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REVISED FORMULATION OF THE MACROSCOPIC MAXWELL THEORY.
. FUNDAMENTALS OF THE PROPOSED FORMULATION

Jacob Neufeld

ABSTRACT

A modified version of the macroscopic Maxwell theory is developed with the purpose of re-
moving some of the current contradictions and inconsistencies. One of the crucial problems of the
current electromagnetic theory concerns the concept of energy. It appears that energy which has a
clearly defined physical significance in all fields of physics has not been properly incorporated
into the Maxwell-Lorentz theory. Therefore, the electromagnetic energy in a dissipative system as
interpreted in the current version of the theory is not ““energy" in the same sense as one usually
interprets this concept in classical mechanics. The main object of this investigation is, therefore,
to clarify the meaning of energy and to suggest a revised version in which the concept of energy is
incorporated in accordance with the logical requirements of the theory. The proposed version is
based on an assumption that the ““electrical energy'" both in nondissipative and dissipative media
has a meaning only to the extent to which the electrical-field theory can be developed as a theory
of a dynamical system. This assumption leads to a formulation of a principle which states that
the energy density U” °f an electrical field in an absorbing medium is determined solely by the
electrical intensity E and is, therefore, independent of any parameter which represents absorption.
The proposed version differs from the traditional theory in the interpretation of the dielectric con-
stant and of conductivity. The dielectric constant is considered to be independent of conductivity
in the sense that a change in conductivity does not produce a corresponding alteration of the di-
electric constant. Part | of this investigation deals with the fundamentals of the proposed reformu-
lated version. These fundamentals are then applied in Part II to the extension of Brillouin's theory

of wave propagation and group velocity to absorbing media.

I. INTRODUCTION
Substance and Scope of the Investigation

There are inconsistencies and contradictions in the macroscopic Maxwell theory. The
achievements of the electromagnetic theory during the last several decades were nothing short of
marvelous, but in spite of the spectacular accomplishments, one is still confronted with several
fundamental problems which have neither been solved nor clarified. Difficulties are still en-
countered in the analysis of the energetic aspects of the theory, and several basic questions con-

cerning the mechanism of propagation of electromagnetic energy from one region of space to



another cannot be explained in the context of the present theory. Although the literature is im-
mense and the level of sophistication is very high, several simple and ordinary questions such as
““What is the energy of an electromagnetic disturbance in a dissipative medium?’> and ““What is
the velocity of the disturbance?” have not been answered to date. The failure to clarify the most
fundamental aspects of the theory is embarrassing. One is tempted to conjecture that the assump-
tions on which the current formulation is based are not entirely adequate and that perhaps there
is a need for a critical evaluation of the entire theoretical structure.

Maxwell’s theory is a phenomenological theory in the sense that it describes the electric and
magnetic properties of matter by means of certain macroscopic parameters without seeking to
make any further analysis of the origin of these quantities. The first insight into the microscopic
structure of matter was made by Lorentz.I The intention of Lorentz was to account for the entire
electromagnetic theory on the basis of microscopic structure of individual molecules and atoms.
According to Lorentz, every atom or molecule contains a certain number of electrons more or less
tightly bound to the necessary positive charge to make it neutral. When a monochromatic light
wave impinges upon such an assembly of molecules, its main effect is to induce the electrons
into an oscillatory motion at the same frequency as that of the incident wave. All these oscil-
lating electrons emit, in turn, secondary waves which interfere with each other and with the in-
cident wave and eventually give rise to the propagation through the medium of a single resultant
wave of the same frequency but of a modified phase velocity. The variation of the phase velocity
with frequency constitutes the phenomenon dispersion.

A portion of the energy of the waves is absorbed by the molecular medium, and the crucial
problem in this analysis is to account for both dispersion and absorption. It appears that the
mechanism of absorption has not been adequately described by Lorentz. Lorentz assumed that
the absorption per se does not attenuate the wave, and expressed attenuation by means of a fric-
tional force applied to each electron and directed against its motion. According to the point of
view presented in this investigation, the absorption attenuates the wave, and, therefore, in the
proposed formulation the frictional forces do not explicitly appear.

Using the concepts introduced by Lorentz, one arrives at a formulation in which the dielectric
constant for an absorbing medium is expressed as e = e(0;,y); that is, it depends not only on fre-
quency, co, but also on a frictional parameter, y, which defines energy absorption. The validity
of e = e(&j,y) is, however, open to some questions. [ have recently shownl that a physically
meaningful dielectric constant should be independent of y even if there is absorption. Thus if
one takes into account all the physical factors involved, one obtains e = e(<y) for both absorbing
and nonabsorbing media.

Both conductivity and absorption are discussed in this investigation from a more general point
of view than the one in the previous paper.? The conceptual structure of the entire theory is ana-
lyzed, with particular emphasis on the idea of energy and on its significance in the study of elec-
tromagnetic interactions. Energy has a unique status in the description of nature. Because of its
universal character it is effective in combining all physical systems such as electrical, mechan-

ical, or chemical within a framework of a single superstructure. The knowledge that various



types of energy are transformable, one into another, and that exact numerical correspondence is
found in such transformations suggests that an interaction between any two physical systems may
be considered as a transfer of energy from one system to another.

It is shown here that the interpretation of energy in the macroscopic Maxwell theory is mis-
leading. In a study of the assumptions on which the current theory is based, it was concluded
that energy which has a clearly defined significance in all fields of physics has not been properly
incorporated into the current electromagnetic theory. Therefore, ““electromagnetic energy’’ as
interpreted in the current version of the theory is not ““energy” in the same sense as one usually
interprets this concept in classical mechanics. This conclusion is of some significance, since it
concerns the entire electromagnetic theory and its place in the integrated structure of all physical
sciences.

The main objective is, therefore, to clarify the meaning of energy in the macroscopic version
of the electromagnetic-field theory. The concept of energy has its roots in mechanics. Because
of an analogy between the expression for energy in classical mechanics and similar expressions
in other dynamical systems, it has been possible to generalize this concept and extend its mean-
ing. The extension into the electromagnetic-field theory can be best accomplished by means of
the Lagrangian formulation, since the Lagrange equations of motion expressed in terms of gener-
alized coordinates and generalized momenta apply equally well to dynamics of mechanical and
electrical systems. In such a manner one would expect to be able to establish an analogy be-
tween the formulation of electrical energy in the context of the Lagrange theory and the corre-
sponding formulation obtained from the macroscopic Maxwell theory, and also show that this
analogy applies both to nondissipative and dissipative systems. This, however, is not the case.
There is a curious discrepancy in the interpretation of energy in a dissipative dynamical system
as applied in classical mechanics and the corresponding interpretation in the Maxwell-Lorentz
theory. In classical mechanics the energy is expressed in terms of the state of the system and
is not explicitly dependent on any parameter which defines dissipation. However, this is not the
case in the current version of the electromagnetic theory.

The two conflicting situations can be illustrated by taking as an example a material particle
moving with velocity v(f) in a viscous medium and assuming that y represents viscosity. The ki-
netic energy is then expressed as

— m[v(H]2 a-um

kinetic

and it is, therefore, not explicitly dependent on y. The expression (1-1), which is obvious in ele-
mentary mechanics, is, however, not consistent with the interpretation of energy from the point of
view of the current electromagnetic theory. If we assume that the dynamical laws of mechanics
are developed along the same lines as the laws of electrodynamics within the context of the
Lorentz theory, then the kinetic energy of a particle in a viscous medium must depend not only on

the instantaneous velocity but also on y. We would, therefore, have
Linetic - . d-2)

The formulations (1-1) and (1-2) are incompatible.



Using as reference the empirical evidence produced by daily observations on a rather simple
level, it would be difficult to reject (1-1) in favor of (1-2). We assume, therefore, that energy has
a meaning in a dissipative electrical system only to the extent to which electrical-field theory
can be developed as a theory of a dynamical system. Using the analogy between the laws of gen-
eralized dynamics and the electrical-field theory, we arrive at a formulation in which the energy
of an electrical field is dependent solely on field intensity, even if there is dissipation. Such a
formulation satisfies our intuitive feeling that the laws of dynamics are the same, both in me-
chanics and in the electrical-field theory. It provides, however, a point of view which is different
from the one currently assumed to be valid.

Other aspects of electromagnetic theory are investigated. Following the point of view ex-
pressed by Planck, ““energy’ is regarded as a fundamental concept; therefore, the field intensity
is a derived concept defined operationally in terms of energy. Expressions are obtained which
represent energy density and energy flow in an absorbing medium, and the concept of velocity of
propagation of an electromagnetic disturbance is analyzed both from the kinematic and the ener-
getic point of view. The current theory is based on the work of Brillouin, and it applies specif-
ically to nonabsorbing media. Therefore, by taking into account absorption, we remove the present
restrictions which limit the validity of the Brillouin results.

It is currently assumed that a disturbance in an absorbing medium can be represented ana-
lytically in the form of a single nonhomogeneous plane wave, and then the energy attenuation is
expressed by a quantity known as the extinction index which characterizes such a wave. A plane
wave, whether homogeneous or not, cannot, however, be considered as an appropriate vehicle for
transmitting energy through space; therefore, the extinction index is physically misleading. In
the revised version the disturbance is expressed by a group of plane waves which are homoge-
neous when there is no absorption but become nonhomogeneous if absorption occurs. We describe,
therefore, energy propagation in accordance with that which is actually observed: a wave
packet rather than a single wave. Then a stationary wave packet in a nonabsorbing medium de-
cays exponentially when the medium is absorbing (or grows exponentially when the medium is
emitting). The decay of energy is represented by the attenuation of a wave packet and not by the
extinction index.

One can classify kinematically or energetically electromagnetic disturbances into convective
and nonconvective. It is shown that the attenuation of a convective disturbance can be expressed
either by the relaxation length or by the relaxation time, whereas a nonconvective disturbance
can only be represented by the relaxation time. The previous work) concerning the energetic for-
mulation of Ohm’s law for nonconvective disturbances has been generalized so as to include all
disturbances, both convective and nonconvective. We define Ohm’s law in a convective disturb-
ance as representing a mechanism in which the rate of energy conversion is proportional to both
the energy density and to the energy flow.

This investigation is divided into two parts. Part [ deals with the fundamental aspects of the
proposed formulation. Part II, to be published later, will deal with an analysis of the propagation

of an electromagnetic disturbance on the basis of the assumption made in Part I



Symbolism and Notation

Conventional notation is used in which E is the electric intensity, B is the magnetic induc-
tion, D is the electric displacement, H is the magnetic intensity, U" is the electrical energy
density, Vm is the magnetic energy density, U = Ue + Um is the energy density of the electro-
magnetic field, S is the energy flow, and Q is the rate of energy conversion. When Q > 0 (ab-
sorbing medium) the electromagnetic energy is transformed into nonelectrical energy such as
chemical, mechanical, or heat, and the process is reversed when () <0 (emitting medium). When
<2 = 0 the medium is nonabsorbing, which also means that it is nonemitting.

In comparing the two versions of the electromagnetic theory a different notation is used to
designate quantities which appear to be conceptually similar but are interpreted differently. The
quantities used in the current version of the theory such as the electric intensity E ?, the mag-
netic induction B | the dielectric constant £g, the conductivity crs, etc., are provided with a sub-
script s, whereas the corresponding quantities in the revised version have no subscripts (viz.,
the electric intensity E, magnetic induction B, dielectric constant e, conductivity cr, etc.).

The field quantities E, B, etc., vary with the position vector r and time t, and, therefore,

E = E(r,f); B = B(r,t), etc. The Fourier components of E, B, etc., are expressed as E* © =

B ~(k.aj), etc., where k is the wave vector. Each of these field quantities on
the macroscopic scale is an average of the corresponding microscopic quantities taken over space
regions and time intervals which are large compared with atomic dimensions and periods. Such
space-time regions, although containing many atoms and extending in time over many atomic
periods, may still be sufficiently small with respect to the macroscopic scale to be regarded as
““macroscopically infinitesimal.” The quantity B and not H is the average macroscopic magnetic
density.3

The medium is assumed to be molecular, nonmagnetic (B = H), and isotropic. Therefore, the
magnetic permeability is 1, and the dielectric constant is a scalar. Although the main emphasis
is on molecular and absorbing media, this analysis is basically applicable to plasmas, both ab-
sorbing and emitting. In the latter case the absorption is negative; therefore, the term ““ab-

cc

sorbing” should be interpreted as ““absorbing or emitting.”
There is an implied understanding that the dielectric constant is independent of the tempera-
ture of the medium. This is justified, since the heat generated during the process of polarization

or depolarization is negligible.4

II. UNRESOLVED PROBLEMS AND UNANSWERED QUESTIONS
IN THE CURRENT ELECTROMAGNETIC THEORY

Weaknesses and failures of the electromagnetic theory are emphasized; this subject has not
received much attention and has been mentioned only occasionally. The successes in several
specialized areas were so outstanding and the achievements so brilliant that one is tempted to
assume that the electromagnetic theory as a branch of physics and of technology is complete —

that there is nothing fundamental to explore. I strongly feel that this is not the case. Although



relatively little is said about the current pitfalls and failures, they do nevertheless exist, and the
frustrations in trying to understand what cannot be explained are very real.

There is a well-defined area within the scope of electromagnetic theory in which there is al-
most as much confusion as understanding. Many fundamental concepts, such as the dielectric
constant, conductivity, energy density, group of waves, group velocity, and several others, are
generally taken for granted with the understanding that their meaning is clear and unambiguous.
However, this is not true.

Before we undertake a critical scrutiny of the entire theory, a few comments will be made
concerning that part of the theory which is based on the concepts of ““group of waves’> and
““group velocity”” and which deals with the propagation of electromagnetic disturbances through
dispersive media. Although the concepts of group of waves and group velocity originally formu-
lated by StokesS5 and subsequently by Rayleight are relatively old, the first consistent effort to
incorporate them into the electromagnetic theory was made by Brillouin.7’8 Brillouin proceeded
from Maxwell’s differential equations and described within the context of Maxwell’s theory the
details of energy propagation in an integral form. The main achievement of the Brillouin theory
is in establishing the well-known relationships between energy density, energy flow, velocity of
energy transport, and group velocity.

Brillouin did not make, however, any provision for energy absorption, and his results, there-
fore, are valid only to the extent to which they can be applied to nonabsorbing media. In spite of
recent efforts to remove the present restrictions and generalize the Brillouin theory, relatively
little has been accomplished along these lines to date. The results of these efforts were not,
however, entirely fruitless.9’10 In the course of the investigation on how to generalize the
Brillouin theory, it became clear that certain assumptions previously taken for granted need to be
reconsidered. Particular credit is due to Ginzburg in pointing out the following:10 ““Despite the
fact that the problem of the conservation law and the expression for the energy density in electro-
dynamics is a fundamental one, there are certain aspects of it which have not been yet eluci-
dated, and in particular for the case of an absorbing dispersive medium. For example, the fa-
miliar expression,

If =— f£° E @Dy dt,
E 477 J-Do
even when reduced to the form constant x £), cannot be regarded as the total energy density when
absorption is present, if only because the value of If® may be negative.” He also stated thatl!
°“... one needs to underline that in presence of absorption it does not appear to be possible in a
general case to introduce phenomenologically the concept of the mean electromagnetic energy.”

In order to justify more fully the efforts to reformulate the theory, it will be useful to outline
its present status with emphasis on weakness rather than strength. I hope to accomplish this ob-
jective by pointing out several problems of very fundamental nature which, surprisingly, cannot

be solved by the current theory. These problems are as follows.



Calculation of Energy Stored by an Electrical Disturbance in an Absorbing Medium. — There
is a great deal of misunderstanding in the current theory concerning the meaning of the electrical
energy in an absorbing medium. We think of energy of a system as dependent on its physical
state at the time considered. If we apply, however, the current procedure to calculate energy, we
obtain an expression which depends not only on the time considered but also on previous times.
Therefore, it would appear that energy can have different values in accordance with the manner in
which a particular state was reached.

Principle of Conservation of Energy. — The entire structure of all physical sciences is based
on the principle that energy is conserved, a principle which has never been seriously questioned
or challenged. Surprisingly, however, the validity of this principle cannot be established in the
context of the current theory. The difficulty is due to the failure of the theory to explain the
meaning of energy, and if we attempt to follow the standard procedure to prove that energy is con-
served, we arrive at an equality which has either an obscure physical significance or is mislead-
ing.

Velocity of a Disturbance. — Both the kinematic velocity (group velocity) and the energetic
velocity (velocity of the energy transport) can be said to have a physical meaning if we assume
that there is no absorption. However, absorption distorts the shape of the disturbance, and if
absorption occurs it is not clear how one can define the kinematic velocity. Furthermore, since
energy in an absorbing medium is not adequately defined, one cannot formulate an expression for
the velocity of energy transport.

Attenuation of an Electromagnetic Disturbance. — The current calculation of the effects of
attenuation leads to a puzzling result which implies that absorption is a necessary condition,
sine qua non, for the transmission of energy. In other words, if a medium is nonabsorbing it can-
not transmit electromagnetic energy! Apparently a physically meaningful description of the ab-

sorption process has not been formulated to date.

III. ENERGY IN CONSERVATIVE AND DISSIPATIVE SYSTEMS

The definition of energy is a crucial matter in this investigation. In order to fully comprehend
the complications which have arisen from different interpretations of this concept, one needs to
follow the logical evolution from the original definition of energy in mechanics to its very abstract
involvement in electromagnetic-field theory. The concept of energy is so thoroughly a part of our
existence and so completely taken for granted that a brief critical evaluation of some of its ele-
mentary aspects in mechanics appears to be essential in order to clarify the main points of this

analysis.

Energy in a Conservative System

According to Newton’s law, the behavior of a system of N particles is described by a set of N

equations of the type



Fo =12 1,N), (3-D

where is the force applied to each particle, is the mass, and r° is the position of the par-
ticle. In seeking a measure of the total effect of a force, it seems natural to consider its line

integral taken over the path of the particle. From (3-1) we have

d 1
—m 1° =—[m Cr)? 1 (3-2)
N(a) dt uu 2 g (@)
where the integration extends from the initial time a to the final time b. This line integral is de-
fined as the work done by the force. It is assumed that this work is stored in the particle as the

energy of motion, and the quantity = "mCr®)? is, therefore, referred to as the kinetic energy.

Summing over all particles of the system we have

N (70\(b) ()] (3-3)

S v oula)

where (r0)<a) and (7'°)(b) are the final and initial values of the total kinetic energy of the system.

The relationship (3-3) can be expressed in a differential form as

dre

N
ar 250 (3-4)
N
In certain cases 2 F¢ ' 1, is the complete differential of a uniform, one-valued function
u=1i
—V° of roi., r~,, and then
V F° 1 dr® = -dVe , (3-5)
or
0. 10 -
dT X (9r° r(l)l F u u (3-6)
s=1 u s=1

Such a system is known as conservative, and in such case we obtain

d
(T0 + F°) =0 , G-7
dt

A79)() + _70™(6) + (%jOyb) (3-8)
One refers to (3-7) or (3-8) as representing the principle of energy conservation, and

Ue=1°+Vp° G-9)



is known as the energy of the system. The concept of energy is, therefore, associated with mo-
tion of material particles, and energy is defined as ““that which is produced by work, or which
can be transformed into work.”

Consider now the idea of energy as interpreted in electromagnetic-field theory. The most sig-
nificant achievement of electromagnetic theory is that a continuum which was previously con-
sidered as an empty space became a locus of dynamical processes controlled by dynamical laws
and that these laws were found to be in some respects similar to the laws of classical mechanics.
Assumption was therefore made that the same variational concepts associated with the Hamilton
principle and with the Lagrange equations of motion, which proved to be so fruitful in the study
of mechanical systems, can also be applied to the analysis of electromagnetic fields. The funda-
mental merit of the Hamilton-Lagrange approach is not only its emphasis on energy and work
rather than on force, but also that the generalized coordinates (¢°) and the generalized velocities
(q®) do not have to refer directly to the positions and velocities of actual particles. By a suit-
able identification of coordinates, one can describe a Lagrangian density in electromagnetic-field
theory; therefore, one can derive Maxwell’s equations from the Lagrangian formulation in electro-
dynamics in the same manner as Newton’s equations are derived from the Lagrangian formulation
in mechanics.12 In that sense, electrodynamics in the dynamics of an electrical field and certain
conceptual aspects of the Lagrangian formulation, particularly those which concern energy, are
equally applicable in both cases.

It was therefore recognized that the expression
"
S f L dt (3-10)

for Hamilton’s principle and the appropriate formulation for the Lagrangian function L =
(i=1,2, ... ,n) can be used in describing the laws of mechanics as well as those of the elec-

trical-field theory, and that the Lagrangian equations of motion

d dL(q0,q%) dL(q°q)
dt dq°. dqg° (

apply equally well in both cases. [The Lagrangian L was assumed not to depend explicitly on
time, and the variation in (3-10) was taken over an arbitrary path ¢°) such that Sg¢ vanishes at
¢zl and 72]

One of the important aspects of the Lagrangian formulation is that it leads to a relationship

d r.,o.0:
Y S R — L(9,-9P =0 (3-12)
dtp i

which can be expressed as

0 *0

(3-13)
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where U° is a constant. The expression (3-13) is known as the Jacobi integral. It is also called
energy, because for a Lagrangian which describes the motion of material particles the expression
(3-13) reduces to the form (3-9). We find it convenient to think of the coordinates g”¢) as typi-
fying ““the state of the system” in the sense that when 9;.(t) and <7*(0 are known at a given time
t, the state of the system is said to be known at that time. The energy is therefore a scalar

which depends on the physical state but remains constant at all times.

Energy in a Dissipative System

It may happen that the given forms are such that an equality of the type (3-6) does not occur,
and then the above procedure for defining energy cannot be used. In such case the system is
known to be nonconservative. Consider a nonconservative system of N particles in which Fu is
the force applied to a particle u, defined by its position r*. Experience tells us that we can de-

scribe the observed motion reasonably well by distinguishing two types of forces, Ful/ and Fu2,

N
and recognizing that in some instances 2 F(l ¢+ dr* can be expressed as a perfect differential
=1

of an appropriate function —V of r2, ... , r*, and then
dV 144 dV "
e L G-14
U=1 u U=1

The forces F(jl are said to be conservative forces and are thought of as constituting a single

physical entity to which the remaining forces Fu2 are extraneous. In such case we have

dar av £ K, (3-15)
r+ > -
u LF L p

U=1 U—1
from which we obtain

L<T + V) — 7 ¥Fo2 . . (3-16)

There is a formal similarity between (3-6), which deals with all the forces in a conservative
system, and (3-14), which accounts for the conservative forces in a nonconservative system.
Partly because of this similarity and partly because of intuition guided by experience, we assume

that (3-16) represents conservation of energy and that

U=T+V (3-17)
is the energy of a nonconservative system. Therefore, we consider (3-16) as representing a
process in which a change in energy is compensated by the work of extraneous forces. If the ex-

traneous forces are due to friction, the energy is converted into heat. Then (3-17) is said to rep-

resent energy of a dissipative system.
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The assumption that (3-17) represents energy gives a new outlook on the entire problem. One
should note that the definition of energy in a conservative system was based on the existence of
a function V° defined by (3-5) and that such a function does not exist in a dissipative system.

We are attaching, therefore, a physical significance to a concept which cannot be logically formu-
lated in the same manner as before. The hypothetical nature of (3-17) was strongly emphasized
in several discussions on the conceptual problems in classical mechanics. According to Lindsay
and Margenau,13 ““The very definition of mechanical energy rests upon the discovery of something
which remains constant during motion and now we wish to apply the concept to the case where
this constancy does not exist.” Lindsayl4 in his analysis of a damped harmonic oscillator ob-
served that ““Strictly speaking there is no longer an energy because there no longer exists a po-
tential energy function. However, in many practical problems the rate of decrease in amplitude of
motion is small and it becomes convenient to introduce a fiction of energy which decreases with
time at the rate indicated.” Although the physical meaning of (3-17) was not accepted without
reservation, it is now generally agreed that this expression represents energy,l5 and, as pointed
out by Lindsay and Margenau,l3 ““The concept of energy has been extended and precise meaning
given to its variation with time.”

The key problem in this investigation deals with the extension of (3-17) into the electromag-
netic-field theory. Therefore, (3-17) will be rephrased in terms of generalized coordinates in the
same manner that (3-13) was obtained by rephrasing (3-9), and then we assume that electrical
energy has a meaning only to the extent to which the electrical-field theory can be developed as
a theory of a dynamical system.

There is, however, a difficulty. The dynamical energy (3-17) is transformed into heat, and
heat as pointed out by Whittakerl6 is a form of energy not recognized in dynamics. In other
words, the Hamilton-Lagrange formalism is not adapted to the study of thermal processes.17 One
can, however, describe the effects of dissipation by relatively simple mathematical means through
the introduction of a function of the velocity in the Lagrange equations of motion. In this way,
suggested by Rayleigh,18 it becomes a simple matter to describe the evolution of a dissipative
system in terms of generalized coordinates and to consider the problem in its broad aspects, both
in the dynamics of a mechanical system and in the electrical-field theory.

We find it convenient in this investigation to treat the Rayleigh dissipation function as a
small perturbation. A conservative (unperturbed) system which was previously expressed in terms
of the unperturbed coordinates is now described by the perturbed coordinates .. Therefore,

by including the Rayleigh dissipation function

R=12y19- (3-18)
Z i=1
into the Lagrangian equations of motion, we obtain

d dL(q.q.) dLig g™
dt dgq. dq.

(3-19)
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where

0 = -dR/dq. (3-20)

are the extraneous forces which depend on the frictional parameters y.. Since the perturbation is

small, we have
\O.\ « \dL(q.,q.)/dq.\ . (3-21)

The perturbed coordinates q;(f) constitute a single physical set to which the quantities in-
volving y. are extraneous. Therefore, one can think of a physical state in a dissipative system
as expressed by ¢. in analogy to the physical state of a conservative system expressed in terms
of ¢°»

It remains now to define the energy of a perturbed and therefore dissipative system. There is,
however, no unique way of arriving at an appropriate formulation, and any choice of what should
be regarded as energy is based to a large extent on intuition. We adopt a heuristic approach and
assume that the dependence between the energy and the physical state of the system is not al-
tered in any manner by the perturbation. In other words, the relationship between the perturbed
energy U and the perturbed coordinates ¢. is assumed to be the same as the one between the un-
perturbed energy U° and the unperturbed coordinates q?. Therefore,

dL(q.,q.
(q-.9.) (3-22)

We cannot, however, accept (3-22) on its face value unless we can show that the sum of all
the energies is conserved. The conservation of energy occupies such a central position in our
thought that when we encounter a dynamical problem in which the energy decreases, we must find
another form of energy such as heat which is simultaneously produced. Therefore, we return to

Eq. (3-19) and derive the following equality:

d dL

o L o4t =0, (3-23)
qg.

which represents energy conservation, provided we interpret
<2=2 y;7 (3-24)
i=

as the rate of generation of heat.
Our justification for interpreting (3-22) as a generalized form of energy is based on empirical
evidence. The following two examples will show that in case of a simple mechanical system,

(3-22) can be reduced to what is usually considered as energy.
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Energy Dissipation in Simple Mechanical Systems

Consider a material particle moving along a straight line in the absence of a potential field.

It can be shown that if there is no friction (y = 0), Eq. (3-13) can be reduced to the form

U° = 2m(q0)? . (3-25)

On the other hand, if there is friction (y ~ 0), we obtain, according to (3-22),
U= \mgq? . (3-26)

It is evident that (3-26) represents an extension of (3-25), and both represent energy.
The most important empirical justification for (3-22) is provided by a harmonic oscillator. If

there is no dissipation the Lagrangian of a harmonic oscillator can be expressed as

L = yO?0)2 — cob(q0)2] , (3-27)

where co? is a constant. Substituting (3-27) in (3-11), one obtains the equality ¢g° + =0,

which yields ¢g° = a cos (coOf + a). Consequently, in accordance with (3-13) we have
Ve = ~M(q0)2 + 0J8(q0)2] . (3-28)

However, if the oscillator is perturbed by dissipation, then using the Rayleigh term R = 12y(q)2.

we obtain from (3-19) the equality ¢ + yg + co2q = 0, which yields
q = ae—" cos (cot + a) , (3-29)
where A = y/2, and ¢ = (co? — A2)1/2. Since the perturbation is small, the difference between co

and co0 is of second degree of smallness. Consequently, we assume that

q = ae~""' cos (coOt + a) (3-30)
and express the perturbed energy in accordance with (3-22) as
U=/2(q2+cobq2) = [/°e-2Xt. (3-31)

The expression (3-31) represents the familiar attenuating process in mechanical vibrations. In

<

this context (3-31) is generally referred to as the ““energy” of the vibration, and in that sense

(3-31) is an extension of (3-28).

Dependence Between the Energy and the State of the System

It would seem at first sight that the result which represents in a generalized form the energy
of a dissipative system is intuitively obvious, and one may question the need for emphasizing the
importance of a procedure which leads to the derivation of (3-22). From a methodological point of

view, such judgment is shortsighted. What is ““intuitively obvious™ is a question of semantics,
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since otherwise two conflicting definitions of the same physical concept would not have occurred.
The purpose of the formulation (3-22) is to establish a criterion for determining which one of the
two conflicting definitions of energy represents a physically meaningful concept. In simple me-
chanical systems we all meet on common ground when we share a vivid intuition of the motion of
a particle. But when we pass to more complicated dynamical systems, the intuition is harder to
follow, and in such case the mathematical structure in the form of expression (3-22) may lead
more effectively to practical results.

By mere inspection of (3-22) and by comparing (3-22) with (3-13), we can now state two re-
quirements which have to be satisfied in any formulation of energy in a dissipative dynamical
system. These requirements are as follows:

(a) Energy must be expressed by the coordinates of the system and be, therefore, independent

of the dissipational parameters. Consequently,
V= Ut.) , (3-32)
not

V=U4q.y.) . (3-33)
(b) The relationship between the energy and the coordinates must be the same whether there
is dissipation or not. Consequently,

Ulqj) = C°@”) ¢ . (3-34)
q9-=9;

Electromagnetic Energy in a Di ssipati ve Medium

An electromagnetic field in a nonabsorbing medium can be defined by the electrical intensity
E° and the magnetic induction B°. The significance of these quantities as representing the
physical state of a system is, therefore, analogous to ¢° and ¢° in a dynamical particle system.
Therefore, it is possible to associate with an electromagnetic field a Lagrangian density as
£ = C(E0,B°) and to derive the laws of electrodynamics, using a variational approach. The equa-
tions of motion will then appear in the form of Maxwell’s equation, and we can think of the energy

density in analogy to 17 = U®{q.,q.) as having the form

CrP = CIO(E°,B0) . (3-35)

The analogy between classical mechanics and electrodynamics can also be extended to dis-
sipative systems. Therefore, one can modify the Lagrangian formulation of an electromagnetic
field by incorporating therein a dissipation function similar to (3-18), which for our present pur-
poses needs not to be specified. The electromagnetic field will then be defined by perturbed co-
ordinates E, B such that E ~ E° and B ~ B°. We will then assume that the perturbed energy U
depends on the perturbed field intensities E, B in the same manner that the unperturbed energy

U° is dependent on the unperturbed field intensities E°, B°. Consequently,
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U= £/(E.B) , (3-36)

C/(E,B) = [C/0(E0,B0)] 0 . (3-37)
E—E:B°=B

One can separate the electric field from the magnetic field, and relationships similar to (3-36)
and (3-37) can be shown to apply to the electric field. It is well known that if there is no dissi-
pation the energy density can be expressed as U° = t/° + U°, where U’ = ~(E) depends solely
on the electric intensity, and = fim(B) depends solely on the magnetic induction. One can

then assume that in a dissipative system, U = Ue + Um, where
tfe = tfe(E), (3-38)

t/ (E) = [t/°(E0)] n . (3-39)
e E°=E

(A similar relationship holds for the energy stored in the magnetic field.) It is therefore seen that
the relationship between the field energy and the field intensity is the same in absorbing and non-

absorbing media.

IV. VALIDITY OF THE CURRENT MACROSCOPIC THEORY
Fundamental Structure of the Electromagnetic Theory

The most distinctive feature of the electromagnetic theory deals with a new form of energy
which can be stored in, removed from, and travel freely through a medium which appears to our
senses to be mere empty space. Essentially there are two postulates: the postulate on conserva-
tion of energy and the postulate on contiguous action. The principle on conservation of energy
states that the new form of energy satisfies the same requirements as any other energy form.

Therefore,
div S —+--mm h O=0. 4-1)

The principle of contiguous action deals with the mechanism of energy transmission and states

that this mechanism operates in accordance with the following two relationships:

1 <9B
curl E v — 4-2)
c d
1 OD 477
curl B =—---- — +-—crE , 4-3)
c dt c
where
Dk,~~ 6 Ek," (4-4)

Although the expressions for the new form of energy do not explicitly appear, these equations de-

scribe nothing more than the transmission of energy, and the field intensities E, B, and D are
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considered to be merely auxiliary quantities. The term “‘contiguous’ indicates that causality is
expressed by a relationship in which E, B, and D at each point are connected only with the
values at adjacent, that is, contiguous, points and only indirectly with the conditions at finitely
distant points. Consequently, whatever happens at a certain place at a certain time is completely
and uniquely defined by the events which have occurred immediately preceding it in the immediate
neighborhood of the place. This is essentially the distinction between the Maxwellian action-
through-contact theory and the pre-Maxwellian action-at-a-distance theory.

The general structure of the theory is based on a dual representation of an electromagnetic
field which can be described either in terms of its energy or in terms of its intensity. The pos-
tulate on the conservation of energy deals solely with the quantities which define the energy of
the field {V = Ue + Um, S, and Q), whereas the postulate on the contiguous action is expressed
in terms of the intensity of the field (E and B). In order to combine the two parts into a single
system, the theory provides two supplementary equations which give a relationship between the

field energy and the field intensity. These are

----- = B, (4-5)

where D is related to E by (4-4), and

du | 9B
o SL— - Beee (4-6)

dt 477 dt

The crucial problem in this investigation concerns the formulation of the dielectric constant e
[Eq. (4-4)] and of the expression for the rate of change of the electrical energy [Eq. (4-5)]. It will
now be shown that in the present version of the theory neither (4-4) nor (4-5) is correctly formu-
lated. Consequently, the current formulation of (4-5) does not provide a valid link between the
expression representing energy conservation and the one representing the principle of contiguous

action.

Macroscopic Description of a Dispersive Medium According to the Lorentz Theory

Electrical and ““Extraneous” Fields. — It is intended to show in this section that the Lorentz
theory does not take into account the distinction between ‘‘electrical” fields and ‘‘extraneous”
electrical fields in dissipative media. An electrical field is considered to have its origin in the
Maxwellian process of energy transmission and is directly related to the Maxwellian form of
energy. An extraneous field is associated with the non-Maxwellian form of energy and manifests
itself by the presence of heat, which is dissipated in the medium as a result of the absorption
process. It is shown that an accurate physical representation can only be obtained by taking
into account both electrical and extraneous effects.

Although the Lorentz theory was published in the early part of this century, some of the as-
sumptions made by Lorentz can be traced back to 1875. At that time a paper by von Helmholtz19
appeared in which the problem of dispersion of light in a dissipative medium was treated in some

respects in a manner similar to the one of Lorentz. At the time of von Helmholtz the prevalent
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point of view was based on existence of ether; therefore, in his theory, ether was considered to
be the appropriate medium for transmitting energy through space. Von Helmholtz assumed that an
assembly of vibrating charged particles (a molecular medium) was coupled to another assembly of
vibrating particles which represented ether, and then he analyzed their mutual interaction in an
oscillating electrical field. To a modern reader this physical picture is very archaic, but never-
theless the significant point is that von Helmholtz suggested, apparently for the first time, that
the effects of energy dissipation are analogous to those produced by a frictional drag in a viscous
medium. He postulated a mechanism in which each electron is acted upon by a frictional force
proportional to the velocity of the electron and directed oppositely to the motion.

The idea of von Helmholtz was endorsed by Lorentz. According to Lorentz, the motion of an
oscillating electron having mass m, charge e, and exposed to an electrical field E0 cos cut having

frequency cu can be expressed as
mCls + ~s + &Jors)=—cEoCOSw"’ 4-7)

where rs is the displacement of the electron from its position of equilibrium, moj+" is the elastic
binding, and myrK is the von Helmholtz term which represents energy absorption. Obviously, if

there is no absorption, then y = 0, and instead of (4-7) one has
mCrS +cu8‘s) = eE, cos cut . (4-8)

There is an implied understanding in the Lorentz theory that the effects of absorption are ex-
pressed by the von Helmholtz term. Therefore, it would appear that the absorption by itself has
no effect on the intensity of the electrical field, since the same expression E( cos cut is used
in (4-7) and in (4-8).

According to the point of view expressed in this analysis, (4-7) does not properly describe
the physical process. The physical effects should be described by using an entirely different
approach. One needs to follow the assumption made in the recent publication? that the driving
force applied to an oscillating electron in an atomic dissipative medium has two components.
One component derived from an electrical field accounts for the Maxwellian displacement,
whereas the other, associated with an extraneous field, accounts for dissipation. Consequently,

the oscillatory motion in an absorbing medium should be described by an equality

m(r+ yr+cu2r) eE + (4-8a)

e tec trical ‘extraneous

which represents two distinct processes: an electrical and an extraneous process. The above

two processes can be formally separated and expressed as

m(r + culr) = (4-86)

"electric al

myr = e E (4-8¢)

e Xtraneous

Extraneous fields, generally known in the literature as ““impressed electrical fields,” have
been widely used in describing electrical phenomena in the presence of energy sources. An im-
pressed (extraneous) field occurs whenever there is a conversion of nonelectrical (chemical or
thermal) energy into the Maxwellian form of energy, and it represents a source of an electrical

field. Such a source is in many cases continuously distributed in space. A particularly
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significant application of extraneous forces is in the formulation of Ohm’s law, which has been
differently defined in the absence and in the presence of a continuously distributed source. In
the former case, Ohm’s law is expressed by an equality

j=crE (4-8c0

electrical

(j is the electrical current and « is the conductivity), whereas in the latter case the correspond-
ing formulation is

j = chE 54-86)

elecgrical + E ex‘traneous) '
An extraneous field can occur, for instance, in a medium in which there is a variation of concen-
tration within a dilute aqueous solution of a strong electrolyte such as HC1. In such a medium

an electric current sets in which is due to the difference of mobility and, therefore, to the differ-
ence of diffusion velocity of H+ and Cl ions. Another significant case in which an extraneous
force is known to appear is in a nonhomogeneous medium having a nonuniform temperature dis-
tribution.

It should be noted that the underlying basis of (4-8a) is the same as that of (4-8¢). In both
cases an extraneous field is known to occur whenever there is a transformation of electrical
(Maxwellian) energy into nonelectrical energy or vice versa. Such a transformation results in
the occurrence of a source or of a sink of electrical energy. In the case described by (4-8e¢) the
extraneous field represents the energy source, whereas in (4-8a) it represents the sink of electrical
energy.

Let us now examine the formulation (4-8a). The occurrence of dissipative effects tends to
decrease the magnitude of the electrical field. It is, therefore, reasonable to assume that the
results in an exponential attenuation

dissipation of electrical energy represented b}l E ibrancous

of the electrical field. Consequently, one has

E o€ cos a>t (4-8/)

electrical

where /3 is the attenuative parameter. Thus, Eq. (4-86) can be expressed as

m(r + ¢’r) = e EQe'Pt cos Cjt . (4-9)
In the proposed formulation the absorption is thus manifested directly by the attenuation of the
electrical field. The significance of exp (—/3r) is in this version similar to that of the von
Helmholtz term myr in the analysis of Lorentz.

Dielectric Constant and Conductivity Based on the Lorentz Theory. — Clearly, the physical
content of (4-7) is not the same as the one of (4-9); therefore, further theoretical developments
based on (4-7) will differ substantially from those based on (4-9). We will now discuss some of
these differences, particularly those which concern the formulation of the Maxwellian displace-
ment and of the dielectric constant.

Essentially, the displacement represents the response of a molecular medium to an electrical
field. The field is effective in displacing bound electrons from atomic nuclei and therefore
accounts for polarization. If r is the displacement of an electron and N is the number of electronic

dipoles per unit volume, the polarization density is P " Netz, and the electric displacement is
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D = E + 417P. Consequently, in order to define D in terms of E, one needs to establish a relation-
ship between r and E. Using the relationship (4-7), the Maxwellian displacement is currently de-

fined as

e (E (4-10)

where

602

e +id? 1+ e @-11)
s (o™ — co2 — iyco
is the dielectric constant, and coe = AnNe/m. Both (4-10) and (4-11) are complex quantities which
depend on the von Helmholtz parameter y.
It seems that complex numbers are not always convenient in practical use. A preference was
therefore shown for a dielectric constant expressed by a real number, and the most ““obvious”
assumption was to identify the dielectric constant with the real component of (4-11). An “‘effec-

tive” dielectric constant was introduced and defined as

o cK - -2)
,e Ar) (4-12)
[{co2-co2)2 + co2y2} ’

cc

and the corresponding expression for the ““effective” displacement was assumed to be

Dy, -t 4-13)

It was also found desirable to associate the imaginary component of the dielectric constant with
conductivity, and conductivity was therefore defined as
co™N'} cocoy
e 7

a s (4-14)
S 41T AT[[{(0R — co2)2 + (0212

At first sight the change from (4-11) to (4-12) would seem innocuous, but a closer inspection
reveals some drastic modifications in the structure of the theory. In order to incorporate the
““effective” dielectric constant, it would seem to be necessary to provide an explicit formulation
for ““work” in terms of field intensity. The work would pertain to the electric and magnetic
forces, and it should be defined in terms of field intensity in the same manner as one usually de-
fines energy of the field. Such a modification will not, however, eliminate the difficulties and
will tend to confuse rather than clarify the issues. We will return to this point later.

A close scrutiny of the relationship between the conductivity (4-14) and the effective dielec-
tric constant (4-12) reveals a very intriguing situation. Since y enters in both expressions, the
dielectric constant and the conductivity are intimately related. Any alteration of conductivity

would unavoidably result in a change in the dielectric constant.
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Electrical Energy in the Current Macroscopic Theory

Having defined the Maxwellian displacement, we will now proceed to the formulation of energy
within the framework of the Maxwell-Lorentz theory. Suppose that an absorbing medium interacts
with a slowly growing, almost monochromatic field which was zero at t = —co. Then the electrical

intensity can be expressed as
E = 0.5[£g(0Oe~;"™ + c.c.] , (4-15)

which represents a rapidly oscillating function modulated by a slowly growing amplitude £g(f)

which was zero at t = —co (c.c. denotes a complex conjugate). The corresponding expression for

the displacement can be obtained from (4-10) and is
Ds = 0.5[19g(H)e-" + c.c.] , (4-16)

where 19g(f) is an appropriate modulating function.
The rate of change of the energy density can then be expressed as
du ) | dD
s _ g s “4-17)
dt 41T S dt
Since the processes are oscillatory, we will consider, instead of d(Ue)s/dt, its mean value
d(U")s/dt (the bar above a symbol is used to indicate a time average and/or space average
value). Substituting in (4-17) Eg and as defined by (4-15) and (4-16), respectively, and ap-

plying well-known operational techniques, we obtain after some manipulations20

~e=§ LT "[we/ )] -(£ - £%) + —coeMco,y)e 1 £7F.
(4-18)
dt 161T dw s X dt s s 8171 K N
Therefore, the energy density of an electrical field can be expressed as
; * 4 cof *
€1 ) —— - £gr\6y,);)/Ssl £S +-—cof \co,y)fm;f K £ . (4-19)

e s 1617 dco

It is evident that (4-19) depends on the parameter y, which defines dissipation. It does not,
therefore, satisfy the requirements (3-38) and (3-39), and it does not represent energy in a sense
in which one interprets this concept in generalized dynamics.

There is an additional point which militates against the acceptance of (4-19) as representing
energy. The second term in (4-19) depends on £g at all times from ¢ = —oo0 until the instant con-
sidered. Therefore, it would seem that the energy of a system depends on the history as well as
on the state of the system. This implies that energy is not a unique function of the state of a
system but has different values, depending on the manner in which the system arrived at this

state.
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Principle of Conservation of Energy

We will now examine one of the most fundamental and universal principles of physics, the
principle of conservation of energy, and show that one cannot establish the validity of this prin-
ciple within the framework of the current macroscopic theory.

Suppose that an almost monochromatic wave interacts with an absorbing wave. The wave will

be expressed by

Es - O.Ste™Oe™*-"0 + c.c.] , (4-20)

Bs = 0.5[13s(x,H)e'Ux-""° + c.c.] , (4-21)

where exp i(kx — cot) is a carrier wave, and 8s(x,?) and Gs(x,?) are modulating functions which
vary slowly with x and # We apply the customaryprocedure to obtainconservation ofenergy by
forming the scalar products of (4-2) and (4-3) with Bs and E syrespectively,determining the mean
values of these products, and subtracting one product from the other.21 In the process of averag-
ing with respect to ¢ and x, we apply operational techniques similar to those used in obtaining
(4-19). The derivations are lengthy, and only the results apparent from the nature of the problem
are quoted here. The expression which purportedly represents energy conservation can then be

expressed as follows:

+——A13 + 13*) + divS +Q =0 (4-22)
dt 1677 dt s K] K s

where d(Ue)s/dt has a form similar to (4-18),

es=0-5°-(es- (4-23)

1
g [(csx 13*) + c.c. (4-24)
s 161t
The interpretation of (4-22) is extremely difficult. The term d(Ue).s/dt¢ cannot be considered as a
valid expression for the change of energy for the reasons outlined above. Furthermore, if we ac-
cept the assumption that Os represents the rate of production of Joule’s heat, it remains to be

shown that $s is a physically meaningful quantity, which we cannot do.

An Alternative Approach

Replacement of ““Energy” by "Work.” - We will now return to (4-12) and (4-14) and will con-

> <

sider a formulation expressed in terms of ““work™ rather than “‘energy.” Although not specifically
stated in the usual theory, the rate of work dW/dt pertains to forces which one has to overcome in

order to store energy in the medium; the rate can be expressed as
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2 e (4-25)

where dWe/dt and dW”/dt are associated with electric and magnetic forces respectively. We

assume that

—2=—E s (4-26)

m- B S (4-27)

where

(Dk.Js=eS(Ek.JS> <4-28)

and £s is a complex quantity defined by (4-11). The general intent of this approach is to consider
dWe/dt as a sum of two terms which represent energy storage and energy dissipation, and to as-
sociate these two terms with the real and imaginary components of €s. Since the relations (4-26)
and (4-27) are not the same as the supplementary equations (4-5) and (4-6), the entire structure of
the theory has changed.

Let us proceed on the assumption that (4-26) and (4-27) are valid formulations of a physical
process. Substituting in (4-26) Es and Ds as expressed in (4-15) and (4-16), respectively, we
obtain20

" J_JLiveqwn1ne . e, (4-29)

81T s s

Since the work performed by electric forces is effective not only in storing energy but also in ac-

counting for the generation of heat, we would be safe in assuming that

dw r<9c/(h)i
e ¢

) -

+0 : (4-30)
~dt~ dt g

where dU”/dt is an expression for the change of energy, and is an expression for the rate

of energy dissipation. However, the quantities ' V”"/d¢ and are not known, since there is

nothing in the theory which would tell us how to divide the sum (4-29) in two parts in order to
obtain separate expressions for the energy stored and the energy dissipated.

In order to find a convenient way to solve the problem, a conjecture is made that

dUg’l) —i-I_[..e(>Ca,rdJlce e*"

dt 1677 cfcj dt

(4-31)

and that
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S« = (—)coercop)e 1 EF

\811.J Sy . * < (4-32)

It appears, however, that both (4-31) and (4-32) cannot be justified on logical grounds. The

most that can be said about (4-31) is that it ““looks like’ an expression

du 1 d d . .

n s welew] — (@ ) (4-33)

dt 161T dco dt
which is a valid formulation when y = 0, and that (4-32) ““looks like” the expression for Ohm’s
law, provided (4-14) represents conductivity. Therefore, it would appear that in order to calculate
the change of energy in an absorbing medium, one needs merely to substitute the dielectric con-
stant for a nonabsorbing medium by the effective dielectric constant defined by (4-12). It is ob-
vious that (4-31) is not a physically meaningful formulation, since it leads to an expression for

energy,

= (4-34)
1611

which depends on y, and is, therefore, not consistent with the meaning of this term in generalized
dynamics.

A simple argument shows that (4-34) leads to a paradox. Consider the accumulative period
from £ = —co during which the energy was gradually stored in the medium, and assume that during
the period y varied with time as y(£). It would then appear that the energy of a system has dif-
ferent values depending on y(f), that is, on the manner according to which the particular physical
state was reached.
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Conservation of Energy. — Let us see whether the modified formulation based on ““work’ will
lead to a valid expression for the conservation of energy.
It is evident that the assumptions (4-25) to (4-28) require a change in the equations of conti-

guity and that in place of (4-2) and (4-3) we have now

1 dB
curl E = , (4-35)
c dt
1 <9D
curl B s (4-36)
S ¢ dt

It should be noted that the conductivity current (47n/c)crE does not appear on the right-hand side
of (4-36), since the formulation (4-26) includes the effects of absorption.
Forming the scalar products of (4-35) and (4-36) with B" and Es, respectively, determining the
mean values of the products, and subtracting one from the other, we obtain
/dlk \

+divS. =0. (4-37)
dt
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The intent of the above expression is to represent energy conservation. Since we have not been
able to separate dWe/dt into two terms expressing energy storage and energy dissipation, we can-
not assume that (4-37) represents a physically meaningful relationship. The best that can be said
for the expression (4-37) and for the previously derived expression (4-22) is that they represent
sums of certain quantities which depend on the intensity of the electromagnetic field. These

quantities are not clearly defined, and by adding them together we obtain zero.

V. ENERGY, DIELECTRIC CONSTANT, AND CONDUCTIVITY
Fundamental Assumptions in the Proposed Formulation

The revised version of the theory is characterized by three main features as follows: (a) to
reformulate the concept of energy by assuming that the relationship between the field energy and
the field intensity is independent of energy dissipation; (6) to suggest that energy be considered
as a fundamental quantity in the sense that field intensity can only be defined operationally in
terms of energy; (c) to treat the effects of energy dissipation as a small perturbation.

Our main emphasis is, therefore, on energy, and in order to clarify the meaning of energy in
the electromagnetic-field theory, we must also consider this concept from the historical point of
view.22 The idea of energy envisaged by Galileo, as that which is gained in power is lost in
speed, and subsequently developed by Bernoulli, Leibnitz, Lagrange, and others was originally a
concept associated with motion of masses. With the development of electromagnetic theory,
energy ceased to be dependent on matter as a vehicle for its transport and attained the status of
an independent physical existence. An electromagnetic field can, therefore, be considered as
nothing more than a spatial distribution of energy which varies with time.

Planck?23 strongly emphasized the meaning of energy which came with the electromagnetic
theory. In his interpretation an electromagnetic field can only be defined by energy, and he sug-
gested that the field intensity be expressed in terms of energy. ‘It is not easy to define absolute
value of the electric intensity. To arrive at, one starts from the concept of the energy of the
field.” Consequently, electric- and magnetic-field intensities are secondary concepts used inso-
far as necessary to explain the Maxwellian mechanism of energy propagation in terms of the prin-
ciple of contiguity. This point of view has influenced the formal presentation of the revised ver-
sion of the theory.

The assumption that dissipation is small is consistent with the basic principles of the elec-
tromagnetic theory. The intent of the Maxwellian hypothesis is to explain energy transmission
and, incidentally, to take into account the effects of dissipation. Therefore, the dissipation ex-
pressed by the term O is a secondary process, and Q can be regarded as a parameter which repre-
sents a small perturbation. The analysis of an electromagnetic field is based, therefore, on a
perturbation procedure in which a formal distinction is made between the unperturbed field quan-
tities in a nonabsorbing medium (O = 0) and the corresponding perturbed quantities (Q ~ 0) in an
absorbing medium. When Q = 0, the field quantities (unperturbed) are provided with a superscript
°“0” such as in E°, B°, D°, U° £/°, /7, and S°, whereas when Q0 0 the corresponding perturbed
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quantities are E, B, D, U Ue, Um, and S with no superscript attached. A similar notation is ap-
plied to the dielectric constant expressed by e° when the medium is nonabsorbing and by e when
there is absorption. The relationship between e and e¢0 will be considered later.

The distinction between an unperturbed field and a perturbed field should carefully be noted.
It is clear that the effect of the perturbation is to change the spatial distribution of energy and

also its dependence on time. Therefore,

U £U°, U ~17°, and S ™ S° . ISS-I)
= 7722772
Consequently
E~E° and B~ B° . (5-2)

The apparently obvious inequalities (5-1) and (5-2) are emphasized because of a special
reason which concerns the Lorentz postulate (4-7). Lorentz assumed that one can take into ac-
count the effects of dissipation by means of the von Helmholtz frictional term and that the elec-
tric field is not influenced by absorption. There is a clear distinction in the physical content of

the assumption (5-2) on which this analysis is based and the assumption that E = E° made by

Lorentz.

Description of on Electromagnetic Field

Nonabsorbing Medium. — Planck observed that ““among the laws of physics none is so uni-
versal and so easy to grasp as the principle of conservation of energy.” Since transformation of
energy from one form into another is of frequent occurrence in nature, and since the sum of the
energies of all kinds in the universe is constant, energy became a common coin of exchange in
any interaction between two physical systems, and energy conservation can be considered to be a

<

connecting link between the ““mechanical processes and motions of material points” and the
““electrical and magnetic or electrodynamic phenomena which form an equally uniform whole.”
Planck assumed, therefore, that the principle of energy conservation should have a ““priority of
position” over the principle of contiguous action. A similar sequence is followed in this anal-
ysis.

It is evident that when the field is unperturbed, the only form of energy to be considered is

the electromagnetic energy which is conserved. Therefore,

/dU®
\ dt

+div $° =0 . (5-3)

Following Planck, E° is defined in terms of 17° by means of

du 1 , D°
—L =t E®- , (5-4)
dr 4T dt
where
D?c.co = ¢°E k, o (-5
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and e° is the dielectric constant. Similarly, we define B° in terms of U° by means of

due° t9B°
", (5-6)
~dT ~dt~'
and write the equations of contiguity as
1 ~B°
curl E° (5-7)
c dt
n 1 <9D°
curl B® = . (5-8)
c dt

We apply the customary requirement that Eqgs. (5-7) and (5-8) should be compatible with the prin-

ciple of conservation of energy. This is ascertained in the usual manner by assuming that

Se=—(E°xB0) -9

477
is the energy flow.

In the above formulation we did not follow precisely the pattern established by Planck and
attempted in some respects to combine the traditional point of view with the one proposed by
Planck. Planck introduced his subject with the expression for the principle of energy conserva-
tion [Eq. (5-3)]. Then using (5-4) to (5-6) and (5-9) as definitions, he transformed (5-3) into an
expression which holds for every volume element and represents an identity. Then equating the
coefficients of E and B separately he obtained the formulation of the principle of contiguous
action [Eqgs. (5-7) and (5-8)]. In his derivation the principle of contiguity appeared as a direct
consequence of conservation of energy and of certain auxiliary relationships representing the de-
pendence between the field energy and the field intensity. Our derivation represents a compro-
mise between the approach of Planck and the one in the current theory. Instead of deriving equa-
tions of contiguity from the principle of energy conservation, as Planck did, we postulated the
existence of the differential relationships (5-7) and (5-8) and then verified their validity by show-
ing that they are compatible with the principle of energy conservation, provided energy flow is
defined by (5-9). Both points of view are equivalent.

Absorbing (or Emitting) Medio. — The medium is assumed to be energetically active, which

<

means that there is an energy transfer from the electromagnetic form into a ““nonelectric® form,
or vice versa. The electromagnetic energy per se is not conserved, and the equality (5-3) is now

replaced by

"\
LAY L divs =0, (5-10)

which contains the perturbing parameter Q.
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As previously, E is defined in terms of f7e by means of

dU 1 dD
E+— (5-11)
dt 41T dt

where

(5-12)

and e is the dielectric constant. We define B in terms of U, by means of

du 1 dB
Tau=_ B2 (5-13)
dt 4rr dr

It is assumed that the mechanism of energy conversion is expressed by Ohm’s law, and, there-

fore,
0= o0-E] . (5-14)

Since Q and E are already known, the expression (5-14) can be considered to be a definition of
conductivity. Henceforth cr will be used in place of Q0 as the parameter which represents pertur-
bation. If Q and consequently cr are positive, the medium is absorbing, and conversely when Q
and cr are negative the medium is emitting.

The principle of contiguity is expressed in its usual form as

1 dB
curl E =reeeeeee , (5-15)
Cc dt
1 dD  4rrer
curl B =------- R EREEE E. (5-16)
c df c

We comply here with the customary requirement that (5-15) and (5-16) should be consistent with

the principle of energy conservation, and, therefore, the energy flow is defined as

S=—(Ex B). (5-17)
477

Dielectric Constant

The dielectric constant for nonabsorbing and absorbing media has been expressed by e° in
(5-4) and (5-5) and by e in (5-11) and (5-12). Therefore, it can be defined in both cases as “‘a
measure of the ability of a substance to store electrical energy under the influence of an elec-
trical field.””24

There is some amount of confusion in the current literature concerning the dielectric constant
and what is considered to be its meaning. For a number of years this concept has been used in

various contexts to define molecular media25 and more recently misused in the definition of
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plasmas.26 Of particular significance to our analysis is a curious situation that the definition of
the dielectric constant as a ““measure of the ability to store energy” is entirely meaningless as
far as the current theory is concerned. The current theory has failed to provide a meaningful con-
cept of energy and cannot, therefore, tell us how to measure energy.

In this revised version the problem of defining electrical energy was reduced to the corre-
sponding problem in generalized dynamics, and in such case there is no ambiguity as to the

meaning of the dielectric constant as a measure of the ability to store energy. Furthermore, in

this formulation the relationship between U or dU/dt and E is the same as the one between U° or

dU°/dt and E°. Consequently,
e =e, (5-18)

which means that the dielectric constant for a nonabsorbing medium is the same as the one for an

absorbing medium.

The equality (5-18) has been derived on general theoretical considerations, and in establish-
ing this equality no specific assumptions were made concerning the structure of the medium in
which the energy is both stored and dissipated. However, it is evident that the dielectric con-
stant depends on the structural properties of the medium and would be useful for practical pur-
poses to obtain an expression in which such dependence is explicitly shown.

Consider a molecular model similar to the one postulated by Lorentz. We assume at first that

there is no absorption and represent the motion of the elastically bound electron in the form

m(r® + 0j2r) = eE° | (5-19)
which is identical to the form

m(K® + wors) = eEs (5-2°)

in the Lorentz theory. If, however, there is absorption, then our description becomes signifi-

cantly different from the one of Lorentz. According to Lorentz, (5-20) should be replaced by

m(rs + yrs + o”rs) = eEs , (5-21)
where

Es=E°"' (5-22)
whereas in our version (5-19) should be replaced by

m(r + co2r) = eE , (5-23)

where

E~ E°. (5-24)
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Note that in our formulation the relationship between 1° and E° as expressed in (5-19) is the

same as the one between 1 and E expressed in (5-23). If the medium is nonabsorbing, one has

e  XOOEK, (5-25)

whereas the corresponding relationship for an absorbing medium is

(5-26)

where

x(w) = m(ojl — co2) (3-27)
is the same in (5-25) and (5-26).
Assuming that N is the number of oscillating electrons, the polarization density in a nonab-
sorbing medium can be expressed as P° = /Ver®, and if the medium is absorbing it is P = Ner.
Consequently, the dielectric constant in the former case is Dk ~ = e°A,}§ch ~ co + 41TP£L and

in the latter case it is D ¢E =E + 47TP’k .o+ The dielectric constant in our version of

%k, co %, co k.G

the theory can, therefore, be expressed as

e=¢°= 1-—-- (5-28)

and it is, therefore, the same for absorbing and nonabsorbing media. The formulation (5-28) rep-
resents one of the most distinctive features of the proposed theory. It should be recalled that in
the traditional formulation the dielectric constant depends on absorption. In the proposed formu-
lation such a dependence does not occur. One can therefore increase or decrease the absorbing

properties of a medium without altering the dielectric constant.

There are also other distinctions which characterize the relationship between the dielectric
constant and the conductivity. In the proposed version the definition of the dielectric constant
precedes the one of conductivity. At first, one defines e¢ by (5-11) and (5-12), and then one ob-
tains an expression for ¢» from Ohm’s law. On the other hand, in the current version both £s and
cr” are derived from the complex dielectric constant, and there is no requirement that the formula-
tion of one of these parameters should precede the other. Furthermore, in the proposed formula-
tion 6 and cr are always real quantities. However, this is not the case in the current theory,

where a substance can be specified by a complex dielectric constant

= £+ @4TT(Ts/0)) | (5-29)

(S
complex

even when &s = 0, or by a complex conductivity

=a, —(zgcoe s /41) \(5—30)

a
complex

even when " = 0. These designations are physically confusing. In this formulation we avoid a
terminology in which complex dielectric constant can define conductivity, or complex conductivity

can define dielectric constant.
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Perturbation Operator

Consider now the perturbation treatment in which c¢r is the perturbation parameter. Assume

A A

that there exists an operator K which depends on cr and which can be defined as follows: (a) K
is effective in transforming an unperturbed field quantity E° or B° (in a nonabsorbing medium)

into a corresponding perturbed quantity E or B (in an absorbing medium). Therefore,
E=AE° and B =KB°. (5-31)

A
(h) If E° and B° are plane waves, the operation performed by K is equivalent to that of multiplying

E° or B° by a number A,

K = edx~Pt , (5-32)
where a and f7 are appropriate constants. Therefore, if E° and B° are expressed as

E° = O0.5[E°ey(?cx-""O+ c.c.] ,

(5-33)
B° = 0.5[B"~e*™-" + c.c.] ,
respectively, then using (5-32) one obtains
E = 0.5 i E°e"*~ia)x-(cjj—i/3)1] + c ¢
(5-34)

B = 0.5 iB%e (fe—'a)x-("—="/3)" + c.c.

respectively (E0 and B0 are constant amplitudes). Consequently, a homogeneous plane wave in
an unperturbed medium becomes an inhomogeneous plane wave in a perturbed medium. The wave
number, which for an unperturbed wave was expressed by a real k&, now has a complex value

k — ia. Similarly, the frequency, which for an unperturbed wave was expressed by a real tu, now
has a complex value co — i/3.

Substituting (5-33) in the contiguity equations (5-7) and (5-8), one obtains
F = F(ka>) = (c2k2/6)) — coe =0 . (5-35)
Similarly, substituting (5-34) in the contiguity equations (5-15) and (5-16), we have
F(k — ia, co — i/3) = 477icr , (5-36)

where F(k — ia, co — i/3) is obtained by replacing in F(k,a)) the term k by k — ia and the term co
by co — /3.

It has been assumed that the effects of the perturbation are small. Therefore, there is an im-
plied understanding that the energy decrease in an absorbing medium (or increase in an emitting
medium) during a "significant” time interval is small when compared with the energy stored in
the medium. (What constitute a "significant” time interval and the smallness of the perturbation

will be discussed in Part II of this investigation.)
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Since the perturbation is small, one can assume that
la] << &\ and |/3] << |cu| . (5-37)

Therefore, expanding F(k — ia, > — //3) in the form of a Taylor series in which the derivatives of

order higher than | are neglected, we transform (5-36) into a relationship

dF
F — ia--:--- i%—a&;---MTrcr =0. (5-38)

Then considering (5-35), we obtain

dF dF
a— + B—1I47rcr=0 . (5-39)
dk dco

The two equalities (5-35) and (5-39) will be designated as the ““characteristic’ equations.
They define the response of a dispersive medium to an electromagnetic disturbance and take into
account both transmission and absorption (or emission) effects. The role of the characteristic
equations in the revised version of the theory is similar to the role of the dispersion equation in
the traditional version. The characteristic equations will be used in Part II in the analysis of
transmission and absorption (or emission) effects for convective and nonconvective disturbances

in dispersive media.
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