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REVISED FORMULATION OF THE MACROSCOPIC MAXWELL THEORY.
Il. PROPAGATION OF AN ELECTROMAGNETIC DISTURBANCE
IN DISPERSIVE MEDIA

Jacob Neufeld

ABSTRACT

The theory of energy propagation in dispersive media formulated by Brillouin is
generalized and extended by taking into account energy attenuation or energy growth during
the transmission process. Because of the exponential decay due to attenuation, the con-
cept of propagation velocity of an electromagnetic disturbance can now be shown to have
a physical meaning, even if there is absorption, and in such case the velocity of the dis-
turbance is represented by the velocity of the point at which it attains its maximum
intensity. Expressions are obtained for the energy density and the energy flow in an ab-
sorbing medium, and it is shown that the propagation velocity (a kinematic concept) is
equal to the velocity of the energy transport. Such an equality is considered to be of
fundamental interest, since it supports the validity of the kinematic approach from the
energetic point of view. Other aspects of energy transmission are discussed and
analyzed, with particular references to nonconvective and convective disturbances in

absorbing and emitting media.

I. INTRODUCTION

By reducing the problem of an electrical-field theory to the corresponding problem in gen-
eralized dynamics, we reformulated in Part 11 the expression for energy stored by an electro-
magnetic field in a dispersive medium and gave a systematic outline of a theory in which the
energy density Ue was shown to be dependent only on the electrical intensity E and not on the

parameter y, which defines dissipation.

We also revised the traditional interpretation of the dielectric constant and of conductivity

and replaced the current version of the dispersion equation,

€s =



for a nonabsorbing molecular medium, and the corresponding version,
Fs ™ s>ws) — 4T™M°g = 0 ° O2)

for an absorbing medium by two characteristic equations which were expressed as

F = F(kco) = (c2k2/co) —a> e =0 , (1-3)
dF dF

(0— + B — + Airier=0 . (1-4)
dk dco

We will now center our attention on the practical applications of the characteristic equations
and will analyze the propagation of electromagnetic disturbances in dispersive media by taking
into account energy decay or energy growth during the transmission process.

It is customary to express an electromagnetic disturbance in a nonabsorbing medium in the
form of a group of elementary waves which are essentially mathematical functions and do not
represent observable physical quantities. There is a curious situation concerning the relation-
ship between a disturbance and an elementary wave in nonabsorbing and in absorbing media.

If the medium is nonabsorbing, a clear distinction is made between a disturbance and an
elementary wave. In such case an elementary wave is a homogeneous plane wave exp i(ksx —
[>st), where k&~ and cos are real quantities related to each other by (1-1). Then the disturbance
is thought of as a superposition of such waves. If, however, there is absorption, the distinction
between a disturbance and an elementary wave mysteriously disappears. In other words, a dis-
turbance becomes an elementary wave. It assumes a form of a nonhomogeneous plane wave exp
r(k x —c O in which either ft is real and & is complex, or vice versa, and ft, and &> are
related to each other by (1-2).

A nonhomogeneous plane wave, whether characterized by real fts and complex co , or vice
versa, is not considered to be an appropriate vehicle for transmitting energy through space. 1
propose, therefore, to revise the current formulation and to consider a disturbance as a super-
position of harmonic waves which are homogeneous when the medium is nonabsorbing, but be-
come nonhomogeneous if absorption occurs. In this interpretation a disturbance is a wave
packet both in absorbing and nonabsorbing media and never a single elementary wave. There-
fore, the attenuation of the disturbance is expressed by the relaxation length characterizing a
wave packet rather than by the extinction index characterizing a single nonhomogeneous plane
wave.

The revised formulation is shown to provide precise answers to problems which have not
been solved within the framework of the current macroscopic theory. By means of the procedures
developed in Part I, expressions are obtained for the energy density, energy flow, velocity of
energy transport, and propagation velocity in absorbing and emitting media. Because of the ex-
ponential decay of an electromagnetic disturbance, kinematic velocity can now be shown to have
a physical meaning, even if there is absorption. It can also be shown to be the same as the

velocity of energy transport.



II. KINEMATIC BEHAVIOR OF AN ELECTROMAGNETIC
DISTURBANCE IN A DISPERSIVE MEDIUM

Velocity of a Disturbance

The concept of the ““velocity of propagation’ has a clear physical meaning provided there
is no distortion in the shape of the disturbance. A distortionless disturbance can only occur if
the medium is nonabsorbing; therefore, it is not entirely clear what is meant by the ““velocity”
if there is absorption.

In order to extend the meaning of propagation velocity to absorbing media, it will now be
assumed that the disturbance can be localized at its point of maximum intensity, and the velocity
of this point will be considered to be the velocity of the disturbance. Since absorption acts as
a perturbation, the propagation velocity in a nonabsorbing medium will be referred to as the
““unperturbed” velocity v°, whereas the velocity in an absorbing medium will be referred to as
the “‘perturbed” velocity v The unperturbed velocity is known to be constant, and we will
now determine the necessary requirements for a perturbed velocity to be a constant quantity.

Suppose that S°(x, t) is the intensity of the disturbance as it proceeds along the x axis in a
nonabsorbing medium, and let 4(x = x4) and B(x = xs) be any two points situated in the path of
the disturbance. If there is no distortion the intensity measured at A at a time 74 is equal to

the intensity measured at B at an appropriate subsequent time 7zg. Consequently,
S0(x") = S°(xB,tB), 2-1)
provided
(x, xj/v" 2-2)

where v&? is a constant. Then the disturbance observed at 4 and B varies with time in the same
manner, provided the reference time for measuring the intensity at B is shifted with respect to
the one at 4 by an amount proportional to the distance from 4 to B. We can, therefore, associate
with the measurements at 4 and B a point P(x ,#p) which is fixed with respect to the dis-
turbance and is moving therewith so that if xp = x4 at #p = t4, then xp = xB at the subsequent

time #p = ¢B. It is clear from (2-2) that xp and #p satisfy the equality
xp — VY Ip (2-3)

The quantity if;p remains constant at all times, that is, for all values of #zp, and it serves to

identify the point P. Differentiating both sides of (2-3) with respect to #p, one obtains
vp = dxp/ditp = v° , (2-4)

which defines the velocity of P.

One can apply similar arguments to any other point fixed with respect to the disturbance and

moving therewith. If R(xR,7R) is such a point, then



XR  Vg® ~ 'tR (2-5)
where if/R serves to identify the point R. Differentiating (2-5) with respect to R, one obtains
VR = dxR/dtR = Vg ' O06)

which is the velocity of R and is the same as the velocity of P. Since all the points move with
the same velocity, we can look on the disturbance as moving as a whole with the velocity v°.
Clearly, it is not necessary to identify the disturbance with any particular point, and instead of

S°(x,f), one can write S°(i/0, where
i//=x— v°r . 2-7)

Suppose now that there is absorption, and let S(x, f) represent the intensity of the disturbance
as it progresses along the x axis. Because of distortion, one cannot infer that all the points
in the disturbance move with the same velocity, and, therefore, the disturbance cannot be ex-
pressed in the form S (x, f) = S(t/0, where <r is defined as in (2-7).

Assume that the time of arrival of the disturbance S(x,#) at any point along its path is the
time at which one observes its maximum intensity. Then, if we denote the times of arrival at

A and B as and f*n), respectively, one obtains
[dS(x, 0/<5f] . =0 and[<9S(xB,0/6T] .. =0 (2-8)
Suppose that there exists an equality
A ﬁm)*f 4 xB)/v, (2-9)

where v" is an appropriate constant. We can then associate with the measurements at 4 and B
a point M(xM, M) which is fixed with respect to the disturbance and moving therewith in such a
manner that if xM = x4 at tM = #dn\ then xM = xB at a subsequent time M = 1 The point M

is the point at which the disturbance attains its maximum intensity. We have

XM vg*M (2-10)
where CM is a constant at all times, that is, for all values of tM| hence

AXM/ LM —Vg @-n>
is the velocity of the disturbance which is constant at all times. Therefore, we can state
that the equality

{dS/dt) =0 (2-12)

M
together with the equality (2-10) represent the necessary requirement for a disturbance S(x, f)
to have a constant velocity v*. Both the localization of the disturbance at its point of maxi-
mum intensity and the velocity concept are physically meaningful, since, operationally, the time

tM is well defined and can be observed experimentally for any M.



Unperturbed and Perturbed Wave Packet

If the medium is nonabsorbing the disturbance can be represented by a specified mixture of
homogeneous plane waves of different frequencies centered around a frequency col (wave packet).

The electrical intensity will then be expressed as

I /N /%00 . .
E0=-— 1 dk cfo E°  ei(kx—0>) S[/: — /r(cu)] (2-13)

21T J J K

00 00

where k& and o> are related to each other by (1-3), and, consequently,

k(co) = wel /2/c . (2-14)
Both ¢ and k£ are real quantities, and, therefore,

e>0 , (2-15)

which means that the waves are non-evanescent. It is also assumed that the phase velocity is
a slowly varying function of frequency. Neglecting the derivatives of k = k(co) of an order

higher than 1, one can express k as
k=K)+ (co —co0) (dk/dco)™° (2-16)

where k() = k(co0).

Using (2-16) one can transform (2-13) into an expression such as
E° = 0.5 [8°(") el (kx—c0) | (2-17)

which represents a modulated carrier wave (c.c. denotes a complex conjugate). The modulating

function is C°(i/j), where
ils = x — vt , (2-18)

and it moves along the x axis with velocity

dco dF/dk
dk dF/dco

(2-19)

known as the group velocity. [To simplify notation we have replaced in (2-17) exp i(k0x — co00
by exp i(kx — cut)-]

It should be made clear that the expressions such as (2-17) and (2-19), which are well known,
are applicable to nonabsorbing media. Our discussion which follows deals with the formulation
of the corresponding expressions for absorbing (and emitting) media.

We will now return to the perturbation analysis oudined in Part I and apply the operator ]12'
defined by (1-5-31) to each harmonic wave in the integrand of (2-13). A wave which was

previously homogeneous and was expressed by exp i(kx — cot) has become nonhomogeneous and

is now expressed as exp (ax — /3i) exp i(kx — cot) . The total effect of absorption on a wave



packet can now be obtained by summing the nonhomogeneous plane waves in the same manner
as the homogeneous waves were summed in (2-13). We arrive then at an expression for the

wave packet which has the form

-i 00 00

E = J dk 7 dco 8/k — k(co)] . . (2-20)

Since a and /3 do not vary appreciably with co, one obtains

E = eax““/3fE° , 2-21)

and, therefore,

E = 0.5 [eax-/3< +c.c.] , (2-22)
or

E = 0.5 [8¢/(fcx—af) + c.c.] , (2-23)
where

g=cax-"£°0/0 (2-24)

It can be easily seen that the structures of the perturbed and the unperturbed wave packet
are basically similar. In both cases the carrier wave is the same, but the difference is in
modulating functions, and these are expressed as exp (ax — /3H)£°(>A) and C °(p) respectively.

The formulation of the magnetic induction is similar to the one of the electric intensity.

If the wave packet is unperturbed, one has

B° = 0.5 [8°0/0 e ‘dex—a*) + cCJ | (2_25)
whereas in the case of a perturbed packet the relevant expression is

B= 0.5 [130) ci(/cx-"O+c.c.] ., (2-26)
where

13 = eax~" 13- . (2-27)

It will now be shown that the perturbed disturbance (2-22) moves with a constant velocity
Vg which is the same as the velocity v°® of the unperturbed disturbance (2-17).

Differentiating (2-24) with respect to time we obtain
as/dt = — eax~fit [08° + v*(d8°/(90)] . (2-28)

Consequently, the disturbance attains its maximum intensity at such points x and at such times

t which satisfy the equality

/38° + v° d8%/di/c =0 . (2-29)



However, it should be noted that x and ¢ do not appear explicitly in (2-29). The independent
variable is ifj, and both x and f are contained in iff by means of the relationship !> = x —
The root of the equality (2-29) is ipM, which defines the point M, and, therefore, both xM and

f are related to each other by

. (2-30)
Differentiating both sides of (2-30) with respect to xM, we obtain
dxM/deM = Vg (2-31)
and, therefore, the point M moves with velocity v°. Consequently,
0 dco dF/dk
(2-32)
~ ~ o dk dF/dco
If the medium is molecular [Eq. (1-3)], then
2C61/2
(2-33)

VsS= VO~ sy eydes

Since e and d{cof) are always positive, we have > 0, which means that in a stationary
molecular medium the group velocity has the same direction as the phase velocity (a different

result is not expected to occur).

Convective and Nonconvective Disturbance

The expression (2-32) can now be used to classify disturbances into convective and non-

convective. A disturbance is considered to be convective when v* /0, and this occurs when
dF/dk /0 and dF/doo /0 . (2-34)

On the other hand, a disturbance is considered to be nonconvective when = 0, and this can

happen when
dF/dk =0 and dF/dco /0 . (2-35)

If the medium is molecular, a convective disturbance can be shown to occur at any frequency
for which e is positive and finite, whereas a nonconvective disturbance occurs at two limiting
frequencies which correspond to e = 0 (cutoff frequency) and to e = o0 (resonance frequency).
These two frequencies represent special cases for which either the electric or the magnetic

field is nonexistent. This can be verified by expressing (1-5-15) in the form

c(k x Ek) J = wBK(]) (2-36)



from which we obtain

ck
Big — X i, (2-37)

where £ is a unit vector.

Combining (2-37) with (1-3), one obtains

Bkj&)= EkjJ. (2-38)
It can be easily seen that at the cutoff frequency (e = 0), one has Bk w= 0 and Ek 0; whereas
at resonance frequency (e = oo), one has Bk 0 and Ek &)= 0. The mechanism of transmission

can only be effective when E ”~ 0 and B ~ 0, and it is, therefore, obvious that when e¢ = 0 or
e = o0 the disturbance is nonconvective.

The criteria (2-34) and (2-35) can also be applied to a plasma. A plasma is, however, space
dispersive. Therefore, in deriving the characteristic equations for a plasma, one should take
into account that D as well as H depends on both E and B.? (In a molecular medium, D depends
solely on E, and H solely on B.) As soon, however, as the characteristic equations are formu-
lated, the procedure for analyzing disturbances is the same for plasmas and for molecular
media.

It will be convenient, particularly in the study of plasma, to distinguish between convective
and nonconvective disturbances which can decay or grow with time. Our classification will,

therefore, be based on both and a. Thus, when ~ 0, one has convective attenuation when

cr> 0 and convective instability when ¢ < 0. Similarly, when = 0, one has nonconvective at-

tenuation when o-> 0 and nonconvective instability when cJ< 0.

Attenuation (or Growth) of an Electromagnetic Disturbance

Let ?M be the electrical intensity at M. Consequently,

8 =6 LNy (2-39)

Since

M = OM — ' (2_4())
one can express (2-39) as

1" -
e.. N1 e-ws), (2-41)

where

A= ot (2-42)



The zero point of the iff scale can be fixed arbitrarily, and, therefore, assuming i[ijM = 0, one

obtains

gM=eAxM 8°(0) . (2-43)

It is obvious that Eq. (2-40) can only be valid if 4 0, and, therefore, the disturbance ex-
pressed by (2-43) can only be convective.
Assume now that no restrictions are imposed on the character of the disturbance, that is,
it can be convective or nonconvective. Then substituting
XM = ™M + (2-44)

in (2-39), one obtains

where
8=avg — /3, (2-46)
and since <r = 0, one has

= e”™M go(0) . (2-47)

If the disturbance is convective, both (2-43) and (2-47) describe the same physical event.
The variable xM is the length of the path followed by the point A/, and (2-43) tells how the
maximum intensity decays or grows with xM. On the other hand, M is the time at which the
disturbance attains its maximum, and consequently (2-47) indicates how the maximum intensity
decays or grows with time. On the other hand, a nonconvective disturbance can only be ex-

pressed in the form (2-47).

Relaxation Length

If A~ 0 the disturbance can only be convective, and then dF/dk /0. Then dividing both
sides of (1-4) by dF/dk, we obtain

dF/dco Aver
a+ 3 (2-48)
dF/dk dF/dk
Taking into account (2-32), the above relationship gives
/3 A
ver (2-49)
% dF/dk

and combining (2-49) with (2-42), one obtains
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477CT
Am - (2-50)
dF/dk

Assuming that the medium is molecular, one obtains

dF/dk= 2cel/2 | 2-51D)
and, therefore,

A= — 2ncr/cel” . (2-52)

The equality (2-52) applies to both absorbing {cr > 0) and emitting {cr < 0) media. If the medium

is absorbing, the attenuation can be expressed by the relaxation length
= 1/A = cel/2/277cr (2-53)

It should be noted that (2-50) to (2-53) have been derived on the assumption that /0, and,

therefore, these expressions can only be applied to disturbances which are convective.

Relaxation Time

Assume now a more general case when the disturbance can be convective or nonconvective.

Then dividing both sides of (1-4) by dF/du>, we obtain

dF/dk Arrcr
----- — t/3= (2-54)

dF/dco ' dF/dco
Taking into account (2-32), the above equality gives

477'cr
xv + /3= - (2'55)
dF/dco

and combining (2-55) with (2-46), one obtains

477cr
- (2-56)
dF/dco
Assuming that the medium is molecular, one obtains
dr d(oje)
e+ 2-57)
dco dco
and, therefore,
Aver
8 = (2-58)

e + d(co e)/dco
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The sign minus in the above expression is consistent with the meaning of §. Note that e and
d{u>e)/d(o are always positive, and, therefore, when 0'> 0 we have § <0, and the disturbance is
attenuated exponentially with time. If the medium is absorbing, the attenuation can be ex-

pressed by the relaxation time

1 e + d((ue)/dco

T (2-59)
S 8 Arrer
Both and Tg are directly observable and measurable quantities. When is known, one
can calculate conductivity from (2-53) and obtain
cr= cel/2/27TLA . (2-60)

Similarly, using (2-59) one can determine conductivity from the measurement of Tg and obtain

_ et cl{ue)/deo (2-61)

III. ENERGETIC BEHAVIOR OF AN ELECTROMAGNETIC
DISTURBANCE IN A DISPERSIVE MEDIUM

Kinematic and Energetic Velocity

The velocity of propagation of an electromagnetic disturbance is both a kinematic and an
energetic concept. Kinematically, v° or is defined as the rate of change of distance with
respect to time. Energetically, the velocity can be defined by the ratio of the mean energy flow
to the mean energy density. The energetic velocity, known as the velocity of energy transport, }

is

ve =S /U (3-D
if there is no absorption, and

vu = S/tf (3-2)

if there is absorption.
The kinematic and energetic velocities, although differently defined, must obviously be

numerically equal. Brillouin4 has shown that there is an equality

V; = V% (3-3)

which relates the two velocities in a nonabsorbing medium. However, a similar equation

v.=v (3-4)
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for an absorbing medium has not been established to date. The current theory has failed in
providing valid expressions for the energy density U and energy flow S, and these are necessary
for defining in an absorbing medium. Fortunately, the revised version of the theory adapts
itself very easily to the analysis of the propagation effects from the energetic point of view.

Therefore, it proves possible to obtain expressions for the energy density U and energy flow S,

and then to determine vu and to show that vu = v*. This equality is of some fundamental im-

portance, since it supports the validity of the kinematic approach from an energetic point of

View.

Extension of the Briflouin Theory to Absorbing Medio

Energy Density. — The revised version of the theory developed in Part I is based on the

assumption that the relationship between the energy density and the field intensity is the same

for nonabsorbing and absorbing media. Consequently, if the intensity of the field is known,

the

procedure for calculating energy is the same whether or not the medium is absorbing. We are

not confronted here with a frustrating situation as in the current theory, in which the same ap-

proach when applied to a nonabsorbing and to an absorbing medium gives valid results in the

former case but invalid results in the latter case.

We should recall, however, that the disturbance has been defined differently for a nonabsorb-

ing and for an absorbing medium. In the former case we have an unperturbed wave packet:

E°=0.5 +tcel (3-5)

B° = 0.5 [80(i/f) e*(kx—wf) + cc]. (3_6)
whereas in the latter case the wave packet is perturbed and has the form

E = 0.5 (S ei’hox—~wt' + c.c.), (3-7

B = 0.5 (Bei('ex—") +  c.c.), (3-3)
where

g = eax—PI gO(O) , (3-9)

B = eax-P* B°0/0 . (3-10)
Therefore,

E=eax~@tE0 and B = eax-"B° (3-11)

The procedure currently used for nonabsorbing media is based on (3-5) and (3-6) and on the

relationships

ST _—4+—B°_.——

dt 4rr dt ' dt 417 dt

(3-12)
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and Df oj= e°E” © and it leads to the well-known expression”

aue° 1 d d(coe®)
dt \61T dt dco

g0 . go*+ go . go* (3-13)

from which one obtains

—(&'e0) go . go*+ go . go*
oo e iy — eV E0 o Ee 8 (3-14)
16171 dco

In order to calculate energy density in an absorbing medium, we use (3-7) and (3-8) and the
relationships
dUa 1 . db dUm 1 <9B

7 = . , M= Bo—— (3-15)
dt 41T dr dr 417 dt

and D. = eE, . Since e = e° the calculations of dU/dt in terms of E are the same as the

s

ones currently used to obtain dU°/dt in terms of E°. We obtain

du 1 d d(coe)
dt 16T dt dco

e e* +13. e* (3-16)

Taking into account (3-9) and (3-10) and the equality e = e°, we obtain from (3-16)

du duu
a2(a,x-/30
3-1
~di nr G-17)

and assuming that

dUu
V3U° « (3-18)

we have
U= e2(cex—pt) JN) (3-19)

We assume that the disturbance is located at M(xM,zM). Consequently, substituting in (3-19)

t= ZM and x = X, p W€ obtain

(3-20)

and, therefore,

v, (3-21)

where t/° = U°N0.
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An alternate way to calculate energy density is to express xM in terms of /M and iffM. Then

— 27t —
UM =e MVO. (3-22)

Both (3-21) and (3-22) describe what actually happens to the energy of the disturbance both
in space and in time. The variable xM gives the successive positions of M, and, therefore,
(3-21) shows how the energy decays or grows along the path of the disturbance. Similarly, ¢
are the times at which the point M reaches successive positions along its path, and, consequently,
(3-22) shows how the energy density decays or grows with time.
Energy Flow and the Velocity of the Energy Transport. — If the medium is nonabsorbing,

the energy flow is known to be
div S° = — (E°x B°) , (3-23)
4JT

and since the relationship between energy and intensity is the same for nonabsorbing and

absorbing media, we obtain in the latter case
divS=—(E x B) . (3-24)
411
Taking E and B as given by (3-11), we express (3-24) as

div S = e2(ax—/3t) div S° , (3-25)

and assuming

d o
[aS°| <« ,, (3-26)
we obtain
S = e2(ax-/3r) $ 0 (3-27)

Expressing tM as a function of xM and assuming (M = 0, we can represent the energy flow

as
2°xM QO
¢ . L (3-28)
where S° = S0. Similarly, taking xM as a function of M and assuming = 0, we obtain
2 81y,

Sar=e X (3-29)



15

By dividing (3-28) or (3-29) by (3-21) or (3-22), respectively, we can express the velocity of

energy transport as
vu=SM/VM=SyU°O. (3-30)
It is well known that
ve = S°/t/° = du/dk , (3-31)
and, therefore,
= vu = dai/dk . (3-32)

Consequently, the relationship which has been shown by Brillouin to be valid for nonabsorbing
media has now been generalized to all dispersive media, both nonabsorbing and absorbing.

Rate of Energy Transfer. — Using

0 = crf (3-33)

and substituting in (3-33) £ as defined by (3-7), we calculate the average rate of energy transfer

at the point M and obtain

eM=<?(xM>v)=e2AxM(?0

(3-34)
NAL=O™M) = e2S,MQ°0, (3-35)

where
<2°= 0.5 cr(80 + £0%) . (3-36)

The expressions (3-34) and (3-35) show how OM decay or grow with xM and M respectively.

Convective and Nonconvective Disturbances. — The above results will now be summarized.
If the disturbance is convective, the three quantities U, S.,, and O have been shown to
“move” with the velocity vu and decay or grow as exp 2Ax and exp 2Sz. When A > 0 and t> > 0,
there is an exponential growth and, consequently, a convective instability. Conversely, when
A <0 and S < 0, there is a convective attenuation. If, however, the disturbance is nonconvective,
then vu and, consequently, SM are zero. Then the only significant quantity is Uz, and its de-
cay or growth can only be expressed with reference to time as exp 28t

We have pointed out previously that if there is a nonconvective disturbance in a molecular
medium, then either E or B is zero. The mechanism of energy growth or decay is dependent on
Ohm’s law (Q = a£?2) and can, therefore, occur when E ~ 0. This can take place at resonance
and not at the cutoff frequency. Therefore, at resonance, UM increases or decreases as exp
28I, where

4770 (3-37)
d(cu £)/i<e>
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IV. REFORMULATION OF OHM’S LAW

Energetic Version of Ohm’s Law

The relationship
0= (4-1)

is expressed in terms of the electric-field intensity E, which is not an energetic concept. There-
fore, from the energetic point of view, Ohm’s law is not defined adequately. We will now re-
formulate Ohm’s law on the assumption that energy, and not the field intensity, is a fundamental
concept, and replace (4-1) by a relationship in which the field intensity E is not directly involved.

The first attempt to describe energetically Ohm’s law was made by Planck.S5 Planck pointed
out that there is an analogy between the generation of Joule’s heat and ““the transformation of
elastic energy into heat, such as occurs in a deformed incompletely elastic body when the
elastic forces of tension gradually subside.” Consequently, “‘the energy which in the time dt
and in the volume dr becomes transformed into heat is proportional to the momentary electrical
energy density df 1 dr- 87E2 1 const.” Thus, according to Planck, Ohm’s law represents a
mechanism in which the ar-nount of energy transformed in a small element of volume during an
appropriately short time interval is proportional to the amount of energy stored. He assumed,
however, that the medium is nondispersive and, therefore, that e is not dependent on frequency.
We will extend Planck’s formulation to dispersive media.

Consider the two expressions (1-5-3) and (1-5-10), which show energy conservation in a non-
absorbing and in an absorbing medium respectively. Since the electromagnetic processes are
oscillatory, it will be useful to reformulate these expressions by taking into account the mean
rather than the instantaneous energy. The conservation of energy for a nonabsorbing or for an

absorbing medium can then be expressed by

----- + div S° =0 “4-2)
dt
and as
dUu
—+divS+ <=0 (4-3)
dt
respectively.

Taking U = exp 2(ax — /3t)£/° and S = exp 2(ax - f31)S °, one obtains

dve

” div § e—2(ax—fit) _ 2(/3U - aS) + 0 =0, “4-4)

and considering (4-2), one has

203t/ — aS)=0 . (4-5)
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Since the disturbance is localized at the point M, the relationship between UM, SM, and QM

can be expressed as
2{pUM-a.SM)=0OM. (4-6)
Substituting in (4-6) VM = SM/v"™ and using the relationship A = a — /3/v”, one obtains
oM = — , “4-7
and similarly, substituting in (4-6) SM = VMVg and using the equality 8§ = - /S, one has
~ . (4-8)

The above relationships represent the energetic version of Ohm’s law. They state that the
rate of energy conversion is proportional to the energy density and to the energy flow in any
dispersive medium, whether emitting or absorbing. If the disturbance is convective, Ohm’s law
can be expressed by either (4-7) or (4-8). On the other hand, in case of a nonconvective dis-
turbance, Ohm’s law can only be expressed by (4-8). A formulation similar to (4-8) was ob-

tained in a previous investigation. 6

Differential Expression for Ohm’s Law

It may be useful to express the energetic version of Ohm’s law in a differential rather than
integral form. The differential form will show explicitly the rate of change of energy density or
energy flow and its dependence on the rate of energy conversion.

Differentiating (3-28), we have
ASM/dXM = 2ASM > (4-9)
and combining (4-9) with (4-7), we obtain
—dS /dx"™ = Q... (4-10)
Similarly, differentiating (3-22), we obtain
dUJdry = 28t , “4-11)
and combining (4-11) with (4-8), we have

— ddM/dtM = OM 1 (4_12)
Other useful relationships are as follows. Differentiating (3-34), we have

dVM/dxM = 2XOM 1 4-13)
Combining (4-13) with (4-7) , we obtain

A /dXM = - ' (4-14)
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Similarly, we can obtain a relationship

UM(dOM,/dt) =-OM. (4-15)

V. REASSESSMENT OF THE TWO VERSIONS AND COMPARISON OF RESULTS

Attenuation and Growth Parameters

The two versions of the electromagnetic theory differ from each other in the selection of
parameters which are assumed to represent energy growth or energy attenuation. In the current
version, an electromagnetic disturbance is a nonhomogeneous plane wave exp i("sx — cos?),
and the parameters which define transmission and attenuation are obtained from the dispersion
equation (1-2) by taking either cu real and + kM) complex, or k real and c0o = &ir) —

complex. The choice depends partly on expediency and partly on the formulation of the
problem. On the other hand, in the revised version the disturbance has the form of an attenuated
wave packet and is represented by a superposition of nonhomogeneous plane waves exp (ax —
/St) exp i(kx — cot), and the parameters k, co, a, and /3, which characterize the nonhomogeneous
waves, are related to each other by means of the characteristic equations (1-3) and (1-4). These
two descriptions are physically dissimilar and will now be analyzed in connection with con-

vective and nonconvective disturbances.

Convective Disturbances
Current Formulation. — Consider an electromagnetic wave expressed by

itk x—ca) 1)

°-5[(Ek,JS€ + C.CJ , (5'1)

T
1]
1

x—co t)

. i (%
0.5[(Bl>Tse  * s +ce], (5-2)

Bs

where kg and cns are related to each other by the dispersion equation (1-2). Assuming that

cos is real and that ks = k™) + ZA" is complex, Eqs. (5-1) and (5-2) represent a nonhomogeneous
plane wave which decays exponentially as exp (—ksx). It represents, therefore, a convective
disturbance. The parameters which define the transmission and the attenuation are expressed
by a complex quantity nc = cks/cos = n + ix known as the complex index of refraction. The real

component of nc has the form
n= ckgj(o = 1i0.5 es[(l + l6v2o0-"co2el) 12 + 1]1/211/2 (5-3)
and is the refraction index, whereas the imaginary component is expressed as’

K= ck™/cos = SO.5 6S[(1  167T2c2/co2e2)1/2 — 1]1/281/2 (5-4)
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and is known as the extinction index. Assuming <« a)ts, Eq. (5-4) can be expressed as
= XTers/cey? . (5-5)

Equation (5-3) represents the transmission, whereas Eqgs. (5-4) and (5-5) represent the at-
tenuation effect.
Revised Formulation. — Since the disturbance is convective, it is characterized by both

the energy density

(5-6)
and the energy flow
Gar — 62AX 60 (5-7)
The transmission is represented by the propagation velocity
dco dF/dk 2cel/2
dk dF/dco e+ d(coe)/dco -8)
and the attenuation can be expressed either by the attenuation constant,
A= — 2ner/cel/2 , (5-9)
or by the relaxation length,
= cel/2/277a. (5-10)

Comparison of the Two Formulations. — It should be recalled that es and cr, cannot be
energetically defined. Therefore, although (5-5) and (5-9) are formally similar, one cannot con-
sider (5-5) or (5-4) as physically meaningful quantities. From a physical, observational point
of view, the extinction index (5-4) is a fictitious quantity which cannot be measured. It will
now be shown that a theory based on the extinction index leads to the paradoxical conclusion
that if there is no absorption, the medium cannot transmit energy.

Consider a disturbance represented by

-Kk.x i(nk x—cct
e ¢ 0 ) +

iy
0.5 [En e 0 c.c.], (5-11)

-Kk x i(nk x—cot)
Bs = 0.5 [(n+ 2K)EQ ¢ e + c.c.], (5-12)

where k& = co/c. The average energy flow can then be expressed as

—  nc —2Kk.x
SAEO—EOG (5-13)

Therefore, it is seen that S is attenuated as exp (—2kK&O0x), and the attenuation decreases with a

When cr-*0 one has K ~,0, and in the limiting case of ¢r= 0, one obtains
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S = E* (5-14)

It would appear at first sight that (5-14) is a physically meaningful quantity which represents
the energy flow when cr= 0. It is, however, difficult to find a logical connection between (5-14)

and the expressions

i(nk —
ES 0.5 [E0 e + C.C, (5-15)
i (nk -cot)
0.5 [nE.e 0 + C.CJ (5-16)

which give the intensity of the field when cr= 0. Both (5-15) and (5-16) represent strictly mono-
chromatic waves, and obviously in such case there can be no energy transmission and no energy
flow. In order to transmit energy, there must be a notice of the beginning of the end of the
transmission event. However, this does not occur in (5-15) and (5-16). We have a wave which
is uniform in intensity and extends without limits, both in space and in time, and nowhere does
it have a beginning or an end.

Therefore, there is a prima facie contradiction. We obtain a result which supposedly
represents energy transmission for any a; however small it can be, but at the same time it pre-
cludes the possibility of the energy transmission when cr becomes vanishingly small. There-
fore, one would conclude that absorption is a necessary requirement for energy transmission.

In other words, if there is no absorption, energy cannot be transmitted through space.

The above paradox results from the assumption that a disturbance can be expressed by
exp i(ksx — 0JSO, where ks is real and >S is complex. This assumption is universally used,
and its validity has not been questioned to date. However, it is clear that a nonhomogeneous
plane wave cannot be considered to be a suitable vehicle for carrying energy. Therefore, the
concept of extinction index isphysically misleading. In order to have a physically meaningful
result it would be necessary to represent the disturbance by a group of nonhomogeneous plane
waves rather than by a single wave. This is essentially what we have done. We have obtained
an expression for a wave packet which is valid for all values of crincluding o~= 0. When cr= 0,
the intensity of the wave packet is constant, but nonetheless there is a notice of the beginning
and of the end of the transmission event, and the energy transmission does occur. We are not

confronted here with a situation in which there is energy flow when 0, but no energy flow

when cr= 0.

Nonconvective Disturbances

Consider now the alternative approach in which ks is real and o = co”™ — is complex.
In such case the disturbance is attenuated exponentially as exp [——Since there is no ex-

ponential decay with x, the disturbance can only be nonconvective.
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Substituting ¢>s = co’r) — ico™n) in (1-2) and solving for a)”, oneobtains an expression which
defines cu™) in terms of crg. When ¢ tends to zero, the quantity becomes vanishingly
small. In the limiting case, when a = 0, one has = 0, and then Egs. (5-1) and (5-2) give a
strictly monochromatic wave. There is, therefore, no energy flow. This is a plausible situation
for a disturbance which is nonconvective. Nevertheless, such a description is not physically
valid, since it involves the parameters es and o~s which cannot be energetically defined.

In the revised formulation an expression for a nonconvective disturbance is obtained by

assuming = 0. It can then be shown that it decays as exp /3t, where

47TCr
dF/dco

(5-17)

VL. CONCLUDING REMARKS

A few remarks on the following topics will conclude the paper: wvalidity of the perturbation
treatment, discrepancies between theory and experiment, and microscopic and macroscopic as-

pects of the mechanism of energy dissipation in dispersive media.

Validity of the Perturbation Treatment

We have performed the calculations on the assumption that the perturbing parameter cris
small. Obviously, there must be an answer to the question, ““Small compared with what?>> We
assume that cr should be such that the amount of energy dissipated in an absorbing medium dur-
ing a physically significant time interval is small when compared with the total energy store.

The question is, ““What is the significant time interval?”> Since the processes are oscil-
latory, the time scale for measuring energy change is that of one period of oscillation, and,
therefore, 7 = l/a> is the significant time interval. Considering that the rate of the energy at-
tenuation is (? = 0.5 £ + £*, we can express the amount of the energy dissipated during one

period as
QT N 8+ 8*. (6-1)

We know that the average amount of the energy stored is

U —tl B 8% (6-2)

Cr << CO-------- . (6-3)

The expression (6-3) represents the necessary condition for the validity of the perturbation

treatment. It is consistent with the general intent and purpose of Maxwell’s theory. Obviously,
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the primary purpose of Maxwell’s theory is to describe energy propagation, and, consequently,
the process of dissipation of energy is only incidental. The conductivity current must, there-
fore, be small when compared with the displacement current, and in such case the inequality

(6-3) must be fulfilled. If one assumes that

CI>» 0 --—---- (6-4)

then the displacement current is relatively small, and the basic features of the Maxwellian

hypothesis become of secondary importance.

Experiment and Theory

We have emphasized throughout our analysis that there is an inconsistency in the current
theory which is entirely of a theoretical and conceptual nature. It is, therefore, questionable
whether any discussion on experiments could throw light on the problem we have been trying to
clarify. It can be easily seen that if there is an agreement between the theory and the experi-
ment, no meaningful conclusion can be arrived at concerning the logical structure of the theory,
since in such case the conceptual difficulties will not be automatically resolved.

The literature on the experimental aspects of the theory is obviously immense. It has been
found, however, that in some instances the experiments do not confirm the theory. This has
been clearly shown by Landsberg8 in his discussion on the current status of the theory dealing
with the absorption of light. He pointed out that measurements do not agree precisely with re-
sults obtained by the theory. The agreement can be considered at its best as only qualitative,
and, therefore, ““‘we are compelled to recognize that these (absorption) processes exist, but we
are not able to form a comprehensive representation of these processes.”

There is extensive literature on measurements of the refraction and extinction index in
various chemical compositions. There is, however, a question as to whether the refraction
index and particularly the extinction index have any direct physical significance. These meas-
urements per se do not represent, therefore, an agreement or disagreement between the theory

and the experiment.

Microscopic and Macroscopic Aspects of Energy Dissipation

The brief discussion which follows contains additional details regarding the scope of this
investigation. Our primary objective has been to clarify the concept of energy and to reformulate
the macroscopic theory in accordance with the requirements of generalized dynamics. We con-
sidered, therefore, as sufficient and adequate the interpretation of conductivity as a parameter
which is phenomenologically defined. No attempts have been made to pass from microscopic
to macroscopic theory and to investigate the intricate interplays on the microscopic scale
which enter into the mechanism of energy loss, both by radiation emission and by collisional

effects.
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Our primary concern was the formulation of the dielectric constant, which in our interpreta-
tion is independent of the effects of absorption. Therefore, the passage from the microscopic
to the macroscopic point of view, as far as the dielectric constant is concerned, is the same
as the one outlined by Rosenfeld, 9 provided one assumes that there is no absorption, that is,
that the atomic polarizability is real. We previously pointed out that a complex polarizability
(assumed by Rosenfeld on the basis of the Lorentz theory) is not consistent with the energetic
point of view.

Incidentally, it should be noted that the current version of the theory does not provide a
satisfactory account of energy losses on a microscopic scale. The usual formulation is to ex-
press the parameter y as a sum of two terms, y = y(p) + VI'L\ where y(p) represents the radiative
and y(L) the collisional effects.l0 The inclusion of the radiative effect is not consistent with
the Kramers-Kronig causality requirements.| | Therefore, a certain arbitrary assumption has
been made that y(p) is not equal to 2e2cu2/3mc2 as it should be, but is equal to 2e2cu2/3mc,
where cul = AnNe2/tn.12 Moreover, as mentioned previously, § the estimate of y"L) does not
account quantitatively for experimental results.

Although the energy losses have not been considered from the microscopic point of view,
we have provided an outline of some ideas which may serve as a starting point for another
investigation to accomplish in this particular area what one has not been able to obtain within

the framework of the current Maxwell-Lorentz theory.
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