lie well 

) (V-35) 

II ; , 
X. -::. - <Pi< .Jr ... 
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a ::> Each of the terms in x is already of order £ , hence 

a 
we may drop x wherever it occurs in the integrands without 

affecting the solution to third order. 

If the fringing fields are small, i. e. u if f\ is 

truly a parameter of smallness, then we may replace 4> by '/:s+ efc Q 

x by x +x t etc. and ~hen keep only the terms 
s c 

y , and y '0 The terms dropped are of order 
s s 

x ' s u 

mosto 

We have now put all the terms giving the aberrations into integrals 

of products of the first-order solutions multiplied by piecewise 

constant functions [W-33)u (V-34), and (V-36)] ~ and a fringing field 

term which is evaluated from a sum of products of first-order 

solutions multiplied by "Bhape coefficients ll (V~.32). Each of the 

expressions may be explicitly evaluated from known functions. 

F. Octupolc Terms 

The same Greenia-function approach yields the 

contribution to x due to the octupole fields (111-6), if any. 

a 
These terms are added to x ; they are 

rg(z;'i:) (xy2_x 3/3 )4J(S") d~. (V-37) 
o 

In evaluating these integrals! which are already smali (of order 

£3), we replace ~($) by the mean value of W i which is then 

piecewise constant~ 
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G. 'rolerances 

In addition to the components of the magnetic field which 

have ei tl~cr the quadrupole or the octupole symmetry, we may find 

others present owing to misalignment of magnets i etc •. In developing 

the equations of motion, we included these effects in the terms in 

"JJ, J} ,~9, and A U1V- 21), 011-8)]. The treatment is exactly the 

same as for the other aberration term~ Let x
t 

and Yt be the 

contributions to x and y, respectively, due to these terms; 

then we have 

x = t 

(V-38) 

Each of these integrals may be separated into a sum of integrals 9 

each of which has co'ntributions from only a single magnet. Hence 

we obtain the effect of misalignments, etc. of each magnet 

independent oIthe rest. 

H. Higher Harmonics 

Real quadrupole magnets frequently contain several 

troublesome higher harmonic components corresponding to n=3, 4, 

5, 6, ••• , 10, •• 0 in the general scalar magnetic potential 

expansion given by Eqo (111-3)0 Let us now consider the effect 

of these harmonics. Keeping only the lowest-order term in each 

harmonic, we may write the increment in the scalar potential due 

to the higher harmonics as 

sin (nQ+~ ) 
n 

o (V-39) 

Here f= ria, a is the maximum radius, fn are arbitrary functions 
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whose sign,ificn.nce will be seen below, and ~ are aX'bitrary phase 
n 

angles. 

The field components. due to this potential increment are 

(V-40) 

Since the magnitude of tho pure quadrupole field at maximum radius 

is (pOc/e)act) , it is clear that fn is the ratio of the maximum 

field component, due to the nth harmonic in the potential, to the 

maximum pure quadrupole component. 

Tho displacements due to these field components are 

z 
gx (z,1) ) 

e 
d-: 

e JZg d)' ~x:::. -Ir -- ~B - Lm 
0 POc y POc Y ktll magnet 

~y= +r gy(z,$') 
e 

~B dS' 
e 

~B rg d~ = 
(3 POc x POc x 

kth magnet (V-41) 

The integrals are taken over tho kth magnet, and ~B is the average 

field increment experienced by the trajectory of interest. These 

integrals have already been calculated (V-38); they are the same 

integrals as determine the displacements in x and y due to displacing 

the kth magnet from the optic axis. Let T~ and T~ be the coefficients 

( 
AX __ TO flf( 

that det<;rloine the effects 0 f displacing the kth ma~net u 
,I «?~ 

Ay_TO ~t and L\ -

2 9 We express the displacements due to the higher 
K 

harmonic terms in terms of the coefficients 

0 
Q) 

n-l 
~x= aT }:; f ~ sin Un-l)G+d n ] 

1 n=3 n 
til 

fn ~ n-1 [(n,,"l)G+~n 1 (V-42) 
~y<= TO L: cos 

a 2 11,=3 
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We now have the effect of eRch h~rmonic for different regions of 

the ~th quadrupole. '.chat iR~ for any radius~ r= f a~ we can 

calculate the displacements due to any harmonic component in the 

field, providing we know the fractional mn~nitude of that 

component and the phase angle appropriate to that harmonic. Of 

course, we have neglected all but the lowest-order effect for 

these components. Lacking specific Imowledge of a particular field 

component~ we can specify the upper bound on the effect of that 

component. This calculation can be repeated for each quadrupole 

magnet in the beam system under consideration. 

1. Symbolic Expressions 

In the subsequent paragraphs, we introduce a useful short-

hand for the independent functions (V-7) and those integrals which 

are required to evaluate the aberration coefficients. All of the 

coefficients may be evaluated from sums of integrals whose intogrands 

are proportional to combinations of the four independent solutions 

to Eq. (V-I) and the corresponding equation in y, and the 

derivatives of these four solutions. 

Let the eight-~lement array, ?(l~' denote the independent 

funtions and their derivatives: 

X1(z):::X (z), IJI (z):::y (z) , N
3

(z)=x (z), se '''2 se IV . so 

Xs(z):::y fez) 0 (V-43) 
so 

We introduce an array 4J
m 

for the ini tia1 conditions 

at the object plane: 'o/l=x(O), L/J2=:Y(O), </J3:::X' (O), !(J4:::y' (O), 

W5=~=(~-Po)/p, ~= f~= 1 (V-44) 
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All of the terms in the Qxpressions for XU and yB (with 

the fringing field taken out) are of two types~ 

t< \{),' ~ lfJ~ SZ C\:~C~) 'Xv.tS),X .. (~)XI';><:~) '7()(~) d~ 
o ~ . ~) 

"Z. 

k ~~ tVJ ~<)() t ("$') X'v\(~) '/0~('S) Xr5~) t~c;p d ~J 
for m<5, n<5 v p<5~ and q<5. (V-45) 

We denote these integrals by the symbol 

~ 

(mnpq):: r c'~'},o z X X 'X d~ or Jo:o WI fi f ~ 

~~ 

) ~;r,,,:t. zpx'}d~ 
b 

(V-46) 

),,\ "J. 
Whether Io!. or cPs is indicated depends upon whether all the 

indices are less than five or not (equivalent to selecting the 

power of ~ which puts the integrand into dim~nsionless unitB)~ 

We write 

xa(z) ::: ~?'Z .... ./~kji(z) \{J /V}Vk 
i::t. ~,"'':t-t' 

(V-47) 

where the coefficients C
kji 

are sums of integrals multiplied by 

one of the four independent functions (V-7), evaluated at Zo 

The terms comprising x are also sums of integrals 
c 

with the exception of the fringing field terms. We also introduce 

a symbolic expression for these integrals: 

(mn):::: ) (V-48) 

(V -49) 
til 

The fringing field sums are denoted by 

(V-50) 
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5i 55i 
whero C and C are tho coefficients for second-order and 

third-order dispersion termH, respectively; eGGi 
are the 

coefficients describing the fringing-field effects. 

As shown in Ch. III, reflection symmetry forces 

certain coefficients to vanish. It'or example, there can be no term· 

2 
in x(O) y' (0) in the expansion of x 

a , although there is such a term 

in the expansion of 
a 

hence the coefficient C411 
only y ; appears 

in the expansion of 
a 

In fact, for combination of indices, y . any 

it can be proven from symmetry considerations that the coefficient 

corresponding to those indices cun appear in only one of the 

a a 
expansions, that for x or that for y • We combine x

a 
and x 

~V-47) and (V-51n and write 

+ L eijk(z)\jJ.LV·~l 
.1. J (, 

I~~~~:;~~b 

+ ~ C
ijk (z)l{J.4I.W

k . 1. J , 
I~K~JS'i~" 

. c 

(V-52) 

with the following "rule of thumb" for determining in which 

expression a particular coefficient Cijk 
belongs: excluding indices 

of five or six, if (i+j+k) is even then Cijk 
is a factor in the 

expansion of y:; if (i+j+~) is odd then it is a factor in the 

expansion of x. 

A complete list of coefficients and expressions that 

yield them are found in Appendix I. 

<ijkm> :: 

The octupole integrals are denoted by 
:;z. f tjJC'S) It~(j) ;S.C'S) Z/(CS"J XrJ'J) if oJ 

o , 
(V-53) 

We denote the· dislilacements due to the nonsymmetrical 

field components ~, p , ~~ I and ~ by x t • To lowest order in 
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these effects we have 

There is a set of tolerance coefficients Ti for each quadrupole OJ 

magnet in the beam system. The tolerance coefficients on magnet 

placement required to insure Ixtl < T I where T is the 
max max 

maximum aberration due to permissible tolerances. 

'-'0 Nu;r.0;:,ical lvlethods of Calculation 
'_~~_~"""""""" __ """"-'''''''''''-_'''-= ___ ''''''''~'''''''~-=--_._D'''~.''''''''''-= ____ ' __ '' __ ''''-""", 

All the coefficients of aberration may be calculated 

by summing a number of t,orms ~ oach of which consists of three 

factors: (a) a numerical factor 9 (b) one of the functions Z, (z) 
1. 

(i=1 9 2, 3, or 4), and (c) an integral of one of the types mentioned. 

The coefficients describing the fringing field differ only in that 

the integral is replaced by a sumo 

A digital computer code for the IBM 7090 digital computer 

has been written which includes the calculation of the coefficients 

of aberration within its scope. The entire scope of the code is 

described in Ch. VIII, and its operation is described in Appendix II. 

In calculating the aberrations, the code must evaluate 

numerically 113 integrals taken over the beaill system [16 of the 

type (~nlpq)~ 6 of the type (mn), 72 of the type (mnpq)~ and 19 

of the type <ijkm> J, in addition to 14 integrals required for 

the tolerance coefficients v which must be integrated separately 

over each magnet in the system. 

The total number of terms to be fvrmed and summed is 2449 
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exclusive of tho tolerance coefficients. An additional 244 terms 

are summed to evaluate the 32 coefficients in the expansions of 

the slopes, Xl and y'. 

All the terms in the expansions of Xi and y' are the 

some as tho corresponding terms in the expansions for x and y (V-52) 

except that the factor X.(z) is 
1. 

I () OA 1 .sc,I:> •• 0 ijk and x z = T. :---+T. -:::;::- + , etc.; the coefficients Dare t '3 cf :3 y 

obtained by differentiating the equations for Cijk (Appendix I) with 

respect Zo 

The integrals are ovaluated,by ten-point Gaussian 

integration, which corresponds to fitting a 21st-degree polynomial 

to the integrand and evaluating the integral of that polynomial o 

Since there are 16 double integrals to be evaluated, each of the 

intervals used in the Gaussian integration must be further 

subdivided. In all, the first-order solutions and derivatives, 

, ~10(with i=l, 8) must be evaluated at 111 points for each 

quadrupole magnet. 

The first··ordor s()lutions ~ J. (z), are evaluated from the 
1. 

entrance of the magnet ~o each of the III points using Eqs. (11-18) 

and (11-19) (the accuracy is improved by calculating each time from 

the beginning of the magnet rather than from the preceding point;. 

this procedure is just as [itst). At each point certain products 

arc formed and the code runs through a table of 94 en~rics which 

specifies the factors in tho integrands of each integral. The 

integrands'are evaluated, weighted with the appropriate Gaussian 
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fuctor, and added into t1~e partial sums that cOl:Jpriso the integrals o 

Alter the integrals have beon evaluated for the entire 

beam system, a second table consisting of 244 entries is consulted. 

Each entry 

.fy 
{(I. (z) I and 

1 

in this table lists a factor k, one of the functions 

one of the integrals (mn) ~ (mnl pq) ~ (mnpq) 9 or <mnpq> ~ 

and a coefficient C
ijk 

into which the producti 

is added. All the coefficients C
ijk 

and Dijk are calculated with 

no octupolo contributions and are listed. The octupole contributions 

(if there are any) are then added into the coefficients, which arc 

then listed again. 

~or a beam system consisting of three quadrupole magnets 

and four drift spaces, the entire process of calculating the 

aberration coefficients takes approximately 0.01 minute on the 

IBM 7090 computero 

The code will also calculate tho shape coefficients and 

the locations of the effective ends of quadrupole magnets. The 

required input consists of it table ·of ~(z) at uniform intervals 

in z, the locations of the magnet centers, and the physical lengths 

of the magnets o The code evaluates the integrals l<I(dz and 

J Z ¢dz over both ends of each magnet and the adjacent drift 

spaces. From these integrals, the required data can be derived o 

If desired, the code will construct the table of~(z) 

using the bell-shape approximation previously described (V-27)e 

The locations of the magnet centers, the relative excitation of each 

magnet, tho length of the central plateau (constant-gradient region) 

of each magnet, and the half width, h, (characteristic of the 

fringing field extent) for each magnet constitute the input data. 
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VIo RBL/.TIONS BE:T\'I.8U;N TH~ GEOt-18TRICAL COEFFICIEN'fS OF ABImRATION 

In the preceding chapters we have calculated 56 coefficients 

which complotolydescribe the aberra~ions through third order for 

a beam systom possessing two planes of reflection antisyrometryo 

Of these, 40 characterize the geometrical aberrations of mono-

energetic beams; the remaining 16 describe the chromatic aberrations. 

(If the scalar potential is separated into two parts~ one a step 

function in z and the other a difference function, as described in 

Chapter V, then eight additional coefficients are obtained; these 

coefficients describe the thrid-order effects of the fringing fields~ 

In this chapter we ignore the fringing field coefficients. They 

are not fundamental, but have been included to cloa~ly demonstrate 

the offects of the fringin~ fields.) Not all these coefficients 

are independent. Burfoot has shown that the third-order geometric 

aberrations of a monoen~rgetic beam system possessing the above 

symmetry properties are completely'described by 16 independent 

4 
numbers. In this chapter we derive 28 relationships, of which 24 

are indep~ndent, among the 40 geometrical aberration coefficients 

in the third-order terms in the power-series expansions of x, y~ 

Xi 
9 and y' in terms of x ~ Y , x " and y i. 

000 0 
These relationships 

are derived by making use of certain PoincarG integral invariants 

which express the fact that the transformations carrying the 

tr~jectorics between two points are restricted to the special class 

of canonical transformations. 

A. Number of In(le12cndcnt Coefficients 

Burfoot's method of classifying aberration types follows 

a classical method of treating aberrations. This is fully 
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described in Chapter 16 of the book by Zworykin ot al. 11 

Instead of cxpnndi.l/; the displacements 1 x and Y i in 

a power ,series in the ob;joct plune displacements und slopos, this 

iJcthod describes the trajoctories in terms of a pbwor series in 

x , y , X t and y • 
a 0 a a The latter two quuntities are the displacements 

of a trajectory ut the aperture plune. The aperture plano is 

defined as a plune in fiold-free spuce neur the imuge plane. All 

trujectories are straight lines between the aporturo plune and the 

image plune. 

It is woll known that the system of trajectories issuing 

from a monoenergetic point source are all orthogonal to a purticular 

family of surfaces, on each of which Hamilton's characteristic 

function takes a constant value. For each trajectory one value 

of Humilton's characteristic function, W, corresponds to the 

surface orthogonal to that trajectory at the point where the 

trajectory intersects the aperture plane. If we know the value of 

W as a function of the coordinates of the source and the coordinates 

of the intersection with the aperture plane of trajectories 

issuing from that source, then we know all there is to know about 

the opticnl properties, including aberrations, of the beam system 

considered. 

Since the family of surfaces described above must also 

huve the sy~nctries of the quadrupole magnet array~ the power-

series expansion of W in terms of x , Y t X , and y may contain 
o 0 a a 

only terms of even power. The trajectories are determined by the 

()W 
derivatives 

C;W 

UX 
a 

and of W, evaluated at x 
aYn a 

and y • 
a 

Thus 

third-order terms in the illlage-plane displacements are derived from 
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fourth-order terms in the power series for W. Since there are only 

16 independent fourth-power combinations of x
o

' YOl xai and Sa 

that contain at 10astoo.o power of xa or Y
a 

and satisfy the 

synmwtriosi there can be only 16 independent numbers describing 

~he geometrical aberrations of third-order. 

In III. C. we listed the 20 third-order terms that describe 

the geometric aberrations to that order. The coefficients to 

eight of these terms'are derived from the following four terms in 

. 2 2 2 2 ( 
the expansion of W:x y ,x y x y , xoxaYa • and Y Y x • four a a 0 a a a ' 0 a a 

terms from differentiating with respect to Xu and four from Ya)o 

There are three numbers characterizing generalized spherical 

aberrations; four numbers characterizing generalized coma, five 

numbers characterizing generalized astigmatism, and four numbers 

characterizing generalized distortion. In systems possessing 

rotational symmetry, these 16 independent numbers reduce to five o 

B. Derivation of _!!le r~tionshiEs 

We now return to our description of the aberrations, 

which employs coefficients of the third-order terms in the power-

series expansions of x, y, Xl 
i and y' in terms of x '1 Y I X . o 0' 0' 

and y. We derive the desired relationships by utilizing the 
o 

Poincare integral invariants, using the coordinate frame introduced 

in Chapter IV. With z as the independent variable, the canonical 

coordinates and momenta are x, y, t, P,P I and Pt; the expressions 
X y 

for tho canonical momenta arc given by Eq. (IV-7)o These 

quantities are the Cartesian coordinates in our six-dimensional 

phase space. The magnetic field is assumed to vanish in the 
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neighborhoodc of the object and imago planes 9 80 that the following 

expansions arc valid in these regions 

Px :::; Mvx' (l_x,2/2_y,2/2+"··)~ 

Py :::; Hvyi (1_x,2/2 _y ,2/2 +"· ·)0 
(VI-l) 

The Poincare invuriance theorem states that the integral 

;) 

J= JI '~l dq, dp, ~ S ],:=; ]. 1. 
(VI-2) 

taken over any arbitrary surface in phase space i is invariant 

under all canonical trasformations l such as the canonical 

trahsformation that takes the coordinates from their initial 

values to their final values. Similar invariants exist for integrals 

taken over any even-dimensional subspace of phase spaceo 

The method we use is an adaptation of the proof of 

the invariance found in the textbook by Goldstein.
12 

We may 

calculate an invariant in terms of the initial coordinates and 

slopes at the object ,plane and also in terms of the coordinates and 

slopes at the image plane. We can then express the invariant at 

the image plane in terms of the initial coordinates and slopes, 

using the power-series expansions of the image-plane coordinates 

and slopes in terms of the object-plane coordinates and slop~s. 

Equating the value of the invariant at the image plane with the 

value at the object plane, we obtain the desired relationships 

between the coefficients as required by invariance. 

Points on a two-dimensional surface may be located by two 

curvilinear coordinates. Let u and v be any curvilinear coordinates 

appropriate to the arbitrary two-dimensional surface on which we 

evaluate the integral to ol>toin the invariant~ In terms of u and v~ 
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the integral may be writton 

(VI-3) 

Wo now see that, owing to the invarianco of the integral over an 

a~bi~rary surface, S, tho integrand nmst be invariant. Tho 

integrand is the Lagrange bracket of u and V9 

a(q. ,p.) 
:8 1.), 
i ··"ar~, v) 

Al though we have been x'oforring to an" image IV plnne 7 

there is no need to restrict the subsequent discussion to systems 

that form a point image of a point source. Let there be a line 

image parallel to the y axis at z and a line image parallel to x 

the x axis at z. Either of these images may be virtual. 
y 

At some arbitrary point z, in a field-free region, we 

expand the displacements and slopes of a trajectory, obtaining 

to first order L 'rro',V\ (JI-G) J 

xi(z) = x '1m -x If, x(z)=m x +(z-z )xi(z) 
o 0 X 0 X (VI-5) 

y' (z) :;:: y 'In -y If , 
o 0 y 

Nere m and n are the magnifications in the x-z plane and the 

y-z plane, respectively, and f and f are the two focal lengthso x y 

Letting the superscript a denote the correction'due to 

aberrations, we find the corresponding expressions that include 

the aberrations are 

xV(z)= x '1m -x If + ~a(x , y , X " y I), 
o· 0 x 000 0 

x,(z) _. m x 
o 

a 
+ (z- z ) x' (z) + x (x , y , x 'j Y I). 

X 000 0 

(VI-6) 

In restricting this discussion to monoenergetic beams, 

we limit ourselves to surfaces in phase space on which E is a 
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constant. Thus we shall always have 

aCt, -E) = 0 
D(u, v) - 0 

(VI-7) 

In ~hc subsequent dorivations,wB shall have oeassion 

to use the following properties of Jacobian determinants; these 

properties are easily dcrived o If a, ~. and € are three arbitrary 

functions of u and v, and if x is a function of a and ~, then 

o(a,f3) 
. Cl(u,v) ::: -

a ( ao. +E: , ~) 
.D(u, v) 

o(o.,a)_o 
a(u,v) -

a ~ i3 1 cr.). _ Go. () p. _ Q.f:? Cla 
au, v) - du ov au OV 

::: a a(a,13) a(g,@~ ( ) 
-,--- + - - .. where a is a constant D 
a(u,v) a(u,v) 

o 

(VI'-8) 

(VI-9) 

(VI-IO) 

When evaluated 'at the object plane, the integrand of 

the invariant becomes 

a(x , p ) 
__ o_--,x_o_. + 

a(u, v) 

where, applying (VI-I), 

iJ(x ,p ) 
o xo 

o(u, v) 

o(y ,p ) 
o yo 

a(u, v) 
(VI-12) 

Q (xo ,Yo') 

a(u,v) 0 

(VI-13) 

to third order; a similar expression is obtained fromthe term in 

Yo and p
yo • 

At the arbitrary point z, the integrand in terms of the 

initial conditions, is 
a(y,p ) 

+ Y.. 
a(u,v) 

(VI-14) 
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where ·o(u;v)·· :::: 

o (x, p ) 
x 2 2 O(x,X') 

Mv (1 -3x' /2 -y' /2) ~ 

(VI-15) 

. a (x,x") 

o(u,v) 

a(x,y') 

a(u,v) 

a(x',y') 

a(u,v) 

::: 

. a (x ,y') 
-:t-'lvx'y' .- ~x'yt o (u, v) 

a(x x ,) 
0' 0 

+ m 
a(u, v) 

a o(x x' ) 
0' 

(l(u, v) 

a(x o'Yo ' ) ·rn 3(x o,y) In 

f + 
n a(u,v) a(u,v) y 

1 
o(x',y') 

1 
a(x ' y ) 

o 0 o ' 0 

a(x'y') 
(z-z) ~V) 

----- + ...... -
f o(u, v) m o(u. v) 

and 

1 
a(x y ,) 

0' 0 1 
a (x ,y ) 

o 0 :::-- ~-nf- . - + ----mn mf f f 
a(u,v) a(u,v) a(u,v) x y a(u,v) y x 

. , 

these expressions are obtained from Eq. (VI-I) and Eq. (VI-6) using 

Eqs. (VI-8) through (VI-II). 

Let D be the difference between the integrands 

evaluated at the two points. As stated previously, this integr~nd 

is an invariant ~nd D therefore is identically zero. 

as 
'to(X'P) (](y,p) <)(xo'pxo) a(y ,p ) D:::Mv _____ + ___ ... ~ _ 0 lO ~ + 

(l(u,v) a(u,i) b(u,v) o(u,v) 

We write D 

.. j. (VI-l6) 

Each of the aberration terms can be expande~using (V-47) 

(this expansion is not made until iater f(J:~ reasons of brevity),. 

and each term can be written so that the only Jacobian determinants 

remaining involve pairs of initial parameters. We write D as 

a(x x I) 
0' 0 

+ S2 
a(u,v) 

+ 55 
o(x' y ) 

0' 0 

d(x ,y ) o . 0 

0(u,v) 

b(x ' y ,) 
o ' 0 

a(u,v) 

a (x ,y.') 
o 0 

(VI-17) 



The integral, J, 'is :invariant over any two-dimensional 

surface in phase space. Among these surfaces are those on which 

two of the four parameters x
o

' y , x " Y I take constant values. 
000 

On such a surface only one of the six Jacobian determinants in 

Eq. (VI-17) i~ nonvanishing. For example, consider the surface 

x 3 a and y I 5 b. Here we find that the coefficients of 
o 0 

Sl' S2' S3' S~, and S6 each vanish as the Jacobian determinants 

contain constants. Thus, for this choice of surface, we see that 

S4 5 O. By applying this argu~cnt to other surfaces, it is clear 

vanish identically. 

Let us now group the terms withing these six expressions 

as follows: 

S ,2 
+ 15 Yo (VI-18) 



-65·· 

8 2 '" 8 21x oYo 
+ 8 22 xoYo 

I -to " X 'y + 8
24 

xly I ':>23 o 0 o 0 

8 .:: S~nxoYo + 8
32 xoYo 

, 
+ <;. x 'y + 8

34 
x 'y I 3- ·"33 o 0 o 0 

S ;;;: S41XoYo + 8
42 x oYo 

i + 8 4 '1' ;,;:- 'y + 8
44 

x 'y u 
t1 -.... '0 0 o 0 

8 5 ='S51x oYo + S52 x oyo 
, 

+ 8
53 

x 'y i' 8 5IJ, 
x 'y I 

o 0 '0 0 

2 I) 2 2 
8 ;;;; 8

61
x

o + 5 62 x x I + S(j3 x ' ~. + S64 Yo + 8
65 YoYo 

i + 8 66 Yo' 6 0 0 0 
0 

'Since, the region of intcgration is completely arbitrary, 

SI through S6 can all vanish identically onli if each of the Sij=Oe 

Thescconditions yield 28 relations between the coefficients of 

aberration, of which only 24 aro indep~ndent. The derived 

relationships, in the notation introduced, in V.I. [the aberration 

corrections are expanded, using Eq. (V-47) ], are 

S = mD
3l1 

+3C
lll 

1m +C
311 If -3/2.f 2 :;: 0 , (VI-19) 

11 x x 

8 :::2mD~31 311 
+2C

331/f +3/mf :::: 0 +2C 1m , 
12 x x 

8 ::::3mD
333 331 3c333/f 3(m2 _1)/2m2 

+C 1m + + ::: O~ 
13 x 

mD
322 

+C
211

/m C
322 I" -1/2f' 

2 
0 8 14= + ' 1 ::: 9 X Y 

8 15== mD
432 

C
421

1 + C
432/f +l/nf ::; 0 + m , 

x y 

mD
443 

+C
441

/m -+ C
443 If 2 2 

8 16= -I- (n -1)/2n , 
x 

8 ';:::2mD322 _nD321+2C322 If .. C321 If +n/mf f -l/f 2 -L/mf f 2 =0, 
23, x Y x Y ,y x y 



S D
432 

33= III 

S _nD431 
42= 

S =_2nD433 
44 

S 3nD444 
66= 

-66-

_C431/f 
Y 

2· 
-mini f' -L/nf f "" 0, x y . x y 

+l/nf +L/mnf f '" 0 9 Y X Y 

2 2 
+1 ... l/n -Limn ::0 0, 

2 
+n/f f +L/mi f ~09 

x y X Y 

-l/mf 
x +L/nmf f '" 0 ~ x y 

+L/mnf f :: 0, 
X Y 

433/ (2)/ 2 +C f + m -12m = O~ 
Y 
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These 28 relationships, derived from the Poincare integral 

invariance, are a consequence of the assumed symmetry of the beam 

system and the requirement that the transformations betwoen the 

object plane and the plane at the arbitrary point z bo a canonical 

transformation. In Chapter V wo have derivod the expressions for 

the 40 coefficients appeal'ing in the above relationships. We may 

now apply these relationships to any numerical values of the 

coefficients we may calculato~ in order to verify the accuracy of 

our calculations. This is a powerful check t as these rolationships 

involve the five first-order quantities 

in addition to the aberration coefficients. 

These relationships are satisfied by the aberration 

coefficients calculated by the 7090 computer code in every 

instance checked. In most cases~ the relations are valid to five 

of six .significant figures. As we are easily able to test the 

accuracy of the linear calculations of the code, we are now able 

to completely verify the accuracy of the aberration calculations. 

The expressions 851 through S54 yield one relationship 

between the four coefficients describing generalized spherical 

aberration, one relationship between the six coefficients describing 

generalized astigmatism, and two relationships between the six 

coefficients describing generalized coma. The remaining independent 

terms agree with the distribution described by Durfoot. 

The other 24 conditions we have derived relate the 

coefficients in the expansions of the slopes Xi and yi to the 

coefficients in the expansions o~ the displacements x Rnd y. 
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VIla THE CHAnAC'l'~:H OF THE A13ERRATIONS 

In the preceding chapters we have developed power-series 

expansions of the displacements of trajectories that have passed 

through a quadrupole magnet beam system. The aberrations of such 

a system are described by G4 coefficients, many of which are not 

independent. In addition to the aberrations of a bea~ system 

possessing the two-plane reflection symmetry properties assumed 

in the aberration calculati6ns, beam systems with real quadrupole 

I 

magnets have defects due to their failure to achieve exactly the 

assumed symmetry. These" defects can be characterized by further 

coefficients. We have referred to a digital computer code that 

calculates all these coefficients, but we have not yet examined 

the qualitative and quantitative effects of the aberrations. This 

we shall now do o 

We are inte~ested in aberrations only in a region where 

the displacements due to linear terms are small. We therefore 

restrict our discussion to the neighborhood of an image or a waist 

produced by the beam system. The actual character of the beam in 

such a neighborhood is strongly dependent on the distribution of 

the trajectory points in tJ1e object-plane phase space, because 

some components in the dis)llaccments, which are cubic in the object-

plane parameters, may be dominant in such a neighborhood. 

A c6mplete solution would provide the exact shape of the 

three-dimensional beam envelope near the image, but a more practical 

description, even though not quite so general, consists of the 

knowledge of the projections of the envelope on each of the 

coordinate planes. In addition to the projections of the envelope, 
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our description must consider the distribution of trajectories 

within the envelope. In most applications a system in which 

relatively few trajectories suffur large aberration displacements. 

would be preferred to one in which many trajectories suffor 

large aberration displacements, oven though the maximum displacement 

due to the aberrations might be the same for both systems. 

Finally, we would like to repre~ent the aberrations by a few 

char~cteristic numbers in order that we can campara several beam 

systems. The maximum displacements due to the aberrations and 

the root-mean-square displacements due to the aberrations are good 

quantities for use in making comparisons. For beam systems in 

which a line or a point image is desired, one would like to 

know the width of the best image attainable when aberrations are 

considered. 

In the remainder of this chapter, we calculate the 

average and maximum aberration displacements and the location and 

size of the best image attainable for a given beam system; we also 

examine the effects of aberrations on the image of a point source. 

In the course of these discussions we refer to two sample problems 

which have been solved by usc of the digital computer code. 

Significant portions of the computer printouts obtained for these 

examples are reproduced in Appendix III, together with instructions 

for further interpretation. 

given in Appendix 110 

Instructions for using the code are 

The first example consists of a bealo system composed of 

a symmetric quadrupole triplet which is adjusted to provide a point 

image of a point source, the symmetric triplet being located midway 
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between the source and the image. Obviously, unit magnification 

is obtained in both planes in this example. We then examine the 

imaging of a small circular diffuse source by this system. 

The second example consists of a quadrupole doublet 

which is adjusted to provide a line image of an incoming parallel 

beam in one plane and a parilliel outgoing beam in the other plane. 

~or each of these examples, we determine the coefficients that 

dOlninate the aberrations displacements and then calculate the 

tolerances permitted in positioning the magnets so that the 

aberrations due to failure to achieve quadrupole symmetry are 

smaller than the inherent aberrations. 

A. The Average A12crrati,~n DisE...~~~ents 

In this section, we calculate the maximum and average 

displacements due to the aberrations obtaining expressions that 

enable us to compare the contributions of the different coefficients, 

of aberrations. We first must stipulate the occupied re~ion in 

phase space. For this purpose, we introduce three models. Some 

calculations result in relatively siwple expressions for one model 

bu~ not for others. Each of the three models represents a reason-

able approximation to a real beam distribution. 

1. Models for the Occupation _of Ob;ject~Planc Phase SI?ace 

As stated previously, we always assume an effective 

source at the input to the beam system, since this assumption 

entails no real restriction. We restrict the distribution of 

trajectories to those which [ll'e symmetric with respect to reflection 

thrOUGh any of the five coordinate planes in x o ' Yo' xo', Yo', 6 

<' 
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space. 

Model #1 is a rectangular ~istribution with oach 

.coordinate ranging botween a minimum and a maximum value 

independent of the other four coordinates. For this model g 

we have (VII-l) 

This model is used by the computer program to evaluate the maximum 

displacement due to aberrations. 

Model #2 is the product of elliptical distributions in 

x-x' space and y-y' space with 6 taken as zero. This model is 

appropriate to a beam system bounded by rectangular apertures. 

We parameterize this distribution as 

(VII·.2 ) 

Although helpful for comparing with model #1, this model is not 

used by the computer code. 

Model #3 consists of a hyperellipsoid in x j x " y , 
000 

ane.. y , with 6 taken as zero. As Irtentioned in Chapter II9 this 
o 

model is app:;.'opriate to a beam 1 irni ted by a circular aperture, 

which is usually the case when beam pipes of circular cross 

section are employed. The code uses this model to calculate the 

rms aberration displacements. \Va parametrize this distribution by 

X :::: r x cos ¢ cos ·G, x '::;: r )( I cos ¢ sin G, 
a a a a 

y :::: r Yo sin ¢ cos 1j1 I Yo '::; r Yo 
I sin ¢ sin'W , (VII-3 ) 

a 

0;;;y)<n/2, ~G<2n , CK;'V<2n, and ~~L 
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2. Normali~ed Aberration Coefficients 

As oach of these Ill()dcls involves the maximum values the 

parameters can attain (i.e' t i ), we find it convenient to normalizo 
o 

the aberration coefficients by milltiplying them by such powers of 

y , x " Y I, and 6. 
o 0 0 

as are required {o scale to a space in 

which each parameter acllieves a maximum value of 1.0 and a minimum 

value of -1.0. We denote the "normalized coefficients by an 

underscore, fo"r exar.1ple t 
554 554- -2 C :::: C y' 6. 

o ' 
and 

With the coefficients in this form, we may 

iml,lediately compare the relativo effect of the various coefficients 

acting upon the boam described by ~his object-plane phase space 

distribution. 

3. Syl1lme tr;v" Groups in Displ acement Expansions 

In the expansion of x in terms of object-plane parameters, 

we may ~eparate the t~rms according to the reflection symmetries 

about various coordinate planes: 

x a = x (Cl1lx 2+ C331x ,2 + C221y 2 + 
o 0 0 0 

-132 +x ,(C y y I) 
o 0 0 

311 2 
+x I (C x 

o 0 

+x 
o 

C
333 ,2 

+ x 
o 

(VII-'l) 

The first line is antisymmetric under rcfleetion through the plane 

x =0 while symmetric under reflection through any other J)lane 
o 

containing two coordinate axes. The other three lines have similar 

properties. Notice that, with the exception of the dispersion 

terms, the first two lines contain only terms in spherical 
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aberration and astigmatism. This separation, arising from the 

symmetry properties assume(l in the five-dimensional objcct~plane 

spacc, appears in each of the later results of this soction o In 

the expressions for maximum and mean aberration displacements, this 

separation into symmetry groups demonstrates that tho distortion 

and COlna terms contribute in exactly the same way as the spherical 

aberration and astigmatism terms. If the corresponding terms 

1 ( , elll _e 333 C432 _ e 421 
were aqua ~.e., _ - , ~ - _ , •• 0) then the distortion 

terms would- contribut~ exactly the same amount as the spherical 

aberrations terms, and the astigmatism terms would contribute 

exactly the same amount as the coma terms toward the maximum and 

rms aberrations. 

Let us calculate the upper bound on the magnitude of the 

displacements due to ihe aberration terms. It is clear from tho 

symmetry properties that for model #1 we must replace each 

parameter by its maxin1um value and tnlc.e the sum of the absolute 

values of the four lines to obtain the maximum displacement, given by 

(VII-5) 
o 

This value is obviously larger than the maxima that would be 

appropriate either to model #2 or to model #3. Note that the 

symmetry separations have occurred as discussed above. The maximum 

displacement is calculated in exactly the same manner. 

We obtain an upper limi t on the bealll width at tho image 

Ixal by adding to the maximum obtained from the terms that are 
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linear in x and x '; this li~it in general is larger thun the 
o 0 

maximum displacement actually obtained in a typical beam. 

Only a very smnll proportion of the trajectories will 

suffer aberration displacoments nearly as large as 
a 

I x I 0 The 

rms aberration displacement to be calculated next has been found 

to be an order of magnitude smaller than this maximum displacement in 

the examples mentioned above. The rms value is the more interesting 

figure in applications in which the quadrupole magnets are placed 

to form a point or line image on a scintillator or resolution slit. 

The rms displacement is defined as the square root of 

the average of the squaros of the displacements of a representative 

set of trajectories given by the following ratio of integrals 

taken over the obj~ct-plane phase space: 

L£l~Jxa) 2d "C (VIX-6 ) 
If( -f.) d'C 

Here ?(~)d~ is the number of trajectories originating in the 

volume olement d~at~. The denominator is the total, number of 

trajectori es considered. We r'estrict S( 1;) to ha vo the same 

reflection sym~etry as hus been imposed upon the three models of 

the object-plane phase spacc~ so that the expression for (xa) 

separates into the four symmetry groups, each term being positive 

definite and containing only coefficients from a singJ.e symmetry 

group. This result follows because the cross-terms between terms 

in different symmetry groups must integrato to zero; every 

contribution is balanced by an equal contribution with opposite 

sign. 
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\Ye now evaluate the rms displacement for model /1-3. 

The transformation Jacobian for this choice of parameters is 

<)(x ,y ,X I,y I) 
000 0 

a(r, 0, G, 

3 :: r x x, y y1 cos 0 sin 0. (VII-7) 

If we assume the trajectory density function, 2 ' to depend only 

upon the dimensionless variable r, then (VII-8) 

x x' I 1 
.10 dr r 3 9( r) JOTC/2 d¢ 0 sin ¢ l2ndGl2nd 

a 2 
x (r,0,G) cos 

<xa) 2:: o 0 YoY6 o 0 
1 r 3J(r ).ft/2d¢' cos 0 ¢ l2TCdGl2nd x x' YoY~ .10 dr sin o 0 o 0 

Upon carrying out the indicated operations, we find 

XU .t.~O~3f333+f311+f443+£322)2+6(£333)2+2(£311)2+2(£443)2 

Here Ii' 

+2{f322)2 +(f432)2 

+(3flll+~331+f221+f441) +6{£111) +2{f331) +2{£221) 
J,.. 

+2(f441)2 + (£421)2J}~ 0 (VII-9) 

1 9 
5 .10 ~ ( r) r, dr 

:: if O(r) ~ constant the F::l, as has 
2 !; g (r) r 5 dr J 

been assumed in all the' examples quoted below. 

Note that the four symmetry groups separate as discussed 

above. The additional symmetry between x I y and x " y I is 
o 0 0 0 

expected, since the expansions for x
a 

and ya are similar and the 

coefficients are labeled in a symmetric way_ This symmetry may be 

,., 

described by stating that the expressions for the maximum aberration 

displacement and mean aberration displacement are invariant under 

the permutation of indices: 12345 ~ 34125. What this means is 

that the spherical aberration and astigmatism contributions are 

as important as the distortion and coma contributions, respectively, 
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in dotormining the characteristic size of tho aberration displace-

ments provided the normalized coefficients are comparable in 

magnitude. 

The expression for (xa} reveals the relative importance 

of tho coefficients. For inst~nce, the coefficients £333 and £111 

are the most important contributions; these terms correspond to the 

. 3 3 . 1 
contr~bution from x ' and x ,respect~ve y. 

o 0 

For a numerical comparison of the maximum and rms aberration 

displacements, refer to example #1 in Appendix III. This system 

consists of a symmet'rical quadrupole triplet of 8 in. diameter 

aperture, with ele~ents having lengths 16 in., 32 in~! and 16 in. ~ 

respectively. The separation of elements and the excitations are 

adjusted to produce a point image of a point source, with source 

and image symmetrically located at 275 in. from the triplet. The 

maximum slopes of tr~jectories that can pass through an 8 in. bore 

beam tube are x ' = 14.3 mr, y , = 9.30 mr. Let us assume a 
o 0 

source 1.50 in. in diameter and a relative momentum spread 

- -4 
6 = 2.5 x 10 0 We find that the maximum displacements due to 

aberrations are 0.94 in. in the x plane and 1.35 in. in the y plane; 

these figures do not include the second-order chromatic aberration 

terms. The rms aberration displacements, when model #3 is used, 

/ B\ < a are \X I = 0.053 in., y >= 0.073 in •• If we next assume a point 

source with x " Y " and 6 unchanged, we find the maximum 
o 0 

displacements are 0.54 in. and 0.77 in. in the x and y planes t 

"respectively, while the rms displacements are 0.050 in. and 

0.068 in •• We discuss these examples at length at the end of this 

chapter. 
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We can also calculate the rms aberration displacements 

for the other two models. For model #1, w~ find 

<x, 2~ ;0 f(29.333 +9.311 +2,443 +£322 +£553) 2 +2,(.£,311) 2+2 (£44:3) 2 

+2(£322)2+2 {£553)2+2 {£432)2 

+ (2£111 +£331 +£221 +£441 +9.551) 2 +2{f.33~,) ~+2(£221)2 

+2(Q44l)2+2 (Q.551)2+2 (£421)2 ~ 
o 

For model #2 we find 

<x:a)2 = i~2 f( 32,333 +Q311 +2£443 +2£322) 2 +2 (£443 _9.322) 2 

+ (3£111 +2,331 +2£221 +2£441) 2 +2 (£221_~~441) 2-

+6 (£111) 2 +2 (£331) 2 +2 (£421) 2 ] o 

(VII-IO) , 

By inspection of these two expressions, we can determine the 

,relative importance ot different coefficients for th~ different 

models.' Continuirig with the point source in the above example~ 

we find (xu.> :: 0.161 in. with 'model #1 and (XU) =0.102 in. with 

model #2. 

B. n:ettion of Least Confusion 

In classical optics for rotationally sy~netric systems; 

the best image, known as the "circle of least confusion", is not 

generally found at the paraxial image plane ,but at another value 

of z. Quadrupole beam systems, lacking the rotational symmetry, 

do not generally form a "circle" of least confusiokl;' however 9 

there is a, region of least confusion near the paraxial image where 

the beam width is a minimulll Q 
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For a paraxial point image, the best focus in the x-z 

plane is usually found at one value of z, whereas that in the y-z 

plano is found at another value. For a line image, we are 

interested only in the region of least confusion in the plane 

orthogonal to the image line. We wish to determine the width of 

the region of least ~onfusion as weil as its location. If our 

purpose is to use the beam system to provide a momentum or mass 

resolution, we place the resolving slit at the region of least 

confusion. The smaller this region~ the better resolution we 

attain o 

1. The Beam Envel.ope. Near !:E_ Im~e--Single-Parameter Trajector~ 

Distribution 

If z is measured from the image plane, the equation 

for the family of trajectories issuing from a point source and 

restricted to single values of y , and ~ is 
o 

-... ::> 
0;":)' ,(x,z):::x-cx r -dx i-hzx '1m + 0(4) = O. 
~ 0 00· 

o 

As x ' va~ies the family of trajectories is swept out. 
o 

(VII-12) 

In Eq. 

(VIl~12), m is t~e magnification, d and h depend upon y i and ~, 
o 

andc, d, .and r represent Hpherical and chromatic aberration 

contributions. 

'In the absence of aberrations, all the trajectories 

would lie within the envelope formed by the two extreme trajectories 

.,-
CI") _ ::: 
:x; -x i 

. 0 

o and 31_ 
::L. x .' 

o 
The aberration terms alter the envelope 

in the region near the ima~e plane; in this region the envelope is 

defined by the characteristic points of the family of trajectories. 
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The characteristic point is defined by the intersection of the 

trajectories 92 ,:::0 
X 

C6 and ....&x'+dx v :o;O~ or equivalently by the 

-x~ 

equations ~i;:;O and (VII-13) 

Tho caustic is tan~ent to the extreme trajectories at some value 

of z which we will call zl and tangent to the z axis at z20 

Between zl and z2 the caustic exi~t~and at every value of z is 

tangent to that trajectory for which Ixl is a maximum. 

We eliminate ~ U from Equations (VII-13) to obtain the 
o 

equation of the caustie i 

2 3 x =-(4/27c)( d + h~/m) • (VII-14) 

At this ~oint it is convenient to introduce the dimensioniess 

. ;) 

parameters yJi3i x/ex ''I, and4l::::v( w+ 5 ), where $' ::.:z/mc, (VII-15) 
o 

w:::d/rc + 3x ~/4hl and v~h!~ ~ >0 0 This choice of parameters 
o 0 

yields relatively ~imple expressions and at the same time avoids 

dividing the·~esults into a number of separate cases acco~ding 

to the sign of m and the sign of c. 

In terms of those parameters, the equation for the 

r;(2 1 ( 4 111) 3 caustic takes the form)(I := 16 1-'3 \f ; (VII-16) 

The· total· envelope consists of three parts and is referred to as 

the "three-part envelopeo" The equation for the extreme 

( + ~- 0) . r;(2 ( 1 lll) 2 trajectories x I = _ X 1S ~ = - +1 • 
004 

(VII-17) 

The envelope is drawn in dimensioriless coordinates in Fig. 4~ The 

part of the envelope defined by (VII-16) is between W=-9/4, 

where the caustic is tangent to the extreme trajectories, and 

; ~O, where it intersects the extreme trajectories. The caustic 

lies within the extreme trajectories between 1JI =0 and lj./=3/4; 
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2 Region of 
least confusion 

Of------

i_I 

-2 

_3~--~----~--~----J---~L---~ 

-4 -3 ··2 o 2 

MU.30.t06 

, . 

Fig. 4. The three-part envelope in 

dimensionless coordinates. 
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it is tangent ot the z axis at W :::.3/4, the paraxial imago for this 

choice of hi' d, and Co The minimum beam width, the !:£.Gio~ of ~ 

£onfusion,:, occurs at \}J=O, where the caustic intersects the 

ext~omc trajectories. 

Detween (W,¢) = (-9/4, 2) and (W,¢) ~ (0, 1/4) the 

envelope is defined by Eq. (VII-IS); elsewhere, it is defined by 

the extreme trajectories (VII-17). 

The half width of the region of 1("lLlst confusion at '-V =0 

is ¢ ~ 1/4; this is one-fourth of the half width at tho paraxial 

focus (~= 3/4). The half width of the beam at the other end of 

the caustic (W= -2) is twice the width at the paraxial focus. 

Since X= c¢~ ,3, it is cleal;' that the beam widths at these points 
o 

depend only upon the coefficient ,c and the maximum initial slope 

i I ; these widths do not depend upon the coefficients d, h~ and m. 
o 

However, the location of the paraxial focus docs depend upon d and 

r, and, in addition, upon c. If moe> 0 9 the caustic will be o~ 

the upstream side 6f the par~xial focus, and vice versa. 

We will illustrate the three-part envelope by giving 

numerical results for th~ double-focusing triplet referred to 

previously. Consider a point source on the axis with no momentum 

spread, and assume that the trajectories are constrained by a 

slit lie entirely the plane. F'or this example - 3 333 
to :tn x-z ex I :::: C 

0 

. = -0.162 in. The half width at the paraxial image is 0.lS2 in.~ 

while the half width at the region of least confusion is 0.041 in. 

Here m= -I, h=l, and d=O; hence w=0.000154 and z='i55434)~ 6 



-82-

;1'ho location of the region of best focus (W=O) is 

z=(55134) (-0.000154)= -8.53 in. These figures may be verified 

by r,eferring to cathode~ray tube (CRT) plot 1/42 in Appendix IlL 

:20 The General Beam Env.~l.9ye Ncar the .Image~ a Point Source 

We now consider a more general situation in which we have 

spr~ads in y I and 6 as well as in x 0. For each choice of y i 
o 0 0 

and 6, we obtain a uniquo value for both d and h; the envelope 

()l&)t.2.i;ncd by varying x I differs from the three-part envelope 
o 

discussed above only in scale and in origin of the abscissa (taxis). 

Our goal is to obain the envelope that contains the entire beam 

in the region near the image plane for the range of param~ters 

-x I~X i~X I~. ~y '~y ':::;y I, -M;'f::..(.D.. 
00000 0 

As Y I and 6 are vMied within the stated bounds, the 
o 

parameters wand v vary within the bounds -'!!..(,\v{,.w and O<,!,,",v o 

The parameter w determines the point where the caustic is tangent 

to the z axis~ and v is a scaling factor. For any value of w, all 

the trajectories for -x '<x '':;:x I and v(.v~v lie wi thin the 
000 -

2 t." 4 - 0 ]3 -thr.ee-part envelope~ 10 =LI-'3v (w+S)' for -9/4~v(w+'S')<O, 

02",[~ + v(w+S)]2 elsewhere. 
(VII-18) 

(As v and ware not necessarily independent, we may have 

A variation in w now merely translates this envelope 

along the ~ axis. The total envelope 9 containing the entire beam9 

consists of a portion of the three-part envelope with w=w for 

r~so anJ a portion of the three-part envelope for w=~ for !( :) .. , 

where So is the intersection of the envelope for w=w with the 
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envelope for w=w. (VlI-l9) 

We now define \Y as \J,.I:::~(~+ ~) and, introduce ll~=:;v(;-~»O~ 

The quantity llW determines whether the total envelope consists 

solely of two pairs of extreme trajectories or whether it contains 

a cautic region. F'or L'I'{J~41 the total envelope consists of two 

, pieces, both of which are pairs of trajectories; this is the case, 

when tho dispersive effects completely overshadow the spherical 

,aberration effects. '1'he envelope is given by 

(VII-20) 

where Wo is the location of the regia).'! of least confusion; 

III __ .!.=~!A\I)< _,2 
\f'o - 4 2 Ll,"r , 4: 0 

(VII-21) 

If b.0( <4 . (but L'lt::.fo, 0) j t.he total Bl'ivelope consists of 

three parts9 the addi'tio:n.al part being a caustic because of the 

spherical aberration terms 

(VII-22) 

2 I .I) .II 2 ¢ ::: (4' + \j' +{j,y) for <V)- tU . 

Here ~9 tho location of the region of least confusionJis given by 

this equation has the. approximate solution 

(VI 1-·24·) 

In li'ig. 5, we plot both the minimum half-width (at the region of 

least confusion) and (the lOGation of the region of least 
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Three-port envelope ----<-I--Two-porf­
envelope 

MU .30407 

Fig. 5. The determination of the location 

and size of the best image. 
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confusion) as functions of I:J.l..y. Figure 6 shows the composito 

envelope for I:J. \l) =- 5/8. 

Fox' uny value of I:J.'V 
>I< 

tho minimum half-width, ¢ 

is given by fl}" = l + UJ 
4 'v + I:J.LV 

We have now determined the location of the region of least 

confusion and the beam width at that point for a beam issuing from 

a source on the' axis with a spread in momentum. If the purpose 

of the beam system is to produce a line image at a slit for 

momentum or mass resolution, we have determined where the slit 

should be placed and the resolution achieved. 

The power-series expansion of x ncar the image foX" 

tr:ujectories issuing from a point source [Sq. (V-52)J is 

C333x ,3 C443 , ,2 + C53"x ' 
X,::: 0 + Xo Yo w a C

553 ,,2 i 
+ {J, X 

o 
(.663 f 

+ , x' 
o 

/ 
53 ••• +z.x I m + z.D I:J.x I + , 

00, 
(VII-26) 

with z again measured from the paraxial image plane. In terms of 

C
333 

these coefficients, we find c - , 
333 53 

whence x= f6 S2 ,h=l+mt.D', 

443 53 C553"Z, 663 ' 
d = C· Yo' + C L\ +' u + C ,and 

53 
C 

333 
C 

+ 
o I') 'ii', 

0, The location of the region of least 

confusion is given by 

) 
663 ·C 

z '" ~ C333 , lIJ - ~ -':-__ 
o x

o
' - .. L (0 4 s;.003 

and by z == a 
m 

x ' o 

+ ~::3j 
443 1 

+ s· ~ + O •• J for 
C333 

113 } +(s-~) ~333,for IJ. 

t. <4, 
(VII·-28) 

)4. 
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Fig. 6. The composite envelope. 
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3. ExamEle of the 1(er:iofl of Least Confusion 

For an example, let us return to the double-focusing 

triplet referred to pr~viously; we' now consider u spread in y '~ 
o 

X I and 6. We have ~ ':::0.0143, ~ '=0,0093 (dc' ,'~ined by the 
o ' 0 0 

8 in. bore), and 6=0.00025 0 The normalized coefficients calculated 

by the digita1computer are £333=_0.1621, 2443=_0.376~, £53=0.000301, 

and £
553:::: 10-8, \'f 1 1 U\I ~ , . Ie ca cu .ate 6",1::: ;;.36, VJiuch shows that the 

total envelope consists of three pieces. From Fig. 5, we determine 

0* ::: 1. 2 and \.\J ::: -1. 4. The minimum half width is then 
o 

1 2 £3 33 --0 0 19' t h ' . 1 f" 1 G ~n.; e reglon of east conUSlon lS ocated at 

Z ::: -24 in •• The family of trajectories corresponding to the 

value s of x " y I, and 6 given above is shown on CRT plot 1)34 
o 0 

in Appendix III. 

Provided the momentum spread is less than ± 1.13~ in 

this example, there will be a three-part envelope, the middle 

piece being a caustic of spherical aberration type. A larger 

momentum spread will result in the entire caustic region 

being buried within the extreme trajectories. 

As another illuRtration, we give numerical results for 

the doublet system described above which provides a line image 

275 in. from the doublet 6f an incoming parallel beam. The two 

quadrupole magnets are 16 in. long with 8 in. diameter apertures; 

they are separated by 9.25 in. To study the envelope in this 

1 1 I 1 I b C 3 3 3 by· C III , examp c we rep ace Xo Jy x o ' Yo Y Yo' etc, , 

because the' trajectories forming the envelope all have z~ro 

initial slope but vary in initial displacement. We consider 

t ' b a l.'Lh y 3 0' \Ve f~Ild C111 __ -0.017 ~n. a monoenerge lC e m w ~ x = = 0 In. A A 
o 0 
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d e22l 
an ::: -0.072 in.; t·he beam half width at the paraxial line 

imagc~ is the sum of the abl;olute values or these two numbers, 

or 0.089 in.. L\~), their ratio is 1.25, thus the envelope consists 

of the extreme trajectories only. \70 find 0"':::: l:IW/2 ::: 2.12; hence 

the minimum beam width is 0.0361 in.; ~~-2.38. The quantity 

corresponding 

noar the line 

to m may be determined from the expression for x 
') 

. . elll 3 e221x y ~- z x If + •••• where 
lInage: x= x + 0 0 0 • 

o 

f is tho focal length of the lens. We replace m by -f in the 

expression for the location of tbe region of least confusion, 

obtaining z::: -6.52 in •. This agrees with the graph, CH'l' plot 

(,51, in Appendix III. For cOll1parison, the calculated rms 

displacement at the paraxial ililuge is 0.00755 in. 

l"or more general object-plane distributions, calculation 

of the width and location of the region of least confusion becomes 

more complicated, generally involving all the coefficients of 

aberration. The computer J)lots representative sets of trajectories 

to scale, thus allowing easy deterinination of both the width and 

the location of the image of least confusion from the resulting 

grapho All the preceding formulas, which have been presented 

for the X-z plane, hold for the y-z plane when the appropriate 

substitutions are made. 

Having discussed the projection of the envelope on the 

y=O plane, and (by symmetry) the projection of the envelope on 

the x=o plane, let us now turn our attention to the projection 

o£ the envelope oti planes near the image that are o~thogonal to 

the optic axis o 
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c. 'rhe Aberration Figu"~::.£ 

In classic optic~ for rot~tionally symmetric syste~s, a 

,point source on the optic axis is not imaged to a point in an 

uncorrected system~ because of spherical aberration., Rather, 

the set of trajectories that form a given angle with the optic axis 

at the source are imaged on a circle whose radius depends upon' 

the initial slope and also upon the point of observation. The 

image of a point sou~ce produced by a beam system lacking 

r.otational symmetry is generally more complicated. The' image 

produced by a quadrupole ma gnot sys tem retains the two··plane 

reflection symmetry characteristic of the magnets. In this section, 

we analyze the shape of the figure traced out by the portion of 

the beam from an axial point source ~lich passes through an elliptical 

aperture. The parametric equations for the group of trajectories 

that pa~s through this aperture are x =y cOt X '= X U cos 9, 
o 0 0 0 

(VII-29) 

At the paraxial image plane the linear terms vanish, 

yielding, for the aberration figure traced out by this group of 

trajectories 1 the 'equations 

C333 3 
Q C443 g . 2g x ::: cos -l- cos S1n , 

444 3 C
433 2 (VII-30) y ::= C sin G + sin G cos G, 

The scale of this figure is'proportional to the cube of th~ scale 

of the elliptical aperture; all the trajectories that would pass 

~hrough the interior of the aperture region, if the interior 

aperture were removed, would also pass through the interior 6f the 

figure in the paraxial image plane define by the foregoing parametric 
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equations. 

We may write these equations in the form 

x::: C
333 

cos G + (C'1A3 - ~333) cos 0 . 20 S1n , 

444 
0 (C '133 ~/l'JA) 2 y,::: C sin + sin G cos O. 

(VII-31) 

Since the linear terms, the fringing-field terms, and the 

chromatic aberration terms are proportional to x I in·the x-z 
0 

plane and .Yo 
I in the y-z plane, we see that we may include them 

without increasing the complexity of the family of figures to be 

studied. However, if these terms are added or if the.plane of 

observation is not the paraxial image plane, the scale of the 

figure will not be directly proportional to the C.Ub8 of the $\:t.e o~-Hle 

elliptical aperture. To treat the general case of the figure 

traced out by the set of trajectories passing through the elliptical 

aperture on some plane orthogonal to the opt{c axis and near the 

image plane, we D1Ust consider the equations 

x = A cos 0 + D cos 0 . 20 Sl.n , 

') 
(VII .. 32) 

y = C sin Q + D sin G cos~O. 

These equations contain four parameters which dete~mine the shape 

and size of the aberration figure. 

Two of these parameters may be effectively removed by 

scaling the x and y axes; the qualitative ,shape of the figure is 

not changed by this scaling. We set x;:; (AD+BC)X/2D (VII-33) 

and .y,::: (AD+BC)Y/2B; then 

') 

X :::: (l+r::) cos 0 + a sin~O cos G, 

(1-8) 
2 

sin Y ::: sin Q ~- a cos 0 G, 
(VII-34) 

where 
AD-BC 

and 
:213D 

8= AD+DC 
a=: 

AD-I-BC 
(VII-35) 

The shape of the aberration figure depends upon the two 
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parameters s and a~ Changing the sign of £ is equivalent to 

interchanging x and y; hence we need only consider positive E to 

class;ify all possible aberration figures. 

Let X=r cos ¢ and Y =: r sin $!J~ (VII-36) 

then we find 

2 2 ,2 
~cd 1+0:/4) 

2 
r =£ +(d/2+1) +2E cos 2G cos 2G, (VII-37) . 

dr 1 
Da+4)ex 2Q 4~J sin 2Q (VIX-38) r-=:- cos ~ 

dG 2 

and 
d¢ 

-1 +(a+2) (J.+s 2G)/r
2 

(VII-39) -:::: <.'.os dQ 

providing tan ¢ is defineda By eKa~IV\h'l~ these equations and the 

equations for X and Y, we can determine the desired characteristics 

of the abetration figure as function of the parameters a and E. 

We first note some distinctive figures that are obtained 

for certain integral v~lues of the two pa~ameters;several 

figures are repr~duced ~n Fig. B. 

With £=0, we obtain seve~al highly ~ymmetric figures. 

A circle is obtained with a=O~, corresponding to the pure spherical 

aberration characteristic'of systems with rotational symmetry. 

A circle is al~o obtained with a=-4; however. this circle has the 

- interesting property that ¢ is swept through three revolution~ 

when Qadvances through one revolutiono With (X.=~2 the figure is 

a rosette with the tips of the leaves lying on the coordinate . 

axes. As lal -;;. co".a rosette is obtained which. is ~otated 45
0 

relative to th~ rosette obtuined with ex= -2. 

As the 'plane of ohser~ation is moved further from the 

image plano, a is diminished~ becoming smhll ,in comparison with 
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uni ty; the rcsul ting aborrut ion fi.gure approClchos an elli pse with 

semiuxes of lengths 1+£ and 1-£ respectively. As u is increased 

in comparison to 1+£ and 1-£, the complexity of the figure increases, 

with as many as four loops or leaves developing in the figure. 

We now turn our attention to classifying figure types. 

:2. Classification of F'igur~~ 

As the par,uileters £ and a. are varied, the aberration 

figure varies assuming shapes intermediate to the characteristic 

ipecial cases described above. Figure 7 shows the division of 

the £ j 0'. space into 22 regions, each of which yields a character­

istic aberration figure. The significance of the curves that 

divide these regions is discussed below. 

The number of loops in the figure is determined by the 

number of roots in the cI{uations X(G)=O and Y(Q)=O. There are no 

loops if the only roots to these equations are Q =0, n/2, nj 

3n/2 j ••• , in which case the aberration figure may be considered 

a distorted ellipse with a maximum extent in theX direction of 

1+c anll in they direction of 1-£. F'or 1+£+a.<0~ X also vanishes 

at sin
2

Q == (l+£)/( .. u.)', here Y== (2+a.) [(1+£)/(_.a.)] 1/20 Y=O has 

addi tional roots provided e i thor -a.> l-c>O or -"0..<1·-£<0. X and Y 

will Loth vanish at the sarile Q provided a.== ···2 and 0<£<1, yielding 

a generalized rosette. These regions have been separated in Fig. 7 

by the appropriClte straight lines . 

. \nother distinctive feature of the aLerrati,')n figures 

is whether they arc concave or convex at the X axis and at the 

Y axis. For 2~>£+1, the fi~urc is concave at the X axis; it is 
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Fig. 7. Division of E~ a space into regions 

yielding difforent aberration figures. 
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at the Y axis only for 2a.>1-c. 

A rosette-type figure is characterized by the fact that 
'1 

~-<Q) has four maxima and four minima in the interval O,G<2n. This 

is characteristic of all figures in the region for which 

') 

11cl ~ 1 <a+2)~-41. The curves separating the E, a space into 

regions with four maxima ulld minima and region with two maxima and 

minima are the two parabolas shown on 1"ig. 7. 

') ') 

ii'inally, for -1~0'.~O, r"'~ < 1+£)'" everywhere on the figure, 
') ') 

and r~~(l-£)~ for a~O or ~ -4. 

With the above cl'iterea, the figure corresponding to any 

pair a, £ can easily be drmvn. Figure B is an array of figures 

for six di~ferent values of c 

2.0, and 3.0) and 12 different values of a (th~t is~ a= -6, -5, 

-4, -3, -2, -1, -0.25, O~ 0.25, 0.375, 1.0, and 2.0); the figuro 

is in three parts, Ba, Bb , and 8c. 

3. Incoming Parallel Beam to Poi!}t lma,;;e 

In the discussion above, we have been referring to the 

image of a point source on the axis, so that x ::::0, y =0, whilo 
o 0 

X i and y i were vD.ried. An incoming parallel bealn, passing 
o 0 

through the same elliptical aperture and then focused to a point 

(for ]laraxial trajectories), produces exactly the same types of 

aberration figures on planvs ol'thogonal to the optic axis and close 

to the i00ge plane. For a parnllel beam, we set x '=y '=0, 
o 0 

The 

<s;.lll, s;.221, coefficients involved are those of Xo and Yo _ etc.); 

the same separation into figure typos applies. 
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"., Hemarks on the General l",i(~ur_~~YJ.~.3.? 

In the above pages, we have discussod the considerations 

that lend to a great many distinct.ive figure types. Although some 

quantitative statements were made about the size of the figure, 

complete expressions for the maximum extent in the x, y, and radial 

directions would llUve to be divided into so many cases that this 

type of description would Ilave little usefulness. As an alternative, 

the computer proe;ram was equipped to plot the aberration figure 

to scale, thus immediately showing quantitatively every charactor­

istic of the figure. 

D. Concluding" HemCl rks on the Two Examj?les 

In the previous parts of this chapter, we have examined 

the projections of the boam envelope in the neighborhood of an 

image. \'/e have also develo pod expressions for the maximum and rms 

aberration displacemellts, which are usoful for comparing 

aberrations of different beam systems. In this section we compare 

the aberrations due to misalignments, etc o , with the inherent 

aberrations. We also discuss an improvement in the point-source 

to point-image beam system which reduces the aberrations. 

1. Tolerances 

Tho measure of tolerances required is that the effects 

due to misalignments, etc. should be smaller than the maximum 

aberration displacement. We usc examplo #1, the double-focusing 

quadrupole triplet with unit magnification in both planes to 

illustrate the Use of our results. In this example the maximum 

aberration displacements are 0.94 in. in the x direction and 1.35 
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in. in tho y direction. 

The most important tolerance coefficients (V-51) for the 

middle mi\(~net are 

l() 3 'r2 14 7 '1,4 0 3 - • , 1::::; - 0 , 1::: -15 0.:;: T 2 and 

'.r~::: 13.10 If cS x and £y arc the displacements of the middle ... 
magnet and Wits rotation, the displacements introduced are 

Ax ::: 5.GlSx -14.7 ~y -4500 ~y I + 
o 0 

(VII-40) 

Ay ::: -10.3h +l3.ll.OX + 4500 Wx I + 
o 0 

... 

Thus, a displacement of 0.17 in. in the x direction would displace 

the imar~e by an amount equal to the maximum aberration displacement 

in the x direction; a displacement of 0.14 in. in the y direction 

would displace the image by an amount equal to the maximum 

aberration displacement in that direction. 

A rotation of 1.30 
in the second magnet will smear the 

image in both directions by an amount equivalent to the maximum 

aberration displacements. This dnmaftes imar;e quali ty more than 

tho simple displacement caused hy the shifting of the magnet. 

The smearing in the imn~e due to the higher harmonic 

components present in this magnet is 
CO 

and 

Ax ::: 5.6 i. f ,n-1 sin Un-lhj+~ 1 
~~~ n n 

Ay :::10. 3 ~ f Qn-l 
1'1 ... 3 n 1 

cos [( 11. - 1 ) G + ~ 1 
n 

(VII-,ll) 

where a= 4 in.'. If these effects are to be less than the maximum 

aberration displacements then we must have 

<X> 

~3 f < 0.035 Q That is to say, the total contribution 
Xl::: n 

to the m''l.p;netic field at f1l11 radius due to tho harmonics must be 
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loss than 3.5%. 

It is important {,o note that all the above fit~ures have 

been based on a comparison with tho maximum aberration displacements. 

A cOQparison with the rms displacements would yield tolorances that 

are o5lOaller, by an order of magnitudeo 

Tho correspondinf~ tolerances for the first and third 

magnets arc slightly larger than tho tolerances stated above for 

the middle magnet. For example, T~= -3.80 for both the first and 

the third magnets. 

Since none of these tolerances should prove difficult to 

meet, it is clear that the inherent aberrations limit beam system 

perfornmnco in tho example considered. 

2. The Reduction of Aberrations 

In III.~~.4 it wa~; noted that the introduction of octupole 

magnetic field componc'nts frequently can be used to advantage to 

reduce offensive aberrations. Although we have tried to do so 

with the computer code in the examples described above, the results 

were poor. Improvement of the linear programming techniques used 

in the code could probably enable it to prescribe octupole field 

components in a beneficial way. 

The triplet magnet used for the calculations in 

example 111 may be replaced by two doublets; this is equivalent 

to splitting the center magnet of the triplet into two n~gnets. 

The effect of separating the two doublets up to 150 inches while 

mainL\: -- ~n,,,; the ::;il.;l0 location of the source and image points was 

studied with the code. For each separation the Ciuudrupoles were 

readjusted so as to retain the double-focusing properties with 
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unit magnification in both pIanos. A .separation of [50 in. reduces 

tho distances to the source and image from 275 in. to 250 in., thus 

increasing the maximum slopes of the trajectories that pass 

through tho magnets withou~ encountering a wall along the way. 

With equal solid angles, the aberrations for the system with a 

50 in. separation ari.~ 25% to 30 % loss than the aberrations for 

tho system with no separation. 

Even if the aperture of these magnets remains filled, the 

aberrations arc reduced as the separation is increased. The 

tolerances in displa6ing a magnet are rolaxed by about 4%; since 

the samo figure applies to the higher harmonic influence! those 

tolerances are reduced by the same amount. The tolerances on 

rotating a magnet are relaxed 13%0 The maximum aberration 

displacements are reduced about 5% though some coefficients are 

reduced by as much as 30 % d elll 
nn·· ~ for exnmple)o 

The maximum aberrations are reduced by small amounts because the 

maximum slopes permitted are larger than in the case with no 

separation between the doublets. Other than the increased power 

requirements, the only cost in this separation is that of replacing 

one 32-in. magnet by two-lG in. magnets. In this example the 

excitation of the center quadrupole magnets is increased from 10 79 

kg/in. to 1.86 kg/in., and that of the other quadrupoles is increased 

from 1. 95 kg/in. to 2.05 kg/in •• 

The effects of changing the separation of the quadrupole 

magnets in a triplet were illso studied with the code. The 

quadrupole Lla[;nets in eX,\lnjJle ill are separated by an effective 

length of 8.5 in •. If thi:~ separation is increased to 20 in., 
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retaining the imH(;e and object drift lengths at 275 in. i the 

allcrrutions are reduced by 30% to 35%; the power requirements are 

also reduced, since tho gradients are :20% .smaller. If the 

separation is eliminated, the aberrations are 60% to 70% larger 

than those described in example 711; the required gradients are 

increased by 31~. The solid angle admitted by tho quadrupole 

magnets was '.lssumed to remain unchanged in these illustrations. 
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VIII. :rml 7090 QUi\]):W!'OLI~ ABERlU\TIO;\f PIWGHAM 

To calculate aberrations and other properties of beam 

systems, a computer program has been written for the IBM 7090 

digital computer. 

A. .Pro ":r'am SCO')C ______ I,, _________ L __ 

ll.nown us "4Im i this program calculates first--order 

optical properties, including dispersioo l of an arbitrary beam 

system consisting of no more than thirty of the following types 

of bourn elements: 

(a) dri ft spuce; 

(b) quadrupole magnet; 

(e) oetupolemagnct; 

(d) bendinG magnets with bends in either plane. with arbitrary 

angles of entry and exit I Hnd with an arbitrary field exponoD.t; 

(0) pseudo-elements " wille h provide a dri ft space in one plane 

but not in the other, providing a handy dovice for specifying 

properties thut occur at a different location in the x-z plane 

than in the y-z plane; 

(~) any other type of element whose optical properties are 

described solely by fixed 3x3 transfer matrices in each plane. 

In addition, the pro[C;ram calculate::; all the obarra tions, 

through third-order in the previously defined small parameters, 

of a OCUIll system consisting- of qua.rlrupole and octupolc magnets 

and drift spaces. The tolerance requirements on pli:\cemcnts and 

construction of all consti tuent quadrupole ma[~nets ure also 

calculated. Convenient and easily interpreted output is provided 
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optical p~'opeetie:.5 \·,hile r('b~rictin;~ e,lch varied par;uneter to 

previously deterLlined bouncs. In addition, the program will seck 

tll lilinimize objectionable (.berrations while keeping the fiest-order 

propcrties unchani;ed. ;'1<Iny other features of the code allow the 

widest latitude in its application while retaining simplicity in 

its use, 

Control of the flow through the program is specified by 

a sequence of "CALL cards" that are Jlut in a mnemonic format 

siliiila:c to mnemonic computer instructions. Input and d:.rtput 

options are 1I1ainly controll cd through. a series of internal switches 

that are 15et by a single cdcd and that may be independently changed 

at any time. 

B. I:;u,ic C:OElputcr Hcquircd 

The present verblon of the program is designed to 

o fJel~a te under the li'Oln'HAN-I I l1loni tor on a 7000 computer equipped 

wi th s(:ven index-re[;isters, a cathode-ray-tube (CHT), and a 

direct data clock on channel D. The code is approximately one-

half i"Ai) coded and one-half li'OiI.T:U.N coded, with F'AP coding on 

most of the highly repetitive calculations and on the supervisor 

routine.s. 

C. i{equi i~ed Input ]);na 

'l'he input data ne0ded to calculate the first-order 
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optical pr~perties of a beam system consist of tho appropriate 

parameters of length and fiold for each constituont boam element: 

lonu;th, gradient for quadrupoles; 

length, field, field exponent, orientation angles for 

bonding magnets; 

longth, field for solenoid magnets; 

length for drift spaces and octupole magnets. 

~lements described solely by their transfer matrices require the 

input of those matrices. 

A beam system consisting solely of quadrupole magnets 

and drift spaces may be com:)lotely describod lJY giving the field' 

gT<tdJ.ent as a function of di.stance nlonl~ the optic axis. Given 

these data and n minimum of information about ma[~net locations I 

the codo will calculate offective magnet and drift-space len(;ths, 

effoctivo field gradients for the ma(;nets, and the shape coeffici­

ents required for the calculation of aberrations. An additional 

feature provides for tho construction of tho field·.gradient 

function, given the location and ' ~gth of each quadrupole magnet 

and the "half width!! characteristic of the fringing field of each 

magnet 

A subsidiary feature of the code provides for direct 

integrution of the differential equations for several trajectories 

by using the field gradient function, 0(z). 

If it is desired to alter the parameters to effect a 

desired optimization, then the following additional data are 

required: 

(a) list of the parar.wters that may be varied including 
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desig'l!ution of pur'umeters to be varied together; 

(0) lilinirnura and maximum constraints upon each parameter to 

.)e varied; 

(c) list of conditions to lJc sati:.-;fied, the desired properties. 

1. Field Datu 

When the beam system pararnete.rs are derived from a 

gradient dunction, either given or calculated by the code, the 

code plots graphs showing the gradient function and showing the 

separation, for each magnet, into a stop function and a difference 

function. 

2. Li.near 'pr0.Eertie.~ 

The primary output describing the linear properties 

consists of a full description of each clement in the beam system 

and the 3x3 transfer matrices in each plane. If desired, transfer 

mutriC0s to interm6diate points may be provided. 

Deam width.s may be calculated and listed as well as the 

location and size of the virtual waists Cden by each element in 

the system. In addition, the code may be directed to plot the beam 

profile in each plane for tho entire system and also to plot the 

phase ellipses, in each plane, between each constituent element • 

. ~._Q.£i:L~_.zation of Linear Pr~J?c:r:.!:..:~~~. 

When asked to adjust certain parameters to achieve 

specified first-order properties 1 the code provides the usual data 

yielded by linear programming techniques. These data inclUde 
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initial and final errors ill meeting the specified properties, the 

variations made in the paramet()rs~ the dependence of tho error 

upon the constraints imposed, and the errors in meoting the 

constraints. 

'1. .\ berra t iOl1fJ 

Additional data needed to calculate the aberrations of 

a system including only quadrupole and octupole magnets and 

drift-::;paces consist of tlw field-shape coofficien.ts for the 

quadrupole milgn.ets and the third derivative of the magnetic field 

for magnets having octupole fiold components. 

The primary output for the aberration calculations 

consists of a list of the coefficients describing tho tolerances· 

of each magnet wi th respect to displacements j roCed.ions, and 

undesired harmonics of the magnetic field, followed by a list of 

the coefficients in the expansions of x, y, x', and yl in terms 

of x Y x I y' and 6 grouped by. type of aberration. 
0' 0' 0' o! 

data arc followed by the normalized aberration coefficients 

These 

appropriate to the given bounds on the object-plane parameters. 

The l::aximum displacements in x and y due to the alJerra tions, 

assulning a rectangUlar object space, are calculated us are the rms 

di::;placcments, which assume a hypcrellipsoid object·~planc 

distribution. 

If desired, the code will plot the aberration figure which 

is the image of a point, source on the axis. 

A five-dimensional raster of coordinates (x , y • x I, 
000 

Yo', 6) 1ilay lJe Si)ccified by givin:; Uj)per and lower bounds and 

incrementoS in each parumetcc. The code will then calculate the 
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linear ..... d ~~bel'r'atil)n tCCJllh in x, y, X, 
I and y' for each trajectory 

whose ooject-plane coordin;d;e:..; arc [~iven oy one of tho points in 

tho i'ivc-diracl1:;;lollul ratiter. Oata may be plotted in addition to 

If they are plotted, one may spociIy any or all of 

the three projections of the trnjectories upon the coordinate 

planes. With the scales given upon the plots, the location and 

si;"es of the "imag'es of loa::;t confusion" may be quickly determined. 

The plots also show whether' a .small or laq~e proportion of the 

traject6ries is adversely affected by the system's aberrations. 

F'reC(uently the virtual sources are distinctively shown upon the 

»lots. As all of thoso daLa aro highly dependent upon the region 

of object-plane phase space occupied, provisions arc incll1ded for 

changin~ this region and ob.sel~ving tho effects of this change. 

With the exception of the plots, all the other dnto are 

calculated very rapidlyo The code initiates a beam system, 

adjusts it to provide tho specified first-order properties, and 

then calculates all the first-order properties and the aberration 

properties in a fraction of a minute. Plotting is considerably 

slower, taking between 2 seconds and a half minute, depending 

upon tho complexity of tho plot. 
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APPENDIX I. EQUATIONS FOR ABEHl\J\TION COEFFICIENTS 

A complete list of the expressions that yield the coefficients 

of aberration follows. The symbolic notation used is that introduced in 

Chapter V J and i~; here redeftned for convcntence. 'rhe following integral 

types are referred to: 

z 

(mn) := J ¢(~) \n(S) Xn(s)(lS, for example 

o 

(22) 

z 

J ¢2(UX (OX (OX (OX (s)ds m n p q 
o 

(mnpq) 

z 

Z 

:= 1 ¢ Ye 
2 

dS 

o 

and q:( 4 

J ¢(s)Xm(s)Xn(~)Xp(s)Xq(s)ds 
o 

tf any m,n,p,q > 4, 

z 

(mnpq) J 'lr( ~) X (0 X (0 X (0 X (Ods , m n p q , 

o 

z s 
(mn Ipq) J ds xm(O Xn(07(~f d~ Xp(~) Xn(~)t(~) 

o 0 

The ::ums taken over the frtnc;ing fields are denoted by 

SlM = 
~~ .y 
.c:.~ 

i 

(all fringe 

C
i
¢ . X (z.)X (z.) for example 

Sl m 1 n 1 

fields) S 42:= L: c. ¢ . Yo ( z . ) Ye ( Z i ) , 
i 1 Sl 1 ' 



\-There 

x (z) 
1 

== x ('I.) e ) X,.(z) 
:J 

X(z)=y(z)) 
2 e X!~ ( z) 

He have 

where 

~l := x(O), \)12:= y(O), 

x ('l.)) 
0 

x,_( 'I.) == 
) 

Yo(Z)) X6(z) 

'1 :c Xl (0)) 
:5 

:= 

The tolerance coefficients art! defined by: 

and 

i 

X
7

( z) 
i 

Xe ('I.), X (z)) 
0 

Ye'(z), XS(z) := Y I(Z). 
0 

t V '1' 0 A. T 1 I b~ 'I' 2 A. T 3 §~ T 4 I 
Y =. () 2 + () 2 \jIl + 0· 2 ~2 + () 2 \jr3 + (f- 2 'Jf4· 

'l'he 8qllations defining the cOI,~fficients are 
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C33) = ~ X
J
(S333) - ~ X)(3331) - l x (7733) + l X (~(53)) + X (7~7~)) ). ) 2 1 2 ) 1 I / 

- X .. (7731)+ ~ Xl (3)33) - ~ X.,(3331) , 
) :J ) ) 

- X (6642) - ~ X
J 
(2222) + ~ X2(422~1 J 

2 ) + ) 
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7.31 1 1 
C) = - X-(3311) + X (3331) + - X (5533) - - X (7533) + X (7531) :> 1 2 3 ·2 1 3 
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e552 
:::: - X4(221 42 ) + X2(42!42) + X4(42122) - X2(441 22 ) I 

551 
- X3(11131) + XI (31 131) + X

3
(31 111) - Xl (331 11) e == 

55Lj. ,~X2(lJ.4jLJ.2) + X
4

(LJ.2j1J.2) + X2(42144) .• X
4

(22j!,.4) j e :::: 

e553 -- - XI (33131 ) + X,(31 !31 ) + Xl (3l I33) - X
3

(11133) , 

e661 
:::: - XlS71 ~ XlS53 -I- 2X3S51 ) 

C662 
:=: X2S82 + X2864 - 2%4.862 , 

663 
X3853 + X387l " .. 2X1873 } e :=: 

and 

e664 
:= - X486!,. - X4s82 + 2X~P8!~ . 

The coefficiE~nts in the expansions for x! a and .a 
y are 

a 
obtained from the correspondlrig coefficients in the expansions for x 

and ya by replacing each X
k 

appearlng in the expression by its 

derivative, Xl 4' For example: 
<:-t-
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Tolerance Coefficients 

The tolerance coefficients for the kth quadrupole magnet are 

given by the follmrine; expressions with the integrals taken over the 

kth quadrupole, having no contrlbutions elsewhere. 

The tolerance coefficlents are given by 

TO=: Xl ~ ¢k X3 - X3 f ¢k Xl ' 
T 0 _ -X J ¢k X4 + X4 f ¢k X2 i 1 

k 
2 - 2 k k 

T I::: Xl f ¢k X
3
Xl ~ X3 J ¢kXlXl ' 

T J. ::: 2X2 J ¢kX4 XJ. - 2X4 J ¢kX2Xl ' J. 2 
k k ' k k 

T 2 ::: 
-2X.J. ~ ¢k~3X2 + 2X3 fc ¢kXl'l > 

'r 2 _ 
-X2 ~ ¢kX4X2 + X4 ~ ¢kX2X2 } 1 

""r) --
f. ..• 

T 3 ::: Xl J ¢l X3X3 - X3 J ¢k X7X, ,9 
T 3 -

2X2 ~ ¢ll4X3 - 2Xq. ~ ¢k
X3X2 i 1 k \. k.J.l 2 -

T 4'= 
1 .. 2XJ. ~ ¢ll4X3 + 2)(3 ~ ¢k)(lll ' 

T 4 ::: 
2 -x J ¢kX4Xl + X4 J ¢kX4X2 . 

2 k + k 
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AI)PENDIX' II 

OPERATING INSTRUCTIONS FOR QUl\.DRUPOLE ABERRA'rION CODE 

The scope of the code as described in Chapter VIII consists of tvro 

primary functions: (a) calculation of the linear and aberration properties 

of a beam system, and (b) adjustment of specified parameters of the beam 

system to provide desired optical properties. These calcuJ_ations are 

executed by a large munber of subroutines ,,,hich operate under the direction 

of the program ~ervisor j it in turn is governed by a sequence of cards 

directing the order of calculations to be performed. 

A '. __ ?.EPervi~ 

1. Call Cards 

The cards that control the sequenoe of calculations are called 

. "CALL cards". Each CALL card contains four fields, the first of which 

contains a mnemonic word of from one to six letters. This word is 

matched against a table in the f3upervisor Imown as the I<call list". 

For each name on the list, a location in the program is given; this 

location may be the entry :point of some subroutine or the start of some 

calculational sequence within the supervisor. The name given on the call 

card must be left adjusted in the field and must contain no blanl\:s. 

Upon recognition of the name on the card,the supervisor transfers control 

to the location corresponding to that name. If the name is not contained 

in the call list, that fact is noted and the supervisor reads the next 

. card and again examines the call list. 

The second and third fields of the call card each con~ain an integer 

whose function depends upon the particular call card involved. The last 

field is a print control field ",hich is described, under subroutine 
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TRAP, in section D. 4. b. The naHl;S that mD,Y'le used on CALL cards are 

. listed at the end of the next section. 

2. Repeating groups of CAl,L cards 

A sequence of. CALTJ cards may be repeated a specified number of times 

by means of a subroutine in the supervisor called into action by the 

CALL card, REPEAT. rrhe card, m~PEAT m n, is followed by m CALL cards. 

The m CALL cards are stored and each is executed in sequence, the sequence 

being repeated a total of n times. For example, the sequence of cards 

REPEAT0275 
DESIGN 
SYSTEM 

would cause the execution of 75 Hera U.onf! of the linear programming 

problem set up by subroutine DESIGN, and the resultant beam system is 

listed after each iteration under control of the SYS'fEM card. Further 

description of the CALL cards m~SIGN and SYSTEM is deferred until 

later. 

Following the CALL cards under the control of a REPEAT card, all 

data cards to be read by the CALL cards must appear in the order in 

... \J/l~lich they will be called. M'3,ny CALL cards may not be included in the 

domain of a REPEAT card -- for i.nstance, a second REPEAT card or a 

CALL card that uc;e~; data in the second and third fields (these fields are 

not read for CALL cards in the domain of a REPEAT). Those cards which 

can be used in the domain of REPEAT are so noted in the CALL list. 

Prior to the execution of the first CALL card in the dO[{lr'J.in of a 

REPf~A'l' card) the following line is written; "REPEAT 'rIIE NEXT m CARDS n 

TIMES,'" 

In some instances the REPEAT sequence can be terminated before the 

normal exit, For example) if the error in meeting specifications in the 
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optimization routines is sufftcicntly small at the end of a given iteration, 

the optimization routine exists to CALL, which executes the next call 

card after the REPEAT sequence. 

Wl1en the execution of one CALL card has been coml)leted, the code 

reads the next CALL card and initiate execution of this card, 'luis is 

,also true of REPEAT cards. 

d . The CALL list 

The following names comprise the CALL Listj they are listed in 

three groups. The first group consists of those names which may be used 

on CALL cards in the domain of a REPEA'r card as well as on CALL cards 

not in the domain of a REPEAT card. The second group are those names 

\{hich should not be used on CALL cards in the domain of a REPEA'r card but 

which may be used on other CALL cards. , The third group consists of names 

1-rhich ma;}" not be used on any CALL card but which may be used as reference 

names on ALTER, PEEK, and ~'EST cards. 

a. Names that may b,e use~r: CALL cards 11] the_.£omain of a REPEAT card 

RKY3--integrates orbits through system using exact equations, 

BELL--creates gradient function for beam system using bell shape, 

mCHI--clears all aberration integrals} 

SHAPE--calculates quadrupole magnet parameters from gradient function, 

SUMl--forms aberration coefficients without octupole terms, 

SUlv'Q·--adds octupole term contributions to aberration coefficj,ents) 

srrATE--outputs aberration calcul:J,tions, written and plotted, 

EXIT--terminates calculations and return~control to monitor} 

FIRST--calculates first-order displacements and slopes of a trajectory, 

THIRD--·calculates h.igher-order terms in displacements and slopes, 
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FOCUS--adjusts two parameters to meet two conditions, 

DESIGN--sets up and executes l:Lncar programming problem to adjust many 

po,rameters to meet many specificatj.ons, 

PAUSE--executes halt and proceed, wit,h clock disconnected, for operator 

action, 

NORM--calculates normalized coefficients and mean aberrations), 

SENSE--cmnges program switches controlling various options, 

'I'IME--writes line showing time remaining for job, 

FJECT--starts new page \{i th heading, shows time remaining, 

TITLE--Gnters new heading text, 

.ALTER--modifies stored instructions or constants, 

READ--enters parameters of beam system, 

THACE--calculatesfirst-order propertics of beam system, 

SOLVE--claculates aberrationo for sYf3tem and lists them, 

SYSTE[vl--writes system parameters and calculates first-order properties, 

DlJJV1PC--dumps COMMON region' and. exHs to monitor 

DUMPAL--dumps COMMON region and program region, exits to monitor, 

ffiEID--plots CRT identification preceding plotting, sets IF(lO) to 0, 

H)srI'ID--plots CRT identification completing film, sets IF(lO) to 1, 

IUNCH--punches beam-system parameter cards, 

PEEK·,'-setf3 up and executes snapshot dump, 

VAHY··-changes the parameters of a single beam-system element, 

Ai3SIGN--assigm; dummy variables to system parameters for optimization, 

E:nRSET--~}ctG specifications to be; met by optimization routines) 

nUTEH-·-calculates initial errors in meeting desired specifj.cat:i.ons, 

HEJ:i'INE--adjusts parameters to minimize aberrations, 

NEWP--enters new design momentum, 

SAVE--vTri tes current beam-system parameters on select tape} 
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NOTE .. -reads text and prints on-line for operator :Lnstruction, 

OBJECT··~reads object-plane paramc!ters, 

SCWRIT- .. writes object·.plane parameters 

SHOW .. _·wri tes transfer matrices and locations of focal points. 

REPEAT--executes a group of CALL cards several times :i.n succession, 

CHANGE .. -same as REPEAT except tbat 'the parameters of one element change, 

'UNLOAD--wri tes end' of file and unloa~ selected tape) 

OUTTAP--selects nevT output tape, 

TEST--skips or executes a group of call cards, depending upon test outcome, 
" 

REMOVE--removes selected element from beam system, 

INSERT--inserts addj:tional element into beam system, 

SAVTAP--selects utility tape for saving system parameters, 

RELOAD--reloads system paraineten:: from tape, locates "best" system} 

SELECT··-assigns two utility tapef; for use of SCAN) STATE) and RESCAN 

DEFINE·--defines an user··chosen function to be used by optimization routines. 

STEP--directs stepping linear or abberation calculations tbTough elements 

of beam systemJ 

SIMPLX, DEL, ERR) GET, JMYJ MIN, NEW, PlV, ROW, VER, XCK-~subroutines in 

RS MSUB linear programming subroutine) 

SHAPES'--sets up cEJ,lculation of pc':1.rameters of qua,drupole magnet) 

LABEr2--CRT plotting routine called BELL, 

GRlD--CRT plotting routine to plot coordinate grids) 

SOLVES--calculates aberration integrals and tolerance coefficients, 
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CHICHI--carries first-order solutions through quadrupole magnet, 

,INT--interpolation subroutine, 

COEFT--determines five-point interpolation coefficients, 

FPSI--calculates bell function in creating gradient curv,e, 

,WRlIT--Runge-Kutta integration routine, 

W--calculates higher-orde'r terms for Runge-Kutta integration, 

WWRK--calculates derivatives for Runge-Kutta routine) 

ABS-~dummy entry point corresponding to location zero, 

RESCAN--plots aberration envelopes fran data on utility tapes. 

1~. ,Pror;;ram Options--SENSE cards 

Thirty-one locations in the code are reserved for switches that 

are tested by the program to determine which options should be executed. 

Thirty of these switches form the ari'ay IF(k), k::::l,' 30. The other cell 

contains a single word, BOOL} which is always interpreted as a collection 

of bits and is usually inserted into the SENSE INDICATOR register for 

testing. , 

All these switches are set and reset from a single card which 

follows the CALL card, SENSE (which instructs the supervisor to read the 

SENSE card). The first thirty columns of the SENSE card are interpreted 

as the thirty integers IF(k). A blank in one of these columns signifies, 

"that the corresponding IF(k) is to remain unchanged; thus only those col­

unms containj,ng :punches change the switch settings. 

BOOI.! is always inserted as a twelve-digit octal word. Only the 

left half of the word is interpreted and stored. The right half of 

BOOL can be changed only by the :rrogram (or thr ough an ALTER card). 

The word consists of 36 bits or binary digits, each of which may take the 

value zero or one. Groups of three bits are represented by a single octal 



-12.3-

digit. The correspondence is: 000::::0, 001::::1, 010==2, 011=3, 100=4, 101::::5; 

110:=:6, and 111=7. BOOL must contain no blanlcs when entered on the SENSE 

card. 

S.ome of the switch settings are cbanged. by the program, particularly 

when conflicts arise. 

Also on the SENSE card is the CHIll' field; ClUF is a floo.ting~ 

point number which is used only in the Runge"·Kutta integration routines. 

CHIF is the value of z at whtch a new SENSE CARD is to be read (to set new 

output options). 

~:....y~!icance ..S?f IFV::1 . .E.2t~.1!ll'"2..:. The lj.sttng of the significance of 

the Svritches which follovTs is for co nventence; fuller explanations will 

be found in the description of the calculations affected by' a particular 

slVitch. 

IF(2 ) 

. IF(3) 

IF(5) 

IF(7) 

selects linear programming problem and :Ls normally zero, 

==0 minj.mizes !l1r-:l.X j.rnu!tl error and sum of errors; 

1== minimizes sum of errors, 

:::2 minimizes sum of errors and prevents errors from changing sign, 

determines recovery procedure from EXEM (normally 1), 

:::0 read«write' error terminates current CALL card; reads next oney 

=1 code attempts to salvage data and continue calcuJ.ations • 

debug output from WWRK if nonzero (prints deri va ti ves); . 

normally zero; subrouttne BELL prtnts PIn(z) if nonzero. 

freQuency of printing of solutions under RKY3, 

=0 no printing, 

::=:k, k/o then print every kth Runge-Kutta step, 



IF(lO) 

IF(ll) 

IF(12 ) 

IF(15 ). 

IF(16) 

IF(18) 

IF(20) 
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number of times trajectory points are plotted in "Beam Cross-

section" plots; IF( 9 )=)1. is satisfactory. 

CRT plotting switch; no plotting can be done unless IF(lO)=O. 

relative intensity of plotted lines (as the magnet locations in 

BELL and SIlAJ.='E plots) j intensity is proportional to exp [-IF(ll)] j 

IF(ll)=l is satisfa·ctol'Y. 

intensity of grid linef: is proportional to exp( -IF(12)); 

IF(12)=6gives optimum appearance. 

number of times curves are plotted; IF(13 ):c:3 j,s good. 

intensity of trajectorjes in "Aberration Envelope" plots; 

j,ntensity is proportional to exp[ -IF(l)+)). IF(14)=6 is good. 

provided about 100 trajectories are plotted. 

number of times head inc; text is plotted; IF(15 )=3 is good. 

normally zero. If nonzero) transfer matrices and error are 

printc:;d every time the linear properties of the beam system are 

calculated (TRACE, SYS~I.'}'1vl). 

normally zero. If not zero) the constraint matrix for the 

linear programming problems set up by DESIGN and REFINE are 

printed. 

controls output of DESIGN and REli'INE, 

=0 minimal output printed--initia1 and final errors and the 

arrays INFIX and KOUT, 

:::1 medium output lists solutions, errors, basis (suggested 

output ), 

=2 advances page and prints constraints in addition to above. 

.norma11y zero. If nonzero, aberration coefficients are printed 

after each magnet under SOLVE, showing partial contributions due 



IF(2l) 

IF(22 ) 
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to that magnet ~ 

controls plotting of l)hase ellipses under SYSTEM or TRACE, 

:=:0 no phase ellipses are plotted, 

==1 phase ellipses before the first element and after the last 

element are plotted, 

=2 phase ellipses beb'reen elements are also plotted. 

controls output of beam enve~.ope properties under SYSTEM 

-fl no output of envelope properties, 

:=:1 virtual waists at the .end of the system are printed, 

~2 ,virtual vTaists seen by each element are printed, 

=3 Or 4 --beam widths are printed for entire system 

=4 or 5 --beam envelo))e is plotted. 

Those switches which are not listed above are presently not used. 

b. Significance of BOOL 01?!~~. The bits are numbered from left to right 

with the sign bit denoted as bit number 1. Following each bit number is the 

octal word which place a 1 in that bit. Bits 1··18 are set from the 

SENSE card while 19-36 are set by the program, 

Bit Octal e9.uivale~~ Significance 

1 400000 000000 normally 0; debug dump of integral formulation by 

SOLVES if L 

2 200000 000000· 

3 100000 000000 

normally 0; debug dump of partial sums for coefficient 

formulation by SUMl} S0M2 if 1. 

normally OJ if OJ then aberration coefficients 

calculated at intermediate points (IF(20)-f0) 

refer to the expansions at the end of the system; 

if I, then coefficients refer to expansions at that 



·4 01~0000 000000 

5 020000 000000 

6 010000 000000 

7 004000 000000 
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intermedhtte point. 

normally 0,; if 1, double integrals for third-order 

dispers1.on terms will not be calculated. 

set ~jy srrEI'; 0 denotes qUfl,drupole field; 1 denotes 

no q,uadrupole field in given magnet. 

set by STEP; 0 denotes octupole field; 1 denotes 

no octupolc field component. 

if 0, the third column of the transfer matrices 

will not be calculated through quadrupoles} if 1, 

the third column will be CalC'Ll1a ted. 

Bits 4-7 are set by the program to avoid calculations that are not needed~ 

such as calculating dispersive terms when there are no dispersive elements 

in the beam system, calculating 'l~he qU::'l.drupole components of the coeffi­

cients through octupole magnets} or calculating octupole contributions 

in pure quadrupole magnets. Obv:Lous time savings result. We now continue 

with the listing of the bits. 

Bit Oct§1-1 egpi valent 

8 002000 000000 

9 001000 000000 

10 000400 000000 

11 000200 000000 

12 000100 000000 

Significance 

not used. 

not used. 

if 1, then partial sums in the formulation of the 

mean aherrations and maximum aberrations will be 

listed by STATE; if 0, sums. not listed. 

if 1) . line~lr and total displacements and slopes 

will be listed for each trajectory in the SCAN 

raster by STATE; if 0, trajectories not listed. 

if 1, aberration :figure will be plotted by STATE; if 

0, abberation figure not plotted. 



13 000040 000000 

14 000020 000000 

15 000010 000000 

16 000004 000000 

17 000002 000000 

. 18 000001 000000 

19 000000 4·00000 

20 000000 200000 

21 000000 100000 

22 000000040000 

25 000000 020000 
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not used. 

if 1) excessive printing for ,job 1{ill not suppress 

subsequent printing; if 0) printing beyond 2300 

lines will be suppressed. 

if 1; calculation interrupted by expiration of time 

will be c anpleted (this option is not presently 

available) . 

if 1, STA'EE will plot beam cross section; if 0, 

beam cross section will not be plotted. 

if 1) STATE will plot x-z plane aberration envelope 

(requests utility tapes); if 0) x-z l)lane aberration 

envelope will not be plotted . 

if 1) STATE vill plot y-z plane aberra ti.on envelope; 

if 1, .control is under call card REPINE (suppresses 

output from SOLVE during iterations). 

if 0) no octupole fields in system--SOLVE does not 

call SUM2, STATE) if 1, there :i.s octupole field-­

SOLVE calls STATE b,rice. 

if 1, there is a beam specification at some interior 

loca tionj 'TRACE then calls MIDIiJm after every element. 

if 1) both utility tapes required for aberration 

envelope plots are available and have been vritten; 

if 0) tapes are not available (indicates either no 

SELECT card or error in SELECT card). 

if 1) utilj.ty tapes have been requested by STATE 



24 000000 010000 

25 000000 004000 

through 

30 000000 000100 

31 000000 000040 

32 000000 000020 

33 000600 000010 

34 000000 000004 

35 000000 000002 

36 000000 000001 
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(request granted by SCAN if tal)eS are available) j 

if 0) tapes h-~ ve not been requested. 

indicates which utility tape is being written (SCAN) 

not used. 

if 1) too much printing has been attempted under 

current CALL card. 

if 1) more than 2300 lines have been written. 

if 1) time is about to expire «0.15 min remains). 

controls calculation of beam envelope properties by 

TRACE; if OJ envelope not calculated. 

if l} at least one print line ros been suppressed 

because of exceeding 2300 printed lines. 

if l)'x and y transfer matrices are interchanged 

for current beam element (used for BENDY). 

:2. General Considerations in Opera t:i.DI3 Code 

The first card in the data deCl( must be a MOMENTUM card which con-

tains the design momentum. A TI'l'LE card with the heading text may be 

inserted. following this card. A SENSE card should follow next since all 

switches are initially zero. The suggested first five cards are demon-

stra ted in the follO'l<ling example. 

-x- DATA 
8.0 1700.0 1. 72 0.1 1.0 
TI'rLE 
THIS IS A SAt'l1PLE PROBLEM BEING RUN ON THE QUADRUPOU:: CODE 
SENSE 
010000004016363 001001 ~~OOO 004·527000000 
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The sense card should be followed by the CALL card) which initiates' 

the first calculation. EJECT card's should be freely interspersed among 

the sub:;>equent CALL'cards to improve the clarity of the output. TITLE 

cards may also be inserted to denote different calculations. 

All the cathode-ray tube' output should 'be executed after a FREID 

card and before a POSTID card. lJ.'he plots will be numbered; the corresponding 

number will appear on the printed. output} showing exactly where in ,the 

calculations a particular plot occured. All plots will be dated and labeled 

with the identification "4p lI
• 

Every page of the l)rinted output will be dated and identified. 

,The current heading text' will appear at the top of each page along with the 

page number. 

Utility tapes must be assigned by SAVTAP or SELECT before they are 

needed; if they are not assigned) the calculations requiring their use 

will be skipped. 

The card deck should end with one of the cards EXIT, DUMFC, or 

DUMPAL, followed by the monitor end-of-file card. 
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B. Calcula~~,ion of-.!J~am ~Ioperties 

1. Input and Output of Beam-~)ystem Parameters 

The code is currently equipped to execute calculations on 

beam systems containing no more than thirty elements. Of the thirty 

elements, no more than five may be "black-box" elements whose optical 

properties are determined by (input) transfer matrices. Because of the 

number of parameters that may be varied in a bending magnet, the code 

considers a bending magnet to consist of two elements. 

The parameters are stored in six one-dimensional arrays. For 

element k, ITYPE(k) determines the type of element (QUAD, DRIFT, •.. ) 

and also identifies the transfer matrices used with a black-box element. 

The three arrays. ZL(k), XPHI(k), and XPSI(k) contain the primary param-

eters for element k, i.e., those 'l-rhi.ch can be varied. The remaining two 

arrays, XCL(k) and XCR(k), contai.n parameters that cannot be independ­

ently varied. Of course many types of beam elements do not have this 

many parameters. 

a. RE;1\.D. The primary means of enterin[l; the parameters of the beam 

system is by means of the CALL card, READ, followed by one card giving 

the number of elements in the beam system and scaling parameters. This 

card is fo110'l-1eo. by one card for each beam element) giving the type of 

element and the parameters for that element (bendin[l; magnets, each thought 

of as two elements, require two cards). These cards, called ELE:t>lENT 

cards, are fully described in Section E.5 of this appendix. 

Each parameter may be entered directly by means of the. ELEMENT 

cards. If desired the previous value of any parameter may be retained 
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, upon enteriY).e; a neyr beam system merely by putting a -1 immediately to 

the left of the parameter IS :Cj,eld on the EmV£NT card. 

Section B.ll.) below) describes the method of, calculating the 

parameters of a quadrupole mac;net, or series of quadrupole ma(91ets, 

given the gradient as a funcUon of distance along the optic axis. 

This'calculation is executed by the subroutine SIffiPE, and the results 

arc stored in COMMON. 

Any of the four parnmeters effective length, gradient, left 

shape coefficient, and right [;hape coefficient for any quadrupole maGnet 

in the beam system (includine; mae;nets with octupole field components 

called LI,PLUSS types) can be loaded from the stored results of the SHAPE 

calculations. The quadrupole maGnets considered in SlffiPE are numbered 

9. iII'. 

) to enter a parmneter from, quadrupole magnet number'), for 

example) a 3 is placed immediately to the left of the parameter field 

on the ELEMENT card for that clement. Suppose yTe '''ish to enter the 

effective lenc;th and the left and riGht shape coefficients from the third 

quadrupole magnet (in SlffiPE) \'Thile entering the Gradient directly. If 

this same mae;net occurs at tyro different locations in the beam system, 

the deck could be as fol1m.,rs: 

SH.I\PE 
},\Ei\D 
07 
DRIFT' 300.0 
QUAD :5 2.0 ) :5 
DHIFT 9·75 
QU.I\D 34.0 - 3·0 8.0 -8.0 
DHIFT 9.75 
QUAD :5 2.0 :3 :5 
DRIFT 600.0 
SYSTEM 
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The sic;nificance of other cards :i.n this deck is described 

eJ.sGi-rhere. 

The sume means may be used to enter the lenGth of the drift 

space bet\-reen tyro adjacent mac~nets in the SHAPE calculations. The code 

calculates the length l?et\{een the effective ends of the leth and the 

k+lth quadrupole maGrnets. and inserts this length as the length of the 

intervening drift space. This is accomplished by placing the integer k 

inuoediately to the left of the ZL field in the element card, DRIFT. An 

example of a doublet follo\{s. 

SH.APE 
HEAD 
Ol~ 

QUAD 01 01 01 01 
DElFT 01 
QUl\.D 02 02 02 02 
DElFT 500.0 

In the above example, the s:rs tem ano.lyzed by SHAPE has been inserted as 

the beam system. The last element, the SOO-inch drift space, had to be 

specified direc"cly, since it clocs n.ot lie between ti-lO quadrupole magnets. 

The fi.rst card follm-rinG the HEAD card is VITi tten in the format 

(12, 7F10.5). The first fie1d contains the number of elements in the 

beam system, KMAX; IOI~,\X element cards must follO\'T this card. The next 

five fields descr:i.be the object-plane phase space} giving the largest 

dispJ.acements and slopes in the t\{O planes and the bounds on .tip/p. These 

quantiticG are x (columns 3-12L y (l3-22L ;-;-(23-32L y; (33-1~2L and 

[;. (1j-3-·52). ~Chese maxima are interpreted as the semi-ax.is lengths for 

the phase e.llipes and the phase-space hyperellipsoid in X, XI, Y) and 

Y' introduced in Chapter II. They arc also the quantities used to 

normalize the aberration coefficients to refer to a unit hypersphere in 
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the normalized phase space (C~apter VII). Anyone ( - ;;,0 fi va maxima 

may be later changed by insertion of the call C~_ 0;~ECT. The last 

tiVQ fields on the first card ['ollovring the n>: _,j cUJ.'d determine the 

scaling to be used in the "be:J.m prOfile" p.i.ot and the "beam phase space" 

plots. The scaline; factor foe d:i.Lij;)lu.ccmonts (vhich mw:;t be lrJ:tCQ:l" tho.n 

any displacementencoun tc:rcd o.lonc; the beo.m sys tern) appears in columns 

53-62. 'l'he scalinc; factor fOT slopes is placed in columns 65-72 and is 

the upper bound of the slopes encountered in the beam system. 

Black·obox elements, descri.bed by matrices, are entered into 

the beam system by insertinc; the element card HATl\IX, follOl·red by three 

cards on which the tivelve nontrivial clements of the tvro )x) transfer 

matrices are punched. The eh;ment card, MJ\THIX, may contain a len[jth 

in the ZL field vrhich will be printed i-Then the beam system ts Us·~;ed but 

othel'l-lise enters into n6 calculation. Five matrtces may be stored and 

each call card, )v'Ji\THIX, must contain one of the integers I, 2, ), Je, or 5 

whtch determines vrhere the matri.ces are to be stored. It is possible to 

store one matrix that rei'crs to tHO elen;cnts by this scheme. Of course, 

different matrices should not be stored in the same locations. If this 

tntegcr is negat~ve, the matrl.ces arc not rOCld J and the code assumes that 

the matrices were inserted by a previ.ous l\EJ\l) sequence and are stored i~ 

the same location. This is c,)nsistent i-Ti th the treatment of other param­

eters; they remain unchanGed \-Thon a -1 is inserted just to the left of 

the field that "rould othclV/is':; have replaced them. 

b. PU1YCII. The call card} PU,'JCU, causes the beam system to be \-rritten on 

the punch tape in the format <lescribc~d above. The resultant cards, when 

preceded by \l :READ card} may be used to insert the beam system for a 
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subsequent job. Tbe punched cardG are labeled in columns 73-80 vri th 

the date and sequential nwnbecinc;. A card. containing the current page 

heading text, for id.entificat Lon, precedes the card s'equence. The card, 

PUNCH, sbould be inserted follovrinc; optimization sequences so that the 

optimized system can be loaded at some future time for additional 

calculations. 

c. INSERT. At any time the existinG beam syGtem may be aUQilented by 

readinc; the call card, INSEHT m, wbich inserts a new beam element bet",een 

elements m and m+l of the curl'ent beam system. INSEHT 0 places the nevT 

element in front of the current beam system, \1hile INSF.JU' m Id th mrKlvlJ\X 

places the new clement after the current beam sy~)tem. 

The INSEHT card must be rolloved by one EIEMEN'r card punched 

in exactly the same manner as the ELEMI~NT cards for RF.J\D. If the ne", 

element is 0. bending magnet, then there must be a second ELEMENT card 

folloHing the first. If the neH element is a matrix, then three }/1I.TRIX 

cards must follo", the ELEMEN'l' card, Jl.1!\TRIX. 

d. HEMOVE. Any beam element can be removed from the beam system by 

insertinc; the call card, IUi:MOVE m. The mth element is removed and the 

followinc; line is yTTi tten: "i1EMOVE BEiU1 ELEMENT 13 (BENDY). 11 In this 

example the call card ylould be REgOVE 13 and the }.jth beam element is a 

bending mac;net. To remove a bendinc; mac;net) tbe first element of the 

tHO should alHays be the elemen·t referenced.; removing a bend inc; maC;:1et 

reduces the number of elements in the beam systern by tyro. 

e. VAl\y. Tbe call card) VARY) is dec;igned to alloH the replacement of 

the parameters ZL) XPHI J and X.PSI of a beam element. The card contains 

the number of the clement. which is to be varied in the first tHO colunms. 
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The parameters ZL, XPHI, and XPSI are placed in the same locutions as 

theyvrould uppeur in on an EU~rvIID1IJT card. '1'0 chanc;e the parameters of 

a bending mo.gnet, the card must distine;uish bet,.,reen the tvo elements 

comprisine; the bending magnet, 

f. 'CHl\NGE. Frequently one wishes to observe the behavior of beam 

properties as the parameters of a single beam element ure systematically 

changed. The call card, CHl\NGE m n, executes a group of m call cards, 

in sequence, a total of n times. Before each execution of the sequence 

of call cards, the parameters of a selected beam element are incremented. 

Irrnnediately fo~_lowin[S the call card, CHANCE, (precedine; the first call 

co.rd in the domain of :HANGE) a sinl3le card appears designatil1g the 

element, k) to be changed and, containj.ng the numbers to be added to the 

parameters of that element. The number k is placed in the first tvo 

columns '·Thile the numbers to be added to ZL(kL XPHI(k), and XPSI(k) 

appco.r in the same locations as those in \-Thich ZL, XPHI, and XPSI are 

punched in the ELEHSNT cards. In the repetition aspects CHANGE m n 

is equivalent to REPEAT m n. 

rf .,' SAVE} RELOAD. Provisions have been incorporated into the code for 

vri tine; the important paramei.ers of many beam sys tems on binary to.pes 

for future reference. Anyone of these beam systems may be "reloaded", 

becoming the current beam sYE;tem. The code may be requested to reloo.d 

the "best" beam system, which is defined as the system satisfyine; the 

beam specifications (set up by one of the subroutines ERHSET) DESIGN) 

REFINE J or FOCUS) Hi th the minimum error. The use of these F":ovisions 

is described in Section D.l of this appendix. 
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2. Calculation of the First-qrder E~.:Q£E:~_~_C::.~. 

After a beam system has been installed by one of the methods 

described above, all the desired first-order properties are calculated 

when the CALL card, SYSTEM, is read. 

a. SYSTEM. The output obtained from SYST.E:M depends upon the s,ritches, 

IF( 21) and IF( 22), which are set by the SENSE card. SYSTEM fir:,t 

causes the listinc; of the elements contained in the beam system, giving 

the primary and derived parameters for each element. The total lenGth 

of the beam system concludes this part of the written output. TRACE is 

then called to calculate the optical properties. 

b. TRl\CE. The primary function of Tl~CE is to calculate the tro.i1sfer· 

matrices for the 'beam system. TRACE may be called by the cull card 

THl'~CE; it is also called by the optimizaUon routines. \tIhen called in 

these tyro ways, TRACE normalJy does not produce o.ny written output. If 

the switch IF(l6) is not zero, the transfer matrices o.re printed every 

time THACE is culled; this provision o.llows checkinc; of the optimization 

routines. 

Hhcn THACE is called by the CALL card, SYSTEM} General output 

options apply. These range from as little as the tro.nsfer matrices, 

error in beam specifications, and the virtual ,-raists at the end of the 

system to us much as 0. complete set of cathode--ray tube plots shovring 

the envelope and pho.se-space ellipses tlu"ouGhout the system. The svi tch 

IF( 21) controls the plott'inG of the phase-space ellipses. 'The svi tch 

n'(;:~2) controls the listinG: <end plottinG of the beam envelope. The IF( 22) 

options include: (a) the 11:;ting of the virt'C~.l ,mists seen by each 

clerr.cnt and the transfer matrices bchreen object plane and each clement, 
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(b) the listing of the beam half-vridths at five equa1ly spaced locations 

within each element, and (c) the beam envelope plot. 

The beam envelope plot assumes a uouble waist to be present 

at the object plane; this represents no restriction, since the pseudo 

elements, DRIFTX and DRIFTY, may be used to provide a virtual uO'",vle 

waist at the object plane for any system. Each beam element is divided 

into five equal parts, the widths calculated at each of the five locations, 

and the envelope constructed of line secments betueen these points. 

If a beam envelope plot is specified by IF(22), the code resets 

IF(21), if necessary, to prevent phase-space plots from appearing at 

intermediate' points in the syr;tem. If both the profile and the inter­

mediate phase-space plots are desired, the call card SYSTEM must appear 

twice, separated by a SENSE card changing IF(21) and IF(22). 

TRACE calls subroutine Mli:HR, described in Section C be1mv, to 

calculate the error in li1eet:Ln{,; the beam specifications. J.'.\IDEHR is called 

to calculate beam specifications involving DEFINE type functions. 

The transfer matric()s are printed by subroutine SHOH which 

also calculates and lists the locations of the focal points. 

c. S'fEP. Subroutine STEP is the master routine that guides the calcula­

tions of the beam properties. Coded in FORTRAN, STEP occupies nearly 

200010 (subscript indicates base of 10 as opposed to base of 8) locations 

in the core. STEP operates ill three modes: the SYSTEM mode, the TRACE 

mode, and the SOLVE mode. It:; primary function is to Guide the calcula­

tions through the beam system) calling the necessary subroutines to carry 

out the requested calculations for each type of beam element encountered. 



,·138·-

In Uk SYS~LrEM mode, STEP lists the current beam cystem as 

described above. 

In the 'l'HACE mode, :'3T.EP calculates the envelope data and 

executes the profile and phase-space plot:;. It calls the follG:ring 

subroutines to carry the first-order solutions of the trajectory 

equations throu~h the various element types: 

(1) ClIICHI for quadrupole maGnets, octupole mac;nets, and 

drift spaces. 

(2) AXIAL for solenoid magnets. 

(3) EDGE for the entrance and exit thin"·lens effects of 

bendinc; ma[91etG. 

(4) BEND to carry the solutions throuGh the interior 

regions of a bending magnet. 

(5) Iv1l'YNAT fcir black-box clements. MPYlIJAT is also called 

by AXIAL, EDGE, BEND, and DRIFT. 

(6) DHIF'l' for the pseudo clements mUFT'A and DRIFT'[. 

(7) JNCIII to initialize the solution vectors, C"'tII(k) and 

DCIII(h:), at the sto.rt of the system. 

(8) FSCIII, which rrJoves the solution vectors from ClII( k) and 

DCHI(k) to CIUO(k) and DCHIO(k) be ron.:! each element. 

All of' these subroutines comprise a single package requiring .37010 

locations in memory. This packac;e is FAP coded and is optimized vith 

respect to space required and speed of calculation. 

f[,he SOLVl.J: mode of subroutine STEP differs from the TR\CE mode 

in two respects. 'l'he envelope properties are not calculated. The calcu­

lo.tions for quadrupole und octupole maGnets are carried out by the sub­

routine SOLVE. Aberrations induced by other bem,) clements c.re ignored; 
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th.:; same routines arc used in the SOLVE mode as in the TII.ACE mode to 

carry the calculations through these elements. 

). Calculation of Aberrations 

a. SOLVE. 'rhe single call card, SOLVE, causes the code to calculate 

all the aberrations of the becnrl system. If bending macnets or solenoid 

magnets are included in the beam system, the aberration calculations 

are conducted as if these elernents had no aberrations. The call card, 

SOLVE, causes tyro passes through subroutine STEP) the first in the 

trace mode and the second in the solve mode. The trace mode is required 

to obtain the final values of the soluU.on vectors which are needed for 

the tolerance coefficients; these final values of CHI(k) are stored in 

the array SA VCHI ( k) . 

In the solve mode, :3'.rEP f:Lrst initializes the solution vectors 

by calling JNCIII and clears the aberration integrals by calling INCHI .. 

For each quadrupole or octupole magne·t in the system, SOLVE is called 

to carry the integrals throuCh that magnet. CHICHI is used by SOLVE to 

calculate the first-order solutions; one pass through SOLVE requires 111 

passes through CHICHI. Vlhen the aberration integrals have been calculated, 

STEP calls SUl11 and STATE to ,~i ve the output of the aberration calcula­

tions in the absence of octupole components. If there are any octupole 

components SUM2 and STATE are called to repeat the output, this time with 

the octupolc components. 

Hhen aberrations arc bcin[; minimized under subroutine REFINE, 

the aberratj.ons are calculate,l :Ln the ;;ume manner except that no output 

is produced. vJhen the integrals have been calculated, SUJ.U and SU?-:2 are 
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cal,led to calculate the coefficients of aberration, NOHlvl i.s called to 

calculate the mean and maximU;;l aberration displacements, and SCAN is 

called to calculate the data l'equ:i.red by HEli'INE. 

Once the aberration integrals have been calculated they remain 

available to the program until they are recalculated. 'rhis is also true 

of the aberration coefficients. The normalized aberration coeffj:cicnts 

are destroyed by. either DESIGN or REFINE; these coefftcients can be 

restored by enterinc; the call card NOm,!. The tolerance coefficients, 

calculated by SOLVE for each quadrupole macnet, are not available for 

use by the proc;r3.ll1. rrhcy are listed 8.G they are calculated. 

b. STATE. Subroutine STATE lists the aberration coefficients, calls 

NORM, and then listsobject-planc phw:;e-space parameters, several derived 

quantities characterizinc; the aberrations, and the normalized aberration 

coefficients.. BaaL is ~xamincd and, depending upon the S\oli tch Gettinc; 

in BOOL, additional output data may be provided, primarily as plots. 

The derived quantities characterizing the aberrations listed 

consist of: 

(a) The max:Lmum displacements and slopes) including the 1'ring-

inc; field aberrations and the second-order chromatic aberrations. These 

maxima are calculated for the model of object-plane phase space in "hlch 

the beam is contained in the re[~ion enclosed by ellipses in the x-x' and 

y-y' planes. 

(b) The maximum aberrati.on displacements, calculated from the 

rectanc;ular model of the object-plane phase space using Eq. (VII-5). 

The second-order chromatic aberration and the fring:Lng-field terms are 

excluded. 
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(c) The sums of (u) and (b)) vrhich give an upper bound to 

the total beam ho.lf-width, includ:Lnc; aberration terms. 

(d) The root-mean-square o.berration displacements calculo.ted 

for the hyperelHpsoid model of the object-plane phase spo.ce by usinc; 

Eq. (VII-9). 

These quanti ties arc all available to the program for subse:" 

quent calculations) such o.s minimizinc; by REFINE. 

DependinG upon the settinc; of BOOL) STATE next co.11s ~3CANS to 

plot the beam cross section or list the final coordino.tes and slopes of 

the raster of trajectories considered in SC1\N (see c) below). 

FollowinG the above) STAT2 then plots the aberration fi[,rure 

if' instructed to do so by the settinc; of BOOL. ']'he aberration fi[:;ure 

is tho.t fiGure which is traced out by the parametric equations 
a 

x == x 'J 

xa 
== xa (0) 0 x' cos 8 y' sin e 0) == xa(x y x, y' 6) O"el..j·;-') 

) 0 ) 0) 0' 0' 0' 0' 0'''' 

and X' cos 8) y' sin e, 0). o 0 
This is the imaGe of an axial 

point source in a double-focusinc; system vrith an elliptical annular 

aperture. 

FollowinG the aberration fiGrure, STATE calls HESCAN t'..rice if 

instructed to do so by BOOL. RES CAN plots the aberration envelope in 

the x-z plane and then in the y-z plo.ne. The aberration envelope consists 

of trajectories in the neighborhood of the end of the system~ The 

trajectories plotted are thoc;e considered in SCAN. In the event that 

an error occurs in assiGninc; the tvo utility tapes required for these 

plots) HESCAN irmnediately rei-urns control to STATE. The tapes are 

assigned by the call card, SELECT m n. 
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c. SCAN. The can card, SCAN m, is equivalent to the FORTRAN stu.te-

ment, Q '" SCANSF(m)j both cause the execution of calculations upon a 

group of trajectories originating from a raster of points in the object-

plane phase space. The raster is constructed by defining lower bounds, 

XINF(k); upper bounds, XSUP(k)j and increments, XDEL(k) in the five 

object-plane coordinates xo ' Yo} x'o} Y'o' and 6. In each of these 

coordinates} vTe then consider the initial values, XIN1?(l(), XINF(k)+XDEL(k); 

XINl"(k)+2-x-XDEL(k)) •. 'XIl\j'F'(k)+[n(k)-l)-x-XDEL(k)) where XTNF(k)+n(k)-X-XDEL(\.;) 

~ «SUP(l()':::XINF(k)+ (n(k)+l1-xXDEL(k). SCAN then performs the specified 
,.o" , 

calculations on the N =: n(1)-X"n(2)-X-nU)-X-n(lI-)-X-n(5) tra,jectories ,'hich are 

obtained by including all the possible combinations of the object-plane 

coordinates obtained in the above manner. Note that if XINF(m)=XSUP(m) 

and XDEL(m):>O for some m two groups of trajectories are run, one vrith 

the mth coordinate set to XTNF(k), the other "\dth the mth coordinate 

set to XINF(m)+XDEL(m). If one vrishes to include just one value of that 

coordj_nate} then XSUP(m)<XIJ\'F(m). XDEL(k) must all-rays be positive, 

never zero. 

These quantit"::s, together vrith tvro others to be defined 

"belovr [XMEAN(k) and XDEV(k)] are loaded by inserting the call card, 

OBJECT} follovred by five cards containing the coordinates. The maximum 

values of the object-plane coordinates} vrhich are used in calculating 

the beam vridths and the quantities character:Lzinc; the aberrations J may 

also be entered on these cards (Le.) x o ' y~, etc.). Blank fields on 

these cards are ignored; the corresponding quantities remain as they 
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were before the card was read. ~:o set a quantity to zero, an explicit 

zero must appear in the corresponding field. FollmTing reading of the 

cards, the values of ·these parameters are listed in the same order as 

. they are punched in the cards. Thls listing is also produced by STATE, 

and may be written at any other time by the insertion of the call card, 

SCWRIT. 

The calculations performed by SCAN depend upon the integer 

m punched on the card, SCAN m, or that which is the argument in the 

calling seq~ence, Q:=i:;CANSF(m). The possibilit:Le$ are as follovTS. 

(a) m==O. SCAN ca1culates the final displacements and slopes 

for every trajectory in the set considered. For each trajectory, a 

line is written containing L\ and the j.nitial displacements and slopes, 

followed by the final· values separated into linear and. aberration parts 

(written as x::..:· 2.3400)+ + O. 0)j502 .. ) . 

(b) m==l. The same calculations are excuted as above, but 

the resultant total dj.splacements are both plotted (beam cross-section 

plot) and written on the output tape·. If requested by a flag in BOOL 

(set by STATE), the final coor:dj.nates and slopes are vrritten on the 

utility tapes assigned by SELEC'r. In order not to delay the tapes that 

are written at the srune time the trajectories are plotted, the printed 

output contains the final slopes and trajectories, separated.into linear 

and (linear+aberration) terms. Plotting may be overrj.dden by BOOL. 

(c) m==2. The calculations are as above, but there is no. 

printed output. Plotting may be overridden by BOOL. 
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(d) m==3, 'l'he root-mcan-s<].uare displacement due to both 

linear terms and aberrations 1s calculated. For each trajectory, the 

radial displacement is calculated ) vreic;hted as def;crJbed belmr, and 

.added to the others to form the mean dJsplacement, 

(e) m=4. The root-mean-s<].uare displacement due to the 

aberration terms alone is calculated as above. 

(f) m=:5. The veighting coefficients are calculated and 

stored. This is done once to save time in calculations. The veighting 

coefficients' used are calculated as follows. Let XIN(k) be the object-

plane coordinates of the trajectory) then if N is the total number of 

trajectories conSidered, thevreighting factor v J is 

(g) . m=6. Calculate aberration function specified on the 

condition card with condition no. zero. 

The limit on the number of values permitted for each coordinate 

is 7, putting the maximum number of trajectories treated at 75=3xl08 . 

The number of values permitted is not limited for the plotting of the 

trajectories. It is obvious that a great deal of care must be exercised 

in the selection of the number of trajectories to be conSidered, since' 

it is <].uite easy'to set up calculations re<].uiring hours to complete 

because of the excessive number of traj ectories .. 

The calculation of the mean displacements as described above 

is time-consuming. The rms values, calculated by NOillV[ from the fonnulas 
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[;i ven in chapter VII J' arc p:ccfcro,blo for calcu.lat:i.oCJal u::;u, 

Subrout:Lncs FIEST and 'raIRD calculate '(;he l:Ulc:ar o,nd aber:catiol\ 

components ) respectively) oJ":' t;w trajoctory '-lhosu object-plane coordino;te~; 

o,rc stored o,t Xn~(k). ~'.ll0 f.u.:al disp10,ce:aeilts o,nd s101)(;::; are stored 

o,t XOUT(m) 1'11th XOU'l'(l)::::X\ XCMl'(2)=y1 } XOU':i:(3)=-"X,1 J XOlJ~i.l(l+)""yll(lineo,r 

parts) XOUT( 5) =x
a

} XOUT(6) =ya J XOU'l'(7):;:x 1 a) and XOUT( G) =y 10, . 

if. Calculation from G:co,dJe:lt 2lot 

An altcl'l1Qtive met;lCd of calculating the optical prope::-ties 

of a bema system that cons:ists solely of quadj:"\J.};lolc lll[l.c;nct::; a:lcl clrj,ft 

spaces J is the direct intec;ration of tile cquo:tj.o~·l!:; of notion using 

field values derived from.' stored values of the ,;lD{}lOtic field c;radiellt 

alOi1L?; the z axis. ~'his HICthoc1 j.s also available to the twor of the 

code, prj,Llo,rily to check the co,lculations co,rrj.ed out by tile rrla:i.rl l)ody 

of the code. 

is stored in the o,rroy J PO~l(.t)) K=l) 1<J<l-lAX. Tile ::;])o.ci/1e:; :Ln z betvccn 

consecuti ve vo,lues in the (UTO.:y) DI~LTAZ) :i.s e;'-1tc:cccl on the ;'lO; .. m~r'l;Ljj:; 

card. 1\18 first value ill tL'C o.rray corresIlOnds to z:;oO (thi. s defines 

Z:o:o) I and the last value j.n t;'e array corre::;ponds to z:o:ZE~m. 'Ync 

dimensioi1 of tile ar:co.y j.s 2000} ~lcllce (Zm::O/DEL'I'AZ)<2000. 

constX'llcts it fror.l "bell-c;llO.pe:d" curvcs for each Llc.c;nct. ProvJsions 

",1ill be iilc'1.de for ente:rinc; th:i.::. o.rr2.Y directly s~lOuld 0110 possess t::.e 

required r.1easurements of the [;1'o.clicnt as 0. f~1ctio;1 of dis~~ancc 0.10;1[; 

tile opti c axi s • 
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a. BELL. To calculate the c;rad:i.ent array, the .call card, BELL, is 

entered, follow'ed by one MAGNErr card for each quadrupole magnet in the 

system. The magnet cards B.re follovred by a single card e;i ving ZEND. 

Prior to calling BELL, the syutem BOHE the increment betvTeen gradient 

values, DELTAZ, a reference gradient, GHAD, and the design momentum p 
o 

must have been read on a MOMF~TUM card such as the first card following 

the-X-DATA card. 

The magnet cards contain a nonzero integer; the location of 

the center of the magnet, ZMID(k) (relat:Lve to z:=:O); the magnetis 

length, ZLONG(k); a factor :m(lc) that determines the length of the 

central plateau of constant gradient vrithin the magnet; the "half-

width", of the magnet's fringine; field, BH(k); and a relative eXitation" 

EX(k). EX(lc) is chosen so thu.t the gradient at the center of the magnet 

is EX(k)-X-GHAD. The grad;i.ent is o,E>fmmed to be constant in the center of 

the magnet, startine; to faLL at a distance of FH(k)-X-BOHE from either end. 

If ZZ2(1~)'7ZZ1(k) and the plateau region extends between ZZl(k) and ZZ2(k), 

then the magnetic field gradient function for z.>ZZ2(k) is given by 

The' gradient function for z<ZZl(k) is given by 

. 2 2 -2 
PHI(z):=:EX(k)-X-GRADI;[l+(z-ZZl(lc» /BH(k)] . 

There should be no more than ten magnets in all. The gradient 

array, POT(k) ,is obtained by calculating the gradients separately for 
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each magnet and then adding them together. If the magnets are separated 

by a distance greater than three times their bore, this is a reasonable 

approximation. If the magnet~; are closer together, then the approximation 

suffers to the extend that there is lealmge flux betvreen neighboring 

magnets. 

The resultant gradient function is plotted provided IF(lO)=O. 

The physical extents of the magnets are shown on the plot, and the loca­

tions of the magnet centers a:ce listed. In each fringing-field region 

the half-width of' the bell curve j.s shown by a line segment of length 

BW( k), plotted slightly above the z axis. 

b. SHAPE. With the gradient array, calculated by BELL, stored in 

POT(k), the program calculate" the parameters of the quadrupole magnets 

which produce that gradient. To execute this calculation, the call 

card SHAPE is inserted. No computations other than the direct integration 

of the trajectory equations under control of the call card RKY3 ,should 

intervene betvTeen the call cards BELL and SBAPEj this is because some 

of the data needed by SHAPE would be destroyed by some of the other 

calculational routines, particularly the optimization routines, DESIGN 

and REFINE, which use the array, POT(k), to store the linear programming 

constraint matrices. 

For each quadrupole magnet entered by BELL, SHAPE calculates 

the locations on either side of the magnet vThere the gradient vanishes. 

These two points define the region of integration to be used in the cal­

culation of the effective lengths of the magnet and the shape coefficients 
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clesc:r:Lbinc; the frinGinG :n.eld. 'l'his calculation fails if the gradient 

does not vanish bet;vrccn consecutive mac;nets, a limitation in the code 

which will be overcome in a fu.ture version. 

The intec;rals S C? dz and r z (p dz are calculated by a ten-point 

Gaussian integration formula; the integrals are taken over both the 

entrance- and the exit-field regions. From these intee;rals, the code 

determines the locations of tile effective ends of the maGnet, yrhich are 

defined to be those points which would yield the same value to the integral 

S ¢ dz were 0/ a constant bet',reen the effective ends and zero beyond 

them. 

The output consists of a listing, for each magnet, of the 

physical length, the effective length, the difference in the tyro 

lengths, the shape coefficienLs, the location of the effective ends, 

and the region of inteGration, For convenience, the physical and 

effecti ve lengths are also listed separately for each half of the magnet. 

z:r..UD(l:) is ,taken to be the center of the mae;net for this purpose even 

though ZMID(l:) may not bisect the effective length. 

If 11"(10)==0, additional output in the fonn'of cathode-ray 

tu'be plots is produced. There is one plot for each magnet considered. 

On each plot, the physical extent of the magnet i.s shOlm by a l)air of 

horizontal lines, one near the tOl' of the plot and the other near the 

bottom. 
j 

'l'he curve plotted i[; (), "PIU complicated," whid1 has been 
'c 

defined as the di.fference bei.,Y[een the actual scalar potential and the 

step-function scalar potentill,l, ~~s' yrhich vanishes outside the effective 
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ends of the magnet 0 '1lhe left and right shLqx:! coei'f'icicmts (entrance 

and exit, respectively) are] isted on the ]Jlot. 'rhe ]Jortion of the 

z axis shO\m on the plot :Ls the reg:Lon of :Lntegrationo 

The results of the :3HA.PE calculations ,·rould be destroyed 

by the execution of any of tbe optimizing routines, and must there-

fore be used prior to the Co.] ling of em opt:imizing routtne 0 

c. Direct integraU,on of the equations of motion. The code provtdes 

for the dtrect intec;raU,on 0:1' up to t\-renty-fi ve trajectories using the 

Runge-Kutta method. Thi,s calculation uses the gradient array develo]Jcd 

by BELL. No optimization routine may intervene l)etvreen BELL and the 

direct integration calculations" '1'he Runge-Kutta calculations are 

invol~ed by the call cardl\DYJ 0 rrhis card is follovred by a single card 

containing DlUl:\T and DROUT) (Lefined as the initial drift distant to the 

point z==O (de:i'ined in BELL) and the final drj.ft d:istance after the point 

z==ZEND,respectivelyo DRIN ',.nd DHOlJ']; maybe neGative as ve11 as ]Jositive. 

The card contah1ini'~ DRIN and DHOUT is .f:'ollmred by cards 

containinG the inita1 disl'llacements and slopes and the momenturn. of the 

trajectories to be inteGrated 0 There is one card for each trajectoryo 

These cards must contain no punche:" in the first tvo colurans except 

the last card of the grou]J, vrhich must contain a positive inte[;er in 

those colluMs. The first two trajectories) corresponding to the first 

two cards, are calculated from the LLnearized equations 

nJ( liP C'.....() X"+'-· c.? Z) 'x==O and y p ~..... Z y:=:.O. 
Po 0 
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The remaining trajectories are calculated from the complete eQuations 

(-to third order). 

The trajectories are brought through a drift space to 

Z::: DELTAZ and aJ1.e integrated from this point to the point Z=zl "There 

ZEND-4*DEVEAZ{,Zl ~ ZEND- 3-l<-DEL'rAZ. They are brought through a drift 

space from Zl to ZEND+DROUT. The region of integration is chosen so that 

gradient values are always available forthe five-point interpolation 

formulas. 

The trajectories are listed before and after both the inital 

drift and the final drift. The listing at intermediate points is under 

the control of the SWitch IF(7). They are listed at every Runge-Kutta 

step exactly divisible by IF(7) unless IF(7):::O) in which c.ase they are 

not listed at all. If IF(7)=5, for example, then they are listed at 

z==5H,z=lOH, z:::l5H, etc. The field CHIF on the SENSE card permits 

changing swHches during the course of the integration. At each Runge­

Kutta step, CHIF is examined; anew SENSE card is read if z ~CHIF. 

The Runge-Kutta method of solution is much slower than the 

Green I s function power- series method used in SYSTEM, 'j:.tffiCE, and SOLVE. 

Cal<?ulation of twenty-five trajectories ta}~es approximately one hundred 

times as much time using RKY3) as does calculation of the same trajectories 

to third order by SYSTEM, SOLVE, and SCAN(O). In addition) the output 

is much less useful, since few statements about the Quantitative nature 

of the aberrations cml be made from these trajectories. 
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C. Optim:L:',;l.t:Lon of I'LLro,11i0)tcrc; 

, The code contains three uptimizinc subroutines; hro of these 

:;'ol.rtines, DESIGN o.::1d HJi~FnJE) perform the de~:ired opU.miza t ion by the 

mGthods of linear prortramming (L. P.). The thj.rd subroutine, FOCUS, ad-

justs ti{O parameters to meet two s:Dcci.fied conqitions by elementary methods. 

The methods using linear proGramrning are very powerfulj the number of 

independent variablef; considered and the number of condition::; "rhich may 

be=; specified are liniited only by the number of storage locations available 

and time considerations. With Itneo.r proGramming, constraints rnay be 

imposed u:D0n the variables to prevent the construction of nonphysical 

or undesirable solutions. 

1. Linear Pro,'3rammin,n; Theory and Appl:ica tion 

\1. The li.near p:tor;ramming problem., 

The General statement of the L.P. problem is, "choose a set of 

va.riables such that a given Ij,ne[.r functional of the variables is minimized 

while a set of linear constraintr: upon the variables is satisfied." 

Let x
j
, j:=l, ••• ,n be the set of variables. Let the functional to 

be minimized be 
n 

c,x
j 

z 2:: 
j:=l J 

(A-l) 

and the constraints be 

i=l, ... , m, ,{here m<n 

j 
and x ~ 0, j:=l, ... ,n. This is l.he standard form of the L.P. problem 

and i::; Imown as the primal :Drobl,:m. 

An equivalent problem, known [1.S the dual problem, is the more 



useful problem for our purposes. The statement of the dual problem is) 

"choose the values of the variables Wi' i=l) .. OJ m that minimi~e the 

functional 

y 
m 
2.: 

i=l 

i . 
b vT. 

1 

.subject to the constraints 

m 
2.: 

i=l 

i 
a. w. ;S 

J 1 
-c .J 

J 

(A-2 ) 

i d b i th The arrays a. " c., an are - e same for both forms of the 
J J 

problem. The value of z which b obtained as t;- solution to the primal 

proble/'!} is the negative of the vdlue of y obtained as the solution to the 

dual problem. The relationship between the )!riffi3,l and d'llJ3.1 solution 

vectors is 

W. 
1 

"7 0," 
and 

dy 
~ 

J 

Referring to the primal })roblem, any set of the variables, 

xl, .• 0 OJ xn} that satisfies the equations of constraint is called a 

(A-) ) 

feasible solution. The feasible solution which 3.1so minimhes the li.near 

functional is Imown as the opt:Lm:i,l fe:],sib18 solution. A feasible solution 

wi.th no more than m of the n variables x
j 

positive (the rest being zero) 

ic; termed 3. basic feasible solut:Lonj a basic feasible solution for vhich 

exactly m of the variables x
j 

ar\; positive is nondegenera te. 

Let us visualize the n-dimensional space of the variables, 
j x . 

E:Lch of the equations of constra~i.nt defines a plane in this space. It 

can be shovm that the region of (,his sIXlce that satisfies all equati ons 

of constraint is either VOid, a convex polygon (called a simlJlex), or a 
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convex reGion vhich is unb01.mded in some direction. A void ,,,olution sT;acc; 

is realiz.ed if there is no fc:a,~:LI)lc :;OJ~tiOl~ of the problem, An unbounded 

region may lead to Lv;l unbonnclc;d :;olLrl; i.on. 

The region of the n-dimensional f3pace) for "Ihich the linear 

f,illctional takes a constant va.lu()} is also a plane. Pa.rallel planes 

correspond to different values of the linear functional. 

A convex region is defined to be .(), region for vrhich every point, 

lying on the line connecU.ng any tvro points j.n the region, also liE~s in 

the region. The family of plane;j) on "rhich the linear functional tal,es 

constant values? progresses tovrard a vertex of the convex region, VIi th 

each succeeding plane yielding a smaller value for the linear functionaL 

Thus the minimum value of the linear functional (the op.ldmal feasible 

solution) vil1 occuI' at a vertex or along the line connecting hro vertices, 

in vhich case the planes correspondinrc, to constant values of the lin-

ear functional are parallel· to Ute }j.ne connecting the t"ro verticeE;, 

If no bound exists in till directi.on of decreasing values of the linear 

flmctional, then the solution is unbounded. 

It can be shmm that each vertex in the convex region of feasible 

solutions corresponds to a basic feasible solution. Each basic feasible 

,301ution corresponds to setting (n·-m) of the x
j 

to zero, reduci.ng the 

equo,tions of constraint to m equ:1tions in m unknown variables to which 

there is a unique solution; the vertex. The m column.s of the constraint 

matrix; A == lajil, belonging to the positive x
j 

constitute the basi~!? 

corresponding to the vertex. 

The solution procedure is to move from an extreme point to a 

neighboring extreme point by replacing a column in the basis ,-rUh one 



not in the basis. There J.s a teet to GeJeet the column to be replaeed; 

this is; lithe eolunm to be replaced shall be the one which yields the 

greatest reduct:l.on in the lin'ear functional" 0 Another test determines 

1-Then the opt:i.mnl feasi.ble solution baG been f01md. 

For further information on the formulation} Golutlon.9 and. theory 

of the linear programming problem; one should. tUTn to a text on the sub~, 

ject such as that by Gass. 13 

We now turn OUT attentLon to the problem of adjusting the para-

meters of a beam system to provide specified optlcal properties v1hile 

-satis:fying a number of constratnts. Let fk O~ 1'k, (v'l' v2' •• 0 .vN)" K=l, M 

be a set of functions of the variables v
l

' 0 ,vl'f The fk describe certain 

optical' properties and lmy be chosen to be particular transfer matrix 

elements or functions of the transfer 1118.trix elements, We define a set 

of errors, E1e= rk(vl ,· "vN) - F Hhere Ji' is the desired value of the 
k 'k 

function fl • Def:lne the set ~{ by (.or-. ~ 
k 

Ji' '''k ~ 
A

k
) , We define the upper , 

\: 

Cf'I'OI', Ey as follows: E :=: 

,. , " k J M We defl'ne a total I" ; 1. e , , I"~' I"le} :=:. -J • 

M 1 k 1 
2: IV \" + IJ.r-.. Here the w ,(w So) are arbitrary 
ko:l 

bound of the errors to be 

,.reighting factors tbat, determine the relative importance of the errors Ek ; 

the factor jl(jl ?, 0) :Ls also an arbitrary number that may be chosen to 

n;late the importance of the largest error to the j.mportance of the weighted 

Sl.Jm of errOI'B. He shall assume the following constraints on the variables, 

v ' i' Vi ;S Vi ~:; vi J i:=l, N, 

OUX' problem is to choose the set v
l

' •• vW· satisfying the constraints 

that minimizes E. From the defin:i.tion of E, it is clear that we desire 

E=O (E cannot be negative). We ,vill assign the variables VI" ,vN to vary 
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.in proportion to specified :paramc!ters of the beam system with v. =0-, i=l.l 
1 

. corresponding to the parameterc; of the initial beam system. For sma,ll ... 
variations in these p3.rameterB, L e. J for small vi ' We have 

N 
- Ek (0) ••• 0) + l: 

1;=1 
... , k=l, M 

If this expansion is terminated "\Ill th the linear terms then the 

problem which has been described is the dual problem to a linear programming 

problem. The constraints on thiGproblem force the solution vector to lie 

within i1 closed surface, a !~~ in the N dimenBional vi sI..ace. An 

optimal feasible Bolution mUBt' exist to the problem as stated, since the 

constraints prevent an unbmmded solution \-1hereas there ahTays exists at 

least one feasible solution, namely v. ;::0, i;::lJ N, thB.t yields the lni tial 
1 

beam system parameters. Since the actual expansion of the error functions 

includes terms of higher order Ulan the linear terms) vle need to i ter'a te 

the procedlU'e of setting up the linear programming problem, solving it, 

and making the specified adjw;tment in the parameters. 

In addition to the constraints v. and v. already introduced, 
1 1 

more constraints may be added to the problem to maintain other properties 

of the system \-1ithin certain bounds. We constrain the total length of the 

beam system to remain fixed; this constraint may be relaxed or removed if 

desired. 

The V'driab1es, V'.1 are brought into the' problem as fo110\-18. 
1 

Letting P be the rth physical property of the beam system (length, grad-
I' -

ient, field, etc.), we set p ;:: p (l+v,) for some i; the r:th physical 
.1' 1'0 1 

pro])erty then varies in direct proportion to vi with vi;::o corresponding 

to the initial value,p • In this manner we indirectly obtain the error 
1'0 



functions Ek. J and thus E, as functions of the variables vl,.,v
N

' Any 

group of parameters !1k'1y be forced to remai.n in pro:portion by a[wigning 

t.hem to the same variable} v, • 
J. 

rrhe minimum and mo,xtmum constraints upon each v, (v
j 

and v~:-) are 
J.. J_ 

calcLLlated so that each length aGsigned to v
1 

will. remain w:i.thin the min~· 

imum and llk'1ximum values permitted, and. each field and gradi.ent will remain 

less than (II" equal tn rnp,gnitude to the maximum value specified, 

The stand.ard linear programming tableau for the 1)r6blem as out-

lined is shown in table I. 'rhe first row of this tableau is known as the 

cost rOlf. Iihch column except the last. one determi.ner; one constraint in 

the dual problem. ,]~he N rows following the cost ren·r contain the coeffi-

cients of the N independent variables v, ,. 'rho next M rows contain 
J_ 

the coefficients of the (.." whereas the last rmr contains the coefficients 
J 

of A. For each column, the.sum of the entry from the cost row and the 

entries from the other rows, cadi multiplied by the al)propriate v, J (.." 
l J 

or A :iJi conr;trained to be nonnegative, ']:'he last column, called the 

"~'.ight hand side" (B), contains the coefficients of v1 ",V
N

,A1 00, i\ll j and 

A. used to calculate the total en'or, E, which is to be minindzed. The 

colunms 2NI·l and 2NI·2 constrain the tot.al length to remain fixed. lk 

tG the ,:Jum of the lengths which nre allowed to vary with the variable vk ' 

~? (> ])ESIGN 

r1'he call card) DESIGN, wlll cause one lineal' programming problem 

to be Get up and solved. Except as noted below, DESIGN ,.,rill call sub-

routine ASSIGN which reads the variable assignment from cards; DESIGN then 

calls subroutine EHRSE,T which rends the cards containing the specifj.ed 



Table I. Standard linear programming tableau for beam-design problem. 

Upper and lower bounds Fix Upper and lower bounds 

on independent variables Total on error magnitude 

,pn, ·t.h (rlp-fin ) 

minimum maximum minimum maximum 

~ 1 N N+l • • 2N .1"~1 1~t1 2N+3 
2N+.J 2N+4 2N+3 

0 P 0 ° +M +M +2M • 0 0 0 . · 
V10 V V

N Vl • Vp ° VN 
0 0 

0 EO EO 0 _Eo ° -~ 1 · El • · -El • 
cost row~ _ ....E q M q , 

GEl • oE 
o o~ -oE -oE -oE 

VI 2 1 • 0 0 -1 0 0 0 
11 -11 ~ ~o--So __ M 

0 0 OV
I 

i)V
l 

(}V
l av 1 oV 1 i)Vl . . · · · · . 0 · 0 0 0 . 0 0 0 . 0 0 . · 0 0 . 

Independent 

~ OEI ° oE o OEM -oE -oE -aE 
Variables V p+l o 0 1 0 0 -1 0 0 1 -1 ---!l l.--S0 M 
(var(p) ) 0 · p oV oV oV "aV oV av p p 

p p p p p p 
0 0 · · · 0 0 0 · 0 0 0 0 0 0 0 . · 0 0 0 0 0 0 

OEI ° oE OEM -oE -OE -~~ 
~ V

N 
1 -1 IN -IN 

---!l ° _ ~o--S'~ N+l o 0 0 • 0 · 0 0 
i)V~ elV1\l oV1\l OVl\T OVl\T oV1\l 

r A, N+2 o • 0 0 0 0 0 0 0 0 0 0 1 · 0 · 0 1 · 0 · 0 

Upper and lower 0 0 · · 0 . 0 0 0 0 0 0 0 0 · . 0 0 . · 0 0 0 

~ ~ bounds on error H+t+1 o • 0 0 0 0 · 0 . 0 0 0 0 · 1 · 0 0 · 1 ° 0 
magnitude . 0 · · · · 0 0 0 0 0 0 0 0 . 0 0 0 0 0 0 . · . , ~'" 1\Ii!4l-1 o 0 0 0 0 0 0 0 0 0 0 0 0 · 0 ° 1 0 0 0 · 1 

bound on maxo error ~ N+MtZ 0 0 0 0 0 0 0 0 0 Q_~O __ _ 0 ____ 0 __ 0 0 · 

Upper bound 

on magnitude 

of max ~rror 

2N+4 2N+3 
+2M ••• +3!o1 

0 0 0 . 0 

0 0 0 0 0 

0 0 0 0 0 

0 . 0 0 0 

. 0 0 0 0 

0 ° 0 ° 0 

-WI· 0 0 0 

0 0 . . 0 

0 o -w 0 
q 

0 

0 . . 0 . 
0 0 0 o -w, 

1 0 1 0 ___ 1_ 

B 

0 

0 

0 

0 

0 

0 

WI 

0 

W 
q . 

wM 

ft 

..... 
(JI 
-.] 
I 
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optical pr.operties that are to be achieved. ASSIGN and I<:Im.SET are des-

cribed later; tie instructions for punching the cards are given in Sections 

E9 and E10 of this appendix. These cards are not read (the variable 

assignments and specified optical propert:i.es are not changed) when DESIGN 

is :i.n the domain of a REPEAT card or when colunms 7-8 of the call card 

DESIGN contain a nonzero integer. 

After the parameters have been entered as noted above, DESIGN 

calls subroutine VSAVE to save the current p:trameters of the beam system. 

Subroutine l""Nrrrn is then called to calculate the errors in the specified 

o]Ytical properties for the current parameters of the beam system. The 

constraint matrix is set up next, using subroutine VHUME whj.ch calculates 

the derivatives of the errors in each specified optical property with re~ 

spect to the variables, v,. In order to improve accuracy, each colunm 
1. 

of the constraint matrix is scaled so that the geometric mean of the 

colunm is unity. The first 2N columns are not scaled since they con-

tain two identity matrices) one of which can 'be used as the initial basis 

for the solution of the linear programming problem. 

The linear programming problem "/hich has been formulated is then 

solved 'by the RAND Corporation linear programming subroutine, MSUB.
14 

The 

entire adjustment} specified by the solution to the L.P. problem, need not 

be made. The code calculates the new error, after the p:trameters have 

been adjusted by ~ Vi J i=l, N where the Vi are. the solutions to the 

linear programm:i.ng solution. If the error is smaller than the initial 

the parameters are adjusted by ~ v. • However, if the error is 
L~ 1. 

1 
larger tlk3.n the initial error, the p3,rameters are adjusted by '4 vi . 

This procedure is repeated a total of tvlelve times w:i,th the factor 

1 t · l' t1 . d b 1 2 - k . f "h 1t ,. f'" 'the mu "lP ylng . 1e vi 1.ncrease y 2' . 1. '':' e resu. 'an'.:, error a, ver 
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~th adjustment is smaller than the error 'before the adjustment; a de~ 

crease in the factor by the same amount is made if the error increased 

after the last adjustment. 

If there is no optimal feasible solution (due to an error in input), 

the original system is restored and the :p.'3.rameters punched. 

The output follows} according to the setting of IF(18). The min-

imum and maximum constraints on the variables, the solution, right··hand-

side, current basis, primal solution, and oonstraint errors may be written. 

The initial and final errors, the ,calculated improvement (the error cal~ 

culated by the linear programming subroutine), and the factor multiplying 

the variables v. (chosen as outlined above) are ahray's written, followed by 
). 

'the t,vro arrays, INFIX and KOUT, described in the 'wri te~up to the MSUB 

routine. 

VARMA)( is reduced as the solution is approached; VARMAX is set to 

seven times the maximum adjustment made, if this results in a reduction. 

The absolute values of the variables, Vi ' are constrained to be less 

than VARMAX. 

If no optimal feasible solution exists, DESIGN exits to CALL; this, 

results in terminatil)g the REPEA'I' se<luence if DESIGN was called in the 

domain of a REPEAT. This exit will also occur if no further improvement 

can be made. 

In order to execute a second iteration of the linear programming 

problem set up in design, a second DESIGN call card must be :i.nserted. 

By placing a non-zero integer :ion columns 7-.8 of this call card, the code 

will continue with the same problem. A large number of iterations can be 

executed under a REPEAT card; when so executed, no ASSIGN card or CONDITION 
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cards will read. 'l'he REPEAT will be terminated before its normal con-

elusion if the code is unable to malte any further improvement. 

1~hc subroutines which' arc uGed in the caleulations controlled 

by DESIGN arc described in the following Il8,ragraphs. 

a" ASSIGN. ASSIGN is called by the ~>ubroutines DESIGN) FOCUS, and HEFINE 

unless these subroutines are exeeuted in the domain of a REPEAT card. 

ASSIGN may also be called by the eall card, ASSIGN, This subrouUne 8.Ss:l.gnf3 

the p.:'J.rameters of the beam system, which are to be var:l.ed, to the specified 

v.. It also reads the constraints upon each parameter thcl,t is allowed 
l 

to vary. The cards read are desed.bed in Section E9 of this appendix. 

The reading of cards is terminated by a card with ,·1 punched in the first 

hio columns. The variable assignment is printed offline; (the index 

I\: of the variables vI\: = VAR(k) is printed in octal). 

b. EHRSET. Subroutine IillHSlIT read:; the CONDITION cards; each of these 

specifies one optical property to be satisfied, the desired value of the 

sl)ecified ]Xl.rameter, and the we:Lehting factor which determines the re-' 

lati ve iml)Ortance of the specified ]Xl.rameter. The group of CONDITION 

cards is terminated by a card with -1 punched in the first two columns. 

'J}he directions for punching these cards are given in Section E10 of this 

appendi.x, 

c" TNT'rER. Subroutine INITER calculates the :initial error in each 

specified o.ptical property and prints the desired value, initial ya,lue, 

error, and: vTcj.ght for each condition. Thb subroutine returns the total 

crror to the calling subroutine. 

d. 10E13.n. Subroutine MEIill is called by subroutines TRACE and STEP and 

indirectly by subroutine INITEn to calculate the errors in the specified 

c'"bcal properties. If more than 12 conditions have been assigned, 
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no errors will be calculo:ted, as the limit on the number of conditions 

permitted is 12. 

e. VPIUME. The derivatives needed by the optimizing routines are cal-

culated by subroutine VPRIMJi.:. Four point derivu:tive formuJ ... '1s are usedj 

the functions whose cleri vati ves are required are eV'c),lu'1ted for VJ\R(k) -

-2-X-VARFIX, ~VAl{F'IX, VARD'IX, and 2)(-VARFIX. Vi\1WIX is set to 00001, 

but may ·be changed by an Alm~H card (VARFIX is located at MERH+1248)' 

VPRIME is called once for each independent variable VAR(k) c ':['he deriva"· 

tives of the specified conditions (set by ERRSET) are stored in the 

array DMAT(j). If the REF'INE problem is being solved, the derJvativo 

of the aberration function being minimized is calcuJ.atecl and returned 

in ZEND. 

f. VSAVE. Subroutine VSAVE saves the initial parameters; ZL(k) is stored 

at SZL(k), x::rrrr(k) is stored at SPIII(k), and X:R3I(k) is r:;tored at SnII(l~). 

~ESE'I'. Subroutine VRESE'r restores the initial vdlues of the parameters 

of tho beam system and then alters the parameters as needed to calcuJ..c'1,te 

the deriV'atives under VEIUME. VRESET also calcu.lates .:!:k and V)5_ from the 

constraints entered on the ASSIGN cards. 

h. VSET. Subroutine V'.3ET :Ls called at the conslusion of the optimizing 

calculations to make the directed changes in the system parameters. 

i. DEFINE. Twenty optical properties of the beam system are normally 

avO,ilO,ble for reference by the CONDITION cards, These twenty include 

the twelve nontrivial elements in the two )x) transfer nntrices, and cer-

tain functions of these elements thr'1, t determine the locations and widths 

of the (virtual) waists. Subroutine DEFHm enables additiona:;' functions 

to be constructed when the program is executed. Up to seven fW1ctions 
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may be defined by this subroutine. Each function is defined by a maximum 

of twenty arithmetic operations. To define the I:ji\, function (n=l, •• ) 7), 

the call card, DElI'INE n, is entered, followed by three cards ,-Thich define 

the functionj the function number, n, must be placed in column 8 of the 

DEFINE card. The first card following the DEFINE card contains the 

constants used in the arithmetic operations. The second card locates the 

parameters which are reCluired. The third card contains the arithmetic 

statements which define the function; each of these statements is of the 

form: Pfp where (;) is one of the oJ)erations (+; ')~J /, OJ -). The format 

for punching these cards is explained in Section Fll~. The functions 

defined by DEFINE cards can be referenced by CONDITION cards to specify 

some optical propertyj these functions may be calculated at some inter­

mediate point in the.beam system, if desired. 

j. MIDERR. If any conditions require one of the define functions; 

MIDERR is called to calculate the error in that condition. MIDERR is 

called once for each element in the beam system. 

3. FOCUS. 

A second optimization routine, that adjusts two parameters to 

meet two specified conditions, is called by the call card, FOCUS. The 

parame'ber assignment and condition specifications are entered in exactly 

the same manner as are those for DESIGN. If FOCUS is not in the do­

main of a REPEAT card, then ASSIGN and ERRSET .-rill be called provided 

columns 7-8 of the FOCUS card are blank. The assign cards must assign 

VAR(l) and VAR(2)j no other variables may be assigned. There must be 

. exactly two condition cards. FOCUS calls VPRIME to calculate the der­

ivatives of the two 'specified conditions with respect to the two indepen-
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dent variableo. 'llhe initial errors are calculated by INITl'~. The 

2m
l 

2m
2 _ ~t::\ ;j1"C 

eg.uations, El'\' VI d- + v ,-~-- =: 0 and E2 ,,·V, ~ -'rV;,... ~::.O, are solved o vl 2 6v2 -0 '0 V, ()v ... 

for v
l 

and v
2

•· The adjustmento are made by subroutino VSET 0 There can 

be no constraints on this problem. If the initial error is less than 

0.000001 of if an error MS been made in assigning parameters or con-

ditions, liDCUS exits to CJ\.LI,) this will terminate a REPEAT. 

L~ • REli'llJE. 

Subroutine RE.l!'INE j.s called to minimize aberrations. HE]?llJE 

operates through subroutine DESIGN and solves the same problem except 

that the total error is defined as follows; 

E v 
N M dA 
L: v, dv":"" + L:. w ,"j.. + [.!A 

]'.",1 1 V. .' J J J - 1 J =: -

V is an arbitrary constant, 

The aberration function, Ay is defined by a CONDITION card on which the 

first two columns are blank or zc~ro; A may be defined as XRMEJy YRMS, HRl'fJS y 

XAMAX, YAMAX) •• , (these CJ.uantit:Les are defined in chapter VII), If 

IJ?(2 )=2 , RlI:FINE will minimize the aberration function but ·will hold the 

special optical properties fixed . 

. The other operating instructions for REFllJE are the same as those 

for DESIGN. 



D. utHitx Routines 

In this section, \v() discuss the remaining routines 

available to the user of the code. The first group of routines is 

designed. to enable wide latitude in the assignment and use of tape 

units for output use and utility use. 

1. Tape M'1nipulatin!3 Routines 

a. Outtap...:: 

In the event that a large amount of output printing may 

not be used but should be aV<lilable in case it is needed, provisions 

have been made to put this output on a tape separate from the monitor 

output tape. The second tape can be saved and subseQuently printed 

if the data is needed. 

To change the output tape to logical tape m, the call card, 

OUTI'AP m, is inserted: SubseQuent output then appears on tape m 

provided that that tape, is available. Should tape m not be listed 

in the IOU table, the call card, OUTTAP m, will be ignored. The 

message, "*-H OPERATOR 1(--~-X- DIAL TAPE C3 (LOGICAl, 23) TO RECEIVE 

OUTPUT -- SAVE TAPE." is printed both on-line and off-line to notify 

the operator to hang the tape (this example is appropriate to the 

call card, OUTTAP23). 

This card may be followed by the call card, PAUSE, if the 

operator has not previously l)een instructed, to prepare the tape. 

The output may be returned to the monitor output tape or 

put on a third tape by inserting another OUTTAP card. 

b. Unload. 

The call card, UNLOAD m, causes logical tape m to be 

terminated with an end of file, rewound and unloaded. If logical 
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tape m is not listed in the IOU table, then the UNLOAD card is 

ignored. 

Since non-monitor output tapes are not unloaded, each tape 

assisned by an OUTTAP card should be subsequently unloaded by 

inserting an UNLOAD card when the tape is no 10D[ser needed. 

c. SavtaJ? 

The subroutine group, SAVTAP, SAVE, and RELOAD, makes 

possible storing the parameters of several beam systems so that a 

p:wticular beam system may be restored for subsequent calculations. 

For example, one may wish to design a beam system to meet certain 
, , 

specifications, and to try several magnet arrangements. He may 

optimize the parameters, by subroutine DESIGN, for e,ach magnet 

arrangement, storing the result on tape. When all arrangements have 

been optimized, the code may then be asked to restore that arrangement 

which best met the specifications. 

The call card, SAVrAP m, prepares logical tape m to receive 

system parameters. The'card is ignored if logical tape m is not 

included in the IOU table. If the tape is available, the operator 

will be notified to hang the selected tape. For instance, inserting 

SAVTAP13 will select logical tape 13 (machine tape B3 for the Iawrence 

Radiation laboratory Fortran monHor) and print the following message 

on-line and Off-line, "DIAL TAPE B3 (LOGICAJ.J 13) FOR UTILITY TAPE USE". 

It is recommended that utility tapes normally dialed for the monitor 

system be used. 

d. Save. 

The call card, SAVI~, causes the parameters of the current 

beam system to be written on the tape selected by the last preceeding 

SAVTAP card. While writing the current system on the tape, the code 
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chccks to sce whether it if; a bettcr nYGtcrn tb;:m all of the system,; 

previously stored on the ta:p(~. A f3yGtem is said to be ''better ", J.f 

the total error J.n meetJ.ng s:pec:Lf:Lcat:lons calculated by DESIGN, FO.CUS, 

or RE/INE ;is smaller th-'1n th(~ total crror for any other stored beam 

system. 

Upon completion of writineJ the accuracy i's checked; if an 

error is detected, the tapcls backspaced and the writing done over. 

This process will be repeated 1.mtil no redundancy check is detected. 

In the, event tbat the utility tape has not been selected by 

8. previously executed SAVTAP m card, a SAVE card will be J.gnored. A 

subsequent SAVTAP card will reset the register containing the location 

of the "best" system on the current tape. 

e. Reload. 

The call card, HELOAD m n, reloads the nth beam system from 

logical tape rn. If mo::O. and n=O. (or both blank), then the best system 

from the current utility tape is reloaded as the current beam system. 

If the selected tape is'not available, the RELO.AD card is ignored, 

If a system is reloaded, the tape and the record read is 

printed off-line. For example the card, HELO.AD23 0.7, reads the 1t.h 

beam system from ta:pe C3 and prints the following message Off-line, 

"SYSTEM NO.. 7 FHO.M TAPE C3 IffiS BEEN RELO.ADED. II 

As is the case When the beam systems are ioJYitten on the 

utility tape by SAVE, the sy:,tem read by RE:LO.AD is checked for 

acc1rracy in reading, and will be reread until read accurately. 

No more th'ln 12910. beam systems should be placed on one 

talle. If one desires to locate the best system among a greater number 

of systems, he should enter a RELOAD card after about 10.0. systems have 

been stored on the tape, rea:;sign the tape by a SAVTAP card, store the 
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system just relooded by a GAVE card, and then continue y/i th the 

comp3.risons. 

Several utility taJ)cs !1k'l,y be used in sequence, but the code 

will be able to locate the b<!st system only on the last tape assigned. 

f. Select. 

If "aberration envelopes" in either the x-z or the y_·z 

planes are to be plotted by r;ubroutine STJ\'rE, then two utility tapes 

must be assigned prior to entering that subroutine. The call card, 

SELECT m n, assigns logical tapes m and n as utility tapes for this 

. purpose. If either of the logical tapes m or n is not listed in the 

IOU table, a flag is set which prevents any subsequent attempt to use 

the tapes. 

An on-line message is printed requesting each tape specified. 

The tapes chosen must be distinct, must be on a different 

channel than the cathode ray tube, and should not be any of the monitor 

input or output tapes or the current output tape assigned by a SAVTAP 

card. For the most efficient use, both tapes should be on channel B 

since the input and output tapes are on channel A whereas the cathode 

ray tube is on channel C. These tapes may be chn.nged at any time. 

The tapes greatly c:peed up plotting the aberration plots, 

since the same data must be calculated for three separate plots. 'f\.ro 

tapes are available so that one may be used while the other is being 

reYTound, eliminating YTai ting for a tape to be re1vound. Writing and 

reading of the tapes is fully buffered. While the last record read is 

being plotted, a neYT record :is being transmitted. The new record is 

then checked for accuracy 8.ne:l. reread if necessary. In me·st cases, both 

the tape units and the cathode ray tube are in continuous simultaneous 

use. '1'he tapes are all-mys left in the reYTound position. 
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h;xample: 'rhe co.ll card, SEIJWT1109, will assign logical 

tapes Bl and A9 for utility talX'! use for cathode ray tube plotting. 

2. Output Control Utility: Rputincs 

Several Call Cards control off-line and on-line printed 

output and' Cathode Ray Tube Output. These cards and their functions 

are described below. 

a. Eject. 

The call card, EJECT, starts a new page of off-line printed 

output by writing a line of heading which includes the time remaining 

on the interupt clock. This card also resets the line count that 

determines When a p3.ge is full (see h., below). 

b. Time. 

The call card, TIME:, causes the time remainj.ng to be' 

calculated and written on the output tape. 

c. Title. 

The pEi .. ge heading contains 72 arbitrary characters Ivhich are 

entered by the call card, Trc'LE, followed by a single card with the 

heading text in columns 1-72. A new page is started with the new 

heading text. The text may 1)13 changed at any time by inserting another 

TITLE card. 

d. Note. 

Occasionally one desires to instruct the computer operator 

regarding operation of the program. The call card NOTE followed by 

a single card with Hol2.erith text in column'1-72, causes that text 

to be printed on-line and alr;o off-line. If desired, this card may 

be followed by the call card PAUSE to halt the computer while the 

instructions printed on-line are carried out. 



e. Rmse. 

The call cnrd PAUSE haltG the computer, with Iill1 11111e in 

the Gtorage rec;iGter, to not:i.fy the operator that Gome instruction, 

to be carried out, has been )lrinted on-line. Depressing the start 

l\.ey will caUGe calculation to proceed. The tnterrupt clock is 

sUGpended during the halt. 

f. Preid, 

When the cathode ray tube is used., the film must be labelled 

to identify it. The call card PREID causes initial labelling of the" 

film output and shouldprece<le all CRT plots. This card will also set 

the "Gwitch" IF(lO) to zero, thus allowing the CRT to be used. 

The call card, PO S'[, ID, caUGes the final tabelling of CR'r 

output and should follow the last plot. This card will also prevent 

future CRT use by settIng IF(lO) "to a non-zero value. 

h. Au~tomatic .. Page Advance~. 

Every time a .IIWRITE OU'rPJT TAPE: 3 Ii statement is executed, 

the program checks to see whether the current output page is full; if 

it is full, a new page is started by the EJECT subroutine. The current 

number of lines allowed on a page is 50; this may be changed by placing 

the desired number of lines per page in the address portion of location 

FULL (:=: TRAP-23e) by meanG of the ALTER routine (section 7, below). 

2_' Exit Routines 

When calculations are concluded, several options are 

available with regard to terminating the job. 

a. Exit. 

The call card, EX:rr, immediately returns control back to the" 

monitor. 
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'l'he call card, DUMPC, dumps the common area of the program 

in both flwting 1)oint and octal formats after wh1-ch control is 

returned to the monitor. 

The call carel, DUMPAL, dmnps the program in octal with 

mnemonics in addition to the DUMK,! dumps" 

Lf • Pd.nt SlJ.broutines 

The following subroutineG are used by other parts of the 

program and are'mentioned for completeness" 

a. Print Routine. 

The subrouting CVRIL' converts up to twelve BCD words to a 

binary card image and then 1)1'ints, th:Ls card ima,ge on-line. Control is 

returned to the calling rout1ne while the line 1-s still being printed. 

so th':1t) in most cases) no time need be wasted for on,··line printing. 

b. Octal to BCD Conversion. 

SiJ.brouti,ne OCTAL converts a single octal word to tvo binary 

cod.ed decimal wordf3 for output ])urJ?oses" 

A 16 J)lace table in located at A." i,n the supervi,sor routine 

for use with a CRQ i.nstruction to replace leading zeros in BCD words 

wi th b1anl~s. 

Subroutine PEUNTB ,-rill pd.nt the 10n buffer on--1ineJ thereby 

re})l~odlJ.cing on·-1ine the last line of off .. 1ine output. 

Provisions have 'been incorporated in the program for a 

general conditional branchin[£ of program control. The subroutine TEST 
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allows skiPJ)ine; or execution of a number of call cards, dependtng on 

the result of Geveral tentf3 vhich arc Gpecified. 

E':1ch tCGt spccif:Le:; a location in the core (relative to 

one of the names e;iven in the call list), a value, and a tolerance. 

The test is IXlosed if the ab:;olute value of the difference betvreen the 

number stored at the specified core locat:i.on and the specified value 

is less than the tolerance. The test is failed if t·he difference is 

greater than the tolerance. 

'rhis routine :is executed by entering the call card) ':PEST m n, 

folloved by m ca;rds, each of which specifies one test. Whether or not 

the n cards following the te::;t canIs arc sldpped depends on the outcome 

of the tests. 

If all the tests arc IXlsned then the next Inl cardG are 

listed and skipped if n<D; no cardn are Gkip))ed if n>O 0 If anyone 

of the m tests results :in a failure, then the next n cardG are sldpped 

if n>O; no cardG are skipped if n<D. 

The form'1.t of the test card :i.s described in Section E.ll, 

below. 

EXAMPLE: The error in meetj.ng the specified beam conditions is stored 

at location 70712 by subrout:i.ne DESIGN. We wish to plot phase ellipses 

for the syGtem only if the conditions have been met Gufficiently well; 

if the error is less than 0,001, we will plot the ellipses. The 

following cards are entered: 

SENSE 

TEST 
ABS 
SENSI!~ 

1 
01-3 
70'(12 

o 
SYSTEM 

o. 

IF(10)=1 

0.001 
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The first Sl'NSE canl lwcvent[; cathode ray tube plotting by setting 

IF(lO) to L If the floot:LnC point number stored at location 707128 

is less thrm 0.001 in absolute value} the next tbrcc cards "fill be 

executed. The SE:N~3E card following the TEST card rer;ets IF(lO) to 

zero) permitting plotting rhU'in[S the execution of' the follovring SYSTEM 

card. If the number stored at 70712 is larc;er than 0.001 in absolute 

value, the three cards fol1mring the TEST card "rill be skipped (but 

listed off-line)) and the call card immediately following the SYSTEM 

card will 1)e executed next. 

If any of the TEST cards refer to a subroutine name that is 

no-:; found on the call list) the test comparison specified on that card 

is i[Snored. 

6. A~ter Routine 

No rra ttcr how [Seneral a code n1'1y be} the user ,-rill freQuently 

wish to change constants use(l by the code or portions of the code 

itself to accomplish a j;:o.rticular aim. The ALTER routine provides for 

the replacement of part or all of any instruction or constant in any 

subroutine by a word entered in any format on an "ALTER" card. 

The call card} ALTI..:R, is followed by a single card which 

specifies the subroutine name (any name in the call list) and the 

octal location of the word bcincs altered relative to the subroutine 

entry point. The relative locaUon is defined as the address of the 

"ford being modified minus th(~ address corresponding to the SUbr(),ltine 

name in the call list. fro change constants or other data in COMMON, 

a pseudo-subroutine ABS is sJ)ecified; the octal address relative to 

ABS is the absolute address of the word to be modified, If the 

subroutine name sl)ecified is not in the call list, no changes will 
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be made. 

The Mme and location fields are followed by an octal word 

that is used as a maskj a bit in any location of this word prevents 

the correspondinr; bit in the vlord being modified from bei.nr; changed. 

for example if the masl~ is 7777'77700000 only the address porti.on of 

the word will be modified. 

The next field contains a variable format such as A6, F8.), 

This formut sp::cifies how the nevl word is to be read. 

If one is changing a flOc'J.ting point decimal constant, he obviously 

wants to enter the replacement word in an E or F format, But if an 

im;truction is being changed then the 0 formElt is more convenient. 

A single digit field follows the form-:J. t field. If this 

field is blank or zero, the ad.dress of the replacement word is not 

relocated. If, ho,,,ever, the field is not blank, the address field of 

the replacement word will be relocated. relative to the location of the 

word being modified. The relocation Hill be ignored if the address 

portion is masked out by the mask Hord. 

The next field on the card is the replacement ,wrd, to be 

read by the variable forma. t described above. The variable format 

also specifies the length of this field. 

Immedi.ately follOl"in8the replacement word, 24 characters 

of descrj.ptive text l1l.C1y be added. '1'his text is reproduced off-line 

in addition to dato. showin8 what WEts altered.. '1'he r;ubroutine name, 

the octal location relative to the entry point correspondin8 to that 

name, and the absolute location of the word being modifiei are printed 

off-line t08ether ,,,ith the octal digits of the word before and after 

modification. Examples of the use of ALTER cards are rq)yoduced in 

Appendix III. 
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A variable snapshot dmilIJ may be executed at any time by 

insGrting the cu.ll card., PJi:EK, followed by a card. gi v1ng the region 

to be dumped and' the type of convcndon to be employed, 

'The first tvro f1elcls on the card contain the subroutine 

nu.me (which must be in the call list) and the octal address, relative 

to the subroutine entry point, of the first word to be dumped, exactly 

as in the case of the J\LTEl1 carel. The third field is the address of 

the last word to be dumped mjnus the address of the first word to be 

duml')ed, in octal (this is one less tDJJ,n the number of words to be 

dumped). The fourth field contains one of the integers OJ 1, 2, or 

3; this field speci.fies the convendon to be follmred: 0 results in 

octal conversion) 1 resuJ.ts in floatinG; point decimal conversion, 2 

results in dec1mal convers10n with decrements interpreted as decimal 

quantities, and 3 results' in octal conversion with mnemonic machine 

ins tructions printed. 'l'hus the card PEEK is equ1 valent to the Fortran 

statement, "CAL~ PDUMP (JI'WA, LWA, I) ". 

If the subroutine named in the PEEK card does not appear in 

the call list the octal addr(~ss will be taken as an absolute address. 

EXAM1'LE: Some numer1cal quantities are stored between locations 

SOLVES1·624'and SOLVES1·651~ which arc used j.n calculat.ing the aberration 

inteG;rals; we can dump these numbers by insertiD£S the cards: 

PEE.K 
SOLVESbb621~bb30l 
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n. 

'rh(~ lIlo:;L; J.ib;ly error:.; arc thoue relatinG to jJiJlut and 

oLlt}mt i'LlIlcti.on:;. MOGt of tlleDc error:.; ure deteet,xl uy the li'o1'tr8.n 

in])ut-ouc}Yut routinc;:; IOH, ni'~H) vmn, or 10Sj detection of errore by 

one of theGe routine::; rc;r.;ult:; in a tram;fcr to :.;ubroutinc EXEJ;J: after 

tne error cod(~ and return addre:';G have been louded :Lnto the SE:i.~SE 

INDICArrons, The [;tandard Fortran monitor EXl'.~M routine viII correct 

:;omc error:.;) but in mo:::;t cas(:G, a transfer to EXH>1 resul.ts in 

termination of the job. 

a. EXEM. 

In order to attem])!; to continue with calculationG, a 

:';C;farate EXl'AVl routine mfo ber;11 built into the Gupervisor routine for 

the code. This routj,ne pr:Lnts the messaGe, "(EX::EM) CALLED .•. DUF'l"ER 

CONTEJIJ'J.'S ME,. ", off···line, followed by the Fortran IOn bur fer in BCDj 

thi:.; is the carel imaGe or output line image that va:.; being processed 

,-Then the error '<la:'; eletccte(l. The buffer data is folloved by the octal 

contentG of: 

(a) 'J.'he GE:N~}E INDICA'l'OHS; the address and taG portions contaj.n the 

error code \·rhile the decrement portion contains the return address. 

(b) 'fhe LOGICAL ACCUMULJ\.TOR 

(c) The MUrrJ'IPLmn"QUO'l'IJ!Nrr; the ace and MQ generally contain the 

IJorti.on of the input-outIJut text vhich caused the trouble. 

(cl) Location zero--addrcss ()f ca11inc; sequence 

((') Location tvo-··address transferred to by the STH im;truction 

(f) ACCUMULATOR--in BCD 

(G) MQ--in BCD 

The code then attelilpts recovery in the ~3ame manner as if 
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tho START ]wy \-/ore pressed when under non·,monitor control. For 

fUrther information refer to Appendix VII of the IBM 7090 

FOn'rRlN OPE:l\1\.TIONS M1\NDJ\.L. 

The common errors and the actions ta]<,:en are as foll0\-7s: 

(a) 0,1 illegal character in formal; treated as end of format 

(b) 1,1; 2,1; 3,lj 11-,1; 5,1 illegal cbaracter j.n data fj.eldj the 

offending character 1s treat(;d as zero. 

b. Tro:p. 

Every WRITE OUTFUT TAPE 3 statement is trapped before it 

is executed. Subroutine TRAI' tests for too much writing for the 

job; the current l:imit is 2300 linos. If the line about to be 

printed off-line is the first \ il\~ to exceed the limit, then the 

Harning, "EXCESSIVE WRITING CURTAILED" is written and all subseQuent 

l-r:riting is suppressed with the exception of important results. This 

feature may be over-ridden at any time by inserting a 2 in the fifth 

octal digit of BOOL on the SENSE card (L e. BOOL==BOO~- 000020000000) • 

The limit of 2300 lines may 1)e changed to any other number of lines 

by inserting the desired limit in the address portion of location 

LNTEST (LNTEST=TRAPI' 777578) 1)y an J\.L'rER card. 

The last field on ,::ach CJ\J~L card gi vos the maximum munber 

of lines which lllr'J.y bc: printed during the execution of that card. An 

attempt to print a greater number of lines results in terminating the 

execution of that CALL card and the reading of the next CALL card. 

If this field is zero or blank, no limit is placed on the amount of 

writing permitted under the CALL card. 
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These two tests mn,y be used to prevent LmforGc(~n 100PG 

involving \large amounts of writing; their l11.r'1in use waG in debugging 

the code. 

Subroutine 'l'MP 0.1::;0 advances the output J:Xlge vhc:m the 

current page is full. Ecl.ch J1age starts with a he_El,ding line, gi vine; 

the data and time of the 'run, the amount of t:i.me remaining, the page 

number, and the text entered by the last TITLE card. 

If the output tape has been reassigned by an OUTTAP card, 

'l'RAP inserts the correct output tape in place of logical tape :> cal1ed 

for in the WRITE OUTIUT TAI-'E :> statement. 
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In this section, tho exact placement of all data on 

the various types of input cards is described. The usc of thoso 

cards is described in prec~ding sections. All lengths arc in 

inches, all gradients in kjlogauss/in., all magnetic fields in 

kilogau'ss, all 1l1OIllenta in ~leV/c, and all slopes in radians. 

1. CALL Card 

The CALL card controls the execution of the many 

~ifferent parts of the program. It s for ma tis ( A G, 2 I 2, 15). 

colur.ll1 

1-6 Name of subroutine or program section called (left 

adjusted); the name must be one of those in the call list. 

7-13 l-!J{EP field; integer (right~.adjusted). 

9-10 NW~P field; integer (right-ad,justed). 

The two fields above nre used in W~PEAT, CIIAr\,GZ, INSSln j 

DELETE, VAHY, SAVTAP, OPTTAP, UNLOAD, RELOAD, etc., cards. 

11-15 LINMAX field; this is the maximum number of lines that 

can be wri ttoo \mdor the control of this card. If blank 

or zero, no limit will be imposed. The field is right-

adjusted. 

:2. SI~NSE Card 

The SENSE card controls program options; its format is 

(3011, 012, 8XFG.l). 

column description of use 

1 ') 3 0.. 30' 
t w 1 9 'j H'(lc); the first thirty colw.1l1s give the changes 

to be made in the switches v 11"(1) to 11"(30). ,\ blank 
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column indicates tlwt the corresJlonding switch is not 

If a switch is to be reset to z.cro , the 

corresponding column lIlust contain an explicit zero. 

Refer to A.3 for the swit ch al~signlilentso 

31-·42 DOOL; these twe 1 ve column:" iIlay contain no blanks; they 

form an octal word which is loaded into the S8NSE 

indicators. Only the first six columns arc interpreted; 

the right half of this word is set by internal subroutines. 

51-56 ClIll"; this field is used only by subroutine RKY3. 

3. TITLE Card 

Following the call card, TITLE, a TITLE card, containing 

the lIolleri th text to be inserted into the output pa;~e headin:;, 

must appear. The text is to be written in the format (12,\6) and 

consequently must appear in the first 72 columns of the card. 

The first card in the data deck must be the HmmNTUJ·l 

card. This card also follo\\'s the call card, KEWP. The format 

for this card is (5Fl'l. 6) 

columns description of usc 

1-11 noR!'.:; the diame ter 0 f the quadrupole magnets to be used., 

This quantity is used only by subroutine BELL. 

15-28 PO' the design momentum in ~eV/c; the momentum is 

required for most calculations. 

2D-12 GRAD~ a reference gradient in Kgauss/in. used by BELL. 

DELTAZ'~ the increment in inches between values of 

PHI (Id (used by IJ8LL and HKY3). 
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57-70 II; the Hun;;e~Kuttn otep size (increment in z) in 

inches. H is requir'cd only if the call card I HKY3, is 

used. 

5. ELEMENT Car'ds ----------
1"ollowing the call cards 1 HEAD, I.i\'Si·:ra, CIL\NGE, and VAHY t 

one or Illore carel.s containinl~ beam system parameters lnust appear. 

For m;:;,\D and I NSrmT , these cardH are read by the format (A6? 

5(12,1"11.7». The first field gives the element type whereas the 

remaining five groups, of two fields each, specify up to five 

parameters. The element cal'ds read by VAHY or CIL\NG:E differ 

slightly; they arc described later. The locations and names of 

the fields for the element cards read by IlEAD or INSERT are: 

column field I (l\~~~!:..L2!}on of use 

1-6 TYPE~ type of element, must be left-adjusted and one 

of the follOWing words: D~IFTt QUAD, 1PLUSB, OCT, n~NDX! 

BENDY, DlUFTX, DR[F'TY I AXIAL, or MATHIX. 

7-8 IZL, directs loading of ZL (normally zero or blank). 

9-19 ZL, length of element (in.) (a floating point noo). 

20-21 IPIII; directs loading of XPH1 (normally blank). 

XI'IlI; parameter of element. 

33-34 IPSI; directs the loading of XI'S1; always blank or zero. 

35-15 XPSI; parameter of element. 

46-47 lCL; directs loadi.ng of XCL (normally blank). 

18-58 XCL; left shape coefficient for quadrupole (entrance). 

50-60 lCI{; directs the loading of XCR (normally blank). 
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61-71 XCH; the right .shape coeffici~nt for~qu"drupole (exit)o 

The inteGers, IZL, IPIlX, IPSI I :J.:,CL, and ICI< are normally 

zero; if they "re zero thel1 the next field is read into its normal 

location (for example, if IZL::::O then ZL is loaded from the ZL 

field on the card). If an.Y of the integers are negative then the 

field followin{~ is ignored and the parameter correspond:Ln[~ to that 

field retains the value it had before tho carel was reael (jf IPIII:::-l 

then XPHI is unchanged). If any of the integer fields arc positive 

then the corresponding parameter is located in CO~r·l0N as described 

in B.l.a above; this option should not be used except for the 

elements DlUFT I 1PLUSU, or QUAD. 

If the clement type is not one of those in the "bove 

list, then the clement will be taken to be a drift space. 

a. QUAD. To cntor a quadrupole magnet the name "QUAD'! is placed in 

co lumns 1 ~·'1 on the 01 ement eard, ZL is the effective length in 

inches I XPllI is the gradien t in Kgauss/in. (po::;i ti ve if convergent 

in the x-z plane). XCI., and XCf{ are the frint':ing; field shape 

coefficients for the entrance and exit ends of the mag'net~ 

respectively, • 2 They are the ck,A k described in V. D and have uni ts 

') 

of in ..... 

or in the x plane alone or the y plane alone, the element type is 

DHIFT, DiUFTX, or DlUFTY, r\~spectively. The length of the drift 

space is placed in the ZL field. 

~CT. To enter an octupole magnet, the namo "OCT" is plaeed in 

columns 1-3 of the element card. The effective length of the magnet 

is placed in the ZL field. The strength of an octupole magnet is 
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determined by the third radial derivative of the absolute value 

of the magnetic field, thiG derivative being conf;tant throughout 

the aperture of an ideal mil{;net. The strength is entered in tho 

Xl'Sl field of the element card in units of gauss/ in3 (positive 

when the field is converging in the x-z plane and the y-z plane 

and diverging in the xoy and x= -y planes). 

d. 1PLUS8. A quadruJlole mi:l;:;net that has been modified by shims 

or other meuns to induce an octupole component in the field may 

be brought into the beam system by means of the element card, 

1PLGS8. The parameters on the card are the same as those on a 

QUAD card except that tIle third radial derivative is placed in the 

XPSI field as is the case in an OCT card. 

c. AXIAL. A solenoid magnet is entered into the beum system by 

moans of the element card, AXIAL. The effective length, in inches, 

is placed in the ZL field; the magnitude of the axial field, in 

kilogauss, is placed in the XPHl field. The use of a solenoid 

is restricted to plucement where the beam is rotationally symmetric. 

f. MATHIX 

Beam clements to be described solely in terms of their 

trunsfer matrices are entered by the clement card, MATRIX, followed 

by three "MATIUX" curds (Section 6, below) containing the twelve 

nontrivial elements of the 3x3 transfer matrices. The ZL (length) 

field on the element card is stored and listed as the "length" 

of the black-box element described by the transfer matrices; this 

length docs not onter into any calculations. 

Each set of transfer matrices is labelled by one of 

the int e[;e1's I, 2, 3 I 4 I or 5. This integer, appearing in the IPIll 
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field, directs the ::;torio[l; of the transfer matrices. If there are 

several elements in the hean! system described solely by transfer 

matrices, then no two of theHe elements IIlny be labelled by the 

sallle inte[!;er. I PIlI I unless the transfer matrices for the two clements 

are the same. If IPl!1 is negative, the code assumes thnt the matc·.i.-

ces have been londed by a previous m~AD sequence and are not to 

be replaced. In this case the three nw.trix cards that normally 

follow the element card, l··U~TrUX, must. not appear. IPHI may not 

be zero nor may it be ,lll in togor laq!:or than five. 

£.~ Dl~;VDX or BENDY 

A bencUn:; r,;a!;net. is entered on two elemont cards; 

the first card has "BENDX" punched in columns 1-5 if the bend 

ilS in the x-z plane. B81,DY punched in columns 1-5 signifies that 

the bend is in the y-z pLwe. 

(a) The first cnrd con(;;tj ns the length of the bendin[~ m<lg-net I 

In inches, in the ZL field. The field streng·th, in k,;uass ,appears 

in the XPIII field. The XPSI field contains a, the entrance an!;le g 

in degrees (refer to Fig. 1). 

(1)) The second card contai.n", the fj.eld exponent, n, in the 

XPlII field; 'J, the an[,;le the entrance edge makes with the exi t 

edge I (in degrees) is placed in the XPSI field. The remainder of 

t.he card is ignored. The second element is of zero length. 

The conventions on sil~n for the <J.bove quantities nre 

the same ns the convention adopted in Chapter II, shown as positive 

in Fig. 1. 
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6. ~l'\TrnX Cards 

The three curds following tIle element curd, MATRIX, arc 

read in the fonnat ('lEl!:>.!3). Tho first row of the X transfer m«trix, 

followed oy the second row of the x tr«nsfcr matrix, the first row 

of the y tr«I1SfCl- lIlatrix, and the second row of the y transfer 

matrix comprise the Inutrix clements to be pl«ced on these c«rds o 

The location of these elements follow. 

columns curd in c,u'd (/~ card 11~5 ------ ------. ---_.-
1-15 }.t:' 

I \.11 ~lX'1 '1 
~.:.. 

HY13 

IG-30 HX
12 MX')3 ;.IY21 

,~ 

31·-15 "X i'L 13 \r.r l .10.

11 MY'1'1 
,~ ... 

16-·60 ~lX21 l.'Y ~IY23 II 1'1 
'" 

Followilil~ the cull card, m<:LL, a curd must uppear for 

each quadrupole magnet to be entered into the DSLL calculations g 

resultin;; in the construction o[ the gr,:ldient array. There may 

La no more than ten such ca ('d.s. This group is followed by a single 

card containing ZEi\D in columns 2-15 with no other punches on the 

card. The magnet cards arc read by the formut statement (11,51"14.6); 

the significance of the fields is as follows. 

column fi(dd rl(~,;cr.!:.J)tion 

1 IC; IC is any po.si~ive integer (0 1'01' ZEND card only). 

2--15 ZMID, the location of the midpoint of the magnet, in 

inche~relative to an arbitrary starting point. In 

order to allow <1n adequate length for the fring;ing field, 

the center of the first magnet should be at least 5*BORE 

from this startin;;- point. 
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FJ{; th,~ plateau region 0'1' the lllag;net I \'ilere the c;radient 

is constant, extends to a distance l"n.~DORE from each enu. 

of the lIlilL~net. Beyond this point the gradient falls 

from its value ill the plate<1U.region • 

. J ,1-;) 7 BW, the half width characteristic of the extent of the 

frini~ing field, jn inches. The gradient falls to 1/4 

of its value in the plateau region at a distance mv 

from either end vf the plateau. 

58-71 EX, the relative excitation of the magnet. The gradient 

in the plateau rq{ion is EX* GJ~AD. 

8. Tl(:\'J;~C'1'O:~Y Cards. 

The c~lrds read b.y subroutine HKY3, g'iving the initial dis-

by the focmat stutelilcnt (1:2 , 5FI1.G). Immcdiately followi.n!..~ the call 

card, m~'\D, a s inL:;le card :;s placed, containinL:; DIUN in columns 

3 through 16 and DIWUT in columns 17 through 30; DJUN and DIWUT 

ace the initial and finnl drift distances, in inches, to the points 

z=O and z= Zl':'ND, respectiv'~ly. 

The rClaai.nLicr of thc c~u'ds is to be punched as follows: 

1 q 
-.:... Ie; IC:::O (blank), c'Xcept for the last card for which IC=l. 

~S-16 x 
0' 

the initial displacelnent in x, in inches. 

Yo' the initinl displilcernent in y, in inches. 

x , the initial /"lope in the x-z plane. 
0 

, 31-44 

Yo 
t tlw initial I '15-58 slope 1n the - " 

y ., plnne. 

5()-72 (p-PO)/p, the I'C 1<1 t i vc 1lI0lnentum. 
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The first two cards give the initial conditions for the 

two trajectories which will be calculated from the linearized 

equations. A maximum of 25 trajectories can be integrated. 

9. ASSIGN Cards 

The ASSIGN cards are called by the optimizing routines~ 

DSSIGN t n.SF'INIC, and FOCUS, and also be the call card ASSIGN for 

the purpose of' instructing the code which parameters of the beam 

system may be varied, which dummy variable, VAl«I~) I is to be 

assigned to each parameter being varied, and the limits that are 

to be imposed upon the parameters being varied. There must be one 

ASSIGN card for each beam element containing a parameter that is 

to ~e adjusted. Two ASSIGN cards are therefore required for bending 

magnets if all the parameters arc to be varied. The group of ASSIGN 

cards must be followed by a single card containing the integer -1 

in the first two columns. '£he format for the A:3SIGN cards is 

(412, 2X4FI5.6). The cards arc to be punched as follows. 

columns field de3criptio~ 

1-2 

3-4 

5-6 

7-8 

le, the clement number for this card (right-adjusted). 

ITT; ZL(le) will be varied in proportion to VAR(ITT(k»; 

ITT=O (or blank) prevents ZL(k) from being altered. 

JTT; XPHI(k) will be varied in proportion to VAR(JTT()~»; 

JTT",O (or blank) prevents XPIII Irom changing. 

KTl'; XPSI(Ic) will be varied in proportion to VAR(KTT(le); 

KTT:::O (or blank) prevents XPSI (Ie) from being changed. 

The integers used in the ITT, JTT, and KTT fields should be 

assigned in sequence; i.e o , if 4 is ,punched on sorno card, then 1j 

2, and 3 must appear on one or more ASSIGN cards o Elements,for 
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which no ASSIGN card appears) remain unchanged in subsequent 

optimi~ation calculations. We now continue with the description 

of the fields. 

columns 

11-25 L:;LNIN~ the minimum length (must be g'iven if ITT fo). 

ZU!AX, the maximum length (rnust be given if ITT /0). 

ZUIIN(ld(,ZL(Jc)<~Ll>1AX(ld is the constraint imposed. 

41-55 PIIHI,\X; must bC' given if JTT is not zero; 

IXPIII(Id I:;;: PHIMAX(Jd is the constraint imposed. 

56-70 PSHIAX; ln~lst be given if 1\.1'1' is not zcro~ 

1 XPSI Od 1< PSHL\X (k) is the cons traint imposed. 

The constraints are ignored by FOCUS and need not be given for that 

routine. If the bounds arc not given for any parameter which has 

been specified as a parulil.;ter to be varied, then that parameter is 

held fixed by default by both DESIGI\ and HEFINE. 

10, C()~:DI'rION Cards 

Condition cards form the vehicle for entering the 

beam specifications to be satisfied by the optimization routines. 

The maximum nUlllbcl~ of condi tions that may be entered is 12 (excluding 

as.signin[j the aberration function to be 1.1inimized). There 1S one 

con(li tion for euch card entered. The /;roup of CON;JITION cards must 

be followed by a single card with the in{eger -1 in the first two 

columns. The format of the a)l~;HTION cards is (2I2 j II, 21<'15.8). 

The cards are to be punched as follows. 

columns 

1-2 condition number; this labels which matrix element or 
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5 

6-20 

21-35 
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or other quantity specified as a property to be 

achieved. A zoro (or blank) ~tsnifies an aberration 

fUllction to bo lIIi nilo1ized is entered in columns 3-4. 

Tho concli tion number must be zero or a posi ti ve integer 

less thun or equul to 30. Conditions 11 through 30 arc 

described below. Conditions 1 throllgh 10 siGnify that 

the corresponding property is to be calculated from the 

DEFINE function punched in colullln 5; this function is to 

be calculated after the element number punched in 

columns 3-4. No two cards may contain the same condition no. 

Th~se columns are ignored for conditions 11 through 30. 

If a DEFINE function has been specified by giving a 

condition number between 1 and 10~ then that condition 

is 6valuated after element k, where k is punched in 

columns 3-4. If condition 0 (aberration function 

definition) the!l the function to be minimized is identified 

in columns 3-4; this number must be taken from tho 

"aberration function" list below. 

Column 5, interpreteci only for conditions 1 through 10, 

labels the DEFINE function to be used. This is the 

inte[!;or n on .the DEFINE n card that defined the function. 

The desired v;::tlue for the spec~fied quantity OlATTRY); 

if eondi tion 0 i,; punched in columns 1-2 then the 

arbi trary constant V is punched here; if blank or 

zero, V will bo :;ct to 1.0 (C.';'.). 

The wci~ht to be used in multiplying the error in 

the .specified qU;lllti ty when sUlllming; to form the total 



error. If blank or zero? v. weight of 1.0 is assumed. 

If condition 0, then the aribtary constant),f, is punched 

in this field. This field may not be negative (1)IATW'.r). 

between 0 and 31. Condi.tions 11 through ~!O refer to the x-z 

plune or x tran.sfor lIlutrix whereas conditions :21 through 30 

refer to th.() y-z plane or y tran8fer matrix. Conditions 1-10 

refer to "defined" functions, condi ti.on 0 defines the aberration 

function to be min.imized. 

I\o. 

II, 21 tho transfer matrix element T 
11 

12, ')') ... ~ the transfer matrix element 1'12 

13, 23 the transfer matrix clement Tl~) 

11, 2/1 the transfer matrix eler.lent T 21 

15, ~25 the transfer.matrix element 1'')') 
""'"' 

16, 26 the transfer matrix element '1'23 

17, 27 the ratio of roatr.Lx clements, 1'11 / 1'22 [}12in (II-IO] 

18, 28 
:2 ') 

r as defined in (11-12): r
W = 'I' 'I' I'T l' .. 1121 12 22° 

19 j 29 d , tho distance to the virtual waist (XI·-ll) 

20., 30 ~;/2, the maximum half-width in the system. 

If any 0 f the numlwrs I '7-20 or 27-30 arc speci fied then 

the object plane parameters specifyinG tho maximum displacelTlcnts 

and slopes must have been entered on the first. card following the 

call card j W .. ;::AD, or on a subsequent sequence of 03JECT cards. 

Aberration F'unction LL.;t. 'l'he aberration functions defined in 

ChdlJter VII are calculated. The code may be directed to minimize 

one·of them by identifying it in columns 310f the condition card 



-190-

wi th condi tion nwuber 0 punched in columns 1 and 2. The number,£; 

punched in columru:;-i! must bu taken from the following list 

1'\0. aherrati.on functjon 

o 
o C) 1/0 

(Xl(MS~+YHH.s"')-. -

1 (VII-D) • 

2 ymlS (VII-£» 

3 the maximum aberration displacement i.n x, X,u.-J,\X, (VII-5) 

4 the maximum aborration displacement in y, YJ\MAX. 

5 lI1axilllUIll displacement in x due to linear terms, and terms 

o 1\ ') 
in LlX, 6x', I\'"'x, and I\~x' (elliptical distribution.) • 

6 maxinrum displacement in y due toterIllS in y, y', 6y, . . . 
7 SUlll of (3) and (5): the maximum di.splaccment .. in x. 

8 surn of ('1) and (6): the maximum displacelilent in y. 

9 XH;'IS -I- x where x is tho half-width due to the linear terms. 

10 YH1>lS + Y ( I I -8) • 

11 mean aberration displacement calculated by SCAN. 

12 lIleao total displacement calculated by SCAN. 

Numbers 11 and 12 are not recommended as tllCy arc very time-consuming. 

11. OEJECT Cards. 

Five cards follow the call card, ODJECT; these cards 

specify the parameters describing the object plane phase space. 

The format for these cards is (51"10.5). A blank in any field 

signifies that the corresponding parameter is to remain unchanged. 

The five cards refer to the coordinates x y x' Y I and Ll, 
0' 0' 0' 0 

respectively. The field specifications are as follows. 
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1··10 XIl\F, tlll! lower j,ound on the coordinate. 

XSUP, tho upper bound on the coordinate. 

21--30 XDEL , the i,)cremcnt botween raster values of the coord. 

31-'10 X:.l~.\Ni the mean value of the coordio<lte (normally zero) 

XDSV i the stund,u-d deviation in the distrj but ion of the 

coordinate. X;·l:~M\ and XDlW are required only .if 

aberration functions 11 and 12 are to be minimized. 

~) 1- GO X~L\X I the maximum ini tinl value of the coordinate i used 

.in plotting the j)hase ellipses, beaJ,l envelope, and the 

aberration figul'e; D.lso used in the normali:t.ed auorra·· 

tion coefficients. The array X:·L\X(ld is the sume array 

that "ppears on the f.irst card following the call card, 

~r;\F(ld, XSlJP(l;;), and XINF(l<:) d(~termine the trajectories to be run 

Ly SCAN by forming a rastt::r of in.i tied values. 

The T:':ST cards are call eel by .subroutine T)~ST; each card 

.specifie.s a, location in the memory whose contents are to be compared 

l'Ii-.;)1 the number Given on the card. 

passed if the absolute value of the difference between the stored 

numLcr and the number Given on the TEST c"ard is less th"n or equal 

to the tolerance specified on the card. The format of the TEST 

cilrds is (A6, 05 1 :2E15.e); the field .specifications are described 

Lelow. 

column.'-; field .snecification 
~~-----~-------------

] .. ,6 SuLroutine name, .left adjusted, containinG the number 
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to be examined. 

Location of the nUHlber oein;; tested relative to tho 

subroutine entry point, in octal. This is the address 

of the core locution containing the number less tho address 

corresponding to the suoroutina name. 

The value against which tho stored number is being 

compared~ 

The toler"nce permitted in the cornpari8on. 

The number of test cards is given in columns 7 and 8 of the call 

card I T;~ST. ,\ defined function Illay be tested as 011 defined 

functi on.s speci fied on condition cards are aut oma ti cally cal cula t.ed 

oy TiHCE. 

The call card, ~EEK, caU8es one card to be read; this 

card .specifies the duml) lillli t8 and type of conversion for the 

The card, rend in the format 

(AG,205,Il) I is to be jJunchcd as directed below. 

columns 

1-6 

7-11 

12-16 

17 

1/1. DEFINJ~ Cards 

f:i c 1 d S 1) C c i fie i\ ti 0 n 

Subroutine name. 

Fir~;t wOI'd address relative to entry point for 

subroutine. 

Word-count less one. 

'I.'ype of conversion. 

The first card following the call card, t):~FINE n, is 

punched in the format (710'10.5); it contains up to seven float inc;-
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point conGtants. The constant punched in the kth field is referen-

ced by the sYlnhol (\(-1-1). For example that' number punched in 

columns 1-10 is referenced by the symbol ') . 
::::..~ the nUlnber in column.;; 

31- /10 is f'oi'el'enced by the symbol ;)" 

The second curd locates the parameters required for the 

calculation; the format fo)' thi.s card is (10(Al O~j)), The Ist l 

7th~ 13th, 19th,··· column.'; contain a BCD symbol (any symbol may 

be used). The five columns following each symbol ~ive the octal 

address of the floatinG poi.nt number to which the symbol is to 

be equated; a listinG of the octal "Jdrcss of the available 

paraowters will be Dupplied with the code. 

The third card, punched i.n the format (2.0AG), contains 

the oil:lple ari thr~etic stat<"lnents that define the function. Eo.ch 

fiuld laW-,t be in the [o.l.lo\';in~ fonll<lt: C=X:)Jb whex'c A} 13, und C 

aru any ECD .sYlll))ol.s, 0 3.8 Ol1e of the operations in the operation 

table (below), and b is a 111ank. 

The calculation of the function is initiated by setting 

symbols :2 thrOUGh 8 to the numerical values specified on the first 

cacd. 

l<:ach symbol punched on the second card i.s set to the 

number ,;torcd ;\t tIll: adjacent ()ct~ll address. The SYlllbols 0 «nd 

b (bl"nk) are set to the l1l;lIlerical value, zero, and the symbol 1 

is I;et to the numerical vaJue 1,0. The arithmetic statements are 

then executed from left to riL~ht. The first bl«nk statement 

encountered (the test is [or a hlank i.n the first column of the 

field) terminates calculntLoll of the function, the value returned 

is the last nurtlbcr cal cuI a~; cd. If all twenty statement fields arc 
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used then the calculation will cease with the twentieth statement, 

and the result of this statement will be returned as the value of 

the function. An error in formulating the function will cause an 

error return; an error return will be treated by the calling routine 

as if there were no error in the specified optical property 

determined by the function. Thi['; is equivalent to eliminating 

that specified optical property from cOl1f;ideration. 

The function, once defined, may be used as many times 

as desired by the program. It may be redefined by inserting a 

subsequent DEFINE n card. 

a. Operation Table. The operation symbols used must be listed 

in the following tablo. All attempt to use any othCl~ symbol will 

result in an error roturn. The symbols punched, the equivalent 

I~RTRAN statement, the operation typo, and the generated instructions 

are described in the table below. 

Symbols FOHTIUN op. generated 
lmllched equivalent .!:-ypo i.nstructions 

C=A+B C=A+B add CLA A, FAD B, STO C 

C:.::A-D C=A-B !-iub CLA A, FSB 13, STU C 

H=P/Q R:.::P/Q div, CLA P, Ii'Dr Q, STQ R 

L,:::A"'P Z=A*13 mult, LDQ A, F'MP P, STO C 

C:::A 13 C:::A equate CLA AI NOP 13, STO C 

Z=A.P Z=A+AI3S1i' (p) add mag. CLA A, FAH P, STO Z 

b. Example~ Suppose that we wish to constrain the bend in 

clement no~ 3, a bonding m<\[;net, to be Thi.s type of constraint 

must be entered by a DS~INE function. Wo will define function 3 

to be 0_35° where G is the anGle of bend of this maGnet in de[;rees. 
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The angle of bend for element no. k (a bending magnet) is 

calculated and stored at XCR(k+l); the XCR array is at location 

7l~213 in CO!0.}ION, and XCR(1) is stc.l\"ed at 71240. \'Ie enter the 

following cards~ 

DEFINE 3 
3~). 0 
,\71210 
,\",'\·-2 

The cquivelanet FORTRAN statement is: 

FUNCTION3 ::: XRI(4) - 35.0 

To ent0r this condition for the linear programming 

problem we insert the following CONDITION card 

07053 

The condition will Le lnbeled as condition no. 7 (arbitrary) 

and evaluated after elem6nt 5 (arbitrary, but must be after clement 

3) • 

If we now deinard that the entrance and exi t angles be the 

same in addition to ~he above specification~ we define a second 

function, say function no. 5~ a is stored at XPSI(k) and P is 

stored at XCL(k+l)~ the locations of a and ~ arc 71335 and 71276~ 

respectively. We enter the following cards to define the function 

DSF'INE 5 

F71335Q71726 
Z=F'-Q [(:::0 0 Z 

The equivalent FORTRAN statement is 

(blank card) 

FUNCTION5 ::: ADSF( XPSI(k) - XCL(k+l» 0 
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15. AL'i'lm Cnrus 

The ALT~l< cards n re r cad in the format (A6, 05, 0 12 ~ 

A6~ II, .~, 1A6); the •• :icld is the variable format field. 

Th~ description of the fiolds follows. 

column 

1-6 

7-11 

12-23 

21-29 

30 

31.--

field d08crietion 

Name of subroutine--must be in CALL list (BCD text). 

Octal location of word being entered relative to tho 

entry point. 

Octal mask (masked portions of selected word remain 

unchanged). 

Variable format; this may be any legitimate FOHTHAN 

single field format. 

Relocation bit; no rdocation if blank or zero; address 

relocated relative to location of altered word if a 

nonzero integer. 

Word being "ntered, read by variable format. 

24 characters of text may immediately follow the above 

field; the location of the text depends upon the length 

of the field specified in the variable format. 
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APPE;;mIX HI. NUH[~lnCAL gXA~'lPLES 

The two sample beam systems referred to in Chapter VIr 

have boen analyzednumcricnlly both with respect to thoir linear 

properties an~ to their uberrations. The input deck and significant 

portions of the ])rintcd and plotted output are reproduced hore. 

In describing these examples we shall try to demonstrate some 

of the many types of calculations the code can perform. 

The 'beam system in the first example consists of a 

quadrupole magnet triplet which is adjusted to provide a point 

image of a point source. The physcia1 lengths of the magnets in 

the triplet are 16 in. 1 32 in. 1 and 16 in., respectively. 

Adjacent magnets arc separated by 9.25 in. Drift spaces of 275 

in. intervene between the source and the effective end of the 

triplet, and between the ot.her end of the triplet and the image. 

The beam tube pasGing through the triplet is eight inches in 

diameter. 

We constr~ct the~radient fun~tion first and then 
IJ 

determine the effective endpoints and shape coefficients of the 

magnets. We shall usc these data, including the fringing field 

shape coefficients, to construct the beaIo system; this beam system 

is written on a utility tape. \Ve then construct a second beam 

system which is identical with the first except that the shape 

coef f i ci ents are not inc 1uded; thi s beam syst em 1 s alGa \vr i t ten 

on the u~ility tape. The first beam system is reloaded and adjusted 

to provide a double focus. We then culculate the aberrations for 

this system, which includes the fringing field shape coefficients. 

The second bealD system is reloaded and adjusted to provide a double 
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focus. 'l'lw aberrationa aCt' calculated; plots and calculations 

tllen follow for several different examples of obj~ct-plane phase­

space occupation. 

We then turn to the second example, for which the beam 

system. consisting of two ~uadrupole magnets of 16 in. length, is 

adjusted to produce a lino image of an incoming parallel beam. 

The bore and separation of the magnets are the sarno as those in 

the first example; the numerical values of the effective length j 

etc. are entered directly. We adjust this system and then calculate 

and list the aberrations. 

A. The Inptit Deck 

Each of the cards in the input deck, which is repro­

duced at the end of this section, is numbered in columns 78 to 80. 

t'out of the cards perform obvious functions as explained in 

Appendix II; those that are particularly sighificant are 

described. 

Card III is the required momentum card; this card must 

inur.ediately follow the • DATA card. Cards #4 through #13 have 

been inserted to generate internal modifications in the code. Card 

111/1 labels the CIn' film, and nUlilbers 13 and 16 set the IF(k) and 

DOOL switches to the desired initial values. Cards #17 through 

/j2l arc required to set up the f~radient array; the half-width, 7.38 

in. I yields the observed effective length for the magnets (V-27). 

The beam system is loaded from the stored results of SHAPE by cards 

ij25 through 1)33; this beam system is "/ritten on theutility tape) Bl, 

as directed by cards #36 arid #37. The beam system is read a secondtim& 
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',(- Di\ A 
8.0 7l.lU • U 1.717341 0.1 1 0 

ITLE 
SAMP E PR08LEMS FOR T~E OU ORUPOLE A6ERRATIO~ CODE. 

AL ER 
STEP 02737 
AL TEI~ 
STt::P J3Jl] 
AI_ ER 

F5 2 

F12 9 

RESCANJ0073JJJOOJJ77777012 
AL Tt::i~ 
SELECT00J52 012 
ALTER 
SCAN 002140000777777 7012 
PREID 
SENSE 

1 
BELL 
1 
2 
3 

SHAPE 
ITLE 

4 16363 1 14 

Lf 8 J 
81 25 
114.5 
162.5 

16.0 
3.2.0 
16 0 

0.89 LO ER PROFILt SCALE 

0.020943951 P 1150 FOR PHASt:: PLO 

453400200000 LXD UDRESS-l,2 REPAIR 

000005070722 IOCD CHIF,,5 FOR TIMING 

050000000000 SET FOR MIN X ONLY 

0-.10020000000 

o 5 
O®5 
(, ,­

J p 

7 38 
7 38 
7.38 

1 015{+98 
-1.02639 
1.015<0,98 

READ SEAM SYSTE~ SING DATA DER VED FROM GRAD E T CURVE JUS CA CULATED 
READ 

7 .75 
DR FT 
QU;\D 1 
DRIFT 1 

.75 
275 0 

1 

QUAD 2 2 
DRIFT 2 
QUAD 3 3 
DRIFT 275 0 
TITLE 

01430 00 J3 

PUT TWO SYS EMS ON SAVE TAPE--ONE WIT, 
SAVTAPII 
SAVE 

ov0025 4 U 05 

1 1 

2 2 

3 3 

Of\lc WITrlOU FRINGlf\lG TERMS 

{j-P 000 
4P 001 
4P 002 
<ocp 003 
4P 004 
4P 005 

P 006 
4P 007 
4P 008 
4P 009 
4P 010 
4P 1 

i 

L,P 012 
4P 013 
4P 014 
LfP 015 
4P 016 
4P 017 
4P 018 

I 
N 

<O'P 019 0 
0 

4P 020 
LrP 021 
L,p 022 
L+P 023 
4P 02 6, 

Lj-P 025 
I ::J '+, 026 
4P 027 
Li,p 028 
4:0 02':1 
4P 030 
4P 031 
4P 032 
4P 033 
4P 034 
4P 035 
4P 036 
Lj.p 037 



READ 
7 .75 

DRIFT -1 
QUAD 1 
DR FT 1 
QUAi) 2 
DRIFT 2 
QUAD 3 
DRIFT -1 
SAVE 
SYSTEM 
PUNCH 
TITLE 

.75 .01430 .00Y3 .00025 4.0 .05 

1 

2 

3 

ADJUST SYS EM fO PRODUCE DOJdLE FOCUS ASSI~N UTILITY TAP~. RELOAD dEST 
SAVTAP12 82 
RELOADI1Jl 
FOCUS 

20001 
400u2 
60001 

-1 
12 
22 
-1 
S!I,VE 
REPEATJ21u 
FOC S 
SAVE 
PUNCH 
RELOAD 
TITLE 
NOW EXAMINE ADJUSTED SYSTEM BY A SERIES OF PLOTS •• PHASE NU PROFILE 
SY~TEM 

SENSE 

SYS ECv1 
TITLE 

20 o J 0 U 2 0 J 0 0 0 ;) 

NOW CALCuLATE AND LI~T ABERRATION~ FOR rHI~ SYSTEM 
SOLVE 

4P 38 
4P 039 
LfP 040 
4P i041 
4P 042 
4P 043 
4P 04 Lf 

4P 04~ 

LtP OL,6 
4 047 
4P '048 
4P 0L.c 9 
/ D ,+, 050 
4P :::l51 
I D ,+, 052 
4P i~J 52 
I LJ ,+, U53 
LJ,P D j it- I 

['V 

4P 05:J 0 

4P 0')6 !-' 

4P 0')7 
4P J58 
4P 059 
4P 060 
4P 06 
4P 062 
4P 063 
4P o 6i~C 
4~) :J6 :J 

0 066 
4P )'" I ~ v ' 

4P J6d 
4P U69 
4P 07J 
4P 071 
4f) OU 
'0 '+ , 073 
iLJ ". , 

074 
4·;::> OJ:;; 



TIT E 
ENT RASE SPACE DESCRIPTION AND PLOT ABERRATION PICTJRES 
SEN E 

1 9017293 04 00~527JOOOOO 

SELECT1213 
03JECT 

.75 
75 
0143J 

.0093 
OJU25 

STATE 
TITLE 

.7') 
70 

® :J 14 
009 

• J:) J 2 

.75 

.75 
U0572 

.00372 
00,)025 

10.0 
10.0 
10.0 
10 0 
lU.O 

.75 

.75 

.01430 

.0093 

.OU025 

LOAD SYSTE WIT NO FRINGING FIELD TER~S FROM SAVE TAPE, DOUBLE FOCUS 
RELOAD1102 
DESIGN 

20001 
40002 
60001 

-1 
12 
22 
-1 
REPEATOIJ5 
DESIGN 
PUNCH 
EJECT 
S YS 1=-1\;1 
E::JE::CT 
SOLVt 
TITLE 

4 0 
4.0 
LH 0 

NOW EXA~INE:: A ?OINT SOURCE (SET MAXIMUM X AND Y TO ZERO) 
SELECTll13 
SENSe 

05JECT 

STATE 

1.J 
1 J 

00J286 
.001<36 

45270000JO 

o 
o 

076 
!+P J77 
4P 07d 
4P 079 
4? OSO 
4? 081 
4P 082 
4P 083 
4P 084 
6,P 085 
6-P 086 
4P 087 
6'P Ol:ld 
4P 089 
4P 090 
4? 091 

092 
4? 093 
4P 09 6, 
6-P 095 [ 

N 
4P 096 0 
i,cP 097 N 

L,LP J9d 
L,-? 09';) 
i.,cP IOU 
4P 101 
L+P 102 
4P 103 

P 104 
4P 10::J 
L,-P 106 
4P 07 
i.,cp 108 

10';) 
4P ll0 
4P 11 
4P ll2 
4P 113 
i,c? ll4 
4? II? 
4P 116 
i.fP 117 



TITLE 
NOW ELIMINATE MOMENfUM SPREAD AN0 RE-EXAMINE PLOTS. 
OBJECT 

STATE 
TITLE 

1.0 0 

NOW ELIMINATE SPREAD N Y PRIME--POINT SOURCE WITH ANGULAR SPREAD N X 
OBJECT 

00143 
1.0 o 

STAiE: 

4P llcl 
4P 119 
4P lZ0 
4P 121 
/, C) ..,-, lZL 
4P 123 
4p 124 
4P 125 
':',P lZ6 
4P 127 

p 128 
4P 129 
4P 130 , 
4P 131 N 

0 
4P 132 w 
4P 133 
4P 134 
4P 13:) 



T TLE 
READ NE~ 8EAM SYST~M, PRODUCING LINE IMAGE FROM PARALLEL 8EAM--DOU3LET 
SENS~ 

1 4016363 1 141 004426000000 
READ 

4 3,,0 
4PLJS8 
DRIFT 
4PLUS8 
DI:;; FT 
EJEC 
SYSTEM 
EJEC 
DESIGN 

10001 
30002 

-1 
.l. 

11 
24 
-1 
SAVE 

3@0 
18,,16 
8®51 
18 16 
275 0 

REPEAT032J 
EJECT 
DESIGN 
SAVE 
EJECT 
SYS EI\1 
PUNC 
SOLVE 
POSTID 
EX IT 

1 72 

-1®75 

o 5 

0,,5 

4 0 
4,,0 

4,,0 0,,06 

4P 206 
4P 207 
4P 208 
4P 209 
4P 210 
4P 211 
4P 212 
4P 213 
4P 21 Lj. 

Lj.p 21:) 
4P 216 
4P 217 
4P 218 
4P 219 
4P 220 
4P 221 

, 
N 

4P 222 0 
e~ 

4P 225 
4P 224 
4P 225 
4P 226 
4P 227 
4P 228 
4P 22':1 
4P 230 
4P 231 
4P 232 
4P 233 
4P 234 
4P 

---

235 
4P 236 
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! P, P ) SA~PLf PROBLEMS FOR THE QUADRUPOLE ABERRATION CCOE. 03/25/,,3 ~OO.O8 (18.70 TO CO PAGE 

.,. GO TO ALTER IF (K 1 = o ceo C 0 COO 0 0 0 0 0 0 COO 0 0 0 0 0 0 0 0 0 0 C O. BeOl= 0OOO300n0020. CHIF= 
S1'ERCL TINE STEP LOC 2737 =A~S •• 11037 200707534121 ~AS REPLACED 200721727024 LmiER PROFILE SC '\l E 

*** GC TO AL fER IFIK)= o 0 C 0 COO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O. BLOt= 00n030000020. CH 1'-= 
S1 1 BRCL T INf STEP lCC 30 0 =A3S •• 17 10 173521112460 HAS REPLACED 176722306444 PlI150 FOR PHASE Plflf 

~ ... GG TO HTER IF (K) = COO 0 C C C COO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 DOC 0 O. Gllfll= 00003000002(,. CHI F= 
Sl'SRCUTH:E RESCAti LOC 7'3 =AflS •• 3355 451400202156 hAS KEPlACED 05000000?L56 lXU UDRESS-l.2 REPA!~ 

·l1i·11* GC TO Al ER . IF! K 1 = o 0 COO 0 0 0 0 COO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ceo. SLOl= 0OOO300COC2C~ CHIF= 
51'BRCI.- 1 NE SElECT lOC 52 =ASS •• 2160 000005070722 ~AS REPLACED 00000407012 InCD CHIF.,5 FOR TIMING 

.. GC TO ALTER . IF( K) = o 0 C 0 C 0 COO 0 0 Q 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 8. BUOl= OCOC)"30000020. (ill F= 
$l~eRCUT IN[ SCM: lec 214 =ABS •• 2672 050000077776 HAS REPLACED 0300000777'6 SET FLR H~ X C\Jl Y 

*** GC TO PRclC IF (K I = C 0 C 0 COO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c. COOl= ooon~OOCC020. CH F = 

•• * GO Te SE\SE IF [K 1 = o 0 n 0 c ceo 0 0 0 0 COO 0 0 0 0 0 0 0 0 0 0 0 0 0 O. tlf;lll= 000030000020. CH!F= 

,. GC Te BELL F! K ) = 0 c C o 0 0 4 0 636 3 0 0 o 0 4 0 0 0 0 0 0 0 O. BUUl= 00OO2000002C. eHlf= 

8~RE= 8.COCOCC TrERE ARE 3 ELEMENTS. THERE A~E 1626 GRIll 
0.500000 
0.500000 
0.500000 

POINTS. SUBROuTINE 3Ell. 
, ~ICll.FR,8h.fX.ZZ1Ill2= 

~ ~!C.l,FH.8N.[X.lll.ZZ2= 

~ ~!C.l,FR,B ,EX,ZZl,ZZ2= 

••• GC Te SHAPE. !F(K)= C 

48.00COOO 16.000000 7.380000 1.01?49b 
81.25COOO 32.000000 7.380000 -1.026390 
14.SCCCOO 16.000006 7.380000 .01549H 

4'<,.OCOOOO 
69.250000 

110.500000 

52.00COOO 
ll.250000 

113. ~OvOOO 
CRT run ~<i" • 

o 0 C 0 o 4 0 6 3 6 3 a 0 1 0 0 1 4 0 0 0 0 0 0 C O. 8C()l= 000020000C20. CHiF= 

o. 

O. 

O. 

O. 

o. 

O. 
ij 

o. tv 
0 
0' 

-0. 

-0. 



tsp SAMPLF PROBLEMS FOR THE GUACRUPOLE ABERRA ION CODE. 03125/63 20Cc08 (i8~42 Ie ~O) PAGE 2 

CALC Ia~ CF EFfEC IVE LENGTHS ANC FRINGING FIELD SHAPE COEFF C[ IS FROM INPUT FIELD PLOT 

.'AGNEr NC. 1--- ZMIC= 48.cecece INChES. 

PPYSICAl ENGT~ 

E~FECTIVE F LENGTH 
ErFECTIVE LENGTH I~CREASE 

$flAPE COEFFICIFNT 

l~CA leN CF EFFECT VE E~CS 

R~GI[~ OF ~TtGRATION--- FROM 

EN1~ANCE 

8.CCCCCC 
907586 /7:) 

L.758645 
-9.81",498 

38.24 35'5 
o. TO 

PHIS!M= 0.000772193 IN-2. 
EX! TOTAL 

8.CCOOOO 
8.398185 
0.398 85 
2.596170 

56.398185 
60060')845 

16.000COO 
18.156830 
2. 56830 

THETA~ 0.504549. CR/OK= 1.7:.'3866 KG! 
I NCHESI 

CRT pun NO. 2 

'.~AG~ET ~C. 2--- IMIC= 81.250000 NCHES. PH S -0.000783972 1~-2. THETA= 0.~15247. OD/DR= -1.750168 KG! N. 
ENTRANCE EXIT TOTAL INCHES) 

P~YS!CAl F LENGTH 
ErFECT VE hALF lE~GTH 

EEFECTIVE lE~GTH NC~EASE 

S'''APE COEFFIC! 

l~CATICN DF EFFECTIVE E~CS 

R~G C~ OF ~TEGRATION--- FRCM 

16.COOOCO 
16.343945 
0.343945 

-2",916457 
0.343952 
2.916432 

64~gC6054 9 ~593952 

60.609845 TO 01.890156 

32,,000000 
32.687897 

0 .. 68 897 

6~AG~ET 3--- ZMIC= 4.5CCOCC NCHES. SIM~ 00000772193 IN-2. 

p~YS CAL lENGT~ 

ECFE rIVE F LENGTH 
ErFE T[VE LENGTH I~CKEASE 

COEFFICIENT 

ENTRANCE 
8.CCDCCe 
8.398183 
0.398183 

-2.596169 

EXIT TOTA~ 

80 16.COCCGJ 
9. fl. 1 30 

,,758A41 
9081'::;.500 

2.156830 

lIeN CF EFFECTIVE E~CS lC6QiC1617 1240258647 
RrGIC~ OF EGRATION--- FRO~ Cl.8ge 56 Ih2.5CCCOO 

THETA= O.5a4549~ 

( NCHES) 

i* GO Te TlE '" IFrK)= C C0COCOL.(O 6 3 6 3 0 0 o 0 4 0 0 0 0 0 0 0 O. 

CIH PlO NC. 3 

DB/DR= ,,723HA6 No 

CRT PlG NCo L} 

000C2000002C. CH F= -0. 

N 
o 
""'l 



(~ ) lQAC SYSTEM ~RI~G!~G FIELD T SAVe rAPE, DOUBLE FUC0S 03/25/6, 200008 (15047 TO GU) PAGE l 

VARI~~LE ASSrGNMf~T FCLl()WI 
E~ EN 1\T l\ll:vl")t:R 1 Oi~rr: 7L 

LP ITERATICNS IS"" .. " 
PHl~ PHI PS PSI 

E~E~i\,r R Q~JI~'L 

-: r\LIVt)fR [;;~IFi 7L 
i\c/v,;::,t:.Q. Q0!\C 

NU~Kt~ CRIF~ 7l 
l\j 6 Of...iAS 

1:'1 E)·j f i\ T o:-{ 1 F T 

T;- 2 CC"'IC I 
(ei\S r leN NU. 22. -0. 
Crl\C \(J~ 12~ -On 

SCL.~JrICN 

V/AR ( I) 
-C"CC3S(j7~5 

-'::",8822 /,.604 
Co 

-~"OOJOOJ6C 

CcOCOCCOC4 
C"JOOCCOC"; 

S;' ., 
I I) 

o. 
Q. 91SS 
O. 99SSSSJE 0 
0. C1CCaOJE 0 

ODOG6?5964 IN T1 
G= 4 ~c::: 6 

( lI'JAi\ 3) 

8;\$ I $ 
I r I 

o 

LO 

PHI= PHI*( 0 + VAR{OL)} 
i:':lH I = PHI 
PHI-= PHI*{ L.O .;- VAR(02i 1 

1-= PHI 
I= PHI-::-(loO + VA~(OlJ) 
i= PHI 

PS 
PS PS I 
PS PSI 
PS PSI 
P S PS I 
PS PSI 

I~ITIAL VAlUE= De5415i535E 00. ERR Oe54151535f OC. wT= lODOE 01 
I~ITIAL VALLE= -0.55292 C1. -0.5~292?7~E Ole WT= lCOOE 

?RlfvL~L SGl .. 
X I I ) 

-00222720l2E-07 
o 26919759c 03 
O. ",C633350E 02 
0.3C633350[ 02 
Q,,26()l9759E 03 
OolClOOOOOE 02 

~~ UIV: \f R = 

CONST. 
Y [ II 

-Q,,29S02322t:-C7 
-O,,1..2?07031E-O") 

O<>Z!,4 L4063E-03 
122934581:-06 
23S'dG58E-06 

O. 

O .. OOOOCOOJ 
Me= 108 

s= 0 

V!\:·<' 0 ~ 

J f= 

GC Kt:i..l If(K)= C Q 0 J 9 0 1 7 Z 0 C04·QO 000 9CCll= OO~~27C4C02a. (:-l1:== 'j ~ (.' 

T 

1 T 
C,t"i\C 

NE i. CARCS S. 

rc C~S :<,)= C~;;O C (J 

CG,',Hj ITIG"\S 
8E -0,., 

T r 

-C<>00000l33 
C"OOOCC238 
Co 

- C 0 0000002 2 
-C~OOOC0021 
-:::,.,00000022 

00 

00 

-00 

CCSTo CCEFF<> 
G ( r ) 

;g~ 01 
Ol 

c" iD1CCGOO:: 02 

~r~ E~~O~= O.OCC834 I~ 7 

I~'FIX.o. 4 ~= Ie 
KOLT ••• K: I~~~T 

6 
lTE',= 5 

GO Te CESIGN. r li() 100 ceo 

THE 2 CONCITICNS fO 8E ARE •• Q~ 
C·~CITICN NO. 22. ESIREC VALUE= -0. 
crND leN 120 DESIRES VALUE= -c. 

N""'" SOlt..;rrON 
VAR ( II 

-C.OOOOOOO! 
-c.oooeOOC! 

c. 

o. 
O. 
O. 

COS T. (OEFF. 
B I I I 

II) 
o 
6 

7 

~) o 0 o c; /, 0 0 8 Ci o. 004527040020. 0.,0 

I l\, I;- I -OnA580~52~ ;= O.lOOOE C 
I;\: r "\ I!.J,l O~ ;J", 17'9Z'J07 :~r:::: 0 1 01 

SG~G 

X \ y) 

~L, 

-0" 

Y [I J 
-Og27C49853~-05 

O. 1813E 01 
Om?5 70392 02 
0.25 1039iE 02 
GaGO 418!3E 01 
O.lC CaCaOE 02 

-0<>35 lM7f:-G6 
-0" 4·84-.2:~ 77 '!"c-o-: 

0" 

O~OOA75964 CALCa IMPROVE~ENT= -0", 
~= 6 Me= 

NVC:::: 5 NU~VR= NUMPV= 
NCUf=lOO 

o 

VA~ FAe Oo997S25 
o 

JT= 

2 9 3 0 I 0 0 0 0 0 0 0 COO. GODl= 00452704002 iF= o.c 

BASIS 
JH ( ! 

o 
6 
8 

TAL VALUE= -O.34332275E-04. fRRUR~ -O.34332?75f-04. WI:::: O.leeCE 01 
INI hL VALUE= -0. ERRUR= -0. W O.lODOE Ol 

PRIMAL SOL" 
XI! I 

-O.55721726E-09 
0.21944'c52E 02 
O,21533453E 02 

CONST. ERRO',S 
YI I 

-0.,2672742,,-05 
0023363105E 03 

-0039218083E 03 

N 
o 
00 



I"P) LCAC SYSTE~ ~ITH ~C FRING FIELD TERMS SAVE TAPE. DOUBLE FOCUS 03/25/63 200.06 115.44 TO GO) PAGE 25 

••• GO Te SYSTE~. IFIK)= 0 2 J 0 0 0 9 0 1 • Q 300 o 0 0 4 GOO 0 0 0 0 O. ~CUl= 004527040020. CH F= 

• ••• THE SYSTE~ NOW L~DER CONS OE~ATICN CONS STS OF FOLLOWING ElEME~TS ••• 

K LE~GTh p= l1CO.00 MEV/C. 
275.0000 URIF SPACE 

ry 18. 568 QUACRUPOlE MAGNET PH 0.169 2E-03 THETA= 0.50354 oG/DR= 1.716J85 Cl= -0. CR.= -0", 
CR SPACE 8.5C79 

32.6879 CUAORUPOlE MAGNET 
DRIFT SPACE 
QU~DRUPOlE MAGNET 
CRIF SPACE 

PHI~ -0,,7822 6E-03 THET/';.= 0,,91421.9 oB/DR= -1.746238 CL= -C. C~:::: 0" 
~ 8.5079 

18.1568 
275.00CO 

PHI:::: O~769112E-03 THETA= 0.503541 DB/DR= 1.716985 -0. CR.= -O", 

T~E TCTAl lENGTH IS 636.0173 INCHES. 

K= 
K= 
J(= 

K= 
K= 

BEA~ HALf AT Z= 
BEA~ HALF AT Z= 
BEA~ ALF A l= 
BEAM HALF A Z= 
BEA~ AlF A Z= 

55.COOO INCHES= 
110.eeOO INCHES= 
165.CeOO INCHES= 
220.COOO 1'ICHES= 
275.COOO INCHES= 

fORST CRDER SCLUTIONS TbRCUGH ~LEME~T 

1.086776 NCHES N X PLANE AND 
0742650 NCHES N X PLANE AND 

20475831 NCHES N X PLANE A~O 

234164 NCHES N X PlA~E AND 
4.003381 NCHES N X PLANE AND 

CRT PlLi 23 
0.907811 !"jCHES IN Y PLA:,E. 
1. SI',IY 

IN Y 
N Y PlA:~f. 
N y PLA:~E. 

DCH = O. O. 00 00 

C.O 

C~! C.C9SSSg99E 0 C.C99S9999E 01 O. 
V WA SIS ••• X PlANE--lCC= -275.000 

03 0" 0", O,,0909'jgQryF 0 O,,099CJ9909E 'J 
Y PlANE--lOC= -270.000 iN., ~AX= 0.7500 IN. 

K= 2 BEA~ HAlf WIDTHS Z= 278.6314 4.034031 INCHES I X PLANE AND 2.7 120B INCHfS IN Y PLANE. 
K~ 2 8EA~ hALF DTHS AT l= 282.2627 4",023325 INCHES IN X PLANE 2.784766 INCHES IN Y PlA~E~ 
K= 2 BEAM 1-All' W OTHS A Z= 285.8941 INCHES= 3.972867 NCHES IN X A~D 2.886622 I\iCHES IN V PLANE. 
K= 3EA~, HALF WIDTHS ,~T Z= 289.5254 I\iCHES= ).S8167{, INCHES ~ X AND 3.0ll8C5 PiCHES IN Y PLANE. 
K~ BEA~ HALF IOTHS AT Z= 293~156A INCHES= 3",75)172 [NC[-,ES IN X PLANE. I-\N~) 3",171)644 !\lCHfS_ IN Y PLAi~.JL" 

F"l'RST CReER SOLUTIONS Tl-RCUG1-1 tlEf"iEi\T 2 CCHI= 0" 0" -0 ~ o. 
C" C.B7587942E OC o. 1294782E 01 0.25826"'05£ 03 O.3295404lE 03 -0.1338 0.1.4562?93E-01. -0.2804154?i~ 01 0.5U4t089E 01 

'RILAl WAlsrs ••• x PLANE--lOC= ,)0.530!., X~It\X= 0,2595 I Y PL.4NEC--LOC= -64.852 IN., Y,~AX= 0.1',·2', IN. 
K= 3 BEA~ W eTi'S Z= 294.8584 1:~CH s= 3.681C07 I S U.J X 3.262906 I'<CI'ES IN Y PLAN 
K= 8EA~: rALF OTHS AT Z= 296.56CO INCH S= 3.610848 S IN X 3. 1 IN Y ?,-A'< 
1<= BEi\~ rALF I, D AT Z= 298.2615 I~CH $= 3.54069 S X PLANE ,5,cW 3. IN V PLA\j 
K= BE D T Z= ?gj",S6,1 Ii\Jeri S= 30 S53 S IN )( PLANE AND Y 
K-:: BE r Z= 301.6647 INCHES= 3~40041? I HES x ~?95g93 S N Y 

CRCE~ SGL1J leNS T~RCUGH oct-: 3:::;:: -0. o. 
eQl 0.76202 59E co 

WAiSTSDO.X 
O~12533723E O~ 440 03 Oa37322074E 03 -001338 2[-01 O,,14562293E-OL -O.2R041547E 0.,5 341089E 81 

K= AlF 
K= 
K~ 

K~ 

K= 

4 
4 

BE 
BEAM 

BE 

ALe wiDTHS 

F CReER SCLUTI 
C~I Oo602326C?E CC 

AT 

WAISTS ••• X PLA~E--
K= BE 
K= 
K~ BEAM 

K= BE bAlF WIDTHS 

82.0 2 XMA~= 002595 I ~. Y PLANE--lOC= -73. ,YMAX; O~ 
308.20 2 NCHES= 3.186528 INCHES X PLA:,v.E 3", [-\54253 

3.')84853 
1.(:63 

3" g!T5382 

}:NCt!ES IN y 

I!\i Y 
Z= 
Z= 
Z= 

, ",7'398 
,21,,2771..): 
32708[50 
33!",,,, 3526 

NCH S= 
NCH S= 
NCH S= 

I ~~CHES= 

3~07J620 NC I 
3",076123 NCHES X 

){ '.17~922 NCHES 
30382347 ~CHES I~ X 

GH ElE 4 DCHJ-= -0. 

AND 
['iCHES IN 

S IN v 

;. c. j 8 37 S I v 

-0. -0. 
895E 01 002 O",37322073E G3 O~29393774E-02 -o~ t93f-Ol O~28G41547E 0 -OaS 

cc= -83.,959 N,,? Xf.'l.b.X= 0,,2671 1\;", 

z~ 336~C541 NCHES= 3.450473 INCH S N X 
Z= ?37.7557 NCHES= 3.518607 INCH N X 
Z= '33,).,4573 '\lCHES= "'3-" '5867-49 fNtH S 1\1-X 
Z= 34 .1589 ~CHES= 3.654B98 NCH S X 

Y PLANE--lOC= 1 860 N., YMAX= .1401 I 
3",l:~96B62 INCHES IN Y PL.A'~f., 

304 2 90 !~CHES Y PlA~E~ 
3-", '321521 Ci\!trfES rN~ Y-PL~A,\JE<,> 

AND 3.242856 f~CHES IN Y PLANE~ 

1 E 'J 1 

IT 

N 
o 
-D 



liP) lOAC SYSTEM WITH NC FRINGING FIELD TERMS FROM SAVE TAPE. DOUBLE FOCUS 03/25/63 2CO.OB 115.37 TO GO) PAGE 26 
K- 5 BEAM HALF WIDTHS AT Z- 342.8604 I~CHES- 3.723054 INCHES IN X PLANE A~D 3.158196 I~CHES IN Y PLA~[. 

PRST ORDtR SOLUTIONS TrRCUGH ELEMENT 5 DCH!- -0. -0. -0. -0. 
C'"I 0.627333R9E 00 0.10168R48F 01 0.25826603E 03 0.32954042E 03 0.29373774E-02 -Q.l887719JE-01 0<> 28()i; 15/~ 7E 0 -O.5IVd091E 01 
V'RTlAl WAISTS ••• X PLANE--LOC- -92.467 IN .. , XMAX- 0.2671 !)J •• Y Pl~Nc--LOC- 63.353 Il\lc, yr~AX ~ 0.1'.01 IN. 
K- 6 BEAM HILI' WIDTHS AT Z= 346.4918 INCHES- ,.849418 INCHES IN X PLANE A\JO 2.99-32:"8 i\KHES IN Y PlA"~[" 
K~ BEAM HALF WICfHS AT l= 350.1231 INCHES- 3.936801 INCHES IN X PLA~E AND 2.85(3729 INCHES IN Y j-llAi'~f ., 
1< ~ 8EftM HALF WIDTHS AT Z- 353.7545 INCHES- 3.984314 INCHES IN X PLANt A"iO 2.,753245 INOII'S IN Y Pl/V-.!t:" 

K- BEAM ~AlF WIDTHS AT z- 357.3859 INCHeS- 3.991477 INCHES IN X PLANE A"iD 2.675739 INCHfS IN Y PLA-NC. 
K- 6 BEAM HALF WIDTHS AT z- 361.0172 I'ICHES- 3.95BZ15 INCHeS IN x PLANE AND 2. ~?5427 !~CHfS HI Y PLA'~F" 

PRST CRDER SCLUHONS H-RCUGH ELEMENT 6 CCHl- -0. -0. O. -0. 
[PI 0.60G61169E 00 0.79113036E 00 0.27499998E 03 0.275000001 03 -0.58204059E-02 -O.65132022E-02 -0.1919J9R2~ 00 -O.10000002t 01 
V'RTLAL WA SIS ••• X PLA~E--LOC- 26C.354 IN., XMAX- 0.7 73 IN.. Y PlANE--lOC- 241.8CO IN., Y~AX= 0.6640 IN. 
x- 7 BEAM rAlE W DTHS AT Z- 416.C172 INCHES- 3.15-1025 I'J(HES IN PLANE ANLJ 2.0H6C 1~,Cl'ES IN Y PlA:1F. 
K- 7 SEAr rALF W OTHS AT l: 471.0172 INCHES- 2.359687 INCHES IN PlA~E A'JD 1.5-;',522 INCHES IN Y PLA,"-. 
K- 7 SEAM HALE WIDTHS AT Z- 526.0172 INCHES- .595~73 INCI"ES IN X PLANE A'm 1.044870 INCHES Hl Y PlA--lF. 
K- 7 BEAM bilE WIOTHS AT z- ~81.CI72 INCHES- 0.937331 INCHES IN X PLANE AND 0.702361 INCHES N Y PLA~r. 
K~ 7 BEAM bAlF WIDTHS AT z- 63~.Cl72 I~CHES- 0.750000 I~CHES IN X PLANE AND 0.750000 INCHES IN Y PLA~F. 

F'RST ORCER SCLUTIONS Tl-RCUGH ELEMENT 7 CCHI= O. -0. O. -0. 
C~! -C.99S99993E 00 -0.IOOOC002E 01 0.26702S91E-04 -0.45776367E-04 -O.5820405~E-02 -0.65132022(-02 -O.9919~)R2E 00 -O.I0000002E 01 
V"RTLIL WI S S ••• X PlANE--lCC- -14.646 IN., X.AX- 0.7173 IN.. Y PlANE--Lnc- -33.200 I~., YMAX- O.6A4J I~. 

THE TRANSFER MATRICES FOR THE SYSTEM ARE---

XX 
XX -0.99999993E 00 

~x 

XV -0.58~04C59E-02 
vx 

xx C. 
xx 

"AC AL FCCAl lE~GTH-
H-E RACIAL (JS JE::C T 

TrE RACIAL f ~A(;£ 
~HE VEKTiCAL UBJFCT 

THE VERTiCAL IMAGE 

RADI,\! 
C.26702881E-C4 O. 

-C.999999n2E '''':0 C. 

XX XX 
XX XX 

XX xx 
xx AX 

XX xx 

VERTICAL 
-0.I0000002E 01 -0.45776367E-04 -0. 

-O.651~2C22E-02 -C.IGOOOG02~ 01 -0. 

c. [,0 xx xx o. c. I. C 
xx xx 

(.171809,2 03 l~CHFS. VE R Tr C FllCAL LENGTH- O.15'53430l 03 ! ',CHl_ S. X 
ECCAL POINT IS LOCATED -O.171BOJ20E 03 INCHES AHEAD (IF !Hl S YS fE'v1" X 
FCCAL POP'iT IS LOCATED -0.1718093l[ 0:5 I~CHES BEYOND THE SYSfEM. XXX X 

Xx XXX X 
X X x 

X xxxx 
FCCAL peUH IS LOCATEO -a.153534~3E 03 INCHES AHeAD UF THE SYS Tt~. X xxx xxx X 
FeCAL POINT IS LOCATED -O.1~353434E 03 INChES ~EYONO THe SYSTEM. X X 

XX 
Xx 

Xx 
XX 

Xx 
XX 

Xx 

X 
X 

XXX 

••• GC TO EJECT. [FIY)- C 1 0 0 C C C 0 9 0 1 7 2 ~ 3 0 0 1 0 0 0 4 0 0 0 0 0 0 0 O. COUL- 004527U40C2C. (HIF- C.O 

! 
W 
f-' 

o 



("PI LCAO SYSTEM W TH NC FR NGI~G FIELD rERMS FROM SAVE TAPE , OO~BlE FOCUS 03/25/6) 200.08 115.34 TO GO) PAGE 27 

••• GC TC SOLVE. IFIKI= ceQ C 0 COO I 7 2 ~ 3 0 0 

T~lER'~CE COEFFICIE~TS FO~ MAGNE NO. 2--PH 0.000769109 
TER~S r~ X 

('.01 * ML/PHI •• -O.~8041~E C 
IVCI 'CPhI/ D HI •• -0.364819E 01 
IWe) • X IPh •• O.792B18E 01 
IV'C'.CPHI/PHI •• -C.I03673E 04 
(v'Cl • XI/PHI •• 0.2250C5E C4 

TERMS N X' 
SH Fi IN X -00875978E-02 
CCSI2W)- -0.839 14f-02 
-C05-5 ~12W) O.lR2758E-01 
CCSI2W)-1 -O.23B597c 01 
-C05-S N(2Wl Goj18044E 01 

TrlERA~CE COEFFIClfNTS FCR ~AGNE NO. 4--PH -0.000782214 
fE'<MS IN X 

{~~c} * ML/Prlo~ CQ56083 ~ Cl 
(Vel .CPhI/PHI •• O.358326E C 
lVe) * XI/PHI •• -O.146550E C2 
IY'CI.CPH IP~[ •• Oo1Z3128E 04 

TERMS IN X' 
SHIFT IN X Oo163213~-O 

CCS(ZW)- O.IO~751f-Ol 

-O.5.SI~(2W) -O.42S974E-C 
CCS(ZW)- O.35R326E 01 

IY'C) • X!/P~I •• -O.45CCIOE 04 -C.5-= NI2~) -0.130962E 02 

rrlERANCE COEFFICIENTS FeR ~AGNET NC. 6--PH!= 0.000769109 
T[R~S H, X' TE~~S I~ x 

(' • C) ~U/P~[ •• -O.3Ba4l5E Ct 
(Ye) *CP~I/P~Ica-C~2335S7E 01 
(Ve • X[!P~I.. .6726E4~ CI 
IV'C)'CPh! PHI •• -O.1C361?E 04 
(v'Ol • XI/PHI •• O.225CC~E 04 

SHIFT N X 
CCSI2WI-l 
-G.S.SIN(2W) 
COS(2~I-l 

-C.S-SINI2W) 

o. 33810E-Ol 
-O.839113F-02 

O.2362S8H-Ol 
-O.364BI9H 01 

0.790675 01 

o 0 0 " 0 0 0 0 0 0 0 O. BC(lL= 00452704()020. CfHF= 

l.HERAl DISPLACEMENT, RUTATlU~, Ci{ [)!PULE (01"I'(;'E·'11. 
TERMS! Y foRMS N Y' 

(1.0) • NU/PHI.. O.4H411[ 0 SH fT I Y '). 23640[-0 
IXU) • XI/PHI •• -0.790675E 01 -O.5'SI~IZW) -0.2362 1 
(YO) .OPH!/PHI •• C.431957~ 01 COSI2W)- J.12 1 
(X'DI • XI/PHI •• -0.22500SE 04 -0.5-S NI2W) - .67)6A4E 01 
(Y'lI)o[)PH IPHl.. O. 227411: C4 CnSI?wj-l J.36747RC' 0 

LATeRAL 0 SPLIICf"ccH, HUTA (l'" C'< DIPOll: C(J~PC;'JE\I • 
TERi"\S IN Y fr=;-{!V!S N y~ 

(l~O) * N0!PI~I~~-O.lO?6q2[ 02 SHIF IN Y -J¢314375F-Ol 
(XC) X IPHI •• 0. 309~2L C1 -O.S-SINI2W) 8.425]74[-01 
(YUI -OPH IPHI •• -O. 34425E 02 CnSI2 )-1 -O.411642F-Ol 
I 'e) - Xl/PHI •• C.45COIO[ 04 -C.5.S!~(2W) O. 4~~50E 02 
(Y'Ul->DPHilPH .. -J.412777Cc (4 (1ISI2"1)-[ -IJ. 3'.·4?5[ 02 

LATE~Al DISPLACEiV\fNT v RCIA1Ifll'J~ O~~ 01 E cn~,PU'\JEt\jT", 

fEkr'S r\j Y fEf{:"1S 1 y~ 

(1.0) NU/PHI~", 0.4 34 IE 01 SI~[F I~ Y 0.145623E-0 
IXCI Xl/PHI •• -O.518044f 0 -C.5*SIN!ZWI -0.182758c-Ol 
IYOI *OPH IPHI •• O.36747BE 01 CUSI2~)-1 O. 21230b-Ol 
(XmO) X IPHI •• -O.22S005E 04 -C.5*$ {ZW} -0.792H BE 0 
IYO )'[;PH[ r •• o.un l[ 04 CUSI2W)-1 O.431957t 0 

o.c 

i 
N 
I-' 

I-' 



(RP) LeAD SYSTEM WITH ~c FRINGING FIELD T~RMS FROM SAVE TAPE, DOUDlE FOCUS 03125/61 200.08 (15.32 TO GOI PAGE 28 

T~E TRANSFER MATRICES FOR THE SYSTEM ARE---

XX RI4DIAl XX XX IIERfiCAl xx 
XX -O.99SSS993E 00 C.267C2881E-04 o. XX XX -0.10000002E 01 -00

'
,5776367[-04 O. xx 

"'X XX xx xx 
X" -O.5820 /,C59E-C2 -O.99999982E CO o. xx xx -0.6513 2 0 2 2E-02 -0.10000002E 01 o. xx 

")( XX xx XX 
xx c. o • .0 xx xx o. o. 1.0 XX 

xx xx xx xx 

DACIAl FOCAL LENGTH= c. 1 80932E C3 INCHES. FOCAL lENGTH= 0.15353430E 03 KNCHfS .. x xx XXXX x 
TI-E Al CBJECT FOCAL PO NT S lOC 03 NOHES AHEAD OF THE SYSTEM. 

T 1- E TAL IMAGE FOCAL PO NT S lOCt, 03 INCHES BEYOND THE SYSTEM. 
~~E VERTICAL OBJfCT FeCAL POHH IS LOCATED -O.15353433E 03 NCHES AHEAD OF THE SYSH"1. 

THE VER r ICAl IMflGE FOCA POI~r IS LOCATED -0.15353434E 03 [~CHES BEYONO THE SYSTEM. 

AGERRATleN COEFFICIE~TS FCR ThiS QUACRUPOLE MAGNET SYSTEM----

rENERAL!ZED SPHERICAL .BERRATlrN 
TERMS N X 

X'X'X· •• C333= -0.55434 05 
X'Y'Y· •• C443= -O.304661E C6 

rE~ERALIZEO COMA 
TERMS IN X 

XV~ .~~~C331= -O~483973E 03 
'Y' ••• C432= -O.198432E 04 

xvwya¢~¢C441~ -O~B36626E C3 

rE~EHAlIZED ASrIGMATIS~ 

fER~S IN X 
XVX~ •• QoC3 1= -O.i4644C C 
X~yl.DDcC421= -O$SQ1433 a 
Y' ' •••• C322= -0.324956 0 

rE~ERALllED C SrORr!C~ 
fERMS IN X 

X~X.Dc~QClll= -O~1529CSE-C2 

Xv Y ••••• C221= -0.958733E-02 

TEkiVl S IN Y 
~Y~Vt""C444::;:; -O,,?3L;·2L~Or: 06 

Y'X'X'ooC433= -Oo304661l 06 

TERMS IN Y 
YY·Y· ••• C442= -0.228848 O/~-

XY'X· ••• C431= -0.177325 04 
YX~X~"<>,,C332= -0,,092160 0'; 

TE~MS IN Y 
YYV' •••• C422= -0.747490 01 
YXX~ ""'" "C321:::: -OQ581483 01 
XXyu <>""",(411= -0,,268354 01 

TERMS IN Y 
YYY ••••• C22?= -O.B 6254[-02 
YXX ••••• C211= -0.88557~[-02 

rE~ERALIZEO CHRCMATIC BERRATIC~ 
~EC[~D CReER TERMS 1~ CELlA 

TERMS IN X 
X'CELP ••• C51= 0.24509CE 01 
X"CElP •• C53= O.A42174E C3 

*C}-;l 
TERMS 

Y*GflP<><><>C52::: 
X'<'DElP •• C54= 

·~!RD ORC R TERMS IN CELrASQ.O~ 

IN Y 
O.544813E 01 
O.167295E 04 

i<~S IN X TtR'~S I~ 
X·CSGo~.C5 1= 8.368J66E-OC Y*OSOQ~~C552= -004 166~0 01 
X"CSG •• C5 3= O.21B095E 02 Y'*DSC •• C554= -O.l 215lE 04 

·RI~GI~G FIELD ASERRAT ONS 

TE~MS X' 
X~XoX~ ""OC333= -0" 161 ,2 l d: 03 
X!Y'Y~~oDC443= -O.886A26E C 

TERMS IN X' 
XX~Xe",<>",f)C331.:;;: 1361.?'5 01 
YX~Y~ "",,[)CL:·32= -O~'j74123 01 
xy~ " ., <lOC4 Lrl -0.24798') 01 

IN x~ 

XXX' •••• OC3ii= -D.3QS694 -02 
XYY~o~oc[)C42 = -0.161710 -OL 
yyX' •••• DC~22 -0.934766 -02 

TERI0S IN x~ 

XXX~Q~.oOClll= -Oo40385CE-C~ 

Xyy ••••• DC22l -00Z65 

TERMS 
Xr'~CELPQ '" <> Des 1 = 
X~*OELPQo[)C53= 

1 N X ~ 
O.640712E-02 
o. ?'i,509CE 01 

TERMS X~ 

X.CSQ ••• DC551= O.Z36G67E-rz 
X'.DSQ •• DC~53= 0.368766[-CO 

x x x x x x 
xxx x x xxxx xxx 

XXXXXX x x 
x x x x 

fFRMS K :'J Y ~ 
Y·Y'Y'.oOC444= -O.762826E 03 
Y·X'X· •• DC433= -0. ]J)Ot:: U3 

rER~S 1\ y' 
YY·Y~.DoOC442= -00744018 0 
Xyu X ~ <> '" ~OC431= -0<> 574054- J 
YX·X' ••• DC332= J. ,21583 0 

TERMS I y~ 

YYY' •••• DC422= -0.242615 -01 
YXX'~oo.UC3?1= -O.lb73t14 -01 
XXY'.0 •• DC4!1= -O.B6~960 -02 

ERMS iN ya 
YYY~~a~oDC222= -Oo2645~2E-04 

YXXQ~o~o[)C21l= -0.283 ll-04 

TERMS I~ Y' 
Y.OEL? •• DC~2= O.1790~2E-Ol 

Y~*DE ~.DC54= OoS44813E J1 

TERMS .~ yl 
Y'GSC ••• DC5~Z= -0.138147E-Ol 
Y'-USQ •• DC554= -O.4!1662E Gt 

TbE SECCNC DReER ABERRATIONS OLE IC THE FRINGING 
THIRC GRDE~ rERMS !~ lAMBDA*lA~BUA.CHI 

FIELD ARE ELIMINATED BY THE CORRECr CHCICE CF THE EFFECfIVE ENGTH. 

fR~S IN X TEk~'S 

L'X ••••• FlLi= O. llY ••••• Fll2= 
l1')C' •••• FlI,'l= O. LlY' •••• Fll4= 

IN Y 
o. 
O. 

fEF(MS IN X' 
llX ••••• DFll = -0. 
lLX' •••• DFll3= O. 

fEg~S I yG 

llY. •••• llfll?= O. 
LlY· •••• DFlL4~ c. 

i 
N 
>-' 
N 



liP LOAD SYSTEM WITH NC FRINGING FIELD FROM SAVE TAPE, DOUBLE FOCUS 03125/63 200008 115.3 TO GO) PAGE L~ 

lCWER BCU"'D UPPER BOeND MEAN VALUE STAND. DEV SCALE FACTUR 
0.15000000 
0.15000000 
0.01430000 
0.00929999 
0.00025000 

Xl"' -0075000000 0.70000000 0.75000000 00 10.00000000 
Y" -0075000000 0.70000000 0.75000000 00 10.00000000 
X'lI[ -0.Ol430000 0001400000 0.00572000 o. 0000000000 
Y"C -0.00929')99 0.00900000 0.O0311999 00 10.00000000 
D~/P -~oOC025COC 0.0002COOC 0.00025000 O. 10.00000000 

G'VE~ PLOT SCALES ••• X,Y= 4.00000000 X',Y'= 0.05000000 
~'XI~A I~l CISP. AND FRINGE) •• XMAX= 007504655 YMAX= 0.75103177 X'MAX= 0.01496018 Y'MAX= 0.01051764 

XAMAX= 0.94159422 YAMAX= .35238047 M'XI~L~ ABERRATiCN DISPLACEMENTS ••• 
R~~.S. ABERRAIION DISPLACEMENTS ••• 
M"XIMUM HALF ~ OTHS I ru THIRD GReER) •• 

XRMS= 0.05267540 YRMS= 0.07282206 KRMS= 0.08981630 
SCAlEX= 1.69205973 SCAlEY- 2. 0341224 SCAlER= 2.00000000 

raE FCllO~I~G COEfFICIE~rS ARE NORMAL lED TO THE UNIT HYPERSPHfRE 

ABEkFATICN COEfFICIENTS FOR IS QU~DRUPlJLE M,\GNET SYSTC,~----

~E~E~ALIZED SPHERICAL ABERRAT!C~ 

TER~S IN X 
X'X'X'0.C333= -O.16210IE-CJ 
X'Y'Y' •• C443= -0.376807[-CO 

rE~ERAl ZED COMA 
TERMS N X 

X·'X' ••• C3Jl= -0.742257E-Ol 
'·'Y' ••• C432= -0.19792 E-OO 
X·'Y'o •• C441= -0.575132E-0 

rEhERAllZED ASTIG~ATIS~ 
"fERIIAS iN X 

X"'" X a 0 ...... C311= -0 .. 17792E-C 
XVY~c"Q.C421= -O .. 3C4188E-O 
,'X' •..• C322= -0.26l387E-0 

rENERAL!IED C STORT C~ 

TEKMS IN X 
xVX ••• 0Clll= -0.b45083E-03 
XV Y.ooo.C221= -0.404465E-C2 

TERI'S IN Y 
Y'Y'Y' •• C444= -0.188412E-00 
Y'X'X'0.C433= -0.o79392l 00 

TERMS IN Y 
Yy'Y· ••• C442= -0. 48448 -00 
XY~X~ ~ .. ~C431= -o~ 76869 -00 
YX~X~o4.C332= -00152165 -00 

TERMS IN Y 
YYY' •••• C422= -0.391030E-01 
YXX' ••• oC321= -0.4677302-01 
XXy· •••• C411- -0.140383E-Ol 

TEKMS IN Y 
YYY~."Q.C222= -OD344357E-02 
YXX.ooo.C2!l= -O.373604l-02 

rE~ERAL[lED C~RCMATIC A8ERRATI 
~ECC~C C~CER TER~S IN CEl *CHI 

E;~~S l~ X 
X~CELPoQ.C51= 0 .. 459543[-C3 

TERfI.'1S IN Y 
Y*DEl_P • • C52= Ool02153~-02 

X'-CELPooC53= O.301077E-C2 X' *OElPa.C54= ~38H961E-02 

~bIRC ORC[~ rER~S IN CEllASQ*CHI 
12R"S I", X TeRI'S IN Y 

X.CS~ ••• C~51= 0.1729~3F-C7 YoOSQ ••• C552= -O.192967F-06 
X~''''CSC;~ ~C553;: 0" lSt-i9?2c-C7 yl SG~~C554= -O.710CCL~-06 

rRlhG NG FIELD ABER~AT[ONS 

fERMS i\J X~ 

X'X'X· •• DC333= -O.47174AE-G3 
X'Y'Y' ooDC443= -O.lO,)659E-02 

TERMS iN X ~ 
XX·X·.0.DC331= -O.208712E-03 
YX·Y' ••• DC432= -O.~7264SE-03 
XY'Y'.ooDC4"'= -0016086

'
,E-03 

TERMS IN X~ 

XXX' •••• DC3l1= -0.32 699[-04 
XYY·.~.~DC~21= -O~34 94S~-G4 

YYX~oQe.DCJ22= -O.7~ 703E-C4 

TERMS I X' 
XXX •• o •• DCIII= -0.170374E-05 
XYy ••••• DC~21 -O.IIIS5Sf-04 

TERMS IN X' 
X*DElP •• oOC5!= O.120133~-05 

1·.nELP.oOC~3= 00B16116E-05 

rER~S I~ X~ 

X*OSQao.OC551= Ool10657t-09 
xg*OSQ •• DC~53= Oo329763E-C9 

TERMS I~ Y' 
Y'Y'Y' •• OC444= -O.6135P4E-03 
Y'X'X' •• DC433= -0.leS6S5E-02 

TERI'vIS 
yy' Y' ••• 004'.2= 
XY'X' ••• DC431= 
YX'X'.o.DC332= 

N y~ 
-O.482626E-03 
-O.572516E-03 
-O.475204E-03 

TERMS I~ yo 
YYY' •••• DC422= -00176918 -03 
YXX ' o¢QQOC321= -J~150711 -03 
!XY' •••• DC4IL= -0.451759 -04 

T E f-."; H S l.~: Y ~ 
YYY"",oQ"DC222= -0", L1L587E-uL;· 
YXX •• o •• OC2l1= -O.l 7720E-04 

TE~~S l~ yl 
Y*DtLP .•• OC52= D.135778E-n~ 

YU&~EL?o¢DC54= Oo126669E-04 

TERMS rrj y~ 

Y*OSW •• o[)C5S?= -O~ 75f·6E-09 
Y·*nSC~.DCS54= -J~?30279t-OH 

~HE SECCNC CReER AAERR~ IO~S ~GE TO THE FRI~G NG FIELD ARE ELIM NATE[) 5Y THE CnR~ECT CrlGICC rlF E~FfCTIVE Nr; 
~~[RC GReER T~RMS IN laMBOA*lA~BOA.CHI 

fEqMS IN x 
lrXo •• o.FlLl= O. 

X' •••• FlL3= O. 

TER1ViS 
lLY •• o •• Fll2= 
LlY'o ••• Fll4= 

11\ Y Tfi~MS IN 
O. llXo •••• DFlLl= -0. 
O. LLX· ••• oDFLL3= 0 .. 

X' 1 Ek;'I1S [ V' 
LL Y ••••• [IF l2= o. 
lLy~".,,,,,,[lFLL4= Cl. 

! 
N 
I-' 

W 



I~P) LOAC SYSTEM h ~C FR NG NG FED TER~S FROM SAVE TAPE I DOUBLE FCCUS 03/25 200.08 (15.30 W GO) PAGE 30 

DIS HlR ON I\I\C CO·~II SPHER CIIL ABERRATION liND AS GMAT Si'4 PART AL SUMS FC~ XRMS, YRMS 
X Y X Y 

0.CCC03951 0.CC02C62,) 0.00169135 0.00298886 
c.coeooooo 0.800CCOl4 0.000328 /.,5 0.00044373 
C.OCC02296 0.COOC918 0.00000057 0.00COO(-'37 
0.occcoe07 0.OCOOOO05 0.00059160 0.00139873 
C.CCC01378 O. C00096 4, 7 0.00000285 0.00000082 

(.CCC08161 0.COO06517 0.00000192 0.00000455 
c. 74S9999~· 0.7500C018 0.00000038 O. 0000OO~·2 
0.CC4365'30 0.CC488490 0.0 430000 0.00930000 
0.75COO032 0.7500C060 0.0 866530 0.0 418490 

CRT PLOT NO. 24 N 
CRT PLO NDo 25 
CRr PLOT NO. 26 

J---l. 

~ 

CRT PlO NO. Z 



OP) EXAMINE A POI~T SOURCE (SE ~AXI )( Y TO ZERO) 0 03125/63 200.08 112060 TO GO) PAGE 36 

lOwER BOUND LPPER BCU'lC 
X~ C" I.COOOOOOO 0.,75000000 

MEAN VALUE 
o. 

SfA,'iDo DEV 
0,,00000000 

[0.00000000 
10.00000000 
10.00000000 
[OoOCOOOOOO 

SCALE F,\CTOR 

Y" Co -1., COOOCCOO 
X~C --0.Cl430000 0.C1400000 
Y'C -CoOC9299S9 C"C09CCCOC 
O~/P -O<>OC0250CO CoOO020000 

G'VE~ PlC SCALESo •• 

0.75000000 O. 
O.O0285~99 O. 
0.00 85999 O. 
0.00025000 0. 

X,v= 4.00COOOOJ 

Co 
0.0 430000 
0000929999 
0.00C25000 

M'XI~A ~I C SP. A~D FRINGE) •• XMAX= 0000301115 YMAX= 
X',Y'= 0.05000000 

0000389004 X'MAX= 0.01430876 
0.16780483 

Y'~AX~ 0.00931267 
XANAX= 0.53890777 YAMAX= X ~UM ABERRATION DISPLACEMENTS •• o 

R.~oS. ABERRAT ON C SPLACEME~rs ••• 
M'XI~LM ~ALF IDTHS ITC TH RD ORDERI •• 

XRM$= 0.0491 97 YRMS= 
SCALEX= _0.54191893 SeAlEY= 

0.06761657 RRMS= 8008392885 
0.77169487 SCAl[R= 0070000003 

T~E FOllC~ING COEFFIC!E~TS ARE NCR~AlIZEO TO THE U~ HYPERSPHERE 

ABERRATICN COEFFICIENTS FOR THIS OLAORUPOlE MAGNET SYSTEM----

rENERAllZED SPHERICAL A8ERRAT [N 
FRMS IN X TERMS IN Y 

X'X'X· •• C333= -O.1621CIE-OO 
X'Y'Y' •• C443= -00376807E-OO 

rE~ERAlllED eCMA 
T" RM S X 

X~'X·0 •• C331= -0. 
trYQ" .. .,(4;32::::: -0 .. 

Xv ,y· ••• C441= -0. 

rE~ERAlIZED AST !S~ 

~RMS IN X 
·0 ... C311= -00 

XV Y'.oo.C421= -OQ 
~~X~ooooC322= -O~ 

~ENERAlIZED C STORT ON 
TERf\'S N X 

XVXoo~ooCl 1= -0 .. 
"''''000(,221::::: -0., 

y~y~y~",,,, 

V c X ~ X" '" 
-0. 884 2£-00 
-0.57939ZE 00 

yy~V~o",o 

XysX~o."C431= -0 .. 
YX'X· ••• C332= -0. 

'IVY ~ '" '" '" <> 

YXX'.oo.C321= -0. 
XXytl ",,,,,,,,CL':J .. 1= -0 .. 

y 

y 

TE:<'~'S N Y 
YVY." •• C222= -=6;­
YXXo •• ooC211 -0. 

~EN IZED CH OMAT C ABERRATIC~ 
~ECC~O CReER T RMS IN CELIA 

S N X TERMS IN Y 
XvCElP~o C51= ••• (52= D. 
X~.CELPD~C53= O.301077E-02 X9 

IRe ORDER TERMS IN CELTASQ*CHI 
~.C54= 0.388961E-02 

IN Y S IN X 
6rS~"""C55,= o. 

X~*CSCogC553~ O.lS4922E-C7 
Y*OSQ ••• C552= -0. 
Y'~OSa.gC554= -0. 10001E-06 

RI~GING ~IE ERRATIO~S 

·HE 5EGCNC CRDER ABERRATIONS DUE TO THE FR NGING FIELD ARE 
~~IRC GReER TER~S IN lAMBDA*lA~8UA.CHI 

HR~S IN X TERMS IN Y 
U·X ... ooFllL= O. llYoo ••• Fll2= O. 

xg~,,, ... FLL3= 0.. t", .. ",.,FllL,c= 0 .. 

ERIJ,S IN X' 
X'X·X' •• OC333= -00471746E-03 
X 0 ~ y ~ ,,¢ DC443= -0", l09659E-02 

TERMS ~N x~ 
~-

XX'X' ••• OC331= -00 
YX'Y' ".I)C432= -00 
Xy~yso~ .. DC441= -0", 

TERHS )( .~.- . ~~. ---- ~- ----- -

XXX' •• ooDC311= -0. 
XYY~o~QoDC421= -o~ 

yyxooo",,,OC322= -0" 

X' 
xXX ••••• OClll= -0: 
XYY" o .oDC221= -00 

TERMS iN XI 
X-OELPoooDC51= O. 
X' *OELP •• OC53= O~87'6196~-05 

TERMS IN X' 
X*DSQeo.DC551= OD 
X'*USQa.DC553= O.329763E-09 

EL l~Y COR~ECT 

IERMS X' 
llX~~~~oDFlll~ -00 
LL~'.",0.OF~~3= 00 

TERMS IN ym 
'Y'Y' •• DC444= -0.6 35B4E-03 

Y'X·X· •• DC433= -001886S5E-02 

N Y' 
-Yv··~ v·~"" -0. 
XY'X' O. oDC43l= -00 
YX'X' .ooOC332= -0. 

yyyc '" ¢ '" -0. 
YXX' •••• DC321= -0. 
XXY' •••• DC411= -00 

'(vv ••••• 
YXX.o.o.OC21[= -D. 

I~ 

Co 
soDElP¢oDC54= O.126669E-04 

TERMS iN 
oUSQoo.UC552= -00 
*D5Q.08C554= -O~2~9279E-08 

EFFECT} 

TERMS N 
o. 
O. ~ 

i 
N 
i-' 

V1 



~~Pl REAC ~EW BEAM SYST ,PROD~CING lI~E IMAGE FROM PARALLEL BEAM--DGU2ltf 03125/63 200 ",OS \ lO~()4 r)D) PAGE ')h 

GC Ie SYS IF{K}= Ole 0 COO 0 D 1 6 3 0 0 laC 4 I 0 0 0 0 coo. nLOl= 004426040028. F= 

K 

Sy ~ow U~DER CCNSI frON CCNS[STS OF FULLGWI~G ELEMENTSo •• 

lE~GTh p= I7eo.co ~EV/C. 
",L6CO .-:j·POLf:+8PCLE M~,GNET PHI 0,,4·866621::'=-03" THETA:: 0.,400617 eSteR= L086437 CLo:: -o~ 

PSI= O~269046E-08 D3B/DR3= O~500000 GAUSS!I 
8.5J.CO CR SPACE 

18"l6CO 4POLE+8PClE I= -0" l6alE-C3 00368465 -O.~l CL:::: -c~ 

PSI= 0.269046E-08 D3B/DR3= o~ 500ace GA\USSI I 
21500000 CRI SPACE 

P-'E IS 31S",83CO s. 

CK= -

CR.::; - J" 

CRT P NnD 47 

K= 
K= 
K= 
K= 
K= 

CReER 
c~r 

Z= 
Z= 
1= 
Z= 

3.6320 IKCHES= 2.990375 
2640 

lG.296C 
14.5~aG INCHES= 2a 

~160Q !NCH~S= 2.762461 I~C~ES IN 

v S •• m PlA~E--LCC= .031 -0" 

Z= 

- z::;:; 
Z= 

.8620 NCHES= 2.7 
21.5640 NCHES= 2.674605 

02660 2.630676 
24.968D ~C~2S= 20586748 

NCH~S= 

1.JOg63S I~C 

3.03~AOl INCh 
PLA~ A~D ~.0870b~ l~CH 

PLA~ A~G ~98 

PLA~ 1.24~778 i 

-'0" 

CRT PL~ 4~ 

Y ?LJH,r" 
I ~,i Y ,f\.'! [. 

I\: Y 

Y 

"'j:) 

J. 

0",() 

1 

,-",.25514302:: C2 8. ~?04!~ GD10j1326~~ 

l(c:: 

K~ 

K"'" 
K~ 

;: leNS 
cc.' 

K= 
:<::= 

Zo:::: 
~52 

INC:-',cS= 
~lC;-:!::S= 

660 
980 

-u" 

l= 
Z= 300 2 238012 

TJ-RC'uGH 3 

"ceo 
Z= ,,23DC 
Z= i5~c" i'> 

I ~~ " " 

1= -0, 
-O~27:27L,2 

c. 

i'\ X PLI\,\C ).,. 5"(60 
3. 

7C'Jo~--O!j OG 1i 
~;~ I,\",? Yrv';\X..:: 

1( "" L: Z= O~8Sj205 X !2 1 

:N Y 
r \~ '( 
~ ,,\ 

'~~ 

K= 
Z= 0447603 l~ X L 72 762 

3,,72 762 
L ,\,J Y 

o.oeoooo IN \1 Y 
CRr 

S1 CReER SOLUTrONS T~RCGGH ElEME~T 4 1= -00 -0. 
I C.S9406967E-C7 O~124192C7E 01 Oo36863064E O~ O~26660934E 03 -Oo2712?420E-O? Oo384i?056E-O 0.11 

V~RTlAL ISTSc.QX PLANE--lCC= D.DOO I o~ XMAX= -0. IN~Q Y PLhNE--LrC=lH~l 000 [N~v YVAX= 

T~E TRANSFER MATRICES FGR ThE SYST~M ARE---

xx 
XX 8~8l~C6S67E-C7 

~x 

-C.271.27420E-C2 

RAOIAl 
C.36S~3C64E C3 -0. 

C~11791331E Cl -o~ 

xx xx 
xx 

xx 
xx O.12419207E 01 

xx 
xx xx 0 .. 384L 7C56E-'OB 

V~Rr!Ct,l 

0.20600 03 -0. 

C .. H:j:J2Cj 1 OC -0. 

-00 
1331 E 'J 1 ,,3052 

! 

4·') 

-c. 
133l~ nl Jo8~/J2J~l 

-0. I~. 

xx 
xx 

xx 
xx 

! 

!~ 

C5' 

J' 



"P) REAC NEW 8EA~ SYSTEM, PROOLCING LINE IMAGE FROM PARALLEL BEAM--DOUBlEf 03/25/63 200.08 I 0.68 TO GO) PAGE 59 

••• GC TO SOLVE. IFIKI= Ole 0 C 0 C C 4 0 1 6 3 6 3 0 0 

yrlERANCE COEFFICIENTS FOR MAGNET NC. [--PHI= 0.000486657 
TER~S IN X' 

-0. i03592E-D 
TER~S IN X 

".CI • MU/Ph •• -0.317 43f 01 ShiFT N X 
(VCI *CPbI/Prl •• -C.308910E 01 CCS 2W)-1 -D, 00873E-0 
'vC) • X IP~I •• 0.651C 6E Cl -O.S*SINIZW) 0.2 Z70B~-01 
IV'C -OPHI/PHI •• -0.280325E 02 CCSI2WI-l -0.922192E-Ol 
IV'CI • X IFrl •• 0.575637E 02 -C.5.SIN(2W) 0.189398[-00 

T~LERANCE COlFFICIENTS FOR ~AGNE NC. 
rER~S IN X 

~--PH = -0.00041 674 
TERMS IN X' 

(',0) * ~UI I •• O.217143F 0 
Ve) -CPHI/Pr •• O. 11330E 01 
V[ * XI/PH!.,-C.526224E C 

IV'OI.CPHI/PHI •• 0.745SC4E 
V'O) * XI/PH ,.-D, 59525~ 

02 
C3 

Sr!F IN X 0.764645c-02 
CCSIZW)-l C.6G2921f-02 
-0.5-S NIZWI -O.185~8 F-Ol 
CCSI2~)- 0.26340 E-OO 
-0.5*SINI2WI -0.563326f 00 

o 0 1 4 C DOD D a O. CLDL= 004426040020. CHIF= 

LATERAL DISPLACEMENT, "OrATlO", OK CIPClE COMPONf::H. 
TERMS IN Y TERMS IN Y' 

11.0) • NU/PHI •• 0.231871E 01 SHIFT N Y J.110BIIF-02 
(XC • X IPH •• -0.451449t 01 -0.5*SIN(2WI -O.142202~-Ol 

YO) -CPH IPHI •• O.238129t 01 COSI2W -1 O.750934F-02 
(X'D) • XI/PHI •• -0.415081E 02 -0.5-S N 2W -0. 32650E-00 
IY'OI*OPH PH! •• 0.211 BIE 02 COSIZW - O.681470F-Ol 

LATERAL DISPLACEMfN • ROTA ION, OR DIPOLE COMPUNE~r. 
fERMS N Y TERMS IN Y' 

.0) • NU/PHi •• -0.2D7685E 01 SHIF IN Y -O.130S11E-02 
(XC) • X IPH •• O.327257E 01 -O.S-SIN(2W) 5Gl~E-O 
IYO) .OPHI PHI •• -0.252141E Cl COS(ZW)- -0.881583E-02 
(X'OI • X! I •• 0.143530[ 03 -0.5-S NIZW 0.506518E 00 
IY'OI*CPHI PH •• -0.761152E 02 COSI2W)-1 -0.270650E-00 

0.0 

N 
l-' 

-J 



pq'l REt\D SYSTi:Nt, PRODUCING LI:\:: FRO~ PARALLEL BEAM--DOUBlET 03/251'63 200a08 ~lOe66 TO ?l\GE 60 

,!-if IRAI\SFER ICES FeR THE SYSTEM ARE---

Q"S9 Lr06S67E-C7 
"X 

-C,,27L27 L)?OE-C2 

·'X 
xx Dc 

)<x 

T:4= 

Ro.D Al 
C,,36863C6l~E 03 

133lE Ci c, 

Co ,0 

C,,36863G6SE C3 So 

xx 
xx 

xx 

xx 
XX O.12419201E 

xx 
XX xx Co 7056E-08_ 

XX 
xx 

xx 

xx 
xx o. 

xx 

VER rll:,~l 
O.26660'H4E 03 O. 

O.80.520:'>l.:3EOO .0,0
0 

c. LO 

. x FCC/\L 
l1-'E RAe AL Foe ,4L IS Oa43466466E 

-Oa26030105E 09 
rEM. 

x ){ 

xx 
xx 

xx 
xx 

xx 
xx 

xx 

CEJECT 
I FeCAL 0<>32953 _:,)L;. INCHES 

x 
xxx 

x x 
x xxx x xxx 

FCCQL -,],,2J()SS57 09 
ThE P8 NT -0",32 32 09 

x XXX XXX x 
x x 

II IS SYS f::-i";,-<----

lIZED SPHERIC.AL 
X 

X~XIX D 333= OD C4372E 
'Y'YB ao C443= -C.jC3:7S~ 02 

i 
r 

~l 
1= -

• •••• c 1= 
[ •• o~C421= 

s 

~,~"",~C322= -0",335 

EO IS 
x 

-0 ,~ 

::-c 1 

1 ~ E- C 3 
~ '" \..,. L: <!. -C,,267L;·36E-C·2 

L 

X ~a"C 51= -G0314a63~-CO 
C5~Da:553~ .225d72E 

~R GING FIEle AGERRATI 

y 
02 
02 

:;;:::n·1S 
~ y 

x •• ~32= 

:"< 
,., <0" ,.:'::422= :: '" 
~oODC321= -G g 71:Z 
, ••• C" ,= -C ... 28 ie-Oj, 

T:::::·;'}v:S I\ Y 
,0'. (222= -() 

0". 0 ~ 2 

'~ y 
'v 

c.:S4= Jo5 £ 02 

~ 

-0.3 3427E-OO 
.C554= -C 2 5942~ O! 

~~E SECCNC CReER rIO~S OLE Te FRIN(;I~G FIE t\RE 
IRC GReER TERMS LAMBDA*lA~BDA.CHI 

TER~S X TERIAS Ii\ Y 
l' x •• ,..FllI= o. • ••• 0~ll2= -0. 
t1Xn~<> ... FlL3.::.. -0" llY' •• o.Fll',·= -00 

TERMS I ya 
XUXt!X .,,,DC33?,= yaYl -Co2 
X1yay m~DC443= -CD y: cX a ooDC433= -Oct91480E-JO 

x ~: y t 

\J '_ " - -CL,6·3222SF:-C2 
'/X'V XyvX ",,,,,DC!~· '= f) t:-02 

- , X.l 3.:2= :.::-02 

1,\ MS 
;(XX • 0 ~ ~C422= -Q~206890E-G 

32~= • 34 
ll= "Il. 1i':-:) 3 

X' 
-0,,20925')\:-0:: <>" m .,OC2?2::: -Cft~lQ156~-Q5 
-C,,8SS033C·-~S '{xx."" '" "',' -DoS 42 

~ 1\ :i t" 

p."oDe V'. 

xc p ~CC53= -C,,!.71 ?J2 

X' '-(1 

X*CSCaao l= -0.1 <"",DC552= -C~ 1 1l3E-c)? 
XC~OSQ.wOC~53= -0.800958:::-C2 ~!,,= -'")", If.-'J2 

ELP·q BY COiZRECT ChOICE r~F EFF~CTi L 

TER1'4S 
LLX ••• o.DFLll= 
LlX' ••• oDFll3= 

N X~ 
O. 
o. 

TERMS Y" 
llY ••••• DFll2= -0. 
LLY' •••• DFlL4= -0. 

O'J 
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LC\~ER BOUND UPPER BOUND I NCRE~IEN T MEAN VALUE STANOo DEV SCALE fACTOR 
3.00000000 
3.000COOOO 
00 

X,. -3.00000000 2.8999S998 
Y" -3000000000 2089999998 
X'D 00 - .0'0000000 
'I'e c. - .. COOOCO:)C 
0"/1' c. - 000000000 

G'VE~ PlO SCALES ••• 
M'Xi~A W! 0 sr. AND FRINGEl.o 
"·X[~LM ABERRATION 0 SPlACEMENfS ••• 
R~~.S. ABERRA ION DISPLACEMENTS ••• 

XI~UM WIDTHS Irc TH!RO G~OiRl •• 

0050000000 00 
0.50000000 00 
1000000000 o. 
1000000000 00 

.00000000 D. 

X,Y= 4000000000 
XMAX; 0.00000027 YMAX= 

XAM,4X= 00 08923 !,;,7 YAMAX= 
XRMS= 0000754969 YRMS:::: 

SCALEX= 0008923 74 SeAlEY= 

10000000000 
10000000000 
10.00000000 
10000000000 
10000000000 

3.72')76228 
0007235986 
0.0069',0<,5 
3.79812214 

O. 
O. 

X',V'= 0.05999999 
X'MAX= 0.00813822 

RKMS= 
set-tER= 

0001025513 
4.00000000 

V'MAX= 0.0000000 

IRE FOllO~ING COEFF C E~TS ARE NCRMAl lED TO THE UNI HYPERSPHERE 

A8ERRAflCN COEFF!CIE~rS FOR IS QUADRUPOLE MAGNET SYSTEM----

~ENERAlIZEO ICAl A8ERRATICN 
rER~S x TERMS TN 

X·X'X' •• C333= 00 Y'Y'Y' •• C444= -0. 
X'Y'Y' •• C443= -00 

rENERALIZEO COMA 
TER~S IN 

XV'X'.0.C331= -0. 
YV'Y'0 •• C432= -00 
XV 'Y' ••• C44l= -c. 

rENERAlIZfD AST G~AT S~ 

TtR~S N X 
X¥X'oo •• C311= -D. 
XVY·.o~oL421= -0. 
~X'oo •• C322= -c. 

rE~ERAl Z~U CISTORT C~ 

x 

Y'X'X'.oC433= -00 

TERMS N Y 
yy~y~ 0" ",(442=' 

XVGX~o"",C43L= -0 .. 
YX'X 1oeoC332= -00 

TERjVlS IN Y 
YYY' •••• C422= -00 
YXX' •• o",C321= -00 
XXY ' o",o .. C411= -00 

El-';!'IiS N Y 
X~XOOOOGllll= -Oe17C103[-OL 
X~Y.a~.o(22~= -O~722212E-Ol 

YYY.o •• oC222= -O.2485-58E~oi 
YXX ••••• C211= -0.475041E-01 

rENER IlED ChROMAT C A8ERRAT 
~ECC~C CR TERMS IN ElTA *C~[ 

T S IN X 
x·e LPo •• C51o O. 
XWa ELP •• C5~= -0. 

RC CReCR TER~S 

T S IN X 
X·1'·CSC", <> 551= 
X' SC~mC~53= -Ca 

IN Y 
fl_Pc" "C?2= 

X·'*OELP«oC54·= 
o. 
o. 

!N eEL TASC*Cf,l 
TERMS N Y 

Y.CSCo •• C552= -0. 
Y·.DSQ •• C554= -0. 

~RI~G[NG FIElC ABERRATIONS 
~bE SECCNe ORO R ERRtTiO~S oro THE FR[NGING 

IRe CROER IE MS L~~BDA*LA~BDA*CHI 

ER~S N X TERMS N V 
UX ... ooFlLl= LlY.o ••• Fll2= -0. 
L~Xt';Qa""FLL3= -0." lLV~o<>""FlLLc= -0..,-

F ElD ARE 

rERMS N x' 
X'X'X' •• OC333= o. 
X'Y'Y' •• DC443= -0. 

TERMS IN X' 
xx~xsQ¢QDC331= -o~ 

YX'Y· ••• 0(',32= -0. 
xy'yno~~DC441= -OQ 

ERj\'1S IN X' 
XXXG¢Q~QDC3il= -00 
XYY' •••• OC',2 = -0., 
YYX'.0 •• OC322= -0. 

TEKMS IN x~ 

XXX ••••• DC 11= -O.564999E-04 
XYY.o ••• DC221= -0.24 660E-03 

TERMS N X' 
X*OElP •• oOC5 = O. 
XQ*DELPooOC53= -O~ 

IER S I Xn 
X*OSQ",.oDC55 -0. 
X'*DSGa.DC55 -Oe 

ELI BY fHE CURRfC 

TERMS Xa 

llX •••• oDFLl = O. 
llX' •• 000Fll3= O~ 

TERI'S IN 
Y'Y'Y' •• DC444= -0. 
Y'X'X' •• DC433= -00 

TER~S !" Y' 
YY'Y'.0.OC442= -0. 
XY'X'.0.DC431= -0. 
YX'X' ••• DC332= -0. 

TER!v1 S Y' 
YYY' •••• OC422= -0. 
vXX'Q.~oDC121= -o~ 

XXV' 0 ••• DC';ll= -0", 

TERMS I Y" 
YYY ••••• DC272= -0. 314?2E-04 
YXXo ••• oDC211= -0.157754[-03 

TER~S N Y' 
Y*DElP.QoDC52= 00 
YS*DElPooOC54= O. 

TER~S I yu 
Y-OSQ ••• OC552= -0. 
YI*DSODQDC554= -0" 

C£ "THE EFfECTIVe lENG 

TERl"".S IN ycr 
llY ••••• DFll2= -0. 
lfY' •• 0.DFlL4= -0. 

I 
N 
l-' 

'>-0 
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Plots arc all produced by subroutine 

of the aberrations. 

With the eXce ot , t all refer to the group of 

orbi ts rU;l seA>:; the bOL~nd on, the ini tial coordinates and 

slopes are given immediately allowing the non-normalized 

aberration coefficients on t~e prin ed output. 1 t 

'? show the of nine separate source points with a range 

of angles and momenta. , and .show the mag 

of an axial point source with the sarno range of angles and momenta 

as in the previous plots. ?lot e of the point 

source \vi.t~1. tb.c n10r~cn.tura sprcD.d c1 rninatcd", Plot cl.er;Jonstratcs 

issue 

from a point source. 

)?lots and show tiH; beam cnv(dope or the second 

S,ystcln n1ffi0diatc , adjustment of 

subroutino DSSIGN. Plot 1 f3hows the 

beam envelope near the line in the plane orthogonal to that 
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QURDRUPOLE POTENTIRL PLOT 
03/26/63 HO. i TIHE 200. OS 
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FIELD PLOT FOR QU~DRUPOLE NO. 
031/'25/63 HO, 2 TIME 200.08 
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FIELD PLOT FOR QURDRUPOLE NO. 
0I3/::U;/63 HOI. 3 TIME 200" 08 
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FIELD PLOT FOR QURDRUPOLE NO. 
03/26/63 HO. 4 TIHE :200.08 
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THROU6H ELEMENT NO. 1 
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ITVPE"" 1 
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THROU~H ELEMENT NO. 2 :2 
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THROUGH ELEMENT NO, 3 
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ITVPE"" 1 
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ITl'PE"" 2 
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THROUGH ELEMENT NO. 5 
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ITVPE"" :1 
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THROUGH ELEMENT NO. 7 
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SYSTEM LENGTH"" 636.012 

MU-30732 
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~BERR~TIOH FIGURE 

XO'" 
VOIiE 0.000000 
IOP/P"" 0.000000 

XPO" 0.0:14:300 COS THETR 
VPO'" 0.009300 SIN THETR 

MU 30734 
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BE~H CROSS SECTION 
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~BERR~TION ENVELOPE 



~242 -

BERM CROSS SECTION 
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1'ho d,-:~sj_rabil:i of Cvc~1tual i.ns; the Bevatron 

to eject the proton be~m v~s ~ccogllized 1n the eu~liest stagos of 

the machine's des gn. 

The experimental urea around the exist \'iCi~J(.~, focusing 

synch.rotron~; :i.s e increase in available 

mental a~eu is pe t he lr1.0st~ t advantage of an 

external beum over an internal Deum. 

Po itive secondaries difficult to 

observe secondaries of po itivc charge. Wi.th an external beam 

the field snr~onnulng the Ch080110 

11'or 

ive ieles in the same 

manner as positive ~articlcs. 

aD, targets in an external beam 

arc observD.1Jlc froLl neL~:-' ,-::"rlY dircetioD e 

arc a\'i:u~urd fo~ internal targets due to 

e1 or compositioll, a~e available for use with an e~tcrnal 

be<.\m; liquid 

exercised over the optical ~roporties of the beam as its ~trikes 

a target" 

f l·~.lX nging Gpon the target may be accurately 

monitored; this is in ~casuricG certain cross sections • 

• short lived secondaries are more easily 



(, 

observed because 0 the bet ur 

prop" d rae ion cherne for 

(with no Ii 

s th beLlrn 

the deflect on magne 10 t;J. h, 

The delle tion magn o t (J, 20 i the 

deflect he bean} 

to leave the machine onc t 

A similar one-magnet rldcpendcnt 

pro scd 

from that proposed h,ed 0 

tho energy-loss t get. 

of be tron osc 11a ons c be 

stril{,es the t hi.s () of' t thi:n t p.r>olioscd 

Th.1, t t:i.OXl employ 

pl.!l,scd Al!agxlct n d loc;;t 0;:1 S b(:cn. 

at the Cosmotron for several years. 

IDx!) n1CD.t:::; llndex' t 

tha't sue11 ,;:-1 0~lstern \\'Z,\S tln:31),it;)ble o the 

d:i.spcx's:Lon within the Bcv;;tl"OX1, 1 

\vidt.h. J' foot or more; ho~cve hi 

UX11 i he CCDlT10 

magnet surrounds the vacuum chamber, S tho 

eg;rcss of the; external be::un" 

The ebergy spread nc beam, tho Landau s 



u ru~ult 0 C L. 

r l' 

A. i 1. ). 

distribution 11 ,;11.(: C;Y wi <; . .). ;J. 10 

distr bution of m:my ,~l:laLL .1 s in energy, a random-walk 

i 1)1.1 t i.{)n ,'~ due to ccaS:lonal very 

losses 

canno be: stat 8tical The 

n;"X.imUlil loss is thcoret C~l L bounded at about 100 MeV 

;('elativ i st ic on,~; i dcra t i () n;·-; ') A good treatment of the loss mechanism 

lna;y be .round i;,) l!~x e~irr.cri.t;·~1 :;uc lc~~r 
19 

The mechanism of 

th\~~ ~:;cattcriI1g n.xlJ nX1crr;y Lossc 

.) , 
jLl Suc gy Laboratory, usLng 

I \un 

n the lip and target have been 

li.shed) at he Huther fo;:d 

An additional 

effcct which cant Lutes \} he ene: g:y ,sprcD.cl has not been, 

iO;;l Q S~l e 

pa ,'.-}(1.P;C thro itud 0 radial beta.tron 

o s c 11 a t i 0 Xl j. s i 1.) C r c: a ,S c: d ~ '~-, hi;:::, po on of the be;,!,;1 may strilce the 

tnl·i·.~et on ~CllC n t rcvuJu Lon, cav.Jng tl1G ti:lrgct \vith f~rcutcr 

R signi lcun~ because synehro 

tr~on Indgnct ;-:: ax""e I)o\vcr fu 1 j;}Olncn.tunl nal.yz,cr~_; b 

The i'l'oblem of l;(1"[:;c dispccrsive spreads at the exit 

window was solved for the ;{ lm:'od proton synchrotron at the l1utherford 

La.boratory by 

quac!x'UI)O 10 !Tlo.gnet 

This 



ei t - ::; ceLL on oS 'J i;; 11 0 t po .'i S :i b 1 c f ~H'< the B 0 vat ron v,' hie h 

has only roue str'di -sections. 

,~qual i proton bczun 

CrOLl tho llcvi-ltroD waG solved 

sccocJ and Jill' 

o cnll~ ~·~'c one qU;:1.dr'ant 

Slnall (~urrcnt~,", 

djus cd 

s adjus cd to providc; 

P 1 unl~ed {tnci pu 1 be: tl so t hi.l t , '1 til (;::/ \V.l. ~,. nOG 

fie 1 d ;\ t ,1 c;c-ciOl1 o 

:It s the purpose of thi,'~ PdPc~r to describe- the detailed 

dispersive 

in the 

of the 
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De:;ig;n studies 

cc of In''int~ining a swall beam width in 

thG hi One of tho 

pl'i.mary aims of the stuuy reported here VIa,:; minimizin1:~ the effects 

0:'- abc: r rat jon.s ; for t h L:i r " ; 1 .s 0 n, de t ail e d 0 r bit stu die s 0 f 

representative gruups of tr;ljecturios were cunducted with the aid 

Several innovatiuns duo to tho author arc 

do~~cribod; r)wse innovations trar~srerred a very large portion of 

the \'lor;;: load to t:1O computers, thereby eXJledi tin!; the orbi t study. 

In Chapter II, we describe the extraction process in 

terms of linear theory. 

for tho :3tudy i.4rC described in Chapter III. 1,1'0 next turn our 

at·~ontion to the design of the oxterua1 bcar.l v descrihinp; the design 

object.ives and consideratiolls, tho parar;wters which were to be 

specified, and the method or solution of the problem. Tho results 

of the study are c}..;scri b"d ~n IV. D. Tho behavior of the beam is 

der.lOnstrated pictorially with tho Glid of prints of cathode ray 

tubu (crrr) displays generated by the computer. The aGreement 

wi th experiments is prescnt,~d at the conclusion of the paper. 

The project reqllii'eu the coliaberation of many people. 

lk 0 \Vi 11 ii.ll;l,{enze 1 and Dr , Glen Lambert[;on were responsible for 

the construction of the extern,Ll beal;]; their intimate knowledge 

(,[ the Bevatron was invaluable in the design of the beam. Dr. Lloyd 

;:)l:li th, _ Or. Al per Garren a;ul Dr. l\ndrew Sessler con"" buted l>lUch 

to planning the beam. Urbi\., stw,ies were carr;l;d out primarily by 
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the author with the aid of Dr, Sessler~ Dr, Garren, and Mr. Berman 

Owens, Powerful digital cOlnl)c, v,:r cocles used in the study were a 

result of efforts by the [l.\!thor, Dr. '1', 1\, Welton, Dr, Gerald 

Gardner 1 and lk, Garren, 

under tl10 direction of Mr" ,Jilck Gunn, wh1.1e Mr, E, Co Hartwig was 

in charge of the electrical engineer1.ng work. I;:xperimontal 

n;eilsuremonts V!i'rC conducte(i by Hr, IC C. Crebbin under the direction 

of Dr. E. J. Lofgren and ~~. W. D. Hartsough. 
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0;0 that t 

T11e separa t, ion between the reduced eno rGY uearn and 

the main circulat beam is greatest at a location one-half 

Lct~~ron oscillation wavclcn~t 

separation is proportional to the momentum loss at the target. 

to deflect the reduceci ene;'[~y be;\iJ~ th~is Lendint; !i\ilt~net must not 

interfere with the circulD.~ini~ beam nor with the lilagnetic field 

LI. t 1. n j c c t ion Q j\ddi tion;,l Lk\i~ncts may be re,[uirul a direc t and 

focus t11e extracted beam. 

proposed bye. \'il' 
" c:: 

t for L11e ilevatron~0 and independently by 

o. 'J ' " 1 C ,'~." 1 Ci 
I lCClon:L for t.le o,,,",ot, on. 

A single magnet, placed at the point of maximum inward 

excur~-;ion of the re(lucecl encr~~y beam and adjusted (;0 deflect the 

uearn outward, r:kl.y ~-;uffice to extract the' bear;] in some accelerators. 

,\ successful ext"rnal bea1l1 has been obtuined from the 

Cosmotron by use of a sin~(~e pulsed deflection mCl.[;net at. a fixed 

loc,.nion alonf; the intern"~ wall of thlo 
16 

machi.ne. AU the desired 



circula tin::; energy the boaLl 1.S d11'octeoin1.o an energy~loss target, 

that causes tile beam to be diGplnccd into the pulsed magnet at tho 

point of maximum i~lwacd exc:u.rsi.on o This magnet del'10cts tho beam 

about 

Steel 

desixcd op"0.ical p1'opcI'tics in Llis re[;ion which would otherwiso 

produce clivcq~cnce in tlw radial directiono The beum is about six 

inchc:s \Vide as it leaves tIle )"achine. 

magnetic fio d at cction(~ al-cho ·1 l .~ 

n the COSl:lO t; .... on becauso the 

dOGS result in the loss 

bean1", Furthermor'e 

pe !;;,Jgnet open to the outside? penni 1.8 

great latitude in the acement of st~cl shims in this outer edge 

;~ur:ln:;· the COl)strllction of the })evalron j a study \"J.S mo.de 

of the future external bca~ n order thnt necessary chnn~es in 

i'lachine dC6i.gn could be rilcHlc 
. . 15 

dur1Dg construct10D. 

located 

thr~e 

A deflection of 2.~o would be re r'cd to ext:c0tC t the 1Je~1m 

the author 

of this ,StUdY1 estimated th"t o C the beam hould leave the el1ergy-' 
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lo::-;s tar;;et withi:l an iln;;ui:lX' r;mge oC 1: 0.01° wi.th respect to the 

unsea t tereel traj ec Lory, «nil '.1'0\1 Ld fallon an ellipse six squaro 

;.1 I.A\')),~\/1"';11Crt~0tic 1)oint=-s0urcc :'It l11(~ t~),rt(;ct9 

3 te!~1 

'1'he width 

);li\,~nct so that a r~Hlial focus occlE'ec\ near the exit windo\"/o To 

the t~J.r[:;ct-,to-r~(~:;nct distance, the fnOtDcntu1l1 

loss sustained at the target was increased; t~~s vidcd the 

\V L n d 0 \'/ .s h 0 '.~ 1. (; be on t ;-w 0 r del' 0 f 0 n e f 0 0 t 

\Vere taken into consideration. 

the Ll<lximum 

Since th(~ c~lT, i \"'0 ~1·~)0rl,urc of the Bevatron is needed a.t 

injccLion, it fixecl mi.l.gl1ct c:ml1ot lw used, the; mag'not must be plunged 

:i. n top 0 oS.i t:i () nat 0 a c hey c 1 e 0 f ace e 1. 0 l' a t i'o n, and the l' e for e i t 

shou.Ld [)o as Ii as possii)le. 

Shims in the frin<ing field 1'e on, which arc needed to 

l"inally, the erf.er,~rng· beam must pass th "In entire 



quadrant before leaving the magnet) thus traversinr: the defocusing 

fringing fiuld for a much longer distance than in the Cosmotron; 

this requires a small exit angle. Experience at tho Cosmotron has 

shown that larger exit angles result in smaller beams. 

1. Advnnt 

The addition of a second magnet ts a more 

satisfactory minimization of the dispersive effects. With two 

magnets, the bending angle at the first magnet is educed, so that 

a lighter magnet can be used. Because it ,smaller magnet m,lY be 

brought closer to the circulating beam, the required energy loss at 

the target is reduced. The energy spread due to the Landau effect 

, 11 fl· 19 1S sma er or tlC reducod energy loss. 

The addition of a second magnet introduces other degrees 

of freedom in the choice of focus parameters" The extra 

parameters may be chos~n 0 imizo the achromatic properties of 

the beam system. 

B. Two t Achromatic Extraction 

In the remainder of this paper we restrict our attention 

to the two-magnet od for the Bevatron. 

1. Method of Extraction 

The first magnet in this syste~1 located at the point 

of miximum inward excursion of the beam after 1 the energy~ 

loss target, deflects the Learn further inward into a second bending 

magnet, located one the first magnet, deflects 

the beam strongly outward so that it passes out of the machine one 

quadrant b~yond the second magnet. The placement of these components 



is shown in Fi[~. 0. 

a" (l'he l~ncr 

t .ls'to cause t!lC 'beUII1 to o,scil1atc: irnv;) cl(, Tho maximum 

inward defloction 18 given ~Y 

2;' 

l""n p 
(1) 

c::c;pectiv0 1 of the 

lJeam l n is the field exponent, ilnd Ap U3 the momentum loss in the 

target ... l. ~ t h i 11 ;, 1 ip", who s (~ run c t ion ~o t 0 the amplitude of 

r;:ulia1 be in tron o-"ci 11at on:" pro j cc is from the (~xt er ior edge 0 f 

the targot. l\S tl1c lna[~net c field :::; i.ncrc~aS0d after the 

cessation of acceleration, the circulating beam moves 81 i.nward 

toward the argot. A proton fi.rst passes t the lip during 

a maximum inward c;\"ling; par;sing throu[;h the ip reduces the 

The ng of the radial 

oscillations lnsurcs that the protons pass thro the entire 

ton c e and t h (~ n c n t e l' t 11 e g'it P 0 f t 11 e fir s t rna g net v 

there is so~n(: citttcrin~ by the lip, the amplitude of betatron 

oscil1d,tionL> cannot be reduced indefinitely~ The residual 

betatron aClj)d,tudc ilnd cncr;;y spread result in a fini. te width of 

thc bcam lcavin,:; the tLl.r[~cL 

The; beam le«v 

due to mull.iple Cou1oub scaL tering wi thin the tar[';ct" In addition 

there i.s an appreciable s in IrlOElentum because of the Landau 

"" 18 i el.Lect., 'l'he LaYl(lilu cffec':; ,11'3 chacactcrizcd by a large "tail' in 

the cncr2;Y cListribution, .in 1w direction of Jarge losses. The 
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N 
(f cavity 

9. Schcmati.c o,l' the beam~e:x:traction 

system of the Dcvntron. 



width of th(: '.:ner(~;y distriLutiun incre<:l..Cj(Js with increasing enerGY'" 

unction of t: first Lending magnet, 

~~';H' r;Hl ial location 0 i,' 1';1 depends upon the 
.C 

Ie {oeu",ing' (;]<11';not, Ql' thnt may be adjusted 

Both 

of these! magnets must be pJUlll~ed and pulsed so they will not 

The second bending magnet, M01 provides the 

required outward deflection to eject the bQam. Its radial location 

is governed the strc h of There is also a quadrupole 

magnet, 0;::; I adjacent to tl,i.,> mCl.[:~net that may be adjusted primarily 

to minimize the radial spread at the exit window. Both 

r,mst a1so bQ pl.unced and ;;;;,;.L;(-,d if the maximuill beam current is to 

The beam must pass out of the Eli.l.chine through a thin 

a1uminum window located in the west stru section, 

Additiorw.l b(:ndin[~~ magnets and quadrupole 

tIi;'<Gnet;3 are located outside the vacuum chamber; these mag'nets 

nre not considered in this paper, 

cc Dc,;cri 

The optical considerat.ions in extr[~ctln:; the beam 

arc most easily ined by rcfcring to motion in radial phase 

In ~i'iG' 10 x and j{X' 
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-enorgy 
pattern 

Configuration 

at exit 
"'Jindo\'<} 

High-anergy pattern 

M\!<30410 

tern motion in radial space. 



.... 2, 62., 

lIoro x i Ill.: di;·;pL1Cl!lD'Hl.t or a t!'uj(.lctor.'y [roIn the equili.brum 

orbit of u:~; 1?,~ ~.~}, is tl~c r~l.di:l,.l l)ctat.ron \'/0 show 
" 

below that, witll this choice of coo inates representativG points 

t:cajcctoriel;; uovc tllro in of th.is 

cquilibrum orbit. The actio~ of u bendin~ magnet is represcnted 

axi 0 10 focus 

d.i.rection~ the 

i.onal to tho di omcnt in :x 

It can be shown from tho radial tatron 

e qua I;.ion th£\ t n;o'c ion throu;;h the! Dcvatron corrc '1..0 i1 rotation 

of tho configuJ:~at.Lon poin,t about th(~ origirl n this figur(;" 

Within a synchrotron the iJ;;proxil:li\ te linearized equations of motion 

for displacements frox" the cquilibrum orbit ar 

1 !.~ 1') 

+- v ,-" 
'> 

A 

P 
(2 ) 

-i- Z 0 

IV.here and are the radial wnd axial betatron frQquencies~ 

cesIH3ct voly, ilnd s 1.S the Pi,L: LenGth measured alonG the 

equiliLrum orLit. ~he solution to the radiill equation is 

(Hx' (0) Iv. >, sin ( ) + 

whence 

+ (1<.x'(o)1 ) cos ( sin) 

AT) n > , 

sin ( V + 
I ,", p " i' 

" 

Thus <\13 the particle moves a cl.istanc s in the tron 1 the 



in 

x, Hx g 

energy-Io s tar~~~. Botween (1) and (2) tho patterns rotate 

bou\~ llc,tatron \';avel n~~th from 

o 

cctories () 1.111'''0(; dist,inc~l, enC;-'t~~:ic corresponding 0 the Landau 

in. OYler t~Y fI tC.rrl the mean energy pattern; 

1)h(;! trajectof".ie~ of lO\'!Cl~ c~l,c.rg:;r a sp1uced further from tho 

orl !1. 

tak.c tho 

pat~arns at (2) into tho e ftadi 1 dis cements arc 

negli 

focusin~ here docs not. gr afi'(~ct the trajectories for a. S Ie 

1'he focu::';i11~; f3tr'"en h c (~l i,s ch,osen rnainl,Y to provide 
.L 

'2110 de.flection at 

radial betatron osciJlations. 

rnur,'l iJl\,/':Jrd s\vin~; LlX1li ;It {) arlt ~~'.focus". }i'ocusing here 

propertic nt the xit window 

\vhilc 11~J.v e ser of oc~ on energy comb.i.n.at ion ,. ttern 

(-1) ;is the he,u:l distribution ,\ strong 

outward deflection t;\l~e the patterns t 

into thoso nt (5). d.e 10 ti0D aT. has produo d 

which must be to 

provide the requ cd deflection, do s not disturb the circulating 



pattern 

the stro 

radi, ally do f oc usi n:~ l'ri n!~' .f i c 1 d 0 Ideally? the 

focus i:lt the cxi t Wi.lH~OW \/1. th full er;()r~~y recoubinat on. 

In the preceding discussion the vertical properties of 

the beanl ha ve been, 110 0 C t cd '> ~he vertical beti:ltron frequency is 

greater than. the rtulial 1)0t:ltx"on frc~quency; thus tho vertical 

inlClg'C 1 corres ad, will 

.Al t hi:lS little influence on 

the radial focal propcrties of tile Dca,m., it will influence tho 

vertici:ll focal properties. Q
1 

l:mst be ,l(]justed to achieve a 

Dncl the desired ano at the window. 

affects tho focal properties in thc vertical plano, but its strength 

muc:;t be chosen to nanllill:0e her a (Li. a 1. b ()" III \\' i d t h D. t t 11 e win cl 0 w • 

Tho objcc~ of this oS was to develop and up y methods 

for choo~:;iAl~.; 1:.{10 \\>~~t:i()ns .:ltl(l sLrcngths of the constituent magnets 

and 'the 10 o 

imcd, CI10r:.;y recombination at tli;,t ]loint, There 

are many other consitieratiolls, mainly those of COHt and engineering 

feasibili 

describe the beam 



geometry due to the relatively lar~e Slze of the. aberrations. Even 

t and the 

he center 

cts arc observed. This is 

easi dcrnon ra -Cee. nc u ~:~ u;.;, or ~1 c . .r:;ocond ordo terrn,s in the 

e ion fo radial nll.)t ion \'Ji th £.~ et t ; 

1 
(5 ) + 2, 

the 

a.nd 13 + Here 

Po and 

C L--;'~1 i tv.de J~nd chD.rLlctcr 0 f the 

noni near effects between \ appro imating the 

ri th tho linear olution for 

over one-hul betutro per od. The linear soLution i 

whcce 

c o~; (n 

o::c 

,'3cctionfJ 

1. +l() 

,', 
.-~~ + ~~. ~ .. 

" 

d "I 
! s ::t. 11 ~:5 'J 

'~ 

U 

,>:; L 1. 

( };- '1 
c 

·,:2 \0 ~~~ 

(6) 

(7 ) 

in Cn: ~n /2) 

t 

Ui5:::il IV i. t h 

TI \' d 
-{ .. ~;"(; 

w 

I 

I (::~~n+21() 

o 



Numerical valuo:::; of these parameters for typica 

Bevatron 0 ing cond tions rc ···1100 j 

I· .{, 0" 0001 G, and 
o 

i ~ I ( 0" 000 I!" 

Wo incl that the ent 

displaced 0.7 In. from the conter 0 

at n dd tion,) ~~J:H; pat~~c 

es he lineHl .... · cory, but tho s eoud ordor orms 

dC-IHOx1strn.to thai: tl1,c C:jl.d.EJ· 0 tIle pD. tCr'I1'::3 ( OX-'T~0 to 

trajoctories wi h d ,-i.:3 pI {,le 

di. tion 

, . 
eu d.cemor~t, L1r o th.o (1 tho x 

dire tion. th two ext emo~ of 

Q tilted til C ]loet to 

the tGrn~ 1, or tJ.1C t th.0 

h 

greater than the spr f h.(: o whi. 

t numeri a calcul 10ns have ve i 

stimates t w thin 

(from () the 0)(i t . ] \ 

I,v.::tnCl,O\f,f) \ve fro f20m aberrat ons~ those 

on would doubl he bcum 

width £It the e i window. 

As tho beam must rave se a gment 0 nonlinear 

ng f 01 between ,;10,d he \vi;n(1o\1/ non,l ncar" effcc scan. 

certa be C:)::'I)(;cted to bCCOII1C: Innen l,vor Lineur theory can 

px"ov,~ .. clc c.X"'lIde stirna~/ s of the bOalJ be 1). (-),\Ii OX'" Tnt"e i 

choices of adjustabl paru;,\(: er callnot be mu.ck withou detailed 

st of the exact t2ajectoric wi the Bevatron lId. 



In the next c tor we discuss the calculational tools 

that were developed to conduct thoso detailed studi and the 

results are described in tho rcmaindc~ of this papor. 



The wain codo 

used in thi~.; work is t!:lo ;k\r;,troCl Orbit Code (EOC ~ which 

calculates dotailed trajec~orics in the Devatron. '.[\vo codes" 

13Si't'CYlt'i alld DI31)'r ~ \~rQrc \,/X"it~-,0 to !)X"ovido t;1c ield datu. required 

by BOC. otting code 

plots sc space terns from data calculated A series 

rapid paralnetor surveys us n:;; an extended linoar ectory theory. 

1. The Dasic Codo 

The original Bevatron Orbit Code is a modification of 

the Oalz n' l\.l 

carried out 

Genera Orbi'c Code ,1\0", 

calculates trajectories i tho Bevatron 

this modification was 

1960" Tho basic code 

integration of the 

following differential oqu;,t ons w th <) as the ndent vD.riable~ 

clr 2 2) 
I 

') cl (~ 
(p 

~. (' c· ) 13, 1. , "" r -. .- r -dO d() d~) 

( D) 

d7- ') ') 
Z 13 r) 

(p "" ~) ~) -- r ,~ 

\ and 
dO 

z 
dO r 

Tho -Kutta method is employed us double-precision arithmetic. 

An interval of O. in G c0ustitutes sinGle 

point interpolation formulas in r are used to obtain the 

Due to the sylil;netry of l;he Bevatron, it was necessary to 



~ro 0 htain 

printing; of ~",lin\) the 'c.x'ajcctory coord tus ~herc desired. 

c on,o orbit 'j the code :C(_~L1.(],~; the: iXli tial coordinate f 

orbi " 

If o d" it \vr i t 0 S 

th computer during a 

subsequ t run, cont nuo ho culuu ation n progress when inter-

The on d to wri,te 

and read t hi s t;xpe ~ 

'.Cl)(; eC~vD,tron' Ox"l>.i 11l0d fied the 

author ili W;'\f; hroade~1(;d 0 handle most 0 the external 

the author nre 

d G.s c:c.i b (: d i.l1 h. i ~.) () C ion" 

the code 1':':):3 extended to include 0 line 

rajectory, printing of the traje tories 

in the 

strai "l- ,', C"C10llr; D.Xld polar coorclinat t~'t 'ba ed on the cuum tQnk 

the; 1.on and print of 

<lisplaeernonts 0\1':\("1 slo])(zs relu. ivc: to on.c of c;vcr;'l tored 

qui ibrum orbits. 

pole w:l:;netsl and 

Ie mQgncts in the paths of the rajectories was tho object 
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of unothcrmod fi at the 

t proceeds undor the 

action 0 

The od 0):"1),01 o:cbi s fO.r~ any 

momontum w 1J OY'C (: (J.u or 

ibr'urn orb t:i, culur 

},'30 b() CD. C 

c 0;:; '., 1 tat UESO of 

tho code '1 \'/a~) t 

coordinates of G~o () J. () r- cl etcd !11utll 

so co 

ox"bi ts 0 o vc/: :~)OO groups {) 

ninc 01'bi t O<1cr), one usio};\ 0 cll run, 

a1 tho to.r··cd coo_~ \._o.J t (; 

ur.CCllt ox'· to 

cxecut ng cuI cuI tons Y'U 

loa.eli o C V(;.t'Y p::cov ous; ulculuted orbit. 

\'/ith this {catu:c'c: a s can be calculated 

tlst\\'ecn the 'fhi same g;roup 

[In(l times on 

tIl () C .:. c c t 0 trongth of Q
1 

can then 

or he code'J a c()L-.:plctc 

of a give (' rod at loa t three so e 

compute ini.'ny "ours of wode with hand 

calculators and oquirecl to cf).lc"lAiatc 

thQ st lis 0 f the bend n,-; 

os described in this section, 



ion t ill:" was A'e du c e tl 

Boe will calculate: and m~uLL to transfer mutA' cos 

relative to'se 0ctcd trajQctori()~c; .in the Bevat:r'on; these llILltricos 

The code alculat..::s t.hc wu n{:: of thccadial spac(~ 

at one locnt.i.o aJon('; til.() be;,m to the radial unothex' 

1'0 D, t ion 0 

so space coordinut 

i.JlvokinF; tho 
j 

;:)'zimuthal loct of the ma[~noti field about he 

i11t of each. 11 maps e \f(~r:y he l:t undcr'~ 

standing aberrat ons. 

FoA' the purposes 01 (; oxteenal bC<lrn E;tlJ tl:10 eu.'("'ve 

se spa c at one UZlillU \vh,ich rna,})s nto 1e radius aT. 

aec.t:tr·;J,. t u; vc:n 

Bor -I (10) 

The code calculates the coefficients A, 13, C, and D 11. th s 

0:0. caJcula_tcd b t\VCeX1 ~lnd ~td ;.;cpnrii,tc bet\vc: and 

,]xi t window, the streng t.h of both 0 

be "tU t om« tica presecribcd he code v h 0 Ll 

in c n 0 fur cpr c; ~3 e Xl tat i v (; [~r () tJ P 0 f t ector os about tho beam 0 I.e 

t a secund azimuth, may be determined us the above 

'I'hi featur 0 [' he coc~c ~Lln:A.:!.CS the str h 

of Nonlinear focusing Llay be intro(Luced means of 

magnet; the oS th of the (; upole may be imized in tho same 



rclidbili () f the C o(;.e" '11 j\_ .. .A. 

indontical par us. Tapo runJin~ 18 checked for accuracy two 

methods. In ~;hc (~vcnt of n or.cor, the reiHlin[s of tho first part 

cannot be read correctly, 

the e is spaced to the second and the code attempts to 

read it severnl times. Crrors in running code result in 

terlilinution oJ: tl1(~ orbit in which C,U error W;,8 detocted, provided 

recovery is. not possible; tllO locution of the error, the coordinates 

of t110 ortit jl and tllo con.so.Lc~ status is P]~iA1tcd~ The code then 

proceeds to initiate calculiltions on the subsequent orbit. 

Th.e rnodifiod vordion of DOC recruiros a filarge" 113~\1 '704 

wi th 32,7G8 \'ford stoxoage c<lpac:A.ty ano five or more units. 

The code is entire co(lcd, milking conversion to other computers 

somc-what tellioll.s, It ~>hould be possible to operate the code on a 

double core ~r \)" If 
.tJ) .. '! 70;;0 with a routine although this hns not 

s in certain constants, 

the code cun be aclalYLed to ;tny synchrotron. 

DOC requires ap~roximate one :;linute on the 1ml 70'k to 

integrate the radial equations thro one revol u t iOlL If th.e 

vertical equations arc also int d, tIle required time is 

tional 0, 2~5 minu-ce is required for each o1'bi t if 

the maximUln output is desir(:d. 

In orG.cr -Co clcal':'y de,llonstrate the bearn behavior, 

it was desired to plot the ;'udial and vertical phase space pattens 



traced the becun at the LJ,r (Ce t 
',> , before , after Ql' before Q

2 ~ 

afl:0r , and £1+ the exit window o These plots cons:1.st of the con~" 

fiGuration points for representative groups of 27 orbits each, 

taken from LOC calculation~. 

The X Bj\'j 704 compu tel" at the Uni versi of California did 

not include a catllode r;).y tube , ' (nsp Thus 0, second code was 

written that reads the parameter producod BOC and then, otE!. 

the desired inforlilation on th(~ CIrl' attached to thc) Lawrence 

Radiation Laboratory IBM 709 c cords the plotted 

Three choice,·, ot scnle ar-;c vailablc to the code 

and the sci:tle cho~)(m is the largest that 1 ccolllodute all 

the desired configuration points. ot r quire about oi 

seconds of IBM 709 t me he plot code WI 1 run 0 t.he IBM 7000 j 

requ two seconds plot. 

With the aid 0 01.8, we can readily determine 

the beam behavior as a funct on of each parame or ied. Scverat 

plots, chosen from among more than 300 plots, are reproduced in 

1.1 () x t S 8 C t ~( 0 n 0 

4 ld Codes 

Dr. C. Gerald Gardner wro c he two FOTCT,\l\i 1m,j '704 

00 

codes that prepare the field dD.i.;;. for DOC.?"H'. Bl'~FCYF' ace s as 

in the exp, ,'imcn tal 

~.1nt; of the Jc'vatron this data con:3i,sts of ial 

and azimuthal profiles withi.n the 1.s and a rectangular array 

"~ll data were tD,ken from 

interpolation an valent 



set of field value 

the Bc:vatron" 

produces a tape containing' the azimuthal dcrivntl ves orrcspond 

to the fields produc d The two tapes are written in the 

format acce abl General Orbit Codc, 482 

nlentionc~d px<eV:LOu;:3 ;~ I;OC rei1ds tapes in tIle S,!J.mo forrnat u 

separate loadin~;' f,"outine" wr tten Dr,. Welton o.nd 

modified the au hor, ds the two field a.nd the binary 

deck for DOC, pre due b tape co,ntu,in. ng; 

l]()C a.Hd thQ fie value 

In he gion where th field inca 1 incar" the 

accuracy 0 the 1 1 measurements D.ppr irnatc This 

accuracy de e iorat t s of the vacuum tank. 

he reg ons 0 the stra sections 

within o he or 

8xD. t" nurner CE~.l on of the beam bohavi u 

DOC s too expens vo ~ c 0 e tirne to a1 ow completo 

nvc,stigi.itioXl 0 11(; b 1 C;l c rJ-C 
-"' '-", ,--" of cj(tern.al oeam par':lrnete:cs ~ 

but a t h(,oX'y l" '{ (joe,c:: not take into a. ount 

the a;z,imuthal and radi 1 va t ODS 0 the f Id exponent n is 

in;:..dequ['lte :for this purpo e, 

sU.i tEtble con-q)l'"'olnisc: in, c ~t D.nd accurLlcy to use 

the line 

ox,tit ( ic axis11) 0 The Linci\r ion allows expressing 

tho Jev ations rrm:) the j.e ax i terms of :5:;;::5 transfer ;'latrices. 

Dr. Alper A. Garren wru e ~;c H'.S of codes for tho IBl,i ?OD 

computer' 

arbitr<)~r::/ c]jO ce 0.1. the tl~0Xl(~;th.'.; of and ilnd arbi triH'y 
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thQ 

c,),t, on" ( enter 0 the south 

t tflnl-c) i:.lX1cl and the 

DOC" J'he thin lens 

fOClJ,si and between 

c,alcu t d he These eoucs c t 

f the linear beam behavior tot on and the st 

of and 

1. }Jeriv').tion :f t]lC ADa to the 

Standa.J'"c1 (Pelt' on 

'Th,(; fo 10\V~t.rl[!; ivatl0n 0 the radi 

bCtVi8 

oeLl on o 

traxlsfc:c ha glects 

:.lrnlJtlla .nd():n of .1 lxcie 0 

ose Jlations t tb.e pre \1 o the st:ra. tion.s, is 

der voel from the: ve 

POII ho ()lUlr.\I} r: I
j 

and 

o orbit 

os 0 () yj) 

(11 ) 

o o 



h 1. over which the transfer 

(op H', axis) bc:tw,~cn tho ta G,,}t aDd the stanc;';:l,rd target location o 

L,ot X and \ b," the displacument and G101'e of this reference orbi t 

relativo to thl": eC}dilibrw,1 orbi,t fcr' Diomcntum If we wish to 

ities t 

then 1'10 must th.c HlatLv i:;( ~t,S function 0 p~ 

l-l (p) 

LGt x? x' and be tul;;cn rc1",tivc to tho reference orbit; then 

j 

/ ~{+x 
1 r) 
t:::()~ i +x,: i 

\ 6 
\ P 

< 0}·1 'I, 
'I j\j ( + 
~, 12 j 

( 13) 

If we now subtract out the reference orbit and collect the 

the transfer matrix relative to 

the rCI eron,ce orb:d; ~ 

;{ i 
o c' y; sin ~j l""coE )0 ~kX, j,n )0 +kX, 0C05 ,,> 

,1 1-

)0 0 
l( 

sin 0 0 ~kX!0sin 0 In::~: cos os 
1 

0 0 1 

The coefficient k s obtained as follows: 

for some constant c;c;:c(s); 

95 sin ~6 ( 
(J fA 1 <~k 

l{ 
k 0 si.n .0 ) ,-

p 
" t: Y 2 1 1 On L 

1+ 
-<-.fL.. .L 

.) 4n;l{ l·-n R h,J P 

1 " en 1 ,! I-J Jy 

whc':'c k'" 
J. 

N ) ~, + ., j:( l~n ell 2 4< IIl~ c., 1') 
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A more accurate f\latrix can be obta ned apply the 

method. of Courant and to the genera linearized equation 

of motion, tho XliII e ion t for a synchrotron with azimuthally 

The increase in accuracy amounts to about 10% and 

is not tant hore since this matri is re red for the 

relative short distanc~ botween the actual t locDtio;n and 

the 

2. emcnt Between the Linear Codes and noc 

The ou of the linear codes determines the radial and 

vertical 

a.t the window I 'and tho dispersion at he l.vindow" 

Alt this approach gives excellent agreement for the 

d spersivc displacement at the window , it canno bc xpcctcd to 

describe the entire pace pattern adequate JLven in cases 

for which tion indicate that the terns are exactly 

the i';aHlO for the three oncr;;ie,c; con'3idored the accura to orbi t 

calculations show that this is almost never true, because of the 

large second order effects described in Cha er II. 

excellent agreement was found for a few choices of parametors, for 

which the second order effects are small. 



\VC} now turon our (,ttcntion to the solution O· " >. the 

o '1'he 

We then consider 

tho pa-ro.Lwtcrs to be 01)() iLiecl~ dcscribi.ng the basic effects of 

the me hod of solution, us the 

numerical c~~culo.tional tools ~revious described, is discussed, 

cone Iud 

Lctions 

10 ical Pronortics Ro u~rcd at 

The reeombina ion lD en~;y 3~aul be ,).s complete QS 

possible in order that the 

The criterion is that 

the effective a~:;c spaco ()CCUP cd the entire beam, including 

residual dispersivG and nOLl nc:u"-' effects, should be minimized. 

S~lCO area 18 determined the aroa 

of the smallest s Ie closed curvo, such as an ellipse, that 

completely enc 08es the bc~m. The minimum si.zc of extcrnal focal 

spots is direct elatod io this area. Altho nonlinear effects 

do not increase tho actual occu cd so space aroa, 1n general 

increase 1~~lC off()ctiv(' occu ied so space aroa as defined 

above. The criterion of oj"Ccctivc area is used because linear 

focusinG elc!Dents 1 such. as Ie magnets, cannot remove 

aberrations already present 

The ent 1'e beanl r;,\lst pass throu the 3.5 in. x';.Hlial 

aperture at the exit winJo~. As the beal;] l;mst travel approximately 



divcrg-onco of the beam ShOLdd be minimi (~(L 

In ardor to obtain full beam intensi all of the 

in ernal magnats in the optical system mus be plunged and pulsed; 

s fields d;.1d obstrt.lct o ilL; a \.: pa~ticular ing: at 

mu~>t be construe ad to wi thstand 

continual VnClJUm, 'rhes ons derations 

place a upon minimizin~ the 
. ., 

8J.2(, anci. we t of the mngncts. 

In nddition, rclinbili demands onscrvntivo des 

1'111e urcs and fi Id.~J oi: tllO HI£1gnotE:' £l.re further 

restricted so that the main eirou t ng beam will not be d 

and bo to t 

circulatinL~ b()Uf;l'f h.t.~ st,x"a;y ield n~ust ,near" v(),nish ond th() 

so unL These rc r tons are not as severo or since 

t arc n.ot ungod quit so close to the beum. 

Inagnotie shields pIa od bet en heir open side and the eirculnt 

'~~'lle t \VO qua (current shee t) 

rna~~netso All of the mngncts arc wat -cooled; even with pu sed 

operat on, the maximum fields Dee limj,ted 

tenlpera T, Ul"e r i S(; b 

of the Bovat on ( the 

azinluthal 10CD.tiol1S of the I;}a[~nc ~;;~ into the 

\vest ont tank aren; bu.c; and must be located in the south 

and Q
l 

l.m,,;t haro he cast tanGent tank \Vi th the 



.should be :i.Xl the nei od of tho :;outh t tank (wi thin 

o 
90 )., Tho rf CD. vi fills the north tangent tank. 

3 

.Al t tbe 19n Qust be 0 imizod for the full energy, 

6.2 ·BeV 9 cxternal oe",m; satj . .sfactory beams must also be obtninable 

at lower energies. The s;lapc of the Bevatron field is c.\ function 

of energy with nonlinearities iucreas as saturation is approached. 

The inward deflection at mate inversely proportional 

to momentum The initial radial divergence at the target, 

due to multi c COUlOlilb sea t tor within the t; is increased 

as the momentwl1 de croa.so d. 

~rovision must al~o be ~mde for a continuous beam-spill 

during acceleration; this C.Ul be accofl1plished by programming the 

radial position of and t ;10 s trc hi:) of all of the maE;nets so 

that they Htrack l1 the risin:; Bevatron field" 

D '1'11 table Parameters 

Th(,re are fj. ve irl.<iepen(lcnt par"meters to be specified, 

assuming fixed azir;lUthul pO::ii tions for the magnets, These parameters 

are~ (a) target azimut;-l, (b) target thiclcness, (c) strength of 

(d) strength of Q" and (e) strenf~th of 
~ -

The radial location 

of N de 
:2 

upon the stre)' of The radial location of 

depends upon the t aziLluth and target thickness. The stre 

the locaL.on of the exi.t windowo We now discuss 

the basic effects of adjust~ng these parameters. 



1 t Azi 11,1.1 .:~ h 

• :1g' the azimvthal location of the tar,,;,,,'!:; relative 

to cattse.s tho o spi~ce patt rn at to rotate v Tho 

maximum inward deflection i,,; obtained for an nzimuth;:.\l separation 

one-half betatron pe iad; this separatlon results in the targot 

be cd at 

deflection and al~·;o increases th(~ w:i.clth 0 the beam at 

c 

the t azimuth. 

Incrcas the target' hickn s suIts in a larger 

deflection at r!1oving further from the circulat beam 

relaxes the design requirements, particul those of gap sizG 

stray field, on thi magnet. However his gain 1S offset 

~) Stre 

In,creas the in'il'ard deflection D. 1'\, resul ts in :moving; 
,J,. 

further fr"om the circula tin1-:; benm; -Chi lZLXQS design 

cqu :cements on. but a the expense of lncr sing the size 

of Another result of c:l,mi:;in[; he racli 1 location f is 

o move the beam t (:nt ield glon in the Bevatron; 

thi.s noticcab affects the character of rho nbc rations. For 

severa.1 c ices of the other Jlarameters~ it s posstble to ncar 

elimi.nate the 'vatu:ce in the se spa2e patterns at the 

proper choice of the strength of 



inu; properties 

th of this l~laG,let r.:1).:cc,t be chosen to 

recombination at the window and the vertical divergence a the 

window. Ace Ie vertical divergence at the exit window can 

in tho vertical 

plane (with focal I h greater than 500 in.) 0 

The radial beam width at the exit window is very 

sensitive to the strength of Q2" For most choicos of the other 

parameters, Q
2 

must be weak c in the radial plane. 

C. 'fhe I·k llOd of Solution 

During tile yeurs 1056 to 1959 several experiments were 

conducted with 8in[;10 Elagnet extraction systems. soon became 

apparent that on a 81;1,111 fract on of the beam could be extracted 

wi th this scheme j for the reasons listed in C;',apter II. The 

mechani.Clll of the energy·~los::; tart';et was explored, resulting in 

experimental values for the size and divergence of the reduced 

energy beard Ie the tar:;et 0 Durin!; the next few months. the 

two magnet scheme, suggested by Dr. Lambertson, was more seriously 

considered. 

original vers~on of the Bevatron Orbit Code und the 

field conversioll codes, DEFCYF and D~GT, were written in carly 

Ini tial theoretical tudies \Ver" conducted Dr, L1 

Swith, Dr. Andrew Sessler, <wd Dr. ,\.1]')e1' Garren. 
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considcra ODS each orbit at grate around t B(;vnt cost 

one do c t m(: 
" The 1 ode dese ibed II a 

D" 1l \VC wX' ten to :cap su:rvo;/ the po i bi o ecs of paramo 

des prov do cturo of the functional 

do hc~ di 1. f th axn 

t I) the no c. ode :\nc 

Dr. Sessler tho pr ou eo s of i 

1n d spla omcnt and ope ::1 t. the \V.iXl:JO\V t t pattern 

Vlidtl)s arld the 

o eornb tons f hIe iC.8 o cat s ng 

,ut a.n.d cu ng at Promising comb na ions 

further 

protons \\ra 

a.nd 

su 

e:f cct \/t? 

o.red \vi b the d 0 l~OC:" [;ood oJ tions 

d nt choices of th naramo-
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~2, 85 ~ 

and Dr. Glen FL Lll;llJ(n't~;;on cont:cibutcd :nuch to the ieal design. 

'l'hcir familiari wi th thu Llevatron provided j,cen nsi t into the 

nature of tho solutions obtained and the adjustments wllieh should 

be Thoir aid was invaluable in assessing the engineering 

feasib:Lli. o proposed designs. 

During the course of ~hu s J as the requirements upon 

each mUt;,net becaLw clear, the propcrt:Lcs of thL\t !Ila[~net wex'c fixed 

so it could be designed and constructed. 

Defore fixing the re ements upon any magnet. several 

novel variations of the extraction schemo were examined. 

a New Window Location of extracting the beam 

about 100 in" fron~ th(~ \1/()st tank exit window was 

considorod.' Passing t field over a shorter 

dist<'\l1CG should. reduce the cadial dive:cg;ence due to the fri 

Numerical calculat ODS showed that the sli 

would not justi_ cutting the required channel t the magnet. 

b The 11;100.1' codo::> revealed very g-ood solutions 

for to betatron 1)(;r i_ocl. betwoen the targ;et an.d Studies 

wi th BOC verified the Good 0c;havio at the exit window'j al t 

aberrations doubled the actual width predicted the 1 ncar codes. 

These solutions re 

c" Sc:xt 'rl1C i_Ultho.l"- proposed inserting ~;extupole 

magnet acent to Calculations revealed that such a magnet 

produces marked ovemcntl; for those cases characterized by larGe 

curvature in the space> pa te:CDS D~t for cXi:ililplc, the 



n~ertion of a scxtupolo roJuc~s thc preau of one of tho 

to 102 in~4 

ou D.cld0d 

d 

v/cri.} e ta.blisltc:d v j~t \VD,;,-:; <.Ii covc.r0(l thttt could be moved 

closer to the circula 

t.ig~) .. t:.ioX1S v;itJ1 r~oc onst ed that the bC::r):'Ltt ons \ve:f>e 

cdUGc.d c io this 

o :L th he X1(;\'/ Jo the bchav or 0 the beam 

function, 0 o ear(~ £1..1. tl-1di.ed" 

or c 

q ., h n t ial p.rcad f h.e bearn 

( Y"U c1 1 ) and. 0 c:.: Ii ( vc ct ca 1 ) T " \j \ " 
onv np; 

rna)(irnurn {) " 
(J (; c; in e her plane is 1. 

DE;V D.nd 1.7 Ii)r. i\.fl energy o 

o th.G L<l elD.U e f(-\ suJt de vecl from 

\\'ork, \vitl1 the Ij.xlcclr codes denlonstrat 

the 11lon.O(:norr;et spread t the window s ncar i.ndepcndcnt of 

fo the half··betatron pc iocl tDrirct ,Joca :ion; this wa predicted 

in IT" th con"V(~::cf:; ng J.:O. the .rndial pla:ne \vi th a focal 

1 of :WOO l , at thc window lS 3.5 in. 



of the stren~; h of Ql" However the vert 1 di verr;ence 

is very sensitive to focus 

every tar~et location, there exi ts for 

r~el1dcrs tIle total x"adin. sl~.:.~'oad of as the 

t location moves fur ;,cr Crom thc} half", b ta p~riod location, 

al h f .lne.ceaSG 0 

t Locntion" The radial beam di but ion at for several 

locations is shown ~n Fig. 1] .. '1'he two o a the top 

of this :f show the radial distr bu ion of the beam eav 

the with the plot [or 6.2 BeVan the left and that for 

4,,;2 BeVan the 

Th.c seco:nd 1. ~hows the distributions for 6.2 

BeV whil the til li.YJ.e E3}lO\VS ,t11es f;t:cibllt,io11S 

~rhe sout):l t tn.x11.\. IGc;:tt ox; c to the t th eo1umn 

from he I It the ri hEl.j,ld eOll)lnn. c;o:c}.~·espox),d,s t the: 

tank location. 

entered on the con! :lon 

poin fo:c the lcr011CC orbit ( i a,xis)" The horizontal axis 

is the radia displacement; each divi on s one inch. Tho 

vertical s is the radial divergence; oach division OKlO 

'1\\'811 '~v(';n or:bj, ts plotted prCE3Qnt ng 

three :lnittal di cements, three lnl. ia 

energy onfiguration po 1allo (; smal 

diamonds; those carro 1.5 MeV above and be ow 

the mean 0!lcrgy and respectIve 

Good solutions wore obtained for a varie t 

The further the t s from th half-betatron 
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position) tho er the dcp(;ncl('nc<: of the radial at the 

window upon Ql~ ded is not set to the stren h for which 

Q
1 

has no influence. The target was placed in the south 

tank duo to these considerations and because here s an available 

a lock at that point (which s ifies target a ustment). 

c Str lJii. G ~ 12 s110\\18 the rad:i.iil de ce upon 

at 602 BeV; :L EJ tioned " 

L 02 :Ln. inside the irculat beam" 

Each column in' thicj figure: corX"ospond.::; to apart cular choice of 

parameters. ;rl1G le:f'thand colulnn carre 

focus at Q 0 

1~ 
the second, colULln corl"'e 

I and columns further to the -r:l 

uefocus at Q . 
1 

In eh 

o dial 

to no focus at 

to increased 

18 chosen. to imize 

the radial beam dis but ion at the window. 

the distributions after the next three rows show he distribu-

tions befo.i'0 the exit window, respective 

The s Ie divisions for oach 0 these are one inch and one 

mr. Tho bottom line shoWs the d tribution at he exit window with 

tho radial scale od for olarl eaeh di on in he radial 

scale· cor:ce 

Figure 13 shows a similar nt 4 2 UeV. Not the 

increased separation of the patterns fo different e The 

second is positioned 5.5 in. lnSld the culat 

beam for this 

Fi[';ure JJl, shows the vertiC<l.l c spaee distri. tian 

at 4.2 l3eVi the first oolu;m corTe to the first column in 

• 12, the second COlUl<1n wi t.h tho fourth column, and the last 

column with the third colw,m in the preceding f:L!:~urc c 
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d beoding magnot i 12.2 in. 

inside the circulnt Moving thi magnet to 

inside tho circulo inG dllces tho aberrations as 

ShOllll.1 15; thci ranGe of focus t 

figure than in the precedin~~ l' i.c:~u:cc 0 1'h0 op shows tho radial 

d stributions before he bottom two rows show the 

distributions at the exit window. The best olut on i that shown 

in the fourth column from thalcft; this solut .1 described in 

the next section. 

Solution 

o imum solution,' h +, fie ted in the 

center of the south ent q\1 "lr t~11a .. t Q
1 b l-"t-ld 

eli. with a focal 1 and t t; bE~ radial 

onvorgent C,' i1 1. 

At tll,() x.Lt :windo\\'j tIl.e totD.1 radial 

the otal verti 1 in •• and the maximum vertical 

vergence s + 4 mr. The e fcc ive cd co area is 

approximate ed, th.t~ bearn If~[l the 

urc 0 2 n. at all t would bare 

stJ [i\.:", to po, Radial apertures of 2. in. and 4 in. 

.red at and 

With those apertures, the first and 

wo about 300 whe 

assoe ted mechanism we over t"ouX" to 'l'he se S ,IuUSt 

be d 28 in. in 0.75 second every six seconds, co to rest 

within a few thousandths {) an inch of the required position. 
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in contac t '.vi th DecaU:3e of the 

hese pictures do not 

accuro.tc eli s t.r i L~;. t i oas e. 

and tho u~crSY loss target w~ich is located 

about two inches to ~hc ~ o this picturec, 'The 

ro.dial and vertical he 

also in 

ion. 

across the magnet aperturo demons~rates the effect of the vertical 

behavior upon the radial boam pat s an abcrrat on corres-

o in );:' ;'','" '.}.:111, c 11 the second 

ordor corrections 0 ~no v0rtical e ion of motion (3). 

19 shows tho boo.m at the window. 

distributed across the gap this agrees with 

as 

in. a fev[ IHontl'1s t> F'ur-'.:.h,cr lncD..Surc:rncnts v/ill be n1ade in tl1e 
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18. Radioautog of the beam at M Z" 
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Fig. 19. Radioautograph of the beam at the exit window. 
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two roated in this th i and for hi patient help 

t search and for hi critical 

A. Garren and Dr. Jonathan D. 

ems of vary the paramo era 0 a beam 

specified 

Thi 'work was done under 
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This report was prepared as an account of Government 
sponsored work, Neither the United States, nor the Com­
mlSSlon, nor any person acting on behalf of the Commission: 

A, Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 

this report. 

As used in the above, "person acting on behal f of the 
Commission" includes any employee or contractor of the Com­

mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




