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ABSTRACT

We bave made a systematic analysis of the quantum theory of the infinite 

component fields that transform under the combined representations of 31(2,0) 

(Majorana) (X)Dirac. A complete set of solutions of the uave-equation includes 

solutions with time-like and space-like momentum. We have explicitly calculated 

the mass-spectra for the time-like and space-like cases. Our method makes use 

of the decomposition of the product representation into reducible representations 

of the 'little' groups SU(2) and SU(l,l). Finally, the quantization of the 

generalized fields have been presented.
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1. INTRODUCTION

Recent investigations on the infinite component field equations and their

algebraic formalisms have added a lot to our understanding of strong-interaction
1234) 'dynamics * . Models based on these equations have many interesting con­

sequences of direct experimental interest. Attempts have been made to obtain
5)solutions for the algebra of local current densities /. Unlike finite component 

field equation case, one is able to treat here infinitely many mass and spin 

states satisfying the same wave-equation. Quantum systems described by such 

equations, indeed posses 'internal structure'. However, the theory is plagued 

with the socalled 'diseases'. These speculative and malign pathologies are rather 

irrelevant! The existence of the reduntant or unphysical space-like solutions 

finds its way in describing an entirely new kind of phenomena of radiation involving 

'faster-than-light particles A systematic formulation of the quantum field

theory compatible with substitution law and with right spin-statistics relations 

have also been furnished^.

The concept of infinite component field equations is not of recent origin.

In the thirties, Majorana discovered a type of wave equation describing the infinite
7)component spinor fields and tensor fields respectively '. These field equations

possess both discrete and continuous solutions (the light-like solutions can be

treated as a limiting case of the space-like solutions). Detailed analysis of
1 2)the quantum theory of these Majorana fields have been studied elsewhere * '. We

just want to make a passing remark that these field equations have solutions for

the masses, which are quite unrealistic in hadron pjaysics. The masses vary

inversely as the spin. Subsequently, attempts have been made to avert this

situation. We will analyze an interesting field equation first proposed by

Abers, Grodosky and Norton and subsequently studied by others in the context of
5 3)obtaining solutions for the current algebra at infinite momentum. * ' We will 

confine ourselves in formulating a systematic quantization scheme for this 

generalised-field equation.
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The contents of the paper are arranged as follows:

In Section II, we describe the field equation. The fields transform as 

infinite component column vectors under the product representation of SL(2,C) 

(Majorana) ® D (Dirac). The algebraic properties of SL(2,C)(5pD representations 

under various subgroups of interest are discussed in Section III. We classify 

the field equation under each 'little group' and then have summarized the 

corresponding mass-spin spectra in Section IV. In Section V, we display the complete 

set of solutions of the field equation. Finally, we have furnished the quantization 

scheme for these infinite-component generalized fields.

II. THE WAVE-EQUATION 
Let c£ = [d4x

be the Lagrangian for a theory of a set £ fields* The generators'

of the Poincare transformations are:

— — CT 2.
+ r>l/XA)

(II.2)

where, p
/U. V and -1 (T^ respectively generate the infinite dimensional

representation and finite dimensional (non-unitary) Dirac representation of

SL(2,C); P , is the orbital part of given by

In the rest system, T . provides us the total angular momentum of the quantum
JA.SV

system.

The fields ^ are labelled by two indices: the Greek index o~

and the Latin index <71 characterize respectively the infinite dimensional 

Majorana representation and the finite-dimentional (non-unitary) Dirac
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representation. Thus the transformation property of the fields £ ^ ^ 1

is given by

(II.3)

The equation of motion follows from the given Lagrangian (ll.l):

0-^w) -0

where M is now a Lorentz invariant mass-matrix given by

(II.4)

. _ t—7 AA ^

'Wo -2

Note that M is now a matrix and is no longer a constant and hence does not 

commute with . However, it commutes with , a condition necessary

to describe free-particle motion. In the limit m^=0, the wave-equation (II.4) 

reduces to the ordinary Dirac equation. We will come to this point in detail 

in Section IV.

III. PROPERTIES OF THE SL(2,C)(MAJORANA) ® DIRAC REPRESENTATIONS

In this section, we will first briefly recapulate the mathematical 

properties of the two Majorana representations, the Dirac representation and 

then display in detail the representation of the product space namely X = %Si_c.a>c) 

under various sub-groups of interest

a) The Majorana Representations:

The generators of the homogeneous Lorentz group satisfy the

commutation relations

„ r -
vj’ Mr

?„_r. + tw-’fi* -
’jK-a °'V(T (III.1)

f , cr = o,i,2,3

goo = -gkk = 1 J k 1,2,3
Vv “ 0 > ^ + V

where yU- > 4 >
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To obtain the Majorana representations, ve introduce as usual the operators 

a , a, + ( ol. = 1>2,) which satisfy the Bose-commutation relations:
oC CK-

C ad, = C al> 1 = °

= ^o(|9 ' (in.2)

explicitly, we can express the generators 

follows:

Cijj, o' o^a ^

Pio = Ai = i (a+0T ca+- ac<r;a)
4 (III.3)

t
C = i^g, OT S are the usual Pauli matrices The two Casimir operators of the 

Lorentz group Co and are given by

^ in terms of and a as

Co 1 r -2

and
1 p p

ci IT e UpWg

■" (III.4a)

= | a+a(|a+a +1) - ^ |a+a(|a+a +l)+3/4^

- “3A
2- A = O (III.4b)

so, we find that ( io)V ) or equivalently ) label the unitary

irreducible representations of SL(2,C) as,

c, = 1= -3/4

Cl = -1 JoV =0
(III.5)

From (III.5), we find the solutions for ^o
O

‘/l

and y:

(III.6a) 

(III.6b)
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Equation (ill.6a) and (ill.6b) respectively characterize the principal series 

and supplementary series representations of SL(2>C). In (ill.6a), the ranges 

of £ are given by

S = • ad infinitum;

and from (III.6b), values of 2. are

21 = 0, 1, 2, ... . ad infinitum

In either case, 2 = 0o + k , k » 0, 1, 2, 3* • ..................

2-3 = - 5 > I" +1>........................... > + 2

Thus, ve have obtained the Majorana representations for the infinite component 

Fermi-fields and Bose-fields,

b) The Dirac Representation

The generators of the Dirac representation satisfy the commutation 

relation

CT 2
=14 ,̂ a*

(ill.7)

To obtain the representation of D , ve look for the ranges of and V ,
9)vhich characterize the proper Lorentz group. The representation is finite if,

(i) j0 and V are simultaneously half-integral or integral; and

(ii) M > |U

The ranges of spin values are given by

j = Jo + T1

= lJol....................... h>| -1

The finite component Dirac fields belong to the coupled representation 

parity is admitted), ( V ) + ( -p ^ ) j V = - ^ (real!)

c) The'Properties of SL(2,C) (Majorana) (x) D Representations 9)

Define

then. ^ s.

if

(111.8)

(111.9)
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we will consider the case,

=° (III.10)

the generators S^^satisfy the commutation relation

' sfcr\= <3/MrSv£ + ^^cr- ^ ^

To obtain the representations of d - S L {jx>c) ® D , we proceed as follows: 

Let us define, J = S 2”

K = A + | r = A + .k o£. (ill. 12)

where, we have identified

Further,

T;; = €liVt

r:o -
t “ij ^ t C;jR ^

\ (v ~ -1- ~ 4- t C^1' > i > j i ^ -VJ10 —- o z. l> 2, 3
(III.13)

[ 2; , Z/] = ^

L 2i , A5I = ^ a*

oti‘ ^ = ^

(III.14)

• a rr'1 d{ - = 1 (no summation over i

L^ri 2. a J

)

1 eCj>CTWi)f(lH.15)

and
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The two Casimir operators Qq and are given by

Q, 2 2J - K

and 0^ = J . K (III.16)

Now,

or.

Qo = J2- K2 = (2 + | £ )2 - ( A + i i )2

Q0 - (#-£) + 3/2 + ( «L' )

= - 3A 4 3/2 + f g:. 5. -
2. .2.

["7 For Majorana representations Co - ~j

For Dirac Repres., C, 3/2 ]

or, (Qo - 3A) = (T-I-ti'A) (III.17)

squaring both sides of (111.17), we solve for Qos

(% - 3A) = | - 2 Qq

or (Qo + |) ( Qq - ^) = 0

ie. 3A

Qo = ¥

(Ill.l8a)

(111.18b)

similarly
<0:.. = i-F = U+i^)

= -iV5 (^0 + 3/4-') (III.19)

In obtaining (ill. 19), we have made use of the property ~ J. A - 0.

Thus from (III.18) and (III.19) we obtain 

i) Qx « 0 , for Qo = -3/4

ii) = -i Y^-, for Qq = J (III.20)

It then follows that, since D is non-unitary, the two representations (III.20) 

characterizing Q are also non-unitary and also reducible. Since each 3' = (2 + 

value appears twice in the generalized fields, these two non-unitary representations

(III.20) exhaust the total reduction.
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Reduction of GT with respect of SU(l,l):

The SU(l,l) subgroup of Q may be taken to be generated by the elements 

K1 and Kg. They obey the commutation rules:

Os «M 1

Note that

[?a> Kal = -L K'

= 'l3-3
«a = 'till

The quadratic Casimir operator of SU(1,1) is given by.

(III.21)

4= 332-K?--K^

= (23- ^-’i) + 3/4+ (.OiSa-r,

\ (III.22)
- « -V 3/4 + eo-32:3-^A'-

„ 2. 2_
where ^ - A\ - is the quadratic Casimir operator of SU(l,l)C SL(2,C).

Thus we have,
=. (m23)- 

Squaring both sides of (III.23) and after a little algebraic manipulation, 

we obtain
„ I
(43- ’£-9/4.) = a. tS - + 3/4

or, solving for ^ , we have,

(III.24)

'/2
(111.24)

or, solving for Q,
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Using + 0 >ve obtain from Eq. (III.2U) two sets of

values for 3 , namely,

£4-1/2. , 2- Vi

^_V2) _ 1-3/2. (III.25)

Thus, we find for each value of Q, there are two values of t5> (Eq. 111.24). 

Since, the Dirac representation is non-unitary, the SU(l,1)C SL(2,C) 

multiplied by the Dirac spinor is a reducible non-unitary representation and 

precisely reduces to the above forms (Eq. III.25). This could have been formally 

checked from the fact tiiat each value of ( 3 ) =>(£+£!£') appears twice in

the generalized fields. To find the possible states, we recollect some of the 

unitary irreducible representation properties of SU(l,l). They fall into three 

classes:

Class (i) The continuous non-exceptiona 1 class;

a)

or b)

S3-0,±\,±2j ad infinitum

J_ <o°; ^3= *2* ±\>
4-

Class (ii) Continuous exceptional class;

0 4-^4-^ 

Class(iii) Discrete class;

2, = O j ± l . ±1j

x3^. b. fe4-\> *'' 

2, -=-te,

(oo
. . . .J -<=50 l?*”

We will see in next section that for the (mass) to be - ve (space-like solution).

the only values of 3 admitted are given by combining )irac representation with

the class (i) representation
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Some properties of the continuous non-exceptional non-unitary representations

of SU(1,1) C Gj ;

We know that each U.I.R. of SL(2,C) characterised hy ( ^ f ) contains 

each U.I.R. of SU(l,l) of the continuous non-exceptional class twice. Corresponding 

ly, the representation space 0£SL(2,C) decomposes into 5f+w(SU(l,l))(SU(l,l)\
‘“’Wl

Thus, on restricting SL(2,C)<^)D to SU(l,l), we obtain two sets of reducible 

representations defined by (ill.25) and each reducible set further contains 

two irreducible parts. We have to note here that the representations character­

ised by 3°* and in (ill.25) are equivalent.

Thus we have obtained all the possible irreducible representations when 

we restrict the group SL(2,C) (X)D with respect to its sub-group SU(l,l).

IV. Classification of the Plane-Wave Solutions and the Mass-Spectra:

Let us consider the field-equation (II.4);

[i, r~ ™0 - r'*" 1 = 0

(II.4)

In the momentum representation,

we can re-write Eq.(ll.4) as

tV ^ - -k »- V 1 tw = 0 (iv i)

2. 2.
Depending upon ^ time-like, space-like or light-like (vC.' >

£^•^<0 > qt |P^- ^ ^ » we will have in general three classes of

solutions for the equation (IV.1). We will discuss these solutions and their
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Class I time-like case (slover-than-light particles):

Let us rewrite the equation (IV.1) as

(E _ ^.Jp - = °

°r H= E•= (^'^+'^M) ^

(IV.2)

where H is the Hamiltonian of the system. In general, the spinors ‘ij/'O^can
2.

be labelled by the eigenvalues of ^ ^ > 2. and 5.3 or alternatively by

3 > A 2.^> > where p * 3 , A » 5. are the eigenvalues of |8 , the total 

spin 3a-i (^ + '$2 and ^respectively.

ie., ~

Thus, solving for the eigenvalues of H in Eq. (IV.2), we obtain the masses 

In the rest system.

am =

— ftwo + wi a L 51' ^
I r (iv. 3)

Note that for Cff^ to be self-adjoint, we choose p > p <i > (3 Hermitian 

and for the Majorana representations, 2 , and A are also Hermitian. Since 

p does not commute with cm , the states -A* 2.)> are not the

eigenstates of °fYl . Nonetheless, the mass-matrix can be written as (for 

detailed derivation of Qn , aiic^e appendix.A),

VaS
•7Yl0 - ei+9/a)

mi -

V
Vi

-Com, [3C3-h)1

S(IV.^)
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or, diagonalizing the above matrix, ve obtain

(IV.5)

or

(IV.6)

Thus, ve find from expression (IV.5) that there are tvo values of for

each value of J. A detailed discussion of this mass-matrix vill be presented 

at the end of this section.

Class II; space-like solutions (flaster-than-light particles)

Let us choose the frame.

Then,in the rest-system ($ = 0), ve obtain from Equ.(lV.l)

(-m - = 0

or (IV.T)

Thus, the mass-operator is given by >

where

(IV.8)

and
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The spinors ^ ( 0, <2T) are labelled by the quantum numbers X* <5T, in general, 

represent , J , and X ; where If, and 5T are the eigenvalues of

(j)2= (l:+-^Qr )2> and (X )2 = ~ Ax ) respectively. Rewriting

(IV.8) as.

Tn- -
Va l(i + r-f) - ,/J i

(IV.8-)

we obtain.

(wo
-(VA,) /^+^7

OKI -

\ oy^ [/i+5,+vr\

(for a detailed derivation of (IV.9)> TJtdLft. Appendix Diagonalizing the above 

matrix, we obtain

(IV.10)

using ^ 2 eS.+0 , we obtain

- mi (^s+^y^o-**')2'- 4.1*' + IV“' ^

(IV.11)

writing 2'~ > we find from eq. (IV.11)

i
4

2.
'VMl

1

(IV.11*)
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/V/ \

For the mass w to be purely Imaginary, we obtain the ranges of N: V ^

<0° ;

z ^

or _oo <v i - L ‘ ■

(IV.12a)

(IV.12b)

Class III (Light-like solutions)

Let us choose the frame,

l> ( o,o,(>) (iv.13)

The 'little’ group which leaves this configuration invariant is generated by 

Kg - and + Jg. These generators satisfy the commutation relations 

of E(2) algebra namely.

where

[T3>E^=it2. , C ^31 J

£ = 33; E, = + ^

(iv.14)

Gih)

Ex = \<a- 3\ = CA^+ ^a) - + ^
(IV.15)

and the invariant Casimir-operator is given by

6a a -2-

Let us consider the wave-equation,

t ^ - [^'t + +/m,Y0

(IV.16)
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Substituting (iv.13) in the above equation ve have,

|d_ d3|° ~ Oiwo Yo + Y? C ^ ~ 

Multiplying Eq. (IV.I?) from the left by (l +0^),

(IV.17)

O =- ^0 (_\+ 0+ ^ ^~

OTl o-

Multiplying (lV.18) by (Vo~ Y3) from the left throughout.

(IV.18)

O =. 'i-'Wvo + 2- ^

,tao + es: = 0

or - -'wmYo
(IV.19)

We can proceed exactly as in the previous cases, and obtain the mass-matrix as.

'/2.

- 0r»\o Y0 ^

u^L^er+Ol a — Ol^i C *r~ '/2J

or diagonal!sing the right-hand side, we have;

w&{z+lh) -t / (3‘+|/i')J'+ 3f^1 
-'MoY'o = 1 L

O

o 0«A|
4 V^) — v/^+

or. -'Mo - 'Vai ^.3’+^ + (^^"2) +^f4-

(IV.19)



-17-

and Wo = 3^4 '

Equations (IV.19) and (IV.20) are simultaneously true, if-f

ov\o = O > OM<i om 1 = O

Thus, there are no light-like solutions of our wave equation.

Seme further discussions on the mass-spectra: 

a) Time-like case:

From equation (IV.5)> we have;

or.

or.

- wm = (wo-wil - 4 w' rw' (-3+ ^

^+•0 - C ^*-0 - = °

O- O
Let *y_ fywj ; and x = (j + 1/2) 

Then, we have from (IV.21)

2. 12—1 T2'
^ ^ - C^VAO--^\) -

or

'xL- an
f- ^ i +1 *

Equation (IV.22) givesthe equation of a hyperbola,

(i) If m^s 0, we obtain from (IV.22)

^ maq ^ + 'MoM _-O

or fMo) =° > v. e. ^ -'vwo » or ^3 == ± 'VVA©

(IV.20)

(IV.21)

(IV.22)
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This gives the equation of a st« line \\ to the x - axis (pure Dirac case), 

ii) Rewriting the Eq. (IV.22),

we obtain for the equations of the asymptotics as.

[; «^-a 4^'= °

ie. - O

- M f'tAV X -V- 0. ^(|W\o- ^0 - ^ ^

(IV.23a)

(IV.23b)

Equations (IV.23) define the boundary of the time-like curve, 

iii) for x*->oo ,

a) y-> 0

b) y —> X

ie. One branch of the mass-curve monotomically rises to the infinity and the 

other branch goes to zero. Thus, there is no discrete lowest mass, the mass- 

spectrum has only an accumulation point, 

b) Space-like case

The interpretation of the mass-spectrum can be carried out in a complete 

analogous fashion to that of our previous case by studying the variation of 
( )2 vs. V 2. We take ( 'Vhj )2 along the negative ordinate and V 2 along

the negative abscissa. We will Just discuss in this section some of the

distinct features
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(i) = 0; Then from Eq. (IV.11) we get,

/ ^ / \2 2 (m^.) « - (ia~) = mo

+or m_ = - m
7 o

This corresponds to the familiar Dirac case, the particle having constant mass 

- mo are interpreted as the rest masses of the particle and anti-particle 

respectively).

(ii) /Wo = 0; This leads to the mass-spectrum arising purely from 

the symmetry breaking term 2. ^ namely.

or. 2. ,1. *2- 2. V - 3/4.^ ±. a'wu
(IV.24)

Equation (IV.24) admits selections of the wave-equation only in the range

3 4 V2- <c»i- (IV.25)

ie, */Tl 2. V < 00 (IV.26a)

— ftO < ^
(IV. 26b)

(iii) m0 = 0; = 0;

This case does not admit any solution of the wave equation (vide the light­

like solution).

(iv) Finally, the mass spectrum (IV.11) is degenerate in V . This is

evident from the fact that we get the same mass-spectrum for each of the ranges 

(IV.12a) and (lV.12b).
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IV. Construction of the 'basis vectors, the normalization and the completeness

of the Solutions of the field-equation;

Construction of the basis vectors: 

a) Time-like case;

We have noted earlier that in the representation space Xsl_C2.>cJ ®

the fields transform as double-indexed infinite-component column vectors; i.e., 

we label each field component by the total spin J, the spin-production and 2..

Then in an arbitrary frame, the spinor-wave functions are given by,

^ C £ > ^ ^,x) = 'Xd O' £) ®

r (v.1)

Where, C( , 2 ; o-# | J* J^) is "t116 usual Wigner,coefficient and <r, )p)

and^C IP , X > represent respectively the Dirac-spinor and the Majorana

spinor wave-functions. (O') l9)and 'l]r U?'are obtained from their rest- 

states by applying the Lorentz-boosters;

ie> If (b ^ ,3.3 >0 = e~ ^ ^re7,33,x)

"* ^ C 3 j 3^ j 2.)

“ J C ^ (T' 231 3 3a)

where

r cf/o - 't r C ^ • A -1

^ ^ i/tj)
(V.2)

e,=
‘/2

and (V.3)
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We have to note further here that for each value of J , there are two values 

of the masses; so we will introducpe an additional index £ to distinguish the 

two branches of the mass-spectrum.

We have,

XDC<r) = (cosk $/a- o(_s.ut/i) XjjCo*)

Again,

E3+ 'w j ~\
- 2Wj 1

'/2
^•1 - J

2-'

(V.4)

2,23)

(V.5)

Becuase of the vmitarity of V, the spinors (V.5) are orthonormalized for all Jp

le, S^' S*3*a (V.6)

Without any loss of generality, we can choose the frame l9 = ea I9 . Then
/VW

(V.5) assumes a very familiar form:

v(M X^o (V.7)

where.

Vss, (?) - \Y } («a. t) 2.-S.'

and

F (_ 2.3^ 2 -Sg ^

- r ^2-xs+0 P CX + Xa) 
(V.8)



22-

For ^ > I > replace

To obtain the expression for the arbitrary Lorentz-transformation, we can make 

a spatial rotation on the state-yectors and compute the corresponding matrix 

elements V (Bp)*

Thus, we obtain from Eqs. (V.2), (V.4), (V«7) and (V.8);

Z C J ^ 2='3'

r e7+wj -
[_ 3-+ faxf] i/2

(v.9)
where, £ = - denotes the upper or lower branch of the mass-spectrum (for 2. < s/ 

, replace and X ^ .

In terms of the Jacobi-polynomials the expression (V.9) can be re-written as.

%{*>*> x3'*) =2 C *,xi\ 3-, 73) x
2'S'

c^slp^ ’Xc-^O)

~{j~ 1^)- ‘I ^

- + ^S,''

(eosk
(v.10)



where
iy\ o - i {'("'■•) c:f,)

s=o

or.
*, ( t>, j. J3.S-) = 2 C C-k '£'; a-'^ ^

^ _ / /2.f ,2.3

— otgl®) ^X<j-CO)

t ^ + ^3) "3 ^

(s-|s3l)! Cs' + ISjO1-

QE+|a,\)! C.a'-l^O'.

£>s

f/2.

(a ^3')"^'’' C"^

(^e3

2f^))

^-is..! C Wf,)

(v.11)

b) Space-like case

We label the spinor wave functions by J, J^, and 5. . Then in an 

arbitrary frame, we have;

«|r O.l.Ts.S) = ^ (.S.o-, £) ®^U,2's3't)

= 2 VCbO » ^2),£'SS)
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As usual, we will assume - 1° <2a 

Then,
f U.z.-SvZ) = e * 5Cr(0'£)®

. ^ \ r t ^-s/o.
2 c Ci'21 ; ^ X3) L e Xg-OOJ

^ 3 a^t ^s. / ^-3^ )^j

(v.13)

where = arc tanh ( 'p ) t and (fcSr) = jP — (V.14)

Q.
tvw - aw

.2. , a

Va"^} - V <©o
(v.15)

we have further.
,i? Co) = (cosk |-o(9 St*L\) X*lD)

^+*\3r) •+“ ^ 63 xA0)
t.SL'WsS ^Ip + ^3 )1 ]l2.

and
t ? A3

e ^ {%, -Za) - Vs,i-cO s•S-s^

(V.l6)

(V.17)

where V£ s< (?)sl S.’ v'‘/ are those given by Bargmann. Explicitly, they can be 

written as, (V.8) C We have to just replace if, x ' in (v.8)^.

Thus, we obtain the expression for spinor wave functions as.
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- 2 C ( i \ ? >33)

x'/’S-a

!/2
(V+^) + ^ ^

[a.^? e'e+^sli

(;-'s30!

x«-Co)

■a/- 1, v-alSi)-' _ \
(^- ) C:^ T )

7 \ ^l'-sT _v a \ 3.s\ +\
V]p ^ WS")

cs'-s ^l^l) ,

p ~ , . ( ^f)
1 -S-- l*a.»l p

(v.iB)

As xisual £ = _ denoting the two branches of the mass-spectrum for each value 

of (® + 1/2) or t) .

To summarize our results of this section, we explicitly constructed spinor 

wave-functions for the time-like and space-like solutions of our wave-equation. 

The spinors are orthonormalized as.

(V.19)

SisJ' s33.

■ *<! v)) = (||) ^3- *«'

(V.20)

^ Note that these spinors have been normalized in the continuum ^ i 

“* ° (v-21)
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We have to note farther that each of the orthonormal conditions are separately

satisfied by the and - 'vFe.energy spinor wave-functions. As usual £

takes values £ = - denoting the upper and lover branch of the mass-spectra.

Then, the completeness relation for any eigen-vector in the reducible

representation space of SL(2,C)(5pD [^X3, 2 may be written as,
04 ©

ttH = 2 {% if), 4 ^ ^ ^

*+ c Oo
+ \ dZ

t CO
(V.22)

where ok represents the total spin and takes the discrete values and o(. 

represents the continuous spin of the system.

VI. Quantization of the infinite-component generalized-fields;

As shown in Section II, the generalized-field equation.

OPAq + CWV\

follows from the Lagrangian density

off , 4 cx) (-C ^ H) * C*)

with
+

C^)

(vi.l)

(VI.2)

The equation conjugate to (V.l) is given by

[i iji V + ^ °
Thus, we define a conserved density

^t*)=
The momentum conjugate to is given by.

(VI.3) 

(VI-10



V

(VI.5)TT-r- -
a^C

Then,the Hamiltonian density Ji is obtained from (VI.1) and (VI.3) as.

H = tv 'ty; - <£-

= «£t*) i’Z*

(vi.6)

We can obtain the expressions for the energy-momentum four-vector, the generalized 

angular momentum tensor in the standard manner from the conservation principle, 

namely;

p = ; fdi3* $ r0 c-i •.
J (VI.7)

H - : ( H cx) ^ x = £ (-( * •H. + M) t \

(VI.8)

3^ = *. [t** 4+C^+i :

(vi.9)

For the space-components of in particular we have;

2= : otsx*+t-txv+?+i?ll:

(VI.10)

The double dots on both sides of the above expressions denote as usual that 

the normal ordered products are obtained by moving all destruction operators 

to the right. From (V.1*-) we obtain an additional conserved quantity the charge ^
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(VI.11)

To establish the second quantized theory for the generalized fields, we make 

use of the relations obtained in Section V. We define the general solution 

of Eq. (VI.1) as.

= X
^3

d3 b
%

'M,

+ e*f C15--

+- X \M d3l>
^5Sb

(V.12)

+•

Similarly, the adjoint field ^ (x) is given by.

% Cx) = 2
3r,To

Ott)'

\

3/2 \ E3 /

Vq. r
(.tx- -^1v

^4 t]e.'T'^e) ^

+ exf l-; tts." x

^ ^ ,j,3v£) +
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with

and

or

^ {* Ct6S.- /jE^vw

4- exf) i-i CJS> ^' ^

(vi.13)

e3 - = (ta+^j)/a

(esf - (jtl+-4)

We then postulate the canonical anticommutation relations between b^ , b^ , 

and d^ as

= a"31£.-£') s«.' SS3'

f dCk.>d (. £.'> T ' 33'2 = &3Cju-£') ^33' ^Ta33

a.'J.la.eJ > ^ tt''^'.l3.£')]+ = S3tHL') Sil' Stv-'',-)

[d et-'>TJ.£)» d+a'^'j3'£')]+-^<-t-t') Si*

(vi. i*0



and all other commutators vanish. From the relations (VI.l4) and the completeness 

relation (V.22), we obtain the local commutation relations for the generalized 

fields as:
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(vi.15)

As observed by some authors, since the ’spectral conditions’ are no more true 

for generalized infinite-component fields, we have constructed a local field 

^T(x)> which annihilates the vacuum.' We have to note further that contrary 

to earlier observations, our fields constructed in the above fashion are local. 

This is born out of the fact that our mass spectra is no more bounded from 

below. We just have an accumulation point at the minima.

Another interesting feature is the expression for the charge ^. We can 

after a little manipulation derive the charge-operator as.

4 = [ d? x ^

+ dL\Ml73,e)<*LW^3,er\;

Better still 

Define

, we can express iQ_ in terms of particle number-operators 

N4. (^V t I ^3 > £.) = £.) >6- (L IP' ^ ^3'

N (VI.17)
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where ' oL' denotes either J or y. Then

<0= X. [_ ^ *4.

■+Z ^ ^d3|>[N4l'P^'^0- N-^,a;j:r3;£J3 (VI.18)

N^. and are respectively interpreted as number operators for -t- 'U'€ energy

particles and antiparticles respectively. Note further that in the case = 0, 

the fields only contain the time-like parts and correspondingly the charge 41 

has the first terms in the r.h.s. of Eq. (VI.18).

We would like ^o bring out some salient features of our fields. In the 

general solution of (VI.l), the fields ^ (x) contain both the + and - ore 

frequency solutions which in turn are associated with annihilation and creation 

operators for particles and antiparticles respectively. We have explicitly 

displayed the +ve frequency solutions in Section V. To obtain the -ve frequency 

solutions, we just have to replace ^(x) by Yg (x). Thus the fields ^(x) 

explicitly contain‘ilf (x) and Yg'vjf (x) parts. This is very similar to the 

familiar pure Dirac fields. In either case we note, the S-principle is 

automatically satisfied10^. Contrary to the pure Dirac fields or the generalized 

Dirac fields of our present discussion, the Majorana fields (x) contain only 

the annihilation operators. Hence, it necessitates the introduction of the 

conjugate fields with the creation operators. However, the quantized fields 

so constructed do not possess any symmetry between the +ve and -ve frequency 

solutions. To redress this difficulty, one rather demands that (i) (x)

and (x) to be treated on the same footing; (ii) the action is invariant

under the interchange of^(x) and V (x) , where V = e.X|p

By constructing the fields in the above manner, one then resotres the usual 

spin-statistics relation (for a detailed discussion vide references(1) and (10)).
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We make no secret of the fact that we have been able to formulate the 

second quantized theory of the infinite- component fenni fields in accordance 

with the substitution principle and satisfying the usual spin-statistics 
relations. The pathologies diagonised by earlier work^, have been redressed 

in our present discussion. We note further that an identical procedure can 

be carried out for the quantization of the infinite-component Bose -fields.

VII. CONCmSIOKS:

To conclude our discussions, we constructed quantum theory of the infinite- 

component generalized fields satisfying local commutativity. Since the fields 

explicitly contain particle and anti-particle solutions, the conventional TCP 

invariance is also preserved! Like other infinite-component field theories, 

our field equation possesses time-like and space-like solutions. The former 

gives rise to discrete spin-spectra and the latter to continuous-spin spectra for 

the masses. The continuous-spin spectrum which is rather a peculiar character­

istic of infinite-component field theories satisfying linear covariant field 

equations, gives rise to an entirely new kind of radiation involving 'space- 

like-particles.1*10) The special features of this phenomena has been 

professed by Sudarshan and the possible implications have been also discussed 

from the point of view of finite-component field theories.10)

Another feature of the mass-spectrum is that, for each value of the 

'spin', there are two values for the masses. One is an ascending-branch and 

the other asymptotically goes to zero. In fact, the former one is rather 

well-coming for the hadron-spectra. To be more optimistic, the two branches 

of the discrete spectra can be interpreted as the mass-spectrum of the 'electron' 

and the 'muon' by cleverly adjusting the parameters mQ and m^.
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Finally, ve believe that such a formulation of the field equation has 

some added advantage over the pure Majorana vave-equation. Some more interesting 

cases of field equations and a systematic study of their solutions and quantization 

schemes will be reported elsewhere.
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a) Time-like Case

Ve wish to derive the expression for the mass-matrix

/ 1v\0- '*M + C 3Cj+f)]

\ C<!nu t 3 0.^01
— <>a0 _ wi CJ-Vz)

Let us consider the mass operator

(IV.4)

cm,- VAo'fo + ^0 C ^T’ -
(IV.3)

We have seen that the basis vectors can be labelled by the eigenvalues of

'tfo > 0^ > jP~ and or alternatively by | p , J, , where ^ , J,

2 2 1X, are the eigenvalues of 7^ > the total spin J = (^+07/2) and 

respectively. We note further that, since Yq does not commute with <971, these 

do not furnish the eigenstates of mass. To write down the mass-matrix, ve 

find that since for a unitary representation A_ behaves like a vector under 2. , 

r. a term in the mass-matrix will contribute to the off-diagonal matrix 

elements whereas cr.2 will contribute for the diagonal ones.

We have, J = Z + <T_/2

squaring both sides, ve get

J2 - J(J + 1) = X2 + 3/k + o;. Z

or o\ 2 J(J + 1) -X(s+ 1)' _ 3/4 (A.l)

For 1 = J + | , 0^ , 2-

= J - 1/2, <r, 2

- (J + 3/2) 

J - 1/2
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Now,

^ ^ ^ — — C 2^' ^) C—/^)

A - cr, S.

= _ a'2-- C ? - 3/4)

Thus,

°st^-

- t£~^ - 5z+^/4 = - 3;^ _ _ s-ct+i)

(A.2)

oivk?- -Cdft, jc^+OI '/2

C ^ ^-:5+0^3 ^

b) Space-like Case

In this case, the basic vectors are labelled by Vy J, X, 2 , where,

Y y J> X* 2 are the eigenvalues of Yy £ = (%+ ff"/2)2, = (2.^ +

and '&*> (1 ^ - .A ^ ~ ^ = ? respectively.

Defining = ^3 + ^l2-*

K1 = A x + t^/2

^2 ^ 2 + ^’2Z2

We find the expression for the second order Casimir operator

2 2 2 Q = J3 > - Kg

» (2.3 + |cr3)2 - + "t-j/s)2 - (a2 + t:2/2)2

= (l32 -A^ -A/) +^-? + 3A

= + 3A + 27 1 ^ (A.3)
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where J - ^ ^ C ^3 ^

a \ - rAo,^, < ^2.)
3T = (^-su,. Au A2) ; A. - V i

Note uder x and cr > A. and ^ transform respectively like vectors. Further, 

we have,
Av-^AO -

= (o:.
as it should.

From (A.3)> we have

Qa-^>-3/4) = sr-S:

squaring both sides of (A.^) and after simplification, we obtain,

(Q - ^ - 3A)2 - 2^ - Q + 3A

or, solving for

q = ^

Further, from (A.3) we have,

iT* 1: ■ Q - ‘S - 3A

= (« + i) t (*♦ J) !4.

Substituting for Q, we obtain.
/a.

or ( i + QM )

i(«+J)

i C* ♦ J A

again,

C'S. ‘ 6 =

(.-«/+-'»>) - 3/4-)

or

QV Cc^-34

C
~ ^ \ ^ Aw V

- ^-a'2-

(A.4)

(A.5)

(A.6)

= (±£-- A^-At J - C 2

(A.7)
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(_^+ S-S) Cri -

_ -L + 'Q.
~ 4-
- OM+i' ^ 2-) (A.8)

1 '—
Note further that ( ^ + 5T- ) contributes to the diagonal elements of the

mass-matrix, where as, ( - ^ + '£ ) to the off-diagonal ones. Thus the

matrix <%yi can be written as.

Ovt

v +L' (js-v

■v”k)

dfWAi S+? --1

— c Qv^o-'Vvav ] 4 V /Vv\(


