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Pseudo-codeword Landscape
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Ifaergcd — We  dincuss performance of Low-Densiov-Pariiy-
Cheek (LDPC) codes decoded by Linear Programming (LP)
decoding ot moderaie and large Sigaakto-Nobse-Ratios (SNR).
Frame-Ervor-Rate (FER) dependence on SNR oand the nolse
space landseape of the cading/decoding scheme are analysed
by a combinarian of the proviousdy infroduced instanton/psendo-
codeword-senrch method and a new “dendro™ trick, To reduce
complexiry of the 1P decoding for a cude with high-iegree chegks,

Soowe dotrodinee ity dendeo=L I counterpary, that |y (he
eode perlforming identically to the ariginal sne under AMaximum-
AsPosteriori (MAP) decoding but having  reduced  (down (o
three) cheek connectivity degree. Analyzing number of popular
LOPC codes and thelr dendrs versions pecforming aver the
Addithve-White-Gavsstan-Motse (AWEN) chunnel, we abserved
iwo quulitatively different regimes: (i) ervor-toor sets early, at
relntiviely low SNE, and () FER decays with SNK inerense laster
b moderate SNE than ot the largest SNR. We explain these
regrhmes in terms ol the psendo-codeward specira of the codes,

L. INTRODUCTION

LIAPC codes were introduced by Galluger [ 1] in anticipation
o wase In thew decoding Parity check matnx of an LDPC
code is sparse und respective Lactor gruph s locally tree
like. This suggesis that Beliet Propagation (BP) decoding
algonthm, which would decode optimally on s loop frec
structare, should also perform well in the presence of relatively
long loops. This brlhant, but soon forgotten, gucss of Gallager
goi 0 new life after discovery of closely related turbo codes (2]
and hater observations [ 3] that LIPC codes may come in ther
performance very close to the Shannon chonnel capacity limat
4] These consederations nade LOPC eodes the top candidates
for emergen technologies in communicattons (37 and daty
recording 6]

LP decoding of LDPC codes was imroduced 1o [7] as o
reluved, thus suboptimal but etficient. version of the optimal
block MAP decoding Relanon of the LP decoding to the
Bethe free energy approach [8] and 1P equations and decoding
wis noticed in [ 7], and the point was elucidated further wn [9],
(10 1. R12) 1130 In short. LP may be considered as large
SNR ssvmptotic limit of BP, where the later 18 interpreted
as an extremum of the Bethe free onergy funchional. (We
will discuss this imponant relanon below in Section 11) Big
advantage of TP comes from us discrete noture and simphcity
leading in paricular w the remarkable guaramee cenificate
|7 A LI decodes o a codeword the result 15 alrendy optimal
and cannul be improved as optimal block-MAP would decode
o the same codeword. Aninher useful advantage offered by
| P in comparison with terative BP. s in the finite number
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of iterations required for the LP decoding execution. Finally,
simulations of LP cun be casily impleniented with the general
purpose linear programmng software. However. all the perks
do not come for free. Main disadvantage of LI* 15 ossociated
with larger number of degrees of freedoms HP decodmg
operates in terms of messages which accounts to twice the
total number of edges in the Tanner graph of the code (we
discuss here primartly binary alphabet transmission), whale LP
decoding operates with the so-called local codewords and their
number prows exponentially with check degrees, . Some
number of sugpestions, menboned i the beginning of Secthon
NI, were made 9 overcome the problem [71, (14, [13]

This paper suggests an aliernative way W reducing complex-
ity of the LP decoding, The ides, explained in Secuon 111, is to
change the graphical representation of the model by replacing
alb ehecks of high degrec by dendro-subgraphs (trees) with
agpropriate number of ausiliory checks of degree three und
number of punciured. i.e. not transmited, bits of degree mwo.
We show thar the dendro-code and the origmal code have
identical sel of codewords and pseudo-codewords. Moreover,
fur any configuration ol the channel outpul the results of MAP
decodings are identical for the two codes.

We have shown in [12] that the LP decoding allows simple
analysis of the effective distunce spectra of the most probable
erroncous configurations of the poise, the instantons, Instan-
tons are decoded into pseudo-codewords, that arc typically oot
codewords. The pseudo-codeword-search method of | 12] sug-
gests an - cfficient algorithm for finding the pseudo-codewords
with low effcctive distance, thus explaining the asyvmptotic
behavior of FER in the crror-flogr regimie. e 2t moderate
and large SNRs

Equipped with the new dendro-construction we exiend the
pseudu-codeword svarch algorithm and find the spectrum of
the Jow effective distance pseudo-codewonds lor the codes
which miherwise would he impractical to decode b LT The
sirmulation results descnbing the spectra are summanzed in
Section ¥, Hers we alse report some results of Monte Carlo
simulations. Al together our simulattons suggest that the
error-floor performance wise eodes are splin into roaghly two
gualinatively different categories: (1) Error-Moor sets early. o
relatively low SNR. and (i) FER decavs with SNR in¢rease
15 steeper at moderate SNR than a2t the largest SNR. We also
give a gualitative explanation o the phenomena

T leet~




I LP-UECOWUsG

Wi consider u genenic linear code. desonbed by il panty
chwck ¥ « M sparse mamx. H. representing N s and
Al checks. The codeword are configurations. o —
I =1 N}, which sansfy all the check constamis
i =] MY, Hum = 0 (mod 2} The codeword sent
1o the channel = polluted and the sk of decoding becomes 10
restore the most probable pre-image of the output sequence,
o= {i. | Probality for o 0 be a pre-image of 208
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where oné writes § < o af H,, = 1, £ s the normalization
coellicien (so-called partition function). the Kronecker sym-
bol, Al gyl i unity if & = y and it 15 2ero otherwise: and
h 15 the vector of log-likelthoods dependent on the output
vectir . In the case of the AWGN channel with the SNR
ritio. SN = K /No = #°, bit tansition probability s,

expl =20 lr =, ) ) and the log likelihood becomes. b, =
Al = 2ol The optimal block-MAP decoding maximizes
M|z} over e, It can be restated as

-uuyﬂ:(l‘ fijor J

where F s the polytope spanned by the codewards [7] Look-
i Tor e dnterms of a linear eombination of ol codewords of
the code. o= %, Ay where 4, 2 0and ¥ A =1,
one fipds that Dlock-MAP trns into a lineor oplimizaton
prohlem LIdecoding algorithm of [T] proposes 1o relax the
gulytope, expressing o an terms of & linvae combanation of the
loval codewords, 1¢ codewords associated with single check
vudes,

Prioe 1o making a formal delinition o LP decoding len us
Brielly diseuas iy elose relative, PP decoding [1], (3] For an
adeahied code on o tree, the BP algonithm fs exactly equivalent
1 the svinbol-MAP decoding, which is reduced tu block-MAP
tor simply Musomum Likelthood, ML, i the waymptotic lani
ul infinite SNR. For any realistic code iwith loops), the BP
algarithim i approximite, and it should actuslly be considered
s an algorithm solving neratively cenain nonlinear cquations,
called BI* equations. The WP egustions are equations for
eRtreme (e minema ure of man inverest) of the Bethe
tree energy |8 Minimizing the Bethe free energy, thar 1s o
nomlinenr function of the probabilities'behefs, under the set
ol linear (compatbility and normahizabilitg) constrainis, s
penerally o ditfivull task,

AP decoding turms inte LT decoding in the asymptotie limit
wb inbinite SNR. Indeed in this special limir the entropy terms
e the Beihe tree encegy can be neglected and the problem
turts o minipuzton of o Bnear fectonal under a ser of
liwear constraints, The similarity botween LP and BP (the luter
wite filentitied with o minimom of the Bethe Free energy [8])
wiis fiest noticed In [7] and It was also discussed in [%), [10],
FET) V3] Staved in teems of behels. LI decoding minimizes

fo, -

(2)
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Fig | Exampic of the dovdro operbion on signde check codga Numbers
counl behefs (depress of freedium requred for LP evaluation

the self-cnergy,
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with mespeet to behefs bijo I which dre defined a8 tnal
probabilities for bit o to be in the state o, The behiefs sutisfy
some eyuality and inequality constraints that atlow convenient
relormulation in terms of a higeer sei of heliefs defined
on checks; 4, (e, ), where, &, = [o|i € .Y H, 0, =
0 imod 231, 5 a local codeword associated with the check
iv. The equality constrainis are of two vpes, normalisation
construints ibeliefs, as probabilines, should sum to oned and
compatibitity constraints

W Y st bita) = E by lar, Eh,.{u‘u =1, {4}

Addivianatly, all the beliefs should be non-negative and smaller
thiun or egual 10 unity. This i the lull definition of the LP
decading, One can run it a8 §s in tetms of bit and check
behiefs, however it may alse be useful o re-formulate the
LT procedure solely in terms ol the bit beliels. The “small
polvtope” formulation of LP s due to [16] and [7].

11l DENDRO-LIYC

When it comes to decodmg of the codes with high con-
nectivity degree of checks, gy, the most scrnioss caveat of
{otherwise simple o smie and analyze) LI decoding lies
i its computstional complexity, Indeed, the number of the
check-reluted beliefs, b, e, ), grows exponentizbly with o,
290 b thus making direct application of the the powertul LI
mischinery impraciical for codes with large 4,

However, many ol the constraints associated with the check
behets are non really reguiced for decoding. It was argued
in [7] that the pumber of wseful constraints per check can
be reduced to ~ g,. This result was improved in [14],
where an impressive (0 1), thus g, -mdependent. scaling, in the
number of required conswraints was experimentzlly achicved



by adaptive scheduling of constramis and early termimation
m the case of suceessful decoding. (Note that the npumber of
log-likelthood dependent scheduling operations reguired here
e = iy, thus complexity of the entive algorithi = finear in
ity Armed with the observations of [7), [14] and also of
[15], where a BP-styvle relaxation of LP also achieving overall
linear scaling in g,, was proposed, we extend the list of useful
tricks by the dendro scheme explained below. The scheme,
demuonstrating overnll lincar scaling in g,,. does not require
lug-likelihood dependent adaplarion.

Our strategy in dealing with the checks of mgh degree s
thraugh modification of the graphical model { Tanner graph) of
the code We simply replace the check by a dendre, 1.¢. mee,
graph with the same number of leaves as the number of bn
neighhaors, 4, , in the onginal graph. All bits mside the dendro
construction, ne these that are ool leaves, are the ausiliary,
punctiured bits. The new dendro-checks are all of degree three,
while the punctuated bits are all of degree two. The punciuated
hits are oot ransoitted, thus the log-likelihonds at the his are
suros. The construction 15 illustrated in Fig 1.

The simple dendro construction is advantageous for de
cuoding us the towal number of beliefs 15 serously reduced,
It becomes lingar in g, at 4. — oo for the dendro-code
eorrespondent ta o single-check code, as opposed 1o 29 for
the original code.

It is straightforward to verify thae the codewords of the
original code and of the dendro-code zre in the one-to-one cor-
respondence. Indeed, the codewords of a code are controlled
by checks, fermally expressed n terms of the product of the
Kronecker symbols in Eq. (1) On the other hand ary check
constraint can be explioitly rewrirten as

()= 11 s(Tlera)
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where {0 )[co ] are the sets of dendro checks replacing
check o such that the checks neighbor only [not only|
punctured bits; and @ is the vector of punctured bits
originating from the check o of the onginal code. The Ihs
and rhs of Eq. (5) correspond to the check constrants of
the original code and the dendro vode respectively, Putting
o i less {ormal way, once the values of the bits of the
onginal codes are known the punciurcd bits of the respective
dendro code are unambiguousty restored. Funhermore, since
the punctuated bits are not transmitted and have zero log-
likelihoods, one finds that MAP decoding of the oripinal code
and of its dendro counterpan generate exactly the same results.

Companng LP decoding of the two codes, it 15 useful to tum
to the notion of the graph covers discussed i [9) [10], [11]
The pseudo-codewords of an LDPC code are 1 the onc-io-one
comcspondence with the codewards of the respective fanuly
of the graph-cover | DPC codes. Graph covers are constructed
by replicating the total number of checks and nodes of the
code by the same positive wmieger, the cover degree, and

by connccting the biis'checks with replicas of thewr onginal
neighbors. The family of graph covers can be pencrated both
for the onginal code and for the respective dendro code. The
number of graph covers of lhe same degree is larger for the
dendro-code then for ity original code. More specifically. lor
¢ach standard-cover one pets a family of equivalent dendro
covers: Each dendro-cover from the family wall get exactly (he
same set of codewords as of the original code This statement
follows directly from the previous paragraph. Therefore, the
set of pseudo-codewords, understood as codewords of the sel
af covers, will be ¢xactly the same for the original ¢ode and
its dendro-counterpart. Let us notice that this sttement does
not mean that decoding of the same oulpul conbpuration v
the two codes will necessanly give the same resull

IV, ERROA-FLOOR ARND PSEUDO-CODEWORD-SEARTH
ALGORITHM [ 12]

If LP decoding does not decode to o comect codeword then
it usually yields o non-codeword pseudo-codeword, which s
g spevial configuration of beliefs containing some rationy!
vilues 174 [10]. An important charactenstic of the decoding
perfarmance is Frame Error Rate (FER) calvulating the prob-
ability ol decoding failure. FER decreases as SNR mcrcases
The form of this dependence gives an wliinale description
of the codmg performance Any decoding to g non-codeward
paeudo-codeword s o falure, Decoding to o codeword cun
also be a failure, which counts as a lwilure under the ML
decoding. For large SNR, splitting of the two (FER v SNR)
curves, representing ML decoding and approximate decoding
tsav LP decoding) is due ta the pseudo-codewords The actual
asymptotics of the wwo curves for the AWGN channel al
the: largest SNRs, in the so-called ersor-floor domaim, ore
FERu, ~ rpl e+ 02/2) and FERy s ~ oxpd = ddyn - 84720
where iy 15 the Hammung distance of the code and the dyp s
the effective distance of the code, specific for the LP decoding
The LP asymptotic is normally shallower thun the one of MAP,
dyp < iy Error floor can stan or change its behovior s
values of FER unaceessible fr Monte-Carlo simulutions. This
emphasizes importance of the psetdo-codewords analysis [ 19)

For a genenic linear code performed over symmesric chan-
pel, ot is casy w show that FER s invanant under the
change of the original codeword (sent i the channel)
Therefore, for the purpose ol FER evaluation. it s sufhuient
1o analvze statistics esclusively for the case of one known
original codeword. and the choice of zero codewind 1 natural
Then calculating the effective distance of o code, one¢ makes
an assumpiton that there exists o special condiguration (or
muy be a few special configurmions) of the noise, instamons
sccording 1o the terminology of [17], describing the lurge SNR
crror-Aoor asymptotic tor FER. Suppose  pssudo codewaond,
o= |m =b{l} =1, . N} corresponding to the mosi
damaging conliguration of the noise (instanton b, @ . 18 Tound
I'hen finding the instanton configuration isell (e, respective
configuration of the nolsel is nol a problem, one onlsy needs W
maximize the transion probabelity. with respect 10 the noise
field. x. taken st & = 0 under the condition that the sell-



energy caloukated for the pseudo-codesond 1o the given peise
fiehl & 18 #ere (e cgual o the value of the self encrgy for
the 2o code word). The resulting espression for the optimal
conliguration of the noise (Instanton) In the case of the AWGN
channel is Ty = (3, 6,)/(2% 7). and the respective
elfective distance is dyp = (5 5,1, Y @2 This definition
of the eflectve distance was first described in [20]. with the
lral applications of this [ormula to LP decoding discussed in
(4] and [11] Note also that the expressions are remuntscent
of the fonnulas denved by Wiberg and co-authors m [21] and
[ 18], in the context of the computational tree analysis applied
i ierative decoding with a finite number of iterations.

Let us now descnibe the pseudo-codeword-search algorithm,
miraduced n [12] Start: Initiate a-starling conhguration of
the noise, " Nose 15 connted from zero codeword and
ioshanld e sulhciently large o puarantee comverzence ol
EE e peeddo-codeword different from the zero cadewund
Step L: The LP decodes a7 o {b:“'*'r‘a.r.ht.L“'r:.-,,T.'r
Step 2: Find g''' the weighted median m the noise space
between the pscudo codeword, o'*', and the soro codeword.
The AWGN eapression for the weighted median 15 y'* =
a[:‘.] }_;, ”._:-I.Ilr,[.‘! E. (HIM}EJ_ SIEF a0 y|:.l.| =2 yl;i- ':.
then 4, = J und the algorithm terminates Otherwise go o
Step 2. assigning 21 = ¢! < 0L (0 prevents decoding
into the sere codeword, Keeping the result of decoding within
the crroneous domain ) Output configuration 4%+ is the
conliguration of the neise that belopgs o the eror-surface
surrounding the gero codeword. (The error-surface separares
the domain of correct LP decisions from the domain of
ncorrect LI decisions ) Moreover, locally, 1 for the given
part of the error-surface cyumdistant from the zero codeword
and the pseudo codeword a'-, y''+ is the nearest poiny of
the error-surface to the zero codeword,

We repeat the algornthm many times picking the imal noise
woentiguration randomly, however guaranteeing thal it would
b sufficienthy {ar from: the zemo codeword so thal the result
of the 11" decoding (first step of the siporithm) s a psewdo-
codewonl distinet from the zero codeword. Wi showed m | 12]
that the alporithm converges, and that it does so m a relatively
small number ol fterations. The ermar-floor performance of the
coding scheme is characierieed by the spectra of the effective
distances derived over multiple evaluations of the pseudo-
codeword-scarch algorithm,

W -can easily extend the pseudo-codeword-search ulgorithm
tir the dendro-1.1IPC codes decnded by LP. The denidro version
at the algonithm s actually identical to the one described ubove
under exception of what concems the punctured nodes. Furst,
one should alwuys zero the log-likelihoods ar all the punctured
nodes and. second, calculating the woighted medions one
should exclude punctured podes from the sum

V. PSFUDD-CODEWORD SPECTRA: RESLITS AXND
ANALY SIS
We present results of simulations  performed on the
155, 64,20 code [22], Margulis p = 7 code [672,336, 16]
[23F jids, 334 15], 648400 120 and 1296, 645] codes from
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Fig 2 Mg pwn plots from the tarst row shiow results of Momle-UCai o
stmulateom foe e | 155 00 3000 anid 6T J30 10| codes. Stes dnd donssona
sand far LP il U1 decosbingh respecuvely, Simndglt and dashod liies ok
the asympiote confrolied by the peeudo codewords wilh the lowest elfecave
senght st il MOAF awmpin i respeetiveely. The si cdmatisig plists T e
thre Jawer nows show probabiling densiny lunctian of e elfsctive distance
(et wee almis iefien fo g Deguengy apeetral lor il sis Goddey sralyeed Solid
and dashed curves (1 are praciivally comeide. thas dalicsll o Sistinguh )
correapund 10 the dendr-gedes and the ongging codes mnpeitively We
mdigiate positan of e respective Humiing distance by @ mnrsen, wheboe
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the 802.11n dratt (3], and |274, 191, 18] projective geometry
code. The resulis are shown i Fig (23 Dendeo counterpans
were generated for all the orviginal codes. For the dendro-
codes, and whenever feasible for respective original codes, we
have found the frequency spectra of pseudu-codewonls by the
methud explained in Section IV, We experimentally confinmed
predicuon of Scotion [, that the set of pseudo codewords of
the orginal codes and their dendro-counterparts are sdentical
Morcover, we found that the comesponding pscudo-codewards
spectrn are proctically mdistmpuishable irom cach other. For
the first two cdes from e list we also performed direc



Monte-Carlo simulations

The rest of the manuscnipt comtains discussion of the results.
Comparing [155, 64, 20 and 672, 336. 16| codes we conclude
that the two codes demonstrate gualiarively different Teatures,
that are consisiently scen hoth in the MC simulations and the
pseudo-codewords frequency specira,

In the case of the [155.64,20) code the pscudo-codeword
spectrum starts form ., = 16404 and grows continuously
to the higher values, ¢.g. passing though dy; = 20 without
any visible anomaly. The growth starting immediarely from
il 15 fast indicating that the frequency of the low-effective
distance configurations is considerable, i.e. O(1). This form of
the pscudo-codeword spectra is consistent with what 15 seen
in the MC simulations: the error-floor asympiotic of FER, ~
wxp =il st /20, correspondent to the pseudo-codeword with
the lowest effective weight, sets early.

The behavior demonstrated by the (672, 336, 16] code is
different, Looking, first, @ the pseudo-codeword spectma we
lind that configuration with the lowest effective distance is
actually u codeword, oy = 16. We also lind in the spectrum
two other codewords correspondent to o = 24 and d = 20,
Even thought the special low distance confipurations were
ubserved, their frequencies were orders of magnitude smaller
then of other pseudo-codeword configurations found at d =
2743 Emergence of the gap suggests that, even thought the
relatively small Hamming distance will certninly dominate the
largest SNR asymptotic of FER, the moderate SNR asymptotic
should sctually be controlled by continuous part of the pseudo-
codeword spectra above the gup. This prediction s indeed
consistent with MO results shown in the second plot from
the top row of Fig (2), see also [25], where the early set
intermediate asymptone, ~ expl-—27.3857 /1), changes to o
shallower curve with the SNR increase,

The two-stage scenario, when the lowest distance configu-
ration is the vne of o codeword separated by a gap from the
rest of the spectrum, is also seen in the frequency spectra of
the [648, 324, 15 and [648, 132, 12} codes, shown in the third
row of the Fig. (1), However the gaps in the later cases are
much smaller than in the [672, 336, 16] case. The behavior
of the [273, 191, 15 code can also be attributed to the same
type, under exceplion of one really special feature of the code,
Here one peis the whole stsirway of low dismnce codewords
observed with significant frequencies. Note that the original
projective geometry code has highly connected checks, with
degree 17, thus the aforementioned analysis became possible
only for the dendro version of the code.

Finally, the [1206, 048 code shows clements of the two
piorementioned scenarios. On one hand. configuration with the
lowest effective distance, d,,,,, = 19.6. 15 a psendo-codeword,
like in the [155, 64,20] case. However this configuration is
rare and it 15 separated by a noticcable gap from the next one
with d = 21.75. This supgesis that FER vs SNR decay for
this code may also show (at leasi) two different regimes.

This work was carricd out under the auspices of the National
Nuclear Security Admmistration of the U.S. Department of
Encrgy at Los Alamos National Laboratory under Contract
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