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thsrraci— Loop caleulus introduced in (1], |2] constitutes a
new theoretical tool thar explicitly expresses svmbol Maximom-
AoFosteriori (MAP) solution of o general statistical inference
problem via o solution of the Belief Propagation (BP) equations.
This liniling brought & new significance to the B concept, whick
in the past was thought of as just a loop-free approximation.
I this paper we continuwe a discussion of the Loop Caleulus,
partitioning the results into three Sections.

In Scction 1 we introduce a new formulation of the Loop
Catleulus in derms of 4 set of transformations (paoges) that
keeping the partition functdon of the problem invariant. The
full expression contains two teems referred o as the “ground
slate™ and “escited scates™ confributions. The BP eguations are
imterpreted ns o special (BF) gange fiving condition thar emerges
as o special orthogonality constraint between the ground sfare
the excited sfates, which also selects loop contributions as the
only surviving anes among the excited siates,

In Sectiion 11 we demonstedte how the invariant interpretation
uf the Loop Calenlus, introduced in the Section 1, allows & nataral
extension 1o the case of 4 general g-ary alphabed this is achicved
vig o loop tower sequential consiruction, The ground fevel in
the tower is xnetly equivalent to assipring one color (our of g
availablep to the “ground state”™ and considering sil “exgited™
states colored in the remaining (g - 10 colors, aceording o the
lonp calculus rule. Sequentially, the second level in the tower
corresponds to selecting a loop from the previous step, colored
in gy - || colors, and repeating the same grooond vy excited states
splitting procedure into ope and (g - 2 colors respectively, The
construction proceeds il the Tull (4 - | i-tevels deep loop lower
fand the correspanding contributions fo the partition Tunction)
are established.

In Seetion M1 we discuss an ultimare relation between the loup
caleulus and the Berhe-Free energy variational approach of |3

We start with defining a statistical inference problem using
the so-called Fomey-style graphical model formulation [4),
[5]. The basic graph, €, = (V. &) 6 deseribed i terms
of vertices, Vi = [u} and edges. & {lab)]. Vonables,
associated wath the cdpes, assume their values o a g-ary
alphabet, wi, — M = (L Jg = 11 The probability of
a given configuration of variahles @ = (o, inh) € Eg} on
the entire praph s described by

plor} = Z° II f. iz, L = }_:li,f (). (11

where Zg, Is the normalization cocfficient, alsu known as the
partitien functon, fuio, b is an arbitrary positive function of
the vanables o, = {mun; (ol & &} sssociated with all cdges
amached tovertex ¢ The manginal probabilitics, e.g. associated
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with ediees and venexes,
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constitute what one normally needs to evaluate in order o
solve & statistical inference problem The marginal probabil
ities can be also expressed in terms of dervatives of the so-
called equilibrium free energy, Fr , with respet
to relevant parameters of the factor functions

[
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I. GAUGE-INVARIANT FORMULATION OF Loop CALCLULLIE

Formally, loop caleulus suggests an explicit decomposition
of the partition function Z in wrms ol o sum aver certan
loops on the graph Oy Below we re-denve the loop caloulus
in more general terms compared 1o (1, |2]

We start with an observation that the partition Tunction,
Ze 15 invaniant with respect o the a group of linear gouge
translormations of the factor tunctions

_f'l_|.1rII = Bions 1| — E ('I.J (b |‘II||_| .1 ‘I.I ) | i3
g

described by (7 = sadifeh) © &y provided the
pairs of conjugated matnees O andd Gy, are related W each
wther by the special constraini

(LTI

E f.ll.mq Wik :'Thjr ¥ tui A T b T o= oo (4}
where 8t y) is 1 i r = y ond 0, otherwise Excepr as
preseribed by Ly (4), the gauges are chosen mdependently u
different edges of the graphs, This local freedom i selecting
€ 15 the key to our funther analvsis of the partition function,
2. mow expressed as

e, = L AT T ttol [T Gutonet

- -}_-:lr.l“-l'ﬂ'i Triir{f.'lrrln: |5}

"
where my, = o, ind b £ o lor conversely i & b)) indicares tha
the vertices b and o share an actal edge of the graph, jalo ¢
Ene We will refer 1 summation over all al'owed configurations
uf a mn Eq. (51 a8 computing a graphic trege: a conventivnal
trace can be considered as 4 special casc of the graphic trace
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for a graph that consists of o single vertes and a smgle cdge,
Chur next step in evaluation of Eg. (5) is fixing the gauges,
which means imposing constraints on (5 in additton 10 Eq. (4).

It 15 convenient to distinguish 2 special term in the sumdtrace
over o in Eq. (5) with all oye — 00 We will reler o this term
as the ground, or alternatively uncolored, state (rernh. while
all the other erms in the sum, which contain a1 lebst one edge
with o, = U, are called excited (colored) states. Cbwviously
for a gencral gauge choice (0 all kinds of excited states, ez
with only one edge being excied colored, provide nonzern
comtributions o &, Discussing an individual erm in the &
sy in Eqgo 43 we call o vertes colored i an least one edge
aripchad it is exciedicolored

A BP-gouge corresponds 1o such a special choice of & that
makes vanish any contrthution in the =-sum in Eq. (5) that
has at least one verlex with anly one attached colored edge
Stated differently a BP-gaoge prohibits loose excited/colored
cdpes ot unv o vertex, Formakly 115 expressed as the [ollowing
set of conditions

L 0o, =0 16&)
o

ot
I\ r" .UJ .Ir".:;;.l“ L&l '."".' 'i-l- .11':“- ! ]—I {"I:. i
enlorced independently ot any vertex of the graph, Notice that,
combined with the constrams (4}, Eqg. (61 van be re-staled in
the vector form depending only on the ground stale part of the
gouges
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We can alternatively: derive Fg. (71 for BP gauges using i
vananenal approzch. To that end we imteaduce a functional

Znle) = G0} = [Toole), (9

where fantous] = Gallieals €60 = (ol o€ W),
¢ = legnctah) © Byl and pale, ) s given by Eg, (8) with
) replaced by o, The condinons for the stationary
pomts of Fy = —In Zp with respect to ¢ onder the corre-
sponding (D-related) part of the orthogonality constraints (4)
recovers Egad T MNiote that the fusctional 255061 as well a5 the
BE cunations (78] possess some remaimng irrelevant gauge
freedom with respect to a set of ransformations €., — 6, 0Eqh
with & ek, = 1. Stated differentlv. the BP eguations fix enly
the relevan par of the gauge lrecdom. A connection between
the funchenal Fq e and the variatonal Bethe free energy will
b estublished in Section 101

The conventional formy of the BP eguations, in tenms of the
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15 recovered vsing the following parwmetrization

explinelat)

fah = g0 = = (L1
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Our discussion has been apphed so far to the case of a
penerad g-ary alphabet, We now furm to the simplest binury
case § = 2, where the pround state parametrieation (!}
unambiguously fixes the excited ones: Gl o) il
PG, (0, {r = 11% Subsmuring the latter expression and
Egs (6,70 imlo Eq. {3) we arrive al the mam formula of the
loop caleulus for the binare alphabet

Zes = Bno L+ Y rlC) HC) =254 HGloe, 1,
=
zl'l'!'- = l.'.I:fllu".l‘.;, . op = |r-',,|_ = 1] :Ir-fJ_' £
| wan=1] {ah) & O 'L
7, = { B = 0l wieh £ O _f.ll J

where (7)) = 240y 15 the set of generalized loops on the
graph. defined as subgraphs of ) without loose ends, L
wilth degree of connectivity at any vertex (within the subgraph)
being two or larger

Ent,y

Beticts are defined here as substitutjons for the exacr
margingl probabilities (2) truncated at the first, grownd siate,
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Then a single mluml loup comnibution, r¢_, 15 exprossed
m terms of the ground stte beliefs in the following simple
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The loop calculus construction for & simple example 5 illas-
teated schemavically n Vig 1),

T Lowr TOWERS FOR - ARY ALFHABET

Turning to the general g-ary alphabet case we first notice
that all considermons amd lormulas of the amroduction and
the firs part of Seetlan 1, all the way up o Eq. (7), sciually
apply o the general goury case Panitioning the sumitrnce
over o in Fo (8 e the pround-sine tenn, with ey, dnd
the remaining excited stute terms {e ' o}, and cmergence
of the sell-consistent set of equationg Tor the ground state
gitliges (1) ore [mpeirtant general featiures of the gauge fising
construchion, OF courie, wll the preceding [ormubus should be
urdlerstood in terms of the edge variables that assume values

from (0, - .y = 1} Generulization of Eq, {14) o o genoral
yeury dlphabet reuds
-‘_ -)r-i z-zr ¥ ({‘ ._-L'HL'I?JIIH'{ [ B {14)

iy e,

The addwonal summabon over the colored/exciied o
Eq 114 is » consequence of the fact that for g = 2, me- s not
fined wnam biguously, but mther represents summation over the
reduced (g — 1j<colors nch set, §,--- .q = L. The BP-Gauges
fur the oniginal praphical mode! are deseribed by Egs (4.6)
The set of excited sties gets larger in the g-ary case and,
consequently, there « a big frecdum in selecting the uithogonal
hmtmuffwudpugn Sclecting ore sch solution of
Egs (4,0, [L o itab ) ub) € Gols and substimiting
n €. (14) we nnd thal £ becomes the partibon function

of a redwced graphical model. Jdelimd on & subset O © (7
of L%,
?l'_ = E l-[ fi ‘;'NL‘ .I' II li‘rw" r‘,,F = .15h
oy, wfiT,
LA
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Here o, v the vector comstructed of o with b ¢ O,
with the components fabeled by (1 g - 1} &, may
be understood s a partibion funchion of a reduced graphical

Fig 2 Fxampic of 8 loop fewer constructon $or thoee cofori. g - 00 [ 2
showny in e bagore in Wack red anad bloe respetively Firgd Loy of the
swpwer 18 bounded by e e dashied bos, with e onigaoal graph, . sadwn
i wlack and three gemernlized loppe (O} = R0 shewn s red On
the second lover of the ower each graph from F10C0 ] genenven ity awn s
of penenilieed lonps The test layer of peneralized Joospt, showy i blug,
are hounded by thiee doshied flue boves with red praph o o o s
respecilve element of {C)

model, defined on the gruph C' in lerms ol o reduced (one
element shorter) alphabel and with the Tactor fanetions f,

This reformulation of the partinon function of the original
problem in terms of o sum of partition functjions over reduced
graphical problems con be repoated sequentially! & —
2, = Ay v Bp,  where Oy D C) 3 voo D0,
is the tower of loops and Z¢  is the partition function of the
praphical model defined in terms of & [y — ) j-ary vanubles on
the graph ', which 15 a generahzed loop of €' .y All together
oo arrives a1 Fg. (14) supplemenied by the seyuenee

i=le—q—-24: 2Zp —f...: S L Ze,, Lify
s=int
Generalzation of Eqg. (15} becomes
zc'_ :Z ll LT ) (17
- et
f:-I#-‘ = E !: ll'-ﬂl-f'.....'
L -
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where oo, i & vector constructed out ol the variables defined
on all edges of the graph O, with the components labeled by
{5 - .4 The BP gauges m Egs. (17), 1) | are solutions
of Egs (4.6) with the ongmnal factor funcions, | =
replaced by /.

1. RELATION TG THE BETHE FREE ENERGY APPROAT M

It is known that the exact (cquilibrum) free encrgy of any
classical satistical mode] can be oblained from & vanatonal



prooviple based oo an exact mon-cgquiliboium varational fune-
tional of the full beliefl Llear),

Fo i) ——E_:ha'-:r!in i T (18}

% [1, fatew)

Ihe only stationary point of the lunctional under the normal
weation conditicn

ST e} = 1. (19}
e
-

reproduces the probability dissnbution e = pierl. where
pler s defined by By, 410, This stalionary point is actually o
ettt The value of the exact variahonal functional af it
miinaam is dqual to the exact free energy
Forarlplieb = F==luZ, (2
where 2 = Zp | latter defined above by Eg. (1), Hereatier we
skip rthe graph, €7, index w0 simplifv notations.
Introdducing an approximate varistional ansatz

_HE_' a-_ ! i

.]._I!u.‘lj B! Tt |

lier) = (21)

whene b, und by, are approximations for the respective (exact)
marginal probabilities, we substituie it {in the spiri of [3])
mter g (E8) We further invoke another approximation (both
approximations are acloally exact in the case of & wee, e a
graph with no loops)

buler )= Y bloh bylew) = 3 ble), 22
Fodha

- Y.

This results in the so-called Bethe (approsimate) frec encrgy
tunctional of beliefs b, T ) oty (!

ip Diede = z_: Z i-l':l.":':r'-'I I {::’::I%:D}

i

s Z E_,‘ bupteman 2o g [er (23

We reguire the beliels 1o obey the positivity, normalizability
gnd compatihility consteaints, e feanires borrowad from the
corrésponding exact probabilines given by Bgs. (2, Thes, we
ave ¥ oo e oo [and inversely oo ook

U< by ler) by lag ) < L (24)

Stla) =k Y bulea) =1 (25)

o LY

III,“ 13- :Z b.-. - T '!-'IIJI ¢ "_E_- b, 7] {26}
O Vi L. T

lu cstanbish a vonneeton between the Bethe free energy

amd the functivnal £y we intreduce the cffective Legrangian

e il .IIJ{ Il!
o =T Y tctown (725
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T

that depends on all beliets that satisfy the normahization
comstrans (25 with po constramts on 20 Reguinng
vamshing of the vanation with respect 1w 7, obviously leads
to the constramts given by g, (26), and once all constramts
are tultilled the functional doss not depend on 7y twhich
should be considered as gauge symmetry) and comades with
W pne a5 0 funenon of the heliefs. This implies a one-to-one
correspondence between the extremn of £5, 0, and Bethe free
energy o

Finding extrema of £g,4, leads to belets dependent ex-
plicitly on £ = e, 1leh) =&

o) = (g (eat ',ﬁ.-:ur.n["[-:..m-r,.r,e (78}
LS

(%} = |
|!'Ils.l; Vo] = [‘Irn’:E i Bt et Tan) st easds (290
? - "
pnfen) = 3 filed) [[euelorurd (30)
-4 rén
-
FE ESTRITETI R Y il T I ha Y Tan 3

—t
where £, = [z 00 £ bV, | Subsiituting the values of beliefs
given by Egs. (28.249) tnto Eq, (27) results in a functional that
depends on the © vanables onfy

Fotér ==Y wgle) = Y belonlzocalll (32)
u i reh]

The funchonal Fr possesses strong gauge synumetry: it is
invariant under a set of fransformatons €5, — K080 The
gaupe can be partially ficed by implementing a pauge (nor-
malization) condition

¥ enlmaltilan) = L, (33)

oy,

Tmplementing this constraint the second term in By (329
vanishes. This means that under the chunge from notations
of Section 1 1w our curfent notations, ¢ — £ and p — g, we
derive 5, = Frao Stated more formally, 77 imtrodeced carlier
represents the gauge-imvarsnt funchonal Xy omoa particular
pauge determined by Eg. 330 This imphes 2 one-10-one
carrespondence of the extrema of Fy 1o the extrema of £n, .
and therefore to the extrema of the Bethe free energy S0,



IV, ThsCimsions anp CONCLUSIHNS

Let us surmmanze the results presented m the manuscnps
We introdiuced a space of gsuge mansformabons keeping
the parvmon funchion of the graphical model imanani. We
naturally spucd the gavees mto the “ground” and “excited”
parts, The partition function becomes decomposed into the
man ground term and many excited terms. Each of the excited
terms was interpreted i terms of an excited subgraph ol
the ongmal graph constructed from excited cdges, Requinng
that only excited subgraphs with nv loose onds gives nonseno
wontribution (o the partinon function sets B equations for the
ground gauges. We demonstraicd that the same BI* equations
can be derwed from 4 vanational princwpe by imposing a
stattopanty corditson with respect jo the ground gauges on the
ground term n the parobion function Fusther consideration
ditfered for the bimary and a general g-ary alphabet In
the hinary case the excited govges are fined unumbigiously.
generating the Binary loop series over peneralized loops for the
partition function [1], [2], [6] In the q-ary case one proceeds
with puking onc (ol many possiblel exciled pauges and
presenting the full partinon function as a sum of terms cach
correspondent 1o a generalized loop. Expression correspondent
16 an individual gencralized loop ean now be understood as i
new graphival model defined on the generalized loop with the
new set ol ficor functions associated with the model, Then
we applied the expluned above loop decomposition procediire
agaln, Introducing new ground wnd excited gaoges, Hving the
gauges, etc We called this construction repeated for g - |
lasers the loop tower, Finully. retutning back o the lirst layer
of the tower and discussing the ground siate contribution 1o
the purtition fonction with the gauges not yet fined, we showed
that the functionsl was directly relaied 1w the Bethe free energy
tunctional construcied in the spint of |3]

These resulis open new venues for furtber development bt
alse raises & set of important queshioms. Somc of the challeng-
mg questions arc histed bokow. (1) Alrestdy the howest level
condstions n the loop tower, the ground gauge BP equations,
may have many solutions. Our construction apphed 1o different
solutions will generate different loop senes representabion for
the partition function One comprehensive guestion s, of one
wr farmily of solutions is in o way better then others” Naive
mtuition sugpeests 1hat BP gauge with the highest value of
Je. would serve berter (2) Funthermore. in the ¢ase of a
y-ary alphabet with ¢ > 2. positivaty of the renuemalized
foctor functions ar the higher levels of the lower B oot
guaranteed. The positivity would be desirable for imerpreting
the auxiliary graphical problems as some actual statistical
mierence problems, where the factor functions are related o
probatahines. On the other hand, there exists a big froedom n
selecting the excited gauges, and a question surfaces: could
one schect the excited gauges in a way o guaranice positivaty
of the renormalized fector functioms” (3) The BP ground
state contritution to the partition function, 20 5 positive by
construction, biwever signs of the other excited loop terms can
alternate, This mises couple of important questions. How do

i sages of the loop tenms depend on the factor funchons and
the graphical model wself? Based on our previous experiments
I6}, we know thal emergence of an exented loop comnbution
comparable to the ground state onc signals possble faflure
of BI* as an approximation i exsct inference. How cxactly
does the sign alemation and relative swength of the loop
contributions in the tower influcnce success or Milure of BP us
un spproxumanion’ (4) Equilibrium Bethe free energy cstimates
the value of the partuion function, however the vananonal
dernvanon sketched in Section 111 docs not guarantee that the
resulting fy 15 actually larger then the exact F Indeed m
transition from Eqgs. (18.21.22) o Egs (23) one further discuss
the later formulation comploicly ignonmg the fact thar the
conditions (21 22) can actually be vialated for the resulting BP
solutions. How does this possible violation effect the relation,
F & Fy. and what are consequences of this ineguality 1o the
loop senes™

Let us conclude mentiomng some futuee rescarch direchons
As it was demonstrated in (6], the loop calcubus 15 suggestive
ol an efficient truncation of the (Ul series that cun potentially
improve the BP approximation. This idea can also be extended
10 the g-ary alphabet case, with the tower truncated ar some
relatively Jow tevel, This approach can obviously find inter-
esting application in decoding of non-binary codes and also in
problems, such as compurer vision. requiting o mudi-valued
datn reconstrucuon, The Toop tower approach can also be
extended to the analog case uf continuous ulphaber tn this cose
the ground state gauges satsty the set of continuous gquations,
while the excited gauges become clements of continuuwus
Hilhen space and the tower hierarchy hecomes intinke. Finally,
let us also notice that onc may consider choesing the gauge
conditions w some other non-DF way, BP-geuge is of 2 special
imporance for dilute locally ee ke graphs simply bocause
in the Joop free case the whole licrarchy of loups (the entire
loop tweer) disappess. One would conjecture that there may
be some other classes of graphical models, for example these
naturatly defined on a regular lattice. where similar cancelation
is possable under specially sclected gauges

This work was camed oul under the auspices of the Nanonal
Nuclesr Security Admisistration of the U S Deparimem of
Energy at Los Alamos National [aboratory under Conbract
No. DE-ACS2-06NA25306.
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