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Abstract
Based on the first order running coupling constant aA(qz)
we derive in the static limit a quark-antiquark potential.
The tachyon pole in nﬂ(qz) leads to a partially confining po-

tential,while the smooth remainder gives rise to a Coulomb

like interaction. We impose linear confinement by extrapolat-

ing the confining potential linearly for distances r > L

Thus, aside from the guark masses, m, and my, our model con-

tains two free parameters: (i) the renormalization mass A,

and (ii) the extrapolazion radius ry- With A = 441 Mev,

r, = .378 fm, m, = 1.525 Gev, and my, = 4.929 GeV we reproduce

the observed orthocharmonium and orthobottomium spectrum very

well. This can be viewed as evidence for the validity of the

framework of quantum chromodynamics.




1. Introduction

Two families of heavy quark-antiquark bound states, the
J/y £ (cC) and the T = (bb) resonances, have been discovered.
There is a strong theors=tical prediction that at least one
more family may exist waich has a new type of heavy quark t(l)

as fundamental building blocks. The spectroscopic properties

of these heavy quarkoniim states represent a sensitive test

for quantum chromodynamics (QCD),(Z) the currently accepted

gauge theory of strong interactions. In contrast to the light
quarks {u, d, s), the nonrelativistic heavy quarks (c, b, t)
directly probe the static quark~antiquark potential.

So far, most studies of the J/% and T systems have been
based on a phenomenological approach to the quark-antiquark
(3-7)

interaction. In particular, the usual Coulomb + linear

potential model,(3) thoagh motivated to some extent by QCD,
does not include the strong vacuum polarization effects aris-
ing from virtual gluons and quarks. This polarizability of
the vacuum is reflected e.g. in the concept of asymptotic

(8)

freedom or in the momentum transfer dependence of the strong

coupling "constant"

; |
Anley = By log ¥/% . *

* “Here the constant B denotes

.B.f= (\\—2,/3{-)/47;: (2)

where the first term represents the gluon contribution and f
stands for the number of (massless) quark flavors contributing
to the polarizability of the vacuum. From scaling violations
in deep inelastic reactions,(g) the renormalization mass ' is
known within the range of 300 MeVv S LN 600 MeV.

The running coupling constant &i(qz) can be calcuiated
from the Callan-Symanzik &(nA)—function by integrating the re-
normalization group equation.(s'lo) In this approach Eq. (1!}
represents only a first order term which includes, however,
vacuum polarizaticn effects arising from virtual gluon and
quark pairs (Fig. 1). While this approximation is adequate
for uA/' << 1, it is perhaps no longer justified for large

a,'s, since then multigluon effects may become relevant. For

the present study, we find it reasonable to have our considera-

tions based on the expression (1), primarily in order to assess

its range of validity. We will show, however, that Eq. (1},
: . . . 11

supplemented with the idea of linear contlnement,( ) repre=

sents already an excellent starting point for the evaluation

of the charmonium and bottomium spectra.

/'}.
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Fig. 1
The Coulomb and first order vacuum polarization contributions
to the quark-antiquipk interaction. The numbers below the
graphs denote their relative contribution.
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We describe the nonr: ia ivistic heavy quark-antiquark

system in terms of ‘ie Schrd8dinger equation (tfi=c=1
~ Ly, W) = E
Mo - i Y 3)

where mQ is the gquark mass, M the mass of the bound state ¥

r’1 = 2&"1@14- E (4

and (-E) its binding energy. The spin structure of the quark-

antiquark interaction W(r) has the general Eorm(lz)
W)= Wol) + WimLS+ WS, +Watng- &

where L is the orbital angular momentum, 512 denotes the tensor

operator
A A
.= 3(gD(ad)-6% (6)
and §_ = £ (T+8) (N

represents the total spin of the quark-antiquark pair.
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The details of the spin independent potential W (r) are ’ 2.  The Quark-Antiguark Potential

determined by QCD and@ shall be given further below. If Wo (r) The quark-antiquark potential that describes one~gluon-

can be represented as a sum of a Lorentz vector and scalar exchange with the vacuum polarization corrections shown in

piece Fig. 1 is given in the static limit by(lz)
) r
- 4 oA (qY) —L‘i.. 3
" : U= ~ 4. i
W= Vo Sy @ M= ~59m) =g 4*q
oo
=42 olA(qE) SiM qr .2
the spin dependent parts are found via nonrelativistic reduc- '3‘ T _A_(%_)_ ,__.é?g-——q_ dcl a0
tion yielding the generalized Breit~-Fermi interaction(lo) [¢] Ci

d which is the Fourier transform of the Coulomb propagator dressed
3 d 1
Wit = Qm.2 ( r -r

with the running coupling constant (1)}. The singularity in
9 2 ile .
z(r)—- 5 \ dv; dﬂ;\r } nA(q } can be easily separated

|QWQ drz
3 20V eventually
Watn)= 2 Twa AV0='51»'1%(71%E FaAT) T deltn term . oa@= oo(q?) + o (q?) )

In the present article, we will solve the spin independent by introducing explicitly the tachyon pole a“ spacelike
2 _
problem and treat the spin dependent parts in first order momentum transfers q° = &

perturbation theory, since terms of the same order in V/c 2.

By (M) .

Thus the nonsingular remainder is

1
have been already neglected in the central part of the potential. do(i )=‘

2
oc,(q})—_- .:%-f (loal — - q;-’}f\% (13)
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2 : X <k
11 lead to a partially confining
The pole term ao(q ) wi ea P Y .
potential ,whereas the nonsingular remainder ®,(g") gives rise
to a Coulomb like interaction with variable effective coupling.
2 .

Let us first discuss the pole term ao(q }. 1Interpreting

the singular integral(lo) in terms of a principal value

integral
A? sin_gqr
Uo(ry= — % —%?S"——_—_—z qr q"alt}_) (14)

we obtain a positive definite expression

si 2 Ar
Uotr= 3?&'—(“’5 " ‘)— 3BT siwig . s

For distances r << AL U, (r) reduces to
Ue(r) & _:L._‘—[\?_‘r = o *r, (16)
3 By

Using our preferred values, £ = 3 and A = 441 MeV, the slope

of the confining potential turns out to be

al= 93;_:|B_§_1\Q= 18 GV* an

consistent with the Coulomb + linear potential.(3) This sur-
prising fact makes it possible to suggest a link between the

pole term (15)ard confinement. However, our U,(r) can only

describe partial confinement, since it oscillates reaching

its first maximum of roughly 550 MeV at about 1 fm. While

the potential (15} is apparently incorrect for large values

of r where, according to lattice gauge theories,(ll) it
should rise linearly, there is reason to believe its structure

at short distances. In this spirit, we impose linear con-

finement by extrapolating Uo(r) linecarly for distances r > Xy

— Uo(n r<r,
(18)
Uotry = ,
Uo(ro)+ Up()(r-rs)  rove
The extrapolation radius T, is a phenomenological parameter

to be determined from the experimental data.

We now turn to the discussion of the nonsingular re-

mainder

_al 2(/) AT \singr
u|(r\—— 3“'5"5%&03«1./1\ q_z___[\z) qr dﬁ_(la)

Using Cauchy's integral theorem, we arrive at

Win= 21 _un
= = B (Ar) (20
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where £ tr
£ - +2

0 $2 A 2 151
o.(l03 "y +

Ly | 4% [Q-Are"/’:_ —Aed R I‘X
- a ox2+t" e - . en

This potential is negative definite and gives rise to a Coulomb
like interaction which is less singular than the Coulomb poten-
tial at short distances.

So far, the gquarks contributing to the vacuum polarization
have been assumedl as massless. While this approximation is
adeguate for the up and down quarks, it is certainly incorrect
for the strange cuark. For our purposes, however, it will be
sufficient to have a rough estimate of the vacuum polarization
effects arising from a massive strange qguark. Without detailed
justification for this small correction, we therefore replace
the constant B in egs. (15) and (20) by a radius dependent

Bets

| ‘ ‘ \ —-Zﬂﬂsr
—_— = —— 4 o —
Beﬁ- E'Q Ba 3;2 )

(22)
This form guarantees that only up and down quarks contribute

for r >> (st)_l

o0
B ™ B, &

~10-

while at short distances r << (st)—l also the strange guark

becomes effective
| \
— M —
Bej | B3 - 20)

The exponential range of Bgéf(r) is adjusted to the approximate
range of the vacuum polarization potential arising from strange
quark-antiquark pairs. The total spin independent potential

wo(r) thus becomes
e e e
Wey= Ug"(m + U (0 (25) ;

eff

eff
where ug 1

(r) and U (x) is given by eqs. {15}, (18) and

(20), replarcing B by Beff(r).
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3. Numerical Results
3.1 The Spectra

We now turn to the discussion of the numerical results.
The theoretical description of the states above flavor thresh-
0ld is unreliable due to the presence of the new channel. We
therefore restrict our study to the low-lying states. In
order to investigate the contribution of the quarks to the
polarizability of the vacuum, we evaluate the charmonium and
bottomium spactra for three different potentials, characterized
as follows:

(A) two massless and one massive guark

(mu =mg = 0; mg = 300 MeV)

(B) two massless quarks (mu =my = 0}

(C) three massless gquarks {m = my = m_ =0)

For charmonium, the three free parameters of the model,
A, roe and m_, are determined by fitting the 1§, 2S5, and 1P
levels to the experimental 1351(3.097), 2351(3.686), and to
the center of gravity of the 13’90'1’2 levels at 3.523 Gev,(13)
respectively, using the potential type A. The fit parameters
A = 441 Mev, r, = .378 fm, and m, = 1.525 GeV, are compatible
with what one may expect from other sources.(g) For the
bottomium spectrum we use the potential A with the same values
of A and roe The only free parameter left, the bottom quark
mass m, is atdjusted to the experimental 135l (9.46) level
(2.4}

of bottomium yielding m, = 4.929 Gev.

-12-

In Fig. 2 we have plotted the quark-antiguark potential
type A. Here the dotted line denotes the Coulomb like

potential Uitf(r) and the dashed line corresponds to the par-

eff

tially confining potential Us (r). The dashed-dotted line

is the linearized confining potential Uﬁff(r),while the sum
3§ff(r) + Ufff(r) {solid line) represents the potential
actually used in the calculations.

In Fig. 3 we show the charmoniam spectrum. The excellent
agreement betwean theory and experiment is largely due to
the fact that the three lowest levels have been fitted., Thus
the only independent tests of the model are the 3, (4.040)
level which is unreliable, since it is far above charm thresh-
0ld, and the 13Dl(3.772) level which cannot be compared &i-
rectly to the calculated center of gravity of the 1301,2 3
levels.

The real test of quantum chromodynamics comes with the
bottomium spectrum shown in Fig. 4. Our calculations agree
very well with the observed bottomium spectrum and thus con-
firm the reliability of the first order QCD potential., Here
the experimental 2351 (10.02) and 3351 {10.38}) levels are be-
low bottom threshold and represent therefore a conclusive test
of our model. 1In fact, this potential that includes both
concepts, asymptotic freedom and linear confinement, does a
much better job than e.g. the Coulomb + linear potential. We
recall here that the original Coulomb + linear potential(3)
fails by about 150 MeV in the description of the 28 and 3§

bottomium states.



[Gev]

0.5

-0.5

-13-

er”

~

~

~

N

N =
fo=
My =
Mg =

QG—POTENTIAL

44| MeV

378 fm

mg =0
300 MeV

Fig. 2

The Quark~Antiquark Potential type A
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The charmonium spectrum calculated with the potential type A
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The bottomiur spectrum calculated with the potential type A
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The spectra calculated with the potentials type A, B,
and C are comparad in table 1 and 2. The massive strange
quark influences only the low-lying levels,as ~an be deduced
by comparing the spectra type A (massive strange quark) and
B (no strange quark). This is not a surprise, since the
potentials, A and B, differ only in the short-range strange
quark contribution. However, if one replaces the massive
quark (type A} by a third massless quark (type C).all levels
are shifted by an appreciable amount. Thus for the charmonium
and bottomium statesrthe major quark contribution to the
polarizability of the vacuum comes from the (massless) up and
down quarks and the (massive) strange quark affects only the
low-lying levels up to about 10 MeV for charmonium and 40 Mev

for bottomium.
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state ; M([GeV] !
! . M[Gev] state !
; experiment A B C EXPeriment ® B T
3s i(4.040t.010) 4.090 4.093 14.132
25 ;: 3.686+0.003 3.686* 3.690 |3.706 45 10,628 {10.63Z 110.655
1s i 3.097x0.002 3.097* 3.110 }3.088 35 10.38:0.04 10,370 110.376 :10.384
E 25 lilO.OZtO.OZ 10.039 |10.050 |10.037
2p } 3.951 3.952 (3.983 1s } 9.46:0.01 9.460* 2.498 9.441
1p 3.523+£.005 3.523* 3.524 13.531 - :
3P ll 10.543 {10.546 |10.565
: 1p {3.772%.006) 3.806 3.804 }3.829 1 2P l 10.275 110.279 [10.282
: : Cop 9,920 | 9.931 | 9.911
t 2D ? 10.456 10.457 [10.472
. 1D l 10.17% 110.179 |10.176
Table 1 % :
The charmonium spectrum calculated with the S oar é 10.366 |10.366 |10.376
potential A, B, and C (* = fit). H { i i L

Table 2
The bottomium spectrum calculated with the

potential A, &, and C (* = fit).
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3,2 Spindependent Terms

We now turn to the discussion of the current data on the
spindependent interaction. The spinorbit and tensor splittings
. of the p-levels in charmonium are well established. Using Eq. (5)

we obtain in first order perturbation theory
M (13%)= M (2F) + W, (19) -2 W, (1)
M (12P)= ™ (13P) — W, (1F) + 2 W,(P)
M (13 = M (BP)— QWi(IP) =4 W2 (1P) .

From the experimental P-levels 13P2(3.554), 1391(3.508),

(26)

and 13P°(3.413§1’)one can deduce the center of gravity of the
triplet p states (Table 1)

M{1PP) = 3.523 GeV

and the expectation values of the spin-orbit and -ensor inter-

(27)

action (Table 3)

VV\(VP) = 35 M¢V
W, (Y= 10 MV |

Similarly, we have for the D-states in first order
M (13D3)= M (13D) + 2 Wy (D) - 4w, ()
M (13D)= M (130) - W, (1) + @ W, (D)
(MO0 = )« (13D) - 3W, (D) - & Wy(1D) =

(28)

~20-

From the observed 1 D1(3.772) level and the theoretica:. estimate

M(1°D) = 3.806 Gey one concludes

3W DY+ aw, (D)= 34 MeV(X),

However, this relation is unreliable, since it depends critically

(30)

on the unchecked value of M(l3D).

The hyperfine splittings of the 1S5, 25 and 1D states are

given in first order by

M(12R) = M (1'Se) = 4W, (18)
M (238) — M (2'80) = 4W,(2S)
M(12D) = M (1'p) = 4Wa (D)

Here the experimental situation is less clear. If we interpret

(31)

the states at 2.830(?), 3.454(?) and 3.590 GeV(??)as the para-
1 1
charmonium states 1 Syt 2 Sqr and 11D2, respectively, we obtain

for the expecctation values of the spin-spin potential

Wi(18) = 66.8 Hev(?)
W3 (28) = 52 MeV (?)
Wa (D) =84 MV (22) ,

Herc we have used the observed orthocharmonium states 13S1

(3.097), 2351(3.686) and theoretical 13D(3.806) state., None

(32)

of the supposed Pardcharmonium states is really well-established,

and therefore, the experimental values for the matrix elements
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U
ta
1y

(32) should not be taken too seriously. However, if the inter-
 pretation of the 2.830 and 3.454 states is correct, the quark

model 1s in trouble because of the necessary large Ml-transition

rates from the J/¢ and ¥' to these states., Moreover, if th2 new

|
! +
i
'

1 .experiment | A B =
state at 3.590 GeV is really a 1 D2 state,there is apparently _state wl Vi, Wy oW, W, W, wl ®. w. oW, W.
1 e 3 i - K - > L N
a state independent contribution to the matrix elements (32) ' . {
\ -
which is hard to explain within the framework of Eq.{(9). ' B !
boss 0 0 oo 0 i13.4 2 0 f14.% 2 o te
cur calculated matrix elements are shown in Table 3 for . "
28 0 0. 58.0°h o0 0 -20.0 Q Q 18,9 0 0 2
charmonium and Table 4 for bottomium based on the potentials . '
- | 1s + 0 0 6.82% O O 336.¢ J 2 138 ¢ [UBEIRE I
A, B, and C., Here the spin independent potential Wo is assumed ¢ ) , ﬂ ) ‘
. o | .
to be of vector type ; T #47 : ! T e
Iooape ' 59.3 6.5 6.8 156.7 6.1 6.5 4.5 7,0
—a M i
Vo = °ﬁ+ [,(f‘if e las 1o 6.1 §.9 "I.a Tt 8.9 831 s.ase
| T ! . :
,SO = 0 . (33) :‘ ’\ - b e s
1D fW e3W, 5470 0 3T.1M 3.4 5.6 x6.s 33 S, -
While the theoretical tensor splitting Wz(lP) is more or less | s - ' ! ! :

= 11.372 :

; 3T ) ;
consistent with the experiment,we are left with a serious dis- | T “%;___i
crepancy in the spinorbit splitting wl(lP). Of course, wl(lP)
could be fitted to the experimental value by introducing a
scalar component in the confining potential

Table 3
—
(4 .
”0 - uoﬁ’l_ + ufﬂ' The experimental and theoretical expectation values of
S | u‘eﬂ_ the spin dependent potentials for charmonium fin MeVi.
o= ( "'D °
(34)

at the expense of a still smaller tensor splitting wz(lp) .
Going even a step further, one can allow for an anomalous chtomo-

magnetic moment in order to fit both, wl(lp) and wz(lp) (15 .
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The theoretical expectation values of the spin

dependent potentials for bottomium [in MeV].

state | A B c '
Wb, | owg W W, Wy W, oW, Wy
4s 0 0 (3.0 1] 0 i 2.8 0 0 3.2
3s o 0 (3.8 0 o} 3.5 0 5 0 4.0
23 0 0 {5.4 0 o 4.8 0 \ 0 5.7
1s 0 0 113.4 0 o | 11.6 0 0 13.6 ;
| |
3p 13.9 | 1.7 l 1.2 12.8 | 1.6} 1.1 14.8] 1.8 | 1.3 '
2p 16.9 | 2.1 | 1.4 15.61.9] 1.4 18.0) 2.2 | 1.6
ir 2404 | 3.1 2,001 22.0 2.7} 1.9 25,7 3.2 2.2
| L 5 ?:
20 !] 7.3 .81 .ei| 6.8 .7 .8 g.ol .ol .o !
D 1 8.9 1.0 1.0. 8.5' .9 1.0 9.71 1.1 1.1 ¢
.
E
l 1F l 5.2 .5 .7 5.1' .5 .7 5.8| .6 .8
!
Table 4

At this staage, however, where the spanorbit splitting is the
only cstablished discrepancy between theory and expevament, the
introduction of two arbitrary parametoers i1s hardly ustified,
since it would drastically reduce the predicting power of the
theory. An alternative explanation of the discrepancy is that
the potentials Vo(r) and w0<r) differ appreciably in the domain
L3 fm Y r Y .5 fm. Clearly spin cffects arve quite sensitive to
the detailed structure of the vector part of the potential Vo(r)
in this region.

From the wmatrix elements given in Table 4 and Has. (26) and
{29) we can deduce the energy levels of the 1P and 1D states in
orthobottomium

M(13Poy,,)= (9.860,3.903,8.944) GeV

(3%)
M (12D,,22)= (10.147 10,169 ,10493) GeV. (56,

However, as we have noticed earlier in this section, we should
not trust this predictiorn too much, e¢xcept for the fact that

the splittings are much smaller than for charmonium.
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3.3 Leptonic Decays
An interesting check of the model are the leptonic decay

. 1
widths usually calculated through the van Royen—weisskopf(‘ﬁ)
formula

+ 6 ? z,2
WS~ £ ) — g % l’lh‘_(o)\ La
( ™M ( 38 ) .
(37)
Here o denotes the fine structure constant, EQ is the charge of

the quark in units of e,and wn(o) is the nzsl- state wave

function at the origin. It has been shown that this equation

is subject to large radiative corrections which tend to suppress

the leptonic widths drastically. 1In fact, ®g.{37) should read

3 + ‘) [6Tco?
(w8~ £%¢ 1o | (0" e& Fimea.
(38}
The correction factor F(mQ) can be evaluated to first crder in

(7 . .
oy giving

Fmpy= |~ % 5.,; NG
(39
where uA(—mQZ) denotes the strong coupling constant at time-
like momentum transfers q2 = —moz. Since the correction is
rather large,we may conclude that the first order result 1s
unreliable. Thus, at the present staqo,?(mo) is best kept as a
free parameter to be determined from the charmonium and bottom-

ium data,

In tables 5 and 6 the leptonic decay widths are shown for
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rin?s; > 2fT) (kevl ’ . TlEr, 238~ (3‘;3} =:~'—7l1-27‘\\}€é‘\ I.H (238~ ,'1[‘5“‘3)}3R|ri5
state experiment A B T ]‘ . T
; FEL, PP 138))= ¢ o [M(1PP) —HI35) Rsw o,
s .3 .2 3 i
s -3 . .3 2 where ¥, pnotne e Lestraa Jdip le Tatiay elenens
28 42,2 .5 .5 .5 ' T e
1s 1.3%.2 1.3+ 1.1 1.3 : Rn'(’,v\f = Joun'l'("\" Uag (VTP 2Y, :

: - . PR E e PN T
and . ir) the radial wave fun-tiod R oo wy ey

Pt e,
Table 6
The leptonic widths of the bottomium states
calculated using eqg. (38} with F(mb) = 67 (* = £it) S
A a . s
prodicts Alrernatie ,o Ty ¢ e ©n
she vatos !t AT tvaTae e

N - \' -
T{EN, P Poua— 138, = (194,428,588 ) kel
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We now turn to the magnetic dipole transitions. The theo—

retical description of the forbidden transitions is uncertain

due to coherent relativistic effects. We therefore restrict

ourselves to the allowed magnetic transitions

N 3

Assuming that the lls0 and 2150 states are at 2.951 and 3.606 GeVv,

respectively, as predicted by our model, we obtain

T(HIL, 138> 1'S.)= 5.8 keV

(47)

which is still larger than the accepted experimental upper limit
of 1.1 kev for this transition. The theoretical 2S-transition
rate of

T (H1,238, > 2'8,)= 1 keV

(481!

is not in contradiction with the experiment.
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The electric dipole transition rates and the leptonic
widths are in reasonable agreement with the experimental data.
However, the detailed spin structure of the guark-antiguark
interaction as well as the Ml transition rate to the para-
charmonium ground state still remain to be understood.

Concluding we would like to emphasize that, if the top
quark exists, the toponium spectrum will be a crucial test for
the model. Assuming a top quark mass of m, ~ 15 GeV, toponium
will probe much more the demain that can be described by per-
turbative QCD and that is presumably less sensitive to phenome-

nological modifications at large distances.
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