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ABSTRACT
Normal product techniques are applied to the study of gauge inveriance
in a massive vector meson model in renormalized perturbation theory. Composite
fields are defined which are invariant under a one-parametric family of covari-
ant gauge transformations. Ward identities are derived for Green's functions
involving an arbitrary number of vector and axial-vector currents. The lack

of lowest order radiative corrections to the triangle anomaly of the axial-

vector Ward identity is verified using BPHZ methods.
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I. INTRODUCTION

Normal productsl have proven to be'a useful tool in the definition of
currents and the derivation of their generalized Ward identities in renor-
malized perturbation theory. - In the present ﬁork:normal~product techniques
will be applied to a theory of fermions interacting with massive vector mesons,
which is of particular interest because of the special: restrictions which the
principle of gauge invariance places on the definition of observables.

The massive vector meson ("gluén") model descfibes the interaction of a
neutral, mess m (#0) vector field V¥ with a mﬁss M (#0) spinor field ¥, with
formal equations of motion,

u u
iv¥s M)y = evly ¥
(v y ) Y,

u 2 = _o% ,
3F L+ mV = —e¥y ¥ (1.1)

v TRV v .
The formulation of this model in Lagrangian field theory has been discussed by
various a.uthors,2 Our work will be based mainly on the version'of'zimmermann,l
which adopts the BPHZ3 subtraction scheme to avoid divergences.

The notion of gauge invariance has no intrinsic role in the massive
vector meson model (this is obvious from the field equations), and becomes
relevant only because we insist that the model be expressed in terms of a
renormalizable Lagrangian field theory. To see this, we need only look at
the Green's function of the meson field equation,

dhk 'kukv

= (-4) _-ik-x
by (0 = J(g,,)h (6, = 5% e (1.2)

k2-m?+ie
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Instead of fa;ling off like k-z-as in & scalar theory or in quantum electro-
d&namics, the Fourier transformnof‘AFuv(x) is constant for large k, and this
leads to a non-renormalizable theory in which the divergence of a Feynman
diagram increases with-the number of internal meson lines. The method of

achieving renormalizability is essentially that of regularization. One

introduces an asuxiliary vector field with free propagator

g k k
. "i E\) _ \ 1 _ 1 (1 3)
2 2 2 2 2 2 2 ) °
k -m +ie m- \k -m +ie k -mo+ie ,

where mg is an arbitrary non-negative number. A renormalizable theory has

been achieved, but at a price: the Green's functions now depend on mi and
describe an indefinite-metric Hilbert space with ghost particles (auA“ is a
free field of mass mo). As in the Gupta-Bleuler formulation of quantum elec-
trodynamics, one extracts the physical content of the massive vector meson
model by means of a gauge principle: the observables of the_theory are thoéé
quantities which (in a sense to be made more precise in Section II) commute
with the free field auA” and which are independent of the ghost-particle mass.
Among these will be & physical meson field satisfying the Proca equation (1.1).
An exhaustive study of the gauge-inv;riant observables in the massive
vector meson model is beyond the scope of this article. Ratﬁer we shall be
interested in developing suitable criteria fof.checking gauge invariancé
(Section II) and in the study of a certain important class of observables,
namely those which can be expressed in terms of products of fields of low
dimension (Section III). For currents bilinear in the fermion field we shall

derive Ward identities (Section IV) using the methods of Ref. 1. Of particular
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interest will be the Ward identity of the axial-vector current, whose "a.nomalies"h

will be treated systematically in Section IV. 1In the final section we shsall
verify using BPHZ methods the result of Adler and BardeenS that the triangle

anomaly has no lowest order radiative corrections.

II. CRITERIA FOR GAUGE INVARIANCE
In this section we shall define precisely what we mean by the gauge
invariance of observables in the perturbative vector-meson model. After
giving a prescription for calculating the Green's functions of the renormal-
ized fields to arbitrary order in the'coupling constant, we shall state two
criteria for gauge invariance. These will express in the language of Green's
functions the two facets of the gauge principle set forth in the Introduction,
namely, commutation with the ghost-particle field and independence of the
ghogt-particle mass. |
A. Specification of the-Green's Functions

The effective Lagrangian.(Zimmermann’s-terminologyl) of the vector meson

model is
~ _ Trug u
Lopp = (1+a)—¢y b0 - (e)Py - (1-b)eauAva ¢
2
+ (nPea)ga AM ¢ (est)iyua + (1-b- BR300 %)%
[¢]
- xo + XI ’ (2.1)
_ ri-w - 1 W,V o u
K, = [G5v el + [0,8,0%" + 22" + 0B 2)2(3 a2
O

where the finite renormalization constants a, b, ¢, d, and f are pover series

in the coupling constant e whose coefficients (to be fixed eventually by normal-

ization conditions) are functions of the mass parameters of the theory, M, m and
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Green's functions (covariant time-ordered functions) may be computed to
any order in e by means of- the: Gell-Mann-Low formula,q

2
<0|T 1 A, (yi) n w(w ) n ¢(z Ylo> =
i=1 ¥

(0)

= Finite part of <olT n A(°2yi> il w(O)( n (O)(z )

)
=1 Vi 1 =1 " 1

x exp{ijdhx:]zI[A£O),w(o),i(o)]=}'0>(0)

wvhere ASO) and w(o) are the free fields with the propagators specified by the

unperturbed Lagrangian ;f% and the finite part prescription is that of
Bogoliubov, Parasiuk, Hepp and Zimmermann (BPHZ).3 Formally the righthaend
side of (2.2) is the well known sum over Feynman diagrams with the following
lines and vertices:
i
Fermion line: M

Meson line:

Fermion-fermion-meson vertex: i(e+f)y

Fermion-fermion vertex: - i(c+ag)
2y _8
Meson-meson vertex: i(a+bk )guv - i(b + 2)kukv

o
In Zimmermann's version of the BPHZ subtraction scheme, the formal integrand

(vefore integrating over internal loop momenta) I corresponding to a Feynman

G
diagram G is replaced by the subtracted integrand

R, = n (-t )I : (2.3)
G Ueéf yeU Y
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where gZé is the set of all forests (sets of nonoverlapping oﬁe-particle
irreducible subdiagrams y of non-negative degree §(y)) of G, and ty denotes
the operation of taking the Taylor series to order §(y) in the independent
external momenta of y (about the origin). The degfee-of a subdiagram y may
be taken in this model as
3

s(y) = L - ¥, - BY (2.4)

~ where FY is the number of external fermion lines and BY is the number of
external meson lines of y. The product of Taylor operators in (2.3) is

r?stricted by the requirement that if Yo is a subdiagram of Yy then tYe
stands to the right of t, -

1 )
Normal products may be introduced by a slight modification of the Gell-

Menn-Low formula.t If C?;, a=1,2,...,p, are formal products of the basic

fields and their derivatives with dimensions da. 28, then ve define

<o|T§N [O’](x)nw(w)nw(z)|0> =
a=1 a j=1 k=1

.
= Finite part of (0)<0|T )i} :£9£0) (x ) m ¢(0)( J) I w(O)(z )
a=1l J-l k=1
x exP{inhX:LL[A\(’O),‘P(O),E(O)]=}|O>(o) (2.5)

Thus the same Feynman rules given above are applicable, with the additional
requirement that each Feynman diagram must contain special vertices Vi, |
i=1,,2,...,p corresponding to the normal products N6 [C9;]. The renormaslized
integrands are once again given by the "forest formula" (2.3), but-with degree
function

6(y) = 4-5F -B - ] (b-s) (2.6)
Y vy €Y
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?he notation of Eq. (2.5) suggests that we are dealing with the covariant
time-ordered functions of well defined operator fields., To justify this ‘inter-
pretation one would haﬁe to prove the appropriate generalized unitarity rela-~
tions, a difficult step which has not yet been accomplished. Moreover, as
pointed out in Ref. [7], the equations of motion give rise to a certain non-
uniqueness of the time-ordered functions. In our opinion neither difficulty
poses an insuperable problem, and we feel that we are not being overly op-~
timistic if we assume that (2.5) indeed defines Green's functions of legitimﬁte
composite fields, provided (a) the latter contain derivatives and Dirac vy -'-
matrices only in completely traceless combinations and (b) the degree of a
normal product Nakj] is equal to the dimension of O, Other composite fields
are assumed to be reducible to linear combinations of such normal products in
standard form by means of equations of motion and Zimmermann's identities re-

lating normal products of different degree.

B. First Criterion of Gauge Invariance

The basic formula which allows us to state criteria for gauge-invariant

fields is the Ward identity

3
<o|r 3 aA¥(x) m (v ) 1 p(w,) T ¥(z, )]0
H i=1 1 j=1 d =1
L m
=9 <olTA“(x) m A (y,) 1 viw) T %(z )0 (2.7)
i=1 3=1 =
2 mo2 . . 2 l\ m m-
= - igl (EZ?E) avi Bp(x-y, 5m ) <O|TAvi(yi) -~-Avi.--sz(yz)jglw(wd)kzlw(zk)|o>
v @D 5 T (apteevym ) - a(xezm ?)
I - A L I S Rl
L m m
x<olTn A, (y,) 0 or) T iz )]0

i=1 Y1 ! =1 k=1 9
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where AF(€§m°2) is the free, mass m_ propagator and the caret over the field

Avi denotes ifs omission from the time-ordered product. The two contributions
to the righthand side of (2.7) arise from the following graphical alternative;
either the scalar meson propagator originating at x is connected directly to one
of the external meson lines, or it is attached to one of the interaction ver-

tices of the diagram. The first case gives the first term on the righthand

side of (2.7), whereas the second gives
m

[o) ) tom 2

~i(e+f) 015- ) I a'x AF(x—x sm )

ar <o|T W [¥y"¥] (x') x o> (2.8)
H 3
m +a

where here and in the following we use the abbreviated notation

m
A, (y) T ww)nm ¥ (z)
=1 Vi * a2 .

X =

H=ae

To arrive at (2.7) we must therefore prove the following vector-current Ward iden-

tity.
_ m
(1+4d)a%<0|T N [Py 1(x)X 0> =3 [6(x-z,)-8(x-w,)] <0|TX ]o> (2.9)
x 37 j=1 J J
It is an easy consequence of the properties of Zimmermann's normal productsl that
0,<0|T Ny [Fy v] (x) X [& = Q| T[Ty 9)]1 ) X |
= -1 <0| T N, [F(13-M)y)(x)x|0>
+1 <o TN [F(-13m)¥] (x)x| 0> (2.10)

The verification of (2.9) thus reduces to establishing the equation of motion for

¥ within the normal product,
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<0| T Nh[W(i;Lm)w](x) X 0> = <o| T N,[F(-1d% c-(e+£)X)p](x) X ]os

m o
-1 ] 8(x-w,) <o| Tx o> (2.11)
J=l J T E

Eq.(2.11) follows from the graphical argument, strictly analogous to the scalar
case treated in Ref. [T7], depicted in Fig, 1,
From (2.7) we may verify (using the reduction formula) that the Klein-

Gordon equation
2 2 o
(3% + m, )BuA = 0 (2.12)

holds as an operator relation, Moreover, we see that ghost mesons interact with
fermions in a very restricted way: we need include only those Feynman diagrams
in which the scalar meson line passes through without interacting or in which
it interacts with an entering or existing fermion line.

The above considerations indicate that "probing with a ghost particle", i.,e,
attaching an external scalar meson line to a Feynman diagram, may be a good way

to rest for gauge invariance. In particular, we shall say that fields ¢(a)(x)'

satisfy the first criterion of gauge invariance if they have covariant Green's

functions (to be denoted T - functions) with the property

N N
“<0| T 3uAu(x) I ¢(as) (xs) X |o>

s=1
L m02 ' 5 ~ N (a )
=-i ] (F)a, fpixym ) <o T on 0% (x) x,%k[o> (2.13)
i=l m+a i s=1

2

m
+1 (8D (%)

N
2 2 - (a
(A (x~w,3m ©) - A (x-z 3m “))<0] T 1M &' %’(x_)x |o>
1+d mota  §o1 F J7o F J>o ) S

s=1

e~ 3

for all {as} and for arbitrary products of the basic fields,

) m m
X=1n A, (y.) I yw,) 0y (z).
1=1 1 Lgm1 dxm K
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Here X4 denotes X with the field A, (yi) missing,
i

~Criterion (2.13) is the first part of the gauge principle enunciated -in the
Introduction, It is the Green's function analogue of
N
[2,a%(x), T ox)1=0 (2.14)
s=1
The main point is that if a physical Hilbert space€}+ is constructed by acting on
the vacuum with fields satisfying eithgr (2,13) or (2.1k), then auAu.is identically
zZero inc}4’. This follows from the positive-negative frequency decomposition of
auA“ in (2.14), and, assuming asymptotic completeness intﬂ“‘, from the reduction
formula applied to (2.13).
It is easily verified that the first criterion is satisfied, with 5=T;
not oniy by the "electromagnetic" field Fuv=auAv-3vAu(this follows immmediately .

from (2.7)), but also by the "physical" meson field

Vs A+ i-—e- 2 2", | (2.15)
o

provided the second derivatives are taken outside the time-ordering symbol with-~
out ﬁiéking up contact terms (we adopt this convention for Vu) and by all formally
gauge invariant normal products. By formal gauge invariance of a product of‘
basic fields we mean that ¢ and ¥ fields are present in equal numbers, and the
Au field and derivatives of the fermion fields enter only in the combinations
Fuv’ (au-ieAu)w and $(§u+ieAu). The graphical argument leading to (2.7) is
altered only by inclusion of diagrams in which the ghost-particle propagator
is attached to one of the lines emanating from the normal product vertex. That

these cancel for all formally gauge invariant normal products is left as an

exercise for the reader,
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C. ‘Second Criterion for Gauge Invariance

(a)

Suppose ¢ are formally gauge invariant composite fields whose T-functions

(a)

satisfy (2.13). We shall say that the & fulfill the second criterion’ if the

following identity holds:

d -~ N
-a-an-<o| T I <1>(°‘s)(xs) X |0‘> :
o s=1 (2,16)

e m s=1

2 - N
= —i-<3—}§>f dhx <0| T : (BuAu)Z:(x) I 4>(°‘s)(xs) X |0>
[}

for all choices of {as} and X. (Note that in the BPHZ subtraction scheme, the
Wick product in the righthand member of (2,16) is really a normal product of
degree zero, That the righthand side is well defined with so few subtractions
is a simple consequence of (2.13).)

The second criterioh, which includes the requirement that all Green's
functions containing only gauge invariant fields are independent of the ghost-
particle mass, is not a trivial matter to establish., As we shall see in
Section III, Zimmermann's normal products normalized at the origin do not auto-
matically satisfy it, and much of the remainder of this article will be devoted
to defining normal product fields and their timg‘ordered~functions in such a
way that the second criterion is satisfied. In this section we shall content

ourselves with a special case of (2.,16), namely,

5 ‘
3 m"+a L uy2
w7 <o|r x|o> =% F—)f a'x <o] T: (3 AT)7: (x) X |o> (2.17)

o
which, with (2.7), implies the gauge invariance of the S-matrix and which willk
place certeain restrictions on the renormalization: constants a, b, ¢, d and £

(see (2.1)) which we have thus far left undetermined.
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Equation (2.17) is most easily proved using the method of differential

8
vertex operations (integrated normal products).

i 4 =
Define Aj = nj 1 f Nh[ 0/3] dx : 3‘192’-'096
= a ¥ =iz
O, = A A Oy =30 3
- V.U = H
cyé = auA a Av C% vy wAu
=7 - )2
03 = ‘W’ 6/6 = (auA ) .
In terms of the Aj’ the effective action integral takes the form
iAEFF = I hx Nh[;ffFF] =_(m2+a)Al+(b-1)42+(c-M)A3 (2,19)
2
m +a
+ (d+l)Ah+(e+f)A5+(l-b - - 2) A6 .
o

Now we apply the following result of Ref. [8]: If iy = ﬁ ¢, 8, with the

coefficients ck'functions of parameters a

(or vertex function) G,

g then for any Green's function -

oG _ k N
32 - z 5o Ak G. 42.20)
i k i
In our case
3G aa b ac ad af
Wt m et et R & (2.21)
Lo} (o) o o] o :
9 m2+a
-3-502 (b+"—2"'”) A6) G .
o

On the other hand, from Zimmermann's work we know that the integrated Wick product

may also be written as a linear combination of the integrated normal products of
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degree four. The coefficients may be determined using the normalization condi-

tions for the latter. Thus we have (as a relation among differential vertex

operations)

with

where the

5
%-f dhx :(BuAP)Q: (x) = Z riA

+ A (2.22)
i=1 6

i

nE %—- I dhx <OIT:(3uAu)2:(x) KU(O)X})(O) |O>prop|

L, = %—-f dhx'f%;é <0|T: (auAP)2;(x)Xu(k)XP(_k) |o>propr]k=o
n

ry = %Trjdhx <0|T: (auA“)Eg(x) $(0)¢(0)|0>pr0P

Ty [ a'x [’%;u- olT: (3,47 (x¥(2)¥(-p)|0>P™P

H
=
!
le
[\V]

= Ty Idhx <o0|T: (auA")gz(x)$(o)$u(o)Xu(o)|o>Pr°P

H
1}

5 32

tildes denote Fourier transformation of the T-function:

<0 T Ku(k) X |o> = [dhxeikxml TAu(x) X |o>,

the superscript PROP indicates that only one-particle irreducible diagrams are

included,

and PROP' is the same as PROP except that trivial diagrams with a

single vertex are excluded, From (2.7), it is clear that r. and r, both vanish,

since the

momenta,

Ts

1 2

proper parts are necessarily transverse in their external meson

Moreover, it is a consequence of the Ward identity (2.9) that

= (e+f) r’ho
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Comparing (2.21) and {2.22), we see that (2.17) may be enforced by setting

a=sa
(o}
b=b
o . 5
o 2
2 ,m +a
= ' v
c=c + I dm (;T—E—) r3(m,M,mo,e)
(o) (o)
mo2 2 m2+a
= ? 1
d dO + Jo dmo (;T) T, (m ,M,mo ,e)
(0]
m°2 2 m?+a
= + m'
£ fo fo dm’ (;:ﬂ——) rs(m,M,m ,e)
o

where 2, bo’ Cys do, and fo are independent of the ghoqt mass, It should be
observed that the integrals in (2.23) vanish in the limit of the Landau gauge,
mbéo, the integrands being at worst logarithmically divergent.,

The constants a, and bO are to be determined by the normalization conditions

fixing the position and residue of the meson propagator pole:

I(n®) = 0 = 33§21~ g 2

p P -m?
where
‘ 2
%/ (k) = -ifg _ kukv& ( 1 ! i kukv imo \ 1 )
Fuv w2 2 2oy k2 |n2+a) k2-m°2
(2.24)
and
n vy Py Fuv K7

In addition, the combination e°+M&° is fixed by the interpretation of M as the

physical fermion mass:
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Z:(Ii‘) | =.=.0_
=M

where

gﬁ St (2.25)

F-M-Z(p)

and

<0| T ¥(x)¥(y) |O> = ré_hP_he-ip(x_y) %, (p)

(2m) F .

Finally, do and fo are conventionally either set equal to zero (intermediate
normalization in the Landau gauge) or may be determined by the mass shell nor-

malization conditions,

u.?.z-:._ =0
(v apP] o
1l ..u
gy r(p,0] =ie (2.26)
FM

S S
ol T vEFIA (2)]o> = f dp | 2a_d'  lpmaysea)
¥ (am)” (am)” (2m)

x (2H)h6(p+q+k) Pu(p,k)

It is not difficult to verify that the normalization conditions (2,2L4-26)
actually determine a s bo’ o do and fo which are independent of m . It should
be noted that the explicit calculation of Cyo do and fo is not necessary with
mass shell normalization, since ¢, d and f may be determined directly from

equations (2.25) and (2.26). This advantage is offset, however, if one wishes

to take the electrodynamic limit, m*0, without encountering infrared divergences.
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ITI. GAUGE INVARIANT NORMAL PRODUCTS

We now turn to the problem of defining covariant time-ordered functions
(i-functions) and formally gauge invariant normal products with the property
that both criteria of the preceding section are satisfied.

Before considering the most general Green's function involving composite
fields, it is instructive to consider the simple case of a single field of
the fbrm N3[$iwd] , proceeding in a manner parallel to that used to derive
(2.17). The only additional complication comes from the fact that the normal
product vertex introduces a new class of mo-dependent BPHZ subtractions, which
must be compensated ih some way to insure the validity of (2,16). Egs. k2.21)

and (2.22) now take the form

3G,
i

Al -3e 4 L8, L3, E-i%- A.) G (3.1)
om 2 om 23 om 2 "h am 25 m 6 1
[0 ¢} o] [¢] o
Gyy = <0|T N3[win](x) X |o>
and
Lld <ot (3 a2 [5,9,1(x) X |05 (3.2)
2 y TR A LA A :
>
= 8 Gyy * kﬁ; T 4 O = Yismn O

where the r, are the same as in (2.22) and

“igke :%'f a'y <o 1(3uAu)2:(y)N3 [@iwjl(o)mk(o)ﬁl(o)|O>prop.



¢ -17_

With the choice of renormalization constants (2.23), Eqs. (3.1) and (3.2) may -

be combined to give

§Gyy = Yy Cpg

where \ | : . /
n I
§ = g i _ %-f dhy ¢ Au)zz(y)
m +a am.o2 ¥

The nonvanishing righthand side of (3.3) has its origin in the fact that

b= d [ dx w610 ana -’;-f a'x 12 A% (x)

require different numbers of subtractions for proper subgraphs of the type
pictured in Fig., 2, The Nh normal product prescribes subtraction of the zeroth
order Taylor term, whereas the Wick product requires no subtraction, Moreover
this is the only type of proper subgraph containing N3[$iwj] where there will
be a distinction between the two subtraction schemes, Thus, from Ref. 1

we know there will be a term proportional to Gmn on the righthand sides of (3.2)

and (3.3). The coefficient u is most easily evaluated using the normalization

ijmn

condition
- N prop _
| T N3[win](o)wk(o)wz(o)IO> = 833840 (3.4)

We now wish to define gauge invariant normel products of degree three by

taking linear combinations of the various N3[$iwj]. Let us write

| T N3[$in] X |0o>=<0| T N3[$iwjl X |o> (3.5)
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where

N3D$1wJ] = 85k N3[$kwnl

and the coefficients are to be determined by the second criterion,

& <0| i‘n3[$iwjl X |o> = 0 (3.6)

and appropriate normalization conditions. Convenient choices for the latter are

(i) intermediate normalization in the Landau gauge,

M 3z = prop -
<o| TN,IF;¥,1(0)¥, (033, (0) |o> = 83385y (3.7)
m_=0
o
and (ii) mass-shell normalization,
I3 = prop -
<o| TN,T;,1(0)¥, (p)9,(-p) |0> = 6184y - (3.8)
f=m
Requirement (3.6) implies
L '
m 3a,
0=a 5 G + 2 ijki
13kt © Tke T 2 om_ 2 k2
m da
_ ijmn
= ( a, u + - ) G
13k %4 © 2 m2
so that !
2
m
m2+a 2 o
]
aiJkl' -f -—-Em' a'i,jmn LI dmo + 23 yxp * (3.10)

o] o]
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where agjkz is independent of m .. Eq. (3.10) is an integral equation which

can be solved recursively to any order in perturbation theory. In the case

of intermediate normalization we choose agjkl=0’ whereas for mass-shell nor-"

. o)
malization we choose aijkz

is a consequence of the mo-independence of (3.8),

such that (3.8) is satisfied. That this is possible

-

i
2o 3 o ¥ I prop
n'+a  om 2 <l T773[wiwdl(o)$k(P)wz(‘P) |o> o (3.11)
= %-fdhy <0| T :(auAu)Z:(y)ﬁ3[$in](o)$k(p)$z(_p),o>prop = 0.
x<m

Note that mass-shell normalization has the advantage that the coefficients aijkz

may be determined directly from (3.8), without resorting to (3.10).

The above formulas become particularly simple when N3[$iwj] is contracted

with one of the matrices T = l,ys,yu,yuys. Then considerations of Lorentz

invariance and parity imply

Tig Ygke =% Tk
(3.12)
Tiy 2igke = @ Tig
with 2
(] 2
m +a ] 2 o]
a =— -5 cu dm + a
f m' °
(o] o]
[o]
aa =0 .
om 2
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8o that the second criterion of gauge invariance is fulfilled by simply mul-

tiplying by the m - dependent factor a:
<0| TY[ryl(x) X [0> = a<o| T N5lFryl(x) x |o> (3.13)

Formally gauge invariant normal products of degree four may be treated

similarly. By the same reasoning which led to (3.3), we have
& <o|T N, [O](x) X “|o>

= uy, (0] <o] T N,[F;v,1(x) X |0> (3.14)

3 |
+ vy B3, 01T 0y [y, 10 X o>+ i[O <ol W [F, (F-tea, v 1x) X o>

where
4,00 = - & [ay o T (A2 m,B100) T, (0, (0)[0>PTOP
TICREE 28 [d <ol 7 (242 I 1(0)F, )5, B) |0>PTOP

p=0

Wy 01 = 2 [dby <ol T 23,4278, (0101, ()X (0)F, (0) |0>PTP

The BPHZ subtractions giving rise to the various terms on the righthand side of

(3.14) are displayed in Fig. 3.
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Defining

)

<o| T9,[01(x) x|o> = <0| T N, [#1(x) X]o> (3.15)

where

b

- 3
= T u u -

we obtain

5<0|T¥), [G)(x)x| 0>

<ol [7, wJ](x)xlo>( ——-1 +uy O + 8 [,v,]

m +a am
o]
<

3
M -
Cp¥e (¥ (5= tea )y,

+

L M
m ab
+ 3, <0 TH, (3,4, 1(x)X| 0> (=3 —-4241 + v}, 107 + v, [Gy0,] (3.16)
m4+a 3nm
- (o]
u
* PygYkaiy * Cp kz[“’i(a iea )V, 1)
L

2 —21 + ] (O + &l I3, wdl

-, ]«
+ <°|TNh["’i(Eau - ieA )“’3](X)X|°>(m -

kz kl[wi 5* ieAv)Wj]).

Setting the righthand side of (3.16) equal to zero, as required by the second
criterion of gauge invariance, and integrating with respect to mi, we are left
with a set of integral equations which may be solved iteratively in perturbation

theory. Once again the constants of integration must be fixed by appropriate
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normalization conditions.

As a simple example which will be needed later, consider

- Y TAV R HVK A
& = F O E P F e | (3.17)

In this case

uij[éyl = 0 = VEJ[C7]
IO = vaM)y, . (3.18)

A convenient set of solutions of (3.16) set equal to zero is provided by

aiJ = ciJ = 0
B u 5
biJ = B(y'y )iJ _ (3.19)
2
m
° 2
B8 =-{ E—"'%(v-'-Bt:t)dm")a*Bo
m!
[]
(o]

vhere 8° is independent of m but otherwise arbditrary, and u is defined in
(3.12) with T = y¥y°.

In order to generalize the preceding discussion to time-ordered functions
of more than one gauge-invariant composite field, we consider the case of two
normal products of degree three and two of degree four. This example incor-
porates all of the important features of the general situation. As before,

the second criterion of gauge invariance fails for

<0|TN3[A]N3[B]Nh[C]Nh[D]X|0> | (3.20)

thanks to the different number of subtractions required by :(auAu)Q: and

Nh[(auAu)Z]. The discrepancy may be partially compensated by replacing the
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N's by N's in (3.20). There will remain, however, nonvanishing contributions
from various subgraphs (depicted in Fig. U4) containing more than one normal

product vertex in addition to the (auAu)Z'vertex. Thus, with the simplified

notation,
A = NlAN(x,) c = m,[c)xy)
B = Ny[B](x;) D = N,(D)(xp)
s(ac) = 8(x, - x,.)6(x, - x,4)
8(ACD) = &(x, - x,,)6(x, - x, 1)8(x - %))
we have

aAnAan

6<0|T ABCD X|0>

{ugg J a* (S (AC)<0| TN 3[0y9,1(x, ¢)BD X|0>

+

(A*—»B)+(C<—>D)+(A<—>B,C<—+D)§

JACD( b - -
+ { y Jd xACDG(ACD)<0|TN3[wi¢J](xACD)B X|0> + (A« B)} (3.21)
+ C?thx a(cn)<o|'rmh[wiw M=, )Rfa x| 0>

4 c,c 3, .CD,D _3d - e
+ de (idn ax *+ ugye axDu>6(CD)<O|TN3[w1wJ](xCD)AB x| o>

oCP
iju

+

4 v as
Jd xCDS(CD)<0ITNh[wi(%3" - ieAu)‘bJ](xCD)AB x]o>
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vhere _
ugy = ;Ja y<o|T:(3 4%)%: (y)A(o)c(o)m (o)wJ(o)|0>PR°P
ﬁn = - %[dhy<O|T:(apAp) (y)A(o)c(o)D(o)Qf (o)w (o)|0>)”"°P (3.22)
co,c _ _1_3 o PROP
o o [ey<olz:(a 4012 (rcCprBC0NY (-P-)wd(-g-)lw .
- % N
uggu = %; Idhy<olwz(apA°)2=(y)c(o)D(o)$i(o)Xu(o)$J(o)|o>PR°P
Exsmination of (3. ) suggests the following definition:
<0|§n3[A](xA)7(3[13](xB)nh[C](xc)ﬂh[D](&)xl0>
= <0|T ABCD x| o>
+ {f fg J a® 6(AC)<O|TN [wiw ](xAC)BD x| o>
+ (A<B)+(C+ D)+ (A« B, C n);}
+ {;aﬁgnjdthCDG(ACD)<0|TN3[Ein](xACD)ﬁ X|0> + (A <« B)} (3.23)
cD

+

4
iJJd xCDG(CD)<0|TNh[wiwj](xCD)AB x| o>

+

L 0, 3, ,CD,D 3 an
Idx (iju ax * 8w axD )5(CD)<°|TN ['bitll 1(x.p)AB X|0>

oCP
iju

+

b - (ATh u -
Jd xCDG(CD)<OlTNh[¢i(Eﬁ - ieA )wJ](xCD)AB x|o>

+

{a‘i‘g{ﬁ a“xACJ 2" (AC)S (BD)<0| T, [F, ¥, J(x, W[5, 0, 1 x| 0>

+ (A~ B)}

AC ACD
where the aij’ aiJ,~ N

gauge invariance and appropriate normalization conditions. The freedom to

etc. are to be determined by the second criterion of

choogse these coefficients arbitrarily is just the freedom to
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choose subtraction constants in the BPHZ scheme.
In order to impose gauge invariance, it is clear from (3.23) that we

shall need, in addition to (3.21), the following relations:
- 6<0|T0, [F %, 1(x, )BD X]0>
= 'uijkz<O|TN3[win](xhC)BD x|o>
+ uigjdeDG(BD)<0|TN3[Ein](xAC)N3[Ekw2](bi)X|0>
ACD

'+ v J ACDc([Ac]D)<0lTN [wszl(x

ijkz ACD)B x| o>

5<0|TN3[$i¢J](xACD)B x| o> uijk2<0|TN3[Ekw2](xACD)3 x| o>

6<O|TNh[$i¢J](xCD)AB x| o> ukz[miwd]<0|TNu[$kw2](xCD)AB x| o>

+ v [Fyw,1<0/ TN, 13, (F,9,) 1(xcp)AB X|0>
At . (3% )AB (3.24)
+ ‘wkz[win]f°|TNh[wk(eau - e )y, 1(xqp)aB x| 0>
+ {:wACD J 8(AlcD))<0| T4 [F, 9, 1(x,, )B X|0> + (A <> B) 3
1 ¥13ke ) “¥acD k2’ *acp’®

6<0|TN3[win](xCD)AB xjo> = uiJk2<OITN3[wkw2](xCD)AB x| 0>

6<0|TNh[wi( 5 - 1eAu)wJ](xCD)K§ x| o>

- lH - An
we, (9, (58] - sea v, 10| TN, [§, 0, }(x,p 4B X|0>

+

ATACN ieAu)¢J]<°|TNh[9v($kw2)](xCD)Rﬁ x| 0>

+

- ,1 an
kl[wi 3* ieAu)¢J]<0|TNh[wk(§$: -.ieAv)wzl(xCD)AB x| 0>

+.{f?§£2 f ax, .6 (AlcD])<0| T, [§, v, 1(x ACD)B X|0> + (A > B):§
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s<0| T (9,v,1(x )N3[wk¢£](xBD) x|o>

(uijmndkrazs + 6im§Jnuk£rs)<o|TN3W’-mwh](xAC)N3[$;'ws](xBD) X|0>

where Uy g ? uid[éyj,» v [67] and w [C?Q ‘are given in (3.2) and (3.1h)
ACD ACD ACD
and Viske® ijks and z Zygkan o special cases of the formulas (3.22).

Combining (3.21), (3.23) and (3.24), we obtain
8<0| TN, [a)(x,) 77 [B)(x )0, [C1(x 2, [D)(x,)X| 0>

m .. An
{[ — _._.J. + “kzukug whe ] thxACG(AC)<0|TN3[$i¢J 1(x,)BD x|o>

m +a am

+ (A<—+B)+ (C«-—»D)+(A<—>B,G<—>Di)}

4, ACD
m
J ACD JACD | _AC_ACD AD_ADC CD. ACD
+ é[mew o *lyg Ykety T Wyt “kz kedd * %keVkesy t CkaVkady
[
CD _ACD] (b .
+ ak“zm“] j X, opS (ACD)<O| TN, [win](xACD)B x|0> + (A« B) } (3.25)
b ,.0D
o 1,1 cn CDu_
+ [m2+a + akz 13["’1:“’2] t Uyt 13["’1: ? ieAu)"’z]]
h - Y
x Jd %op8(CD)<O| TN, [F,4,1(x;))4B X| 0>
. b oDC
o %844y cD,C CD,€ . . CD.
+ Jd XeD {[ A 2% Bpn Yiaay * Uian e Vagu ViVl

m +8 om
o]

R 2

CD v )
-a‘kzvvijwk(_a “Au)“’z]] 3%

Cu
b CD,D
cDp,D cp,D . CD
+ -—-Alﬂ— + +u +a v, (W9 ]
[mzm 3m° Son Ykei 13y AR ITAAS )
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CD v = 1% i\
+ ‘kﬂ.vvi.j’wk(-é-au - ieAu)wL ]:[ axD‘l

s(cn)<o|TN3[$in](xCD)AB x| o>

Y CD
m da
o] “ijw., . CD CD yu (- CDv_u = (1 _ |
+ [:m2+a 2 ooy ity ]+ g wij[wk(zgz 1°Av)wzi]
©

x |a*x §(CD)<0] TN, [ (;;; - 1ea¥)y, 1(x,. )AB x| o>
CD y¥yta® 37D

mh aa.Ac mh aa.BD

o] ij AC AC|{ BD AC o] BD BD

+ 2 2 + a'mnumrd.J * uiJ 'Y} * aij 2 2 + a'mnumnk2’.'"‘11:9.
m +a amo m +a amo

x jathCthxBDa(Ac)c(BD)<o|TN3[$i¢J](xAC)N3[$kw£](xBD)x|o>

+<AHB>}

Setting the quantities in square brackets equal to zero and referring to

(3.23), we obtain, finally, the following differential equations for the

coefficients:

AC

aaij - m2+a "AC

.2 i3

amo mo

aa.ACD
i m +a “ACD

— e Bl (3.26)
amo mo _
cDh,C

2a..°® 2 .
iju . _Dm+a uCD,C

am2 m idu
o (o}
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5a > 2
iju = _ DN +8 “CD
2 T Yiju
om
o} (o]

where Qﬁg, uﬁgn, etc. are given by (3.22) with T replaced by T, and

A, B, C, Dby )13[A], )23[B], )Zh[C]'-and.77m{D], respectively. As before,
the set of equations (3.26) may be integrated order by order, with the m_-
independent constants of integration fixed by appropriéte~normalizatibn con-

ditions.

IV.- WARD IDENTITIES
A. The Axiasl Current Ward Identity
The Ward identity for the vector current N3[$Yuw] was derived in Section
II. We now wish to apply similar techniques in the case of the axial-vector
current, N3[Ey ysw].
u .
First of all, the derivative may be brought inside the normal product,”

raising its degree from three to four:

a“<o|TN3[$yuy5w](x)x|o> = <o|TNh[aF($yuy5w)](x)x|o> . ‘ (4.1)

>

Then, due to the anticommutation of vy~ with yu and the linearity of the normal

product, we obtain

<o| ), [a% (Fy ") Ix)x| 0> (4.2)

=" - <ol [3y’(3 + 1)y i(x)x|0>
- <0|TNh[E(-7 + iM)ySw](x)x|0>

+ 2Mi<0[TNu[Est](x)x|0>
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k
Application of the equation of motion (2.11) then yields

(1+a)a“<o|TN3[$yuysw](x)xl0> = 2(M—c)i<O|TNh{@Y5W](x)X|0>
n .
-} [6(x~wi)yz + S(x-zi)yZT]<0|TX|O> . (4.3)
i=1 i i
The fact that the normal product-on the righthand side of (4.3) has
degree four instead of three is the famous "anomaly" of Adler, Bell, Jackiw
and Schwinger.h The terminology is somewhat misleading, since in renormalized
perturbation theory "anomaloﬁs" Ward identities are the rule-rather than the
exception for non-conserved currents. As pointed out in Ref. T, the Ward
identity will have a "normal" righthand side with. a normal product of degree
three only if there is a conspiracy among several normal products of degree four.
The righthand side of (L4.3) may be split into "normal" and "anomalous"
terms with the aid of Zimmermann's identity relating normal products of different
degree:1

21 (M)W [Py ] = 20(M-c)N liyov] + rNh[FW?‘“"]

+ s [Py ¥7W)] (4.1)
where

_ i(M-c) wukpo[_3 8 -5 PROP
ro= i) [ap" 2 ol 0, k0o Jp=q=0

B "’_
o) (5%, [—3—<OITN3[EYSM (0%, (B9, (B] o>PR°ﬂp=0

ap“
The two extra terms on the righthand gside come from the extra subtraction pre-

scribed by the Nh as compared with the N, normal product in subgraphs with two

3
external meson and two external fermion lines, respectively. The coefficients
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r and s are most simply calculated using the normelization conditions for
normal products. An evaluation of r to fourth.order is presented in
Section V. ‘Inserting (k4.L4), the axial-current Ward.identity becomes

(1+d-s)a”<0|TN3[$YﬁYiw1(x)X10>= =f"21(M¥c)<0|TN3[$Y5w](X)X|0?
+r <o|TNh[Fuv¥"“](x)x|0> . (k.5)

- & ( x~ + §(x- 0| TXj0>.
121[ (% wi)vwi X zi)Yzi]< |Tx| 0>

We now wish to re-express Eq. (4.5) in terms.of  gauge invariant normal
products. Actually, the first term on the righthand side is already in
gauge-invariant form. To verify this we-must show that' the coefficient (1 - %)

satisfies (3.12), i.e. that

_35 (1 -
am
©

g = u-9 | (1.6)

where

.
ag = - § T fatxcol Ty ir?1(x): (3,402 OWOIHO) [6FRF. ()

and, from (2.23), .

2 N
ai% = § 238 rreo|1: (0 AM)2: (003(0)3(0) | >TROP | (4.8)
m m
[o} [o]

Application of (4.5), integrated over all x,’tO'the righthand sides of (4.7)
and (4.8) then yields (L.6).

The second term of the righthand member bf (4.5) is not gauge invariant,
although the coefficient r is independent of m, (a simple consequence of the

gauge invariance of (NLc)N3[$Y5w]). From Eq. (3.19) we know that & convenient
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gauge invariant linear combination of normel products is
" LTITAVE T uv W Lo
M P, VT = mlr BT+ ey (a8 Gy v (4.9)

where (see (3.19))
To m2+a - 2‘
B =-f = (v+pu)am' = + 8°
m' °
) o

The constant of integration Bo must be independent of mo, but is otherwise
arbitrary. It is most conveniently fixed by a normalization condition on

either Nh[Fuv%u“] or the axial-vector current. We may now rewrite (L4.5) as

a“<o|§j5u(x)x|0> 2Mi<o|§js(x)x|0> + r<o|§71h[Fuv?””](x)x|0>

T 18 >
S(x~w,)
i=1 i Ywi

+ 6(x-2,)y>" J<0|TX| 0> (k,10)
%1

where

- v
T7Zh[Fqu Ix

~ uv
Tmh[Fvv? 1x
- c =5
TiX = T(1 - N, [Py wIx
EJSu(x)x = T(L+d-s - sr)N3[$yuysw]x.

B. Many-Current Ward Identities

Let us now generalize the Ward identities (2.9) and (4.5) to include an
arbitrary number of vector and axial-vector currents. As is well known,
there will be new "anomalies" in the many-current Ward identities due to the
presence of renormalization parts containing more than one normal product
vertex.

We begin by considering a single divergence of a vector or an axial-
vector current. In the former case, Eqs. (2.10) and (2.11) remain valid in

the presence of other currents, with the substitution
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K M M N
X = N[ wl(xg) n Naldv, v w](yj) I w(w )1 $lz)) 1A (t))
i=1 i 3= l j 2=1 m—l Y
: (4.11)
Thus, once again we have (2.9). By the same token, Egqs. (L4.1), (L4.2) and
(4.3) continue to hold wit. X given by (L.11). The real complication arises
only when we employ the Zimmermann identity to enumerate the various "anomalies".
The analogue of (4.4) will not be so simple, since now we must consider sub-
graphs containing more than one normal product vertex.
Using the abbreviations

P = pseudoscalar = N3[$y5w] vertex

v

vector = NB[EYNw] vertex

vertex with single external meson line

A

axial-vector = N3[$Yuvsw] vertex
F = fermion = vertex with single external fermion line

and indicating the number of (momentum space) derivatives by a superscript

in parentheses, we may list the possible "anomalies" as follows (the corres-
ponding diagrams are displayed in Fig. 5):

V.‘,(2)9 PFF(J.) (1) (o) (3)

aann ()

- (2) (1)

s PAA s PAAA ’ PVVVV(O), (0)

, PAVV'~’, PAFF PAAVV' "/ |

. The diagrams with an odd number of V vertices have already been
weeded out on grounds of charge conjugation-invariance. Of the ten listed

possibilities, the last four give venishing contributions due to considerations

(0)

of Lorentz invariance, parity and Bose symmetry. . Similarly, PAFF gives zero

because of parity end charge conjugation invariance, whereas the transversality

of PAVV in the momenta entering at both V vertices. necessitates the veanishing

of the first order Taylor coefficients. PAVV(l)° ‘'Thus the only "anomalies" are

(2) (1) (2) (3)

of the types PVV » PFF s PAA and PA » of which the first two have already
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made their appearance in (L4.5). The axial-vector Ward identity now takes
the form

a“<o|'fj (x)x]0> = 2Mi<0 75 (x)X| 0>
p) P

+ r<0|§71h[Fuv¥uv](x)X|0>

Z [G(xyw )y + S(szi)YST ]<0|§ x| o>
i=1 4

Sr p o
+ 2 ZV y jpcax xj&(x—xi)é(x-xj)<0|Tx/ﬁ;/33|0> ,
i< (L,12)
Ly

- oo
< EV euivpoaxlﬁ(x— )<0|TF (x)x/a}|0>

i

+ I, te Vkvzpo yk yﬁ(x yk)G(x-y2)<0|T%/\/\\|o>
k<

A LM
+ Ips, A ykayka 6(x—yk)<0|TX/\Io>
k
where
Z = gum over vector currents
v
A axial~vector
K L M M N
X = nJ (x)ﬂjsv(yj)ﬂw(W)Hw(z)HA (tm)
i=1 J=1 J =1 m=l m

and the subscript /G; (resp. /GE~) indicates the omission of J (xi)
i

(resp. Jo. (y.)) from the product of fields. Moreover, r is given in
S5v, Y

(4.4), and
t = %2' Mi s""‘“’[—a——% <0|5335(0)3'5v(p)35A(q)|0>PROP]
ap ap p:qu
5wy = Iy [ 22 . o|my (0)3’ (p)|O>PROF]
Hv 3 A H WV
9p" 9p~ 3D p=0
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V. THE-AXIAL-VECTOR CURRENT ANOMALY
In Section IV the coefficient of Zzh[Fuvguv] in the Ward identity of

the axial-vector current was given as

A
p° 3q
(5.1)
This quantity has been calculated by several au:bhorsS to fourth order, with
the result
e2 6
r = ———-——2 + 0(e ) . i (5'2)
(k)

In addition, it has been argued,s but not  conclusively demonstrated, that
all higher order radiative corrections should vanish.

In this section we present a verification of (5.2) using BPHZ methods.
We consider this an improvement over traditional techniques due to the fact
that no cut-offs are needed and only one integration, the (finite) fermion
loop integration is performed.

Only one diagram, the basic triangle, contributes to r in second order:

L
(2) _ 1M uvaj d 2 [4Py3p(2)
= € —— [8,83R " (23p,q)] (5.3)
) 96 (2%) poATMY Pee p=q=0

(2) - 5_4 L 1
Ry (43psa) = 20rY" 7mamm v, 70 Yy, TrgW

®

Explicit evaluation yields the first term of (5.2).

In fourth order, we have

N N
(&) iM upvljj d'2s d's DP.a,(4)
r = € — (873 R’ "'(2,8;3p,q)]
96 (2n)" (2n) p-A"uv p=q=0 (5.4)
where
R(h) I(h) - BPHZ subtractions
e uv
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and I(h)
uv

is the Feynman integrand-corresponding to the six graphs of Fig. 6
and the corresponding graohsiwith'the'charge'flow'reveréed. According to
the general theorems of Ref. 3, the integrand is absolutely convergent and
we are permitted to make the following convenient choice of integration
variables. Routing the external momenta, p and' q, throngh the left- and
righthand sides of the triangle, respectively, we assume symmetric.integra—
tions in the two loop momentag_integrating first over ¢ and then over s
(see Fig. 6). We shall see that separate cancellation of the contributions
(h) and the BPHZ subtraction terms occurs without the necessity of
performing the 8 integration (however, symmetrization in s will be required).
For simplicity, Feynman gauge, m = m, will be assumeu throughout.
(h )

The BPHZ subtraction terms contributing to R.; -are, of four types: mass,

wvave-function, ¥y M_vertex and ys vertex, with*coeff;cients C(2)-MD(2), D(e),
F(3) and G(z), respectively, where o
. 3 1% O
) { - ; .
sy = olP e 12),1,?71 ?ET'IY?‘ e
D(g)(s) = a'® +%( )'J.‘zwp T ‘—fﬁvp ;—_i—ﬁv
- (5.5)
(3) = o(3) e =i p.T _i i Ve
F'”/(s) = ¢f + Ig@j;—EJTrY Y Ew Y, mm Ve
8 ~m vt W
62 (e) =@yl 4 Lzt ypey Syt L (5
- B2 2 Em Y ew x
Summing up
g(#) = —(cf?) (2) 3_ g(2)
uv subtractions (s ) + M (s)) o oM uv (23p,a)
(5.6)

+ (2283 (a) - 302 (s) + 62 (6))RD (25p,0)
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The identities

LR, @

0(2) = -MG

(5.7)
(2)

(2)

and the mass-lndependence of r then lead‘to.a complete cancellation of

the subtraction terms upon integrating with respect to &:

h .
iM upvA [ d 2 Paan(l)
\ é"g € J‘(";"‘)‘E‘ [BOBARW subt. (Q,B,P,q)]lwq:o (5‘8)
- <c‘2’(s) + MD(Q)(S)) p(8) = 0 '

We now turn'ourﬁgttention to the unsubtracted Feynmen integrend,

@up%vazaiftﬁ(kys;p,q)
) Lo : ‘. N P=q_=0

In order to write tﬁe‘garioﬁé terms in compacf notation we introduce the following

abbreviations: v

Llle o ou L o i
A (p) = n [(#+M)Y ](ﬁ+M) (5.9)
Uyoeoby 5“m»1;"“n ~ [ 5 N My
B s n (ﬁ+M)w gy’ 1 [y I10pem)
R i'—l oo J=m+l
Observe that ‘
Yool ‘fl;ﬁ”n‘ QQ~u u, M u
Aty oy L P 0P amp Ny By FROPp?)"

S oWt
[

HyoooM ' f‘_f*'u f. u M. W u
W DY v ., - : on- -
y L 2n: ;Q,);gf, lgﬂoY 2n l(M?_pa)n + D lY 2°.°Y n l(§+M)(M2— 2)n 1

Myoooly Su ...u u
1 m"'l 2n(p) =y l m S m +1 2n(M2_p2)n+l

B vao¥ Y'Y ooy (5.10)

o U, u VI u
+ 2[en - (2p-,1_) +’ (2:1-2) - °°°+;1(M2-p?)”p 1y 2..07 mysy m”o..y ?_"(15+M)

Hpoooby DU a0 oM, : u u u u
1 m*‘l 2!1—1( ) N 1 m 5 m"l’..y 2n—1(ﬁ+M)(M2_p2)n

B =Y ooy T YTY
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n: “1 Moo ¥PpgHpey  Mopa
+ 2[(2n-1) - (2n-2) + (2n-3) -*.,.*l](M?-p Y'p M cosY

where the symbol = indicates that terms' which vanish upon antissymmetrization
in the My have been dropped.
We must compute. the.nine.contributions corresponding.to. the Feynman

diagrams of Fig. 7. Omitting a common factor, these are (k = & + 8):

(MY = 1 ¥ (10)y B2 () (P0®) "2 (1P f) ™

= 8M(k2-M2)’l(12-M2)‘3[hk°zae“”“k-(M2-k2)e°““*-2k°kae“”“A](-1)
(2" = 1 ¢ TA()y BMP (2) (6Pai) 2 (a2 0P) 0

2 (mhev
(WY = ey B2 (k)y A7 VMAR) (PP) B (e 5)

2 16m(x2-2)"1(222) 3PV Ly
(1)WY = mr yTa(k)y_BPVMA5(0) (kP) 2 (22o0P)

= 1ém(k2-M?)'1(zz-Mz)‘h[(MQ-zz)epvuA + 4gPp eMHA _ 20Pk VWA (L)
(5342 = 1r yTaCk)y B () (6P1P) "2 (2 2aP) 6

2 16m(k2P) L0 2MB) " (P2 B) P VM 4 62°2 eP*MA - 39%k ePM¥A](o1)
(61 = 1r yTa(i)y B9PV(0) (kB) " (22-01P)
¥ 16M02-12) 2 (122) T (P22 PV hz“zae°““* - 2z“kae°““A](-i)
(7)Y = 1p YTApv(k)YTBuAS(z)(k2-M2)-3(22-M2)'h

= 16M(k2-M2)-2(£2—M2)-32ukaeuva(—i)
(8)MY = mp YTAvu(k)YTBASD(l)(ka-Mé)-3(£2-M2)ih

X o(7)MAeV (5.11)
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()Y = mr y2P V(2 )y BV () (1PeP) (0 2oag?)

= 8u(k%-12) 2 (228) LR P)e PN & 8efr V) .

Contracting with eu v then yields

Ap

(n) = ieulpv(n)"kpv (5.12)

(1 = weD) (P-4 "2(1 %) 32k 1 + x2-af) = (2)

(3) = 26M(41)(xP-2)"L(22R)"3 |

(4) = 1sm(u:)(ka_mz)’l(za_mz)*“(mz;%a-k) = (6)

(5) = am(u) Py HPR) M PP) & 3 - B

(8) = 8M(41)(K2-M)"2(22-M2) " 3(2-x) = 2(7)

(9) = a(un)(xP-10)"2(a%nP) "3 .

Summing over all diagrams contributing to Iiﬁ) and integrating with

respect to the fermion loop momentum yields

aJd“z[u<1) +(3) + 3(8) + 2(5) + W(T) + 2(9)]

5 (5.13)
= 113 + J23 + 2M Ilh - th o
where
Tale) = [dalln? - IR
Tele) = ja“z[z-(z+s)][(z+s>2-M2]'“[22;M2]‘8 .

Application of the "scaling" equation(trivial consequence of dimensional

analysis and the above definitions),

= (2 M 2 2 -
0 = (28 #Mz +2)Il3=1

2
+J,., + 3T (5.1L4)
5gH aM2 13 23 14



~39-
and the identity
It M2Ilh = 0 - o (5.15)

lead immediately to the vanishing of (5.13).
Equation (5.15) is most easily verified uging a Fourier-transfofmﬁtiong

(¢ = irrelevant common factor):
¥ ,(x) = oD (x)D(x)
¥ (x) = gauDl(x)a“Dh(x)

with

D(x) = (210 i K, (ae®-10)

The relation (5.15) then follows from the-recursion relations of the

modified Hankel functions.
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Fig. 1.

Fig. 2.

Fig. 3.

Fig. L.

Fig. 5.

* " -FIGURE CAPTIONS
Graphical basis for Eq.: (2:11). 'The:varigus terms-on the right-
hand side correspond to the- different types of vertices at which
the line canceled by (if=<M) mey: end: 2-<vertex, 3-vertex or exter-
nal vertex. X stands for an arbitrary set of external lines and
%g\is X with the jth outgoing fermion line omitted.
Diagrams. contributing to the righthand side of Eq. (3.3). Dashed
lines are those of the scalar meson. :The double line indicates
flow of momentum into the normal product vertex. Canceled exter-
nal lines are amputated.
Diagrams contributing to the righthand side of Eq. (3.1k). t(l)

is the first order Teylor operator

[1+ p"
ap' 9q

P =%k, q= 2+k, p' = 2'-k''and q' = 2'+k'.
Diagrams contributing to the righthand side of Eq. (3.21). (1)

is the first order Teylor operator,

3 w_3 w3
+ + ——
PpT e ]

SR ;
' - ' tent=ats
9P, opp 99" pFPpTa 0

with PctPp = 2-k, q = f+k, p'c+p1') = 2'-k."-, q' = L'-k'.

Diagrams possibly giving rise to anomalies in a many-current

Ward identity.



Fig. 6.

Fig. 7.

Diagrams contribuxing‘to Iﬁﬁ)(23s;p;q). Also’ to be-included are
the same diagrams with the sense of the charge flow reversed.

Diagrams contributing to aga%fﬁg(z,s;p;q)| . Here k = f+s.
p=q=0

Also to be included are the same diagrams with the charge flow

reversed and/or with (pv) interchanged with (Au).
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