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Elucidating the nature of neutrino oscillation continues to be a goal in the vanguard of the ef-
forts of physics experiment. As neutrino oscillation searches seek an increasingly elusive sig-
nal, a thorough understanding of the possible backgrounds becomes ever more important.
Measurements of neutrino-nucleus interaction cross sections are key to this understand-
ing. Searches for νμ → νe oscillation—a channel that may yield insight into the vanishingly
small mixing parameter θ13, CP violation, and the neutrino mass hierarchy—are particularly
susceptible to contamination from neutral current single π0 (NC 1π0) production. Unfortu-
nately, the available data concerning NC 1π0 production are limited in scope and statistics.
Without satisfactory constraints, theoretical models of NC 1π0 production yield substan-
tially differing predictions in the critical Eν ∼ 1 GeV regime. Additional investigation of
this interaction can ameliorate the current deٹciencies.

e Mini Booster Neutrino Experiment (MiniBooNE) is a short-baseline neutrino os-
cillation search operating at the Fermi National Accelerator Laboratory (Fermilab). While
the oscillation search is the principal charge of the MiniBooNE collaboration, the extensive
data (∼ 106 neutrino events) offer a rich resource with which to conduct neutrino cross
section measurements. is work concerns the measurement of both neutrino and antineu-
trino NC 1π0 production cross sections at MiniBooNE. e size of the event samples used
in the analysis exceeds that of all other similar experiments combined by an order of mag-
nitude. We present the rstٹ measurements of the absolute NC 1π0 cross section as well as
the rstٹ differential cross sections in both neutrino and antineutrino mode. Speciٹcally,
we measure single differential cross sections with respect to pion momentum and pion an-
gle. We ndٹ the ,ux-averagedٺ total cross sections for NC 1π0 production on CH2 to be
(4.76 ± 0.05stat ± 0.76sys) × 10−40 cm2/nucleon at ⟨Eν⟩ = 808 MeV for neutrino induced
production and (1.48 ± 0.05stat ± 0.23sys) × 10−40 cm2/nucleon at ⟨Eν⟩ = 664 MeV for
antineutrino induced production.
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Plan of the Dissertation

This dissertation is divided into three parts. Part I offers an introductory discussion con-

cerning the dissertation material. Chapter 1 serves to initiate the reader to neutrino

physics at large with a particular focus on the phenomenon of neutrino oscillation. Neutral

current single π0 (NC 1π0) production, that is the topic of this dissertation, rstٹ appears at

the end of Chapter 1 in the context neutrino oscillation, but it is in Chapter 2 that the title

subject is more rigorously explored. at chapter investigates the theory regarding NC 1π0

production and surveys prior measurements of related cross sections. Part II examines the

MiniBooNE experiment and is itself divided into two chapters: one—Chapter 3—regard-

ing the hardware features of the experiment and the other—Chapter 4—the soware. e

former describes the Booster neutrino beam and the MiniBooNE detector. e latter char-

acterizes the simulation of all aspects of the experiment, which includes the neutrino ,uxٺ

neutrino interactions, propagation of particles in the detector, propagation of light in the

detector, and electronics response. e same chapter also includes a explanation of the algo-

rithm used to reconstruct neutrino event candidates, i.e. extract measurements of kinematic

and particle identiٹcation variables from the data. e nalٹ part of the dissertation concen-

trates on the title measurement. Chapter 6 relates the details of selecting NC 1π0 candidate

events, Chapter 7 covers the calculation of the cross section from the candidate sample, and

Chapter 8 details the evaluation of possible systematic errors. Part III and this dissertation

culminate in the presentation of the results of the analysis in Chapter 9.
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Introduction
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1 e Little Neutral One

Neutrinos entered the human consciousness rather unceremoniously as a bandage to

salvage the law of conservation of energy. From inauspicious beginnings, neutrinos

have since offered a wealth of phenomena to explore. is chapter serves to offer something

of an introduction to neutrino physics with a focus on neutrino oscillation for the uniniti-

ated. We will rstٹ delve brieٺy into the history of the neutrino and discuss their place in

the Standard Model. From there we consider the addition of neutrino mass to the Stan-

dard Model and the consequences therein. Finally we discuss the phenomenon of neutrino

oscillation: the search for it, its discovery, and future experiments.

1.1 From Conjecture to Discovery: A Brief History

1.1.1 The Hunt

In the early part of the 20th century, nuclear beta decay was presumed to be a two-body de-

cay in which the parent nucleus decays via the emission of an electron (A → A′e−); no other

products were observed. A two-body decay is kinematically constrained—if the parent nu-

cleus is at rest, the electron energy can be only one value. However, numerous experiments

measuring the energy spectrum of emitted electrons found it to be continuous.

For some time there was debate as to whether the distribution was truly continuous or

unobserved secondary interactions in the radioactive source provided an energy loss mech-

anism. at debate was settled in 1927 by Ellis and Wooster[1], who measured the average

2



1. The Little Neutral One 3

energy output of a beta decay source in a thick-walled calorimeter and found it consistent

with a continuous energy spectrum. e indisputable evidence of a continuous spectrum

le physicists scrambling for an explanation.

Niels Bohr, among others, went so far as to abandon the law of conservation of energy

as it applies to beta decay[2]. Wolfgang Pauli went even further to theorize the existence a

particle that, for all intents and purposes, was undetectable. In 1930, in an open letter[3]

to a group of nuclear physicists visiting the University of Tübingen, Pauli proposed that a

very weakly interacting, electrically neutral, spin-1/2 particle with roughly the same mass

as the electron is also emitted in beta decay. Pauli dubbed the particle the neutron. Given the

highly speculative nature of Pauli’s proposal, he chose to forgo any scientiٹc publication on

the topic.

Soon aer, in 1932, James Chadwick discovered a neutral particle[4], but it was deter-

mined to be far too massive to be Pauli’s neutron. Still, the name stuck and Chadwick’s

particle is what we now know as the neutron. As a remedy for the co-opted name, Enrico

Fermi suggested to Pauli that he call his particle the neutrino (Italian for “little neutral one”)

at the 7th Solvay Conference in 1933. Shortly aer the conference, Fermi published a theory

describing beta decay centering around a four-fermion interaction[5, 6]—the rstٹ descrip-

tion of the weak interaction and the beginnings of a rigorous theoretical foundation for the

neutrino.

e question remained: How can the neutrino be detected? Neutrinos are emitted in

beta decay, so it is natural to think they can be detected through the inverse process (pν̄e →
ne+). In the same year as Fermi’s publication, Hans Bethe andRudolph Peierlsmade a calcu-

lation of the cross section for inverse beta decay based on dimensional analysis[7] (though

it was consistent with Fermi’s theory) and concluded that it is “absolutely impossible to

observe processes of this kind with neutrinos created in nuclear transformations” and that

“there is no practically possible way of observing the neutrino” even considering higher

energy neutrinos from cosmic sources. It took two decades to make the impossible pos-

sible. In 1953, Frederick Reines and Clyde Cowan proposed an experiment to detect an-

tineutrinos produced by a nuclear reactor by searching for inverse beta decay in a liquid

scintillator detector [8]. ree years later, they published conclusive evidence for detection

of the neutrino[9]. In another three years, they published a measurement for the inverse
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beta decay cross section[10]. e work of Reines and Cowan had ushered in a new era of

experimental neutrino physics.

e discovery of the muon in 1936 was entirely unexpected to physicists, leading I.I.

Rabi to remark, “Who ordered that?”. It was difficult to reconcile the existence of the muon

and only one neutrino within the framework of Fermi’s theory of weak interactions, even

when one introduces an intermediate, force-mediating boson[11]. Discrepancies between

theory and experiment raised the suspicion that the neutrino associatedwithmuonswas not

the same as that associated with electrons. To test those suspicions, Leon Lederman, Melvin

Schwarz, Jack Steinberger, and colleagues used the AlternatingGradient Synchrotron (AGS)

at Brookhaven National Laboratory (BNL) in the early 1960s to produce and study a beam

of neutrinos produced in association with muons as a result of pion decay. In 1962, they

published the results of their research: neutrinos produced in associationwithmuonswould

in turn produce only muons and not electrons, making it unlikely that they are the same

neutrinos produced in beta decay[12]. And so it came to be that neutrinos produced in

association with electrons, e.g. in beta decay, were renamed electron neutrinos and those those

produced in association with muons muon neutrinos.
Aer the discovery of a third charged lepton—the τ—in 1975, the existence of the corre-

sponding tau neutrino was a foregone conclusion. e third avorٺ of neutrino was observed

in 2001 as a result of the DONUT (Direct Observation of the Nu Tau) experiment at Fermi-

lab (FNAL)[13].

1.1.2 Evolution of the Weak Force

e introduction of the neutrino necessitated the introduction of the weak force. e ab-

sence of even the hint of a direct observation of a neutrino could only be reconciled with

its supposed existence if it interacted via a vanishingly weak force. e development of the

weak interaction began with Fermi’s description of the four-fermion interaction.

In 1956, in order to reconcile experimental observations of kaons, Chen-Ning Yang and

Tsung-Dao Lee suggested that parity was not conserved in weak interactions[14]. Within

a year, Chien-Shiung Wu followed up on a proposal by Yang and Lee for an experiment

andmeasured the angular distribution of electrons emitted in the β decay of a spin-oriented
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sample of cobalt-60. She discovered that the electrons were overwhelmingly emitted in the

direction of the nuclear spin, i.e. that parity is violated in β decay[15]. From this experiment,

it was deduced that only right-handed antineutrinos were emitted in the decay. In his initial

formulation of the neutrino, Pauli had dismissed the idea that it could be represented by

a two-component Weyl spinor since doing so would not conserve parity. With parity no

longer a symmetry of nature, Yang and Lee[16], Abdus Salam[17], and Lev Landau[18]

were free to develop a two-component theory of neutrinos. In such a theory, the neutrino is

massless; masslessness necessarily implies constant helicity. Hence these theories, together

with experimental observations implied that only le-handed neutrinos exist in nature.

While the two-component theory provided a special treatment for neutrinos, countless

experiments had observed the weak interaction to be universal. More precisely, the cou-

pling constant in all charged current weak processes (the only kind known at the time) was

the same, regardless of the particles involved. Inspired by the two-component theory of

neutrinos, Richard Feynman and Murray Gell-Mann[19] extended the idea into a theory

of the weak force characterized by a universal current-current interaction that mixed vec-

tor and axial vector currents equally (Jμ ∼ γμ(1 − γ5)). e “vector minus axial vector”

(V−A) structure projects out the le-handed chiral states of the fermion .eldsٹ is feature

encodes parity violation into the theory. Jun John Sakurai[20] and Robert Marshak and

George Sudarshan[21] independently developed universal V − A theories as well, though

they did not necessarily begin with the two-component neutrino theory.

e V−A theory did well to describe the experimental data at low energy, e.g. muon de-

cay and beta decay, but failed to yield physical predictions at high energy. Little time passed

before work began towards establishing a gauge theory of the weak interaction that ac-

counted for the observed universality and parity violation. is work naturally led to uniٹy-

ing the weak and electromagnetic forces. Sheldon Glashow[22], Steven Weinberg[23], and

Abdus Salam[24] each contributed to the development of the theory (now named aer

them) of electroweak interactions in the Standard Model. In their theory, three massive

gauge bosonsmediating the weak force and the photon arise from the spontaneous breaking

of SU(2) symmetry by theHiggsmechanism[25] in a SU(2)×U(1) gauge group. Two of the

massive bosons, theW+ andW−, mediate charged current interactions that convert charged

leptons into neutrinos and vice versa. e third massive boson, the Z0, is neutral and medi-



1. The Little Neutral One 6

ates neutral current interactions in which the lepton does not change charge. While it had

long been suspected that a charged, intermediate eldٹ mediated weak interactions[19, 26],

the predicted existence of neutral currents ,which had not been observed, was a new de-

velopment. e Glashow-Weinberg-Salam (GWS) model gained a stronger footing when

weak neutral currents were discovered by the Gargamelle collaboration. e rstٹ hint of

elastic scattering of muon antineutrinos off electrons was observed in 1973[27] and conclu-

sive evidence was gathered in the year aer that[28]. e theory was further vindicated

when gauge bosons themselves were directly observed by the UA1 and UA2 collaborations

at CERN in the 1980s[29–31].

1.2 TheWeak Interaction

At this point, we venture further into the speciٹcs of GWS theory. For the most part, we

adopt the notation and follow the treatment of Peskin & Schroeder[32] for our discussion.

Under the model, the gauge group of the of the electroweak interaction is SU(2)L ×U(1)Y.
e generators of of SU(2)L—weak isospin—act only on le-handed fermion .eldsٹ e

subscript Y indicates that the generator ofU(1)Y—weak hypercharge—differs from the gen-

erator of the electromagnetic gauge group, U(1)em—electric charge.

1.2.1 The Higgs Mechanism

Breaking Electroweak Symmetry, Massive Gauge Bosons

e SU(2)L symmetry gives rise to a triplet of gauge ,eldsٹ Wa
μ (a = 1, 2, 3), associated

with the operators Ta and coupling strength g. Each operator Ta returns the corresponding

SU(2)L generator in the representation of the eldٹ upon which it acts. eU(1)Y symmetry

gives rise to the gauge ,eldBμٹ with coupling strength g′, and theweak hypercharge operator

Y.
Before we discuss the gauge ,eldsٹ we will rstٹ address the mechanism that generates

their mass. We introduce a weak isospin doublet (in the fundamental representation of
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SU(2)L), complex scalar eldٹ with +1/2 weak hypercharge. is eldٹ is the Higgs :eldٹ

φ =
1√
2

φ+

φ0

 . (1.1)

Accordingly, the eldٹ transforms under the gauge symmetry like

φ → exp(iαa(x)τa + iβ(x)/2) φ, (1.2)

where αa(x) and β(x) are arbitrary functions of position and the τa are the generators of

SU(2)L in the fundamental representation. e generators are related to the Pauli matrices

by τa = σa/2. e eldٹ is introduced to the Standard Model Lagrangian with the usual

kinetic term and a quartic potential:

LH =
∣∣Dμφ

∣∣2 + μ2 |φ|2 − λ |φ|4 , (1.3)

where the covariant derivative is in accordance with the canonical prescription for construc-

tion of gauge theories and the assigned quantum numbers of φ:

Dμ = ∂μ − igAa
μτa −

i
2
g′Bμ. (1.4)

With appropriate choice of μ and λ, the minimum of the potential becomes nontrivial, caus-

ing φ to acquire a vacuum expectation value (VEV). We can choose any VEV satisfying

|⟨φ⟩| = μ√
2λ ≡ v√

2 . For the sake of convenience, we choose

⟨φ⟩ = 1√
2

0

v

 . (1.5)

It is easy to see that Eq. (1.5) breaks the transformation rule in Eq. (1.2) except in the case

a1 = a2 = 0 and a3 = β. is result is a manifestation of ⟨φ⟩ breaking the electroweak

gauge symmetry to U(1)em. We can identify the remaining respected symmetry generators

with the electric charge[1]:

Ł = T3 + Y. (1.6)
1e most commonly used deٹnition of weak hypercharge is normalized such that Ł = T3 + Y

2 . We use
the minority deٹnition in our discussion.
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Evaluating the kinetic term in Eq. (1.3) at ⟨φ⟩ and expanding it yields mass terms:∣∣Dμφ
∣∣2 |φ=⟨φ⟩ = (∂μφ†|φ=⟨φ⟩ +

i√
2
g
(
0 v

)
τbAbμ +

i
2
√

2
g′
(
0 v

)
Bμ
)

×

∂μφ|φ=⟨φ⟩ −
i√
2
gAa

μτa
0

v

− i
2
√

2
g′Bμ

0

v


=

v2

8

(
g2AbμAa

μ (δab − iεab3)− 2gg′
(
BμAaμ + Aa

μBμ
)
δa3 + g′2BμBμ

)

=
v2

8

(
A1μ A2μ A3μ Bμ

)

g2 0 0 0

0 g2 0 0

0 0 g2 −gg′

0 0 −gg′ g′2




A1
μ

A2
μ

A3
μ

Bμ

 . (1.7)

e physical gauge bosons can be recovered by diagonalizing the mass matrix. While A1
μ

and A2
μ are trivially mass eigenstates, they are clearly not the gauge bosons we physically

observe. Since the states have the same mass, we are free to construct normalized linear

combinations of the two. We choose combinations associated with the weak isospin ladder

operators (T± = T1 ± iT2) so that they have weak isospin±1 (and electric charge±1, since

they have no hypercharge). e physical gauge bosons are:

W±μ =
1√
2

(
A1
μ ∓ iA2

μ

)
mW =

1
2
vg

Z0
μ = cos θwA3

μ − sin θwBμ mZ =
1
2

vg
cos θw

(1.8)

Aμ = sin θwA3
μ + cos θwBμ mA = 0,

where

sin θw =
g′√

g2 + g′2
. (1.9)

e parameter θw is the weak mixing angle. It can be viewed as a measure of the mixing of

the weak and electromagnetic forces.

In order to describe the interactions of the Higgs eldٹ in the broken symmetry regime,

we introduce the eldٹ h(x) and ξa(x) to represent uctuationsٺ about the VEV:

φ =
1√
2
exp

(
i
v
Taξa

) 0

v+ h

 . (1.10)
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e eldٹ h has quantum numbers Ł = 0, T3 = 1/2, and Y = −1/2. Obviously, the eldsٹ ξa

can be eliminated by the appropriate choice of gauge (SU(2)L) transformation. Under this

choice—the unitary gauge—we have

φ =
1√
2

 0

v+ h

 . (1.11)

Substituting this expression into Eq. (1.3) along with the physical gauge eldٹ deٹnitions

and eliminating λ in favor of v yields

LH = −μ2h2 − μ2

v
h3
(
1+

1
4v

h
)
+

g2

8

(
2W+

μ W−,μ + 1
c2w
Z0
μZ0,μ

)
(v+ h)2. (1.12)

We have adopted the shorthand sw ≡ sin θw and cw ≡ cos θw.

Origin of Fermion Mass

We next examine how the same mechanism effects the mass of the other ingredient eldsٹ

of GWS theory: the fermions. A free spin- 1
2 fermion, ψ, can be represented by a four-

component Dirac spinor which obeys the Dirac equation:

(i/∂ −m)ψ = 0; (1.13)

m is the Dirac mass. Dirac spinors can be decomposed into eldsٹ residing in different two-

dimensional representations of the Lorentz group through the chiral projection operators:

ψ =

(
1− γ5

2

)
ψ +

(
1+ γ5

2

)
ψ = PLψ + PRψ = ψL + ψR. (1.14)

ψL and ψR are two-component chiral Weyl spinors; the former is said to be le-handed and

the latter right-handed. Using the chiral ,eldsٹ we can rewrite the Dirac equation as −m i (∂0 + σ · ∇)

i (∂0 − σ · ∇) −m

ψL

ψR

 = 0. (1.15)

Obviously, the mass term in the corresponding Dirac Lagrangian,

mψ̄ψ = mψ̄LψR +mψ̄RψL, (1.16)
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mixes the chiral ;eldsٹ however, if the fermion is massless, the Dirac equation decouples and

each projection independently obeys the Weyl equations:

i (∂0 − σ · ∇) ψL = 0 i (∂0 + σ · ∇) ψR = 0; (1.17)

In any case, the kinetic term in the Dirac Lagrangian splits under under the chiral decom-

position:

ψ̄i/∂ψ = ψ̄Li/∂ψL + ψ̄Ri/∂ψR. (1.18)

Because the fermion eldsٹ couple to the gauge eldsٹ through the covariant derivative in the

kinetic term, we may assign each chiral projection to different representations of the SU(2)L
gauge group. In accordance with experimental observations, the right-handed fermions,

lR = {eR, μR, τR} uR = {uR, cR, tR} dR = {dR, sR, bR} , (1.19)

are singlets in SU(2)L. Right-handed neutrinos do not appear here since neutrinos aremass-

less in the Standard Model. e le-handed fermions,

LL =


νe

e


L

,

νμ
μ


L

,

ντ
τ


L

 , ŁL =


u
d


L

,

c
s


L

,

 t
b


L

 , (1.20)

are assigned to the fundamental representation of SU(2)L. Each le-handed fermion is

paired with another in a weak isodoublet. e weak hypercharge is assigned according to

Eq. (1.6) to reproduce the known electric charge of each .eldٹ e fermion content of the

Standard Model including electroweak quantum numbers is summarized in Table 1.1.

e Higgs mechanism also serves to generate the fermion masses. As a result of as-

signing the le- and right-handed fermion eldsٹ to different representations SU(2)L, we

cannot mix the two to form the usual mass terms. However, we can construct guage-

invariant Yukawa couplings consisting of right-handed fermion eldsٹ and the contraction

of le-handed eldsٹ and the Higgs doublet. Terms of the form

−λ f F̄L · φ f R, (1.21)

where · indicates contraction along SU(2)L indices, generate the mass of down-type quarks

and charged leptons. ey areU(1)Y invariant (zero weak hypercharge) and are also SU(2)L
invariant since

F̄L · φ → (F̄L · eiα
aτa · e−iαaτa · φ) = F̄L · φ. (1.22)
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Generation
(T,T3) Y Ł1 2 3

Le
pt
on
s (

νe
e

)
L

(
νμ
μ

)
L

(
ντ
τ

)
L

(1/2,1/2) -1/2 0
(1/2,-1/2) -1/2 -1

eR μR τR (0,0) -1 -1
Q
ua
rk
s

(
u
d

)
L

(
c
s

)
L

(
t
b

)
L

(1/2,1/2) +1/6 +2/3
(1/2,-1/2) +1/6 -1/3

uR cR tR (0,0) +2/3 +2/3
dR sR bR (0,0) -1/3 -1/3

Table 1.1: Fermion content of the Standard Model. Shown are the electroweak quantum numbers in-
cluding weak isospin (T), the third component of weak isospin (T3), weak hypercharge (Y), and
electric charge (Ł). e normalization of the weak hypercharge follows the convention in Eq. (1.6).

Generating the mass of up-type quarks requires a slightly more intricate construction. e

weak hypercharge of the up-type quarks require that we couple them to the charge conjugate

of the Higgs doublet; however, the contraction of φc with Ł̄ L is not invariant under SU(2)L.
Fortunately the operator

Ł̄ L · εφ∗uR, (1.23)

where ε is the antisymmetric tensor in two dimensions, is invariant. To demonstrate in-

variance, it is enough to prove that εφ∗ transforms like φ under SU(2)L. Using the identity

eiαaσa = cos α + i α
aσa

α
sin α, α =

√
αaαa, (1.24)

we have

εφ∗ = iτ2φ∗ → iτ2e−iαaτa∗φ∗ = i
(
cos

α
2
− 2i α

a

α
sin

α
2
τ2τa∗τ2

)
τ2φ∗

= i
(
cos

α
2
+ 2iα

a

α
sin

α
2
τa
)
τ2φ∗

= eiαaτaεφ∗ . (1.25)

No symmetries constrain the coupling across generations, hence the most general set of

Yukawa couplings is

Ly = −λijdŁ̄
i
L · φd

j
R − λijuŁ̄i

L · εφcu j
R − λijl L̄

i
L · φl

j
R + h.c.. (1.26)
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In general, we cannot simultaneously diagonalize all the terms, but we can diagonalize

each λf in such a way that mass terms are diagonal in the unitary gauge, where only φ0

acquires a VEV. For each λf, there exists unitary matricesUf and Vf and a diagonal matrix Σf

such that

λf = UfΣfV†f . (1.27)

is construction is known as a singular value decomposition (SVD). To diagonalize terms

coupling the quark eldsٹ to φ0, we make the following change of variables:

uR → VuuR dR → VddR
uL → UuuL dL → UddL.

(1.28)

Since the neutrinos are massless, we are free to apply the same change of variables to both

le-handed lepton :eldsٹ

lL → UllL νL → UlνL lR → VllR. (1.29)

Substituting the transformations in Eqs. (1.27), (1.28), & (1.29) reduces Eq. (1.26) to the

form

Ly = −φ0d̄LΣddR−φ0ūLΣuuR−φ0̄lLΣllR−φ+ūLU†uUdΣddR+φ−d̄LU†dUuΣuuR+h.c.. (1.30)

We should note that Vf and Ul do not appear in Eq. (1.30). In fact, these matrices are not

physical; later, we will see that they do not appear in the weak interaction terms either.

Finally, if we substitute the expansion of the Higgs eldٹ about its VEV in Eq. (1.10) and use

Eq. (1.16) to rewrite the chiral ,eldsٹ we recover the usual Dirac mass terms:

Ly = −
∑
f,i

(
mi

f f̄
if i +

gmi
f

2mW
h f̄ if i

)
. (1.31)

We have associated the constants
vΣii

f√
2 with the fermionmassesmi

f and substituted the SU(2)L
coupling in lieu of the Higgs VEV.

1.2.2 Fermions and Gauge Boson Couplings

Having prescribed masses to the eldٹ content of GWS theory, we now address the eldٹ

couplings. Before symmetry breaking, the covariant derivative in the SU(2)L×U(1)Y gauge
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is

Dμ = ∂μ − igAa
μTa − iYg′Bμ, (1.32)

where Ta resides in the same representation as the coupled fermion eldٹ and Y is the weak

hypercharge of the .eldٹ Using Eqs. (1.8) & (1.6), we can rewrite Eq. (1.32) in terms of the

physical gauge bosons aer symmetry breaking:

Dμ = ∂μ − i g√
2

(
W+

μ T+ +W−μ T−
)
− i g

cos θw
Z0
μ (T3 − sin2 θwŁ)− ieAμŁ. (1.33)

Here we have associated the coupling constant of Aμ with the unit electric charge so that

e = g sin θw. (1.34)

When constructing the W± eldٹ in §1.2.1, we alluded to it being associated with the weak

isospin ladder operators T±. We see that explicitly in Eq. (1.33).

Fermions couple to the gauge eldٹ through the kinetic terms of the form f̄ (i /D) f. If

we explicitly include the change of basis into the fermion mass eigenstates speciٹed by

Eqs. (1.28) & (1.29), the interaction Lagrangian is

Lf =
(
ν̄LU†l l̄LU†l

)
(i /D)

UlνL
UllL

+
(
ūLU†u d̄LU†d

)
(i /D)

UuuL
UddL


+ l̄RV†l (i /D)VllR + ūRV†u(i /D)VuuR + d̄RV†d(i /D)VddR. (1.35)

Expanding the covariant derivatives using the appropriate quantum numbers gives

Lf = L̄i
L(i/∂μ)Li

L + Ł̄i
L(i/∂μ)Łi

L + ēiR(i/∂μ)eiR + ūiR(i/∂μ)uiR
+ d̄iR(i/∂μ)diR + g(W+

μ J
μ
CC+ +W−μ J

μ
CC− + Z0

μ J
μ
NC) + eAμ JμEM, (1.36)

where the currents are

JμCC+ =
(
ν̄LU†l l̄LU†l

)0 γμ√
2

0 0

UlνL
UllL

+
(
ūLU†u d̄LU†d

)0 γμ√
2

0 0

UuuL
UddL


=

1√
2
(ν̄LγμlL + ūLγμVCKMdL)

=
1

2
√

2
(ν̄γμ(1− γ5)l+ ūγμ(1− γ5)VCKMd) , (1.37)
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JμCC− =
(
JμCC+

)†
, (1.38)

JμNC =
1
cw

[(
ν̄LU†l l̄LU†l

) γμ
2 0

0 − γμ
2

−

0 0

0 −γμs2w

UlνL
UllL


+
(
ūLU†u d̄LU†d

) γμ
2 0

0 − γμ
2

−

 2
3γ

μs2w 0

0 − 1
3γ

μs2w

UuuL
UddL


+ l̄RV†l (s

2
wγμ)VllR + ūRV†u

(
− 2

3 s
2
wγμ
)
VuuR + d̄RV†d

(
1
3 s

2
wγμ
)
VddR

]

=
1
cw

[
ν̄L( 1

2)γ
μνL + l̄L(− 1

2 + s2w)γμlL + ūL( 1
2 −

2
3 s

2
w)γμūL + d̄L(− 1

2 +
1
3 s

2
w)γμd̄L

+ l̄R(s2w)γμlR + ūR(− 2
3 s

2
w)γμuR + d̄R( 1

3 s
2
w)γμdR

]
=

1
4cw

[
ν̄γμ(1− γ5)ν − l̄γμ(1− 4s2w − γ5)l+ ūγμ(1− 8

3 s
2
w − γ5)ū

− d̄γμ(1− 4
3 s

2
w − γ5)d̄

]
, (1.39)

JμEM =
(
ν̄LU†l l̄LU†l

)0 0

0−γμ

UlνL
UllL

+
(
ūLU†u d̄LU†d

) 2
3γ

μ 0

0 − 1
3γ

μ

UuuL
UddL


+ l̄RV†l (−γμ)VllR + ūRV†u

(
2
3γ

μ
)
VuuR + d̄RV†d

(
− 1

3γ
μ
)
VddR

= l̄(−1)γμl+ ū( 2
3)γ

μu+ d̄(− 1
3)γ

μd. (1.40)

In addition to the result using chiral spinors, we have also provided the expressions using

Dirac spinors using the relationships PRγμPL = γμPL and PLγμPR = γμPR.

Like we saw in §1.2.1 when diagonalizing the fermion mass terms, the rotations Vf and

Ul drop out of the Lagrangian; only Ud and Uu remain. e surviving change of variables

into the mass eigenstate basis manifests itself in the Lagrangian as the Cabibbo-Kobayashi-
Maskawa (CKM) matrix[33, 34]:

VCKM = U†uUd. (1.41)

As derived, VCKM is a complex unitary matrix, which can be parameterized byN(N−1)/2 =

3 real parameters and N(N + 1)/2 = 6 complex phases. While one phase can be absorbed
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into each of the quark ,eldsٹ an overall phase is unobservable. Hence, four parameters are

necessary to describe the CKM matrix. e standard parameterization arranges the VCKM

as

VCKM = R3(θ12)P†3(δ)R2(θ13)P3(δ)R1(θ23), (1.42)

where Ri(θ) is a rotation about axis i through Euler angle θ and P3(δ) = diag(1, 1, e−iδ).
ere are two features worthy of note in the currents Eqs. (1.37)–(1.40). One, the CKM

matrix appears only in the charge current interactions. It effectively deٹnes the down-type

quark states of deٹnite weak ,avorٺ di, in terms of the quark mass eigenstates:
d′

s′

b′

 =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



d
s
b

 (1.43)

It is no less valid to instead redeٹne the up-type quarks. e notion of avorٺ simply relates

the pairs of particles produced in the decay of a W±, the deٹnition of the particles in each

pair is ;uidٺ choosing the up-type quark mass eigenstates and avorٺ states to be equivalent

is a matter of convention. Alternatively, the elements of the CKM matrix can be interpreted

as the scale of the coupling between up-type quarks and the different generations of down-

type quarks, hence the subscripts on each element in Eq. (1.43). e intentional omission

of neutrino mass from the StandardModel means that there is no such mixing in the lepton

sector. Indeed, because the neutrinos are massless, any arbitrary rotation applied to the

neutrino generations yields mass eigenstates. Additionally, the charged lepton mass terms

can be diagonalized independently of the neutrinos, permitting the equivalence of charged

lepton avorٺ states and mass eigenstates. Hence, the only physical deٹnition of neutrino

states are the avorٺ states coupling to charged leptons in the charged current interactions.

e second noteworthy property is that while the charged current interactions are purely

V−A in structure, the neutral current interactions are not. emixing among quark gener-

ations and the inclusion of right-handed eldsٹ breaks the pureV−A structure in the neutral

current. Before GWS theory was formulated, the weak interaction was believed to be purely

V − A. e introduction of neutral current interactions and the conٹrmation of their exis-

tence, as described in §1.1.2, served to redeٹne our understanding of the weak force.
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1.2.3 Gauge Boson Self-Couplings

e last ingredients to GWS theory are the gauge boson free-ٹeld terms. In terms of the

unbroken gauge ,eldsٹ these terms are given by

Lg = − 1
4

(
Aa
μνAaμν + BμνBμν

)
, (1.44)

where the gauge eldٹ tensors are

Aa
μν = ∂μAa

ν − ∂νAa
μ + gεabcAb

μAc
ν,

Bμν = ∂μBν − ∂νBμ. (1.45)

Using the deٹnitions of the physical gauge bosons in Eq. (1.8) and a rather liberal use of

antisymmetrization brackets, we can rewrite Eq. (1.44) as

Lg = − 1
4

(
A1
μν + iA2

μν

)
(A1,μν − iA2,μν)− ∂[μA3

ν]∂
[μA3,ν] − ∂[μBν]∂

[μBν]

− 2g∂[μA3
ν]A

1,[μA2,ν] − g2A1
[μA2

ν]A1,[μA2,ν]

= − 1
2

(
W−μν − 2igW−[μ

(
cwZ0

ν] + swAν]

))(
W+,μν + 2igW+,[μ (cwZ0,ν] + swAν]) )

− 1
4

(
AμνAμν + Z0

μνZ0,μν
)
− ig

(
cwZ0

μν + swAμν

)
W−,[μW+,ν]

+ g2W−[μW
+
ν]W

−,[μW+,ν]

= − 1
4

(
2W−μνW+,μν + AμνAμν + Z0

μνZ0,μν
)
− ig

[ (
W−μνW+,μ −W+

μνW−,μ
)

× (cwZ0,ν + swAν) +W−,μW+,ν
(
cwZ0

μν + swAμν

) ]
− g2

2

[ (
W− ·W+

)2
− (W−)2(W+)2 + 2

(
W− ·W+

)
(cwZ0 + swA)2 − 2

(
W− · (cwZ0 + swA)

)
×
(
W+ · (cwZ0 + swA)

) ]
. (1.46)

In Eq. (1.46), we have introduced the tensor

Fμν = ∂μFν + ∂νFμ , F = W±,Z0,A (1.47)

for each physical gauge boson and employed the notationM ·N = MμNμ andM2 = M ·M.

e gauge part of the Lagrangian includes kinetic terms for each gauge boson as well as

three and four point interactions.
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Gauge Fixing

Generally in a gauge theory, we must supply a gauge constraint in order to eliminate un-

physical degrees of freedom. We previously referenced the unitary gauge. is gauge is

actually one in a family parameterized by a nonnegative, real-valued variable ξ known as

the Rξ gauges. e unitary gauge occurs in the limit ξ → ∞. We will eschew a detailed

discussion of the gauge-ٹxing procedure and instead refer the reader to the discussion of

gauge-ٹxing via the Faddeev-Popov formalism in §21.1 of Ref. [32]. Aer xingٹ the gauge,

the propagators of the gauge bosons will depend on the choice of ξ. Additionally, the for-

malism introduces unphysical elds—Faddeev-Popovٹ ghosts—that are required tomaintain

gauge-invariance in Feynman diagrams including loops.

In summary, the total electroweak Lagrangian is

LEW = Lg + Lh + Ly + Lf + LGF, (1.48)

where Lg, Lh, Ly, and Lf are given by Eqs. (1.46), (1.12), (1.31), & (1.36), respectively. LGF

includes terms to xٹ the gauge as well as interactions of the resulting Faddeev-Popov ghosts.

e Feynman rules for the gauge boson and fermion propagators and fermion vertices ap-

pear in Table 1.2. For a full listing of the Feynman rules for electroweak interactions, see

Ref. [35]. e best-measured values of the fermion masses, electroweak couplings, and

CKM mixing parameters, as reported by the 2009 partial update to the 2008 Particle Data

Group Review of Particle Physics[36], appear in Table 1.3.

1.3 Neutrino Mass

1.3.1 Motivating Majorana Neutrinos

edevelopment of the StandardModelwas largely guided by experimental observation. As

no evidence for nonvanishing neutrino masses existed during that development, terms giv-

ing rise to neutrino masses were purposely omitted from the Standard Model. Adding neu-

trino mass to the Standard Model is fairly straightforward. We can introduce right-handed

neutrinos to construct a Higgs coupling analogous to that in Eq. (1.23), which generated the

up-type quark Dirac mass term in Eq. (1.23). Measurements of the cosmic microwave back-
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Gauge Boson & Fermion Propagators

..μ . ν.
W±,Z0

.
p

= −i
p2−m2+iε

(
gμν −

(1−ξ)pμpν
p2−ξm2

)
..▶.
f
.p = i

/p−m+iε

Fermion Vertices

CC+ ..
▶

.
dj

.▶.
ui

.
W+
. μ = −i g

2
√

2V
CKM
ij γμ(1− γ5) ..

▶
.

l
.▶.

ν
.
W+
. μ = −i g

2
√

2γ
μ(1− γ5)

CC- ..
▶

.
ui

.▶.
dj

.
W−
. μ = −i g

2
√

2(V
CKM
ij )∗γμ(1− γ5) ..

▶
.

ν
.▶.

l
.
W−
. μ = −i g

2
√

2γ
μ(1− γ5)

EM ..
▶

.
f

.▶.
f

.
γ

. μ = −ieŁγμ
f : u d ν l

Ł : 2
3 − 1

3 −1 0

NC ..
▶

.
f

.▶.
f

.
Z0

. μ = −i g
4 cos θw γ

μ(cV − cAγ5)

f : u d ν l

cV : 1− 8
3 s

2
w

4
3 s

2
w − 1 1 4s2w − 1

cA : 1 −1 1 −1

Table 1.2: Weak interaction Feynman rules. is is a partial listing of the Feynman rules for weak
interactions: rules for gauge boson self-interactions, the Higgs boson, and the unphysical Faddeev-
Popov ghosts are not shown.

ground have constrained
∑

mν < 0.28 eV/c2 (95% CL)[37]. In order to produce masses

this small, the Higgs–neutrino couplings must be several orders of magnitude below the

couplings for other fermions. is disparity makes the Higgs mechanism an inelegant can-

didate for the sole cause of neutrino mass.

Many additional mechanisms exist to produce mass that are peculiar to neutrinos in the

StandardModel (see Refs. [38] & [39]). A number of thesemodels incorporate the idea that

neutrinos may beMajorana, i.e. that neutrinos and antineutrinos may be indistinguishable.

To discuss this possibility, it will be necessary to introduce the charge conjugate of fermion

.eldٹ e charge conjugation operator C transforms a particle into an antiparticle with the

same spin orientation. A charge conjugated Dirac eldٹ is deٹned by

ψc ≡ CψC−1 = Cψ̄T = iγ2γ0ψ∗, (1.49)

where C = iγ2 is the charge conjugation matrix. If a eldٹ is equal to its charge conjugate
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Masses (MeV/c2)

Quarks
mu(2 GeV/c2) = 1.5-3.3 md(2 GeV/c2) = 3.5–6.0

mc(mc) = 1.270(711)× 103 ms(2 GeV/c2) = 105(2535)
mt = 171.3(16)× 103 mb(mb) = 4.20(177 )× 103

Leptons
mνe < 460× 10−6 me = 0.510998910(13)
mνμ < 0.19 mμ = 105.658367(4)
mντ < 18.2 mτ = 1.77684(17)× 103

Gauge Bosons
mW = 80.398(25)× 103 mZ = 91.1876(21)× 103

CKM Quark Mixing Matrix

sin θ12 = 0.2257(910)
sin θ13 = 0.00359(2019)
sin θ23 = 0.0415(1112)

δ = 1.20(84)

|Vud| |Vus| |Vub|
|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =

0.97419(22) 0.2257(10) 0.00359(16)
0.2256(10) 0.97334(23) 0.0415(1011 )
0.00874(2637 ) 0.0407(10) 0.999133(4443)


Gauge Couplings

α(mZ) =
e(mZ)2

ℏc = 1/127.925(16) GF =
g2

4
√

2m2
W
= 1.166367(5)× 10−5 GeV-2

s2w(mZ) = 0.23119(14)

Table 1.3: Parameters of the GWS model of electroweak interactions. All cited values except the CKM
angles are the best measurements given by the 2009 partial update of the 2008 Particle Data Group
Review of Particle Physics[36]. Parameters accompanied by a parenthetical value are renormalized
under the modiٹed minimal subtraction (MS) scheme[32] at the scale indicated by that value. e
value of the CKM matrix is arrived at from a simultaneous tٹ of each element using the global data
and assuming unitarity; direct measurements of each element without the assumption of unitar-
ity result in larger uncertainties. e CKM standard parameterization angles are derived from the
Wolfenstein parameters cited in Ref. [36]. GF is Fermi’s constant; it is the coupling constant for the
effective four-fermion interaction.

up to a phase (ψc = ξψ), it is said to be a Majorana .eldٹ Obviously, the condition can be

satisٹed only if ψ is a neutral particle. Imposing the Majorana condition on a Dirac spinor

requires

ψ = ξψc ⇒ ψ =

 χ
iξσ2χ∗

 , (1.50)

where χ is a two-component Majorana spinor. Imposing the Majorana condition on the
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Dirac equation yields the Majorana equation

i(∂0 − σ · ∇)χ − imσ2χ∗ = 0. (1.51)

Here, m is the Majorana mass. In particular, if we choose the phase to be equal to unity, we

can write ψ in terms of Weyl spinors as ψ = ψL + (ψL)
c or ψ = ψR + (ψR)

c. Keeping in

mind that terms coupling eldsٹ of the same chirality vanish, substituting the Majorana eldٹ

into the Dirac Lagrangian yields Majorana mass terms of the form

ΔL = −m
2 (ψL)

cψL + h.c. ΔL = −m
2 (ψR)

cψR + h.c., (1.52)

where we have scaled the mass by a factor of 2 to account for the symmetry between the

eldsٹ and their charge conjugates. ese terms are readily adaptable to neutrinos.

1.3.2 SeesawMechanism

Majorana mass terms obviate the need to appeal to the Higgs mechanism to generate neu-

trino mass since we can couple right-handed SU(2)L isosinglets to produce a mass. Since

these right-handed neutrinos do not couple to any of the gauge bosons in the Standard

Model, they are called sterile .eldsٹ e second possible Majorana mass term, −m
2 (νL)cνL,

is clearly not SU(2)L invariant. Such a term would require that m be due to a coupling to

a weak isotriplet that attains a VEV. e simplest neutrino mass model incorporating Ma-

jorana masses, the Type I seesaw[40, 41], avoids invoking any additional eldsٹ beyond the

neutrinos. It includes a Majorana mass term and a Dirac mass term composed from n right-

handed neutrinos; the lepton mass portion of the Lagrangian is

Lmν = −λijl L̄
i
L · φl

j
R − λijνL̄i

L · εφcνjR −
mij

R
2
(νiR)cν

j
R + h.c.. (1.53)

In the Type I seesawmechanism, the coupling constants λijν are taken to be of the same order

as the other fermions, since they arise from the same symmetry breaking mechanism. In

contrast, theMajoranamassesmij
R are not protected by any symmetry and are chosen to be at

a scale much greater than the electroweak scale. From the deٹnition of charge conjugation,

we can show that

(ψL)
c(ψR)

c = ψT
Lγ

0C†γ0Cψ̄T
R = −ψT

L(γ
0γ2)2ψ̄T

R = ψ̄RψL. (1.54)
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Using this identity to rewrite the Dirac mass term and substituting the Higgs VEV from

Eq. (1.5), Eq. (1.53) can be rearranged as

Lmν = −l̄L
vλl√
2
lR −

1
2

(
(νL)c (NL)c

) 0 mT
D

mD mR


︸ ︷︷ ︸

Mν

νL
NL

+ h.c., (1.55)

where we have deٹned mD = vλν√
2 and we have dropped the generation indices in favor of

vector notation. As a matter of notation, we have identiٹed (νR)c with the set of le-handed

eldsٹ NL. λl is a 3 × 3 matrix, mR is n× n, and mD is n× 3. Without loss of generality, the

Majorana mass matrices can be made symmetric. Because of our choice of the size of the λν,
we are working in the limit that ∥mR∥ ≫ ∥mD∥ (∥ · ∥ is the operator norm).

Diagonalizing the charged leptons is simple. We can decompose λl per Eq. (1.27) and

apply the change of variables

lR → VllR lL → Ulll , (1.56)

aer which

−l̄L
vλl√
2
lR + h.c. → −

∑
i

vΣii
l√
2
l̄ili = −

∑
i

mi
l l̄
ili. (1.57)

Diagonalizing the neutrino states requires a more careful analysis. For any complex sym-

metric matrix A, there exists a unitary matrix W such that

WTAW = Σ, (1.58)

where Σ is a diagonal matrix with nonnegative real elements. Indeed,W can be constructed

from the SVD of A:
W = V

√
U†V∗, (1.59)

where UΣV† = A. is transformation is not strictly a diagonalization since it is not a

similarity transformation (WTW ̸= 1). e structure of Mν suggests that we construct the

factorization ofMν by approximately block diagonalizing it and computing the factorization

of each block. Following this prescription leads to the choice

W =

 1 (m−1
R mD)

†

−m−1
R mD 1

Wν 0

0 WN

 , (1.60)
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where Wν and WN satisfy

WT
ν
(
−mT

Dm−1
R mD

)
Wν = Σν, (1.61)

WT
N

(
mR + (m−1

R )∗m∗DmT
D +mDm†D(m−1

R )∗
)
WN = ΣN, (1.62)

so that

WTMνW =

 Σν O
((
mDm−1

R
)2)

O
((
mDm−1

R
)2) ΣN

 . (1.63)

W is also unitary toO
(
∥mDm−1

R ∥2). It will be convenient to workwith the approximate form

of W; future expressions employing this form will be only approximate to O
(
∥mDm−1

R ∥2)
without explicit note.

From Eq. (1.61), we can see that the singular values of Mν are broken into two groups

differing substantially in magnitude. Speciٹcally,

Σii
ν ≡ mi

ν = O
(
∥mD∥2∥mR∥−1) , (1.64)

Σii
N ≡ mi

N = Σ(mR)
i + O

(
∥mD∥2∥mR∥−1) , (1.65)

where Σ(mR)
i = O(∥mR∥) are the singular values of mR. e reason for the “seesaw” name

is apparent here: the larger the scale of mR, the larger the masses mi
N, and the smaller the

masses mi
ν. is behavior provides an elegant explanation for the smallness of neutrino

masses. e change of variables

νL → WννL + (m−1
R mD)

†WNNL, (1.66)

NL → −m−1
R mDWννL +WNNL, (1.67)

takes avorٺ states to mass eigenstates. e three eldsٹ of νL are predominantly light, in-

teracting neutrinos, while the M eldsٹ of NL consist of heavy, mostly sterile .eldsٹ If we

construct Majorana eldsٹ by adding the chiral eldsٹ and their charge conjugates—

ν = νL + (νL)c N = NL + (NL)
c , (1.68)

we ndٹ that we can recast Eq. (1.55) as

Lmν = −
3∑

i=1

(
mi

l l̄
ili + 1

2
mi

ν ν̄iνi
)
−

N∑
i=1

( 1
2
mi

NN̄iNi
)
. (1.69)

us the mass eigenstates of a Lagrangian with generic Majorana mass terms, regardless of

the presence of Dirac mass terms, are Majorana .eldsٹ
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1.3.3 Lepton Mixing

Charged Current

e introduction of neutrino mass introduces cross-generational terms in the lepton sector

of the weak charged current, much like what happens with the quarks and the CKMmatrix.

Under the change of variables described in Eqs. (1.56) & (1.66), the leptonic portion of the

positive charged leptonic current becomes

JμCC+,l =
1√
2
ν̄LW†νUlγμlL +

1√
2
N̄LW†Nm−1

R mDUlγμlL ∼=
1√
2
ν̄LW†νUlγμlL. (1.70)

We ndٹ that the heavy neutrinos do not participate in mixing in the limit ∥mRm−1
D ∥ ≪ 1.

Considering that charged leptonmass eigenstates can be observed via electromagnetic inter-

actions, it is a natural convention to deٹne the charged lepton avorٺ states to be equivalent

to the corresponding mass eigenstates
(
l′L = lL

)
. Hence, the neutrino avorٺ states are

ν′L = U†lWννL ≡ UPMNSνL. (1.71)

UPMNS is the leptonic analogue of the CKMmatrix. It is occasionally referred to as the Ponte-
corvo-Maki-Nakagawa-Sakata matrix aer those who rstٹ described it—Ziro Maki, Masami
Nakagawa, and Shoichi Sakata[42]—and the one who rstٹ raised the possibility of neutrino
mixing–Bruno Pontecorvo. Like the CKM matrix, UPMNS is a unitary matrix described by
three mixing angles and six phases. Since we were free to add a phase to all the quark ,eldsٹ
we were able to remove veٹ phases from the CKMmatrix; however, we are not free to do the
same to the lepton eldsٹ if neutrinos are Majorana particles. ree phases can be removed
from UPMNS by redeٹnition of the right-handed charged leptons. On the other hand, any
phase added to the right-handed neutrinoswill appear in the neutrinoMajoranamass terms.
us,UPMNS is fully described by threemixing angles and three phases and can be factorized
in the same way as the CKM matrix but with an additional phase matrix, i.e.

UPMNS =


1 0 0

0 c23 s23
0 −s23 c23




c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13




c12 s12 0

−s12 c12 0

0 0 1



eiα1/2 0 0

0 eiα2/2 0

0 0 1

 , (1.72)

where cij ≡ cos θij and sij ≡ sin θij. e phase embedded in the rotations, δ, is known as

the Dirac phase and the phases α1 and α2 are Majorana phases. e Majorana phases are not
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physical if neutrinos are not Majorana. Under CP, the charged current remains unaltered

exceptUPMNS
CP−→ U∗PMNS. If any of the phases are nonzero,UPMNS is not real and the charged

current will not be invariant under CP. For the sake of brevity, we will refer to UPMNS by U
in the coming discussion.

Neutral Current

Since the change of basis between quark mass eigenstates and avorٺ states is unitary, it had

no effect on the form of the neutral current. However, the mismatch between the number of

avorٺ states and mass eigenstates in the neutrino sector introduces new terms. In the mass

eigenstate basis, the neutrino weak neutral current is

JμNC,ν =
1
cw

(
ν̄L( 1

2)γ
μνL + ν̄L( 1

2)γ
μW†ν(m−1

R mD)
†WNNL

+ N̄LW†Nm−1
R mDWν(

1
2)γ

μνL + N̄LW†Nm−1
R mD(

1
2)γ

μ(m−1
R mD)

†WNNL

)
. (1.73)

e additional terms mix light neutrinos with heavy neutrinos and mix heavy neutrinos

amongst themselves. ese avor-changingܣ neutral currents are highly suppressed by powers

of m−1
R mD. Discounting the suppressed terms, the weak neutral current is unaffected by

lepton mixing.

1.4 Neutrino Flavor Oscillation

Flavor is a property of weak charged current interactions–leptonic states interacting at the

same vertex are said to be of the same .avorٺ Suppose a neutrino is produced in conjunc-

tion with a charged lepton. In the presence of lepton mixing, the initial neutrino avorٺ state

will be a superposition of mass eigenstates and not necessarily an eigenstate of the vacuum

Hamiltonian. As a consequence, the neutrino will no longer be in a state of deٹnite avorٺ

aer propagating some distance and any subsequent charged current interaction will not

necessarily produce a charged lepton of the initial .avorٺ Given that neutrino avorٺ is iden-

tiٹed by observing the associated charged lepton, it will appear as though the neutrino avorٺ

has changed. We will see that the probability for avorٺ change depends on the distance of

propagation, hence the label neutrino oscillation.
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1.4.1 Oscillation in Vacuum

Standard Formalism

A simple quantum mechanical formalism developed in the 1970s[43–46] reveals the broad

strokes of neutrino oscillation phenomenology in vacuum. e standard treatment rests on

three axioms:

1. Charged current weak interactions produce a coherent superposition of neutrinomass

eigenstates, known as a avorٺ state, given by

|να⟩ = U∗αi |νi⟩ (1.74)

2. e mass eigenstates comprising a avorٺ state possess the same momentum p and

different energies Ei =
√

p2 +m2
i

3. e times-of-ٺight of each mass eigenstate between the neutrino source and the de-

tection point are approximately the same and equal to the distance between the source

and detector:

ti ≈ t = L (1.75)

e last axiom necessarily requires that neutrinos be ultrarelativistic. Neutrino masses are

so small that any neutrino with energy greater than a few keV—any practically detectable

neutrino—may be considered ultrarelativistic.

Under the given assumptions, we can calculate the probability a neutrino produced as -aٺ

vor αwill be detected as avorٺ β aer propagating in vacuuma time t (equivalently a distance

L). is probability is simply the square magnitude of the matrix element
⟨
νβ|να(t, L)

⟩
.

e mass eigenstates comprising the initial avorٺ state each propagate according to the

Schrödinger equation; hence,

|να(t, L)⟩ = e−iHt |να(0)⟩ =
∑
i

U∗αie−i(Eit−pL) |νi⟩ . (1.76)

Following the equal-momentum assumption, Ei =
√
p2 + m2

i . We can expand Ei to rstٹ

order in m2
i/p and replace p by the mean energy E = ⟨Ei⟩:

Ei = p+ m2
i

2p
+ O

(
m4

i
p3

)
= E+

m2
i

2E
+ O

(
m4

i
E3

)
, (1.77)
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which gives us

|να(t, L)⟩ = |να(L)⟩ ≈
∑
i

U∗αie−i
m2
i

2E L |νi⟩ . (1.78)

Evaluating the square magnitude of the matrix element yields

Pα→β(L,E) =
∣∣⟨νβ|να(L)⟩∣∣2 (1.79)

=

∣∣∣∣∣∣
∑
ij

(⟨
νj
∣∣Uβj

)(
e−iEU∗αie−i

m2
i

2E L |νi⟩
)∣∣∣∣∣∣

2

=
∑
ij

UαjU∗αiUβiU∗βje−i
Δm2

ij
2E L

(
Δm2

ij ≡ m2
i − m2

j

)
=
∑
i

|Uαi|2
∣∣Uβi

∣∣2 + 2ℜ
∑
i>j

UαjU∗αiUβiU∗βje−i
Δm2

ij
2E L. (1.80)

In the last step, we separated the diagonal and off-diagonal elements of the sum and rear-

ranged the off-diagonal elements using the property that the summand is conjugated under

transposition of the sum indices. e quantity

Losc
ij ≡ 4πE

Δm2
ij
, (1.81)

is commonly identiٹed as the oscillation length. e form of Eq. (1.80) is particularly enlight-

ening. We see explicitly that the avorٺ transition probability consists of a constant term due

to ordinary mixing and an oscillatory (in space) term due to interference between the prop-

agating mass eigenstates. e constant term is what we would have arrived at if we assumed

that either the production or detection process was incoherent (wherein the individual mass

eigenstates are distinct):

Pincoh
α→β(L,E) =

∑
ij

∣∣∣∣(⟨νj∣∣Uβj
)(

e−iEU∗αie−i
m2
i

2E L |νi⟩
)∣∣∣∣2 =∑

i

|Uαi|2
∣∣Uβi

∣∣2 . (1.82)

Similarly, if the source or detector are not localizedwithin the oscillation length or the energy

uncertainty is substantial, the oscillatory term will be averaged and only ordinary mixing

will be observed.

e unitarity of U
(∑

iU∗αiUβi = δαβ
)
implies

δαβ =
∑
ij

UαjU∗αiUβiU∗βj =
∑
i

|Uαi|2
∣∣Uβi

∣∣2 + 2ℜ
∑
i>j

UαjU∗αiUβiU∗βj. (1.83)
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Using this last relationship, we can recast Eq. (1.80) as the oscillation probability absent

mixing (δαβ) plus transition probabilities due to mixing:

Pα→β(L,E) =δαβ + 2ℜ
∑
i>j

UαjU∗αiUβiU∗βj
(
e−i

Δm2
ij

2E L − 1
)

=δαβ + 2
∑
i>j

ℜ
[
UαjU∗αiUβiU∗βj

](
ℜe−i

Δm2
ij

2E L − 1
)

− 2
∑
i>j

ℑ
[
UαjU∗αiUβiU∗βj

]
ℑe−i

Δm2
ij

2E L

=δαβ − 4
∑
i>j

ℜ
[
UαjU∗αiUβiU∗βj

]
sin2
(Δm2

ij

4E
L
)

+ 2
∑
i>j

ℑ
[
UαjU∗αiUβiU∗βj

]
sin
(Δm2

ij

2E
L
)
. (1.84)

SubstitutingU∗ forU produces the oscillation probability for antineutrinos. We can gener-

alize the expression to encompass oscillations to an arbitrary superposition of avorٺ states

|λ⟩ =
∑

β Aβ |β⟩:

Pα→λ(L,E) = δαβ − 4
∑
i>j,β,γ

ℜ
[
UαjU∗αiAβUβiA∗γU∗γj

]
sin2
(Δm2

ij

4E
L
)

+ 2
∑
i>j,β,γ

ℑ
[
UαjU∗αiAβUβiA∗γU∗γj

]
sin
(Δm2

ij

2E
L
)
. (1.85)

Many features of Eq. (1.84) are worth noting. First, we consider how the vacuumoscilla-

tion probability depends on its many parameters. e amplitude of the oscillations depends

solely on the elements of the mixing matrix, which are beyond the control of experiment.

More speciٹcally, the amplitude depends only on the combinationU∗αjUαiU∗βiUβj. As it turns

out, this combination is independent of the Majorana phases. Per Eq. (1.72), we can write

Uij as Ũijeiαj , where Ũij depends only on the Dirac phase. en

UαjU∗αiUβiU∗βj = Ũαje−iαjŨ∗αieiαiŨβie−iαiŨ∗βjeiαj = ŨαjŨ∗αiŨβiŨ∗βj. (1.86)

Perhaps disappointingly, the oscillation probability is insensitive to the absolute neutrino

masses; it depends on only the relative differences Δm2
ij. In the case that ℑ

[
UαjU∗αiUβiU∗βj

]
vanishes, the vacuum oscillation probability is insensitive to even the sign of Δm2

ij. e
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two experimentally adjustable parameters, L (also known as the baseline) and E appear in

Eq. (1.84) only in the ratio L/E. If the mass differences are hierarchical, L/E can be tuned

to suppress certain avorٺ transitions relative to others, which effectively reduces the number

of neutrinos participating in oscillations.

We remarked in §1.3.3 that the weak current will violate CP symmetry if U is not real.

Neutrino oscillation phenomena also maintain the potential to violate CP symmetry. e

difference in the oscillation probabilities for neutrinos and antineutrinos is

Pα→β − Pᾱ→β̄ = 4
∑
i>j

ℑ
[
ŨαjŨ∗αiŨβiŨ∗βj

]
sin
(Δm2

ij

2E
L
)
, (1.87)

where we have used Ũ in lieu of U to explicitly indicate that the difference is independent

of the Majorana phases. If Ũ is complex, this difference will not vanish in general. Ũ can be

complex only if the Dirac phase is nonzero. us, wemay conclude that only the Dirac phase

can be responsible for CP violating (anti)neutrino↔(anti)neutrino oscillation in vacuum.

Beyond the Standard Formalism

Before we continue with our discussion of neutrino oscillation, we must address some deٹ-

ciencies of the standard formalism. One should realize that the idea of a deٹnite avorٺ state,

which is the crux of the rstٹ assumption, is ill-deٹned. e combination of mass eigen-

states produced in a weak interaction is not necessarily that of Eq. (1.74): it depends on the

transition amplitudes for each eigenstate in that particular process, which in turn depend on

neutrino mass. Moreover, C. Giunti et al. have shown that it is impossible to deٹne a Fock

space of weak states. While the eldsٹ of well-deٹned mass νi create and annihilate states

with well-deٹned mass |νi⟩, the equivalent cannot be said the for the eldsٹ of well-deٹned

avorٺ νl from Eq. (1.71). Even though that may be the case, Giunti et al. have constructed

an approximate Fock space of weak states that are speciٹc to the detection and production

processes with which one can calculate oscillation probabilities within the standard frame-

work. In the ultrarelativistic limit, the these states converge to the weak states deٹned in

Eq. (1.74)[47]. ese avorٺ states are essentially a calculational tool; we should be aware

that the physical states are mass eigenstates.
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It is also obvious that the second assumption in the standard formalism is not necessarily

true. Alternatively, an equal-energy assumption has been suggested[48, 49] and yielded

equivalent results. Both of these assumptions are arbitrary. e energy and momentum of

each mass eigenstate is dictated by conservation of energy and momentum. However, the

equivalence of the equal energy and equal-momentum assumptions is not a coincidence. It

happens that the choice of energy and momentum for each eigenstate has no effect on the

oscillation probability[50].

During the course of the standard derivation, we commented on the case that coherent

avorٺ states are not produced or observed: the oscillations reduce to simple mixings. It is

easy to imagine the scenarios in which it would occur. While a avorٺ state will initially be a

coherent mixture of mass eigenstates, those mass eigenstates will propagate at different ve-

locities and become spatially separated over time. If the neutrino state is observed aer this

separation or decoherence occurs, only the individual mass eigenstates will be detected and

oscillations will not occur. Additionally, the neutrino state may not be prepared coherently

to begin with. Suppose the energy and momentum of the produced neutrino are measured

with such precision that the mass is constrained to the degree that only one mass eigenstate

can be produced. Of course, only incoherent mixing will be observed under these circum-

stances. is scenario can also be reinterpreted in the context of the uncertainty principle.

e uncertainty principle demands σxσp > 1/2. e uncertainty in the momentum is

σp =

√(
∂p(m2,E)

∂E
σE

)2

+

(
∂p(m2,E)

∂m2 σm2

)2

≥ 1
2p

σm2 . (1.88)

If we require σm2 ≪ Δm2, where Δm2 is the smallest squared-mass splitting, the uncertainty

in position must satisfy

σx ≫
p

Δm2 ≈ E
Δm2 . (1.89)

e uncertainty in position is larger than any oscillation period; hence, any oscillations will

be averaged.

e standard formalism provides no innate means to evaluate these cases. e idea of

describing neutrinos using localized wave-packets was introduced byNussinov[51] and rstٹ

formalized within a quantum mechanical framework by Kayser[52]. Under this formalism,

the wavefunction of each mass eigenstate is chosen to be Gaussian wave-packet with ad-hoc
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spatial and momentum extents σx and σp, respectively. e inclusion of a niteٹ extent for

the neutrino state leads naturally to the concept of a coherence length,

Lcoh
ij ∼ 2E2

Δm2
ij
σx, (1.90)

beyond which oscillations will be increasingly suppressed. Furthermore, the energy and

momentum of each wave-packet are free to take on any kinematically allowed value, ren-

dering any assumptions for these values unnecessary. However, even in this formalism, the

details of the production and detection processes do not enter into the oscillation probability.

Since the idea of neutrino oscillation does not exist outside the context of charged current

interactions, any full calculation of neutrino oscillation should address the neutrino interac-

tions as well. To that end, the wave-packet construct has been adapted into a more rigorous,

eldٹ theoretic framework[53–55]. In these models, the mass eigenstates are represented

by internal lines connecting the production vertex with the detection vertex in a Feynman

diagram. e external lines are modeled as wave-packets. is framework precludes the

need to appeal to avorٺ states and incorporates the detection and production processes in

a wholly consistent manner. Again, these formalisms reproduce the result of the standard

one in the ultrarelativistic limit. Outside of that limit, though, the production and detection

cross sections cannot be factored out of the oscillation probability.

Given the myriad approaches to calculating the neutrino oscillation probability, contro-

versy is bound to arise. Considerable debate over themost fundamental quantummechanics

of neutrino oscillation is still ongoing. In particular, works examining how to relate theo-

retical oscillations in time to the measured oscillations in space, i.e. what exactly t signiٹes
in the propagation of neutrino states, have chosen to relate t to L via the group velocity of

the wave-packet (v = dE/dp = E/p). As a result, each mass eigenstate is assigned a dif-

ferent travel time. is choice has led to an ambiguity of a factor of two in the oscillation

phase[56, 57]. Other authors agree with the general treatment in these works, but argue that

only mass eigenstates with equal energy can comprise a coherent state and that the factor

of two disappears in this case[48, 49, 58]. Still others fault the reasoning in these classes

of results. Some point out that the unequal travel times of the mass eigenstates imply that

detection of the neutrinos must occur at different spacetime points and contend that such

a measurement cannot occur[59–61]. However, even if the mass eigenstate wave-packets
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are spatially separate, interference can be measured if the coherence time of the detection

process is sufficiently long[62, 63]. e differing arrival times aside, many judge the use of

the group velocity to be improper[61, 63, 64] or they deem the equal-energy assumption

not only unnecessary, but also unphysical[50, 65].

e straightforward, compact derivation afforded by the standard formalism proves use-

ful in a pedagogical context. Such simplicity is potentially illusory: the assumptions under-

lying the standard formalism are effectively declared by atܢ and are even fallacious to some

degree. As we have discussed, the physics behind neutrino oscillation is far more nuanced

than the standard formalism would let on. A substantial review of neutrino oscillation in

the wave-packet formalism can be found in Ref. [66] and a briefer overview in Ref. [67].

1.4.2 Quasi-Two-Neutrino Oscillation

NeglectingMajorana phases, themixing of only twoneutrinos of avorٺ α′ and β′ is described
by the simple rotation matrix

U2 =

 cos θ sin θ
− sin θ cos θ

 . (1.91)

If the squared-mass splitting between the two neutrinos is ΔM2, the oscillation probability

in Eq. (1.84) reduces to

Pα′→α′ = 1− sin2 2θ sin2
(

ΔM2

2E
L
)
, (1.92)

Pα′→β′ = sin2 2θ sin2
(

ΔM2

2E
L
)
. (1.93)

is probability depends on only two parameters set by nature. In contrast, the full three-

neutrino oscillation probability depends on veٹ independent parameters: two squared-mass

differences, two mixing angles, and the Dirac phase. Disentangling so many degrees of

freedom can pose a challenge for experiment. Fortunately, should nature cooperate, there

are scenarios in which oscillation phenomena can be effectively described by two-neutrino

mixing.
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WeakMixing

First, we consider the case in which one ,avorٺ α, is principally composed of only two mass

eigenstates, n and p, i.e.
Uαm ≪ Uαn,Uαp, (1.94)

wherem refers to the thirdmass eigenstate. Aer dropping terms ofO(Uαm) fromEq. (1.84),

the survival probability reads

Pα→α(L,E) ≈ 1− 4
∣∣Uαp

∣∣2 |Uαn|2 sin2
(Δm2

pn

2E
L
)
. (1.95)

Interpreting this probability in the context of two-neutrino oscillation with α′ = α gives

sin2 2θ = 4
∣∣Uαp

∣∣2 |Uαn|2 , ΔM2 = Δm2
pn (1.96)

Intuitively, the second effective ,avorٺ β′, in the two-neutrino context is the combination of

the two other ,avorsٺ β and γ, that does not mix with mass eigenstate m, namely∣∣β′⟩ = U∗γm |β⟩ −U∗βm |γ⟩ . (1.97)

Substitution of Eq. (1.97) into Eq. (1.84) and repeated appeals to the unitarity of U veriٹes

our expectation that Pα→β′ =
∑

β ̸=α Pα→β.

One-Mass-Scale Dominance

A second conٹguration can also lead to effective two-neutrino oscillation. Imagine that the

neutrino mass eigenstates can be divided into two clusters such that the mass splitting be-

tween the clusters is much larger than the splittings within each cluster. If an experiment is

sensitive to the mass splitting between the clusters, the mass splittings within each cluster

will be hidden; each cluster essentially behaves like a single mass eigenstate.

Without loss of generality, we can arrange the mass eigenstates in order of increasing

mass. If we mark the heaviest neutrino in the light cluster K, then

Δm2
Ki ≪ Δm2

K+1,K ∀ i < K,

Δm2
K+1,i ≪ Δm2

K+1,K ∀ i > K+ 1, (1.98)

Δm2
ij ≈ Δm2

K+1,K ∀ i > K ∧ j ≤ K.
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To say an experiment is sensitive to Δm2
K+1,K is to say that Δm2

K+1,K
L
E = O(1). Keeping terms

of O(1) in Eq. (1.84), the survival probability is

Pα→α(L,E) ≈ 1− 4
∑
i≤K

|Uαi|2
∑
j>K

∣∣Uαj
∣∣2 sin2

(Δm2
K+1,K

2E
L
)

= 1− 4
∑
i≤K

|Uαi|2
(
1−

∑
i≤K

|Uαi|2
)

sin2
(Δm2

K+1,K

2E
L
)

= 1− 4Vαα (1− Vαα) sin2
(Δm2

K+1,K

2E
L
)
, (1.99)

where we have deٹned Vαβ ≡
∑

i≤KU∗αiUβi. e form of Eq. (1.99) is consistent with two-

neutrino oscillation involving α. e oscillation parameters can be read off as

sin2 2θ = 4Vαα(1− Vαα), ΔM2 = Δm2
K+1,K. (1.100)

e effective mass eigenstates consistent with this interpretation are

|νL⟩ = 1√
Vαα

∑
i≤K U∗αi |νi⟩ , |νH⟩ = 1√

1−Vαα

∑
i>K U∗αi |νi⟩ ; (1.101)

hence,

|να′⟩ =
√
Vαα |νL⟩+

√
1− Vαα |νH⟩ , (1.102)

and the second effective avorٺ is∣∣νβ′⟩ = −
√

1− Vαα |νL⟩+
√
Vαα |νH⟩ =

1√
Vαα (1− Vαα)

∑
β ̸=α

Vαβ
∣∣νβ⟩ (1.103)

Fortunately for experimentalists, both of these scenarios are tٹ to describe nature. As we

will see later in a discussion of the evidence for neutrino oscillation, the electron neutrino

consists largely of only two mass eigenstates and the mass splitting Δm2
32 is much larger in

magnitude than Δm2
21. Neutrino oscillation experiments will oen interpret their results

in the two-neutrino context, which yields a measurement in the (sin2 2θ,ΔM2) parameter

space.

1.4.3 Oscillation in Matter

e propagation of neutrinos in matter is modiٹed by weak interactions with nucleons and

electrons. L. Wolfenstein was the rstٹ to recognize the importance of matter effects. In his
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treatment, matter effects are modeled by adding an index of refraction to the propagation of

plane wave neutrino states.[68]. Equivalently, we can describe the effect with the addition

of a weak potential to the neutrino Hamiltonian. e weak potential due to nucleons will

affect all avorsٺ of neutrinos equally; hence, we can omit it from consideration. Naturally,

the presence of electrons will modify the propagation of only electron neutrinos. e weak

potential seen by neutrinos due to matter with electron density Ne is

Ve =
√

2GFNe.[67] (1.104)

e potential changes sign for antineutrinos. In the avorٺ basis, the vacuum Hamiltonian

under the assumptions presented in §1.4.1 is

HF
αβ ≡ ⟨α|H |β⟩ =

∑
i

UαiEiU∗βi ≈ pδαβ +
1
2E
∑
i

Uαim2
iU∗βi. (1.105)

Hence, the Hamiltonian in matter is

HF = pI+ 1
2E

U diag
(
m2

1,m2
2,m2

3
)
U† + diag (Ve, 0, 0) . (1.106)

For the sake of clarity, we will avoid discussing three-neutrino oscillation and proceed with

the much simpler two-neutrino case, νe → νX. Rather than directly calculate the oscilla-

tion probability, we will compare this Hamiltonian to the case in vacuum and deduce the

probability. We can write out Eq. (1.106) using the mixing matrix in Eq. (1.91):

HF =

(
p+ m2

1 +m2
2

2
+

Ve

2

)
I+ ΔM2

4E

− cos 2θ + δe sin 2θ
sin 2θ cos 2θ − δe

 , (1.107)

where ΔM2 = m2
2 − m2

1 and δe ≡ 2EVe
ΔM2 . e term proportional to I is irrelevant for our

purposes, since it leads to common phase for each neutrino. With some manipulation, we

can coerceHF into a form resembling the Hamiltonian for oscillation in vacuum. We deٹne

θM and ΔM2
M such that

ΔM2
M = ΔM2

√
sin2 2θ + (cos 2θ − δe)

2, (1.108)

sin 2θM =
ΔM2

ΔM2
M

sin 2θ, (1.109)
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then

HF =
ΔM2

M
4E

− cos 2θM sin 2θM
sin 2θM cos 2θM

 . (1.110)

Of course, when Ne = 0, Eq. (1.109) requires θM = θ, but as Ne grows arbitrarily large,

sin 2θM → 0 and cos 2θM → −1. Additionally, Eq. (1.109) indicates that the effectivemixing

angle becomes maximal when δe = cos 2θ. In this way, interactions in matter can effect an

arbitrarily large transition probability even for an arbitrarily small vacuum mixing angle.

is resonant behavior was rstٹ described by S.P. Mikheev and A.Yu. Smirnov[69]. For

this reason, the phenomenon is commonly referred to as the Mikheev-Smirnov-Wolfenstein
(MSW) effect. e vacuumoscillation probability is unchanged under θ → π

2 −θ or ΔM2 →
−ΔM2 (see Eq. (1.92)), but matter partially breaks the degeneracy. e MSW effect can

occur only if sgn cos 2θ = sgn δe. sgn δe depends on sgn ΔM2 and the sign of the neutrino.

Hence, in comparing the matter oscillation probability for neutrinos and antineutrinos, one

can deduce the sign of ΔM2 relative to cos 2θ. Naturally if the sign of one is known, the sign

of the other follows.

e phenomenology of neutrino oscillation in matter of constant density is straightfor-

ward; it becomes complicated in considering variable-density cases such as the propagation

of solar neutrinos. Eq. (1.110) suggests that themass eigenstates becomemodiٹed inmatter.

Speciٹcally, |νM1 ⟩
|νM2 ⟩

 =

cos θM − sin θM
sin θM cos θM

|νe⟩
|νX⟩

 . (1.111)

Should the matter density be variable, these eigenstates will vary in space. Stephen Parke

investigated the case of neutrinos being created outside theMSW resonance region, passing

through it during propagation, and being detected in vacuum[70]. His result for the fully-

averaged νe survival probability is the so called Parke formula:

⟨Pe→e⟩ =
1
2
+
( 1
2
− PX

)
cos 2θ0

M cos 2θ, (1.112)

where PX is the probability that the eigenstates |νM1 ⟩ and |νM2 ⟩ cross at the MSW resonance

and θ0
M is the mixing angle at the initial matter density. e solar electron density is com-

monly modeled by the formNe(r) ∝ e−r/R0[71]. Under this assumption, the crossing prob-
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Figure 1.1: Inܣuence of matter on νe oscillation probability for case representative of the Sun. Probabilities
are presented as contour plots in (tan2 θ,ΔM2/E) parameter space. In the absence of matter, the
fully averaged νe appearance probability (a) is independent of energy or ΔM2 and never falls below
0.5. Px (Eq. (1.113)) is plotted in (b) (shaded region) along with the isocontours of cos θM (dotted
green lines) for values representative of the solar case taken from Ref. [71] updated with data from
Ref. [72]: R0 = R⊙/10.82 and Ne(r = 0) = 103NA/cm3. e inٺuence of matter is illustrated in
(c), where Eq. (1.112) is plotted. A region exists in which the probability to observe a νe falls below
0.5 and may even vanish.

ability for states created far outside the resonance region (| sin 2θ0
M| ≪ 1) is[67]

PX =
1− exp

(
−π ΔM2R0

E cos2 2θ
)

1− exp
(
π ΔM2R0

E

) (1.113)

e oscillation probability in this case is compared to the vacuum oscillation probabil-

ity in Figure 1.1. In regions of parameter space where δ0
e ≫ max(V0

eR0 sin2 2θ, cos 2θ) or

δ0
e ≪ cos 2θ, the averaged oscillation probability reverts to that in vacuum. A particularly

interesting case occurs when the neutrino is produced in an ultra-dense region (relative to

the resonant density) and proceeds to propagate adiabatically. en PX ≪ 1, cos 2θ0
M ≈ −1,

and

⟨Pe→e⟩ ≈ sin2 θ. (1.114)

is result is simply the probability that ν2 will be detected as νe. Such a result is to be

expected, since electron neutrinos produced in this region are nearly entirely composed of

the νM2 eigenstate (per Eq. (1.111) & (1.109)) and emerge from the Sun in the corresponding

eigenstate of the vacuum Hamiltonian under the adiabatic condition.
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Figure 1.2: Solar neutrino .uxܣ eٺuxes are the prediction of the BS05(OP) solarmodel. Fluxes due
to neutrino-producing reactions in the pp chain—pp: p+ p → 2H+ e+ + νe, pep: p+ e− + p →
2H+ νe, hep: p+ e− + p → 2H+ νe, 7Be: 7Be+ e− → 7Li+ νe, 8B: 8B → 8Be∗ + e− + νe—are
in black and those in the CNO cycle—15O:15O → 15N+ e+ + νe,13N: 13N → 13C+ e+ + νe, 17F:
17F → 17O+ e+ + νe—are in blue. From Ref. [72].

1.4.4 A History of Evidence for Oscillation

ermonuclear reactions in the core of the Sun produce a prodigious number of electron

neutrinos. e predicted uxٺ due to the various neutrino-producing reactions appears in

Figure 1.2. Seeing that neutrinos can escape the interior of the Sun relatively unscathed,

they serve as themost ideal probe of the thermonuclear reactions occurring in this otherwise

hidden region. e rstٹ experiment to suggest a hint of neutrino oscillation did not set out

in search of the phenomenon. Rather it was devised to test a model of the inner workings

of the Sun and conٹrm that the Sun’s power is indeed thermonuclear in origin.

In the late 1960s Ray Davis constructed an experiment to measure the solar neutrino

uxٺ and compare the result to a prediction from John Bahcall[73]. e detector consisted of

a large volume of perchloroethylene (C2Cl4) housed deep underground at the Homestake

mine in South Dakota. Like Cowan and Reines, Davis detected neutrinos through inverse
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beta decay. In this case, neutrinos were captured on chlorine via 37Cl+ νe → 37Ar+ e−.

Because this interaction has a threshold of 814 keV, the Homestake detector was insensi-

tive to pp neutrinos. e 37Ar was extracted intermittently and measured using a small

proportional counter. e amount of 37Ar extracted is directly proportional to the electron

neutrino .uxٺ Davis established amaximum limit on the capture rate that was roughly a sev-

enth of predictions[74]. ough the discrepancy was startlingly large, it was not in grave

conٺict with the solar models given their uncertainties[75]. In subsequent running, how-

ever, Homestake continued to observe a capture rate that was a third of expectations, even

in comparison to reٹned solar models.[76]. And so the Homestake experiment marked

the inception of the solar neutrino problem. At the time, physicists were unwilling to ascribe

the solar neutrino problem to neutrino oscillation. Doing so would require a mixing angle

much larger than any measured in the quark sector as well as ne-tuningٹ of the mass split-

ting. Given the complexity of solarmodels, it was consideredmore likely that they had failed

in some manner, e.g. a reduction in the core temperature of the Sun could have accounted

for the deٹcit[39]. Only when the MSW effect was introduced did neutrino oscillation

become a credible solution for the solar neutrino problem. Assuming a resonance occurs

in the Sun, solar neutrino oscillation corresponds to a squared-mass splitting in the range

of 10−10 eV2/c4 to 10−5 eV2/c4. is splitting separates the mass eigenstates conventionally

labeled as ν1 and ν2, with ν2 being the more massive.

More evidence of aberrant neutrino behavior came yet again from accidental sources.

In the 1980s, large water Čerenkov detectors, so called because they imaged the Čerenkov

radiation emitted by charged particles in a volume of water, were constructed to search for

proton decay. Posing a substantial background to this search were neutrinos from the decay

of pions produced by cosmic ray interactions in the atmosphere:

π+ → μ+νμ π− → μ−ν̄μ

→ e+νeν̄μ, → e−ν̄eνμ. (1.115)

e Kamiokande[77] and IMB[78] experiments both reported a deٹcit of of muon neu-

trino events in comparison to expectations. e IMB collaboration exercised restraint and

attributed the deٹcit to some unknown systematic error. Being more conٹdent in the ca-

pabilities of their detector, the Kamiokande collaboration ventured to suggest neutrino os-
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cillation as an explanation for their results. is conٹdence was due in part to their ability

to measure the νe rate, which was found to be in agreement with expectations. Oscillation

at the atmospheric L/E corresponds to 10−3 eV2/c4 ≲ ΔM2 ≲ 10−5 eV2/c4. is splitting

separates a third mass eigenstate, ν3 from the solar pair ν1 and ν2. e substantially larger

implied squared-mass splitting compared to the solar splitting suggests that atmospheric

oscillation occurs in one-mass scale dominance limit. Kamiokande was able to address solar

neutrinos to boot. With a modiٹcation of their analysis, Kamiokande found they could de-

tect 8B neutrinos above 9.3MeV via elastic scattering on electrons (νe− → νe−). e result-

ing measurement of the 8B rate was compatible with Homestake under a model-dependent

correction accounting for the additional uxٺ to which Homestake was sensitive[79].

For decades, neutrinos had been produced terrestrially using accelerators. Slamming

accelerated protons into a target yields mesons that may decay at rest or decay in ,ightٺ pro-

ducing neutrinos inmuch the sameway as cosmic rays in the atmosphere. While accelerator-

based oscillation searches date as early as 1976 with the Gargamelle experiment[80], they

did not began in earnest until the mid 1980s with the high-energy—O(10 GeV)—scattering

experiments SKAT[81, 82], CHARM[83, 84], CDHSW[85], and CCFR[86, 87], among

others. e short baseline and comparatively high neutrino energy characteristic of these

experiments le them sensitive to only ΔM2 ≳ O(1 eV2/c4). ey did not observe any ev-

idence of oscillation, but they did collectively exclude large swaths of oscillation parameter

space at high ΔM2.

In the early 1990s, a new generation of solar neutrino detectors came online. e detec-

tors used in the GALLEX and SAGE experiments used gallium as a target. Since the thresh-

old for inverse beta decay on gallium is 233.2 keV, these experiments were the rstٹ to be

sensitive to pp neutrinos. e GALLEX collaboration presented a result that was consistent

with the deٹcit in the 8B and 7Be neutrino rates reported by Homestake and Kamiokande

assuming no deٹcit in the pp neutrino .ux[88]ٺ e rstٹ result from SAGE was alarmingly

low[89]—they had observed less than a third the rate GALLEX did. Later results brought

SAGE in line with GALLEX[90]. e immense body of solar neutrino data resolutely con-

rmedٹ the solar neutrino problem.

As the evidence for anomalous behavior throughout the neutrino sector grew, so did

interest in oscillation. In 1992, Kamiokande published results interpreting the atmospheric
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Figure 1.3: Super-Kamiokande atmospheric neutrino zenith angle distributions, rstܢ results. Downward-
going events correspond to cos θ = 1. e panel includes the distributions for electron-like events
(top) and muon-like events (bottom) split according to whether the event was less (le) or greater
(right) than 1.33 GeV in energy (le). e energy categories are further reٹned according tomomen-
tum in the case of electron-like events and low-energy muon-like events and according to whether
the event was fully or partially contained in the detector in the case of high-energymuon-like events.
e hatched boxes indicates the expectation given no oscillations with statistical error and the solid
line is the best tٹ for νμ → ντ oscillation. e data demonstrate a marked deٹcit in upward-going
muons consistent with neutrino oscillation. From Ref. [92]. Copyright 1998 by the American Phys-
ical Society.

deٹcit in the context of two-neutrino oscillation[91]. e allowed region for νμ → νe os-

cillation was excluded by the existing solar neutrino data. e νμ → ντ results were more

tantalizing. A portion of allowed region for this channel was not excluded by any prior

searches.

A short time aer, in 1994, Kamiokande demonstrated what would become a hallmark

of atmospheric neutrino oscillation, namely the existence of an asymmetry in the rate of

upward-going muon neutrinos versus downward-going muon neutrinos[93]. Upward-

going neutrinos must pass through the Earth, and so are subject to matter effects and have

more time to oscillate than downward-going neutrinos. Unfortunately, the limited statis-

tics of the data le the result unconvincing. Super-Kamiokande (Super-K or SK), a new

detector eenٹ times the size of Kamiokande, was commissioned to continue the search for

proton decay and bolster the investigation into the atmospheric anomaly. By 1998, Super-K
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had collected enough data to deٹnitively establish that the behavior of atmospheric muon

neutrinos is fully consistent with νμ → ντ oscillation[92]. ey calculated the atmospheric

oscillation parameters to be

sin2 2θatm > 0.82,

5× 10−4 eV2/c4 < ΔM2
atm < 6× 10−3 eV2/c4.

(90% CL) (1.116)

e likelymaximalmixing angle is unusually large vis-á-vis the quark sector. e lack of par-

ticipation of electron neutrinos in atmospheric oscillation implies that they do not apprecia-

bly mix with ν3. Accordingly, if neutrinos do oscillate, the νe undergoes quasi-two-neutrino

oscillation. Despite the success of the neutrino oscillation formalism in describing the atmo-

spheric data, it was not enough to conٹrm the existence of neutrino oscillation—one would

have to observe actual transition among neutrino .avorsٺ

Concurrent with these developments, two, long-baseline, reactor-based experiments

sought to test the νμ → ντ oscillation hypothesis for atmospheric neutrinos. Nuclear

reactors produce electron antineutrinos with an energy proٹle similar to solar neutrinos.

In order to achieve sensitivity to the presumed atmospheric squared-mass splitting, the

Palo Verde and CHOOZ experiments stationed detectors at ∼1 km from nuclear power

stations in Arizona and France, respectively. Neither experiment observed any indication

of ν̄e disappearance[94, 95]. ese results corroborated Super-K’s interpretation of the at-

mospheric neutrino data and further strengthened the suspicion that the electron neutrino

chieٺy mixes with only two mass eigenstates.

Also around the same time, the accelerator-based LSND experiment unveiled a curious

result. ey had observed the appearance of ν̄e in a ν̄μ beam at high ΔM2. e experiment,

consisting of a liquid scintillator detector placed in stopped-pion neutrino beam had been

running through out the 1990s. Preliminary results were released in 1995[97] and nalٹ

results in 2001[96]. e L/E distribution of ν̄e candidates, which appears in Figure 1.4, was

signiٹcantly greater than the expected background and exhibited a shape consistent with the

best-ٹt two-neutrino oscillation hypothesis. e data indicate a ΔM2 in the interval of 0.2-

10 eV2/c4. Such a splitting is incompatible with the well-established solar and atmospheric

splittings. Consequently, LSND implies the existence of a fourth neutrino.

e Sudbury Neutrino Observatory (SNO) is a heavy-water (D2O) Čerenkov detector
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built to observe solar neutrinos. In addition to the elastic scattering (ES) channel, a -avorٺ

sensitive, charged current (CC), hadronic channel,

νeD → ppe−, (1.117)

and a ,avor-insensitiveٺ neutral current (NC), hadronic channel,

νD → pnν, (1.118)

are available to SNO for the detection of solar neutrinos. Like the elastic scattering channel,

these hadronic channels are sensitive to only the 8B neutrinos. e NC channel, being open

to all weakly-interacting neutrinos, provides a means to measure the uxٺ of all avorsٺ of

solar neutrinos and the CC channel a means to measure the uxٺ of electron neutrinos. e

ES channel offers a redundancy in that it is a combination of NC and CC channels. e

rstٹ results from SNO[98] conٹrmed the existence of avorٺ oscillation: the NC, CC, and

ES uxesٺ were all consistent with the same best values for the νe and νμ + ντ uxesٺ (see
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Figure 1.5: SNO solar neutrino uxesܣ by channel, rstܢ results. Fluxes from each channel are plotted as
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Society.

Figure 1.5), the difference between the NC and CC uxesٺ exceeded 5σ, the ES uxٺ agreed

with the Super-K measurement, and the NC uxٺ agreed with the standard solar model.

SNO discovered the signature of neutrino oscillation—ٺavor transition—and Super-K

revealed the mechanics of oscillation in the zenith angle distribution of atmospheric neutri-

nos. Together they solved the solar neutrino problem and atmospheric neutrino anomaly

and proved the existence of neutrino oscillation, hence the existence of neutrino mass. At

this point, a reasonably clear picture of neutrino oscillation existed:

• ere are two, well-deٹned squared-mass splittings: ΔM2
sol = Δm2

21 and ΔM2
atm =

Δm2
32 + O (Δm2

21).

• e atmospheric splitting is considerably larger the solar splitting, leading to quasi-

two-neutrino oscillation at that splitting.

• e electron neutrino is largely composed of only two mass eigenstates; hence, elec-
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Squared-Mass Splittings

Δm2
21 = 7.59+0.19

−0.21 × 10−5 eV2/c4[99]
∣∣Δm2

32
∣∣ = (2.43± 0.13)× 10−3 eV2/c4[100]

PMNSMatrix Mixing Angles

sin2 2θ13 < 0.16[101] sin2 2θ23 > 0.92[102] tan2 θ12 = 0.47+0.05
−0.04[99]

PMNSMatrix Phases

δ, α1, α2 are presently undetermined

Table 1.4: Best measurements of PMNS parameters and neutrino squared-mass differences. All lim-
its are at 90% CL. e limit on θ13 is evaluated at the 1σ-low value of the best value of Δm2

32
(2.3× 10−3 eV2/c4). e limit on θ12 is valid for all values of Δm2

21.

tron neutrinos participate in quasi-two-neutrino oscillation in general.

Less certain was the validity of the LSNDoscillation region. Continuing efforts would reٹne

this picture.

1.4.5 State of the Art

e best measurements of the PMNS parameters and the neutrinos squared-mass differ-

ences are summarized in Table 1.4. e allowed regions and exclusion limits in oscillation

parameter space reported by a number of oscillation experiments are compared in Figure 1.8.

e connection between themeasurements of two-neutrino oscillation experiments and

the individual parameters of the PMNS matrix is not immediately obvious. It is a matter of

fortune that the various classes of two-neutrino oscillation, e.g. atmospheric or solar, can be

straightforwardly connected to individual mixing angles in the PMNS matrix. e sectors

of the PMNS matrix are typically designated according to these classes of experiments to

which they are historically linked.

Reactor Sector: θ13

Long-baseline reactor experiments are sensitive to ν̄e → ν̄X oscillation at the atmospheric

squared-mass splitting. is case occurs in the one-mass-scale dominance limit. Using

Eq. (1.100) and Eq. (1.72), we see that the measured two-neutrino mixing angle can be
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related to the angle θ13 according to:

sin2 2θr ≈ 4 (1− |Ue3|2) |Ue3|2 = 4
(
1− s213

)
s213 = sin2 2θ13, (1.119)

where we have continued to use the short hand sij = sin θij and cij = cos θij. Presently,

no experiment has observed a positive signal, indicating that θ13 is small. e best upper

limit comes from the CHOOZ experiment[101]. e limit depends on the assumed value

of Δm2
32. At the 1σ lower bound of the MINOS measurement[100] (discussed later), the

CHOOZ limit is

sin2 2θ13 < 0.16 @ Δm2
32 = 2.3× 10−3 eV2/c4 (90% CL). (1.120)

e limit worsens for larger values of Δm2
32 and improves for smaller values.

Atmospheric Sector: θ23, Δm2
32

As we have already discussed the oscillation of atmospheric νμ into ντ also occurs in the

one-mass-scale dominance limit, hence

sin2 2θatm ≈ 4
(
1−

∣∣Uμ3
∣∣2) ∣∣Uμ3

∣∣2 = 4
(
1− c223c213

)
c223c213 = sin2 2θ23 + O (sin2 θ13) . (1.121)

e current precision of experiment allows us to ignore the O (sin2 θ13) term. All indi-

cations are that that sin2 2θ23 is maximal. e best lower limit comes from the Super-K

experiment[102]:

sin2 2θ23 > 0.92 (90% CL). (1.122)

is limit is the lowest allowed value of sin2 2θ23 for any value of Δm2
32. e MINOS ex-

periment searches for ν, disappearance in an accelerator-produced, decay-in-ٺight neutrino

beam. e MINOS result[100],∣∣Δm2
32
∣∣ = (2.43± 0.13)× 10−3 eV2/c4, (1.123)

is the best measurement of Δm2
32 published thus far. e sign of Δm2

32 is still unknown.

Additionally, the Super-K and MINOS data continue to favor neutrino oscillation as the

explanation for disappearance[100, 103]. In both experiments, the surviving fraction mea-

sured as a function of E or L/E is better described by neutrino oscillation than alternative

theories (see Figure 1.6).
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Figure 1.6: Neutrino oscillation signature from multiple neutrino sources. e panel includes the ratio
of the measured neutrino uxٺ to the expected uxٺ as a function of L/E or E as measured by mul-
tiple experiments from various neutrino sources. (a) e Super-K result for atmospheric neutrinos
comparing data (black points, statistical errors) to the best-ٹt oscillation solution (solid black line).
e data are also compared to best-ٹt solutions for neutrino decoherence (dotted red line) and de-
cay (dashed blue line). (b) e MINOS result for an accelerator-based νμ beam at the atmospheric
splitting comparing data (black points, statistical errors) to the best-ٹt oscillation solution (solid
black line). Again, the data are also compared to neutrino decoherence (dotted gray line) and decay
(solid gray line). e data in each case favor the oscillation hypothesis. (c)e KamLAND result for
reactor neutrinos at the solar splitting comparing data (black points, statistical errors) to the best-ٹt
oscillation solution (light-blue lines). In this case, the oscillatory behavior is obvious; nearly one and
half periods are captured. FromRefs. [103], [100] & [104]. Copyright 2004 & 2008 by the American
Physical Society.

Solar Sector: θ12, Δm2
21

e small value of θ13 indicates that electron neutrinos participate in two-neutrino oscilla-

tion. By appeal to Eq. (1.96),

sin2 2θsol = 4 |Ue1|2 |Ue2|2 = 4c212s212c413 = sin2 2θ12 + O (sin4 θ13) . (1.124)

When taken individually, the solar neutrino data allow a large region in (tan2 θ,ΔM2) pa-

rameter space (see Figure 1.8). Analyzed globally, however, the data isolate a region in what

is known as the Large Mixing Angle-MSW (LMA-MSW) solution. is solution is charac-

terized by adiabatic propagation and diagonal initial mixing as described in §1.4.3, so the

fully averaged oscillation probability is related to the mixing angle by Eq. (1.114). e latest

SNO data[99], in particular, have had a signiٹcant impact in disambiguating the solution.

A very-long baseline reactor based experiment—KamLAND—has also contributed to the

increasing precision to which the solar parameters are known. e KamLAND experiment
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searched for disappearance in the ν̄e uxٺ generated by 53 nuclear power stations in Japan at

the solar squared-mass splitting using a liquid scintillator detector. e KamLAND allowed

region covers a very narrow swath of parameter space[104]. In furtherance of the neutrino

oscillation hypothesis, oscillatory behavior is a salient feature of the KamLAND result (see

Figure 1.6c). Altogether, the solar and KamLAND data reveal that

sin2 2θ12 = 0.87± 0.03, Δm2
12 = 7.59+0.19

−0.21 × 10−5 eV2/c4[99]. (1.125)

e sign of Δm2
12 is deٹned by convention. Under this convention, the MSW effect has

allowed the determination that θ12 is less than π/4. Stated differently, ν1 accounts for a

greater fraction of νe than ν2. e solar sector is the only sector for which this ambiguity,

either inmass splitting ormixing angle, has been resolved. It is also the only sector for which

a value of the mixing angle, as opposed to a limit, is known.

LSND Anomaly

eMiniBooNE experiment, of which this dissertation is a product, was envisioned as a test

of the LSND result. MiniBooNE operates a mineral oil Čerenkov detector in an accelerator-

produced, sign-selectable, νμ beam. In contrast with the LSND experiment, MiniBooNE

employs a decay-in-ٺight beamwith an energy approximately an order ofmagnitude higher.

e detector is positioned at a correspondingly larger baseline to maintain sensitivity to the

LSND ΔM2. Neutrinos are detected via the charged current quasi-elastic (CCQE) channel,

which includes the interactions

νμn → μ−p, ν̄μp → μ+n,

νen → e−p, ν̄ep → e+n;
. (1.126)

e last interaction should be familiar: it is the inverse beta decay reaction. e νμ data

collected byMiniBooNE have excluded the the entire LSND allowed region under the two-

neutrino mixing hypothesis[105]. e neutrino result was presented with the caveat of yet

another anomaly. Below the analysis domain of Eν < 475 MeV, a signiٹcant excess of νe

candidates was observed. is anomaly remains unexplained. Being statistically limited,

the rstٹ published ν̄μ data are inconclusive, i.e. they are consistent with both the LSND

signal and no oscillation signal[106]. e νe candidate distribution and excluded region
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(a) νe CCQE candidates (b) νμ → νe limit

(c) ν̄e CCQE candidates (d) ν̄μ → ν̄e limit

Figure 1.7: MiniBooNE oscillation results. e panel includes the results of the MiniBooNE νμ → νe
(top) and ν̄μ → ν̄e (bottom) searches. e reconstructed energy distribution of (a) νe and (c) ν̄e
CCQE candidates compares the data (black points, statistical errors) to the expected backgrounds
with total systematic error (black bars). ere is no signiٹcant excess of events in the primary anal-
ysis domain of Eν > 475 MeV, but an excess does appear at low energy in neutrino mode. e
corresponding limits in parameter space (right) appear in comparison to the LSND allowed region
(blue shaded area) and the regions excluded by the KARMEN[108] and Bugey experiments[109].
e antineutrino mode limit (d) appears for both the primary analysis including Eν > 475 MeV and
an analysis extending into the low energy region. FromRefs. [105] & [106]. Copyright 2007 & 2009
by the American Physical Society.

in parameter space for both neutrinos an antineutrinos appears in Figure 1.7 However, the

most recent antineutrino results seem to indicate a preference for the LSND result[107].

1.4.6 Future Efforts & NC 1π0 Production

Our knowledge of neutrino parameters is hardly complete. While the absolute neutrino

mass scale andMajorana phases cannot be addressed by oscillation experiments, the mixing

angles, CP-violating phase δ, and squared-mass differences can. Among the mixing angles,
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we have yet to determine if θ13 is nonvanishing and whether sin2 2θ23 is maximal. We have

yet to glean any information regarding δ. Although the magnitudes of the two independent

squared-mass differences are known, the sign of only one is known[2]. e scheme in which

Δm2
32 > 0 is known as the normal hierarchy since it mirrors the trend among the the quarks

and charged leptons. e other case is known as the inverted hierarchy.
A new generation of reactor-based experiments with greater sensitivity will continue to

push the limit on θ13. An emergent class of long-baseline (LBL) accelerator-based experi-

ments, including the T2K[110] andNOνA[111] experiments, will attempt a broader physics

plan. Using off-axis νμ/ν̄μ beams with narrow energy proٹles and what amounts to brute

force, they intend to observe three-neutrino oscillation at the atmospheric squared-mass

difference, speciٹcally at L ∼ 102 − 103 km and E ∼ 1 GeV. A measurement of νe appear-

ance provides access to θ13. A comparison of that measurement to one of ν̄e appearance can

shed light on δ. Because of matter effects, the same comparison is also sensitive to the orien-

tation of the mass hierarchy. Finally, a measurement of νμ disappearance can further reٹne

our knowledge of θ23.

e search for νe appearance at the next generation of LBL experiments will be a difficult

one. Assuming θ23 is maximal and L/E is tuned to Δm2
32, Pμ→e ≈ 1/2 sin2 2θ13 to leading

order, meaning that experiments will have to identify candidates that comprise only several

percent of the total .uxٺ CP violation and matter effects enter at sub-leading order and

require even greater precision to resolve. To achieve this precision, any prediction of the

expected background must be precise to similar level.

Backgrounds can arise from beam-intrinsic νe—νe generated as a byproduct of the νμ

production processes—or from interactions in the detector mimicking the candidate signa-

ture. To understand the latter, it helps to understand how νe are detected. Many accelerator-

based νe appearance searches distinguish candidates via the CCQE channel. Above a criti-

cal energy, Ec, bremsstrahlung is the principal mechanism for energy loss of the outgoing

electron in the detectormedium. Photons produced frombremsstrahlung undergo pair pro-

duction and the product electron and positron undergo further bremsstrahlung in turn. e
2It is true that sgn Δm2

21 is known only because it is deٹned as such. It is simply conventional to say
that sgn Δm2

21, rather than sgn(θ12 − π/4), has been determined. As justiٹcation, we could have alternatively
deٹned the mass eigenstates by requiring θ12 < π/4 and le sgn Δm2

12 unconstrained, in which case the MSW
effect would have determined it.
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H2O CH2 Fe

Critical Energy (MeV) 78.72 101.66 21.68
Radiation Length (m) 0.3608 0.4867 0.01757

Table 1.5: Critical energy and radiation length for common detector media. e radiation length,X0, is the
characteristic length of energy loss in a medium. e characteristic length of a shower induced by an
electron of energy E is related to the radiation length and critical energy byX = X0 log(E/Ec) / log 2.
e T2K and K2K experiments employ the same water-Čerenkov detector. e NOνA detector uses
scintillator-doped water as a target, the MiniBooNE detector mineral oil (approximated as CH2),
and the MINOS detector steel.

collective result is a cascade of electromagnetic particles known as an electromagnetic shower.
e critical energy for common detector media is given in Table 1.5. As a rule of thumb,

Ec ∼ 550MeV/Z, where Z is the atomic number of the medium. For anything but the light-

est nuclei, the electron produced by a CCQE interaction in a O(1 GeV) beam will induce a

shower. is single shower is the signature sought aer in νe searches. Accordingly, any

scenario in which a single electromagnetic shower is produced may pose a background to

the νe search.

As the name suggests, neutral current single pion (NC 1π0) production encompasses the

production of a π0 as the result of a neutrino-nucleus interaction mediated by the neutral

current:

νA → νπ0X. (1.127)

e particular mechanics of this interaction will be discussed in detail in Chapter 2; the π0

and its subsequent decay is of interest here. e outgoing π0 decays nearly instantaneously

(τ = 8.4(6) × 10−17 s) and nearly always into two photons (Γ = 0.98823(34))[36]. Ordi-

narily, both photons will pair produce and induce electromagnetic showers. Unfortunately,

there are instances in which only one shower will be detected, namely those in which:

• One photon escapes the detector before pair producing

• One photon has insufficient energy to be detected

• e angle between the two photons is beyond the resolution of the detectors

• One photon is lost to or otherwise rendered undetectable by a photonuclear interac-

tion (γA → hadrons+ γs)
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(b) Misidentiٹed NC 1π0 interaction

Figure 1.9: Misidentiܢed π0 in the MiniBooNE detector. Illustrated here is theMonte Carlo simulation
of the detector readout for (a) a νe CCQE interaction and (b) an NC 1π0 interaction that has been
identiٹed as νe CCQE.eMiniBooNEdetector consists of an array of photomultiplier tubes (PMTs)
mounted on the interior surface of a spherical tank. eČerenkov light emitted by an electromagnetic
shower appears as a diffuse ring. e detector is discussed in greater detail in Chapter 3. Each gureٹ
includes the forward hemisphere of the MiniBooNE detector; the central meridian represents the
beam direction. Each PMT hit is depicted by a disk, the size and color of which represents the charge
and time of the hit, respectively. In the case of the NC 1π0 event, only one ring is readily identiٹable,
hence the mistaken identity.

Aglance at Figure 1.7 reveals thatmisidentiٹed π0 comprise the largest source of background

behind intrinsic νe at MiniBooNE. Figure 1.9 compares an example of a misidentiٹed π0

in the MiniBooNE detector to a νe CCQE event; the difficulty in distinguishing between

the two is evident. e NC 1π0 background proves to be just as tenacious in the νe ap-

pearance searches at K2K[112] and MINOS[113] and is expected to be dominant among

beam-induced backgrounds at T2K[114] and NOνA[111]. A precise determination of the

π0 background will be key to the success of future efforts seeking to observe what is becom-

ing increasingly elusive.

;



2 Neutrino-Induced π0 Production by the

Neutral Current

AtMiniBooNE, like many other experiments, we are concerned with neutrino cross sec-

tions on nuclei. Neutrino induced NC 1π0 production on nuclei is categorized as inco-
herent or coherent based on the nalٹ state of the target nucleus. If the interaction leaves the

nucleus in the ground state, it is classiٹed as coherent, otherwise it is incoherent. Incoher-

ent production is largely accounted for by resonant interactions. In such interactions, the

neutrino excites a nucleon to a baryonic resonance via the neutral current and the resonance

decays via emission of a pion. e coherent case cannot be described in as straightforward

a manner. As the name suggests, coherent production involves the coherent interaction of

the neutrino with the entire nucleus. In effect, the neutrino interacts with the nucleus as a

single entity. Since the nucleus is le in the ground state, by deٹnition, this mode of pro-

duction must necessarily occur at low momentum transfer. ese two modes of production

are illustrated schematically in Figure 2.1. In this chapter, we will examine the models of

these modes pion production, brieٺy introduce nalٹ state interactions, and conclude with a

summary of the existing neutral current π0 production measurements.

2.1 Incoherent Production

Rein and Sehgal (R-S) devised a uniٹed model of neutrino-induced pion production[115]

that remains in use today. While they constructed the kinematic framework for the exci-

53



2. Neutrino-Induced π0 Production by the Neutral Current 54

..

▶

.

ν

.

▶

.

ν

.

Z0

.
▶

.N . ▶.
Δ,N∗

.
π0

. ▶.
N

.
▶

.
▶

.

▶

.

▶

.

▶

.

▶

.

...

.

...

.

A

.

A′

(a) Incoherent

..

▶

.

ν

.

▶

.

ν

.

Z0

.
π0

.
▶

.
▶

.
▶

.
▶

.

▶

.

▶

.

▶

.

▶

.

...

.

...

.

A

.

A

(b) Coherent

Figure 2.1: Modes of NC 1π0 production on nuclei. Schematic illustrations of (a) incoherent and (b)
coherent NC 1π0 production processes.

tation, interference, and subsequent decay of several resonances, they appealed to the rel-

ativistic quark model of Feynman, Kipslinger, and Ravndal—the FKR model—to calculate

the amplitudes for the excitation of the various resonances. e R-S model accounts for all

resonances with mass below 2 GeV/c2, eighteen in all. Both charged current and neutral

current processes are described by the model, but we will focus on NC 1π0 production in

particular.

2.1.1 Production of a Single Resonance

We begin by investigating the amplitude for the production of a single baryonic resonance;

the decay and interference among resonances will come later. e amplitude can be written

as the contraction of hadronic and leptonic currents:

M = −i ⟨ν| −ig
4 cos θw j

μ
L |ν⟩ (iΔ̃Fμν) ⟨N∗| −ig

2 cos θw j
ν
H |N⟩ , (2.1)

where jL is the leptonic current, jN the hadronic current, and Δ̃F the Feynman propagator the

Z0. We have employed the conventional normalization for the charged lepton coupling. We

will denote the momentum of the incoming neutrino and nucleon, the outgoing neutrino

and resonance, and the intermediate boson by p and k, p′ and k′, and q(= p−p′), respectively.
We will denote the energies of the initial and nalٹ neutrino as E and E′, respectively. We can

orient the lab frame such that p is aligned along the z-axis. We will assume the nucleon is
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initially at rest and treat the neutrinos as massless. e leptonic current matrix element is

simple to evaluate using the rules in Table 1.2:

⟨ν| −ig
4 cos θw j

μ
L |ν⟩ = −i g

4 cos θw
ū(p′)γμ(1− γ5)u(p). (2.2)

Here u and ū are Dirac spinors representing the incoming and outgoing neutrinos, respec-

tively. In the unitary gauge, the Z0 propagator is

iΔ̃Fμν =
−i

q2 −m2
Z + iε

(
gμν −

qμqν
m2

Z

)
. (2.3)

We are interested in the regime where q2 ≪ m2
Z. In this limit, the propagator reduces to a

constant:

iΔ̃Fμν =
i
m2

Z
gμν + O

(
q2

m2
Z

)
. (2.4)

For themoment, we express the hadronic current as a dimensionless form factor by factoring

out the invariant mass of the resonance, W:

jμH = 2WFμ. (2.5)

Upon all substitutions, the amplitude becomes

M =
2WGF√

2
[ū(p′)γμ(1− γ5)u(p)] ⟨N∗| Fν |N⟩ , (2.6)

We have eliminated g in favor of the Fermi constant, GF.

We could square the amplitude and write out the cross section now; the resulting lep-

tonic tensor is simple to evaluate and the hadronic tensor can be expressed as a collection

of structure functions. Instead, we will write the cross section as a collection of structure

functions associated with each polarization state of the intermediate boson. We begin by

evaluating the leptonic currentmatrix element. It is easiest to begin in the lepton Breit frame

(FLB) where the leptons are antialigned and the momentum transfer is maximally spacelike.

is frame and others that will be used in the calculation are depicted in Figure 2.2. In FLB,

p|FLB = 1
2
√
Ł2(1, 0, 0, 1), p′|FLB = 1

2
√
Ł2(1, 0, 0,−1), (2.7)

where Ł2 ≡ −q2. In general, u(p) = (
√
pμσμξ,

√
pμ σ̄μξ)T, where σμ = (1, σ), σ̄μ =

(1,−σ), and ξ is a two-component spinor. Because they are le-handed, we have ξ =
( 0

1
)

for the incoming neutrino and ξ =
( 1

0
)
for the outgoing neutrino. Hence

u(p)|FLB =
(√

Ł2) 1
2 (0, 1, 0, 0)T, u(p′)|FLB =

(√
Ł2) 1

2 (1, 0, 0, 0)T, (2.8)
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Figure 2.2: Reference frames used in calculating the leptonic current matrix element. e transformation
between each frame is indicated in red. e lepton momenta are presented in red, the nucleon mo-
menta in blue. Intial momenta are light and nalٹ momenta are dark. emomenta labels correspond
to the notation discussed in the text.

and

ū(p′)γμ(1− γ5)u(p)|FLB = 2
√

Ł2(0,−1, i, 0)T. (2.9)

is matrix element can be identiٹed with the polarization vector of the Z0 and so it makes

sense to decompose it in that basis. We choose a basis with le and right circular and scalar

polarizations:

εμL|FLB = 1√
2(0, 1,−i, 0)T, εμR|FLB = − 1√

2(0, 1, i, 0)
T, εμS|FLB = (1, 0, 0, 0)T. (2.10)

en

ū(p′)γμ(1− γ5)u(p)|FLB = −2
√

2Ł2εμL|FLB . (2.11)

In order connect the matrix element to quantities in the lab frame, we rstٹ transform to

the lab frame where q is oriented along the positive z-axis, FL(q). To get to FL(q) from FLB,

we apply a boost of rapidity ξ, Λx(ξ), in the x-direction (reaching the nucleon Breit frame

in the process) and then a boost of rapidity φ, Λz(φ), in the z-direction. We can determine

ξ and φ by comparing transformed energies to lab frame energies (we will drop the frame
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subscripts from lab quantities).

(Λz(φ)Λx(ξ)q)0 |FLB = q0|FL(q) = q0 ⇒
√
Ł2 sinh φ = ν; (2.12)

(Λz(φ)Λx(ξ)p)0 |FLB = p0|FL(q) = p0 ⇒ 1
2
√
Ł2(cosh ξ cosh φ + sinh φ) = E. (2.13)

Here, ν ≡ E− E′. Together, Eqs. (2.12) & (2.13) imply that

sinh φ =
ν√
Ł2 , cosh ξ = E′ + E

|q| , (2.14)

where q is the three-momentum of the intermediate boson in the lab frame. Since q is still

aligned along the z-axis in FL(q), the transverse polarization states remain unchanged from

FLB; however, the longitudinal vector is now given by

εμS|FL(q) =
1√
Ł2 (|q|, 0, 0, ν)

T = (cosh φ, 0, 0, sinh φ)T. (2.15)

en the matrix element in FL(q) is

ū(p′)γμ(1− γ5)u(p)|FL(q) =2
√

Ł2(cosh φ sinh ξ, cosh ξ, i, sinh ξ sinh φ)T

=− 2
√

2E

√
Ł2

|q|2
(
uεμL|FL(q) − vεμR|FL(q) +

√
2uvεμS|FL(q)

)
, (2.16)

where we have introduced

u =
E+ E′ + |q|

2E
, v = E+ E′ − |q|

2E
. (2.17)

e R-S model makes use of the Feynman-Kislinger-Ravndal (FKR) relativistic quark

model[116] to calculate the hadronic matrix elements. is model requires we work in the

resonance rest frame, FRR. FRR is reached via a boost in the z-direction, aer which the form

Eq. (2.16) is still valid, but the polarization states are evaluated in the new frame. In this

frame,

ν|FRR =
mN

W

((
W2

m2
N
− 1
)
mN − ν

)
|q||FRR =

mN

W
|q|, (2.18)

where mN is the mass of the initial nucleon; hence,

εμS|FRR =
1√
Ł2

mN

W

(
|q|, 0, 0,

(
W2

m2
N
− 1
)
mN − ν

)T

. (2.19)
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e transverse states continue to be unaffected. Now we can decompose the hadronic form

factor in the polarization state basis:

F− = εμLFμ =
1√
2
(Fx|FRR − iFy|FRR), (2.20)

F+ = εμRFμ = − 1√
2
(Fx|FRR + iFy|FRR), (2.21)

F0 =
W
mN

√
Ł2

|q|2 ε
μ
SFμ = Ft|FRR +

ν|FRR
|q||FRR

Fz|FRR , (2.22)

and since the momentum transfer lies on the z-axis in FRR, we can write the helicity ampli-

tudes for resonance production in terms of these operators:

f±|2jz| = ⟨N, jz ± 1| F± |N∗, jz⟩ , f0± =
⟨
N,± 1

2

∣∣ F0
∣∣N∗,± 1

2

⟩
. (2.23)

ese amplitudes can be calculated in the framework provided by the FKR model[116].

Rein and Sehgal have done so for all salient resonances with mass below 2 GeV/c2 and have

tabulated their results in Ref. [115]. e amplitude in Eq. (2.6) can now be written as

M =− 4WGFE

(√
Ł2

|q|2 ⟨N
∗| uF− − vF+ |N⟩+ mN

W
⟨N∗|

√
2uvF0 |N⟩

)
(2.24)

=− 4WGFE

(√
Ł2

|q|2
(
u f+|2jz| − v f−|2jz|

)
+

mN

W
√

2uv f0±

)
(2.25)

We introduce a function ρ(W) to modify the invariant mass phase space in the appropriate

way:

ρ(W) =

 δ(W−M) negligble width resonance
1
2π

Γ
(W−M)2+Γ2/4 niteٹ width resonance

. (2.26)

en the differential cross section is related to the amplitude in the usual way, giving

dσ
dŁ2dW

=
π
EE′

dσ
dΩdW

=
1

64πm2
NE2 ρ(W)

1
2
∑
spin

|M(νN → νN∗)|2 . (2.27)

Because the helicity amplitudes comprising the total amplitude do not interfere, the cross

section separates into three partial cross section:

dσ
dŁ2dW

=
G2

F
4π2

Ł2

|q|2
W
mN

κ (u2σL + v2σR + 2uvσS) , (2.28)



2. Neutrino-Induced π0 Production by the Neutral Current 59

where

σL/R =
π
κ
W
mN

ρ(W)
1
2
∑
k=1,3

| f−/+k|
2, σS =

m2
N

W2
|q|2
Ł2

π
κ
W
mN

ρ(W)
1
2
∑
k=0±

| fk|
2, (2.29)

and κ =
W2−m2

N
2mN

and is introduced by convention. e form of Eq. (2.28) applies generally

to neutral current, inelastic neutrino scattering. In the case of antineutrino scattering, the

le and right partial cross sections switch roles, i.e.

dσ̄
dŁ2dW

=
G2

F
4π2

Ł2

|q|2
W
mN

κ (u2σR + v2σL + 2uvσS) . (2.30)

2.1.2 Pion Production from Several Resonances

With the cross section for the production of a single resonance and a knowledge of how itwas

constructed in hand, we can now move on to calculating the cross section for π0 production

via the production and decay of several resonances.

For a given resonance, N∗γ, we introduce a decay amplitude,

η(N∗γ → Nπ) = ηγ(W) = sgn(N∗γ)
√

ΓπNηγ
BW(W), (2.31)

that consists of three factors. e rstٹ is the sign of the resonance. It must be determined

independently since the decay and production amplitudes did not stem from the same cal-

culation. e second factor,
√

ΓπN, is the square root of the branching fraction for the decay

into a πN nalٹ state. e nalٹ factor is a Breit-Wigner factor:

ηγ
BW(W) =

√
Γγ

2πNγ

1
W−Mγ + i/2Γγ

, (2.32)

where the width of the resonance varies with W and the orbital angular momentum, L,
according to

Γγ = Γ0
γ

(
qπ(W)

qπ(Mγ)

)2L+1

, (2.33)

qπ(W) = |qπ||CM(Nπ) =
1

2W
√
(W2 − m2

N −m2
π)

2 − 4m2
Nm2

π, (2.34)

and Nγ is a correction enforcing
∫∞
Wmin

ηγ
BW(W) dW = 1.
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Appending ηγ(W) to the previously discussed production amplitude of a resonance, f γk ,

gives us the reduced amplitude for the production of a single resonance and its decay into a

Nπ nalٹ state:

ak(N∗γ) = f γk η
γ. (2.35)

Finally, the reduced amplitude for the production of a particular nalٹ state,Ak, is constructed

by adding the ak for the applicable resonances. e contribution of each resonance is scaled

by the Clebsch-Gordan coefficient consistent with isospin of the nalٹ state. e decompo-

sition of the two nalٹ states of interest, pπ0 and nπ0, in the total isospin basis is

pπ0 →
∣∣∣ 12 1

2

⟩
|1 0⟩ =

√
2
3

∣∣∣32 1
2

⟩
−
√

1
3

∣∣∣ 12 1
2

⟩
nπ0 →

∣∣∣ 12 − 1
2

⟩
|1 0⟩ =

√
2
3

∣∣∣32 − 1
2

⟩
+

√
1
3

∣∣∣ 12 − 1
2

⟩
. (2.36)

Conventionally, isospin 1/2 resonances are labeled as N∗ and isospin 3/2 as Δ. en Ak for

the nalٹ states of interest is

Ak(pπ0) =

√
2
3
∑
all Δ+

ak(Δ+)−
√

1
3
∑

all N∗+

ak(N∗+) (2.37)

Ak(nπ0) =

√
2
3
∑
all Δ0

ak(Δ0) +

√
1
3
∑
all N∗0

ak(N∗0) (2.38)

Resonances are further speciٹed using a partial wave notation L2I2J, where L is the orbital
occupied by the Nπ system, I its isospin, and J its spin. For example, the Δ(1232)P33 reso-
nance occupies the P orbital (L = 1) and has isopin 3/2, spin 3/2, and amass of 1232MeV/c2.
e R-S model accounts for all resonances below 2 GeV/c2; they appear in Table 2.1. As an
exercise, we can write out the squared magnitude of Ak(pπ0) using this notation as

|Ak(pπ0)|2 =
∣∣∣∣√2

3
∑

ak(S+31)−
√

1
3
∑

ak(S+11)
∣∣∣∣2 +∑

j=1,3

∣∣∣∣√2
3
∑

ak(P+3j )−
√

1
3
∑

ak(P+1j )
∣∣∣∣2

+
∑
j=3,5

∣∣∣∣√2
3
∑

ak(D+
3j )−

√
1
3
∑

ak(D+
1j )

∣∣∣∣2
+
∑
j=5,7

∣∣∣∣√2
3
∑

ak(F+3j )−
√

1
3
∑

ak(F+1j )
∣∣∣∣2 .

(2.39)
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Resonance Γ0 (MeV/c2) ΓπN

Δ(1232) P33 120 0.9944
N(1440) P11 350 0.65
N(1520) D13 120 0.55
N(1535) S11 150 0.475
Δ(1600) P33 350 0.175
Δ(1620) S31 140 0.25
N(1650) S11 150 0.7
N(1675) D15 150 0.45
N(1680) F15 130 0.65

Resonance Γ0 (MeV/c2) ΓπN

Δ(1700) D33 300 0.15
N(1700) D13 100 0.1
N(1710) P11 100 0.15
N(1720) P13 150 0.15
Δ(1905) F35 350 0.1
Δ(1910) P31 300 0.225
Δ(1920) P33 250 0.2
Δ(1950) F37 240 0.4
N(1970) F17 325 0.05

Table 2.1: Nucleonic resonances with mass below 2 GeV/c2. e resonance symbol indicating the mass
of the resonance in MeV/c2, the Breit-Wigner width, Γ0, and the πN branching ratio, ΓπN are tabu-
lated. e listing reٺects the parameters used in implementation of the R-Smodel in theMiniBooNE
version of the nuance neutrino event generator. It includes the resonances addressed by Ref. [115]
with parameters updated from the 2004 Particle Data Group Review of Particle Physics[117].

Here the inner sums indicate summation over all partial wave resonances corresponding to

the symbol. We have also simpliٹed the expression by exploiting the fact that only reso-

nances with the same orbital angular momentum and spin can interfere.

e cross section follows immediately: Eqs. (2.28) & (2.30) remain valid, but the ap-

propriate Ak replaces fk and the Breit-Wigner factor in the partial cross sections deٹned in

Eq. (2.29):

σL/R(νN → νNπ0) =
π
κ
W
mN

1
2
∑
k=1,3

|A−/+k(π0N)|2, (2.40)

σS(νN → νNπ0) =
m2

N
W2

|q|2
Ł2

π
κ
W
mN

1
2
∑
k=0±

|Ak(π0N)|2. (2.41)

2.1.3 Dynamics of Production

Rein& Sehgal rely on the FKR relativistic quarkmodel to provide the dynamics of resonance

production in their model. e FKR model treats a baryon as a three-element harmonic

oscillator, hence the Hamiltonian

H = 3
(
p2a + p2b + p2c

)
+

Ω2

36
(
(uq − ub)2 + (ub − uc)2 + (uc − ua)2

)
+ const, (2.42)

where pi is the four-momentum of quark i and ui the conjugate position. Ω is a free param-
eter that must be determined by experiment. One can then construct the current operators
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F±,0 of Eqs. (2.20)–(2.22) from isospin, spin, and the oscillator ladder operators and the set
of coefficients:

TV =
1

3W

√
Ω
w
GV(Ł2), TA =

2
3
Z
√

Ω
2
mN
W

Ł
(W+mN)2 + Ł2G

A(Ł2),

RV =
√

2
mN
W

(W+mN)W
(W+mN)2 + Ł2G

V(Ł2), RA =
Z
√

2
6W

(
W+mN +

2nΩW
(W+mN)2 + Ł2

)
GA(Ł2),

S =
Ł2

|q|2
3WmN − Ł2 −m2

N
6m2

N
GV(Ł2), B =

Z
3W

√
Ω
2

(
1+

W2 −m2
N − q2

(W+mN)2 + Ł2

)
GA(Ł2),

λ =

√
2
Ω
mN
W

Ł, C =
Z

6mNŁ

(
W2 −m2

N − nΩ W2 −m2
N − Ł2

(W+mN)2 + Ł2

)
× GA(Ł2). (2.43)

In these coeffecients, n is the number of oscillator quanta excited and Z is a normaliza-

tion factor included to correct the SU(6)-predicted value of the axial-vector form factor at

Ł2 = 0 to the experimentally observed value. e transition form factors consist of an ad
hoc resonance-dependent factor that compensates for unphysical features and a dipole form

factor with an empirically determined mass parameter:

GV,A =

(
1+

Ł2

4m2
N

) 1
2−N
(
1+

Ł2

m2
V,A

)−2

. (2.44)

It follows that the helicity amplitudes deٹned in Eq. (2.23) can be expressed as a linear com-

bination of the coefficients in Eq. (2.43). e helicity amplitudes for the resonances ap-

pearing in Table 2.1 have been tabulated in Ref. [115]. As an illustration, we list the helicity

amplitudes for the prominent Δ(1232) resonance here:

f+3 =
√

6
(
RV + RA − 2 sin2 θWRA) , f0− = −2

√
2C, (2.45)

f+1 =
√

2
(
RV + RA − 2 sin2 θWRA) , f−1 = −

√
2
(
RV − RA − 2 sin2 θWRA) , (2.46)

f0+ = −2
√

2C f−3, = −
√

6
(
RV − RA − 2 sin2 θWRA) . (2.47)

ey are the same for both proton and neutron targets.

2.1.4 Nonresonant Background

Resonance production does not account for all incoherent single pion production in the res-

onance region (W < 2 GeV). To duplicate observations, Rein and Sehgal incorporated a
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Figure 2.3: Incoherent NC 1π0 production cross sections predicted by R-S model as a function of neutrino
energy. e total incoherent (thick line), resonant (solid line), and nonresonant (dotted line) total
cross sections as a function of incident neutrino energy are presented for neutrinos (blue line) and
antineutrinos (green line) for both (a) free proton and (b) free neutron targets.

background ansatz consisting of a resonance amplitude of P11 nature with the decay am-

plitude replaced by a constant; the background cross section is added incoherently to the

resonance cross section. By extracting and comparing the I = 1
2 and I = 3

2 resonance am-

plitudes in low-energy, charged current, single pion production data, they determined the

scale constant to be close to unity. With this last ingredient, the model is complete and we

can calculate cross sections. e predictions of the R-Smodel as implemented in the version

of the nuance neutrino event generator used by MiniBooNE (discussed in §4.2) appear in

Figures 2.3, 2.4 & 2.5. e contribution of the nonresonant background to the total cross

section is small in the few-GeV region.

2.2 Coherent Production

Rein & Sehgal described a model for coherent pion production relying on the partially con-

served axial current (PCAC) hypothesis[118]. Coherent production necessarily occurs in the

limit Ł2 → 0. Adler’s theorem[119] conjectures that the neutrino cross section at Ł2 = 0

depends only on the divergences of the axial and vector currents. Furthermore, the con-

served vector current (CVC) hypothesis implies that the vector contribution to the cross

section is zero in the same limit. us, coherent pion production is axial dominated. Con-
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Figure 2.4: Incoherent NC 1π0 production W differential cross sections predicted by R-S model. e dif-
ferential cross section for incoherent production as a function of the invariant mass of the hadronic
system—W—is presented for for neutrinos (blue line) and antineutrinos (green line) when the in-
cident neutrino energy is 1 GeV (solid line) and 10 GeV (dotted line) for both (a) free proton and
(b) free neutron targets.
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Figure 2.5: IncoherentNC 1π0 production Ł2 differential cross sections predicted by R-S model. e differ-
ential cross section for incoherent production as a function of the squared magnitude of the momen-
tum transfer—Ł2—is presented for for neutrinos (blue line) and antineutrinos (green line) when the
incident neutrino energy is 1 GeV (solid line) and 10 GeV (dotted line) for both (a) free proton and
(b) free neutron targets.
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tinuing in the same limit, the partially conserved axial current (PCAC) hypothesis relates

the divergence of each isospin component of the the axial current, Ai
μ to the pion ,eldٹ φi:

∂μAi
μ = fπm

2
πφi, (2.48)

where fπ is the pion decay constant. Since the scalar partial cross section (from Eq. (2.29))

diverges at Ł2 = 0 while the le and right handed partial cross sections remain ,niteٹ σS

gives the only contribution to the total cross section at Ł2 = 0. e application of Adler’s

theorem, together with the PCAC, leads to

σS =
|q|
κŁ2

1
2
f 2
π σπA, (2.49)

where σπA is the the cross section for pion-nucleus scattering producing the desired hadronic

nalٹ state[1]. Rein & Sehgal evaluate the kinematic variables in Eq. (2.29) at Ł2 = 0, sub-

stitute Eq. (2.49) for the scalar partial cross section, and attach a dipole axial form factor to

extrapolate to Ł2 > 0, giving:

dσ(νA → νAπ0)

dŁ2dydt
=

G2
F

2π2
1
2
f 2
π
1− y
y

(
M2

A
Ł2 +M2

A

)2 dσ(π0A → π0A)
dt

. (2.50)

Here y = v/E and t is the usual Mandelstam variable. us invoking PCAC reduces the

problem of neutrino-nucleus scattering to themuchmore tractable problem of pion-nucleus

scattering. To model the pion-nucleus cross section, Rein & Sehgal extrapolate the differ-

ential pion-nucleon cross section at t = 0 (an approximation) from the total cross section

using the optical theorem and attach a nuclear form factor to account for nuclear dynamics.

is process yields

dσ(π0A → π0A)
dt

= e−b|t|Fabs
1

16π
(σπ0N

tot )2(1+ r2). (2.51)

Here, r = Re fπN(0)/ Im fπN(0) is the usual optical theorem quantity and Fabse−bt is the

empirically speciٹed nuclear form factor accounting for absorption.

e R-S model of coherent pion production has been successful in describing scattering

at high energy (greater than few GeV)[120], but doubts have been raised about its valid-

ity at lower energy[121–123]. e model appears to signiٹcantly overestimate production
1We have explicitly included the fact that fπ0 = fπ/

√
2 in this expression.
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at these energies. Several models have since been constructed in an attempt to compensate

for the deٹciencies in the R-S model. [120–122, 124–130]. Some of these models continue

to use PCAC, but attempt to more accurately portray the kinematics involved, e.g. forgo

xingٹ the kinematics of Eq. (2.29) at Ł2 = 0, and better model the pion-nucleus cross sec-

tion. A comparison of the prediction of a recent PCAC model and the R-S model appears

in Figure 2.6.Yet other models are taking a microscopic approach. Rather than the “top-

down” approach of PCAC, these models directly model neutrino-nucleon interactions and

compute the coherent sum over the nucleus. ese models strongly depend on how the ex-

citation and propagation of the Δ resonance is treated. Excitation of the resonance is usually

handled in the Rarita-Schwinger formalism with a generic parameterization of the vector

and axial vector currents. For charged-current interactions, this matrix element reads[122]:

⟨
Δ+; pΔ = p+ q

∣∣ jμCC+ |N; p⟩ = cos θCūα(pΔ)

[
γ5
[CV

3

M
(gαμ/q − qαγμ)

+
CV

4

M2 (g
αq · pΔ − qαpμΔ) + CV

5 (gαμq · p− qαpμ) + CV
6gαμ

]
+
[CA

3

M
(gαμ/q − qαγμ)

+
CA

4

M2 (g
αμq · pΔ − qαpμΔ) + CA

5 gαμ +
CA

6
M2 q

μqα
]]

u(p), (2.52)

where u and ū areRarita-Schwinger spinors andCV,A
i are vector and axial vector form factors.

What is important to note is that the CA
5 form factor is dominant among axial contributions.

It is also rather uncertain. Up until recently, the value of CA
5 assumed was customarily de-

duced from theGoldberger-Treiman relation, giving a value of 1.2. is value is implicitly set

in PCAC-based models. However, an tٹ of early neutrino scattering bubble chamber data

at ANL yielded a value of 0.89[131]. A follow up to this analysis resulted in values∼ 1[132],

which is still in violation of the Goldberger-Treiman relation. Since the total cross section

roughly depends on the square of CA
5 , these different assumptions lead to substantially dif-

ferent predictions. Besides the production of the Δ, the variety of models also differ in their

treatment of the propagation of the resonance. Some treat it locally, meaning that the am-

plitude can be separated into factors encoding the nuclear size information and the pion

production amplitude separately (much like the PCAC-based models) while others attempt

to model the propagation of the Δ in full. A demonstration of the effect of each assumption

can be found in Figure 2.7.
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Figure 2.6: Comparison of Berger-Sehgal model of coherent pion production to Rein-Sehgal modele -gٹ
ure depicts the total cross section for coherentNC 1π0 production as a function of energy as predicted
by the Berger-Sehgal model (solid line) and the Rein-Sehgal model (dotted line). From Ref. [120].
Copyright 2009 by the American Physical Society.

Figure 2.7: Comparison of microscopic coherent
pion production models under various assumptions.
eprediction of themodel of Leitner et al.[129]
for both charged current coherent pion pro-
duction (top) and neutral current (bottom) are
shown. e predictions are modiٹed by the as-
sumption of the value of CA

5 and the level to
which Δ propagation is modeled. Notice that as
more recently informed assumptions are intro-
duced (full propagation, lower CA

5 ), the predic-
tion decreases. eٹgure also shows the predic-
tion of Ref. [121]. From Ref. [129]. Copyright
2009 by the American Physical Society.
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Regardless of the mechanism, the majority of the recent models of coherent pion pro-

duction share two traits. First, they predict diminished production at intermediate energies.

e reduction can be dramatic. Whereas the R-S model predicts that the coherent fraction

of exclusive NC 1π0 production to be ∼ 30% at MiniBooNE, a revised PCAC model pre-

dicts∼ 5%[120]. Second, they each predict the production to more strongly conٹned to the

forward direction.

2.2.1 Diffractive Production

Neutrinos may also produce pions by diffractively scattering off individual nucleons. is

process also occurs in the low Ł2 limit, and so, is amenable to a PCAC-based treatment in

analogy with coherent scattering. Such a model is described by Rein[133].

2.3 Nuclear Effects

e nucleus is a dense collection of highly interacting particles. Hence it is natural to ex-

pect that the nuclear medium can signiٹcantly modify both how interactions occur and the

makeup of the nalٹ state. In the former category, one must consider the phenomenon of

Pauli blocking, in which interactions that produce nucleons in an already occupied momen-

tum state are forbidden from occurring. e nuclear medium also modiٹes the resonance

itself. e mass and width of resonances is known to change when bound. Also, resonances

may interact and de-excite while traversing the nucleus before ever producing a pion.

Once a pion is produced it must then escape the nucleus. Given the strength of the

interaction between pions and nucleons, it is unlikely do so unscathed. Pion kinematics

can be altered by elastic scattering. Worse yet, pions can be destroyed in charge exchange

or absorption events. Under charge exchange, a pion can swap charge with an appropriate

nucleon. In this matter, a π0 can be converted to a charged pion and vise versa. Absorption

simply eradicates pions. e rates of these processes are largely determined empirically;

a collection of measurements appears in Figure 4.7. In this sense, if one were to view the

nucleus as a single entity, onemay deٹne inclusive π0 production as those interactions which

produce a π0 leaving the nucleus, regardless of it being the result of an exclusive incoherent
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or coherent interaction or these additional nuclear effects.

e variation in the modeling of the nucleus adds additional uncertainty to already un-

certain neutrino scattering cross sections. Since the effects are so entangled with the cross

sections, recent efforts have begun developing nuclear models in tandem with cross section

models[134]. Greater detail on the speciٹcs of the MiniBooNE implementation appears in

Chapter 4.

2.4 Experimental History

Measurements of neutral current pion productionwere born out of the larger search for neu-

tral currents during the development of the theory of weak interactions. Shortly aer the

rstٹ observation of neutral currents by the Gargamelle collaboration, Barish, et al observed
incoherent neutral current pion production in the ArgonneNational Laboratory (ANL) 12-

bubble chamber[135]. ey reported their measurement as a ratio of total NC 1π0 produc-

tion to total NC 1π+ production. Further measurements of incoherent NC 1π0 produc-

tion from this era continued to be reported as ratios relative to another channel[136–142].

ese experiments were constrained to produce ratio measurements because of their limited

knowledge of the neutrino .uxٺ Even so, the ratios proved useful in elucidating the struc-

ture of the weak hadronic current. In particular, these measurements demonstrated that

the transition to the hadronic nalٹ state is predominantly isovector (ΔI = ±1) in nature,

as opposed to isoscalar. Measurements of the absolute cross section of incoherent NC 1π0

production remain few in number. e Aachen-Padova collaboration published a prelimi-

nary measurement as a footnote to another measurement[142]. More recently, E.A. Hawker

undertook a re-analysis of Gargamelle data to produce absolute cross sections as well[143].

Coherent NC 1π0 production was rstٹ observed as an anomaly. e Aachen-Padova

collaboration found the angular distribution of their “naked π0” sample—so-called because

no outgoing proton was observed—to be much more sharply peaked in the forward di-

rection than a control sample of events in which an outgoing proton was observed[142].

ey attributed the excess in the forward region to coherent π0 production and reported an

absolute cross section. Unlike incoherent NC 1π0 production, most measurements of co-

herent NC 1π0 production consist of absolute cross sections[142, 144–147]. Additionally,
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experiments running in the next generation of neutrino beams were able to produce mea-

surements at a neutrino energy much higher than that typical of the incoherent NC 1π0

production measurements[145–147]. Recently, the MiniBooNE collaboration produced a

measurement of the coherent fraction ensuing the rstٹ observation of coherent NC 1π0 pro-

duction at Eν < 2 GeV[123]. e coherent fraction is the fraction of all coherent and inco-

herent NC 1π0 production that is coherent.

With the focus on νe-appearance oscillation searches growing, interest has turned to-

ward measurements that can better characterize the π0 background in those experiments.

Because the particular mechanism of production is irrelevant to estimating the the π0 back-

ground, the needs of oscillation searches are best met bymeasurements of all neutral current

processes that may result in a π0 exiting the nucleus. is inclusive NC π0 production has

been measured twice[148, 149], both times as a total cross section ratio relative to inclusive

charged current production.

e current body ofNC 1π0 productionmeasurements stands less prodigious than those

of the analogous charged current channels; it is listed in Tables 2.2–2.4. e measurements

are limited both in scope and statistics. e majority of the measurements are simply total

cross section ratios. Only a few absolute measurements have been made in the few-GeV re-

gion inwhich future νe-appearancewill take place and currentmodels ofNC 1π0 production

vary wildly in their predictions. Given that only a few thousand neutrinoNC 1π0 events and

only a few hundred antineutrino events have been observed in total in the few-GeV region,

the measurements are also subject to substantial statistical error.

;
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Cross
Section Normalization Experiment Target Eν

(GeV) Measurement

σ(νpπ0)

/σ(μ−pπ+)
ANL[135] H2, D2 ∼ 0.6 0.51(25)
ANL[141] D2 ∼ 0.6 0.09(5)

/σ(μ−pπ0)
GGM[140] C3H8 +

CF3Br ∼ 2 0.56(9)

ANL[141] D2 ∼ 0.6 0.26(14)

/σ(νμpπ−)
GGM[140] C3H8 +

CF3Br ∼ 2 1.25(34)

ANL[141] D2 ∼ 0.6 0.8(5)

/σ(νμnπ+) GGM[140] C3H8 +
CF3Br ∼ 2 1.65(36)

/1 AP[142] Al ∼ 2 10.8(19)× 10−40 cm2

GGM[143] C3H8 +
CF3Br ∼ 2 0.13(2)× 10−38 cm2

σ(νnπ0)

/σ(νμnπ+) GGM[140] C3H8 +
CF3Br ∼ 2 0.98(29)

/σ(νμpπ−) GGM[140] C3H8 +
CF3Br ∼ 2 0.75(26)

/σ(μ−pπ0) GGM[140] C3H8 +
CF3Br ∼ 2 0.34(9)

/1 GGM[143] C3H8 +
CF3Br ∼ 2 0.08(2)× 10−38 cm2

σ(ν̄μpπ0) /1 AP[142] Al ∼ 2 6.2(16)× 10−40 cm2

σ(νμNπ0) /2σ(μ−pπ0)

GGM[136] CF3Br ∼ 2 [0.10,0.20][†]
AP[137] Al ∼ 2 0.40(6)[†]
CIR[138] Al ∼ 1 0.17(4)[†]
AP[142] Al ∼ 2 0.47(6)

σ(ν̄μNπ0)
/2σ(μ+nπ0)

GGM[136] CF3Br ∼ 2 [0.26,0.44][†]
AP[137] Al ∼ 2 0.61(10)[†]
CIR[138] Al ∼ 1 0.17(4)[†]

GGM[139] C3H8 +
CF3Br ∼ 2 0.57(1011 )

AP[142] Al ∼ 2 0.62(8)

/σ(ν̄μpπ−) GGM[139] C3H8 +
CF3Br ∼ 2 2.4(86)

† ese measurements have not been corrected for nuclear effects.

Table 2.2: Current measurements of incoherentNC 1π0 production. Cross sections are identiٹed by nalٹ
state. Most measurements are normalized to a different channel, as indicated by the “Normaliza-
tion” column. e measurements include those made from data collected by the collaboration at the
ANL 12- bubble chamber, the Gargamelle collaboration at CERN (GGM), the Columbia-Illinois-
Rockefeller collaboration at BNL (CIR), and the Aachen-Padova collaboration at CERN (AP).
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Absolute Cross Section

Mode Experiment Target Eν (GeV) Measurement
(10−40 cm2/nucleus)

νμ

AP[142] Al: ⟨A⟩ ≈ 27.0 ∼ 2 29(10)
GGM[144] CF3Br: ⟨A⟩ ≈ 29.8 ∼ 2 31(20)
SKAT[145] CF3Br: ⟨A⟩ ≈ 29.8 ∼ 7 52(19)

CHARM[146] CaCO3: ⟨A⟩ ≈ 20.0 ∼ 31 96(42)
NOMAD[147] ⟨A⟩ ≈ 12.8 ∼ 24 72.6(81)stat(69)sys

ν̄μ

AP[142] Al: ⟨A⟩ ≈ 27.0 ∼ 2 25(7)
GGM[144] CF3Br: ⟨A⟩ ≈ 29.8 ∼ 2 45(24)

CHARM[146] CaCO3: ⟨A⟩ ≈ 20.0 ∼ 31 79(26)

Coherent Fraction

Mode Experiment Target Eν (GeV) Measurement (%)

νμ MiniBooNE[123] CH2: ⟨A⟩ ≈ 12.0 ∼ 0.8 19.5(11)stat(25)sys

Table 2.3: Current measurements of coherentNC 1π0 production. Mostmeasurements are of the absolute
total cross section. e one exception is a measurement of the coherent fraction—the fraction of
total coherent and incoherent NC 1π0 production that is coherent. e mean atomic number of each
target is given. e target of the NOMAD experiment consists of multiple materials; its chemical
composition is omitted from the table. e SKAT experiment operated in the neutrino beam at IHEP
Serpukhov. e CHARM and NOMAD experiments operated in the SPS neutrino beam at CERN.

Measurement Experiment Target Eν (GeV) Value
σ(NC 1π0 inclusive)

σ(CC inclusive) K2K[148] H2O ∼ 1.3 0.064(1)stat(7)sys
σ(NC π0 inclusive)
σ(CC inclusive) SciBooNE[149] C8H8 ∼ 0.8 0.077(5)stat(5)sys

Table 2.4: Current measurements of inclusive NC π0 production. Both measurements of inclusive
NC 1π0 production are presented as ratios relative to the measured total charged current cross sec-
tion. e SciBooNE measurement is not strictly a measurement of NC 1π0 production: it includes
events in which more than one π0 is produced.
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3 Hardware

MiniBooNE was conceived as a test of the result of the LSND experiment. Obvi-

ously, the two components constitute the hardware necessary to accomplish such a

task are a neutrino beam and a neutrino detector. e beam and the detector were designed

to maximize the sensitivity to a faint νμ → νe oscillation signal at ΔM2 ≈ 1 eV2. Even

so, MiniBooNE has demonstrated the versatility to pursue additional physics goals, such as

measuring neutrino cross sections. In this chapter we will rstٹ discuss the beam conٹgu-

ration and then go on to describe the detector. More detailed descriptions of the beam and

detector can be found in Refs. [150–153].

3.1 Booster Neutrino Beamline

e production of the Booster neutrino beam can be divided into three distinct phases: a

primary beam of protons collides with a beryllium target housed in a magnetic focusing

horn to produce a secondary beam of mesons which decays to produce a tertiary beam of

neutrinos. e location of the beam components on the Fermilab site can be seen in Fig-

ure 3.1.

3.1.1 Primary Beam: Protons

e primary proton beam is accelerated in three stages. To begin, H− ions are accelerated

across a 750 kV gap created by a Cockro-Walton generator. In the second stage, a linear
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Figure 3.1: MiniBooNE site plan. Highlighted are the Booster, the beam extraction point just before entering the Main Injector, the target hall
and decay pipe, and the MiniBooNE detector. Adapted from Ref. [152].
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accelerator (Linac) pushes the beam to 400 MeV in kinetic energy. e H− ions then enter

third and nalٹ stage: the Booster. e Booster is a 474 m-circumference synchrotron op-

erating at a cycle frequency of 15 Hz and a harmonic number of 84 (meaning that the RF

frequency is 84 times the revolution frequency of the protons). Upon entering the Booster,

a stripping foil removes the electrons from the debunchedH− ions and the resulting protons

llٹ the ring. e protons are adiabatically collected into 84 RF buckets and the RF frequency

begins to ramp up from its initial value of 37.77 MHz. Because the rise time of the extrac-

tion magnets is longer than the spacing between bunches at extraction, some bunches will

receive an insufficient impulse and impact on the beam magnets. To reduce beam losses, a

kicker magnet is activated 5 ms into the RF frequency ramp to empty three buckets. e

beam losses incurred at this lower energy are substantially less than those that would be in-

curred at extraction. e RF frequency ramp completes 33 ms aer its start at a nalٹ value of

52.81 MHz. In turn, the beam kinetic energy is boosted to 8 GeV. Aer acceleration, the col-

lection of protons, known as a spill, is extracted in a single turn by a kicker magnet and sent

along a transfer beamline toward the Main Injector. Each spill typically includes between

1× 1012 and 5× 1012 protons extended over∼1.6 μs. Spills are not uniform in structure: the

protons are divided into 81 bunches, each ∼2 ns wide and spaced ∼19 ns apart.

Spills are diverted into theBoosterNeutrino Beamline (BNB)by a switchmagnet at the end

of the Main Injector transfer line. e BNB is composed of a series of dipole and focusing-

defocusing (FODO) quadrupole magnets. It ends in a FODO triplet that focuses the beam

to a ∼1 mm spot on the face of the target and a waist of zero dispersion halfway along

the target. Split-plate beam position monitors (BPMs) with an accuracy of 0.1 mm and a

multiwire chamber report the beam position at multiple locations upstream of the target.

e multiwire chamber additionally reports the beam width. Two toroids upstream of the

target measure the beam current. ey permit a measurement of the number of protons-on-
target (POT) with a 2% systematic uncertainty.

3.1.2 Secondary Beam: Mesons

e primary beam impinges on a beryllium target and the ensuing interactions produce a

spray of secondary particles, including pions, kaons, and nucleons. A magnetic horn sur-
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(a)

(b) (c)

Figure 3.2: e MiniBooNE target. (a) An exploded diagram of the MiniBooNE target assembly.
e beryllium slugs making up the primary target are highlighted in green. (b) A proٹle view of
the assembled MiniBooNE target. With (a), adapted from Ref. [151]. (c) A rendering of the mag-
netic horn illustrating the position of the target assembly. e horn is rendered partially transparent
and the target is highlighted in color. Courtesy of Bartoszek Engineering. In each illustration, the
upstream direction is to the le.

rounding the target focuses charged particles of a selected sign toward the forward direction.

Rather than a solid element, seven cylindrical, beryllium slugs, each 4 in (10.16 cm) in

length and 1 cm in diameter, make up the primary target. ey are arranged end on end

to provide a target 71.12 cm in total length. e beam deposits ∼ 610 W in the target, so

measuresmust be taken to cool it. ree radial cooling nsٹ are arranged symmetrically about

the longitudinal axis of each slug. e slugs are supported by the nsٹ in a beryllium tube,

which, in turn, is supported in another beryllium tube that is terminated at the downstream

end by a beryllium cap. e channel between the two tubes forms a duct. e structure is

mounted at the upstream end to an aluminum manifold block. A closed-loop system cools

the target: air is circulated over the slugs in the inner tube, returns through the outer tube,

and passes through ltersٹ and across a heat exchanger before being recycled. e target

assembly is placed inside the horn, but remains structurally independent to permit a simple

removal should it become necessary. Schematics of the target assembly appear in Figure 3.2.

A magnetic horn operates on the principle that a toroidal magnetic eldٹ surrounding a

divergent particle beam will apply a force counter to the direction of the transverse momen-
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tum for particles of a certain sign. Particles of the opposite sign will receive a boost to their

transverse momentum and be defocused.

e MiniBooNE horn is depicted in Figure 3.3. It is a toroidal electromagnet consisting

of two azimuthally symmetric, concentric conductors fabricated from 6061 T6 aluminum

alloy. e outer conductor is 30 cm in radius while the inner conductor varies in radius

from 2.2 cm to 6.54 cm. A toroidal cap joins the two conductors at the downstream length,

which gives the horn a total length of 185.4 cm. e horn current is sourced from a capacitor

bank located in the support building above the target hall, mediated by an LC circuit, and

sent via stripline conductors to the upstream end of the horn. e LC circuit generates a

half-sinusoid pulse with a width of 143 μs and timed to peak at 173 kA when the beam spill

arrives at the target. e current induces a toroidal magnetic eldٹ in the volume between the

two conductors whose intensity falls with the inverse of the radial distance from the center

of the horn. e eldٹ intensity peaks where the inner conductor is narrowest at 1.5 T; the

measured radial dependence of the eldٹ intensity appears in Figure 3.4. When operating in

neutrino mode, the current owsٺ from the inner conductor to the outer conductor to focus

positively-charged secondaries; in antineutrino mode the owٺ is reversed.

e large current passing through the horn induces signiٹcant heating. A closed-loop

radioactive water system cools the horn. Nozzlesmounted inside the horn cavity spraywater

onto the inner conductor. Water is drained from the horn cavity and recycled. To extend

the life of the horn, the nozzles are mechanically isolated from the horn so they are not

susceptible to the vibrations induced by the current. While the Booster can produce spills

at 15 Hz, the cooling capacity of the horn and target as well as mechanical concerns limit the

BNB to accepting spills at a maximum average rate of 5 Hz. Typically, ten spills are sent to

the BNB at 15 Hz aer which the horn is allowed to cool for ∼ 1.5 s and the next train of

spills of is sent.

3.1.3 Tertiary Beam: Neutrinos

A concrete collimator, located 259 cm downstream of the upstream face of the target, halts

the progress of off-axis secondaries that would not otherwise contribute to the neutrino .uxٺ

e width of the collimator at its opening is 30 cm and the width grows to 35.5 cm over its
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Figure 3.3: Rendering of horn and cooling sys-
tem. eouter conductor is rendered partially
transparent to reveal the internal structure of
the horn including the inner conductor and
the position of water nozzles. Courtesy of
Bartoszek Engineering.
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Figure 3.4: Azimuthal magnetic eldܢ intensity in
horn. Measured radial dependence of eldٹ inten-
sity is plotted. e gray region indicates the lower
and upper extent of the inner conductor. e out-
ermost line marks the inner surface of the outer
conductor. From Ref. [154].

214 cm length.

Aer exiting the collimator, the secondaries enter the decay pipe. e decay pipe con-

sists of a 2 m wide, air-ٹlled, corrugated steel pipe embedded in packed dolomite gravel.

While in the decay region, much of the secondary beam undergoes neutrino-producing de-

cays. Charged pions comprise the preponderance of the beam; they usually decay to produce

muon neutrinos: π+ → μ+νμ, π− → μ−ν̄μ. Kaons and longer-lived muons make addi-

tional contributions to the neutrino beam—largely in the form of electron neutrino contam-

ination. e neutrino uxٺ will be covered in detail in §4.1. e end of the decay region is

marked by a steel and concrete beam stop 50 m from the upstream face of the target. e

beam stop permits only neutrinos to pass. At 25 m from the upstream face of the target, an

alcove above the decay pipe houses ten 10′× 10′× 1′ steel plates and a 3  thick concrete slab.

e intention is that the steel and concrete can be lowered into the decay region to reduce its

length to 25 m. In June 2006, during MiniBooNE’s rstٹ antinetrino run, one steel absorber

plate fell into the decay pipe. It was followed by another steel plate in August of that year.

e plates were returned to their standby position in April 2007. e 1.181 × 1020 POT of

data collected during this period have been excluded from this analysis. Aer exiting the

decay region, neutrinos travel through dirt until they reach the MiniBooNE detector plant
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and enter the detector 541 m away from and 2 m above the target (center-to-center).

3.2 MiniBooNE Detector

e MiniBooNE detector is a mineral oil-ٹlled Čerenkov detector. It takes the form of a

610 cm-radius steel tank whose interior is segmented into a 575 cm-radius signal or main
region and the surrounding 35 cm veto region. An optical barrier separates the two regions.

e interior surface of the main region is lined by 1280 photomultiplier tubes (PMTs). e

PMTs detect Čerenkov and scintillation light due to charged particles created in neutrino

interactions. e speciٹcs of the neutrino interaction can be reconstructed from the pattern

of light captured. e interior surface of the optical barrier is painted black to minimize

reٺected light, which interferes with reconstruction. e veto region is used to determine

whether particles have exited or entered the detector. Because only the amount of light, and

not its distribution, matters in such a determination, just 240 PMTs are arranged throughout

the veto region. To maximize the amount of light gathered, the veto region is painted white.

An illustration of the detector can be found in Figure 3.5 and a detail of the threshold between

the main and veto regions can be found in Figure 3.6.

e detector is housed in the MiniBooNE detector plant (BDP). More speciٹcally, the

detector is located below grade in a cylindrical vault. e vault is 45 . in diameter and 43

. in height with a 1.5 -thick concrete wall. A support building above the vault houses the

detector electronics, utilities, and oil plumbing systems as well as a muon hodoscope. e

BDP is buried under earth overburden in such a manner that the detector is protected by at

least 3 m earth equivalent of overburden; the earth overburden reduces the rates of cosmic

muons entering the detector to less than 10 kHz. An elevation view of the BDP is presented

in Figure 3.7.

3.2.1 Mineral Oil

In the context of the physics goals of MiniBooNE, mineral oil possesses many advantageous

properties in comparison to water—another medium typically used in Čerenkov detectors.

First, the index of refraction of mineral oil (1.47) is signiٹcantly higher than water (1.33). As
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r=610 cm

r=575 cm

Tank Region

Veto Region

PMT

Figure 3.5: e MiniBooNE detector. e interior of the de-
tector is exposed via cut-away. e PMTs are represented
by gold circles. Mineral oil llsٹ the entire volume. Adapted
from Ref. [152].

Figure 3.6: Photograph of detec-
tor interior. Taken during construc-
tion, the photograph reveals both
the main (top) and veto (bottom)
regions and the optical barrier sep-
arating them.

Figure 3.7: e MiniBooNE detector plant. e detector appears below grade near the center of the
.gureٹ e associated electronics and HVAC equipment can be found in the room above. e tank
to the right serves as an oil overٺow buffer. From Ref. [152].
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Density (ρ) 0.845(1) g/cm3 @ 22 °C
ermal Expansion Coefficient (γ) 0.61(4)× 10−3 K−1

Adiabatic Compressibility (κS) 6.06(14)× 10−10 Pa−1 @ 25 °C
dκS/dT 5.0(5)× 10−12 Pa−1K−1

Table 3.1: Mechanical properties of MARCOL 7 mineral oil.

a result, the Čerenkov threshold is reduced, which increases the sensitivity of the detector

to lower energy particles (most importantly protons). e lower speed of light additionally

promises improved position reconstruction. Second, mineral oil is less dense than water

(ρ ∼ 0.8 g/cm3). While the lower density means the probability of neutrino interactions is

reduced, it leads to increased Čerenkov yields. ird, the μ− capture probability in mineral

oil (8%) is considerably less than in water (20%). Observing the Michel electron from

muon decay is integral to identifyingmuons and, by extension, charged current interactions.

Should a muon be captured, that opportunity is lost.

Aer evaluating several candidates for low cost, long attenuation length, minimal scintil-

lation light, high index of refraction, and low reactivity with the detector materials, Exxon-

MobilMARCOL 7mineral oil was selected for use inMiniBooNE.emeasuredmechanical

properties of MARCOL 7 are listed in Table 3.1.

eMiniBooNE detector holds 807 tons of mineral oil. An overٺow tank, whose capac-

ity is about ∼ 1% of the MiniBooNE detector, copes with the thermal expansion of the oil.

e overٺow capacity corresponds to a 16 °C uctuationٺ in oil temperature. Dry nitrogen is

diffused through bubblers at the bottom of the detector tank and introduced at other points

in the plumbing system as well. e nitrogen purges oxygen and water from the system.

e former can strongly modify the optical properties of the oil, while the latter can pro-

mote corrosion on exposed metal surfaces. e oil plumbing system additionally provides

a mechanism to recirculate and chill the oil, though the need to chill the oil has never arisen

and the oil has not been recirculated since the initial oxygen purge.

e index of refraction wasmeasured at the mean of the Fraunhofer D1 and D2 lines (the

sodium doublet, λD = 589.294 nm) as well as the C (hydrogen-α, λC = 656.281 nm) and

F (hydrogen-β, λF = 486.134 nm) lines using an Abbé refractometer. e difference in the
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latter two measurements gives the dispersion of the oil. ese measurements found

nD = 1.4684(2) @ 20 °C, (3.1)

θ = nF − nC = 0.0081(3). (3.2)

e linearized temperature dependence of nD was also measured:

β ≡ dnD

dT
= −3.66(4)× 10−4 K−1, (3.3)

but no appreciable change in the dispersionwas observed over a range of temperatures. With

Cauchy’s formula, thesemeasurements uniquely determine the temperature andwavelength

dependence of the index of refraction:

n(λ,T) =
(
nD + θ λ2

Fλ
2
C

λ2
C − λ2

F

(
1
λ2 −

1
λ2
D

))
(1− β(T− 20 °C)) . (3.4)

A thorough understanding of light production and propagation in the Marcol 7 oil is

critical to the accuracy of both the simulation and reconstruction of events in the detector.

While many features of the oil were analyzed ex situ, our understanding of the oil was fur-

ther built upon with in situ measurements. For this reason, we will postpone discussing

additional optical properties of the oil, i.e. scattering, ,uorescenceٺ and scintillation, until

the description of the detector simulation optical model in §4.3.2.

3.2.2 Photomultiplier Tubes

In total, 1520 PMTs are positioned throughout theMiniBooNE detector. Among those, 1198

are Hamamatsu R1408 models that were recycled from the LSND experiment. e remain-

ing 322 PMTs are newHamamatsu R5912models. ey are both 8-inch PMTs. e quantum

efficiency of the R5912 models peaks at 23% for 400 nm wavelength light and falls below

∼ 1% for light below 300 nm and above 600 nm. e quantum efficiency of the R1408

models is similar. Because the R5192 models boast better time and single-photoelectron

(PE) charge resolution—1.1 ns and 50%, respectively, versus 1.7 ns and 140% for the R1408

model—they were all alloted to the main region. In order to minimize the veto threshold,

the veto region was instrumented with the 240 R1408models with the lowest dark rate. e

remaining models were placed in the main region.
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Figure 3.8: PMT support structure. e schematic on the le offers a proٹle view of the PSS. e
schematic on the right gives a viewof the PSS from inside themain region looking out . e schematic
shows two and a half optical barrier panels and demonstrates the arrangement of PMTs on each and
how they are oriented on the latitudinal support hoops.
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Figure 3.9: Position of PMTs in the main region of the detector. e origin of the plot corresponds to
the most-downstream point on the main region surface that intersects with the beam. e vertical
axis indicates the distance from equator along the main region surface in the polar direction. e
horizontal axis gives distance from the centralmeridian along themain region surface in the clockwise
azimuthal direction. e projection is not Euclidean.
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e PMT support structure (PSS) label describes the group of structures inside the de-

tector comprising the optical barrier and its support as well as the mechanisms holding the

PMTs in place. Schematics of PSS elements appear in Figure 3.8. e optical barrier consists

of a collection of 1.6 mm aluminum sheet panels. ey are affixed to a series of latitudinal

hoops, which are held in place by steel struts attached to bosses welded to the tank wall.

e length of each strut was adjusted to account for any asphericity in the tank. e main

PMTs are held in place by stainless steel wire stands mounted to the optical barrier panels.

It is not possible to uniformly arrange the main PMTs on the spherical optical barrier (sadly

there is no regular chiliadihectaoctacontahedron). Instead, in consideration of the ease of

installation, the PMTs are arranged in evenly spaced latitudinal rows. In each row, the spac-

ing of the PMTs is chosen to be as close to the spacing between rows as possible while still

being roughly uniform. A map indicating the position of each PMT can be found in Fig-

ure 3.9. e veto PMTs are arranged in opposite-facing pairs mounted to struts attached to

bosses welded to the tank wall. In each pair, the PMTs face a direction normal to the radial

direction.

3.2.3 Electronics & Data Acquisition

Digitization

A collection of combination high-voltage (HV) supply and preamplifer boards positioned

just outside the detector provide power for the PMTs and perform preliminary processing

of the PMT signals. A series of equal-length coaxial cables connect the boards to the PMTs.

Aer being ampliٹed twentyfold, the PMT signal is sent to the digitizing electronics.

It would be a burdensome task to record the waveform of each PMT signal. Instead,

the integrated charge (q) and time (t) of pulses above a certain threshold are recorded. For

this reason, the digitizing boards are known as QT cards. e QT cards are governed by a

10 MHz, GPS-disciplined clock signal. From the input PMT signal, VPMT, an integrated

charge signal, Vq, and a time signal, Vt, are created. Vq is generated by processing VPMT with

an integrator-stretcher circuit that convolves the signal with an exponential with a decay

constant of∼700 ns. If VPMT exceeds 2 mV—a level corresponding to∼0.1 PE and indicat-

ing the observation of a PMT hit—an asynchronous discriminator is tripped immediately.
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When the asynchronous discriminator ,resٹ Vt is ramped away from its nominal value lin-

early; Vt returns to the baseline shortly aer two clock ticks have passed. e discriminator

also opens a 200 ns (2 clock tick), clock-synchronized, hold-off gate that temporarily pre-

vents the discriminator from ringٹ again.

Vq and Vt are digitized by 8-bit ashٺ ADCs at every clock tick and the values are stored

in a 2048-entry (204.8 μs) ring buffer along with timestamps. Should a trigger request that

an event be read out, the data acquisition (DAQ) program extracts hit information from the

ring buffer for each PMT channel. For each hit (indicated by a ramp in Vt), the DAQ writes

out the digitized value of Vq and Vt at the clock tick before the discriminator redٹ and for

three subsequent ticks. e group of four values is known as a quad. Vq is digitized so that

1 PE occupies ∼4 bits, meaning that the ADC saturates around 20-30 PE. In the event that

the ADC saturates, the DAQ continues to record quads until a fully unsaturated charge quad

is encountered. If a trigger requests data for a time that has already been overwritten, the

event is .aggedٺ

e charge and time quads do not immediately give the charge and time of the PMT

hit. Knowing the Vt ramp slope, the time at which the discriminator resٹ relative to the

clock tick preceding it—the raw time—can recovered by extrapolating the time-intercept of

the ramp from the time quad values lying on the ramp. Aer calculating the raw time, the

charge of the hit can be determined. To do so, the normalization of a reference Vq curve is tٹ

to the time charge quad; the reference curve is aligned using the measured raw time. is

relative normalization is known as the raw charge. If the mean raw charge for 1 PE hits is

known (we can call it the gain), the real charge, q, for any hit is simply the raw charge scaled

by the gain. e raw time is not the best measure of the time of a PMT hit: it depends on

the rise time of the PMT pulse, which depends on the charge of the hit. Fortunately, once

the charge is known, this time slewing can be corrected. e real time, t, is reached aer

including channel-dependent time offsets and a global time offset for the event as well.

Triggering

A trigger is a set of conditions that, when met, precipitate the readout of a certain portion

of the QT card buffers and the writing of that data to disk along with other pertinent in-
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Figure 3.10: Illustration of PMT signal digitization. Vq is the convolution of the PMT anode signal,
VPMT, with a long-lived exponential. When VPMT crosses a threshold corresponding to∼0.1 PE, an
asynchronous discriminator trips and Vt begins a linear ramp. e ramp ceases and Vt resets aer
two clock ticks pass. In the 200 ns aer the rstٹ clock tick aer the discriminator ,resٹ a hold-off gate
prevents the discriminator from ringٹ again. Four digitizations of both Vt and Vq in the vicinity of
the pulse are recorded.

formation. e triggers are designed to capture beam events, possible neutrino interactions

from other sources, and cosmic activity in addition to data for calibration and monitoring.

ey are built from a combination of seven comparators that examine the number of PMT

hits in a 200 ns window as well as three external trigger inputs. Five of the comparators

evaluate as true if the number of PMT hits in the main region, which are known as tank
hits, is greater than or equal to 10, 24, 60, 100, or 200. e remaining comparators return

true if the number of veto hits is greater than or equal to 4 or 6. Of the external trigger

inputs, the most important is the beam trigger. is trigger is set to true if coincident 1D

and 1F events are received from the Fermilab Accelerator Network (ACNET). ese events

signal that the accelerator is ready to send beam to MiniBooNE and that the beam has been

extracted. e other two external trigger inputs indicate additional accelerator states and

calibration events. We now enumerate some of the more notable triggers.

Beam Typical rate: 2-5 Hz, Data window: 19.2 μs

Fired upon receiving beam trigger input; it is the primary physics trigger. Upon be-

ing set, 19.2 μs of data, beginning approximately 5 μ before the beam arrives at the
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detector, is read from the QT card buffers. e beam spill lasts for 1.6 μs. All triggers

are suppressed in the 20 μs window following the beam trigger.

NuMI Typical rate: 0.5 Hz, Data window: 19.2 μs

Triggered upon receipt of ACNET signals indicating delivery of protons to the NuMI

neutrino beamline. is trigger is analogous to the beam trigger; it is used to collect

a sample of events of off-axis neutrinos from the NuMI beamline. It is timed so as not

to interfere with the beam trigger.

Strobe Typical rate: 2.01 Hz, Data window: 19.2 μs

A periodic trigger that trips at 2.01 Hz with the intention of collecting a sample of

beam-off data for background studies.

Follower Typical rate: 1.0 Hz, Data window: 3.2 μs

Triggered when certain comparator conditions are met within a time window aer a

beam or strobe event with a neutrino candidate. Two sets of conditions are chosen to

isolate neutron capture and β-decay candidates.

Michel Typical rate: 1.2 Hz, Data window: 19.2 μs

Triggered when< 200 tank hits and< 6 veto hits are observed 3 to 15 μs aer≥ 100

tank hits and ≥ 6 veto hits are observed. Isolates a sample of cosmic ray muons that

decay and produce Michel electrons in the detector volume. A prescaling is applied to

reduce the number of triggers by a factor of 600.

Supernova Typical rate: 9.9 Hz, Data window: 3.2 μs

Triggered when ≥ 60 tank hits and < 6 veto hits are observed and no cosmic ray

muon was observed in the preceding 15 μs. A nearby supernova is expected to cause

an abrupt increase in the rate of this trigger above background.

BigNu Typical rate: 0.66 Hz, Data window: 19.2 μs

Triggered when≥ 200 tank hits and< 6 veto hits are observed while the beam is off.

ese conditions are in accordance with a high-energy neutrino from a source other

than a beam interacting in the detector.

Tank & Veto Typical rate: 0.4 Hz (each), Data window: 19.2 μs

Triggered when ≥ 200 tank hits or ≥ 6 veto hits are observed, respectively. Tank

triggers are prescaled by a factor of 90000 and veto triggers by a factor of 5000. ey

are used in detector monitoring.
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Laser Typical rate: 3.33 Hz, Data window: 9.6 μs

Triggered by calibration laser signal. See §3.2.4.

Fake beam Typical rate: 0.5 Hz, Data window: 9.6 μs

Triggered when the Booster delivers a proton batch to a destination other than the

BNB.e laser is pulsed during this trigger to compare laser events with and without

accelerator activity.

Cube Typical rate: 1.1 Hz, Data window: 12.8 μs

Triggered when a cosmic ray muon activates a calibration cube. See §3.2.4.

Tracker Typical rate: 0.7 Hz, Data window: 12.8 μs

Triggered when the muon tracker observes a deٹnitive signal. Prescaled by a factor of

170. See §3.2.4.

e total trigger rate in the MiniBooNE detector is approximately 26 Hz.

3.2.4 Calibration Systems

Two in situ systems assist with the calibration and characterization of the MiniBooNE hard-

ware. One, a laser system, permits the injection of metered quantities of isotropic light

at speciٹc positions in the detector. e second, a muon tracker coupled with a collection

of scintillating cubes in the detector, provides the means to collect a sample of cosmic ray

muons with well-deٹned kinematics.

Laser Calibration

A pulsed diode laser outside the detector generates a 100 ps light pulse whose wavelength

is peaked at 397 nm. A mechanical switchbox directs the pulse to one of veٹ optical bersٹ

that penetrate the detector. Four bersٹ terminate in 10 cm-diameter, glass asksٺ lledٹ with

LUDOX® colloidal silica. e colloidal silica scatters the beam to produce uniform, isotropic

light. e hٹ berٹ is bare; it illuminates the PMTs below it within a 10° cone. During

normal running, the laser is triggered at 3.33 Hz (beam triggers block the laser trigger) and

the light is directed at a askٺ in the center of the detector.

In what is arguably their most important capacity, the laser events are used to establish

many of the parameters needed to convert the charge and time quads recorded for each PMT
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hit into physical charge and time values. Suppose we label the time quad values T_ADC0–3.

e slope of theVt ramp is calculated by averaging T_ADC2-T_ADC1 for a very large sample of

hits. e reference Vq curves for both PMTmodels are recovered by merging and averaging

the charge quads for samples of low-intensity and high-intensity laser events. e charge-

dependent time-slewing is characterized from the Vq references. e gain of each channel

is determined by ndingٹ the single photoelectron peak in the raw charge distribution for

prompt hits in low-intensity laser events. Additionally, the arrival time of prompt hits, when

compared to the laser pulse time and the known light propagation time, is used to determine

time offsets for each PMT to compensate for irregularities in the signal propagation time

from the PMT to the QT cards. A thorough description of the calibration procedure can be

found in Ref. [155].

Laser events are also valuable in studying the optical properties of themineral oil. Events

involving the central askٺ are used to gauge changes in the attenuation length of the oil.

Events in which the bare berٹ is used permit studies of scattering in the oil.

Cosmic Ray Muon Calibration

e muon tracker monitors cosmic ray muons entering the detector. It is implemented as

a scintillator hodoscope positioned directly above the detector. e hodoscope consists of

four horizontal planes of Bicron BC-408 plastic scintillator strips grouped into two layers

separated vertically by 1 m. e two planes in each layer are oriented at right angles to each

other. us each layer can measure the x-y position of through-going muons. In combining

the position measurement at each layer, one can recover the muon direction.

e tracker is paired with a collection of seven scintillator-ٹlled cubes suspended inside

themain region of the detector at depths ranging from 30 to 400 cm from the optical barrier.

All but the deepest cube are 5 cm on a side; to increase acceptance, the deepest cube is 7.6 cm

on a side. Each cube is sealed in an aluminum box to optically isolate it from the detector.

Light from each cube is transported out of the detector to 1” PMTs by optical .berٹ

e signature of a cosmic raymuon passing through the tracker and stopping and decay-

ing in one of the scintillator cubes is quite distinct. In addition to coincident cube and tracker

signals, the muon and subsequent Michel electron will be observed by the tank PMTs. A
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clean signal is ensured by requiring that the reconstructed origin of the Michel electron is

consistent with the cube position. e muon track geometry is deٹned by tracker observa-

tions and the cube position. With the energy loss of muons in mineral oil well understood,

the muon energy is deduced from its range. e accessible muon energy extends from∼95

to∼770MeV and the energy resolution varies from 12% at the low end to 3.4% at the highest

energy. A few hundred muons stop in the cubes each month. is sample of thoroughly

characterized muons and their associated Michel electrons lends well to studies addressing

reconstruction performance, scintillation light (and other optical properties in general), and

PMT response.

;



4 Soware

Software in the context of MiniBooNE refers to the variety of physics applications

that were developed to support the goals of the experiment. We will discuss the im-

plementation of the major simulations on MiniBooNE. ese include the simulation of the

neutrino beam, neutrino interactions in the detector, the propagation of particles and light

in the detector, and the detector response. ese simulations, colloquially referred to as the

Monte Carlo, collectively establish our expectation for measurements in the detector. ey

also serve as the framework in which systematic uncertainties can be evaluated. For cross

section measurements, the neutrino beam simulation takes on particular importance: since

the neutrino uxٺ is not directly measured, it supplies the uxٺ prediction required to normal-

ize the cross sections. e algorithms used to reconstruct events, that is classify interactions

and recover the properties of the particles involved, also fall under the soware umbrella.

e principles behind the speciٹc reconstruction method used in this analysis will be dis-

cussed.

4.1 Neutrino Beam Simulation

eMiniBooNE beamMonte Carlo was developed in theGeant4 framework[156]. It pro-

vides for the simulation of the propagation of particles through matter with full modeling

of electromagnetic and hadronic interactions and decays. e program inputs include the

geometry of the domain of the simulation and the initial conditions for the particles to be

tracked.

92
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Geometry e last 50 m of the BNB, the target hall, and the meson decay pipe have been

modeled for the beam Monte Carlo. When the extra detail makes little difference in the

outcome of the simulation, simpliٹcations are applied to the geometry. Naturally, the ge-

ometry includes models of the magnetic horn and the target assembly. e magnetic eldٹ

in the horn cavity is speciٹed according to measurements. e speciٹcation accounts for the

penetration of the magnetic eldٹ into the conductors due to the niteٹ skin depth at the char-

acteristic time of the horn current pulse. Geant4 is capable of tracking charged particles in

magnetic .eldsٹ

Primary Protons e simulation begins with the generation of protons, 8 GeV in kinetic

energy, 1 cm upstream of the target. e TRANSPORT[157] charged particle beam simula-

tion was used tomodel the beam characteristics. e results of the simulation are supported

by beam monitor measurements. In accordance with these sources, the transverse position

(x, y) of the generated protons is normally distributed about the target center with standard

deviations of 1.51 mm and 0.75 mm in the x and y directions, respectively. Similarly, the

transverse direction (θx, θy) of the protons is normally distributed about the target axis with

standard deviations of 0.66 mrad and 0.40 mrad in the θx and θy directions, respectively.
Modest perturbations in initial conditions do not affect the predicted uxٺ by more than 1%.

Geant4 is trusted tomanagemuch of the simulation but there are exceptions inwhich the

programhas been adapted to better suit our needs. Among these exceptions are custom cross

section tables for the hadronic interactions of protons, neutrons, and pions in aluminum

and beryllium. e production of the nalٹ state for most of these interactions is le to

Geant4. Because of their importance, the nalٹ state of primary p-Be interactions producing

secondary mesons is treated as a special case. Additionally, optimized routines have been

implemented to handle the decay of mesons that produce neutrinos. e remainder of this

section will be devoted to these specializations. An exhaustive description of the simulation

can be found in Ref. [154].
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4.1.1 Hadronic Interaction Cross Sections

Hadronic interactions on nuclei can be classiٹed as either elastic or inelastic. Elastic interac-

tions involve the incident particle scattering coherently off the entire nucleus. Inelastic inter-

actions can be further categorized as either quasielastic or particle-producing (“reaction”).

In quasielastic interactions, the incident particle can be thought of as elastically scattering

off an individual nucleon.

Inelastic Cross Section Abundant data on inelastic scattering exist in the desired range of

momentum. p-Be and p-Al interactions at low momentum are covered by data from from

Gachurin et al[158]. and the remainder by data from Bobchenko et al.[159]. No appeal

to theory is necessary; the data are directly parameterized by an empirical function. e

Gachurin and Bobchenko data also address charged pion scattering at high momentum.

ey are joined by data fromAllardyce et al.[160]. At lowmomentum—in the region of the Δ

resonance—data fromAshery et al.[161] are adopted. Ashery et al. did not address scattering

on beryllium; however, they do measure scattering on several other nuclear targets. e A
dependence of the cross section (assuming σ ∝ An) can be extrapolated from these other

measurements.

Elastic Cross Sections Unlike the inelastic cross sections, no measurements of elastic cross

sections exist in the domain of interest. Moreover, elastic cross sections are difficult tomodel

reliably. An indirect approach is taken instead: the total cross sections are modeled theoret-

ically and the elastic cross sections are taken to be the difference between total cross sections

and the inelastic cross sections. e total cross sections are calculated under the guidance

of the work in Ref. [162], in which the amplitude for hadron-nucleus interactions is mod-

eled as the coherent sum of the amplitudes for hadron-nucleon interactions. e hadron-

nucleon scattering amplitude in the forward direction is easily constructed from measure-

ments compiled by multiple groups[117, 163, 164]. e amplitudes are summed according

to the Glaubermodel[165]. In thismodel, the nucleus is treated as a set of nucleons populat-

ing a spherically symmetric state. e state is constructed in a harmonic oscillator potential

for beryllium and a Woods-Saxon potential for aluminum. With the total cross section in
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the forward direction determined, the total cross section for all directions is recovered via

application of the optical theorem.

Quasielastic Cross Section As was the case with elastic scattering, our ability to model

quasielastic scattering suffers from a dearth of data. Again, a theoretical approach is taken.

Quasielastic scattering is treated using the same hadron-nucleon scattering amplitudes de-

scribed previously. However, the individual amplitudes are summed incoherently in the

context of the shadowed multiple scattering expansion. e expansion accounts for the at-

tenuation of the hadron wavefunction as it penetrates the nucleus.

Parameterization Whether the scattering predictions come from data or theory, they are

tٹ to empirical parameterizations. e parameterizations are inspired by Regge theory, but

have no particular physical signiٹcance. In the case of nucleon-nucleus scattering, the pa-

rameterization takes on the form

σ = a1 + a2pn + a3 log2 p+ a4 log p. (4.1)

When considering pion scattering, the parameterizations must be augmented with addi-

tional terms to capture the resonance behavior of the cross section. For example, the inelas-

tic and quasielastic parameterizations include a Breit-Wigner function at the resonance and

attach a threshhold function to a simpliٹcation of Eq. (4.1). More precisely,

σ = NR

∣∣∣∣ −m(p)ΓR

M2
R −m(p)2 + im(p)ΓR

∣∣∣∣2+(1+ tanh(θs(p− θ0))) (a1 + a2pn + a3 log2 p) . (4.2)

In the case of the total cross section, the Breit-Wigner function is replaced by a parameteri-

zation laid out by Carrol et al.[166]. e available data, models, and parameterizations just

described appear in Figure 4.1 for proton scattering and in Figure 4.2 for pion scattering.

4.1.2 p-Be Particle Production Cross Sections

ebulk of the neutrino uxٺ is the product of the decay ofmesons produced in primary pro-

ton collisions with the beryllium target in general and charged pions in particular. For this

reason, primary p-Be interactions producing secondary particles receive a meticulous treat-

ment. Custom tables of the double differential cross section dσ
dpdΩ for interactions producing
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Figure 4.1: Proton-nucleus interaction cross sections. Each gureٹ compares the available data to the
model calculations and the resulting parameterizations for both p-Be (le) and p-Al interactions
(right). ough the calculations for n-Be and n-Al interactions are absent from (b) and (c), isospin
symmetry indicates that the cross sections ought to be nearly identical.
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Figure 4.2: Pion-nucleus interaction cross sections. Each gureٹ compares the available data to themodel
calculations and the resulting parameterizations for both π+-Be (le) and π+-Al interactions (right).
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π±, K±, K0, p, and n are used to determine the kinematics and multiplicity of secondaries.

In each reaction interaction, the multiplicity of a given secondary is drawn from a Poisson

distribution whose mean is the ratio of the total cross section for that channel to the total

reaction cross section, i.e.

NX =

∫
dΩ
∫
dp dσ(p Be→X)

dpdΩ

σREA
. (4.3)

e reaction cross section represents the cross section for all inelastic interactions excluding

quasielastic interactions. e kinematics of generated secondaries are drawn from the ap-

propriated double differential cross section operating in the capacity of a probability density

function. e production of all other species is handled by the default hadronic interaction

routines of Geant4.

π± Production

e charged pion production cross section tables are derived largely from the HARP[167]

experiment, which was designed to replicate the conditions of the BNB and MiniBooNE

target. e HARP collaboration measured π± production on a replica beryllium target and

a shorter, 5% interaction length target at a beammomentum (pB) of 8.89 GeV/c. e collab-

oration has yet to analyze data from the “thick” target, so the “thin” target data serve as the

basis for our simulation. e data are presented as the averaged differential cross section on

a two-dimensional partition of the pion phase space spanning 0.75 GeV/c < p < 6.5 GeV/c
and 30 mrad < θ < 210 mrad (p and θ are the total momentum and angle, respectively,

of the outgoing pion). Supplemental data are obtained from the BNL E910[168] experi-

ment. is experiment covered the region of pion phase space spanning 0.4 GeV/c < pπ <

5.6 GeV/c and 18 mrad < θπ < 400 mrad at pB = 6.4, 12.3, and 17.5 GeV/c. e coverage of

these experiments is compared to the pions most likely to produce neutrinos that intersect

with the MiniBooNE detector in Figure 4.3.

ese data were all found amenable to the Sanford-Wang parameterization[169]:

dσ
dpdΩ

= c1pc2
(
1− p

pB − c9

)
exp
[
−c3

pc4
pc5B

− c6θ (p− c7pB cosc8 θ)
]
. (4.4)

e formof the parameterizationwas deduced empirically in an early survey of p-Be induced

production measurements. e parameterization is tٹ to the data sets simultaneously using
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Figure 4.3: π± phase space covered by HARP and
E910 measurements. e 2D density plot illus-
trates the rate of π+ produced in primary p-Be
interactions that decay into neutrinos that inter-
sect with theMiniBooNEdetector. e rate is in
arbitrary units; red indicates a higher rate, blue
lesser. e black and red rectangles indicate the
coverage of the HARP and E910 experiments,
respectively. Figure adapted from Ref. [154]
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a least-squares .tٹ e tٹ procedure includes parameters allowing the normalization of each

data set to oatٺ freely; the ttedٹ data normalizations did not exceed their quoted uncertainty.

Because of a strong correlation between c3 and other parameters, it is xedٹ to unity for the

π+ .tٹ e parameter c9, which is effectively a production threshold, is xedٹ to unity for

both pion .tsٹ e results of the tٹ appear in Table 4.1; the tsٹ are compared to HARP data

in Figure 4.4.

K+ Production

K+ production contributes to the high-energy νμ uxٺ and is a signiٹcant source of νe via

the K+
e3 decay mode. Copious data exist for K+ production[170–176]; unfortunately, none

of it is at Booster beam momentum (9.5 GeV/c < pB < 24 GeV/c). A different parameteri-

zation—Feynman scaling—was found to perform better than Sanford-Wang over the wide

range of beammomenta. is parameterization is born out of the Feynman scaling hypoth-

esis, which proposes that the invariant cross section (E × dσ/d3p) is a function of only the

Meson c1 c2 c3 c4 c5 c6 c7 c8 c9
π+ 220.7 1.080 1 1.979 1.32 5.572 0.0868 9.686 1
π− 213.7 0.93785 5.4537 1.2096 1.2836 4.781 0.073383 8.3294 1
K0 15.13 1.975 4.084 0.9277 0.7306 4.362 0.0479 13.3 1.278

Table 4.1: Fitted Sanford-Wang parameters for π± andK0 production. e listed parameters are deٹned
in Eq. (4.4). e corresponding covariance matrices can be found in Ref. [154]
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(a) π+ Production

(b) π− Production

Figure 4.4: π± production cross sections from HARP. Pion momentum distributions for (a) π+ and
(b) π− production measured by the HARP experiment are presented in bins of pion angle. e
Sanford-Wang tٹ (red) line and the uncertainty band (blue, dotted lines) are illustrated as well.
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Meson c1 c2 c3 c4 c5 c6 c7
K+ 11.70 0.88 4.77 1.51 2.21 2.17 1.51

Table 4.2: Fitted Feynman scaling parameters for K+ production. e parameters are deٹned in
Eq. (4.6). e corresponding covariance matrix can be found in Ref. [154]

transverse momentum of the outgoing meson, pT, and the Feynman scaling variable,

xF =
pCM
∥

max pCM
∥

. (4.5)

xF is the longitudinal momentum of the produced particle in the center-of-mass frame nor-

malized to unity at a particular beam momentum. e parameterization was constructed in

such a way as to capture the expected features of the cross section:

dσ
dpdΩ

=
p2

E
c1(1− |xF|) exp[−c2pT − c3|xF|c4 − c5p2T − c7|pTxF|

c6 ] . (4.6)

e parameterization is ttedٹ to the data simultaneously. e result appears in Table 4.2 and

Figure 4.5.

K0 Production

K0 are a concern primarily because the K0
e3 decaymode is a source of νe. To a far lesser extent,

K0 produce νμ as well. In any case, the production of K0 occurs at a substantially reduced

rate relative to pions and even K+. e body of useful K0 productionmeasurements consists

of those made by the E910 collaboration at pB = 12.3 and 17.5 GeV/c and by Abe et al.[177] at
KEK at pB = 12.3 GeV/c. ese data are subject to the same Sanford-Wang parameterization

as the charged pion data. c3 is le unconstrained for this .tٹ ough they do not explicitly

cover the very forward direction (which is of particular importance since K0 are not focused

by the horn), the data suffice to constrain the parameterization in that region. e results of

the tٹ can be found in Table 4.1.

K-, p, &, n Production

e simulation of K− production suffers from a dearth of measurements. e lack of data

is of little consequence though, since the contribution of K− decay to the neutrino uxٺ is
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Figure 4.5: K+ production cross section measurements used in simulation. e cross section measure-
ments are presented in bins of kaon angle. Each measurement has been scaled to pB = 8.89 GeV/c
under the Feynman scaling hypothesis to allow an equitable comparison. e best-ٹt Feynman scal-
ing parameterization (solid line) and its uncertainty band (dashed lines) are included for comparison
as well.

expected to be insigniٹcant. e K− production cross section tables as well as those for sec-

ondary p and n production are generated using the MARS[178] hadronic interactionMonte

Carlo.

4.1.3 Meson Decay

e neutrino uxٺ arises from the decay of the secondary mesons. Geant4 incorporates the

π±, K±,0, and μ± lifetimes as well as many of the relevant decay modes and their branching

ratios. In addition to the default decay modes, we include the highly-suppressed π+ →



4. Software 103

νμ ν̄μ νe ν̄e

Neutrino Mode 93.6% 5.86% 0.52% 0.05%
Antineutrino Mode 15.71% 83.73% 0.2% 0.4%

Table 4.3: Flavor and sign composition of the Booster neutrino beam.

e+ + νe and π− → e− + ν̄e modes. Also, the branching ratios for kaon decays have been

updated with Particle Data Group values[117]. For the most part, the decay kinematics are

handled by Geant4 routines. e exceptions include the neutrino energy distribution in

three-body decays, viz. muon and kaon decays, as well the angular distribution of neutrinos

in muon decays. e latter exception is necessary because Geant4 does not account for

the spin polarization of the muon. Details concerning these exceptions can be found in

Ref. [154].

4.1.4 Neutrino Flux

e resulting prediction of the uxٺ of neutrinos through the MiniBooNE detector appears

in Figure 4.6. e composition of the beam according to neutrino avorٺ and sign appears

in Table 4.3. e uxٺ of νμ and ν̄μ with the horn in both neutrino mode and antineutrino

mode is overwhelmingly due to the production of π± in primary p-Be interactions. At high

energies (Eν ≳ 3 GeV), K+ decay is largely responsible for the production of νμ. Because

K− production is suppressed relative to K+ production, the analogous situation does not

occur vis-à-vis ν̄μ production. e production of wrong-sign neutrinos—antineutrinos in

neutrino mode and vice versa—in antineutrino mode is particularly notable. Whereas the

wrong-sign contamination is comparatively slight in neutrino mode, it is substantial in an-

tineutrino mode. e relative rates of K− production and K+ production account for the

contamination at high energy. At low energy, the contamination can be attributed to the

diminished ability of the horn to defocus π+, which have a harder momentum spectrum

and are more forward-directed than the π−. e sources of systematic uncertainty in the

uxٺ prediction will be discussed in §8



4. Software 104

..

νμ

.

All ν .
All νμ .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..10−9

..10−10

..10−11

..10−12

..10−13

.

Φ
(E

ν)
(ν
/
cm

2 /
G
eV

/
PO

T)

...

ν̄μ

.

All ν .
All ν̄μ .
π± .

π± → μ± .
K± .
K0 .
p,n .

...
νe

.
All ν .
All νe .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..2 ..4 ..6

.

Eν (GeV)

...10−9

..10−10

..10−11

..10−12

..10−13

...
ν̄e

.
All ν .
All ν̄e .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..2 ..4 ..6

..

(a) Neutrino Mode

..

νμ

.

All ν .
All νμ .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..10−9

..10−10

..10−11

..10−12

..10−13

.

Φ
(E

ν)
(ν
/
cm

2 /
G
eV

/
PO

T)

...

ν̄μ

.

All ν .
All ν̄μ .
π± .

π± → μ± .
K± .
K0 .
p,n .

...
νe

.
All ν .
All νe .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..2 ..4 ..6

.

Eν (GeV)

...10−9

..10−10

..10−11

..10−12

..10−13

...
ν̄e

.
All ν .
All ν̄e .
π± .

π± → μ± .
K± .
K0 .
p,n .

.

..2 ..4 ..6

..

(b) Antineutrino Mode

Figure 4.6: MiniBooNE neutrino uxܣ prediction. (a) e predicted neutrino uxٺ at the MiniBooNE
detector with the horn running in neutrino mode. (b) e predicted uxٺ with the horn in antineu-
trino mode. Each panel shows the contribution of each type of secondary produced in primary p-Be
interactions to the uxٺ of each avorٺ and sign of neutrino.
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4.2 Neutrino Interaction Simulation

Rates of neutrino interactions in the MiniBooNE detector are predicted using version 3 of

the nuance[179] neutrino event generator. e program inputs include the neutrino uxٺ

prediction, detector geometry, and detector materials. Considering that the MARCOL 7

mineral oil is predominately composed of long-chain, saturated alkanes, it is simulated as

CH2 with a density of 0.855 g/cm3. Materials outside the detector—the source of “dirt”

events—are simulated as CH2 as well but with a density matching that of the material. e

nuance soware incorporates models for the cross sections of several classes of neutrino

interactions. e predicted fractional rates for the various classes of neutrino interactions

for right-sign muon neutrinos in neutrino mode and antineutrino mode can be found in

Table 4.4 at the end of this section. More details on the particular implementations of the

various interactions now follow.

4.2.1 (Quasi)elastic Scattering

Both charged current quasielastic (CC QE) scattering and neutral current elastic (NC EL)

scattering on free nucleons are treated in the manner described by Llewellyn Smith[180].

In the charged current case, the cross section is given by:

dσCC

dŁ2 =
G2

F cos2 θcM2
N

8πE2
ν

[
A(Ł2)± B(Ł2)

s− u
M2

N
+ C(Ł2)

(s− u)2

M4
N

]
, (4.7)

whereMN is the mass of the target nucleon, θc is the Cabbibo mixing angle, and s and u are

the usualMandelstamvariables. e sign ofB is positive for neutrino scattering and negative

for antineutrino scattering. Like in Rein and Sehgal’s treatment of single pion production,

the hadronic current is is decomposed into a set of form factors. ese form factors enter

into the functions A, B, and C:

A(Ł2) =
m2

l + Ł2

M2
N

[
(1+ τ)F2

A − (1− τ)F2
1 + τ(1+ τ)F2

2 + 4τF1F2

− m2
l

4M2
N
(F2

1 + (FA + 2FP)2 − 4(1+ τ)F2
P)
]

(4.8)

B(Ł2) =
Ł2

M2
N
FA(F1 + F2) (4.9)
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C(Ł2) =
1
4
(F2

A + F2
1 + τF2

2) (4.10)

Here, ml is the mass of the outgoing nucleon and τ ≡ Ł2

4m2
N
. e conserved vector current

hypothesis relates the vector form factors F1 and F2 to their electromagnetic counterparts. It

is common then to assign a dipole parameterization to these form factors:

F1(Ł2) =
1+τ(1+μp+μn)

(1+τ)
(
1+ Ł2

m2
V

)2 , F2(Ł2) =
μp−μn

(1+τ)
(
1+ Ł2

m2
V

) , (4.11)

which corresponds to the assumption of an exponentially decaying charge distribution in

the nucleon. Here, μp and μn are the proton and neutron anomalous magnetic moments,

respectively, and mV is an empirically determined parameter. We have chosen, instead, to

use the BBA-2003 vector form factors presented in Ref. [181]. ese form factors assume

a general multipole form that was extracted from the relevant global scattering data. e

axial vector form factor assumes a dipole form:

FA(Ł2) =
gA(

1+ Ł2

m2
A

)2 , (4.12)

and the psuedoscalar form factor is related to FA by the partially conserved axial current

hypothesis:

FP(Ł2) =
2m2

N
m2

π + Ł2FA(Ł
2). (4.13)

mA is the axial mass. Like mV, it can only be determined through experiment. Electropro-

duction data[182] indicate a value of 1.03 GeV/c2, which has been commonly assumed in

neutrino interaction generators. MiniBooNE extracted a value of 1.23(20) GeV/c2[183] for

the effective axial mass in carbon from a measurement of CCQE scattering. We assume this

value for scattering on bound nucleons in our simulation, and use a value of 1.13 GeV/c2

(the mean of the two values) for free nucleons (hydrogen). FA(0) can be identiٹed with the

axial coupling constant, gA, which itself can be determined via neutron beta decay (FA(0) =
gA = −1.2694(28)[36]). Except for a missing factor of cos2 θc, the cross section for neu-

tral current scattering is the same in form as Eq. (4.7); however, the form factors differ.

e neutral current form factors can be related to the charged current and electromagnetic

form factors through the structure of the electroweak current, i.e. JZμ = τ3Jμ − 2 sin2 θWJEMμ ,

which themselves are related by the conserved vector current hypothesis. e neutral cur-

rent form factors differ from their charged current counterparts in their values at Ł2 = 0,
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but are otherwise parameterized in the same way. e axial vector form factor picks up an

isoscalar contribution from the strange quark contribution to the proton spin, Δs, which is

assumed to be zero for our simulation. e neutral current form factors are fully speciٹed

in Ref. [184].

4.2.2 Resonant Meson Production

Resonance production (technically incoherent because of the included nonresonant back-

ground) is implemented in nuance using the Rein & Sehgal model, discussed in §2.1. At

MiniBooNE energies, the Δ(1232) P33 resonance constitutes the majority of resonance pro-

duction. While the R-S model initially addressed the production of single pions via bary-

onic resonances, we have extended it to include the decay of resonances into multiple pions,

kaons, rho and etamesons, and hyperons. e value of the vectormass—MV = 0.84GeV/c2

—was deduced from electroproduction data[185]. e assumed axial mass differs for single

pion and multi-pion production: it is 1.100(275)GeV/c2 for the former and 1.30(52)GeV/c2

for the latter. e single pion axial mass was derived from historical tsٹ to data[186]. e

multi-pion axialmass has not been directlymeasured. It was chosen so that the predicted to-

tal CC pion production cross section reproduces the available (and sparse) data. By default,

nuance decays resonances isotropically in their rest frame. In fact, the spin polarization of

the resonance generates anisotropic decays. is feature was introduced into nuance. Ad-

ditionally, the normalization of resonant NC 1π0 production was adjusted in response to a

measurement that will be described in the following subsection.

4.2.3 Coherent & Diffractive Pion Production

e models by Rein & Sehgal and Rein discussed in §2.2 are used to model coherent and

diffraction pion production, respectively. Both assume an axial mass of 1.03 GeV/c2. e

MiniBooNE collaboration recently determined what fraction of incoherent and coherent

NC 1π0 production is coherent[123]. In light of this measurement, coherent NC 1π0 in the

Monte Carlo was reduced by 35%. e rate of incoherent NC 1π0 was elevated by 5% to

maintain the total rate of NC 1π0 production.
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4.2.4 Nuclear Effects

e nuclear environment can modify the initial neutrino interaction as well as the products

of that interaction. In particular, neutrino interactions must respect energy conservation

when taking the nucleon binding energy, EB, into account. Moreover, an interaction should

be forbidden if the target nucleon cannot transition to an unoccupied momentum state,

a phenomenon known as Pauli blocking. Nuance adopts the nuclear model of Smith and

Moniz[187] to treat these effects. In their model, the nucleus is cast as a simple relativistic

Fermi gas (RFG) at absolute zero. It follows that all momentum states are uniformly oc-

cupied up to the Fermi momentum, pF. Hence, only interactions in which the momentum

of the struck nucleon exceeds pF are allowed. Pauli blocking generically induces a suppres-

sion of interactions at low Ł2. e lowest allowable initial-state nucleon energy for a given

energy transfer, ω, is

Elo =
√

p2F +M2
N − ω + EB. (4.14)

In order to better reproduce MiniBooNE CC QE data, an ad hoc parameter, κ = 1.019(11),

was introduced that directly scaled Elo for CC QE interactions[183]. For carbon, EB =

220(30) MeV and pF = 34(9) MeV. e RFG model is applied to (quasi)elastic scatter-

ing and resonance production. In the case of resonance production, the decay nucleon and

not the resonance itself is Pauli blocked.

Hadrons produced in neutrino-nucleus interactions have a high probability of interact-

ing in the nucleus before they escape. ese interactions are known as nalܢ state interactions
(FSI). Aer the initial interaction, nuance tracks hadrons, speciٹcally nucleons, pions, and

kaons, in 0.2 fm steps as they transit the nucleus. At each step, nuance determines the

hadron-nucleon interaction rate based on tabulated cross sections and themodeled local nu-

cleon density. A measurement of the nuclear charge distribution in carbon[188] was used

to adapt the default nuance nucleon distribution. e interactions counted include elastic

scattering and inelastic scattering with up to veٹ particles[179]. For pions, charge exchange,

e.g. π0p → π+n, and absorption on nucleons is simulated. e cross sections for these in-

teractions are tied to several external pion-nucleus scattering measurements[161, 189–191].

ese data are compared to the nuance calculation in Figure 4.7. Pion absorption signiٹ-

cantly distorts the distribution of pions escaping the nucleus: 20% to 50% of pions produced
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(a) π+ absorption (b) π+ charge exchange

Figure 4.7: π+ absorption and charge exchange cross sections. e available data (points) concerning
π+ (a) absorption and (b) charge exchange on carbon are compared to the nuance prediction (solid
line) and its systematic uncertainty (dotted line). e data can be found in the references cited in the
text.

at MiniBooNE are absorbed. Nuance also tracks resonances for their short lifetimes to reg-

ister Δ interactions that may prevent meson production, i.e. ΔN → NN. Aer propagating

all particles out the nucleus, nuance generates nuclear de-excitation photons as necessary.

ese photons possess only a few MeV of energy. e FSI model is applied to all neutrino-

nucleus interactions discussed so far.

4.2.5 Electron & Deep Inelastic Scattering

Neutrino scattering on electrons is the only channel whose cross section is exactly calculable

at the tree level. It also occurs at a negligible rate at MiniBooNE energies. e tree level cal-

culations for all purely leptonic neutrino-electron scattering channels is included in nuance.

Similarly, deep inelastic scattering (DIS) is not a signiٹcant concern at MiniBooNE ener-

gies, but it does occur at an observable rate. DIS is implemented in nuance as an inclusive

channel according to the Bodek-Yang model[192].

4.2.6 Systematic Uncertainty

e nuance cross section model depends on a quite a few uncertain parameters. While the

uncertainty has already been noted in passing for some of these parameters, a substantial

discussion of the systematic uncertainties in the model will be le for §8.
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Neutrino Mode Antineutrino Mode

Channel Reaction Rate Reaction Rate

CC QE νμn → μ−p ...40.2% ν̄μp → μ+n ...45.6%
CC QE Λ,Σ N/A ...0% ν̄μN → μ+Λ, μ+Σ ...2.6%
NC EL νμN → νμN ...17.3% — ...21.2%
CC Incoherent π± νμN → μ−Nπ+ ...22.2% ν̄μN → μ+Nπ− ...10.1%
CC Coherent π± νμA → μ−Aπ+ ...1.6% ν̄μA → μ+Aπ− ...4.2%
CC π0 νμn → μ−pπ0 ...4.1% ν̄μp → μ+nπ0 ...3.2%
NC Incoherent π0 νμN → νμNπ0 ...5.6% — ...5.4%
NC Coherent π0 νμA → νμAπ0 ...0.9% — ...2.6%
NC π+ νμp → νμnπ+ ...2.% — ...2.%
NC π− νμn → νμpπ− ...1.6% — ...1.4%

Other Resonant Δπ, Nρ, ΣK, Nη,
KΛ, Nππ

...3.1% — ...1.4%

DIS νμN → νμX, μ−X ...1.4% — ...0.1%

Table 4.4: Fractional rates of neutrino interactions according to nuance. e rates of νμ interactions in
neutrino mode and ν̄μ interactions in antineutrino mode are given as a fraction of the total rate for
that neutrino species. e rate is indicated both numerically and graphically via the gray bar. e rates
are calculated using the predicted neutrino uxesٺ discussed in the previous section. For the ”Other
Resonant” category, the reactions are not given. Instead, the non-leptonic nalٹ state products are
listed since the reactions are numerous. Coherent NC π0 production includes diffractive production
on hydrogen, which makes up 14-16% of the category. In the listing of antineutrino mode reactions,
“—” indicates that the reaction is identical, mutatis mutandis, to the neutrino mode reaction.

4.3 Detector Simulation

Nuance returns a list of the particles that escaped the nucleus and their kinematics for each

neutrino interaction it simulates. It is the charge of the detector simulation to model the

propagation of those particles through the detector, the subsequent emission and propa-

gation of light, and the PMT response to any collected light. is task is conducted in the

framework provided by the Geant3 particle tracking toolkit[193].

e simulated volume includes the detector tank, the detector vault, the electronics room

above the vault, and a volume of dirt around the complex. e tank is lledٹ CH2 with a

density of 0.855 g/cm3. e simulation captures the gross geometry of the components

inside the tank, e.g. the PMTs, laser ,asksٺ tracker cubes, and optical barrier. Except for

the inclusion of the muon tracker, the detector vault and electronics room are air-ٹlled. e



4. Software 111

surrounding dirt is simulated as a mixture of silicon, aluminum, and oxygen.

4.3.1 Particle Tracking

Several improvements to the Geant3 tracking routines were implemented to compensate

for inadequacies. e decay routine was augmented to to better model the π0 Dalitz decay

(π0 → e+e−γ) and the critically important muon decay (μ → eνν). e possibility of μ−

capture on hydrogen was also added. An effective branching ratio of 7.77(7)% was deduced

from a measurement of the μ− lifetime in carbon[194]. In the nalٹ change, the GCALOR

hadronic interaction package[195] supplanted the GFLUKA package, which is the Geant3

default. e former was found to exhibit substantially better agreement with pion charge

exchange and absorption measurements than the latter.

4.3.2 Optical Model

As charged particles transit the detector, they can triggermany light-producingmechanisms.

First, if they are traveling faster than the speed of light in mineral oil, they emit Čerenkov

light. Second, they can induce certain compounds in the mineral oil to emit scintillation

light. ird, secondary light can be induced via .uorescenceٺ Geant3, led by a custom

model of light generation and propagation, creates optical photons as necessary and tracks

them and their interactions until they are absorbed. Naturally, an accurate model of light

generation and propagation is a pivotal element of the Monte Carlo.

Light Generation

Čerenkov Light Čerenkov light refers to the photons spontaneously emitted by a charged

particle traveling faster than the speed of light in a medium. e light is highly directional

and depends on the speed of the particle. Speciٹcally, the angle between the emitted photons

and the particle track, θ, satisٹes:

cos θ =
1
nβ

, (4.15)
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Figure 4.8: Salient uorsܣ found in MARCOL7 mineral oil. (a)e relative probability a photon of a
particular wavelength will excite a .uorٺ (b) e relative probability for a uorٺ emits a photon of a
particular wavelength. e lifetime of each uorٺ is indicated in (b). From Ref. [155]

where n is the refractive index of the material and β is the speed of the particle. e rate of

emission of photons of frequency ω is given by

dN
dxdω

= αq2
(
1− 1

β2n2(ω)

)
, (4.16)

where α is the neٹ structure constant, q is the charge of the particle, and n(ω) is the refractive
index of the material at ω, which is given by Eq. (3.4) in turn. Aer an examination of the

calibration samples, the overall amount of Čerenkov light was scaled by a factor fČ = 1.106.

Fluorescence Fluorescence is the stimulated emission of light wherein an absorbed pho-

ton induces a transition to an excited molecular state that then de-excites by emission of

another photon, which is typically lower in energy. e emission occurs isotropically. e

uorescenceٺ of the mineral oil was examined in ex situ studies using both steady-state and

time-resolved techniques. e oil sample is subject to a constant light source in the for-

mer case and a quick pulse of light in the latter case. e lifetimes and emission spectra

of individual excited states (known as uorphoresܣ or (uorsܣ are accessible in time-resolved

measurements. ese measurements found four unique uorsٺ with lifetimes ranging from

1 ns to 34 ns. eir absorption and emission spectra appear in Figure 4.8.

Since the PMTs are not sensitive to photons with wavelengths below 280 nm, the sim-

ulation does not consider photons with wavelengths below 250 nm. However, these far-
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ultraviolet (UV) photons are not entirely innocuous. Because of the broad absorption and

and emission spectra of the ,uorsٺ uorescenceٺ can essentially convert a UV photon into

one detectable by the PMTs. e only source of these photons is Čerenkov radiation. Since

light of this wavelength is quickly attenuated (∼1 cm), it is not necessary to fully simulate

these photons. Instead, the effect is modeled by generating uorescenceٺ photons along a

particle track in direct proportion to the Čerenkov emission; the proportionality constant is

fuvf = 0.074 Naturally, the photons are like uorescenceٺ photons in every way—isotropic,

delayed—but their intensity is tied to Čerenkov light.

Scintillation Light Saturated alkanes are not the sole constituent of themineral oil. A small

fraction of the oil consists of organic compounds with more complicated structures. Delo-

calized π-orbital electrons in these compounds are easily excited by ionizing radiation and

produce scintillation light upon de-excitation. Unlike Čerenkov light, scintillation light is

emitted isotropically. Since the de-excitation occurs over some niteٹ lifetime, scintillation

light is also delayed. e scintillation properties of the mineral oil were studied in a neutron

beam at the IndianaUniversity Cyclotron Facility (IUCF).e scintillation yield is described

by Birks’ law:
dN
dE

=
A

1+ B1

(
1
ρoil

dE
dx

)
+ B2

(
1
ρoil

dE
dx

)2 , (4.17)

with A = 31.64Mev−1, B1 = 0.014MeV−1g/cm2, B2 = 0MeV−2g2/cm4. e last coefficient

is a placeholder that permits a study of systematic uncertainty. Birks’ law was designed to

explain an observed saturation effect wherein the scintillation yield approached an asymp-

totic value even as the energy deposited is increased. e spectrum of scintillation light

was not successfully measured at IUCF. An ad hoc model was introduced in which the same

mechanism behind uorٺ 4 was also responsible for the scintillation light and so the spec-

trum and delay of the scintillation light should match that of uorٺ 4. While there is little

theoretical evidence that this model ought to be true, it was found to sufficiently replicate

the calibration data.
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Figure 4.9: Inverse extinction length of optical
processes in MARCOL7 oil. Rayleigh scattering
was measured at two points and extrapolated to
the relevant range. e total extinction length
was measured independently of the others pre-
sented. e difference between it and the sum
of the listed processes must be due to absorp-
tion. Raman scattering does not appear in this
;gureٹ its contribution is small.

Light Propagation

In mineral oil, photons can scatter elastically (Rayleigh scattering) or inelastically (Raman

scattering), induce ,uorescenceٺ or simply be absorbed. Each of these processes contribute

to the extinction of light in the detector. e rate at which these processes occur is charac-

terized by the extinction length, which is equivalent to the mean free path. e measured

and inferred extinction lengths for each process appears in Figure 4.9. A description of the

measurement of certain optical processes appears in Ref. [196].

Scattering Rayleigh scattering refers to the elastic scattering of light off density -uctuٺ

ations in the medium. e absolute rate of scattering as well as its angular distribution

were measured for each combination of incident and scattered polarization at wavelengths

of 442 nm and 532 nm. e rate of scattering was extrapolated to all other values using the

known λ4 dependence of Rayleigh scattering. e inelastic scattering of photons—Raman

scattering—is loosely related to uorescenceٺ in the sense that the emitted photon does not

necessarily have the same energy. However, in Raman scattering, the incident photon ex-

cites rotational and vibrational states so the excitation can occur for incident photons of any

wavelength. e difference between the frequencies of the incident and emitted photons is

a constant. Raman scattering was studied alongside uorescenceٺ in the steady-state mea-

surements described earlier. e wavenumber shi was found to be 2890 cm−1 and Raman
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scattering was determined to be responsible for 5% of the total scattering.

Fluorescence e uorescenceٺ described in the discussion of light generation can also be

counted as an extinction mode. e corresponding inverse excitation lengths appear in Fig-

ure 4.9.

Absorption Atwavelengths below 340 nm, the total extinction lengthwasmeasuredwith a

10 cm sample of oil in a spectrophotometer. e total extinction length at longerwavelengths

were extrapolated from a measurement of∼25 m at a wavelength of 460 nm. e difference

between the total extinction rate and the sum of the individual modes of extinction was

attributed to absorption in the oil.

Reections Reٺections are incorporated into the model as well. Reٺective surfaces in the

main region include the optical barrier and PMT globes. In the veto region, they include the

PMT restraints in addition to the PMT globes and the tank walls. e interior of the main

region was painted with low-reٺectivity, black paint, while the veto region was painted with

highly-reٺective, white paint. e albedo of these surfaces was measured in air and input

into the simulation.

Photoelectron Production Geant3 tracks photons until they are absorbed. Some photons

will terminate on the PMT photocathodes and produce photoelectrons. Two characteristics

of the PMTs govern the number of photoelectrons produced: the angular acceptance and

the quantum efficiency. For Model R5912 PMTs, the quantum efficiency was measured by

the manufacturer. Michel calibration data suggests that the ratio of the quantum efficiency

of the Model R1408 PMTs to the Model R5912 PMTs is 0.83. e angular acceptance was

measured under controlled conditions before the PMTs were installed.

In all, thirty-ٹve parameters deٹne the optical model. e timing of hits in laser askٺ

events is quite sensitive to the parameterization of scattering and reٺections in the optical

model. In Figure 4.10, the Monte Carlo prediction of this distribution is compared to data.

e substantially better agreement when scattering and reٺection are included in the sim-

ulation is obvious. In a similar manner, many parameters of the optical model were tuned
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Figure 4.10: PMT hit timing in laser askܣ events under optical model variations. e plot is set at an ar-
bitrary scale. e prominent peak at zero time corresponds to prompt hits. e peak that precedes it
and those that follow it are due to pre-pulsing and late-pulsing (imperfect PMT responses), respec-
tively. e result of the Monte Carlo including scattering and reٺections (blue line), only scattering
(green line), and neither (red line) are compared to the date (points). e addition of each feature
improves agreement among late hits. e plot represents only model R1408 PMTs; the result for
model R5912 PMTs is similar.

to observables derived from the available calibration samples listed in §3.2.4. For a few pa-

rameters, the ex situmeasurements provided the best constraint. Once again, the discussion

of systematic uncertainty will be reserved for Chapter 8.

4.3.3 PMT Response & DAQ

Aer Geant3 has completed its tracking duties, the number of photoelectrons produced at

each PMT is passed on to the PMT response and DAQ simulation.

e stochastic nature of PMTs smears the time at which the charge arrives at the an-

ode. Beyond this intrinsic resolution, the pre-pulsing and late-pulsing phenomena further

degrade the PMT timing. Pre-pulsing is thought to be caused by the initial photoelectron

skipping the rstٹ dynode in the ampliٹcation chain, while late-pulsing is due to a spurious

electron wandering around the PMT and inducing a second cascade aer the fact. ese

features can be seen in Figure 4.10. e timing probability density functions (pdf ) for each

PMTwere individually recorded before the PMTswere installed. A time is drawn from these

pdfs for each impinging photon.

e charge pdfs for each model of PMT are straightforwardly recovered from the raw

charge distribution for the prompt hit sample in laser askٺ events. A charge is randomly
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drawn from the appropriate pdf for each photon.

A triangular pulse that respects the drawn time and charge is constructed for each photon

and the triangular pulses are summed. e summed pulse is then passed through the same

digitization procedure described in §3.2.3. us the format of the output of theMonte Carlo

is identical to data.

4.3.4 Strobe Overlay

So far, the detector Monte Carlo addresses only beam induced events. e data collected

by the “strobe” trigger (§3.2.3) serve to eshٺ out the rest of the simulation. Recall that

the strobe trigger collects random beam-off events at a regular frequency. ese events are

directly superimposed on the Monte Carlo output to simulate external activity.

4.4 Reconstruction

e data collected for each neutrino event are not particularly useful in their raw form.

Higher level, physical variables must be teased from the data. is process is known as

reconstruction. In this section, we will paint the reconstruction algorithm used in this anal-

ysis in broad strokes. For the nerٹ points, please refer to Ref. [197].

e reconstruction algorithm relies on the premise that assuming a simple enough ge-

ometry for a particle track and knowing the light emission proٹle for the track, one can

calculate the probability that a PMT should be hit, the pdf for the amount of charge ob-

served on a PMT, and the pdf for the time at which a PMT is hit. e reconstruction of an

event begins with a hypothesis for the type andmultiplicity of particles in it. e charge and

time pdfs are calculated for each PMT given some initial conٹguration of the tracks. e

likelihood of the hypothesis and track conٹguration is constructed by comparing what was

actually observed in the event to the prediction. If the charge pdf for PMT i, under hypoth-
esis α and track conٹguration X, is f αq (q; i,X), the time pdf f αt (t; i,X), the hit probability

Pα
hit(i;X), and the observed charge and time qi and ti, the likelihood is simply the product of
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the probabilities for each observation:

Lα(X) =
∏
i,unhit

(1− Pα
hit(i;X))

∏
i,hit

Pα
hit(i;X)f αq (qi; i,X)︸ ︷︷ ︸

Lα
q

∏
i,hit

f αt (ti; i,X)︸ ︷︷ ︸
Lα
t

. (4.18)

e quantities Lα
q and Lα

t are the charge and time likelihoods, respectively. Finally, a search

is conducted in the space of possible track conٹgurations to ndٹ the most likely conٹgura-

tion for the hypothesis. e result of reconstruction is a likelihood for the hypothesis and the

best-ٹt kinematic properties of the particles in the hypothesis. e track-based reconstruc-

tion can quickly become unwieldy for hypotheses involving numerous particles. To keep the

computations feasible and the maximization well-behaved, hypotheses are usually limited

to the dominant particle in an event. At the moment, Eq. (4.18) is perfectly abstract. It is

made concrete by explicitly constructing, Pα
hit, f

α
q , and f αq for the possible hypotheses.

4.4.1 Electron &Muon Hypotheses

Both the electron and muon hypotheses assume a single particle track deٹned by seven pa-

rameters: X = (t0, x0, y0, z0, θ0, φ0,E0). e rstٹ four parameters are the four-vertex, the

next two are the direction with the polar axis identiٹed with the beam axis, and the last is

the energy.

Charge Likelihood

echarge observed on aPMT is a Poisson-distributed variable. If themean expected charge

on PMT i is μα
i , then

Pα
hit(i;X) = 1− exp[−μα(X)] . (4.19)

Similarly, the observed charge pdf, f αq , is parameterized only by μα, i.e. f αq (qi; i,X) =

fq(qi; μα
i (X)). e pdf is solely a property of the PMT. An example distribution appears

in Figure 4.11. Hence, the determination of the charge likelihood reduces to predicting the

expected mean charge on each PMT.

e expected charge on a PMT is sensitive to the orientation of the track and how

light is emitted along it. e reconstruction algorithm considers contributions from di-

rect Čerenkov and scintillation light as well as indirect light from scattering and reٺections.
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e direct light emission proٹle of a track can be factored into the total light yield, Φ(E0),

the unit-normalized emission distribution along the length of the track, ρ(s;E0), and the

azimuthal distribution of light about the track, g(cos θ, s;E0). e emission proٹles are

functions of the distance along the track, s. e azimuthal distribution is normalized to

unity for xedٹ s. ese proٹles do not try to capture stochastic variations in the particle

tracks, e.g. muon range straggling or the numerous individual tracks that comprise an elec-

tromagnetic shower. Rather, the average proٹle for a given particle of a given energy is

assumed. e proٹles are constructed using the detector Monte Carlo. Figures 4.12 & 4.13

depict example emission distributions. e light reaching any PMT is found by integrating

the contributions from each direct source along the length of the track while taking into

account geometrical factors, the transmittance of the oil, and the angular acceptance of the

PMT.

e amount of observed indirect light must be proportional to the amount of emitted

direct light. It can depend only on the position where the source light was emitted relative to

the PMT and the direction of the source light. Tables containing the fraction of indirect light

relative to direct light forČerenkov and scintillation light as a function of these variableswere

compiled from detector Monte Carlo samples and incorporated into the predicted charge

calculation.

Time Likelihood

e absolute time of a hit on PMT i, ti, is not the most ideal variable to work with. e

corrected time,
tci = ti − t0 −

|xi − xmid|
c/n

− |xmid − x0|
c

, (4.20)

Figure 4.11: Example observed charge
pdf, fq. e gureٹ illustrates the prob-
ability of observing a charge q if the
expected mean charge is μ for model
R1408 PMTs. In this case, μ = 0.7.
From Ref. [197]
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Figure 4.12: Scintillation emission proܢles for electrons andmuons. Example emission proٹles are plotted
for (a) a 300 MeV electron and (b) a 300 MeV muon. e angular proٹles are not shown since
scintillation light is isotropic. From Ref. [197].
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Figure 4.13: Čerenkov emission proܢles for electrons and muons. (a) Example proٹles for a 300 MeV
electron. e diffuse nature of electromagnetic showers is made evident by the broad angular dis-
tribution. (b) Example proٹles for a 300 MeV muon. e angular proٹle clearly demonstrates the
dependence between the angle of Čerenkov light and particle energy. From Ref. [197].
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where xi is the position of PMT i and xmid is the midpoint of the track, is more amenable

to reduction. It subtracts the global time of the event, the propagation time of the particle

to the midpoint of its track, and the propagation time of the light from the midpoint of the

track to the PMT. Correcting to the midpoint of the track is an approximation that has been

found to provide acceptable results.

e corrected time pdf, f αtc , has a contribution centered roughly around zero due to

prompt light and a tail due to late light. It can be divided into a linear combination of the a

prompt time pdf and a late time pdfs. e prompt pdf is treated as a Gaussian distribution,

the mean and width of which are parameterized functions of E0 and the amount of prompt

light, μprompt. e late pdf is modeled as the sum of two exponentials with decay times of

5 ns and 30 ns convolved with a Gaussian. It is speciٹed by the start time, the width of

the Gaussian, and the relative weight of the two exponentials. Again, these parameters are

functions of E0 and the amount of late light, μlate. e value of μprompt is set to be 95% of the

amount of Čerenkov light. e remainder of the light is assigned to μlate. e family of late

and prompt pdfs is generated with the detector Monte Carlo and the parameterizations are

stored in lookup tables indexed by E0, μprompt, and μlate.

4.4.2 Two-photon & π0 Hypotheses

In order to reconstruct events containing a π0, wherein the dominant feature is two elec-

tromagnetic showers, a two-photon model must be implemented. e two tracks share a

common vertex, but have separate directions and energies. A conversion length parame-

ter that determines when the photon pair-produces is assigned to each track as well. Since

photon-induced and electron-induced electromagnetic showers are indistinguishable in the

MiniBooNE detector, the electron emission proٹles are employed in the calculation. e

calculation of the likelihood is nearly identical to the one-track hypotheses. e predicted

charge on a PMT is simply the sum of the predicted charge from each track and the time

pdf is a linear combination of the time pdfs for each track. e π0 hypothesis is formed by

constraining the invariant mass of the two photons,

mγγ =
√

Eγ1Eγ2(1− cos θγγ), (4.21)
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to be equal to the mass of the π0.

;



Part III

Analysis
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5 What Was Measured?

Before we begin to address the analysis that was undertaken to make the title measure-

ment, we ought to rstٹ discuss precisely what was measured. is brief chapter serves

as a preface to the third part of the dissertation. We will try to carefully (perhaps too care-

fully) understand what a cross section is and then deٹne and characterize the classes of

events for which we have measured a cross section.

Suppose two groups of particles—we will call one the incident group and the other the

target group—collide. e cross section, σ, is a measure of the probability that an interaction

will occur in the collision. It has a rather simple deٹnition:

σ = Proٹle Area× # of Scattering Events
# of Target Particles× # of Incident Particles

. (5.1)

e proٹle area is the head-on area the two groups of particles share. e number of scat-

tering events is called the rate. e deٹnition of a cross section is illustrated in Figure 5.1.

σ is the total cross section. Notice that it has units of area: it can be thought of as the

cross sectional size of the target. e cross section generally depends on the energy of the

particles of involved. Typically, we want to know the probability that interactions will occur

and will result in particles with speciٹc properties, say momentum or direction. is need

can be accommodated by extending the idea of a cross section to a differential cross section.
e differential cross section,

dσ
dX(X′;ET,ES) = A

dNS
dX (X′)
NTNS

, (5.2)

is the marginal, differential cross section dσ for particles to scatter into a differential volume

of parameter space, dX atX = X′. We have explicitly included the energy dependence of the

124
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Figure 5.1: Depiction of cross section. (a)NI incident particles andNT target particles sharing a com-
mon proٹle area, A, are set to collide. (b) During the collision, NS scattering events occur. NS is
related to the NI, NT, and A by the cross section, σ.

cross section as parameters. e total cross section can be recovered by integrating over the

domain of X.

It will be convenient to specialize our notation. In neutrino measurements, we study

the interaction of a neutrino beam with a stationary target. In this context, the quantity

Φ = NI/A is known as the .uxٺ e uxٺ is rarely monoenergetic and is usually speciٹed as

a differential distribution dΦ
dEν

. So for our purposes,

dσ
dX(X′,E′ν) =

1
NT

dΦ
dEν

(E′ν)
dNS

dXdEν
(X′,E′ν) . (5.3)

It would appear that the bulk of measuring a differential cross section is measuring the dif-

ferential rate at which interactions occur. A complication arises in the case of neutral current

scattering. Without being able to observe the outgoing neutrino in any such event, the en-

ergy of the incident neutrino cannot be reconstructed, so the differential rate as a function of

Eν cannot be measured. Instead, one is limited to measuring
∫
dEν

dNS
dXdEν

(X′,E′ν) ≡ dNS
dX (X′).

Notice though that when we average the cross section weighted by the differential ⟩uxٺ
dσ
dX

⟩
Φ
(X′) ≡ 1∫

dE′ν dΦ
dEν

(E′ν)

∫
dE′ν

dΦ
dEν

(E′ν)
dσ
dX(X′,E′ν) =

1
NTΦ

dNS

dX (X′) , (5.4)

the energy-dependence of the rate is integrated out. Additionally, the ux-averagedܣ cross

section, as it is called, depends on only the total uxٺ and not the differential .uxٺ When

studying neutral current interactions, only ux-averagedٺ cross sections can be measured.
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Inٹnities are still out of our reach and so the expressions we have for the cross sections

are idealized in the respect that they encompass differential quantities. In a real experiment,

we approximate the differential rate by counting the number of interactions that scatter into

a small but niteٹ volume of parameter space, Ω. is quantity is just the average of the

differential rate over Ω:

ΔNS

ΔX

∣∣∣∣
Ω
=

NS(Ω)

vol(Ω)
≡ 1∫

Ω dX′
∫

Ω
dX′ dNS

dX (X′) =
⟨
dNS

dX

⟩
Ω
. (5.5)

e corresponding niteٹ approximation to the cross section is

∀X′ ∈ Ω,

⟨
dσ
dX

⟩
Φ
(X′) ≈

⟨
Δσ
ΔX

⟩
Φ

∣∣∣∣
Ω
=

1
NTΦ

ΔNS

ΔX

∣∣∣∣
Ω
. (5.6)

Measuring the cross section over the domain of X is simply a matter of measuring ΔNS
ΔX

∣∣
Ω on

a partition {Ωi} that covers the domain of X.

Now knowing the the general idea behind measuring a cross section, we turn to desig-

nating exactly which interactions were counted as signal for this measurement. Two signal

classes were addressed in the analysis. e rstٹ is the basis for the principal work of this

dissertation.

Demnition 5.1. Inclusive NC 1π0 events consist of all neutral current neutrino interactions in which
one and only one π0 and no other mesons exits the struck nucleus.

When not explicitly speciٹed, “NC 1π0” production refers to inclusive production in

this document. Deٹnition 5.1 was constructed to minimize the inٺuence of uncertain mod-

els on the measurement. By deٹning a signal based on the observable products leaving the

nucleus, we preclude the need to introduce an FSI model to predict what happened at the

neutrino interaction vertex. e deٹnition is also of greater utility to experiments seek-

ing to constrain backgrounds, who are unconcerned about the particular mechanism of π0

production within the nucleus. e NC 1π0 measurement conducted at K2K[148] used the

same deٹnition, while the measurement made by the SciBooNE collaboration[149] relaxed

the requirement that only one π0 be emitted from the struck nucleus. e difference be-

tween the two deٹnitions is slight at MiniBooNE: NC 1π0 production accounts for 96% of

all NC π0 production in neutrino mode and 98% in antineutrino mode.
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Table 5.1: Composition of inclusive NC
1π0 signal. e table gives the frac-
tional contribution of various exclu-
sive neutrino interaction channels, as
predicted by nuance, for both νμ in
neutrino mode and ν̄μ in antineutrino
mode.

Channel νμ ν̄μ Channel νμ ν̄μ

NC 1π0 94% 97% NC Elastic 2% < 1%
Incoherent 77% 59% Multi-π < 1% < 1%
Coherent 17% 38% DIS < 1% < 1%

NC π± 2% 2% K, ρ, η Prod. < 1% < 1%

Since the deٹnition includes FSI as a source of π0 production, neutrino interactions

which do not initially produce a π0 may be counted as signal. For example, the charged

pion produced in an NC π± interaction can undergo charge exchange in the nucleus and

only the resulting π0 will be observed emerging from the nucleus. Similarly, the recoil nu-

cleon in an NC elastic interaction can produce a π0 as it scatters in the nucleus. We count

interactions in which the neutrino interaction directly produces a π0, viz. the incoherent and
coherent modes of production discussed in Chapter 2, as exclusive NC 1π0 production. Not

all exclusive production is categorized as inclusive production. Should the π0 be absorbed in

the nucleus in an exclusive interaction, the event will not count. emakeup of the inclusive

sample in terms of exclusive channels is given in Table 5.1 and its behavior as a function of

the momentum of the produced π0 is illustrated in Figure 5.2.

Exclusive production accounts for the vast majority of NC 1π0 production; the contribu-

tion from NC π± and NC elastic events through FSI is small. e most distinct difference

in the signal composition between neutrino and antineutrino modes is the amount of co-

herent NC 1π0 production versus incoherent. e incoherent cross section is predicted to

be smaller for antineutrinos while the axial-dominated coherent cross section is expected

to remain relatively unchanged. e larger coherent fraction makes antineutrino mode data

more amenable to studies of coherent production.

e second class of signal events is simply those events involving incoherent exclusive

NC 1π0 production. Since it is implied, the “exclusive” label will hereaer be dropped in

references to incoherent and coherent NC 1π0 production.

Demnition 5.2. Incoherent NC 1π0 production includes all events instigated by an incoherent NC
1π0 interaction, as described in §2.1, at the neutrino interaction vertex.

In contrast with the inclusive measurement, the incoherent production measurement is
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Figure 5.2: Composition of inclusive NC 1π0 events as a function of π0 momentum. (a) Monte Carlo
predicted composition of νμ induced signal events in neutrinomode. (b) Composition of ν̄μ induced
signal events in antineutrinomode. Note themarked increase in the coherent fraction in antineutrino
mode, especially at high momentum.

deeply model dependent. We are required to deduce what happened at the neutrino inter-

action vertex based on what was observed leaving the nucleus. Since many π0 are absorbed

in the nucleus, we must invoke an FSI model to account for events in which no π0 was

observed exiting the struck nucleus. Since the reconstruction algorithm disregards any out-

going nucleons, coherent and incoherent NC 1π0 production are indistinguishable in the

MiniBooNE detector on an event-by-event basis. And so any measurement of incoherent

NC 1π0 production will rely heavily on a model of coherent NC 1π0 production to subtract

those background events.

e signal described in Deٹnition 5.1 is the focus of this dissertation. Differential cross

sections for inclusive NC 1π0 production were measured as functions of the π0 momentum

(pπ0) and the angle of the π0 relative to the beam (cos θπ0). e cross sections were mea-

sured for νμ-induced production with the Booster neutrino beam in neutrino mode and

ν̄μ-induced production with the beam in antineutrino mode. e signal described in Deٹ-

nition 5.2 was studied with the intent of producing a measurement that could be compared

to those made in the past; its purpose is mainly a legacy one. Only the total cross section

for incoherent production was measured.

;



6 Event Selection

As we saw in the prior chapter, the business of measuring a cross section consists chieٺy

of counting how many interactions of the type being sought occur. In this chapter, we

discuss how we si through the set of all beam trigger events to ndٹ those of interest.

Two features of the signal events drive the selection criteria. First, they are neutral cur-

rent events. Muons produced in charged current interactions typically stop and decay. In

a charged current event, the muon produced in the interaction will decay and produce a

Michel electron. e decay produces a distinct signature in the detector; its presence is a

reliable indicator of whether the event was charged current and its absence an indicator of

whether the event was neutral current. Second, the event contains a π0. Naturally, the π0

reconstruction hypothesis ought to be more likely than the other hypotheses for events with

a π0. Considering that both inclusive and incoherent NC 1π0 events share these two traits,

the same selection criteria are used to isolate them.

ere are two ideas to keep in mind when discussing the efficacy of selection cuts: the

sample efficiency and purity. e former is the fraction of all signal events that remain in the

sample aer selection cuts. e latter is fraction of the sample made up by signal events.

Since we will soon be comparing data and Monte Carlo, it will be useful to clarify certain

additional terminology. Event variables extracted from reconstruction, whether the event

is data or Monte Carlo, are naturally described as reconstructed. Likewise, for Monte Carlo

events, the true values of event variables are described as generated or true. Occasionally these

labels will be omitted, but the surrounding context should imply which variable is meant.

129
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Start Date End Date 1020 POT

2/3/2003 10/31/2005 5.579
10/31/2005 1/19/2006 0.050
10/14/2007 4/8/2008 0.832

Total: 6.461
(a) Neutrino mode

Start Date End Date 1020 POT

1/19/2006 6/5/2006 0.172
4/9/2007 10/14/2007 0.972
4/8/2008 9/2/2008 1.061
9/2/2008 6/11/2009 1.477

Total: 3.682
(b) Antineutrino mode

Table 6.1: Beam running periods used in analysis. e start date, end date, and POT collected are listed
for each beam running period contributing to the analysis.

6.1 The Data

is analysis made use of data collected from three periods of neutrino mode running for

a total of 6.461 × 1020 POT (protons-on-target) and four periods of antineutrino mode

running for a total of 3.682 × 1020 POT. e start and end dates of the periods are listed

in Table 6.1. Two periods of antineutrino mode running during which absorbers had fallen

into the beam decay region were excluded from the analysis. While 1.181 × 1020 POT of

data were collected during this time, the additional statistics were not worth the additional

complication of modeling the beam with the absorbers. Roughly one million beam triggers

were recorded with the beam in neutrino mode and a few hundred thousand were recorded

in antineutrino mode.

6.2 Preliminary Selection

ebeam trigger (see §3.2.3) resٹ approximately 4.6 μs before the beam spill and persists for

19.2 μs. All PMT hits occurring within the trigger window comprise a beam event. Com-

paratively simple cuts, using only PMT hit multiplicities and timing information, perform

well in isolating beam-induced, neutral current neutrino interactions.

A subevent is collection of PMT hits that are clustered in time. A greedy algorithm is

used to ndٹ clusters. It begins with the earliest hit that has not been assigned to a subevent

or ruled out from being a member of a subevent. If the subsequent hit is within 10 ns of
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Figure 6.1: PMT hit time distribution for candidate CC π+ event. ree peaks clearly stand out in the
distribution. e ,rstٹ which is coincident with the beam spill, is due to the initial neutrino interac-
tion. e π+ decays in tens of nanoseconds and produces a muon in the process. e muons from
the neutrino interaction and the pion decay on a much longer timescale. eir decays are responsible
for the second and third subevents.

the prior hit, it is added to the subevent. Additional hits are accumulated in the same way.

Should a hit be within 20 ns of a prior hit, but the subevent has at least 10 hits, it is added

and the accumulation is not interrupted. is contingency can be enacted only twice within

a subevent. A subevent is recorded only if it has at least 10 hits.

e majority of light from the products of a neutrino interaction is collected in tens of

nanoseconds. On the other hand, the muon lifetime (τ = 2.2 μs) is on an entirely different

timescale. Consequently, interactions producing muons, e.g. charged current interactions,

usually present as events with multiple subevents. e rstٹ is due to the initial neutrino

interaction and is coincident with the beam spill. Following subevents are due to theMichel

electron produced in stopped muon decay. e timing of PMT hits in a candidate CC π+

event is given in Figure 6.1. e two muon decays in this event are clearly visible as peaks

in the distribution. e rstٹ cut is obvious.

Cut 1. Candidates must contain only one subevent. NSE = 1.

It eliminates∼70% of charged current events, but also∼20% of inclusive NC 1π0 events. By

and large, the excluded signal can be attributed to coincident cosmic ray muons entering the

detector. e subevent multiplicity distribution for the inclusive NC 1π0 events is presented
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Figure 6.2: Subevent multiplicity distribu-
tion for inclusive NC 1π0 events. e arrows
mark events passing the cut. Most multi-
ple subevent entries are induced by cosmic
ray muons entering the detector during the
beam trigger. From Monte Carlo.
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in Figure 6.2.

e next two cuts select for clean (no veto activity), beam-on, neutrino-induced activity.

Cut 2. Candidates must have fewer than six hits in the veto region. NVeto < 6.

Cut 3. Candidates must have more than 200 hits in the tank region. NTank > 200.

e veto hits parameter identiٹes events with particles entering or exiting the detector. In

the former case, it eliminates 99.987% of cosmic rays entering the detector. In the latter

case, it eliminates a substantial portion of the remaining charged current events with the

implication being that the muon is uncontained. e tank hits cut ensures that the event is

sufficiently energetic. e Michel electron spectrum stops at 52.8 MeV, which corresponds

to∼180 tank hits. Hence, Cut 3 excludes virtually allMichel electron events. Neutral current

elastic interactions, which typically result in nucleons belowČerenkov threshold, are also re-

jected with high efficiency. e veto hits and tank hits distributions for NC 1π0 events com-

pared to cosmic activity and Michel electrons appear in Figure 6.3. Together, these two cuts

perform exceedingly well in rejecting beam-off activity. e time distribution of subevent

times within the beam window before and aer Cuts 2 & 3 is shown in Figure 6.4. Indeed,

without any explicit timing cuts, these two cuts completely isolate events coincident with

the beam spill.

e two remaining preliminary cuts are essentially procedural.

Cut 4. e timing of candidate events (average time of PMT hits in event) must coincide with the
beam spill. 4600 ns < ⟨T⟩ < 6200 ns.

Cut 5. Candidate events in antineutrino mode must satisfy the blindness constraint enforced by the
oscillation analysis.
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Figure 6.3: Cumulative distributions of PMT hit multiplicities in tank and veto regions. e distributions
from Monte Carlo are plotted for NC 1π0 events in both neutrino mode (blue line) and antineutrino
mode (green line). e regions passing cuts are indicated by the arrow. e slight difference between
the two running modes is due to the different .uxesٺ (a) NTank distribution for the rstٹ subevent
of events with no veto activity (NVeto < 6). e same distribution for Michel electron candidates
in data (red line) is plotted in comparison. (b) NVeto distribution for the rstٹ subevent of events
with tank activity (NTank > 200). e same distribution for cosmic ray muons from data (red line)
is plotted in comparison. is distribution is bimodal; the second point of inٺection is caused by
muons passing through the veto shell twice.
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Figure 6.4: Timing distribution for subevents in beam trigger. e distribution of subevent times (av-
erage time over subevent) for data without any cuts (black line), with theNTank cut (red line), with
the NVeto cut (green line), and both cuts (blue line) are compared. With no cuts, the beam spill is
evident, but it stands atop random beam-off background. e exponential overlay is the manifes-
tation of beam-induced Michel decays. Aer the NTank cut, these events are eliminated. Aer the
NVeto cut, much of the random beam-off background is rejected. Aer both cuts, only beam-induced
neutrino interactions remain.
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ough the NTank and NVeto cuts do well in isolating beam-induced events, a timing cut is

strictly enforced. e timing cut has little effect on the makeup of the sample.

e principal charge of MiniBooNE—conducting a search for neutrino oscillation—was

performed as a blind analysis, meaning that any event that resembled a signal event (νe/ν̄e

CC QE events) was sequestered and could not be accessed. is constraint was enforced

for all concurrent analyses on MiniBooNE, hence, Cut 5. Since the blindness constraint

had been lied for neutrino data by the time this analysis was carried out, it applies only to

antineutrino data. Its effect is slight, eliminating ∼2% of signal events.

6.3 Analysis Cuts

e preliminary cuts have le us with an enriched sample of neutral current, neutrino-

induced events. e remainder of our task is to determine which of these events contain

a π0. We appeal to the reconstruction program discussed in §4.4 to make that determina-

tion. In the rstٹ round of reconstruction, events are tٹ under the one-track electron and

muon hypotheses. Events that fail reconstruction, of which there are a negligible number,

are implicitly cut. Each tٹ returns the likelihood of the corresponding hypothesis: Le and

Lμ. ose events satisfying log(Le/Lμ) > −0.05 continue to the next round of recon-

struction. In the second round, events are tٹ under the general two-photon hypothesis and

constrained invariant mass, π0 hypothesis. Once again, events failing reconstruction are

implicitly cut and, once again, the number which do fail is negligible.

e rstٹ analysis cut is a simple ducialٹ volume cut.

Cut 6. e vertex position of candidate events, reconstructed under the electron hypothesis, must be
within 500 cm of the center of the detector. Re < 500 cm.

It serves to preclude edge effects from entering into the sample. Beyond a radius of 560

cm, detector materials such as the PMTs and the optical barrier complicate matters. Con-

sidering that the position resolution is∼50 cm, a cut at 500 cm is reasonable. As one would

expect, the cut has little inٺuence on the purity of the sample; however, it does marginally

diminish the signal efficiency (if the signal is deٹned as events with true vertices in the

ducialٹ volume). e next cut is the rstٹ of the likelihood cuts. It reٺects the idea that π0-
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Figure 6.5: Radial distribution of events
passing preliminary cuts. e histogram
gives the radial position taken from the
electron hypothesis tٹ for neutrino data.
e arrow identiٹes the region satisfying
Cut 6. Barring statistical ,uctuationsٺ the
distribution for antineutrino data is iden-
tical.
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containing events should more resemble electron events (diffuse rings) than muon events

(sharp rings).

Cut 7. e likelihood of the electron hypothesis must exceed that of the muon hypothesis for candidate
events. log(Le/Lμ) > 0.05.

e distribution of this discriminant appears in Figure 6.6. Figure 6.6 exhibits a large dis-

agreement between Monte Carlo and data. e disagreement can be attributed to a mis-

estimation of π0 production rather than a failure of the reconstruction. Ref. [123] demon-

strates how correcting π0 production only as function of momentum using an in situ mea-

surement yields vastly improved agreement between Monte Carlo and data in other vari-

ables. Disagreement aside, the separation between νμ CC QE events and signal events is

stark. A priori, the cut should be placed at log(Le/Lμ) = 0. Instead, we consider how the

NC 1π0 purity and efficiency of the sample vary with cut placement. ese metrics along

with their product are plotted in Figure 6.7. e purity of the sample is maximal with the

cut at log(Le/Lμ) = 0.05. On the other hand, the product of purity and efficiency is maxi-

mized with the cut at log(Le/Lμ) = 0.02. However, even with the improved π0 production

prediction, the disagreement between data and Monte Carlo is larger in this lower region.

Agreement also improves for the two-photon invariant mass distribution (which will soon

be described) with the tighter cut. Consequently, we choose to optimize for purity. Cut 7

eliminates nearly all remaining νμ CC QE events and doubles the NC 1π0 purity.

e second likelihood cut compares the π0 and electron hypotheses.

Cut 8. e likelihood of the π0 hypothesis must exceed that of the electron hypothesis for candidate
events. log(Le/Lμ) < 0.
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Figure 6.6: log(Le/Lμ) distribution. e distribution includes events passing the preliminary cuts
and the ducialٹ volume cut. e exclusive channels are grouped according to shape similarity. “Nπ”
represents multi-pion production. e “Others” category includes charged current hyperon produc-
tion, ν − e scattering, and delta radiative decays. e inclusive signal is indicated by the blue, lledٹ
histogram. e red, lledٹ histogram represents events in which no π0 was ever produced either by
the initial neutrino interaction or any of its products in the detector. e region satisfying Cut 7 is
indicated by the arrow. e error bars on the data are statistical only.

Figure 6.7: NC 1π0 purity and effi-
ciency dependence on log(Le/Lμ) cut.
eNC 1π0 purity and efficiency rel-
ative to the preliminary cuts as well
as their product are plotted as func-
tion of the placement of log(Le/Lμ)
cut. e vertical lines mark the posi-
tion at which the product of purity
and efficiency and purity alone are
maximized.
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Figure 6.8 shows the distribution of log(Le/Lμ). Because few electron-like events are

produced to beginwith, no conspicuous separation appears in this distribution. Cut 8 serves

to reject a portion of νe CCQE events and poorly reconstructed π0 events.

e nalٹ cut carries the most physical meaning among all the cuts. If two photons have

energy Eγ1 and Eγ2 and are separated by an angle θγγ, their invariant mass is

Mγγ =
√

Eγ1Eγ2 cos θγγ. (6.1)

If an event truly does contain a π0, one would expect that the tٹ under the two-photon

hypothesis would yield an invariant mass consistent with the π0 mass.

Cut 9. e invariant mass extracted from the two-photon tܢ must be close to the π0 mass of 134.97
MeV/c2 for candidate events. 80MeV/c2 < Mγγ < 200 MeV/c2.

e invariant mass distribution appears in Figure 6.9. It contains a prominent peak

around the π0 mass. Events with no π0 pile up at zero invariant mass. Virtually all events in

the π0 mass peak contain a π0, although a smaller fraction are actually classiٹed as NC 1π0

events. is discrepancy is an indication that in a number of events, a π0 was generated out-

side the target nucleus by the products of the neutrino interaction. While the MiniBooNE

detector performs well in isolating events containing a π0, it cannot distinguish whether

that π0 was the result of the neutrino interaction or the interaction of its products elsewhere

in the detector (e.g. π+n → π0p). e structure of the π0 mass peak is telling. e peak

due to coherent NC 1π0 production is centered precisely on the π0 mass. Coherent NC 1π0

production is ideal in that the π0 is the only particle exiting the target nucleus, and so the π0

mass is reconstructed cleanly. Incoherent NC 1π0 production is not as well behaved. Oen

detritus, such as recoil nucleons and nuclear de-excitation photons, is produced along with

the π0. Since the reconstruction labors under a hypothesis with only two particles, it must

assign the extra visible energy to the photon tracks. So “dirtier” π0 events are shied to

higher invariant mass. is effect is demonstrated in Figure 6.9; incoherent NC 1π0 pro-

duction peaks higher than coherent NC 1π0 production and evenmore complicated DIS and

NC elastic events peak even higher.
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(b) Antineutrino mode

Figure 6.8: log(Le/Lπ0) distribution. e distribution includes events passing all cuts up to and
including the log(Le/Lμ) cut. See Figure 6.6 for additional details.
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(b) Antineutrino mode

Figure 6.9: Two-photon tܢ invariant mass distribution. e distribution includes events passing all
cuts up to and including the log(Le/Lπ0) cut. e location of the π0 mass is marked. See Figure 6.6
for additional details.
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6.4 Cut Efficacy

e most meaningful measures of the performance of the selection cuts are the resulting

purity of the sample and the signal selection efficiency. e precise effect of each cut on

each exclusive neutrino interaction channel can be found in Tables 6.2-6.5. In these tables,

the fraction of each channel remaining aer each cut and the fraction of the event sample

comprised by each channel aer each cut are listed. Hence, the values listed under the “Incl.

NC 1π0” heading correspond to the NC 1π0 purity and efficiency.

e preliminary cuts boost the purity from its initial value of∼5% to∼30%, due in large

part to the action of the subevent and tanks hits cuts. e analysis cuts further improve the

purity to ∼75% for neutrino mode events, but only ∼60% for antineutrino mode. is

dichotomy is the result of the large contamination of wrong-sign neutrinos in antineutrino

mode. Strictly speaking, our signal in antineutrino mode is only ν̄μ induced NC 1π0 events,

thus νμ induced are background. e grosswork is done by the log(Le/Lπ0) cutwith further

reٹnement provided by the invariant mass cut.

To avoid the geometric penalty incurred by the ducialٹ volume cut, the efficiency is mea-

sured relative to signal events generated in the ducialٹ volume and not the entire detector

volume. In both neutrino and antineutrino mode, the nalٹ selection efficiency is ∼36%.

e subevent and log(Le/Lπ0) cuts are notable offenders; each cause the loss of ∼20% of

signal. In the former case, the losses are governed by Poisson statistics. In the latter case,

we opted for a tighter cut to optimize for purity rather than efficiency.

Generally, the purity and efficiency vary with the kinematic properties of events, to wit

pπ0 and cos θπ0 . e variation in the efficiency, as predicted by Monte Carlo, over the range

of pπ0 and cos θπ0 is depicted in Figures 6.10 & 6.11. For most of the cuts, the change in the

efficiency has a atٺ momentum dependence. e two cuts that most dramatically change

the shape of the efficiency are the veto hits cut and the log(Le/Lμ) cut. e loss of sig-

nal at high momentum due to the veto hits cut is an indication of the loss of containment.

In antineutrino mode, high-momentum events are more likely to be contained; however,

the reconstructed positions of those same events are more likely to dri out of the ducialٹ

volume and so the events fall victim to the ducialٹ volume cut. Low-momentum π0 are par-

ticularly troublesome for the reconstruction package, whose power to determine whether
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Incl. NC 1π0 Incoh. NC 1π0 Coh. NC 1π0 NC π± NC Nπ NC Meson NC EL NC DIS

None 4.6% (0.1)% 5.4% (0.1)% 0.9% (0.0)% 3.6% (0.1)% 0.8% (0.0)% 0.3% (0.0)% 16.7% (0.4)% 0.4% (0.0)%
NSE = 1 8.9% (0.2)% 9.9% (0.2)% 1.7% (0.1)% 5.0% (0.1)% 0.8% (0.0)% 0.4% (0.0)% 25.2% (0.5)% 0.4% (0.0)%
NVeto < 6 12.0% (0.3)% 15.0% (0.3)% 2.5% (0.1)% 8.1% (0.2)% 0.8% (0.0)% 0.4% (0.0)% 47.9% (0.9)% 0.3% (0.0)%
NTank > 200 28.5% (0.7)% 24.3% (0.5)% 5.1% (0.2)% 8.1% (0.2)% 1.8% (0.1)% 0.9% (0.0)% 6.3% (0.1)% 0.7% (0.0)%
⟨T⟩ ∈ [4600, 6200] ns 28.5% (0.7)% 24.3% (0.5)% 5.1% (0.2)% 8.1% (0.2)% 1.8% (0.1)% 0.9% (0.0)% 6.2% (0.1)% 0.7% (0.0)%
Blindness 28.5% (0.7)% 24.3% (0.5)% 5.1% (0.2)% 8.1% (0.2)% 1.8% (0.1)% 0.9% (0.0)% 6.2% (0.1)% 0.7% (0.0)%
Good 1T Fits 29.2% (0.7)% 24.9% (0.5)% 5.2% (0.2)% 8.2% (0.2)% 1.9% (0.1)% 0.9% (0.0)% 6.4% (0.1)% 0.7% (0.0)%
Re < 500 cm 26.7% (0.6)% 23.1% (0.5)% 4.8% (0.2)% 8.2% (0.2)% 1.7% (0.1)% 0.8% (0.0)% 6.6% (0.1)% 0.6% (0.0)%
log(Le/Lμ) > 0.05 60.1% (1.5)% 47.7% (1.0)% 10.8% (0.5)% 8.1% (0.2)% 3.7% (0.1)% 1.9% (0.0)% 4.5% (0.1)% 1.6% (0.0)%
Good 2T Fits 60.1% (1.5)% 47.7% (1.0)% 10.8% (0.5)% 8.1% (0.2)% 3.7% (0.1)% 1.9% (0.0)% 4.5% (0.1)% 1.6% (0.0)%
log(Le/Lπ) < 0 61.3% (1.5)% 48.7% (1.0)% 10.9% (0.5)% 8.1% (0.2)% 3.9% (0.1)% 2.0% (0.0)% 4.5% (0.1)% 1.7% (0.0)%
Mγγ ∈ [80, 200] MeV/c2 73.0% (1.7)% 57.7% (1.1)% 13.1% (0.6)% 7.9% (0.1)% 2.8% (0.1)% 1.2% (0.0)% 4.6% (0.1)% 0.9% (0.0)%

CC π0 CC π± CC Nπ CC Meson CC DIS CC QE Δ → Nγ

None 5.5% (0.1)% 21.9% (0.3)% 1.3% (0.0)% 0.6% (0.0)% 1.0% (0.0)% 39.5% (0.8)% 0.1% (0.0)%
NSE = 1 4.1% (0.2)% 11.2% (0.3)% 0.8% (0.0)% 0.4% (0.0)% 0.6% (0.0)% 36.8% (1.0)% 0.1% (0.0)%
NVeto < 6 1.7% (0.1)% 4.6% (0.2)% 0.3% (0.0)% 0.1% (0.0)% 0.1% (0.0)% 15.5% (0.6)% 0.1% (0.0)%
NTank > 200 3.9% (0.2)% 10.2% (0.5)% 0.7% (0.1)% 0.3% (0.0)% 0.2% (0.0)% 33.9% (1.4)% 0.3% (0.0)%
⟨T⟩ ∈ [4600, 6200] ns 3.9% (0.2)% 10.2% (0.5)% 0.7% (0.1)% 0.3% (0.0)% 0.2% (0.0)% 33.9% (1.4)% 0.3% (0.0)%
Blindness 3.9% (0.2)% 10.2% (0.5)% 0.7% (0.1)% 0.3% (0.0)% 0.2% (0.0)% 33.9% (1.4)% 0.3% (0.0)%
Good 1T Fits 3.9% (0.2)% 9.8% (0.5)% 0.7% (0.1)% 0.3% (0.0)% 0.2% (0.0)% 33.2% (1.4)% 0.3% (0.0)%
Re < 500 cm 3.7% (0.2)% 10.0% (0.4)% 0.7% (0.0)% 0.2% (0.0)% 0.2% (0.0)% 36.0% (1.3)% 0.3% (0.0)%
log(Le/Lμ) > 0.05 4.7% (0.5)% 5.7% (1.0)% 1.3% (0.1)% 0.6% (0.1)% 0.5% (0.1)% 2.1% (2.7)% 0.6% (0.0)%
Good 2T Fits 4.7% (0.5)% 5.7% (1.0)% 1.3% (0.1)% 0.6% (0.1)% 0.5% (0.1)% 2.1% (2.7)% 0.6% (0.0)%
log(Le/Lπ) < 0 4.9% (0.4)% 5.9% (0.8)% 1.3% (0.1)% 0.6% (0.1)% 0.5% (0.1)% 2.0% (1.5)% 0.2% (0.0)%
Mγγ ∈ [80, 200] MeV/c2 2.8% (0.2)% 3.6% (0.4)% 0.7% (0.1)% 0.2% (0.0)% 0.2% (0.0)% 0.8% (0.6)% 0.1% (0.0)%

Table 6.2: Fractional composition of events remaining aer each cut in neutrinomode. Events generatedwithin the entire detector volume are included.
e contribution from νμ-induced events is presented without parentheses. e contribution from ν̄μ-, νe- and ν̄e-induced events is presented
in parentheses. e “Nπ” categories represent resonant multi-pion production. e “Meson” categories encompass all other resonant meson
production. e “Δ → Nγ” category represents radiative delta decays.
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Incl. NC 1π0 Incoh. NC 1π0 Coh. NC 1π0 NC π± NC Nπ NC Meson NC EL NC DIS

None 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
NSE = 1 79.1% (78.9%) 76.6% (75.9%) 78.9% (80.9%) 55.7% (55.6%) 34.8% (45.2%) 50.9% (42.4%) 69.8% (65.7%) 38.0% (41.3%)
NVeto < 6 66.3% (66.5%) 67.6% (67.0%) 68.0% (71.1%) 52.9% (52.2%) 25.5% (35.0%) 36.4% (28.7%) 67.2% (62.4%) 21.2% (26.1%)
NTank > 200 65.0% (65.4%) 48.1% (47.5%) 58.8% (62.2%) 25.1% (24.5%) 25.0% (34.4%) 36.2% (28.7%) 4.2% (2.6%) 20.8% (25.9%)
⟨T⟩ ∈ [4600, 6200] ns 64.0% (64.4%) 47.4% (46.7%) 57.7% (61.3%) 24.7% (24.2%) 24.6% (34.0%) 35.6% (27.1%) 4.1% (2.6%) 20.5% (25.5%)
Blindness 64.0% (64.4%) 47.4% (46.7%) 57.7% (61.3%) 24.7% (24.2%) 24.6% (34.0%) 35.6% (27.1%) 4.1% (2.6%) 20.5% (25.5%)
Good 1T Fits 64.0% (64.4%) 47.3% (46.7%) 57.7% (61.3%) 24.4% (23.9%) 24.3% (33.9%) 35.5% (26.9%) 4.1% (2.6%) 20.5% (25.5%)
Re < 500 cm 62.6% (63.2%) 46.3% (45.8%) 56.6% (60.4%) 23.8% (23.2%) 22.6% (31.3%) 32.4% (23.4%) 4.0% (2.6%) 18.7% (22.9%)
log(Le/Lμ) > 0.05 41.2% (42.0%) 28.0% (28.0%) 37.0% (40.1%) 7.2% (6.8%) 15.1% (19.9%) 22.3% (17.5%) 0.8% (0.5%) 14.4% (15.0%)
Good 2T Fits 41.2% (42.0%) 28.0% (28.0%) 37.0% (40.1%) 7.2% (6.8%) 15.1% (19.9%) 22.3% (17.5%) 0.8% (0.5%) 14.4% (15.0%)
log(Le/Lπ) < 0 40.2% (40.8%) 27.4% (27.3%) 35.9% (38.8%) 6.8% (6.5%) 14.9% (19.8%) 22.0% (17.5%) 0.8% (0.5%) 13.7% (14.6%)
Mγγ ∈ [80, 200] MeV/c2 35.9% (36.0%) 24.4% (23.7%) 32.5% (35.0%) 5.0% (4.5%) 8.1% (10.4%) 9.6% (5.7%) 0.6% (0.4%) 5.6% (6.1%)

CC π0 CC π± CC Nπ CC Meson CC DIS CC QE Δ → Nγ

None 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
NSE = 1 21.3% (40.6%) 12.8% (35.0%) 16.6% (33.3%) 18.1% (37.3%) 15.7% (30.1%) 30.2% (47.7%) 62.7% (33.8%)
NVeto < 6 7.7% (16.9%) 5.1% (15.9%) 6.4% (15.8%) 4.6% (19.6%) 2.4% (14.0%) 9.8% (19.6%) 48.6% (8.3%)
NTank > 200 7.5% (16.8%) 4.9% (15.9%) 6.2% (15.7%) 4.6% (19.6%) 2.4% (14.0%) 9.1% (18.9%) 45.2% (8.0%)
⟨T⟩ ∈ [4600, 6200] ns 7.4% (16.5%) 4.9% (15.6%) 6.1% (15.6%) 4.5% (19.6%) 2.4% (13.9%) 8.9% (18.6%) 44.4% (7.8%)
Blindness 7.4% (16.5%) 4.9% (15.6%) 6.1% (15.6%) 4.5% (19.6%) 2.4% (13.9%) 8.9% (18.6%) 44.4% (7.8%)
Good 1T Fits 7.1% (16.3%) 4.5% (15.5%) 6.0% (15.4%) 4.5% (19.6%) 2.4% (13.9%) 8.5% (18.4%) 44.3% (7.4%)
Re < 500 cm 6.9% (15.4%) 4.4% (14.8%) 5.6% (13.5%) 4.0% (16.3%) 2.1% (11.6%) 8.5% (17.9%) 44.1% (7.3%)
log(Le/Lμ) > 0.05 2.7% (11.1%) 0.8% (10.1%) 3.3% (11.3%) 3.0% (12.9%) 1.7% (9.6%) 0.2% (11.4%) 24.7% (2.6%)
Good 2T Fits 2.7% (11.1%) 0.8% (10.1%) 3.3% (11.3%) 3.0% (12.9%) 1.7% (9.6%) 0.2% (11.4%) 24.7% (2.6%)
log(Le/Lπ) < 0 2.7% (9.6%) 0.8% (8.0%) 3.2% (10.9%) 2.9% (12.7%) 1.7% (9.3%) 0.1% (5.8%) 9.1% (1.4%)
Mγγ ∈ [80, 200] MeV/c2 1.2% (3.0%) 0.4% (3.2%) 1.3% (3.6%) 0.8% (3.7%) 0.4% (2.7%) 0.0% (1.7%) 2.8% (0.6%)

Table 6.3: Fraction of each channel remaining aer each cut in neutrino mode Events generated within only the ducialٹ volume are considered.
e contribution from νμ-induced events is presented without parentheses. e contribution from ν̄μ-, νe- and ν̄e-induced events is presented
in parentheses. e “Nπ” categories represent resonant multi-pion production. e “Meson” categories encompass all other resonant meson
production. e “Δ → Nγ” category represents radiative delta decays.
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Incl. NC 1π0 Incoh. NC 1π0 Coh. NC 1π0 NC π± NC Nπ NC Mes. NC EL NC DIS

None 3.9% (1.7)% 3.5% (1.9)% 1.7% (0.3)% 2.3% (1.3)% 0.3% (0.4)% 0.1% (0.2)% 13.6% (5.5)% 0.0% (0.3)%
NSE = 1 7.1% (3.0)% 6.1% (3.3)% 3.0% (0.6)% 3.0% (1.8)% 0.3% (0.4)% 0.1% (0.2)% 17.4% (7.6)% 0.0% (0.3)%
NVeto < 6 10.5% (4.2)% 10.1% (5.3)% 4.7% (0.9)% 5.4% (3.0)% 0.4% (0.4)% 0.1% (0.2)% 35.2% (15.4)% 0.0% (0.2)%
NTank > 200 27.3% (11.1)% 17.2% (9.6)% 10.5% (2.0)% 4.7% (3.6)% 1.0% (1.1)% 0.3% (0.6)% 2.1% (2.6)% 0.1% (0.6)%
⟨T⟩ ∈ [4600, 6200] ns 27.2% (11.1)% 17.2% (9.6)% 10.5% (2.0)% 4.7% (3.6)% 1.0% (1.1)% 0.3% (0.6)% 2.1% (2.6)% 0.1% (0.6)%
Blindness 28.0% (11.2)% 17.6% (9.7)% 10.8% (2.0)% 4.9% (3.8)% 1.0% (1.1)% 0.3% (0.6)% 2.3% (2.7)% 0.1% (0.5)%
Good 1T Fits 28.0% (11.2)% 17.6% (9.7)% 10.8% (2.0)% 4.9% (3.8)% 1.0% (1.1)% 0.3% (0.6)% 2.3% (2.7)% 0.1% (0.5)%
Re < 500 cm 26.0% (10.3)% 16.5% (9.1)% 10.1% (1.9)% 5.0% (3.8)% 0.9% (1.0)% 0.3% (0.5)% 2.4% (2.8)% 0.1% (0.5)%
log(Le/Lμ) > 0.05 50.2% (20.8)% 29.8% (16.5)% 19.7% (3.8)% 4.3% (3.3)% 1.7% (2.1)% 0.6% (1.1)% 1.3% (1.7)% 0.2% (1.1)%
Good 2T Fits 50.2% (20.8)% 29.8% (16.5)% 19.7% (3.8)% 4.3% (3.3)% 1.7% (2.1)% 0.6% (1.1)% 1.3% (1.7)% 0.2% (1.1)%
log(Le/Lπ) < 0 50.5% (21.0)% 30.0% (16.6)% 19.7% (3.8)% 4.2% (3.3)% 1.7% (2.1)% 0.6% (1.1)% 1.3% (1.7)% 0.2% (1.1)%
Mγγ ∈ [80, 200] MeV/c2 58.1% (23.5)% 34.4% (18.5)% 22.7% (4.3)% 4.0% (2.9)% 1.3% (1.4)% 0.4% (0.6)% 1.3% (1.6)% 0.1% (0.6)%

CC π0 CC π± CC Nπ CC Mes. CC DIS CC QE Δ → Nγ

None 5.0% (2.1)% 6.9% (7.9)% 0.5% (0.7)% 0.2% (0.4)% 0.0% (0.7)% 29.4% (12.9)% 1.7% (0.0)%
NSE = 1 3.7% (1.7)% 5.1% (4.4)% 0.3% (0.5)% 0.1% (0.3)% 0.0% (0.4)% 25.7% (12.3)% 1.4% (0.1)%
NVeto < 6 1.1% (0.7)% 1.7% (1.7)% 0.1% (0.2)% 0.0% (0.1)% 0.0% (0.1)% 7.2% (5.3)% 0.5% (0.1)%
NTank > 200 2.8% (1.7)% 4.0% (4.2)% 0.3% (0.5)% 0.1% (0.2)% 0.0% (0.2)% 16.2% (12.6)% 1.3% (0.2)%
⟨T⟩ ∈ [4600, 6200] ns 2.8% (1.7)% 4.0% (4.2)% 0.3% (0.5)% 0.1% (0.2)% 0.0% (0.2)% 16.2% (12.6)% 1.3% (0.2)%
Blindness 2.8% (1.7)% 3.9% (4.0)% 0.3% (0.5)% 0.1% (0.2)% 0.0% (0.2)% 16.2% (11.3)% 1.1% (0.1)%
Good 1T Fits 2.8% (1.7)% 3.9% (4.0)% 0.3% (0.5)% 0.1% (0.2)% 0.0% (0.2)% 16.2% (11.3)% 1.1% (0.1)%
Re < 500 cm 2.8% (1.6)% 4.1% (4.0)% 0.3% (0.4)% 0.1% (0.2)% 0.0% (0.2)% 17.8% (12.3)% 1.2% (0.1)%
log(Le/Lμ) > 0.05 2.0% (2.1)% 1.4% (2.6)% 0.6% (0.8)% 0.1% (0.4)% 0.0% (0.5)% 0.3% (1.0)% 0.7% (0.1)%
Good 2T Fits 2.0% (2.1)% 1.4% (2.6)% 0.6% (0.8)% 0.1% (0.4)% 0.0% (0.5)% 0.3% (1.0)% 0.7% (0.1)%
log(Le/Lπ) < 0 2.0% (2.1)% 1.5% (2.6)% 0.6% (0.8)% 0.1% (0.4)% 0.0% (0.5)% 0.2% (0.9)% 0.6% (0.1)%
Mγγ ∈ [80, 200] MeV/c2 1.0% (1.0)% 0.7% (1.3)% 0.4% (0.4)% 0.0% (0.2)% 0.0% (0.1)% 0.1% (0.3)% 0.3% (0.0)%

Table 6.4: Fractional composition of events remaining aer each cut in antineutrino mode. Events generated within the entire detector volume are
included. e contribution from ν̄μ-induced events is presented without parentheses. e contribution from νμ-, νe- and ν̄e-induced events is
presented in parentheses. e “Nπ” categories represent resonant multi-pion production. e “Meson” categories encompass all other resonant
meson production. e “Δ → Nγ” category represents radiative delta decays.
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Incl. NC 1π0 Incoh. NC 1π0 Coh. NC 1π0 NC π± NC Nπ NC Mes. NC EL NC DIS

None 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
NSE = 1 79.8% (78.8%) 77.5% (76.3%) 79.1% (79.1%) 55.1% (55.8%) 46.7% (35.3%) 52.2% (49.5%) 65.0% (69.4%) 46.8% (38.9%)
NVeto < 6 67.9% (65.2%) 69.4% (66.8%) 68.5% (67.9%) 53.0% (52.5%) 38.8% (25.1%) 37.9% (34.7%) 61.6% (66.6%) 32.2% (21.7%)
NTank > 200 66.4% (64.1%) 47.0% (48.4%) 58.7% (59.3%) 20.2% (27.4%) 37.1% (24.8%) 37.7% (34.6%) 1.6% (4.7%) 31.2% (21.5%)
⟨T⟩ ∈ [4600, 6200] ns 65.2% (63.1%) 46.2% (47.6%) 57.6% (58.5%) 19.9% (26.9%) 36.5% (24.4%) 37.1% (34.1%) 1.6% (4.6%) 30.7% (21.0%)
Blindness 63.3% (60.1%) 44.7% (45.6%) 56.3% (56.5%) 19.4% (26.4%) 35.6% (23.9%) 35.9% (33.2%) 1.6% (4.6%) 29.1% (19.3%)
Good 1T Fits 63.3% (60.1%) 44.7% (45.6%) 56.3% (56.5%) 19.4% (26.4%) 35.6% (23.9%) 35.9% (33.2%) 1.6% (4.6%) 29.1% (19.3%)
Re < 500 cm 62.0% (58.8%) 43.8% (44.7%) 55.3% (55.3%) 19.1% (25.7%) 33.7% (22.2%) 32.7% (30.6%) 1.5% (4.5%) 26.9% (17.7%)
log(Le/Lμ) > 0.05 39.6% (38.9%) 26.3% (26.7%) 35.6% (36.6%) 5.8% (7.8%) 20.4% (14.9%) 22.2% (20.9%) 0.3% (0.9%) 18.5% (13.4%)
Good 2T Fits 39.6% (38.9%) 26.3% (26.7%) 35.6% (36.6%) 5.8% (7.8%) 20.4% (14.9%) 22.2% (20.9%) 0.3% (0.9%) 18.5% (13.4%)
log(Le/Lπ) < 0 38.8% (38.3%) 25.8% (26.2%) 34.7% (35.9%) 5.5% (7.5%) 20.1% (14.8%) 22.0% (20.7%) 0.3% (0.9%) 18.3% (13.1%)
Mγγ ∈ [80, 200] MeV/c2 35.7% (34.3%) 23.6% (23.4%) 31.9% (32.7%) 4.2% (5.3%) 12.0% (7.8%) 10.2% (9.6%) 0.2% (0.7%) 9.4% (5.4%)

CC π0 CC π± CC Nπ CC Mes. CC DIS CC QE Δ → Nγ

None 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
NSE = 1 23.2% (27.5%) 23.4% (16.7%) 16.6% (19.6%) 15.9% (20.9%) 15.2% (15.9%) 30.8% (35.1%) 25.1% (65.7%)
NVeto < 6 5.6% (8.2%) 5.6% (5.3%) 6.4% (6.6%) 4.1% (4.9%) 4.6% (3.0%) 5.7% (10.3%) 7.3% (49.6%)
NTank > 200 5.5% (8.0%) 5.6% (5.1%) 6.4% (6.5%) 4.1% (4.9%) 4.6% (3.0%) 5.3% (9.5%) 7.0% (47.6%)
⟨T⟩ ∈ [4600, 6200] ns 5.4% (7.9%) 5.5% (5.0%) 6.3% (6.3%) 4.0% (4.8%) 4.5% (3.0%) 5.2% (9.3%) 6.9% (46.6%)
Blindness 5.1% (7.2%) 5.1% (4.5%) 6.1% (6.2%) 4.0% (4.7%) 4.5% (2.9%) 4.8% (7.8%) 5.8% (25.6%)
Good 1T Fits 5.1% (7.2%) 5.1% (4.5%) 6.1% (6.2%) 4.0% (4.7%) 4.5% (2.9%) 4.8% (7.8%) 5.8% (25.6%)
Re < 500 cm 4.9% (6.9%) 5.0% (4.4%) 5.6% (5.6%) 3.6% (4.3%) 4.1% (2.5%) 4.8% (7.8%) 5.7% (24.6%)
log(Le/Lμ) > 0.05 1.3% (3.2%) 0.7% (1.1%) 3.9% (3.6%) 2.7% (3.2%) 2.5% (2.2%) 0.0% (0.2%) 1.2% (12.8%)
Good 2T Fits 1.3% (3.2%) 0.7% (1.1%) 3.9% (3.6%) 2.7% (3.2%) 2.5% (2.2%) 0.0% (0.2%) 1.2% (12.8%)
log(Le/Lπ) < 0 1.3% (3.2%) 0.6% (1.0%) 3.8% (3.6%) 2.7% (3.1%) 2.5% (2.1%) 0.0% (0.2%) 1.0% (9.7%)
Mγγ ∈ [80, 200] MeV/c2 0.5% (1.2%) 0.3% (0.4%) 1.7% (1.3%) 0.7% (1.0%) 0.8% (0.4%) 0.0% (0.1%) 0.4% (3.3%)

Table 6.5: Fraction of each channel remaining aer each cut in antineutrino mode Events generated within only the ducialٹ volume are considered.
e contribution from ν̄μ-induced events is presented without parentheses. e contribution from νμ-, νe- and ν̄e-induced events is presented
in parentheses. e “Nπ” categories represent resonant multi-pion production. e “Meson” categories encompass all other resonant meson
production. e “Δ → Nγ” category represents radiative delta decays.
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the events are muon-like or electron-like is diminished. Since, log(Le/Lμ) shis toward

zero for low-momentum π0, they tend to be lost more oen than at higher momentum.

e shape variation in the efficiency in the cos θπ0 domain can be attributed to the same

reasons just described aer taking into account the correlation between pπ0 and cos θπ0:

forward-scattered π0 have high momentum and backward-scattered π0 low momentum.

Since the purity measures signal relative to background and background events have

no associated true π0 kinematics, purity must necessarily be measured as a function of re-

constructed kinematics. More detail about calculating the reconstructed kinematics will be

spared for the following section. Furthermore, since π0 kinematics are reconstructed for

only those events for which log(Le/Lμ) > −0.05, we can examine the momentum and an-

gle dependence of the purity for only a few cuts. e purity of the event sample aer certain

cuts is plotted in Figures 6.12 & 6.13. ough the log(Le/Lμ) adversely affected efficiency

at low momentum, it increases purity throughout the momentum range. It is most effective

for π0 of moderate momentum. e invariant mass cut exhibits complementary behavior. It

helps reduce the contamination from dirty, π0-producing background at high momentum.

6.5 Selected Events

e collection of events passing each selection cut is known as the NC 1π0 box. Out of

6.461 × 1020 POT of neutrino mode data, 21375 events remain in the box. 2789 make their

way into the box out of 3.683 × 1020 POT of antineutrino mode data. Compared to Monte

Carlo, there is a 10.9(8)% excess of data events in neutrino mode. In antineutrino mode,

there is a 5(2)% deٹcit of data events. Again, these discrepancies are ascribed to an incorrect

cross section prediction.

6.5.1 Photon Kinematics

e reconstructed photon kinematics from the reconstruction under the π0 hypothesis are

employed in calculating the reconstructed π0 kinematics. e relevant kinematics returned

from the tٹ are the energy of each photon, Eγ1,2 , the 3-momentum of each photon, pγ1,2 , and

the opening angle between the two photons, cos θγγ. Assuming the photons were generated
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Figure 6.10: νμ/ν̄μ NC 1π0 selection efficiency aer each cut as a function of pπ0 . e efficiency is taken
relative to signal events in the ducialٹ volume. In each panel, the top half contains the absolute
efficiencies aer each cut and the bottom half shows the change in the absolute efficiency aer each
cut.
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Figure 6.11: νμ/ν̄μ NC 1π0 selection efficiency aer each cut as a function of cos θπ0 . e efficiency is
taken relative to signal events in the ducialٹ volume. In each panel, the top half contains the absolute
efficiencies aer each cut and the bottom half shows the change in the absolute efficiency aer each
cut.
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Figure 6.12: νμ/ν̄μ NC 1π0 purity aer each cut as a function of pπ0 . e ducialٹ volume cut includes
an implicit cut of log(Le/Lμ) > −0.05.
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Figure 6.13: νμ/ν̄μ NC 1π0 purity aer each cut as a function of cos θπ0 . e ducialٹ volume cut
includes an implicit cut of log(Le/Lμ) > −0.05.

in a π0 decay, the π0 kinematics are:

pπ0 =
√
E2
γ1 + E2

γ2 + 2Eγ1Eγ2 cos θγγ, (6.2)

cos θπ0 =
pzγ1 + pzγ2

pπ0
. (6.3)

e distribution of selected reconstructed photon kinematics appears in Figure 6.14. e

disagreement between data and Monte Carlo is plainly evident. Correcting the rate of π0

production as a function of pπ0 dramatically improves agreement between data and Monte

Carlo for these distributions. A demonstration can be found in Ref. [123].
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Figure 6.14: Reconstructed photon kinematics. (a) e energy of the more energetic photon. (b) e
energy of the less energetic photon. (c) e angle between the two photons. (d) e sum of the
photonmomenta in the z-direction. e neutrinomode comparison appears on the tap panel of each
subٹgure and the antineutrino mode comparison on the bottom. Error on data is statistical.

6.5.2 Partition Selection

We saw in Chapter 5 that unless we plan on collecting inٹnite statistics, we must create

a partition of the phase space on which we intend to measure cross sections and count

events falling in each bin of the partition. For our purposes, we need only consider one-

dimensional partitions. A partitionP on the interval [a, b] is an ordered set (x1 = a, . . . , xN =

b) satisfying xi < xi+1∀i. Maintaining consistency with the previous chapter, the ith bin will

be denoted Ωi = [xi, xi+1] and vol Ωi = xi+1 − xi.
e partition used for the νμ pπ0 differential cross section was inherited from an earlier

π0 analysis conducted by MiniBooNE[123]. It is

Pνμ [pπ0 ] = (0.0, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.8, 1.0, 1.5) GeV/c. (6.4)

For the three other measurements, the binning is chosen quasi-objectively. Bin widths

are adjusted so that the occupancy of each bin is uniform and equal to a benchmark value.

For the sake of readability, the location of bin edges was rounded to the nearest 0.01 units.

In some cases, a bin may have to be unacceptably large in order to reach the benchmark

occupancy; in such cases, the benchmark is dropped.
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For the ν̄μ pπ0 analysis, the benchmark is set at 250 events per bin, which yields ten bins:

Pν̄μ [pπ0 ] = (0, 0.13, 0.17, 0.21, 0.24, 0.28, 0.32, 0.37, 0.44, 0.57, 1.1) GeV/c. (6.5)

Resolution in the forward direction is a priority for the angular cross sections since coher-

ent NC 1π0 production is concentrated there. First, the width of the bin terminating at

cos θπ0 = 1 is chosen. e occupancy of that bin is then set as the benchmark occupancy for

the remaining bins. In the neutrino analysis, a width of 0.025 was adopted for the forward

bin. is choice yields a partition with eighteen bins:

Pνμ [cos θπ0 ] = (−1,−0.62,−0.34,−0.13, 0.06, 0.2, 0.32, 0.42, 0.52, 0.6,

0.67, 0.73, 0.78, 0.83, 0.87, 0.91, 0.95, 0.975, 1). (6.6)

Considering the smaller sample of antineutrino data, the width of the forward bin was set

at 0.04 for the antineutrino analysis. e resulting partition has ten bins:

Pν̄μ [cos θπ0 ] = (−1,−0.6,−0.22, 0.12, 0.4, 0.6, 0.74, 0.85, 0.91, 0.96, 1). (6.7)

6.5.3 Box Composition

It is instructive to more closely examine the composition of the NC 1π0 box. e contribu-

tion of various categories of π0 production and the composition of the box with respect

to exclusive channels as a function of reconstructed kinematics are presented in Figures

6.15 & 6.16. e predicted difference in coherent NC 1π0 production between neutrino and

antineutrino mode is pronounced, particularly in the forward region of the angular distri-

bution. In the forward region, coherent NC 1π0 production exceeds incoherent. As coherent

NC 1π0 production is ideal in the sense that only a π0 should be produced, theNC 1π0 purity

is actually higher in antineutrino mode than neutrino mode when ignoring the sign of the

neutrino. e exclusive NC 1π0 channels dominate contributions in the intermediate energy

range. Other channels behave quite differently. Understandably, NC π± and NC elastic in-

teractions enter the box at low reconstructed momentum. In contrast, CC π production,

other resonant meson production, and DIS do not begin to meaningfully contribute until

incoherent NC 1π0 production begins to taper off at highmomentum. One should take note
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Figure 6.15: NC 1π0 box composition as a function of reconstructed pπ0 . e top panel in each subٹgure
shows the distribution of various categories of π0 production. e “Any π0” category (red line)
includes any event in which a π0 was generated whether or not it was created inside or outside the
target nucleus. Data are shown with statistical error bars. e bottom panel illustrates the fractional
contribution of exclusive channels across the pπ0 range. e categories are the same as in Figure 6.6
In both cases, the contributions of each channel are calculated disregarding the sign of the neutrino.
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(b) Antineutrino mode

Figure 6.16: NC 1π0 box composition as a function of reconstructed cos θπ0 . e description follows
that of Figure 6.15 with the necessary changes having been made.
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of the “Any π0” histogram. is histogram represents all events in which a π0 was gener-

ated, regardless of its origin. For instance, an event in which a neutrino interaction produces

a π+ which undergoes charge exchange to become a π0 while traversing the detector would

be included in this category. e “Any π0” histogram is nearly equal to the total histogram.

Indeed, at least one π0 is created in 96% of events in the NC 1π0 box in neutrino mode and

98% in antineutrino mode. e MiniBooNE detector performs very well in identifying π0,

but is essentially unable to determine if they originated with neutrino interactions.

;



7 Cross Section Calculation

Had we isolated the NC 1π0 signal with perfect purity and perfect efficiency in the

preceding chapter and reconstructed each event perfectly as well, we would already

have the signal and our task would be quite nearly complete. Recall the relationship be-

tween the cross section and rate presented in Eq. (5.6): we would need only to divide the

rate by the number of targets and the integrated .uxٺ Realistically though, our set of can-

didates is contaminated by background events and does not fully contain all signal events.

Also, the reconstructed kinematics generally deviate from their true value. Calculating the

cross section is a matter of recovering the signal event rate from the candidate event rate by

compensating for the inadequacies just described.

roughout the cross section calculation, we manipulate histograms, so we need to in-

troduce the appropriate notation.

• We will address the occupancy of the ith bin of a histogram as Xi. When convenient,

vector notation will be used, namely x = (Xi). e reader should be warned, this

notation will likely be violently abused in the sense that conventional operations will

act component-wise on the vectors, e.g. (1/x)i = 1/Xi or (xy)i = XiYi.

• e normalization of a histogram will be denoted ∥x∥ ≡
∑

i Xi.

• Histograms lledٹ from Monte Carlo will be indicated by a superscript “MC”

• Histograms for reconstructed variables will be designated by a tilde

151
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• e rates of three general classes of events: signal events, candidate events (events

passing selection cuts), and background events (candidates that are not signal) will

be represented by the symbols n, c and b, respectively. e rate of events satisfying the

signal deٹnition, but induced by a νe or wrong-sign νμ will be represented by /n.

• Derived classes of events will be speciٹed by superscript .agsٺ e rate of events

whose true vertex lies in the ducialٹ volume will be aggedٺ with “f” and the rate of

events passing selection cuts will be aggedٺ with “c”. For example, the rate of signal

events in the ducialٹ volume passing selection cuts is nc f.

We can rephrase the rate calculation in this notation as, “Having determined c̃, what is n f?”

Although we intend to produce only a total cross section for incoherent NC 1π0 produc-

tion, we carry out the differential analysis to account for the kinematic dependence of the

efficiency and then integrate the result.

7.1 Background Subtraction

e rstٹ correction we institute is to eliminate non-signal events from the candidate rate.

e contribution of wrong neutrino and other background interactions to the candidate

rate appears in Figure 7.1. e substantially larger wrong-neutrino contamination in an-

tineutrino mode owes to the relatively greater production of νμ in the antineutrino beam.

e predicted makeup of the background is further elucidated in Table 7.1.

Among the right-neutrino induced sources of background to the inclusiveNC 1π0 signal,

NC π± production is the largest contributor, though it is not overwhelmingly so. Generally,

interactions with products that readily re-interact in the detector and produce a π0 are the

most prodigious sources of background. Hence, NC elastic scattering, CC π production,

and multi-pion production account for the majority of the remainder of the background. In

charged current events, the lepton goes undetected: it is either captured or lacking in en-

ergy. It may appear peculiar, but the exclusive NC 1π0 channels also produce background

events, albeit at a very low rate. e π0 can charge exchange to a charged pion in the nucleus,

exit the nucleus, and then charge exchange back to a π0 outside the nucleus. Additionally,

incoherent NC 1π0 interactions can produce background if the π0 is absorbed and the out-
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Figure 7.1: NC 1π0 candidate and background rates. Clockwise from top le: ν mode pπ0 distributions,
ν mode cos θπ0 distributions, ν̄ mode cos θπ0 distributions, ν̄ mode pπ0 distributions. e NC 1π0

candidate rate extracted from data (black points) is compared to the predicted rate (brown line) with
systematic uncertainties assessed (see Chapter 8). Data uncertainties are statistical. e rates of
wrong-neutrino signal events (green) and NC 1π0 background events (blue) are drawn as stacked
histograms.

going nucleon produces a π0 outside the nucleus. e right-neutrino induced backgrounds

are fairly similar between neutrino and antineutrino mode. e largest difference between

the two modes is the additional wrong-sign contamination in antineutrino mode.

e background to the incoherent NC 1π0 signal is not quite all candidate events that

are not signal. When measuring the incoherent cross section, we must measure the rate of

observable incoherent NC 1π0 interactions—those interactions producing a π0 that escapes

the target nucleus—and then correct for π0 absorption in the target nucleus. As such, we

count signal incoherent NC 1π0 events that managed to pass the selection cuts in spite of the

π0 being absorbed as background. e reconstructed kinematics for these events likely cor-

respond to a π0 that was produced outside the target nucleus. Of course, the largest source

of background to the the incoherent NC 1π0 measurement is coherent NC 1π0 production.

Excluding coherent NC 1π0 production, the content of the background resembles that of the
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inclusive measurement.

e background rates are not constrained by any in situmeasurements. A measurement

of NC elastic scattering was conducted at the same time as this analysis while measurements

of CC QE scattering and CC π0 and π+ production began aerwards. Constraints derived

from the otherMiniBooNEanalyseswould have been consistentwith the predictions used in

this analysis. Furthermore, the uncertainty in these measurements is such this dissertation

work would have seen only modest gains.

e candidate rate can be decomposed into

c̃ = ñc+ ̸ ñ c + b̃. (7.1)

In order to isolate ñc we must estimate b̃ and the wrong-neutrino contribution, ̸ ñ c. ree

estimates of the b̃ were considered:

• Absolute: b̃ = POT
POTMC b̃MC

• Relative: b̃ = ∥̃c∥
∥̃cMC∥ b̃

MC

• Fractional: b̃ = c̃
c̃MC b̃MC

e absolute estimate is simply the POT normalized background prediction from Monte

Carlo. e relative estimate is the Monte Carlo prediction where the Monte Carlo has been

Inclusive Incoherent Inclusive Incoherent

Source ν ν̄ ν ν̄ Source ν ν̄ ν ν̄

NC π± 23.0% 13.2% 18.6% 10.8% Coh. NC 1π0 < 1% < 1% 31.7% 41.5%
NC EL 12.8% 5.3% 10.8% 4.5% Meson 5.0% 2.5% 3.3% 1.7%
CC π± 14.8% 4.5% 9.2% 2.9% CC QE 5.0% < 1% 3.1% < 1%
CC π0 11.2% 4.4% 7.0% 2.8% DIS 3.5% 1.0% 2.6% < 1%
Nπ 12.4% 7.1% 8.6% 5.0% Other < 1% < 1% < 1% < 1%
Incoh. NC 1π0 5.0% 2.5% 2.6% 1.3%

Wrong-sign ν 4.6% 56.1% 1.7% 27.5% νe & ν̄e 1.8% 1.4% < 1% < 1%

Table 7.1: Composition of inclusive and incoherent NC 1π0 background. Entries above the divider gives
the predicted fraction of background events for each signal deٹnition that can be attributed to right-
neutrino induced interactions for the listed channel. e contribution of wrong-neutrino induced
signal events appear below the dividing line.
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normalized such that the total candidate rate agrees with data, i.e. relative normalization.

For the fractional estimate, the background fraction is measured in Monte Carlo and that

fraction is subtracted from c̃. e relative and fractional estimates tie the normalization of

the predicted background rate to that of the observed candidate rate. ere is little reason

to believe such a relationship exists, a priori, and given the MiniBooNE policy to attribute

discrepancies between the Monte Carlo prediction of event rates and data to cross sections

rather then the ,uxٺ any arguments in favor of the practice becomemore tenuous. e latter

two estimates also possess the undesirable trait of being predicate on the signal cross section

model. Hence, we choose the absolute estimate in our calculation.

When trying to avoid model-dependence in the estimate of ̸ ñ c, the situation is opposite

that of b̃; an absolute estimate would be maximally model-dependent. Our best hope is

that any model-dependence is at least partially mitigated in the ratio of wrong-neutrino to

right-neutrino production. us, we subtract the wrong-neutrino signal fraction. Putting

together the two estimates, we have

ñc = ñMC,c

ñMC,c+ ̸ ñ MC,c

(
c̃− POT

POTMC b̃
MC
)
. (7.2)

e results of the background subtraction appear in Figures Figure 7.2 & Figure 7.3. e

propagation of statistical uncertainty for background subtraction as well as the calculations

to follow is covered in Appendix A.

7.2 Unsmearing

Numerous detector effects coupled with imperfect reconstruction have the tendency to scat-

ter reconstructed kinematics about their true value or even bias them away. is phe-

nomenon is known as smearing (and many other aliases). For a measurement to be of max-

imum utility to those outside the MiniBooNE collaboration, we must reverse the effects of

the smearing in a process known as unsmearing or unfolding.
We follow the treatment of Cowan[198] for the introductory discussion. e smearing

of a measurement is wholly characterized by the resolution function,

R(x, y) = P(measured value x|true value y). (7.3)
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Figure 7.2: Inclusive NC 1π0 signal candidate rates. Clockwise from top le: ν mode pπ0 distributions,
ν mode cos θπ0 distributions, ν̄ mode cos θπ0 distributions, and ν mode cos θπ0 distributions. e
rate of signal candidates (signal events that pass cuts) as extracted using the absolute (blue points),
relative (light green points), and fractional (light red points) background estimates is compared to
the candidate rate (black points). Error bars are statistical only.
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Figure 7.3: Incoherent NC 1π0 signal candidate rates. See Figure 7.2 for description
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which returns the probability of measuring x if the true value of the measurement is y. It

follows as a matter of deٹnition that
∫
dxR(x, y) = 1 ∀ y. Suppose that the pdf for the true

value of a measurement is μ(x), then the measured distribution distribution, ν, is given by

ν(x) = R[μ](x) ≡
∫

dy R(x, y)μ(y). (7.4)

To wit, smearing is a general integral transformation with kernel R. It is trivial to see that∫
dx ν(x) =

∫
dx μ(x); smearing changes only the shape of a distribution and not its nor-

malization.

In practice, we typically address discrete distributions. If we discretize Eq. (7.4) by in-

tegrating over a bin Ωi, we ndٹ that

νi =
∫

Ωi

dx ν(x)

=

∫
Ωi

dx dy
∫

R(x, y)μ(y)

=

∫
Ωi

dx
∑
j

∫
Ωj
dy R(x, y)μ(y)∫
Ωj
dy μ(y)

∫
Ωj

dy μ(y)

=
∑
j

∫
Ωi
dx
∫
Ωj
dy R(x, y)μ(y)∫

Ωj
dy μ(y)

μj

≡
∑
j

Rijμj. (7.5)

Rij is the response matrix. Adopting vector notation, Eq. (7.5) becomes ν = Rμ, and so

discretization has transformed the integral equation to a matrix equation. ough the res-

olution function R(x, y) is independent of the true distribution, the response matrix is not

since it is averaged over the true distribution in each bin. Assuming μ is approximately

constant over each bin, the response matrix is independent of μ.
Suppose an unknown sample distribution m is drawn from an unknown population

distribution μ and we observem under the inٺuence of smearing R. e observation yields

the smeared distribution, n (not to be confusedwith the notation for the rate of signal events

used outside this section). If we denote the expectation value of a measure as E[·], then
E[n] ≡ ν = Rμ, but it is generally not true that n = Rm because of statistical .uctuationsٺ

e unsmearing question is: knowing n and using it as an estimate of ν, can we recover m
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and what do we need to do it? is question is an inverse problem, and, clearly, we must

have some knowledge of R to solve it.

R is customarily constructed from a Monte Carlo of the measurement process where

both the measured value and true value can be recorded. Events are drawn from a true

distribution μMC, which is not necessarily equal to μ, and passed through the measurement

process, which is understood to apply the same unknown smearingR. e simulated events

llٹ a two dimensional histogram,MMC, such thatMMC
ij gives the number of events with true

values in bin Ωj and measured values in bin Ωi. MMC is the migration matrix. en the

simulated sample distributions and response matrix are

mMC
i =

∑
j

MMC
ji , nMC

i =
∑
j

MMC
ij , RMC

ij =
MMC

ij

mMC
j

. (7.6)

e expectation values of these quantities are E[mMC] = μMC, E[RMC] = R, and E[nMC] =

RmMC. In the ensuing sections, we describe three unsmearing methods relying on various

Monte Carlo derived quantities that provide estimators for μ.

7.2.1 Matrix Inversion

Matrix inversion is perhaps the most intuitive unsmearing technique. Eq. (7.5) implies μ =

R−1ν. Considering that E[n] = ν, it is not unreasonable propose

μ̂inv = Uinv[n;MMC] ≡ (RMC)−1n (7.7)

as an estimator for m. It is trivial to see that this estimator minimizes the χ2 between the

smeared value of the estimated true distribution and the measured distribution:

χ2 =
(
RMC μ̂inv − n

)T V(n)−1 (RMC μ̂inv − n
)
, (7.8)

where V(n) is the error matrix for n. We also ndٹ that

E[μ̂inv] = E[(RMC)−1n] = R−1ν = μ, (7.9)

that is, μ̂inv is unbiased. e absence of bias comes at a cost. Numerically speaking, matrix

inversion is a exceptionally unstable. Since smearing smooths out features in a distribution,
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unsmearing sharpens features. Hence, matrix inversion greatly magniٹes even slight per-

turbations in n (relative to ν) as though they were real features and the estimate of μ will

oscillate wildly. For all but the best behaved measurements, the matrix inversion method is

untenable. As large as the variance in μ̂inv may be, it can be demonstrated (see Ref. [198])

that it has the lowest variance among unbiased estimators. us any estimator with lower

variance must be biased.

7.2.2 Tikhonov Regularization

Tikhonov regularization attempts to stabilize the inversion process by minimizing the the

expression in Eq. (7.8) with the addition of penalty term incorporating some a priori knowl-

edge of how μ should behave. Speciٹcally, the regularized estimator minimizes

L =
(
RMC μ̂tr − n

)T V(n)−1 (RMC μ̂tr − n
)
+ α(Zμ̂tr)

T(Zμ̂tr). (7.10)

e regularization term is the norm of an arbitrary linear operator acting on μ̂tr and its

strength is controlled by the parameter α. e operator Z encodes the expected behavior

of μ, e.g. a choice of the identity matrix would favor solutions with a smaller norm. e

strength of α is chosen to appropriately weight the competing effects of the regularizing

term against the χ2. A preference for the former shis the estimate toward the a priori ideal
while the opposite shis the estimate toward the matrix inversion result.

Unsmearing should not change the total number of events, so we minimize Eq. (7.10)

using the method of Langrange multipliers under the constraint
∑

i μ̂tri =
∑

i ni. e min-

imization has an analytic solution, which takes the form

μ̂tr = Utr[n;MMC] ≡ U′n+

[∑
i

((1− U′)n)i

]
s, (7.11)

where

U′ =
(
(RMC)T V(n)−1RMC + αZTZ

)−1
(RMC)T V(n)−1, (7.12)

si =

∑
j

(
(RMC)T V(n)−1RMC + αZTZ

)−1
ij∑

ij

(
(RMC)T V(n)−1RMC + αZTZ

)−1
jk

. (7.13)
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e second term in Eq. (7.11) preserves the norm of the estimate.

We expect the physical distributions we are measuring to be smooth. It follows that

an appropriate choice for Z would be the second-order niteٹ difference matrix operator (a

discrete analogue of the derivative), D(2), in which case the curvature of μ̂tr is minimized.

e second-order niteٹ difference can be derived by considering the Taylor expansion of an

arbitrary function f about a point x0. If we evaluate the expansion at the points x− = x0 − h
and x+ = x0 + h[1], we can isolate an approximation to the second derivative of f, namely

f ′′(x0) ≈ D(2)[ f ](x0; h) =
f− − 2 f0 + f+

h2 . (7.14)

Here, we have abbreviated f(x∗) to f∗ to suggest how D(2) can trivially be extended to vec-

tors. Eq. (7.14) is the second order niteٹ difference. If we calculate the second-order niteٹ

difference of a function over a niteٹ interval, we encounter an ambiguity at the boundary.

At the lower boundary, xl, we can estimate f− assuming f− = fl, f
′
− = f ′l , or f

′′
− = f ′′l . We

assume the zeroth order condition, in which case,

D(2)[ f ](xl; h) =
f+ − fl
h2 , (7.15)

and similarly for the upper boundary and xu,

D(2)[ f ](xu; h) =
f− − fu
h2 . (7.16)

Now, if we deٹne a vector of function values, f = ( fl, . . . , fu), then


D(2)[ f ](xl; h)

...
D(2)[ f ](xu; h)

 =
1
h2



−1 1 0 0 0 · · · 0

1 −2 1 0 0 . . . ...

0 1 −2 1 . . . . . . 0

0 0 1 . . . . . . 0 0

0 0 . . . . . . −2 1 0
... . . . . . . 0 1 −2 1
0 · · · 0 0 0 1 −1




fl
...
fu

 ≡ D(2)f. (7.17)

1We assume equal positive and negative differences for the sake of clarity. Because the measurement par-
titions are not uniform, it is necessary to compute the arbitrary case for the analysis, but generalizing the
expression is straightforward if tedious.
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Strictly speaking, the assumption of smoothness applies to the differential histogram, not

the histogram μ̂tr itself. Hence, we have to append a factor to Z to account for the width of

each bin, whereaer Z = D(2)W−1 and Wij = δij vol Ωi.

e regularization strength parameter, α is not chosen arbitrarily. We chose to ap-

ply the prescription described by Höcker and Kartvelishvili[199]. Disregarding the norm-

preserving constraint, we can rewrite Eq. (7.11) as

D(2) μ̂tr =
(
R̄+ α(R̄T)−1)−1 n̄, (7.18)

where

R̄ =
√
V(n)−1RMCD(2)−1

, n̄ =
√

V(n)−1n. (7.19)

e square root of a matrix A is deٹned such that
√
A
√
A = A. Note that each element of n̄

now has unit variance and no correlations. In practice, R̄ cannot be computed becauseD(2) is

singular; we carry out the equivalent calculation with R̄−1 instead. Computing the singular

value decomposition of R̄−1 yields threematrices,U,V, and Σ such that R̄−1 = UΣVT,U and

V are orthogonal matrices, and Σ is diagonal with Σ11 > Σ22 > .... e diagonal elements of

Σ are the singular values of R̄−1. e columns of V are said to be the input basis vectors of R̄−1

and the columns of U the output basis vectors. In these terms, the action of R̄−1 on a vector

is to decompose it in the input basis, scale the components according to the singular values,

and recompose it in the output basis. With D(2) as the choice of regularization operator, the

input vectors of R̄−1 paired with large singular values have high curvature—they are highly

oscillatory. Substituting the singular value decomposition into Eq. (7.18) yields

D(2) μ̂tr = U diag
({

Σii

1+ αΣ2
ii

})
VTn̄. (7.20)

Now we can clearly see what role α plays: it smoothly dampens the contribution of oscil-

latory components, namely those associated with large Σii, to the unsmeared distribution.

If α = Σ−2
II , components associated with Σii ∀ i ≤ I are suppressed. us, the problem of

selecting α is reduced to picking the appropriate ΣII.

Since the elements of n̄ are normally distributed with unit variance and V is orthogo-

nal, the elements of VTn̄ are also normally distributed with unit variance.. e expected

smoothness of n̄ implies that the rstٹ few elements of VTn̄ should be statistically consistent
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with zero, meaning that mean of the absolute value of the insigniٹcant elements should be

consistent with
√ 2

π . Guided by this principle, we select

I = min

{
j | 1

j

j∑
i=1

(VTn̄)i −
√

2
π
>

1.65√
j

}
− 1. (7.21)

It is the last index before the mean of (VTn̄)i up to I becomes inconsistent with
√ 2

π at the

90% conٹdence level (1.65σ).
Tikhonov regularization does much to reduce the instability of matrix inversion with an

appropriate choice of α. ere is little danger in underestimating α—the estimatewill simply

approach that of matrix inversion; however, overestimating α can produce an aggressively

smoothed distribution with signiٹcant shape distortion and little evidence of a failure of the

regularization.

7.2.3 Bayesian Unsmearing

e nalٹ technique to be discussed takes its inspiration from Bayes’ theorem. Going back

to the deٹnition of smearing in Eq. (7.3), the action of smearing is deٹned via a conditional

probability, P(measured value x|true value y). It is intuitive to think that we could recast

unsmearing as smearing in the opposite direction, i.e. frommeasured to true, in which case

we need to know P(true value y|measured value x). Bayes’ theorem gives

P(true x|measured y) = P(measured y|true x) P(true x)
P(measured y)

. (7.22)

We will label P(true x|measured y) the reverse response function, R. Notice that it requires

an a priori estimate of the true distribution. Since, we are using Rto recover the true distri-

bution from a measurement, we can update the prior probability iteratively. Typically, the

initial prior probability distribution is taken to be the true distribution generated in Monte

Carlo and subsequent prior probabilities are taken to be unsmeared measured distribution.

D’Agostini rstٹ outlined this procedure[200]. Returning the discrete case, if we denote each

iteration by an (n) superscript, we have

( RMC
ij )(n+1) = RMC

ji
(μ̂bi)

(n)∑
k RMC

jk (μ̂bk)(n)
. (7.23)
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Careful inspection of Eq. (7.23) reveals that RMC is the transpose of the row-normalized mi-

gration matrix, as opposed to RMC being the column-normalized migration matrix. Finally,

in analogy with smearing,

μ̂(n)
b = Ub[n;MMC] ≡ ( RMC)(n)n. (7.24)

7.2.4 Bias

Any bias in unsmearing, i.e. a deviation in the expectation value of the estimate from the true

value, is a systematic error. We have already demonstrated that matrix inversion provides an

unbiased estimator. Tikhonov regularization and reverse smearing will be biased. Naturally,

in Tikhonov regularization, the choice of regularizing operator will bias the result and the

magnitude of the bias varies with α. In the Bayesian unsmearing, the Monte Carlo true

distribution biases the estimate. Cowan[198] gives a rstٹ order approximation of the bias

for a given estimator:

b̂ = ∂ μ̂
∂n (R

MC μ̂ − n). (7.25)

e vector derivative is deٹned as
(
∂x
∂u
)
ij ≡

∂xi
∂yj

. In words, the approximation of the bias is

the difference between the smeared estimate and the measurement aer being unsmeared

to rstٹ order. is expression provides a measure of the bias independent of the particular

mechanism responsible for the bias. Using this expression, we ndٹ the the bias in Tikhonov

regularization is

b̂tr = U′(RMC μ̂tr − n), (7.26)

in Bayesian unsmearing,

b̂b = RMC(RMC μ̂b − n), (7.27)

and in applying no unsmearing is

b̂none = (RMC − 1)n. (7.28)

We should keep in mind that these expressions are only approximations for the bias. e

approximate bias is assessed as an uncertainty. e expressions for the bias are not trusted

so far that we would consider applying them as corrections.
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7.2.5 Application

Monte Carlo is used to construct the migration matrix; only right-sign signal events popu-

late the histogram. Per, Eq. (7.6), MMC encodes both the response matrix and the sample

true distribution. eMonte Carlo statistics are great enough that the sample true distribu-

tion is a neٹ estimate of the population true distribution. e simulated migration matrices

for both signal classes appear in Figures 7.4 & 7.5. e guresٹ exhibit a marked difference in

the accuracy of the reconstruction of each kinematic variable. e angular responsematrices

demonstrate good resolution throughout the angular range and particularly in the forward

direction. In addition, the angular response matrices does not give any indication of bias:

elements above and below the diagonal appear balanced. Meanwhile, the measurement of

momentum is not quite as ideal. e darker elements above the diagonal suggest that mo-

mentum has a tendency to be reconstructed high. is bias is not unexpected. Like the shi

in the reconstructed invariant mass peak, the overestimated momentum is another manifes-

tation of the light emitted by other particles in dirty events being wrongly attributed to the

π0. Momentum resolution is acceptable for most of the domain, but worsens considerably

at very low momentum. Differences between neutrino mode and antineutrino mode and

the inclusive signal and the incoherent signal are slight. e antineutrino mode inclusive

response matrix is marginally more on-diagonal than its neutrino mode counterpart.

Finally returning to the cross section calculation, we unsmear ñc to recover nc:

nc = U[ñc;MMC] = U
[

ñMC,c

ñMC,c+ ̸ ñ MC,c

(
c̃− POT

POTMC b̃
MC
)
;MMC

]
(7.29)

e four classes of measurements—νμ momentum, νμ angular, ν̄μ momentum, and ν̄μ

angular—differ substantially in the characteristics that can affect unsmearing. First, the

statistics of the νμ and ν̄μ measurements differ by an order of magnitude. Second, the

angular and momentum distributions have radically different shapes in addition to being

subject to different smearing. In light of the uniqueness of the measurements, it is not nec-

essarily appropriate to apply the same unsmearing to each. Rather, we choose to apply the

method that minimizes ∥b̂∥+
√∑

ij Vij, where b̂ is the predicted bias and V is the statistical

covariance matrix for the unsmeared distribution. e calculation of the covariance ma-

trix appears in the accompanying discussion of statistical uncertainty in Appendix A. Since

matrix inversion is inherently unbiased and there is no straightforward, objective method
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to test when it fails (though a cursory visual inspection is usually good enough), we omit

it from consideration. We also reject the case when Tikhonov regularized unsmearing de-

faults to matrix inversion. e unsmearing method chosen for the inclusive measurement

is applied to the incoherent measurement as well.

e result of the application of each unsmearing technique (including matrix inversion)

appears in Figures 7.6 & 7.7. Matrix inversion performs very poorly in most cases. e an-

tineutrino mode results suffer from wild oscillations and enormous statistical uncertainty.

e angular measurements in both modes exhibit non-ideal behavior as well. Aer evalu-

ation of each method, Tikhonov regularized unsmearing was selected for νμ pπ0 measure-

ments, Bayesian unsmearing for νμ cos θπ0 and ν̄μ pπ0 measurements, and no unsmearing for

ν̄μ cos θπ0 measurements. e νμ pπ0 measurements were ideal for Tikhonov regularization:

high-statistics allowed a precise choice of the regularization strength and the distribution

shape is quite smooth. For the same ν̄μ measurement, the reduced level of statistics induces

an overestimation of the regularization strength. While the shape of the unsmeared esti-

mate is smooth, it is so at the cost of signiٹcant bias. e assumption of smoothness is less

apt for the peaked angular measurements, which forces the Tikhonov regularized unsmear-

ing to default to matrix inversion, or introduce large bias. Bayesian unsmearing is chosen

for the νμ measurement because of this failure. e effect of smearing on the ν̄μ cos θπ0

measurements is so slight that low statistics of those measurements quash any beneٹt from

unsmearing. Hereaer, all kinematic variables will be assumed to be generated when in

reference to Monte Carlo and unsmeared when in reference to data.

7.3 Efficiency Correction

We are now one correction away from recovering the rate of signal events. e last step is

to account for signal events lost to the selection cuts. We begin by discussing the efficiency

as an abstract, continuous function and address the pitfalls of making discrete differential

measurements. e efficiency, ε(X), is deٹned such that the rate of events passing cuts is

related to the overall rate of events by:

dNc

dX (X) = ε(X)dN
dX (X). (7.30)
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Figure 7.6: Inclusive NC 1π0 unsmeared signal candidate rates. Clockwise from top le: ν mode pπ0
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tributions. e matrix inversion (green points), Bayesian (blue points), and Tikhonov regularized
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Figure 7.7: Incoherent NC 1π0 unsmeared signal candidate rates. See Figure 7.6 for description
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Like the resolution function, the efficiency is independent of any underlying rate of events;

it depends only on the kinematics of the events. e usual way of extracting the efficiency

is to calculate the ratio of the rate of events passing cuts to all events in Monte Carlo. To be

as general as possible, we consider the case where the efficiency is measured as a function of

only a subset of the possible variables, call it X1 and the remaining variables X2. en the

extracted, discretized efficiency is

εMC
i ≡ NMC,c

i
NMC

i
=

∫
Ωi
dX1

∫
dX2

dNMC,c

dX∫
Ωi
dX1

∫
dX2

dNMC

dX

=

∫
Ωi
dX1

∫
dX2 ε(X) dN

MC

dX∫
Ωi
dX1

∫
dX2

dNMC

dX

. (7.31)

Here, i is a multidimensional index referencing a bin in the partition over domain of X1.

Already we see that discretization forces some dependence on the underlying rate, since the

efficiency is averaged (weighted by the assumed rate) over Ωi and the entire domain of X2.

Ideally, one would measure the efficiency using a atٺ Monte Carlo distribution to eliminate

dependence the model dependence. If ε is does not vary greatly over each bin, the inٺu-

ence of the assumed rate is limited. e averaging is wholly unavoidable. Considering the

danger otherwise, themeasurement partitions should be constructed as neٹ as statistics and

measurement resolution allow. While this objective was already obvious for the differential

measurements, it was not so for the incoherent measurement, for which we intend to pro-

duce only a total cross section. But it is for this reason that we measure differential cross

sections for the incoherent NC 1π0 signal to begin with and integrate the cross sections at

the last step. For either signal, we are constrained to measure the efficiency in only one di-

mension. e sample statistics do not support the measurement of double-differential cross

sections.

Because the signal deٹnition for incoherent NC 1π0 events is deٹned at the initial neu-

trino interaction, and not in terms of observable products, the selection efficiency for those

events depends on more than the ability to detect π0 in the detector. It also depends on

physics, namely the absorption of π0 in the nucleus. e fraction of incoherent NC 1π0

interactions resulting in the π0 being absorbed in the target nucleus appears in Figure 7.8.

Absorption is predicted by the nuance FSI model as described in §4.2. Recall that though

the nuance prediction is constrained by data, it is still very much uncertain. e overall

incoherent NC 1π0 efficiency is the product of the π0 survival fraction and the detector effi-

ciency.
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Figure 7.8: Fraction of incoherent NC 1π0 events with π0 absorption in target nucleus. e fraction is
given separately for production on protons (green line) and neutrons (blue line). Absorption is lower
for production on protons since absorption cannot affect production on hydrogen.

In the most narrow sense, the efficiency is the fraction of events generated in the ducialٹ

volume that pass cuts:

εMC =
nMC,c f

nMC,f ; (7.32)

however, events generated outside the ducialٹ volume can be reconstructed in the ducialٹ

volume and they must removed. To that end, we introduce the non-ٹducial fraction:

f MC
V = 1− nMC,c f

nMC,c . (7.33)

e product of the two,

ε̄MC ≡ εMC

1− f MC
V

=
nMC,c

nMC,f , (7.34)

is the quasi-efficiency. It follows that the rate of signal events is given by:

nf = nc
ε̄MC =

nMC,f

nMC,cU
[

ñMC,c

ñMC,c+ ̸ ñ MC,c

(
c̃− POT

POTMC b̃
MC
)
;MMC

]
(7.35)

Figure 7.9 shows the quasi-efficiency for each measurement. e features of the efficiency

were already discussed in §6.4.

e accuracy of the Monte Carlo in predicting the efficiency for events with low-energy

photons is a serious concern. e behavior of theMonte Carlo can be validated by examining

the angular distributions of photons in the rest frame of the π0. In the π0 rest frame, the

photons decay back-to-back and isotropically relative to the π0 lab direction. e photon

angle, θCM
γ , is related to lab quantities by

cos θCM
γ =

1
βπ0

|Eγ1 − Eγ2 |
Eγ1 + Eγ2

=
|Eγ1 − Eγ2 |

pπ0
(7.36)
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Figure 7.9: Signal selection efficiency and non-ܢducial fraction. Clockwise from top le: ν mode pπ0

distributions, ν mode cos θπ0 fractions, ν̄ mode cos θπ0 fractions, and ν mode cos θπ0 fractions.

e distribution of θCM
γ should be uniform, regardless of the assumed model of π0 produc-

tion. Hence, any shape discrepancy in the distribution can be attributed to detector distor-

tion and selection efficiency. Of course, these effects may depend on pπ0 , but the point is

that they are independent of the production model.

e reconstructed cos θCM
γ distributions extracted from data and predicted by Monte

Carlo for events passingNC 1π0 selection cuts appear in Figure 7.10. Photons emitted paral-

lel and antiparallel to the π0 direction (cos θCM
γ = 0) are highly asymmetric in the lab frame.

If theMonte Carlo failed to properly predict the loss of events with low energy photons, one

would expect to ndٹ disagreement in the forward direction. Even though the distributions

exhibit signiٹcant shape variation, no such disagreement appears at any signiٹcant level in

Figure 7.10. e data support the Monte Carlo prediction over the range of cos θCM
γ and pπ0 .
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Figure 7.10: Angular distribution of photons in π0 rest frame. Le: Comparison of data (black points)
to the Monte Carlo prediction (brown line) over all pπ0 for NC 1π0 candidates. e distributions
are unit normalized to highlight shape differences. Error boxes represent statistical and detector
systematic uncertainty (see Chapter 8). e χ2 is given in the .gureٹ Right: e same comparison
for select ranges of pπ0 .

7.4 From Rate to Cross Section

In the notation of Eq. (5.5), we have recovered NS(Ωi) = N f
i , then according to Eq. (5.6)

⟨
Δσ
ΔX

⟩
Φ

∣∣∣∣
Ωi

=
1

NTΦ
N f

i
vol Ωi

=
1

NTΦ vol Ωi

[
nMC,f

nMC,cU
[

ñMC,c

ñMC,c+ ̸ ñ MC,c

(
c̃− POT

POTMC b̃
MC
)
;MMC

]]
i
. (7.37)

Calculating the number of targets requires only the conversion of the mass density of the

oil into a nucleon density using Avogadro’s number. Since both protons and neutrons are

targets,

NT =
4
3
πR3ρoilNA =

4
3
π(500 cm)3 × 0.845

g
cm3

× 6.02214× 1023 u
gm

× 1
N
u

= 2.6644× 1032 N. (7.38)
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Inclusive NC 1π0 (10−40 cm2) Incoherent NC 1π0 (10−40 cm2)

νμ ν̄μ νμ ν̄μ

pπ0 4.78± 0.05 1.49± 0.05 5.76± 0.08 1.28± 0.07
cos θπ0 4.74± 0.05 1.48± 0.05 5.66± 0.08 1.28± 0.07
Mean 4.76± 0.05 1.48± 0.05 5.71± 0.08 1.28± 0.07

Table 7.2: Central value total cross sections. Total cross sections per nucleon are presented with statisti-
cal uncertainty. e uncertainty in the mean cross section is calculated assuming the pπ0 and cos θπ0

total cross sections are 100% correlated.

e uxٺ is derived from the uxٺ simulation presented in §4.1. e total right-sign uxٺ

produced over the the course of all running perioeds is

Neutrino Running : Φ = 3.36× 1011 νμ/cm2 at ⟨Eν⟩ = 0.808 GeV,

Antineutrino Running : Φ = 1.08× 1011 ν̄μ/cm2 at ⟨Eν⟩ = 0.664 GeV.

e total cross section is simply the integrated differential cross section, i.e.

σ =
∑
i

vol Ωi

⟨
Δσ
ΔX

⟩
Φ

∣∣∣∣
Ωi

. (7.39)

Ideally, we would expect the total cross sections from the angular and momentummeasure-

ments to be equal. In practice, systematic errors that affect each mode differently break the

symmetry. It would be arbitrary to report one total cross section and not the other, so we

choose to average the two measurements assuming 100% correlation.

e central-value differential inclusive NC 1π0 cross sections are shown in Figure 7.11

with statistical error alongside the Monte Carlo prediction of the cross sections. e total

cross sections for both incoherent and inclusive production are listed in Table 7.2. A curious

result is that the exclusive cross section is larger than the inclusive cross section for νμ in-

duced production. Since one deٹnition includes the effects of FSI while the other does not,

this outcome is not entirely unexpected.

e cross section measurements are only partially complete at this stage, which is why

we will postpone any deeper discussion of the results for the moment. As is usually the

case in particle physics, the extraction of the cross sections was heavily reliant on the Monte
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Figure 7.11: Inclusive NC 1π0 differential cross sections. Clockwise from top le: ν mode pπ0 cross
section, ν mode cos θπ0 cross section, ν̄ mode cos θπ0 cross section, and ν mode cos θπ0 cross section.
e measured cross section (black points) is compared to the Monte Carlo prediction (brown line).
Statistical uncertainty only.

Carlo. Wemust evaluate and assess systematic uncertainties to complete the measurements.

;



8 Systematic Uncertainty

Estimating the rate of signal events required numerous appeals to Monte Carlo pre-

dictions. Each prediction relies on a host of uncertain parameters. In this chapter, we

evaluate the degree to which these systematic uncertainties inٺuence our measurements.

8.1 Evaluation

8.1.1 Propagating Error

e principle underlying the assessment of systematic uncertainties is a simple one:

1. Identify systematic parameters and their uncertainty.

2. Reevaluate the cross section measurements assuming a new set of parameter values

randomly drawn according to their central value and uncertainty.

3. Conduct more draws and calculate the covariance matrix for the ensemble of cross

section measurements generated for each random draw of parameters.

Speciٹcally, say G = {g1, g2, ...gk} is a set of correlated systematic parameters with central

value G0 and covariance matrix Σ. We wish to determine the uncertainty in some variable

F due to the uncertainty in G. To do so, we compute a set of multisims in which a new Gs is

drawn, assuming G is normally distributed:

Gs ∼ P(G;G0, Σ) =
(
(2π)

k
2
√

det Σ
)−1

exp
[
− 1

2
(G− G0)TΣ−1(G− G0)

]
(8.1)

174
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en the covariance matrix for F, due to G, extracted from n multisims, is

VG(F) = 1
D

n∑
s=1

(F(Gs)− E[F])⊗ (F(Gs)− E[F]), (8.2)

whereD = n if E[F] is independent of F(Gs) and suitably adjusted otherwise, e.g. D = n− 1

if E[F] = ⟨F(Gs)⟩. Usually, E[F] is taken to be the central value F(G0).

Two quantities derived from the covariance matrix provide an intuitive picture of the

uncertainty. One, the normalization error, δG, gives the size of en masse variations in F under

variations in G. It is deٹned as the standard error on the total occupancy of a histogram or

differential distribution. Using the properties of the variance, δG is given by

δG =

√∑
ij

VG
ij , (8.3)

in the case of a histogram and

δG =

√∑
ij

vol Ωi vol Ωj VG
ij , (8.4)

in the case of a differential distribution. A measure of the shape error is provided by the

correlation matrix,

ρG
ij =

VG
ij√

VG
ii VG

jj

. (8.5)

Each element of the correlation matrix indicates whether the variation of two elements of F

is likely to be in the same direction (correlated) or in opposite directions (anti-correlated).

8.1.2 Generating Excursions

ere are two methods by which a systematic variation maybe generated. In the case that

a variation simply affects the rate of production of certain classes of events, a weight can be

applied to those events rather than generating new Monte Carlo predictions. For instance,

suppose an excursion halves the rate of π+ production at the target. Rather then recompute

the Monte Carlo, we can simply reweight events induced by a neutrino originating in the

decay of a π+ by a factor of one-half. Most cross section model and neutrino uxٺ systematic

variations can be created in this manner. However, when a variation might affect the event
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topology in detector, the detector Monte Carlo must be reevaluated. Indeed, any variation

in detector parameters must be treated with a full simulation.

e many sources of systematic uncertainty can be grouped into three broad categories,

detector sources, uxٺ sources, and cross section sources. ey will be addressed in the fol-

lowing sections. A summary appearing at the end of this chapter lists the normalization un-

certainty due to each systematic group for each measurement. Since the incoherent NC 1π0

measurements yield total cross sections, only the normalization uncertainty is cited for them.

e summary tables are followed by plots showing the variation in the measured inclusive

NC 1π0 for each simulation, the fractional systematic uncertainty in each bin of the mea-

surements, and the correlation matrix for for each systematic group.

8.2 Detector

Variations in the detector response include those in the:

• Optical model + FSI

• Unsmearing bias

• Charge-time correlation

• Discriminator threshold

e latter two are PMT response variations and both consist of a single excursion (a unisim).

e discriminator threshold is varied from its central value of 0.1 PE to 0.2 PE. e altered

threshold affects hit timing and results in the loss of of some low-charge hits. e charge-

time (QT) correlation variation concerns the shape of the PMT hit charge distribution as a

function of hit time. Early and late hits tend have lower charge and, oen, a peak appears

at low charge. As a result of efforts to keep good agreement between data and Monte Carlo

in the prompt hits peak, agreement in non-prompt hits has suffered; the low-charge peak

is more prominent in Monte Carlo than data. e QT correlation variation eliminates the

low-charge, non-prompt hits.

e unsmearing bias described in §7.2.4 is categorized as a detector error. e normal-

ization error corresponding to the unsmearing bias is negligible. Ideally it should be zero:
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the unsmearing was designed to preserve the number of events. However, a shape variation

at the unsmearing stage can converted into a normalization variation aer the application

of the efficiency correction.

Optical model excursions consist of the variation of 35 correlated parameters. e pa-

rameters specify the

• Čerenkov scale factor

• Scintillation yield of each uorٺ

• Fluorescence yield of each uorٺ

• UV uorescenceٺ yield of each uorٺ

• Decay time of each uorescenceٺ

• Birks’ law

• Refractive index

• Extinction length

• Raleigh and Raman scattering

• Surface albedo

• PMT angular efficiency

• R1408/R5912 PMT relative efficiency

eparameters are variedwithin the constraints determined by in situ and ex situ analyses

discussed in §4.3.2. Because of computing constraints, the Monte Carlo sample generated

for each excursion was limited to having only data-sized statistics. For neutrino mode, 69

multisims were generated and 130 were generated for antineutrino mode. While it is an

inconvenience to the clear interpretation of the results, the optical model multisims also

address variations in the FSI model in the target nucleus. e two groups of uncertainties

are uncorrelated, but it was convenient from a computing standpoint to merge the two. e

cross sections for pion absorption, pion charge exchange, and ΔN → NN interactions are

varied by 25%, 30%, and 100%, respectively. e detector and FSI uncertainties effect a

5% normalization uncertainty in the inclusive measurements. As for the incoherent NC 1π0

measurements: the signiٹcance of correcting for FSI is made abundantly clear in Table 8.2.

e uncertainty penalty incurred is substantial.

As a consequence of the limited statistics of the optical model multisims, the resulting

covariance matrix will include statistical contributions in addition to systematic contribu-

tions. To compensate for this shortcoming, the statistical uncertainty due to the optical

model multisims was estimated and subtracted from the covariance matrix.



8. Systematic Uncertainty 178

8.3 Flux

Systematics affecting the neutrino uxٺ prediction relate to

• Beam characterization

• π+ Production

• π− Production

• K+ Production

• K− Production

• K0 Production

• POT

A 2% error is assessed on the measurement of POT. e error is derived from the differ-

ence in measurements from two toroids at different positions on the BNB.

e beam systematics encompass the parameters inٺuencing the horn magnetic eldٹ

and hadronic interactions in the target and horn not producing a secondary meson. Two

parameters affect the horn magnetic :eldٹ the horn current and the skin depth. e horn

current is allowed to vary by±1 kA.e difference in the predicted uxٺ for the central value

skin depth of 1.4mm and an excursion to 0mm is treated as the 1σ uncertainty due to that

parameter. e parameterizations of the hadronic interactions rstٹ discussed in §4.1.1 are

varied to encompass deviations from available data. Where data are not available for con-

straint, reasonable inferences are made and a healthy uncertainty is assessed.

e remaining systematic groups, namely the secondary meson production groups, are

treated with reweighting multisims. Recall that the meson production cross sections are

given by empirical parameterizations tٹ to data (see §4.1.2). For the cross sections using

the Feynman scaling parameterization, the parameters are varied within the correlations re-

turned by the .tٹ In principle, one could and likely ought to do the same for the cross sections

using the Sanford-Wang parameterization. However, the Sanford-Wang parameterization

is not a particularly good tٹ once it begins to wander away from the central value. In fact,

the parameter that controls the normalization of the cross section assumes an inٺated 18%

uncertainty because of inadequacies in the .tٹ As an alternative, excursions in the π± cross

section are generated by drawing cross section variations directly from the HARP data and

ttingٹ splines to those variations. As a result, the central value Sanford-Wang uxٺ does not

agree with mean of the multisims using the spline .tsٹ e covariance matrix for π± varia-
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νμ Flux (1011νμ/cm2) ν̄μ Flux (1011ν̄μ/cm2)

CV 3.35548 1.07815

Beam 3.393± 0.139 1.079± 0.031
K0 Production 3.356± 0.001 1.0781± 0.0004
K− Production 3.35549± 0.00004 1.079± 0.002
K+ Production 3.353± 0.012 1.07814± 0.00008
π− Production 3.3558± 0.0004 1.18± 0.12
π+ Production 3.722± 0.408 1.079± 0.001

Table 8.1: Systematic uncertainty in the integrated .uxܣ Only beam and right-sign pion production
uncertainties contribute to the uncertainty in the right-sign uxٺ prediction. Note the discrepancy
between the mean of the pion production multisims and the central value; it is due to the use of the
spline mechanism to generate excursions.

tions is still measured relative to the Sanford-Wang uxٺ and the difference between the two

predictions is absorbed in the systematic uncertainty.

e uxٺ systematic uncertainties enter the cross section calculation by way of two entry

points: the background estimate and the total .uxٺ e latter has the greatest impact on

the measured cross section and introduces a 100% correlated error across all bins since it

modiٹes the normalization of the cross section. e correlationmatrices for uxٺ systematics

demonstrate this effect. e variation in the total uxٺ for neutrino running and antineutrino

running over each systematic group appears in Table 8.1.

Right-sign pion production by far dominates the contributions among the uxٺ uncer-

tainties and the uxٺ uncertainty is the largest among the three categories. e overall uxٺ

uncertainty contributes a 12% normalization error to the inclusive cross sections. As we

would expect, the impact of wrong-sign pion production in antineutrino mode is larger

than in neutrino mode. is uncertainty does not affect the prediction of the total right-

sign neutrino .uxٺ Its inٺuence owes solely to the uncertainty in the estimate of wrong-sign

backgrounds. Event though the wrong-sign pion production uncertainty is large, it is still

dominated by the right-sign pion production uncertainty. Kaon production uncertainties

are largely conٹned to high-momentum bins, which in general possess large uncertainties

under many systematic groups.
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8.4 Cross Sections

Uncertainties stemming from particle interactionmodels in the detector are broken into two

groups:

• Hadronic interactions

• Cross sections

Hadronic interactions in this context refer to the interaction of photons with nuclei. e

uncertainty in these channels can be large (up to 100%), but the effect on the NC 1π0 mea-

surement is still negligible.

e vaguely titled cross sections group covers all nuance parameters other than those

governing FSI. It also includes parameters deٹning pion absorption and charge exchange

outside the target nucleus. e parameters guiding the output of nuance are numerous.

e four axial massesmodelingQE scattering, coherent 1π0 production, incoherent 1π0 pro-

duction, and multi-pion production are varied by 6.2%, 27%, 25%, and 40%, respectively.

e normalization of QE events, DIS, and Δ → Nγ interactions are varied by 10%, 25%, and

100%, respectively. e three parameters deٹning the relativistic Fermi gas model, viz. the
binding energy, Fermi momentum, and Pauli blocked scale factor, are varied by 36%, 14%,

and 0.022, respectively. Last, pion absorption and charge exchange cross sections outside the
target nucleus are varied by 35% and 50%. Since the disagreement between the GCALOR

module and available data is greater than for nuance, the uncertainty assessed on pion in-

teractions outside the target nucleus is greater than that assessed inside the target nucleus.

Sources of cross section uncertainty are the second largest contributor to systematic un-

certainty in the NC 1π0 cross sections. Overall, the cross section group is responsible for a

∼ 7 − 8% normalization error on the inclusive NC 1π0 cross sections. ey largely affect

the background estimate, since the efficiency correction and unsmearing ought to be inde-

pendent of the cross section models. e cross section uncertainty has an enormous effect

on measurements in the highest-momentum bins. is region suffers from a conٺuence

of unfortunate circumstances. Not only is the purity lowest in these bins, but the contam-

ination is also comparatively more uncertain. e uncertainty assessed on the incoherent

NC 1π0 measurements is distinctly larger than for their inclusive counterparts. is dispar-
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ity is a manifestation of coherent NC 1π0 production being counted as background in the

incoherent measurement.

8.5 Summary

A summary of systematic uncertainties appears on the following pages. Table 8.2 lists the

normalization uncertainty assessed for each systematic category for each cross section mea-

surement. It is followed by plots illustrating the contribution of each systematic group to the

uncertainty in bin of each differential inclusive NC 1π0 measurement. e several guresٹ

that follow the stacked error plots characterize the systematic uncertainty from each group

individually.

;
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Neutrino Mode Antineutrino Mode

Inclusive Incoherent Inclusive Incoherent

pπ0 cos θπ0 pπ0 cos θπ0 pπ0 cos θπ0 pπ0 cos θπ0

Detector Sources

Optical Model + FSI 2.44% 2.40% 17.22% 17.36% 3.15% 3.09% 16.73% 16.91%
Unsmearing Bias 0.01% 0.08% 0.05% 0.04% 0.33% 0.09% 0.23% 0.12%
Charge-Time Correlation 3.01% 3.41% 4.05% 4.17% 2.37% 3.10% 4.02% 4.86%
Discrimination reshold 4.29% 3.86% 5.43% 4.93% 3.15% 2.49% 4.61% 4.12%

Flux Sources

Beam 5.87% 5.84% 7.58% 7.58% 3.92% 4.07% 6.46% 6.41%
π+ Production 10.77% 10.73% 11.33% 11.32% 5.98% 6.38% 9.60% 9.84%
π− Production 0.30% 0.29% 0.37% 0.36% 10.08% 9.96% 11.35% 11.05%
K+ Production 0.86% 0.85% 1.17% 1.23% 0.79% 0.94% 1.25% 1.41%
K− Production 0.02% 0.02% 0.02% 0.03% 0.15% 0.17% 0.31% 0.34%
K0 Production 0.10% 0.13% 0.11% 0.15% 0.25% 0.32% 0.35% 0.45%
POT Uncertainty 2.00% 2.00% 2.00% 2.00% 2.00% 2.00% 2.00% 2.00%

Cross Section Sources

Hadronic Interactions 0.11% 0.12% 0.14% 0.15% 0.08% 0.08% 0.14% 0.13%
Cross Section Variations 8.03% 8.05% 10.20% 10.46% 6.68% 7.49% 11.23% 12.36%

Total Systematic Error 15.91% 15.85% 25.25% 25.37% 15.08% 15.59% 26.68% 27.31%

Table 8.2: Normalization uncertainty on each cross section measurement by systematic category. Note the substantially larger uncertainty in the inco-
herent NC 1π0 measurement stemming from subtraction of coherent NC 1π0 background and correction for FSI.
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Figure 8.1: Inclusive NC 1π0 production differential cross sections with stacked systematic uncertainties.
Clockwise from top le: ν mode pπ0 cross section, ν mode cos θπ0 cross section, ν̄ mode cos θπ0

cross section, and ν mode cos θπ0 cross section. e fraction of bar occupied by a systematic group
indicates the fractional contribution of that error source to the total variance (square of standard
deviation) in that bin.
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Figure 8.2: Inclusive NC 1π0 cross section optical model and FSI model systematics. From le to right: the
cross section variations, the fractional error in each bin, and the correlation matrix for the variations.
From top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections. e subtracted
statistical error in the systematic variance is represented by a red bar in the variation plots.
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Figure 8.3: Inclusive NC 1π0 cross section unsmearing bias. From le to right: the cross section vari-
ations, the fractional error in each bin, and the correlation matrix for the variations. From top to
bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections
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Figure 8.4: Inclusive NC 1π0 cross section discriminator threshold systematics. From le to right: the
cross section variations, the fractional error in each bin, and the correlation matrix for the variations.
From top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.5: Inclusive NC 1π0 cross section charge-time correlation systematics. From le to right: the
cross section variations, the fractional error in each bin, and the correlation matrix for the variations.
From top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.6: Inclusive NC 1π0 cross section beam systematics. From le to right: the cross section vari-
ations, the fractional error in each bin, and the correlation matrix for the variations. From top to
bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.



8. Systematic Uncertainty 189

....-1.0 ..-0.5 ..0.0 ..0.5 ..1.0.
Correlation

..

CV .
Sys. Error .
Multisims .

.
ν

...0.0 ..0.3 ..0.6 ..0.9 ..1.2 ..1.5.
pπ0 (GeV/c)

.

..1.5

..1.0

..0.5

.dσ
/
dp

π
0
(c
m

2 /
nu

cl
eo

n/
(G

eV
/
c)
)

.

×10−39

.. ....0.0 ..0.3 ..0.6 ..0.9 ..1.2 ..1.5.
pπ0 (GeV/c)

.

..20

..10

..0

..−10

..−20
.

Fr
ac
tio

na
lU

nc
er
ta
in
ty

(%
)

.. ....0.0 ..0.3 ..0.6 ..0.9 ..1.2 ..1.5.
pπ0 (GeV/c)

.

..1.5

..1.2

..0.9

..0.6

..0.3

..0.0 .

p π
0
(G
eV

/c
)

..

..

CV .
Sys. Error .
Multisims .

.
ν̄

...0.0 ..0.2 ..0.4 ..0.6 ..0.8 ..1.0.
pπ0 (GeV/c)

.

..0.6

..0.4

..0.2

.dσ
/
dp

π
0
(c
m

2 /
nu

cl
eo

n/
(G

eV
/
c)
)

.

×10−39

.. ....0.0 ..0.2 ..0.4 ..0.6 ..0.8 ..1.0.
pπ0 (GeV/c)

.

..10

..0

..−10

.

Fr
ac
tio

na
lU

nc
er
ta
in
ty

(%
)

.. ....0.0 ..0.2 ..0.4 ..0.6 ..0.8 ..1.0.
pπ0 (GeV/c)

.

..1.0

..0.8

..0.6

..0.4

..0.2

..0.0 .

p π
0
(G
eV

/c
)

..

..

. CV

. Sys. Error

. Multisims

.
ν

...−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.8

..0.6

..0.4

..0.2

.dσ
/
d
co
sθ

π
0
(c
m

2 /
nu

cl
eo

n/
1

.

×10−39

.. ....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..10

..5

..0

..−5

..−10 .

Fr
ac
tio

na
lU

nc
er
ta
in
ty

(%
)

.. ....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.5

..0.0

..−0.5

..−1.0 .

co
sθ

π
0

..

..

. CV

. Sys. Error

. Multisims

.
ν̄

...−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..0.4

..0.3

..0.2

..0.1

.dσ
/
d
co
sθ

π
0
(c
m

2 /
nu

cl
eo

n/
1

.

×10−39

.. ....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..6

..3

..0

..−3

..−6
.

Fr
ac
tio

na
lU

nc
er
ta
in
ty

(%
)

.. ....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.5

..0.0

..−0.5

..−1.0 .

co
sθ

π
0

..

Figure 8.7: InclusiveNC 1π0 cross section π+ production systematics. From le to right: the cross section
variations, the fractional error in each bin, and the correlation matrix for the variations. From top to
bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.8: InclusiveNC 1π0 cross section π− production systematics. From le to right: the cross section
variations, the fractional error in each bin, and the correlation matrix for the variations. From top to
bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.9: Inclusive NC 1π0 cross section K+ production systematics. From le to right: the cross
section variations, the fractional error in each bin, and the correlationmatrix for the variations. From
top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.10: Inclusive NC 1π0 cross section K− production systematics. From le to right: the cross
section variations, the fractional error in each bin, and the correlationmatrix for the variations. From
top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.11: Inclusive NC 1π0 cross section K0 production systematics. From le to right: the cross
section variations, the fractional error in each bin, and the correlationmatrix for the variations. From
top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.12: Inclusive NC 1π0 cross section photonuclear interaction systematics. From le to right: the
cross section variations, the fractional error in each bin, and the correlation matrix for the variations.
From top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.
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Figure 8.13: Inclusive NC 1π0 cross section cross section model systematics. From le to right: the cross
section variations, the fractional error in each bin, and the correlationmatrix for the variations. From
top to bottom: the νμ pπ0 , ν̄μ pπ0 , νμ cos θπ0 , and ν̄μ cos θπ0 cross sections.



9 Results and Remarks

Having garnered an understanding of how systematic uncertainties impact the mea-

surements, the pieces are now in place to present the complete results. We begin

this chapter by presenting a consolidated report of the measurements. en we examine the

measurements vis-à-vis alternative models of coherent NC 1π0 production. In particular, we

compare our observations to two different models of coherent NC 1π0 production, deter-

mine just how sensitive the incoherent NC 1π0 production measurements are to the choice

of model, and then gauge our success in minimizing the model dependence of the inclusive

measurement.

9.1 Summary of Results

First, we remind the reader of the speciٹcs of themeasurements. Each cross section, whether

total or differential, is a ux-averagedٺ cross section. e mean energy of νμ in the neutrino

beam is 808 MeV and the average of ν̄μ in the antineutrino beam is 664 MeV. Additionally,

the target was was, to good approximation, CH2. e cross sections are reported per nucleon;
the per-nucleon and per-molecule cross sections differ by a factor of the atomic weight of

CH2. e measured total cross sections are:

• νμ-induced Inclusive NC 1π0 Production

σ = (4.76± 0.05stat ± 0.76sys)× 10−40cm2/nucleon

196
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• ν̄μ-induced Inclusive NC 1π0 Production

σ = (1.48± 0.05stat ± 0.23sys)× 10−40cm2/nucleon

• νμ-induced Incoherent NC 1π0 Production (assuming R-S model of coherent NC 1π0

production)

σ = (5.71± 0.08stat ± 1.45sys)× 10−40cm2/nucleon

• ν̄μ-induced Incoherent NC 1π0 Production (assuming R-S model of coherent NC 1π0

production)

σ = (1.28± 0.07stat ± 0.35sys)× 10−40cm2/nucleon

e measurements of incoherent production are compared to the nuance prediction and

prior measurements in Figure 9.5. Only one comparable prior measurement exists, namely

the re-analysis of Gargamelle data performed by E. A. Hawker[143]. e Aachen- Padova

collaboration measured absolute cross sections for both neutrino and antineutrinos [142].

Unfortunately, theymeasured scattering off only protons, and so we cannot directly compare

our measurement to theirs.

e inclusive measurements are the rstٹ of their kind; they have no peers with which to

be compared. e nearest analogues are the inclusive pion production cross section ratios

measured by the K2K and SciBooNE collaborations. Any comparison to these measure-

ments would require an appeal to Monte Carlo, since MiniBooNE has yet to measure the

inclusive rate of all charged current interactions. e differential cross sections appear along

with their total systematic and statistical correlation matrices in Figures 9.1–9.4.

9.2 Coherent NC 1π0 Production

On the matter of coherent NC 1π0 production, we must tread carefully. Since we cannot

identify an NC 1π0 interaction as being incoherent or coherent on an event-by-event basis

in the MiniBooNE detector, we are ill-equipped to conduct a nuanced analysis of coherent

NC 1π0 production. Indeed, this dissertation work focused on an inclusive measurement
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Figure 9.1: νμ-induced inclusive NC 1π0 production pπ0 differential cross section. Top: e measured
cross section (black points) is presented with total systematic (green boxes) and statistical (black
bars) uncertainty and compared to the Monte Carlo prediction (brown line). Bottom le: e to-
tal systematic uncertainty correlation matrix. Bottom right: e statistical uncertainty correlation
matrix.



9. Results and Remarks 199

..

. Central Value + Statistical Uncertainty

. Total Systematic Uncertainty

. Monte Carlo Prediction

...−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.8

..0.6

..0.4

..0.2

..0.0 .

dσ
/
d
co
sθ

π
0
( cm

2

nu
cl
eo

n·
1)

.

×10−39

..

..

..1.0

..0.5

..0.0

..-0.5

..-1.0 .

Co
rr
el
at
io
n

....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.5

..0.0

..−0.5

..−1.0 .

co
sθ

π
0

.. ....−1.0 ..−0.5 ..0.0 ..0.5 ..1.0.
cos θπ0

.

..1.0

..0.5

..0.0

..−0.5

..−1.0 .

co
sθ

π
0

..

Figure 9.2: νμ-induced inclusive NC 1π0 production cos θπ0 differential cross section. Top: emeasured
cross section (black points) is presented with total systematic (green boxes) and statistical (black
bars) uncertainty and compared to the Monte Carlo prediction (brown line). Bottom le: e to-
tal systematic uncertainty correlation matrix. Bottom right: e statistical uncertainty correlation
matrix.
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Figure 9.3: ν̄μ-induced inclusive NC 1π0 production pπ0 differential cross section. Top: e measured
cross section (black points) is presented with total systematic (green boxes) and statistical (black
bars) uncertainty and compared to the Monte Carlo prediction (brown line). Bottom le: e to-
tal systematic uncertainty correlation matrix. Bottom right: e statistical uncertainty correlation
matrix.
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Figure 9.4: ν̄μ-induced inclusive NC 1π0 production cos θπ0 differential cross section. Top: emeasured
cross section (black points) is presented with total systematic (green boxes) and statistical (black
bars) uncertainty and compared to the Monte Carlo prediction (brown line). Bottom le: e to-
tal systematic uncertainty correlation matrix. Bottom right: e statistical uncertainty correlation
matrix. e statistical uncertainties are uncorrelated because this measurement did not undergo un-
smearing.
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Figure 9.5: Comparison of incoherent NC 1π0 cross sections to nuance prediction and prior measurements.
e lone prior measurement was reported in Ref. [143] for protons and neutrons separately. ose
measurements have been combined in a 6:8 ratio to match CH2. Error bars represent the quadrature
sum of systematic and statistical errors.
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because of such limitations. Even so, the topic of coherent π0 production been receiving

substantial attention, so we ought to address it to the extent that we can. In this section,

we are not performing a measurement of coherent NC 1π0 production, either expressed or

implied, nor are we evaluating the performance of one model over another. On the contrary,

we wish to assess the implications of alternative models for our own measurements.

9.2.1 Forward Excess

If we look past the obvious normalization discrepancy between the measured cross sections

and the Monte Carlo predictions, we can see a tantalizing hint of coherent NC 1π0 produc-

tion in the angular distributions. We noted in Chapter 2 that recent models of coherent π0

production generally agree that the π0 production should peak more sharply in the forward

direction. In comparing the data to Monte Carlo in Figures 9.2 & 9.4, we can see that the

data does indeed peak sharply in the forward direction and does so more in antineutrino

mode.

As a sanity check, we make simplest comparison available. Speciٹcally, we test the an-

gular cross sections—the distribution most sensitive to the coherent NC 1π0 production

models—against the MiniBooNE Monte Carlo with and without coherent NC 1π0 produc-

tion. Figure 9.6 illustrates such a comparison. Keep inmind that we scale the Rein & Sehgal

prediction by a factor of 0.65. Coherent pion production is most concentrated in the for-

ward direction. e χ2 between neutrino (antineutrino) data and the Monte Carlo above

cos θπ0 = 0.6 is 8.23 (13.6) with 9 (5) degrees of freedom for the prediction including co-

herent pion production. By this statistic, the agreement is fairly good in neutrino mode:

p(χ2) = 0.511. Agreement is less satisfactory in antineutrino mode, where p(χ2) = 0.018.

Still, the prediction performs markedly better than one without coherent pion production.

For that prediction, the χ2 is 45.1 (25.7) in neutrino (antineutrino) mode and the corre-

sponding p-value is 8.6× 10−7 (0.0001).

Both the neutrino and antineutrino data may overwhelmingly favor the model of single

π0 production with nonzero coherent content, but that is not to say that they exhibit spec-

tacular agreement with the Monte Carlo prediction incorporating the R-S model. Clearly,

the data exhibit sharper peaking the Monte Carlo. Even when the Monte Carlo is corrected
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Figure 9.6: Comparison of the inclusiveNC 1π0 cos θπ0 differential cross sections to Monte Carlo with and
without coherent NC 1π0 production. e Monte Carlo prediction is the MiniBooNE default, which
scales the R-S prediction of coherent π0 production by a factor of 0.65. e gray arrow indicate
the region for which the χ2 between the measurement and predictions is quoted in the text. e
horizontal axis has been scaled to put emphasis on this region.

as a function of pπ0 , the angular discrepancy persists. Hence, FSI alone cannot account for

the difference. e disagreement gives credence to those who claim that the R-Smodel, and

the approximations therein, becomes unsuitable at intermediate neutrino energy[121, 122],

but it is far from a conٹrmation of those claims. Conservatively, the strongest statement that

we can make is that we observe a signiٹcant excess of forward scattering above predictions

omitting coherent NC 1π0 production.

9.2.2 Model Dependence

In executing the measurement of inclusive NC 1π0 production we mitigated dependence on

uncertain model to the greatest possible extent. Avoidance of such models was impossible

for the incoherent NC 1π0 productionmeasurements and we were well aware of the possibly

large variation in the measurements upon assuming alternative models of coherent NC 1π0

production. In this sectionwe adopt themodern predictions of coherent NC 1π0 production

provided by two groups to evaluate to what extent our expectations were met.

e models of Alvarez-Ruso et al.[124] and Amaro et al.[121] are microscopic models of

coherent pion production. e largest difference between the two values is their choice of

the normalization of the axial form factor CA
5 in the N-Δ transition in the Rarita-Schwinger

formalism. Alvarez-Ruso choose the larger value CA
5 = 1.2 and Amaro et al. the smaller

CA
5 = 0.867. e predictions are implemented in Monte Carlo by reweighting the affected
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Figure 9.7: Alternative predictions of coherent NC 1π0 production. e differential rate of coherent
NC 1π0 production predicted by theMiniBooNE implementation of the R-Smodel and two alterna-
tive models is shown for neutrinos (top) and antineutrinos (bottom) as a function of pπ0 (le) and
cos θπ0 (right). Since the distributions are normalized to POT, differences between the neutrino
and antineutrino rates are due in part to the different uxesٺ in each mode as well as the cross section
differences.

events. e predicted rates of coherent NC 1π0 production appear in Figure 9.7 compared

to the default R-S prediction scaled by a factor of 0.65. e effect of small choice of CA
5 is

evident: the prediction of Amaro et al. is much less than the prediction of Alvarez-Ruso

et al., which itself falls short of the already scaled down R-S prediction. e Alvarez-Ruso

model predicts a 40% reduction in νμ induced coherent π0 production and the Amaromodel

75%. In antineutrino mode, the Alvarez-Ruso model predicts an additional 10% reduction.

To compare the shapes of the various predictions to our observations, we examine the unit

normalized, predicted rate of forward-scattered candidate NC 1π0 events (those passing

selection cuts). is comparison appears in Figure 9.8. We chose the candidate rate for

comparison since it reٺects the data in its most raw form with no corrections applied. e

shape of the modern models does indeed coincide better our observations.

e extraction of the incoherent NC 1π0 cross sections under these new models was

carried out in exactly the same way as the original analysis. e results of the alternative

analyses are:
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Figure 9.8: Predicted rate of NC 1π0 candidates assuming alternativemodels of coherentNC 1π0 production.
e distributions are unit-normalized in the region of interest to eliminate normalization differences.
e systematic uncertainty in the default prediction is represented by the brown box histogram.
e systematic uncertainty for the two other prediction is not shown for the sake of clarity, but the
uncertainty is similar.

• νμ-induced Incoherent NC 1π0 Production, assuming the Alvarez-Ruso et al. model

σ = (6.20± 0.08stat ± 1.52sys)× 10−40cm2/nucleon

• νμ-induced Incoherent NC 1π0 Production, assuming the Amaro et al. model

σ = (6.51± 0.08stat ± 1.56sys)× 10−40cm2/nucleon

• ν̄μ-induced Incoherent NC 1π0 Production, assuming the Alvarez-Ruso et al. model

σ = (1.62± 0.07stat ± 0.39sys)× 10−40cm2/nucleon

• ν̄μ-induced Incoherent NC 1π0 Production, assuming the Amaro et al. model

σ = (1.78± 0.07stat ± 0.42sys)× 10−40cm2/nucleon

As a consequence of lower predicted rate of coherent NC 1π0 production, the resulting cross

sections are larger; the ν̄μ cross section extracted assuming the model of Amaro et al. is

39% larger. Given the myriad coherent π0 production models, we cite the measurements

with a stipulation noting the assumed model of coherent π0 production attached in lieu of

assessing the difference as a systematic uncertainty.

e measurement of inclusive NC 1π0 production was repeated using the alternative

models as well in an attempt to determine with how much success we suppressed the in-

uenceٺ of these models. e νμ total cross section changes by less than one percent under
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Figure 9.9: Change in measured inclusive NC
1π0 production cross section due to alternative co-
herent NC 1π0 production models. e plot gives
the ratio of ν̄μ cos θπ0 differential cross section
measured assuming alternative models relative
to the original measurement assuming the R-S
model.
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either model excursion. However, the ν̄μ total cross section decreases by 5.8% upon adop-

tion of the Amaro et al. model and 4.4% for the Alvarez-Ruso et al. model. e deviation

from the original measurement as a function of cos θπ0 is given in Figure 9.9. e devi-

ation in individual bins of cos θπ0 can approach 10%. e inٺuence of the models owes

to the subtraction of wrong-sign coherent NC 1π0 production. Evidently, the wrong-sign

neutrino contamination in antineutrino mode is great enough to permit this level of model

dependence and is wholly unavoidable.

If we choose instead to include the contribution of both νμ and ν̄μ and in our measure-

ments, the inٺuence of the coherent NC 1π0 production models would be virtually elim-

inated. is beneٹt comes at the cost of a less physically meaningful result. Even so, the

antineutrino mode cross section would still possess an enhanced contribution from ν̄μ and

so would still be valuable as a test of models of NC 1π0 production. e measurement of

these “all-sign” cross sections was carried out exactly as the right-sign measurements were.

Including the wrong-sign neutrinos, the total uxٺ in neutrino mode is (3.57±0.50sys)× 1011

(νμ + ν̄μ)/cm2 and in antineutrino mode it is (1.58 ± 0.21sys) × 1011 (νμ + ν̄μ)/cm2. e

resulting total cross sections are:

• Neutrino Mode νμ + ν̄μ induced NC 1π0 Production

σ = (4.56± 0.05stat ± 0.71sys)× 10−40cm2/nucleon

• Antieutrino Mode νμ + ν̄μ induced NC 1π0 Production

σ = (1.75± 0.04stat ± 0.24sys)× 10−40cm2/nucleon

edifferential cross sections are plotted in Figure 9.10 and the numerical values are reported

in Appendix B.
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Figure 9.10: νμ+ν̄μ induced inclusive NC 1π0 production differential cross sections. Clockwise from top
le: ν mode pπ0 cross section, ν mode cos θπ0 cross section, ν̄ mode cos θπ0 cross section, ν̄ mode
pπ0 cross section. ese cross sections incorporate the contribution of wrong-sign neutrino induced
events in each running mode.
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9.3 Conclusion

e experimental study of neutrino interactions has come full circle. e eldٹ began with

low-energy neutrino beams, light targets, and the goal of elucidating the structure of the

weak current in the 1960s. As time progressed, experiments pushed higher in energy, ex-

ploiting the neutrino’s capacity as the ideal weak probe, to access different physics such as

nucleon structure function. All the while, experiments continued to measure cross sections.

Fast forward to the present, and neutrino oscillation is now at the forefront of the .eldٹ

Long-baseline searches for electron neutrino appearance involve siing through neutrino

interactions at intermediate energies on nuclear targets to ndٹ a few scarce signal events.

Understanding how neutrinos interact under these conditions is critical to the success of

the searches and so interest in neutrino oscillation has reinvigorated interest in intermedi-

ate energy neutrino interactions.

Neutral current π0 production is the focus of much interest because it is a pernicious

background to electron neutrino appearance searches. Incoherent π0 production remains

uncertain, but manageable. Conٹdence in predictions of coherent π0 production contin-

ues to elude experiment, in part because the interaction is notoriously difficult to model at

intermediate energies and also because a dearth of data prevents the testing and tuning of

models as they are developed

In this dissertation we have presented a thorough description of a measurement of NC

1π0 production undertaken as part of the MiniBooNE collaboration. e largest samples

of neutrino and antineutrino NC 1π0 candidates ever amassed was used to extract the rstٹ

absolute and rstٹ differential inclusive NC 1π0 production cross sections. ese measure-

ments have begun to be adopted by leading-generation, long-baseline oscillation experi-

ments [201]. Being inclusive and minimally dependent on the models to be tested, these

cross sections should aid those studying the phenomenology of π0 production to test and

reٹne their models. In particular, the differential cross sections, being function of π0 mo-

mentum and π0 angle, can disentangle the effects of competing contributing processes. For

instance, the contribution of coherent π0 production produces a peak in the angular cross

section, but is fairly atٺ as a function of momentum. e contribution of nalٹ state interac-

tions has the opposite behavior. A legacy measurement of the absolute incoherent NC 1π0
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production cross section was calculated as well. It is one of only three such measurements.

;
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A Statistical Uncertainty

is appendix details the propagation of statistical uncertainty at each point in the calcula-

tion of the cross section. It accompanies the discussion in Chapter 7. We rely on the usual

method of propagation of errors to estimate the covariance of each distribution aer ma-

nipulation. To wit, if a quantity, y = {yi}, is a function of several variables x = {xi}, with

covariance matrix V(x), then the rst-orderٹ approximation of the covariance matrix for y is

Vij(y) =
∑
kl

∂yi
∂xk

Vkl(x)
∂yj
∂xl

≡
(
∂y
∂x V(x)

∂y
∂x

T)
ij

(A.1)

A.1 Background Subtraction

e background subtraction formula is referenced in Eq. (7.2), which we reproduce here:

ñc = ñMC,c

ñMC,c+ ̸ ñ MC,c

(
c̃− POT

POTMC b̃
MC
)
. (A.2)

We assume raw histograms from Monte Carlo and data are Poisson distributed and have no

self correlations. e relevant derivatives of the expression are:

∂ñc
∂ c̃ = F ∂ñc

∂b̃MC = − POT
POTMCF

∂ñc
∂ñMC,c = F diag

[̸
ñ MC,c

ñMC,c
ñc

ñMC,c

]
∂ñc

∂ ̸ ñ MC,c = F diag
[

ñc
ñMC,c

] , (A.3)

where

F ≡ diag
[

ñMC,c

ñMC,c+ ̸ ñ MC,c

]
. (A.4)
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e statistical uncertainty due to the uncertainty in the data and Monte Carlo can be kept

separate since the data and Monte Carlo are uncorrelated. e error matrices for ñC from

data, VD(ñc), and Monte Carlo, VMC(ñc), are

VD(ñc) = ∂ñc
∂ c̃ V(̃c)∂ñ

c

∂ c̃

T
= F2 diag c̃ , (A.5)

VMC(ñc) = ∂ñc

∂b̃MC V(b̃MC)
∂ñc

∂b̃MC

T

+
∂ñc

∂ñMC,c V(ñ
MC,c)

∂ñc
∂ñMC,c

T

+
∂ñc

∂ ̸ ñ MC,c V(̸ñ
MC,c)

∂ñc
∂ ̸ ñ MC,c

T

= F2 diag
[(

POT
POTMC

)2

b̃MC+ ̸ ñ MC,c
(

ñc
ñMC,c

)2(
1+

̸ ñ MC,c

ñMC,c

)]
. (A.6)

A.2 Unsmearing

e unsmeared signal candidate rate depends on the ñc and the migration matrix, MMC.

en,

VD(nc) = ∂nc
∂ñc V

D(ñc)∂n
c

∂ñc
T

, (A.7)

VMC(nc) = ∂nc
∂ñc V

MC(ñc)∂n
c

∂ñc
T

+
∂nc

∂MMC V(MMC)
∂nc

∂MMC

T

. (A.8)

e derivative ∂nc
∂ñc depends on the unsmearing method:

Matrix Inversion:
∂nc
∂ñc = (RMC)−1

Bayesian Unsmearing:
∂nc
∂ñc = RMC

Tikhonov Regularized:
(
∂nc
∂ñc

)
ij
= U′ij + si

(A.9)

Refer to Eqs. (7.23) & (7.13) for a reminder of the deٹnition of the symbols. e con-

tribution to VMC(nc) from MMC is rather difficult to calculate in closed form for Tikhonov

regularization andmatrix inversion. Instead we employ a bootstrappingmethod to estimate

the contribution from MMC for each unsmearing method. Assuming the elements of MMC

are uncorrelated and Poisson distributed, i.e. cov(MMC
ij ,MMC

kl ) = MMC
ij δikδ jl, we draw a ran-

domized MMC,s and calculate the corresponding unsmeared distribution nc,s for s = 1..N.
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e covariance of nc measured from these simulations is taken to be VMC(nc;MMC):

VMC(nc;MMC) =
1

N− 1

N∑
s=1

(nc,s − nc)⊗ (nc,s − nc) (A.10)

N is set at 5000 for the analysis. Bringing together the Eqs. (A.9) & (A.10), we ndٹ that

the statistical error matrices for each unsmearing method are:

• Matrix Inversion

VD(nc) = (RMC)−1 VD(ñc)(RMC)−1T

VMC(nc) = (RMC)−1 VMC(ñc)(RMC)−1T + VMC(nc;MMC) (A.11)

• Bayesian Unsmearing

VD(nc) = RMC VD(ñc)( RMC)T

VMC(nc) = RMC VMC(ñc)( RMC)T + VMC(nc;MMC) (A.12)

• Tikhonov Regularized

VD(nc) = U′ VD(ñc)(U′)T +

∑
ij

VD
ij (ñc)

 s⊗ s

VMC(nc) = U′ VMC(ñc)(U′)T +

∑
ij

VMC
ij (ñc)

 s⊗ s+ VMC(nc;MMC) (A.13)

Of course, the error matrices are unaffected if no unsmearing is applied.

A.3 Efficiency correction

e signal rate is related to the unsmeared signal candidate rate by

nf = nc

ε′MC . (A.14)

e quasi-efficiency can be expressed in terms of uncorrelated, Poisson distributed variables

as

ε′MC
=

nMC,̸f c + nMCf c

nMC,f /c + nMC,f c , (A.15)
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where the ̸ f and /c agsٺ indicate events not in the ducialٹ volume and events not passing

selection cuts, respectively. e relevant derivatives are

∂nf
∂nc = diag

1
ε′MC

∂nf
∂nMC,̸f c = diag

[
− nf
nMC,c

]
∂nf

∂nMC,f /c = diag
[

nf
nMC,f

]
∂nf

∂nMC,f c = diag
[

nf
nMC,f −

nf
nMC,c

] (A.16)

and

VD(nf) = ∂n
∂nc V

D(nc) ∂n
∂nc

T

,

VMC(nf) = ∂n
∂nc V

MC(nc) ∂n
∂nc

T

+
∂n

∂nMC,̸f c V(n
MC,̸f c)

∂n
∂nMC,̸f c

T

+
∂n

∂nMC,f /c V(n
MC,f /c)

∂n
∂nMC,f /c

T

+
∂n

∂∂nMC,f c V(∂n
MC,f c)

∂n
∂∂nMC,f c

T

. (A.17)

en

VD(nf) = diag
( 1
ε′MC

)
VD(nc) diag

( 1
ε′MC

)
VMC(nf) = diag

( 1
ε′MC

)
VMV(nc) diag

( 1
ε′MC

)
+ diag

[
nf

nMC,c
nMC,f /c + nMC,̸f c

nMC,c

]
(A.18)

A.4 Cross Section

When calculating the cross section from the weight, we divide by the number of targets, the

,uxٺ and the volume of each. None of these quantities has any statistical uncertainty, thus

VD
(⟨

Δσ
ΔX

⟩
Φ

)
=

1
N2

TΦ2 diag
(

1
{Ωi}

)
VD(nf) diag

(
1

{Ωi}

)
,

VMC
(⟨

Δσ
ΔX

⟩
Φ

)
=

1
N2

TΦ2 diag
(

1
{Ωi}

)
VMC(nf) diag

(
1

{Ωi}

)
. (A.19)

e total covariance matrix is simply the sum of the data and Monte Carlo covariance ma-

trices.

;



B Cross Section Tables

e tabulated values of each inclusive NC 1π0 production differential cross section are con-

tained within this appendix. Each table lists the upper edge of each bin in the measurement

partition (the lowermost edge is marked as the upper edge of bin zero), the value of the

differential cross section in each bin, and the total statistical plus systematic covariance be-

tween each pair of bins.

Bin Upper Edge (GeV/c)

0 1 2 3 4 5 6 7 8 9 10 11
0.000 0.100 0.150 0.200 0.250 0.300 0.400 0.500 0.600 0.800 1.000 1.500

Differential Cross Section (10-40 cm2/(GeV/c)/nucleon)

1 2 3 4 5 6 7 8 9 10 11
1.814 11.935 16.288 15.755 12.847 8.716 4.719 2.111 0.541 0.342 0.060

Statistical + Systematic Covariance (10-81 cm4/(GeV/c)/nucleon2)

1 2 3 4 5 6 7 8 9 10 11
1 3.620 5.388 6.945 7.192 6.290 4.720 2.463 1.595 0.856 0.414 0.119
2 5.388 45.476 46.270 34.026 27.189 21.699 8.111 4.960 2.234 1.060 0.173
3 6.945 46.270 57.045 46.023 36.361 27.508 12.879 7.349 3.310 1.547 0.362
4 7.192 34.026 46.023 44.882 37.733 24.956 14.640 8.057 3.511 1.609 0.503
5 6.290 27.189 36.361 37.733 44.032 26.544 14.909 8.191 4.853 1.508 0.499
6 4.720 21.699 27.508 24.956 26.544 19.522 9.268 5.898 3.308 1.179 0.349
7 2.463 8.111 12.879 14.640 14.909 9.268 8.568 4.373 2.580 1.023 0.412
8 1.595 4.960 7.349 8.057 8.191 5.898 4.373 3.961 1.658 0.822 0.303
9 0.856 2.234 3.310 3.511 4.853 3.308 2.580 1.658 1.342 0.453 0.178
10 0.414 1.060 1.547 1.609 1.508 1.179 1.023 0.822 0.453 0.287 0.083
11 0.119 0.173 0.362 0.503 0.499 0.349 0.412 0.303 0.178 0.083 0.041

Table B.1: Tabulated values of ,ux-averagedܣ pπ0 , νμ-induced inclusiveNC 1π0 production differential cross
section.
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Bin Upper Edge

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
-1.000 -0.620 -0.340 -0.130 0.060 0.200 0.320 0.420 0.520 0.600 0.670 0.730 0.780 0.830 0.870 0.910 0.950 0.975 1.000

Differential Cross Section (10-40 cm2/1/nucleon)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0.825 1.101 1.373 1.643 1.987 2.260 2.576 2.815 3.162 3.679 3.937 4.379 4.960 5.495 6.328 7.278 8.418 9.557

Statistical + Systematic Covariance (10-81 cm4/1/nucleon2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
1 0.270 0.335 0.365 0.378 0.594 0.512 0.636 0.606 0.728 0.889 0.941 0.914 1.064 1.278 1.121 1.630 2.008 1.991
2 0.335 0.487 0.498 0.478 0.887 0.681 0.883 0.760 0.971 1.257 1.283 1.174 1.361 1.791 1.294 2.232 2.744 2.488
3 0.365 0.498 0.569 0.573 0.888 0.773 0.957 0.910 1.099 1.350 1.430 1.386 1.599 1.953 1.700 2.464 2.992 2.922
4 0.378 0.478 0.573 0.749 0.768 0.877 0.997 1.203 1.241 1.262 1.585 1.769 1.949 2.018 2.447 2.556 3.017 3.495
5 0.594 0.887 0.888 0.768 1.870 1.197 1.637 1.197 1.697 2.421 2.315 1.880 2.246 3.378 1.741 4.111 5.161 4.120
6 0.512 0.681 0.773 0.877 1.197 1.209 1.401 1.444 1.628 1.893 2.102 2.196 2.498 2.879 2.927 3.669 4.415 4.670
7 0.636 0.883 0.957 0.997 1.637 1.401 1.809 1.659 1.991 2.468 2.608 2.527 2.916 3.658 3.076 4.562 5.562 5.352
8 0.606 0.760 0.910 1.203 1.197 1.444 1.659 2.125 2.089 2.040 2.660 3.026 3.298 3.396 4.204 4.202 4.994 5.975
9 0.728 0.971 1.099 1.241 1.697 1.628 1.991 2.089 2.456 2.801 3.093 3.189 3.600 4.188 4.126 5.275 6.337 6.630
10 0.889 1.257 1.350 1.262 2.421 1.893 2.468 2.040 2.801 3.917 3.683 3.375 3.962 5.312 3.954 6.780 8.308 7.472
11 0.941 1.283 1.430 1.585 2.315 2.102 2.608 2.660 3.093 3.683 4.226 4.155 4.666 5.540 5.142 6.927 8.398 8.498
12 0.914 1.174 1.386 1.769 1.880 2.196 2.527 3.026 3.189 3.375 4.155 4.833 5.217 5.482 6.536 6.953 8.274 9.691
13 1.064 1.361 1.599 1.949 2.246 2.498 2.916 3.298 3.600 3.962 4.666 5.217 5.985 6.384 7.246 8.147 9.693 11.046
14 1.278 1.791 1.953 2.018 3.378 2.879 3.658 3.396 4.188 5.312 5.540 5.482 6.384 8.294 6.929 10.072 12.227 12.017
15 1.121 1.294 1.700 2.447 1.741 2.927 3.076 4.204 4.126 3.954 5.142 6.536 7.246 6.929 10.898 9.417 10.890 14.352
16 1.630 2.232 2.464 2.556 4.111 3.669 4.562 4.202 5.275 6.780 6.927 6.953 8.147 10.072 9.417 13.825 16.409 16.473
17 2.008 2.744 2.992 3.017 5.161 4.415 5.562 4.994 6.337 8.308 8.398 8.274 9.693 12.227 10.890 16.409 21.078 20.414
18 1.991 2.488 2.922 3.495 4.120 4.670 5.352 5.975 6.630 7.472 8.498 9.691 11.046 12.017 14.352 16.473 20.414 25.095

Table B.2: Tabulated values of ,ux-averagedܣ cos θπ0 , νμ-induced, inclusive NC 1π0 production differential cross section.
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Bin Upper Edge (GeV/c)

0 1 2 3 4 5 6 7 8 9 10
0.000 0.130 0.170 0.210 0.240 0.280 0.320 0.370 0.440 0.570 1.100

Differential Cross Section (10-40 cm2/(GeV/c)/nucleon)

1 2 3 4 5 6 7 8 9 10
1.129 5.201 5.860 5.258 4.422 3.679 2.844 1.720 0.709 0.113

Statistical + Systematic Covariance (10-81 cm4/(GeV/c)/nucleon2)

1 2 3 4 5 6 7 8 9 10
1 0.617 1.753 1.468 1.082 0.831 0.782 0.676 0.339 0.173 0.049
2 1.753 7.421 6.348 4.745 3.621 3.236 2.705 1.423 0.698 0.187
3 1.468 6.348 7.440 6.087 4.581 3.830 3.129 2.069 0.964 0.232
4 1.082 4.745 6.087 6.013 4.470 3.385 2.653 1.966 0.908 0.207
5 0.831 3.621 4.581 4.470 4.110 3.141 2.427 1.712 0.827 0.190
6 0.782 3.236 3.830 3.385 3.141 2.975 2.439 1.480 0.743 0.179
7 0.676 2.705 3.129 2.653 2.427 2.439 2.413 1.421 0.698 0.173
8 0.339 1.423 2.069 1.966 1.712 1.480 1.421 1.264 0.604 0.137
9 0.173 0.698 0.964 0.908 0.827 0.743 0.698 0.604 0.373 0.089
10 0.049 0.187 0.232 0.207 0.190 0.179 0.173 0.137 0.089 0.032

Table B.3: Tabulated values of ,ux-averagedܣ pπ0 , ν̄μ-induced, inclusive NC 1π0 production differential
cross section.

Bin Upper Edge

0 1 2 3 4 5 6 7 8 9 10
-1.000 -0.600 -0.220 0.120 0.400 0.600 0.740 0.850 0.910 0.960 1.000

Differential Cross Section (10-40 cm2/1/nucleon)

1 2 3 4 5 6 7 8 9 10
0.378 0.398 0.499 0.608 0.692 0.998 1.333 1.943 2.756 4.062

Statistical + Systematic Covariance (10-81 cm4/1/nucleon2)

1 2 3 4 5 6 7 8 9 10
1 0.060 0.036 0.045 0.060 0.070 0.099 0.109 0.162 0.218 0.345
2 0.036 0.061 0.050 0.058 0.076 0.103 0.132 0.177 0.244 0.347
3 0.045 0.050 0.091 0.071 0.092 0.122 0.164 0.215 0.307 0.421
4 0.060 0.058 0.071 0.136 0.120 0.157 0.192 0.269 0.357 0.539
5 0.070 0.076 0.092 0.120 0.234 0.201 0.257 0.344 0.452 0.704
6 0.099 0.103 0.122 0.157 0.201 0.411 0.349 0.476 0.651 0.983
7 0.109 0.132 0.164 0.192 0.257 0.349 0.705 0.642 0.854 1.199
8 0.162 0.177 0.215 0.269 0.344 0.476 0.642 1.418 1.171 1.745
9 0.218 0.244 0.307 0.357 0.452 0.651 0.854 1.171 2.537 2.339
10 0.345 0.347 0.421 0.539 0.704 0.983 1.199 1.745 2.339 5.413

Table B.4: Tabulated values of ,ux-averagedܣ cos θπ0 , ν̄μ-induced, inclusiveNC 1π0 production differential
cross section.
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Bin Upper Edge (GeV/c)

0 1 2 3 4 5 6 7 8 9 10 11
0.000 0.100 0.150 0.200 0.250 0.300 0.400 0.500 0.600 0.800 1.000 1.500

Differential Cross Section (10-40 cm2/(GeV/c)/nucleon)

1 2 3 4 5 6 7 8 9 10 11
1.741 11.438 15.630 15.098 12.302 8.330 4.512 2.014 0.516 0.328 0.058

Statistical + Systematic Covariance (10-81 cm4/(GeV/c)/nucleon2)

1 2 3 4 5 6 7 8 9 10 11
1 2.706 5.775 6.754 6.579 5.143 4.060 2.113 1.440 0.750 0.367 0.104
2 5.775 38.478 39.167 29.290 24.410 19.508 7.001 4.227 2.028 0.935 0.157
3 6.754 39.167 49.945 38.665 32.922 23.889 11.404 6.335 2.976 1.385 0.331
4 6.579 29.290 38.665 40.295 31.139 21.930 12.553 7.008 3.128 1.405 0.449
5 5.143 24.410 32.922 31.139 39.234 22.772 13.094 7.235 4.296 1.344 0.442
6 4.060 19.508 23.889 21.930 22.772 17.180 8.021 5.186 2.963 1.033 0.312
7 2.113 7.001 11.404 12.553 13.094 8.021 7.576 3.915 2.316 0.920 0.371
8 1.440 4.227 6.335 7.008 7.235 5.186 3.915 3.516 1.510 0.743 0.276
9 0.750 2.028 2.976 3.128 4.296 2.963 2.316 1.510 1.211 0.413 0.162
10 0.367 0.935 1.385 1.405 1.344 1.033 0.920 0.743 0.413 0.260 0.076
11 0.104 0.157 0.331 0.449 0.442 0.312 0.371 0.276 0.162 0.076 0.037

Table B.5: Tabulated values of ,ux-averagedܣ pπ0 , neutrino mode νμ+ν̄μ-induced, inclusive NC 1π0 pro-
duction differential cross section.



B
.
C
ro

ss
Sectio

n
T
ables

220

Bin Upper Edge

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
-1.000 -0.620 -0.340 -0.130 0.060 0.200 0.320 0.420 0.520 0.600 0.670 0.730 0.780 0.830 0.870 0.910 0.950 0.975 1.000

Differential Cross Section (10-40 cm2/1/nucleon)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0.793 1.055 1.317 1.570 1.895 2.154 2.460 2.687 3.020 3.509 3.764 4.197 4.753 5.265 6.074 6.981 8.109 9.170

Statistical + Systematic Covariance (10-81 cm4/1/nucleon2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
1 0.241 0.302 0.325 0.334 0.531 0.455 0.562 0.532 0.642 0.791 0.830 0.801 0.940 1.139 0.982 1.454 1.811 1.768
2 0.302 0.438 0.442 0.421 0.797 0.606 0.780 0.663 0.854 1.122 1.128 1.019 1.195 1.595 1.115 1.986 2.474 2.199
3 0.325 0.442 0.499 0.500 0.783 0.680 0.836 0.795 0.960 1.186 1.246 1.205 1.400 1.720 1.482 2.168 2.669 2.579
4 0.334 0.421 0.500 0.652 0.667 0.762 0.866 1.052 1.084 1.091 1.379 1.547 1.702 1.768 2.152 2.231 2.655 3.059
5 0.531 0.797 0.783 0.667 1.669 1.059 1.437 1.029 1.475 2.154 2.014 1.595 1.947 2.987 1.444 3.622 4.628 3.605
6 0.455 0.606 0.680 0.762 1.059 1.053 1.224 1.253 1.419 1.658 1.833 1.901 2.172 2.529 2.523 3.216 3.902 4.071
7 0.562 0.780 0.836 0.866 1.437 1.224 1.577 1.436 1.727 2.157 2.261 2.183 2.535 3.204 2.662 3.993 4.923 4.687
8 0.532 0.663 0.795 1.052 1.029 1.253 1.436 1.862 1.821 1.746 2.313 2.651 2.885 2.963 3.717 3.665 4.376 5.243
9 0.642 0.854 0.960 1.084 1.475 1.419 1.727 1.821 2.135 2.428 2.687 2.776 3.146 3.664 3.610 4.601 5.583 5.807
10 0.791 1.122 1.186 1.091 2.154 1.658 2.157 1.746 2.428 3.459 3.201 2.889 3.441 4.681 3.340 5.946 7.404 6.542
11 0.830 1.128 1.246 1.379 2.014 1.833 2.261 2.313 2.687 3.201 3.664 3.603 4.072 4.847 4.500 6.060 7.430 7.471
12 0.801 1.019 1.205 1.547 1.595 1.901 2.183 2.651 2.776 2.889 3.603 4.243 4.565 4.765 5.799 6.051 7.256 8.546
13 0.940 1.195 1.400 1.702 1.947 2.172 2.535 2.885 3.146 3.441 4.072 4.565 5.243 5.594 6.386 7.141 8.578 9.753
14 1.139 1.595 1.720 1.768 2.987 2.529 3.204 2.963 3.664 4.681 4.847 4.765 5.594 7.336 6.011 8.859 10.880 10.574
15 0.982 1.115 1.482 2.152 1.444 2.523 2.662 3.717 3.610 3.340 4.500 5.799 6.386 6.011 9.703 8.186 9.481 12.660
16 1.454 1.986 2.168 2.231 3.622 3.216 3.993 3.665 4.601 5.946 6.060 6.051 7.141 8.859 8.186 12.132 14.563 14.524
17 1.811 2.474 2.669 2.655 4.628 3.902 4.923 4.376 5.583 7.404 7.430 7.256 8.578 10.880 9.481 14.563 18.964 18.178
18 1.768 2.199 2.579 3.059 3.605 4.071 4.687 5.243 5.807 6.542 7.471 8.546 9.753 10.574 12.660 14.524 18.178 22.119

Table B.6: Tabulated values of ,ux-averagedܣ neutrino mode cos θπ0 , νμ+ν̄μ-induced, inclusive NC 1π0 production differential cross section.
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Bin Upper Edge (GeV/c)

0 1 2 3 4 5 6 7 8 9 10
0.000 0.130 0.170 0.210 0.240 0.280 0.320 0.370 0.440 0.570 1.100

Differential Cross Section (10-40 cm2/(GeV/c)/nucleon)

1 2 3 4 5 6 7 8 9 10
1.260 5.758 6.536 6.005 5.074 4.255 3.371 2.090 0.945 0.178

Statistical + Systematic Covariance (10-81 cm4/(GeV/c)/nucleon2)

1 2 3 4 5 6 7 8 9 10
1 0.630 1.847 1.530 1.112 0.829 0.786 0.697 0.307 0.173 0.060
2 1.847 7.330 6.384 4.758 3.508 3.218 2.702 1.314 0.691 0.217
3 1.530 6.384 7.423 6.010 4.488 3.823 3.192 2.140 1.051 0.284
4 1.112 4.758 6.010 5.812 4.319 3.261 2.580 2.004 0.968 0.246
5 0.829 3.508 4.488 4.319 3.926 2.984 2.373 1.784 0.924 0.233
6 0.786 3.218 3.823 3.261 2.984 2.913 2.478 1.594 0.888 0.234
7 0.697 2.702 3.192 2.580 2.373 2.478 2.454 1.554 0.859 0.231
8 0.307 1.314 2.140 2.004 1.784 1.594 1.554 1.497 0.792 0.204
9 0.173 0.691 1.051 0.968 0.924 0.888 0.859 0.792 0.524 0.149
10 0.060 0.217 0.284 0.246 0.233 0.234 0.231 0.204 0.149 0.057

Table B.7: Tabulated values of ,ux-averagedܣ antineutrino mode pπ0 , νμ+ν̄μ-induced, inclusive NC 1π0

production differential cross section.

;
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Bin Upper Edge

0 1 2 3 4 5 6 7 8 9 10
-1.000 -0.600 -0.220 0.120 0.400 0.600 0.740 0.850 0.910 0.960 1.000

Differential Cross Section (10-40 cm2/1/nucleon)

1 2 3 4 5 6 7 8 9 10
0.422 0.462 0.596 0.759 0.869 1.224 1.579 2.259 3.173 4.662

Statistical + Systematic Covariance (10-81 cm4/1/nucleon2)

1 2 3 4 5 6 7 8 9 10
1 0.057 0.037 0.049 0.066 0.071 0.104 0.107 0.156 0.204 0.327
2 0.037 0.058 0.055 0.066 0.086 0.109 0.138 0.183 0.238 0.365
3 0.049 0.055 0.090 0.083 0.104 0.135 0.172 0.223 0.308 0.446
4 0.066 0.066 0.083 0.141 0.140 0.180 0.206 0.284 0.371 0.590
5 0.071 0.086 0.104 0.140 0.252 0.229 0.304 0.375 0.480 0.751
6 0.104 0.109 0.135 0.180 0.229 0.395 0.382 0.504 0.655 1.007
7 0.107 0.138 0.172 0.206 0.304 0.382 0.699 0.680 0.902 1.260
8 0.156 0.183 0.223 0.284 0.375 0.504 0.680 1.308 1.161 1.717
9 0.204 0.238 0.308 0.371 0.480 0.655 0.902 1.161 2.297 2.381
10 0.327 0.365 0.446 0.590 0.751 1.007 1.260 1.717 2.381 5.037

Table B.8: Tabulated values of ,ux-averagedܣ cos θπ0 , antineutrinomode νμ+ν̄μ-induced, inclusiveNC1π0

production differential cross section.
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