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ABSTRACT

Normal product techniques are applied to the study of gauge invariance 

in a massive vector meson model in renormalized perturbation theory. Composite 

fields are defined which are invariant under a one-parametric family of covari­

ant gauge transformations. Ward identities are derived for Green's functions 

involving an arbitrary number of vector and axial-vector currents. The lack 

of lowest order radiative corrections to the triangle anomaly of the axial- 

vector Ward identity is verified using BPHZ methods.
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I. INTRODUCTION

Normal products^- have proven to he a useful tool in the definition of 

currents and the derivation of their generalized Ward identities in renor­

malized perturbation theory» - In the present work normal product techniques 

will be applied to a theory of fermions interacting with massive vector mesons, 

which is of particular interest because of the special;restrictions which the 

principle of gauge invariance places on the definition of observables.

The massive vector meson ("gluon") model describes the interaction of a 

neutral, mass m (^0) vector field with a mass M (^0) spinor field with 

formal equations of motion,

(iYM3 -M)4' = eVpy 'F
y y

3UF + m2V = -e?Y ¥ (l.l)
jjv v ’v

F = a v - 3 Vyv y v v y •

The formiilation of this model in Lagrangian field theory has been discussed by
2 1 various authors. Our work will be based mainly on the version of Zimmermann,

3
which adopts the BPHZ subtraction scheme to avoid divergences.

The notion of gauge invariance has no intrinsic role in the massive 

vector meson model (this is obvious from the field equations), and becomes 

relevant only because we insist that the model be expressed in terms of a 

renormsuLizable Lagrangian field theory. To see this, we need only look at 

the Green's function of the meson field equation.

A_Fyv (x)
dV

(2ir)‘

k k y V) (-i)
2 l2 2.4m k -m +ie

-ik*xe (1.2)
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_2Instead of falling off like k as in a scalar theory or in quantum electro­

dynamics, the Fourier transform of Ap^v(x) is constant for large k, and this 

leads to a non-renormalizahle theory in which the divergence of a Feynman 

diagram increases with the number of internal meson lines» The method of 

achieving renormalizability is essentially that of regularization. One 

introduces an auxiliary vector field with free propagator

-j/ . 5iy-----
\k2-m2+ie

k k 
 E

m
4____i__________i____ 1}
1k2-m2+ie k2-m2+ie//

O "
(1.3)

where m^ is an arbitrary non-negative number. A renormalizable theory has
2been achieved, but at a price: the Green's functions now depend on mQ and 

describe an indefinite-metric Hilbert space with ghost particles (3^Ay is a 

free field of mass n>0)» As in the Gupta-Bleuler formulation of quantum elec­

trodynamics, one extracts the physical content of the massive vector meson 

model by means Of a gauge principle: the observables of the theory are those 

quantities which (in a sense to be made more precise in Section II) commute 

with the free field and which are independent of the ghost-particle mass.

Among these will be a physical meson field satisfying the'Proca equation (l.l).

An exhaustive study of the gauge-invariant observables in the massive 

vector meson model is beyond the scope of this article. Rather we shall be 

interested in developing suitable criteria for.checking gauge invariance 

(Section II) and in the study of a certain important class of observables.

namely those which can be expressed in terms of^products of fields of low 

dimension (Section III). For currents bilinear in the fermion field we shall 

derive Ward identities (Section IV)-using the methods of Ref. 1. Gf particular



interest will be the Ward identity of the axial-vector current, whose "anomalies"^ 

will be treated systematically in Section IV. In the final section we shall 

verify using BPHZ methods the result of Adler and Bardeen^ that the triangle 

anomaly has no lowest order radiative corrections.

II. CRITERIA FOR GAUGE INVARIANCE 

In this section we shall define precisely what we mean by the gauge 

invariance of observables in the perturbative vector-meson model. After 

giving a prescription for calculating the Green's functions of the renormal­

ized fields to arbitrary order in the coupling constant, we shall state two 

criteria for gauge invariance. These will express in the language of Green's 

functions the two facets of the gauge principle set forth in the Introduction, 

namely, commutation with the ghost-particle field and independence of the 

ghost-particle mass.

A. Specification of the Green's Functions 

The effective Lagrangian (Zimmermann's terminology^-) of the vector meson 

model is

= (l+d)|^Ywr^ - (M-C)M - (l-b^A^V

2
+ (m2+a)-|A Ay + (e+f^y^A + (l-b- 3 Ay)2

y y m y
o

- *0 + ^ (2.1)

-Mfa] + [~|3pAv3V + |m2AMAy + (l-S^)|(3yAM)2]
mo

where the finite renormalization constants a, b, c, d, and f are power series 

in the coupling constant e whose coefficients (to be fixed eventually by normal­

ization conditions) are functions of the mass parameters of the theory, M, m and
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m .o
Green's functions (covariant time-ordered functions) may be computed to 

any order in e by means of-the Gell-Mann-Low formula,^

& mm
<o|t n av (yi) n ♦(vj n lii(zt)|o> =

J ki=l 1 J-l J k=l

= Finite part of (0^<o|t n A(°iy ) n ^(0)(v ) n ^°hz )
i-1 i j=l 3 k=l

x esqpti

where A^0^ and ip 
v

d1,«.rI[A‘o,.t<o,.j(o)].)io‘o> 

(0) are the free fields with the propagators specified by the 

unperturbed Lagrangian and the finite part prescription is that of 

Bogoliubov, Parasiuk, Hepp and Zimmermann (BPHZ). Formally the righthand 

side of (2.2) is the well known stun over Feynman diagrams with the following 

lines and vertices:

Fermion line: i
Ji-M

Meson line:

2. k k . m k k-i / _jj_Vs i / Ox p y
. 2 2'^yv~ . 2 ; . 2 2( 2J .2
k -m k k -m m k

Fermion-fermion-meson vertex: i(e+f)y

Fermion-fermion vertex: 

Meson-meson vertex:

i (c+d|5)

i(a+bk2)g - i(b + ^)kykv
mo

In Zimmermann*s version of the BPHZ subtraction scheme, the formal integrand 

(before integrating over internal loop momenta) I_ corresponding to a FeynmanU
diagram G is replaced by the subtracted integrand

R = £ n (-t )i
G Ue^r, yeu Y G

(2.3)
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where is the set of all forests (sets of nonoverlapping one-particle 

irreducible subdiagrams y of non-negative degree 6(y)) of G, and t^ denotes 

the operation of taking the Taylor series to order 6(y) in the independent 

external momenta of y (about the origin). The degree of a subdiagram y may

be taken in this model as

{(„) = i,.|Fv-by (2.10

where F is the number of external fermion lines and B is the number of 
y Y

external meson lines of y. The product of Taylor operators in (2.3) is

restricted by the requirement that if yp is a subdiagram of y., then t
^ ^2

stands to the right of t
Yl

Normal products may be introduced by a slight modification of the Gell- 

Mann-Low formula."^ If &, a = 1,2,... ,p, are formal products of the basic
St

fields and their derivatives with dimensions d < £ , then we defineo —- is o
P m n

<o|t n n, [C^](x ) n *(w,) n v)(z. )|o> =
a=l 6a a a J-l J k=l k

Finite part of ^0)<o|t H :^°':(x ) n <i^0)(w ) n ^°^(z )
a=l a a j=l J k=l K

x e^){i rA:^tAi0),*(0),*(0)]:>|0>(0> (2.5)

Thus the same Feynman rules given above are applicable, with the additional

requirement that each Feynman diagram must contain special vertices ,

i = l,2,...,p corresponding to the normal.products N, [& ]. The renormalized0 & a
integrands are once again given by the "forest formula" (2.3), but with degree 

function

6(y) = 4 - |F - B - l (U-6 )
^ Y Y V ey a a

(2.6)
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The notation of Eq0 (2.5) suggests that we are dealing with the covariant 

time-ordered functions of well defined operator fields. To justify this inter­

pretation one would have to prove the appropriate generalized unitarity rela­

tions, a difficult step which has not yet been accomplished. Moreover, as 

pointed out in Ref. [7], the equations of motion give rise to a certain non­

uniqueness of the time-ordered functions. In our opinion neither difficulty 

poses an insuperable problem, and we feel that we are not being overly op­

timistic if we assume that (2.5) indeed defines Green's functions of legitimate
1

composite fields, provided (a) the latter contain derivatives and Dirac y -

matrices only in completely traceless combinations and (b) the degree of a

normal product N !(?] is equal to the dimension of . Other composite fields 81
are assumed to be reducible to linear combinations of such normal products in 

standard form by means of equations of motion and Zimmermann's identities re-, 

lating normal products of different degree.

B. First Criterion of Gauge Invariance 

The basic formula which allows us to state criteria for gauge-invariant 

fields is the Ward identity

Z m m
<o|t 9 Aw(x) n Aw (y ) n *(w,) n ^(z, )|o>

W i=l Vi 1 J-l J k=l k

m m
= 9*<0|TAy(x) H A (y.) H if>(w ) H ?(z.)|0> 

M V 1 J K
(2.7)

i=l j=l u k=l

Z m m m
= - l W* V > <°lTV<yi> "

1=1 i i 1 j=l 0 k=]
2

+1 'Si1 '^Ta1 (4F(x-wrmo2) - Vx-Vmo2) x

Z m m
X <o|t n A (y ) n ^(w ) n ?(z )|o> 

i=l i 1 j=l J k=l J

'f(zk)|0>
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2

where A_(5;m ) is the free, mass m propagator and the caret over the field£0 o
A denotes its omission from the time-ordered product. The two contributions 

Vi
to the righthand side of (2.7) arise from the following graphical alternative; 

either the scalar meson propagator originating at x is connected directly to one 

of the external meson lines, or it is attached to one of the interaction ver­

tices of the diagram. The first case gives the first term on the righthand

side of (2.7), whereas the second gives 
2m f 1

-i(e+f) (-|- ) j dV AF(x-x';mo2) 3^ <0|T N^yV] (x*) X |.0> (2.8)
m +a *

where here and in the following we use the abbreviated notation 

& m
x = n A (y.) n ij»(w.) n % (z. ) 

i=l Vi 1 j=l J k

To arrive at (2.7) we must therefore prove the following vector-current Ward ideu 

tity.

(l+d)3^<0|T N [vy>](x)X 10> =51 [ 5(x-z )-A(x-w. ) ] <o|TX |o> (2.9)

It is an easy consequence of the properties of Zimmermann's normal products^" that

3j;<0|T W [^y *] (x) X |0> » <>| T N, [3y(^Y ^)](x) X |o>
x j y h y

= -i <o| T Njflj(it-M)¥](x)x|o>

+ i <0| T Nlt[iji(-i|iM)l!'](x)x|0> (2.10)

The verification of (2.9) thus reduces to establishing the equation of motion for 

within the normal product,
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<01 T Hlt[?(i^-m)!|i](x) X |0> = <o| T Nu[3»(-id3'-c-(e+f)/f)*](x) X |o>

m
-i l 5(x-w ) <0| T X lo> 

J-l J
(2.11)

Eq.(2.1l) follows from the graphical argument, strictly analogous to the scalar 

case treated in Ref. [7], depicted in Fig. 1.

From (2.7) we may verify (using the reduction formula) that the Klein- 

Gordon equation

(92 + m 2)3 Ay = 0
o y (2.12)

holds as an operator relation. Moreover, we see that ghost mesons interact with

fermions in a very restricted way: we need include only those Feynman diagrams

in which the scalar meson line passes through without interacting or in which

it interacts with an entering or existing fermion line.

The above considerations indicate that "probing with a ghost particle", i.e.

attaching an external scalar meson line to a Feynman diagram, may be a good way
(a.)

to rest for gauge invariance. In particular, we shall say that fields (x) 

satisfy the first criterion of gauge invariance if they have covariant Green's
A

functions (to be denoted T - functions) with the property

N , .
<0| T 3 Ay(x) n ^as) (x ) X |o> 

y ' ' ' s I

2

for all {a } and for arbitrary products of the basic fields, s
m

x = n av (y.) n iHw ) n ij) (z ). 
i-l i J-l J k=l



Here denotes X with the field (yi) missing.

Criterion (2.13) is the first part of the gauge principle enunciated in the 

Introduction. It is the Green's function analogue of

[3yAW(x),
N , s
n $(s}(x )] = o

s=l 8
(2.lU)

The main point is that if a physical Hilbert space is constructed by acting on 

the vacuum with fields satisfying either (2.13) or (2.14), then is identically

zero in This follows from the positive-negative frequency decomposition of

3 AW in (2.1*0, and, assuming asymptotic completeness in , from the reduction

formula applied to (2.13).
A

It is easily verified that the first criterion is satisfied, with T=T, 

not only by the "electromagnetic" field F^v=3^Av-3vA^(this follows immmediately 

from (2.7)), but also by the "physical" meson field

V 3 3VA 
V V (2.15)

o

provided the second derivatives are taken outside the time-ordering symbol with­

out picking up contact terms (we adopt this convention for V ) and by all formally 

gauge invariant normal products. By formal gauge invariance of a product of 

basic fields we mean that tp and ij) fields are present in equal numbers, and the 

A field and derivatives of the fermion fields enter only in the combinations 

F^v, (3^-ieA^)ip and iji(3^+ieA^). The graphical argument leading to (2.7) is 

altered only by inclusion of diagrams in which the ghost-particle propagator 

is attached to one of the lines emanating from the normal product vertex. That 

these cancel for all formally gauge invariant normal products is left as an

exercise for the reader.
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C. Second Criterion for Gauge Invariance
(ot) A

Suppose 4>v J are formally gauge invariant composite fields whose T-functions

satisfy (2.13). We shall say that the 3^°^ fulfill the second criterion' if the

following identity holds:

<0| T n s'(Xg) X |0 >
(2.16)

1
2 s=l

N f X

n $ as'(x ) x |o> 
-1 s' 1

for all choices of {a } and X, (Note that in the BPHZ subtraction scheme, thes
Wick product in the righthand member of (2.16) is really a normal product of 

degree zero. That the righthand side is well defined with so few subtractions 

is a simple consequence of (2.13).)

The second criterion, which includes the requirement that all Green’s 

functions containing only gauge invariant fields are independent of the ghost- 

particle mass, is not a trivial matter to establish. As we shall see in 

Section III, Zimmermann’s normal products normalized at the origin do not auto­

matically satisfy it, and much of the remainder of this article will be devoted 

to defining normal product fields and th6ir time ordered functions in such a 

way that the second criterion is satisfied. In this section we shall content 

ourselves with a special case of (2.16), namely.

OwAu)2: (x) X |.0> (2.17)

which, with (2.7), implies the gauge invariance of the S-matrix and which will 

place certain, restrictions on the renormalization constants a, b, c, d and f 

(see (2.1)) which we have thus far left undetermined.
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Equation (2.17) is most easily proved using the method of differential
, % 8vertex operations (integrated normal products)-

Define A. =3 nj ! j=l,2,,6

^1 =

<?2 =

-

AvA

a AV3WA

^6 =

ij/ r>
2 ' y
(pYM^Ay

o/)2

In terms of the A., the effective action integral takes the form 
J

iA^j, = | dUx N^tXppp] = (m2+a)A1+(h-l)A2+(c-M)A3 (2.19)

2m +a,+ (d+l)A4+(e+f)A +(l-b - Ag
? m

Now we apply the following result of Ref. [8]: if i^-pp = S c^A^ with the 

coefficients c^ functions of parameters a^, then for any Green's function 

(or vertex function) G,

3G_ _
3a. ~ J 3a. Ak G'

1 k 1
X2.20)

In our case

3G
3m2

/3a . 3b . 3c . 3d . 3f(3S2 A1 + 3S2 A2 + A3 + 3^ + 3m2-
0000 o

(2.21)

15 > *6> 0
m

On the other hand, from Zimmermann’s work we know that the integrated Wick product 

may also be written as a linear combination of the integrated normal products of
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degree four. The coefficients may be determined using the normalization condi­

tions for the latter. Thus we have (as a relation among differential vertex 

operations)

(2.22)

with

where the tildes denote Fourier transformation of the T-function:

the superscript PROP indicates that only one-particle irreducible diagrams are 

included, and PROP’ is the same as PROP except that trivial diagrams with a 

single vertex are excluded. From (2.7), it is clear that r and r2 both vanish, 

since the proper parts are necessarily transverse in their external meson 

momenta. Moreover, it is a consequence of the Ward identity (2.9) that

r5 = (e+f) r^.



Comparing (202l) and (2022), we see that (2,,17) may he enforced by setting

a - a

b - b

CSC +o

d = d + o

m
f dm^2 r3(m,M,m^e)

0 *
o o
F2 o 2+
1 ° ^q2 ^m' f ^ r^(mtMtm^fe)
n —'m'o

2fo + [ ° dfflo2 (E7E_) ^C®»M,m;se) 

<>0 m'

where aQ, bo, cq» d^, and fQ are independent of the ghost mass. It should be

observed that the integrals in (2,,23) vanish in the limit of the Landau gauge,

mo=0, the integrands being at worst logarithmically divergent 0

The constants a and b are to be determined by the normalization conditions o o *
fixing the position and residue ©f the meson propagator pole:

H(m2) 0 2 2 p sm

where

k2-m2-n(k2) k -mm +a,

(2.24)

and

<0| T A (x) Av(y)|0> e-ik(x-y) 2F„v<k)

In addition, the combination.c+Md is fixed by the interpretation of M as the 

physical fermion mass:



where

s; (p) --------- -------- (2.25)
/-M-E(p)

and

<01 T ^(x)ijJ(y) 10> = f i^e-iP(x-y) h (p)
J (2n)H

Finally, dQ and f are conventionally either set equal to zero (intermediate 

normalization in the Landau gauge) or may he determined by the mass shell nor­

malization conditions.

[Yy 3E •] 0

r [yw r (p,o)] = ie
V J^=M

«i m ,/ s-r/ pr°S f d^p d^q dSc -i(px+qy+kz)
<0| T ij/(x)tj/(y)A (z) j 0> ------ T®

y ) (2nr (2n)4 (2n)4

(2.26)

x (2n)1+6(p+q+k) F^(p,k)

It is not difficult to verify that the normalization conditions (2.2U-26) 

actually determine aQ, bQ, cq, dQ and fQ which are independent of mo. It should 

be noted that the explicit calculation of cq, dQ and fQ is not necessary with 

mass shell normalization, since c, d and f may be determined directly from 

equations (2.25) and (2.26). This advantage is offset, however, if one wishes 

to take the electrodynamic limit, m-K), without encountering infrared divergences.
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III. GAUGE INVARIANT NORMAL PRODUCTS 

We now turn to the problem of defining covariant time-ordered functions 

(T-functions) and formally gauge invariant normal products with the property 

that both criteria of the preceding section are satisfied.

Before considering the most general Green's function involving composite 

fields, it is instructive to consider the simple case of a single field of 

the form » proceeding in a manner parallel to that used to derive

(2.17). The only additional complication comes from the fact that the normal 

product vertex introduces a new class of mo-dependent BPHZ subtractions, which 

must be compensated in some way to insure the validity of (2.16), Eqs. (2.21) 

and (2.22) now take the form

3GiJ = /9c 3d
3m 2 3m 2 3 3m 2
00 o

, , 3f , . in +a
^ 5 T1"

o o
V “ij (3.1)

G1J = <0|T Ngt^Hx) X 10>

and

1
2

dky <o|t :(3yAW)2:(y)N3[iiii^](x) X |o> (3.2)

5
" A, G. . + J r, A. G. 6 i j k k i Uijmn Gmn

where the r^ are the same as in (2.22) and

Uijk£ s ^ f ^ <0IT :(3yAW)2:(y)N3 [if.^ ] (0)^k(0)fJl(0) | 0>prop.



Wit h the choice of renormalization constants (2.23), Eqs. (3.1) and (3.2) may­

be combined to give

t -17-

6 GiJ = Uijk* Gk£ (3.3)

\diere

m
m2+a dm

_ i 
2
| d^y :(3uAW)2:(y)

The nonvanishing righthand side of (3.3) has its origin in the fact that

A6 5 2* / ^ 3114 4^x :(3yA,i)2:(x)

require different numbers of subtractions for proper subgraphs of the type 

pictured in Fig. 2. The normal product prescribes subtraction of the zeroth 

order Taylor term, whereas the Wick product requires no subtraction. Moreover 

this is the only type of proper subgraph containing ] where there will

be a distinction between the two subtraction schemes. Thus, from Ref. 1

we know there will be a term proportional to Gmr| on the righthand sides of (3.2)

and (3.3). The coefficient u.. is most easily evaluated using the normalizationijmn
condition

<01 T N3[ij5i^](0)^k(0)|Jl(0)|0>prop = 6^, (3.4)

We now wish to define gauge invariant normal products of degree three by 

taking linear combinations of the various ^et us write

<01 T X |o> = <o| T h3[^ ] X |0> (3.5)
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where

= a1Jla

and the coefficients are to be determined by the second criterion.

6 <0| X |0> = 0 (3.6)

and appropriate normalization conditions. Convenient choices for the latter are 

(i) intermediate normalization in the Landau gauge.

<o| T7i3[ii:iiPJ](o)^k(o)|£(o) |0>prop

m =0 o

6ik6,}* * (3.7)

and (ii) mass-shell normalization.

<0| T^E^HO^p^-p) |0>prop

jjf=m
= 6ik6jA • (3.8)

Requirement (3.6) implies

0 = a. , 5 G, , +
m 3a. .o ijk& G,ijki kJl 2 . 2 wk£m +a 3m z

= ( »4 4V.U. a— +
m 3a. .o ijmn.

ijkH kAmn 2l ^ 2 ’m +a 3m ^

(3.9)

so that
mr o 2/ m+a ™ .2 . oiJkA * ’J aijmn UmnkA aijkA
o o

3 (3.10)
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where is independent of mo. Eq. (3.10) is an integral equation which

can be solved recursively to any order in perturbation theory. In the case 

of* intermediate normalization we choose a?..=0, whereas for mass-shell nor-IJKXr
malization we choose such that (3.8) is satisfied. That this is possible

is a consequence of the mQ-independence of (3.8),

m

m +a 3m
2— <01 ^3[Vj](o)\(p)^(-P) l°>prop (3.11)

^=m

= !jdUy <01 T :(3yAW)2:(y)N3[ij;i^](0)^k(p)|Jl(-p)|0>prop = 0.
^-m

Note that mass-shell normalization has the advantage that the coefficients a 

may be determined directly from (3.8), without resorting to (3.10).
ijk*

The above formulas become particularly simple when N [iji.ip,] is contractedJ i J
with one of the matrices T = IjY'^Y^Y^Y'’. Then considerations of Lorentz 

invariance and parity imply

rij uijka = u rk)l

riJ aijk)l = “ rk)l

(3.12)

with
m

-fo 2 m +a
m' o o

^ / 2 o a u dm + a o

3a
3m 2 o

= 0
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so that the second criterion of gauge invariance is fulfilled by simply mul­

tiplying by the mo - dependent factor a:

<o| TYy^nj/Hx) X |o> 5 a<o| T N3[^rij;](x) X |o> (3.13)

Formally gauge invariant normal products of degree four may be treated 

similarly. By the same reasoning which led to (3.3), we have

,6 <0|>T Nu[0](x) X * |0>

- u^icn <o| t v^^tx)x \°* o.i^)

r
+ vjj Efltla^OlT N3 [i^jKx) X |0> + wJ[0(3<0|t ^[^(-^ieA^Hjltx) X

J

where

UjjtCO - - ! [dy <01 T :OyAy)2:(y)Buiaf](0) ^ (0)^ (5) 10>prop

[0] = - | Ij- |dUy <0| T :OvlAM)2:(y)N4l^](0)^i(1)^(1) |0>prOp

p=0

wjj [tf - g—py <0| T :OyAli)2:(y)Nlf[CO(0^1(0)^(0)|J(0) |0>prOp

The BPHZ subtractions giving rise to the various terms on the righthand side of 

(3.1M are displayed in Fig. 3.

0>
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Defining

<o| i%k[&\{x) x|o> = <0| T n4[M(x) x|o> (3.15)

where

Vtf]=V«*.iA[Vj] tbij ♦'iK

we obtain

6<o|t)7i|[(91(x)x|o>

= <
m 3a. .

Olra,,!*,* ](x)x|0>(^- -ii. UK?'] . ]
m +a 3mo

3b11 
o. -f . v!^ ♦ aj^^re^jl (3.16)

m -fa 3m

+ b;kl\uj +

.olra^i^ir - leAu)* ](x)x|0>(^- ^|i . vj [(91 *

m +a 9m

Setting the righthand side of (3.16) equal to zero, as required by the second
2

criterion of gauge invariance, and integrating with respect to mo, we are left 

with a set of integral equations which may be solved iteratively in perturbation 

theory. Once again the constants of integration must be fixed by appropriate
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normalization conditions.

As a simple example which will be needed later, consider

O'. T Jvv i
liv pv kX (3.17)

In this case

V#) - 0 ■

(3.18)

A convenient set of solutions of (3.16) set equal to zero is provided by

U
.V
'ij

(3.19)

2mo
e = - (v + 3u)dm^2 + 6C

ml

where 6° is independent of mQ but otherwise arbitrary, and u is defined in 

(3.12) with f = y^y5.

In order to generalize the preceding discussion to time-ordered functions 

of more than one gauge-invariant composite field, we consider the case of two 

normal products of degree three and two of degree four. This example incor­

porates all of the important features of the general situation. As before, 

the second criterion of gauge invariance fails for

<0|TN3[A]N3[B]Nlt[c]Nlt[D]x|0> (3.20)

u 2thanks to the different number of subtractions required by :(3^A ) : and 
u 2 ]. The discrepancy may be partially compensated by replacing the
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N's by N's in (3.20). There vill remain, however, nonvanishing contributions

from various subgraphs (depicted in Fig. U) containing more than one normal
u 2product vertex in addition to the (3^AM) vertex. Thus, with the simplified

notation,

A = N [A](xa)' 

B = N3[B](xb)

C = Nu[C](xc) 

D = Nlt[D](xD)

6(AC) s 6(xa - xac)6(xc - xAC)

6 (ACD) = 6(xA-xACI))6(xc-xACI))6(xD-xACD) 

we have

6<0|T abcd x|o>

= |dUxAC6(AC)<o|TN3[iiiiiJ.j](xAC)BD x|o>

+ (A B) + (C ■*->• D) + (A B, €■<-»• D)^

+ ^^D|d4xACD6(ACD)<OlTN3[^it)»J](xACD)B x|0> + (A 

d4xCD6(CD)< 01TN^[j](xCD)AB X|0>^ CD + u. .

B)J (3.21)

+ I^CD ('"“i0 ♦u®;D^-^4(CD)<0|m3[?1*J)(*CI))Ml|0.

uJjJd4XcD«(cD)<0|TNu[i;i(|3M - ieAM)^ ](xcd)AB x|0>



vhere
PROPu£j » - |Jd4y<0|T:OpAp)2:(y)A(0)C(0)^i(0)5lJ(0)|0>

UiJD " " ■|JdV<0|T:OpAp)2:(y)A(0)C(0)D(0)5li(0)5;j(0)|0>i*SR0P . (3.22) 

UiJyC “ “ ^ “~7 |d1*y<0|T:(3pAp)2:(y)C(p)D(0)^i(-^)5;j(-|)|0>PROP

CD
2iJv

^ |dUy<0|T:OpAP)2:(y)C(0)D(0)ij;i(0))Lp(0)<;j(0)|0> 

Examination of (3. ) suggests the following definition:

<0|T7J3[A](xA)^3[B](xB)>eu[C](xc)^(D](xD)x|0>

A A A A

= <o|t abcd x|o>

♦ |dHxACfi(AC)<0|TN3[^j](xAC)BD x|0>

♦ (A *-»■ B) ♦ (C D) ♦ (A ■«-»■ B, C ■*-*■ D)^

+ ^aijDjdl*xACD6(ACD)<0lTN3[ii;i','j1(xACD)® Xl0> + <A ^ B>j

♦ a^|d4xCD6(CD)<0|TNu[ii^](xCD)AB x|0>

PROP

(3.23)

♦ K*CD ('■Tif + a“;D ■3^)S(CI»<0l,ra3[V;)1(xCD);® Xl°>

+ a^Jd4xCD6(CD)<0|TNlt[5:i(|?' - ieA1^ ](xCD)AB x|o>

♦ {nAtld‘,XAcjal‘ItBI>SlAC)S(BD,<0|TN3[i;i'l'j1UAC>,'3tVt!l,tBD)Xl0>

♦ (A «-► B)J

AC ACDwhere the , a^^ , etc. are to be determined by the second criterion of

gauge invariance and appropriate normalization conditions. The freedom to 

choose these coefficients arbitrarily is just the freedom to
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choose subtraction constants in the BPHZ scheme.

In order to impose gauge invariance, it is clear from (3.23) that we 

shall need, in addition to (3.21), the following relations:

6<o|tn3[^Kxac)bd x|o>

+ \?|aW(BD)<0lT”3tVj1(!tAa)K3tli;A1<1IBD)Xl0>

+ V“AjdW(tAClD,<0lT,'3[V£](ltACD)B Xl°>

X|0> . Xl0>

6<0|TNu[iiii^](xCD)AB X|0> = u^I^ ]<0|TH^[*k*t Kx^jAB X| 0>

+ Vk£CVj]<0lTNl+[3y(Va)](xCD)^ Xl0>

+ ,vM[Vj1<0l™i.RktK ' i*Au)*»1(leii-)“ x|0>

+ {““kJaWlAtCDl)<0lTN31VA1(ltACD)B Xl0> +

6<0|TN3[$1*J](xCD)AB X|0> - uiJk£<0|TN3[*k*t](xCD)AB X|0>

(3.2U)

6<0|THu[*i(|^ - ieAM)tj/J](xCD)AB x|0>

- - leA^jl.OlTN^i^Hx^ui x|0>

+ T«[*1(K • xI0>

+ w«[*i<K • - ieA^^Kx^lffl X|0>

+ {4jk*„Ka>S<A[CI),)'0|™3[VA1(ltAcD)B xl0> * <A~B>j
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6 < 01TN3 [j ] (xAC )K3 ] (Xgjj) X10>

= * SimSJnVr8)<0lTH3[5;m,|'n1(,tAC)1,3[V8,(3IBD) Xl0>

where ^ wiJ^^ are Siven in (3.2) and (3.lU)
ACD ACD ACDand wijk^ and zijki,p are sPecial cases of the formulas (3.22).

Combining (3.2l)> (3.23) and (3.21+), we obtain

6<o|t>?3[a](xa)>?3[b](Xb)^4[c](Xc)>^u[d](xc)x|o>

U - AC
o i.1 ^ AC ^ AC

«2.. 3m2 ak,lUM1J V
Jd^SfAOtOlTNjIJ^jHx^lBD x|o>

+ (A B) + (C D) + (A B, C -«-+■ D) ]
nk 3aACD 

o
m +a 3m

i.1 . ACD . , ACD ^ AC ACD ^ AD ADC A CD ACD
2 \SL \iij ij k£ij ^A^Aij + ^cA^AiJ

CD ACDp 
\Av k£ij ;

d^^(acO^cItNsC^jKx^d)® x|o> + (A-^B) (3.25)
1

r m* 3aCD
-57 -72 + * u“ + - laAv)l,'i1 1

JdkxCDS (CD) <01TN^j ] (xCD)AB X| 0>

+ Id XCD
/ r h CD,C

mo iju ^ CD,C ^ CD,C A CD tt , i
2 * ak»i \tij * + akAi,uplVi]

m +a 3m
\*

+ A?vvij [*k(l?M - 3_

Cy

h . CD,D m 3a *2_ + CD,D + UCD,D CD ^ ,
4.0 a™2 iJM kAViJuLVAJ

m +a 3m

I
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* 'Wlj '^<1^ - 3^CD V rT /If*

6(cd)<o|tn3[^](xCI))ab x|o>

k - CD m da o
m +a dm̂

 nu«++\rw!j[5:k<iKi - ^v’+t1

r i.d‘+xCD6(CD)<0|TNu[^;i(|dy - ieAy)^](xCD)AB x|0>

AC
b AC

J^o_ !!ii + aACu +u.
m2+a dm2 «

o

BD A AC 
akA + aij

' mU a«BDo 3 . BD BD
2 2 anmUmnk£+Uki,

m +a 3m o

AC
d1;jtBD6(AC)«(BD)<0|TN3[*1*J](xAC)H3[?k*Jl](xBD)x|0>

N

+ (A -M- B)
J

Setting the quantities in square brackets equal to zero and referring to 

(3.23), we obtain, finally, the following differential equations for the 

coefficients:

daAC 2
Ifii «
»m2 IT «o o

daACD
U.

dm
m +a ^ACD
?Tuij (3.26)

m

daCD,C

dm

m +a “CD.C
TT uidP 01
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daCD
i.lu _ m 'CD

3m mIT UijM

^AC AACD awhere u^j, , etc. are given by (3.22) with T replaced by T, and

A, B, C, D by /^[A], )t3[B], ^^[c] and ^^{D], respectively. As before, 

the set of equations (3.26) may be integrated order by order, with the mQ- 

independent constants of integration fixed by appropriate- normalization con­

ditions.

IV. WARD IDENTITIES 

A. The Axial Current Ward Identity

The Ward identity for the vector current was derived in Section

II. We now wish to apply similar techniques in the case of the axial-vector 

current,

First of all, the derivative may be brought inside the normal product," 

raising its degree from three to four:

3M<0|TN3[lj)YyY5iJ»](x)x|0> = <0ITN^S^y^y5*) ](x)x| 0> • (^.l)

5 uThen, due to the anticommutation of y with y and. the linearity of the normal 

product, we obtain

<0|TNu[3’J(i!YfjY5^)](x)x|0> (4.2)

= ' - <0|TNlt[^y5(t + iM)i|>](x)x|0>

- <0|TNu[^(-? + iM)Y5K>](x)x|0>

+ 2Mi<0|TNlt[^y5i(>](x)x|0>
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Application of the equation of motion (2.11) then yields

(l+d)3y<0|TN3[5;YiiY5t);](x)x|0> ■ 2(M-c)i<0|TN1+U;Y5'|/](x)X| 0>

- J [6(x-w.)y^ + 6(x-zi)Y^T]<0|TX|0> . (4.3)
i=l "i i

The fact that the normal product on the righthand side of (4.3) has

degree four instead of three is the famous "anomaly" of Adler, Bell, Jackiw 
4

and Schwinger. The terminology is somewhat misleading, since in renormalized 

perturhation theory "anomalous" Ward identities are the rule-rather than the 

exception for non-conserved currents. As pointed out in Ref. 7, the Ward 

identity will have a "normal" righthand side with a normal product of degree 

three only if there is a conspiracy among several normal products of degree four.

The righthand side of (4.3) may be split into "normal" and "anomalous" 

terms with the aid of Zimmermann's identity relating normal products of different 

degree:^

2i(M-e)NufliY5*] = 2i(M-e)N3[*Y5^] + rN4[F^yv]

+ sNlt[3y(i»YliY5'l')] (4.4)

where
“7 <0|tN_[5Jy5'I'](0)X (p)X (q) |0>PR0P'|
3py 3q 3 P Jp=q*0

j(M-c) picpa 
96 e

s * (M-c) ( 5 uj 
8 Y }kSL

-^<01TN^ [^y5^] (0)^p (f J^^) | 0>PROP1
3pM

.3Ly, y.<X~,^V2/VkV2/|— Jpi=0

The two extra terms on the righthand side come from the extra subtraction pre­

scribed by the as compared with the N3 normal product in subgraphs with two 

external meson and two external fermion lines, respectively. The coefficients
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r and s are most simply calculated using:the normalization conditions for 

normal products. An evaluation of r to fourth:order is presented in 

Section V. Inserting (U.V), the axial^-current.Ward identity becomes 

(1+d-s) av<01TN3 ^ ] (x)x| 0> *= 2i(M-c ) <01TN3[$y5iJ> ] ( x)X10>

+ r <0|TN4[F(jv5!WV](x)x|0> (It.5)

m f- __
- I [6(x-v.)y£ + 6(x^z.)y, ]<0|TX|0>.

i_l i wi 1 zi

We now wish to re-express Eq.. (4.5) in terms.of:gauge invariant normal 

products. Actually, the first term on the righthand side is already in 

gauge-invariant form. To verify this we'must show that the coefficient (l - 

satisfies (3.12), i.e. that

2 ^ ~ u5^ “ (^.6)
3m o

where
u5 = - | TrY5|dltx<0|TN3[^Y5'l'](x):(3pAll)2:(O)^(O)5(i(0)|0>PROP. (U.?)

and, from (2.23),

■^2 - Tr<0|T:(3 Ay)2:(0)^(0)v;(0)|0>PROP , (It.8)
3m m Mo o

Application of (1*.5), integrated over all x, to the righthand sides of (U.7) 

and (4.8) then yields (4.6).

The second term of the righthand member of (4.5) is not gauge invariant, 

although the coefficient r is independent of mQ (a simple consequence of the 

gauge invariance of (M-cjN^ifY'v]). From Eq. (3.19) we know that a convenient

K
|o
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gauge invariant linear combination of normal products is

+ gNlt[9V(?YlJY5'l»)] (U.9)

where (see (3.I9)) p
fm 2I o m +a , . ». .2 -OB = - —jj~ (v+Bu)dm* + B

■' m' 0o o
The constant of integration 0° must be independent of mo> but is otherwise 

arbitrary. It is most conveniently fixed by a normalization condition on 

either Ni+[F^v?!,JV] or the axial-vector current. We may now rewrite (4.5) as

3y<0|Tj5jj(x)x|0> ■ 2Mi<0|TJ5(x)x|0> + r<0|TT\1|[Fvv?iPV](x)x| 0>

- £ [6(x-w )y^ + 6(x-z )y^T]<0|TX|0> (4.10)
i=l 1 i i

where

T>?j,[F FVV]X = TN. [F ^JX 
^ 4 jjv 4 pv

TJ5X = T(1 - |)N3[4iY5'>']X

TJ5ij(x)X = T(1 + d - s - Br)N3[^vY5^]X.

B. Many-Current Ward Identities

Let us now generalize the Ward identities (2.9) and (4.5) to include an
narbitrary number of vector and axial-vector currents. As is well known, 

there will be new "anomalies" in the many-current Ward identities due to the 

presence of renormalization parts containing more than one normal product 

vertex.

We begin by considering a single divergence of a vector or an axial- 

vector current. In the former case, Eqs. (2.10) and (2.11) remain valid in 

the presence of other currents, with the substitution
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K L _ M M N
x = n N_[i)Iv ^3(x ) n N [$Y Y5*l(y,) n *(vt) n iRz ■) n a (t ) 

i=l 3 yi 1 3 VJ J k=l k £=1 1 m=l V m
(b.ll)

Thus, once again we have (2„9)c By the same token, Eqs. (J+.l), (1t.2) and 

(^.3) continue to hold wit’i X given by (k.ll). The real complication arises 

only when we einploy the Zinsmermann identity to enumerate the various "anomalies". 

The analogue of (H.U) will not be so simple, since now we must consider sub­

graphs containing more than one normal product vertex.

Using the abbreviations 

P = pseudoscalar = vertex

V = vector

= vertex with single external meson line 

A = axial-vector = vertex

F « fermion = vertex with single external fermion line 

and indicating the number of (momentum space) derivatives by a superscript 

in parentheses, we may list the possible "anomalies" as follows (the corres­

ponding diagrams are displayed in Fig, 5)s
PW^, PFF^, PAW^, PAFF^, PA^, PAA^ , PAAA^1^, PWW^ , PAAW^°\ 

PAAAA^^, The diagrams with an odd number of V vertices have already been 

weeded out on grounds of charge conjugation invariance. Of the ten listed 

possibilities, the last four give vanishing contributions due to considerations 
of Lorentz invariance, parity and Bose symmetry. Similarly, PAFF^^ gives zero 

because of parity and charge conjugation invariance, whereas the transversality 

of PAW in the momenta entering at both V vertices, necessitates the vanishing

of the first order Taylor coefficients PAW^ ,̂

(2) (l) (2) (3)of the types PW^ ', PFFV , PAAV ; and PA^ ,

Thus, the only "anomalies" are

9 of which the first two have already
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made their appearance in (^o5). The axial-vector Ward identity now takes 

the form

3y<0|Tj (x)x|0> = 2Mi<0|Tj (x)x|0>

+ r<0|Te|^utFijv^V](x)x|0>

m
- I [6(x-v,)y^ + 6(x-z )y^T ]<0|T X|0>

i«l

8r

4r
e

i 'wi 

hr e

i Zj

8P 3°

i<j

V ‘•MiyJpo^i^6{x-Xi)6(x-Xj)<0!TX/^i^l°>

Tv e 3V 6(x-x, )«0|TFpa(x)X/\j0> 
LV M^vpo x^^ i ' /p^y

(U,12)

+ h t%tv)lp<,Vy£'^)5(^><0lTXA1^|0>

» Lb , 3X a" av 6<x-y,.)<o|ix/\|o>
iA vAwvy y y yk ^
k

where

^ = gum over vector currents
^ axial-vector

K L M M N
x = ii j,. UA) n j5v (yj3) n^(wk)^^(zJl) n^Av (tm)

i-1 pi 1 j=l J k=l K i=l * m=l Vm

and the subscript /p^ (resp. /v^ ) indicates the omission of (x^) 

(resp. j,. (y = )) from the product of fields. Moreover, r is given inPVj J
(k.k), and

, 1 vXpo
t = — Ml e

-8- <o|ij,(o)^,i(p)3’,1(A)|o.PSOP]
J p=q=0L3p° ap0 ’ '5 5v 5A

s , =rXpv 3 A^<°i;v°>Vp>i'»PROPi
3? 3P 3P Jp=0



V. THE AXIAL-VECTOR CURRENT ANOMALY

the axial-vector current was given as

In Section IV the coefficient of in the Ward identity of

i(M-e) ypvA 
r “ “96 E

This quantity has been calculated by several authors^ to fourth order 

the result

-2--^- <o)ra,{*Y5*](o)iuCp)A (q)|o>raop 
sp0 39x 3 11 v p=q=o 

(5.D 

, with

r - _®—_ + o(e6) , (5.2)
(Uir)2

In addition, it has been argued,^ but not conclusively demonstrated, that 

all higher order radiative corrections should vanish.

In this section we present a verification of (5.2) using BPHZ methods. 

We consider this an improvement over traditional techniques due to the fact 

that no cut-offs are needed^and only one integration, the (finite) fermion 

loop integration is performed.

Only one diagram, the basic triangle, contributes to r in second order:

.(2) iM
96

.PpvA [aSW^^P.q)]

t(2),
yv

( 2tt) 

i

p A yv 

i

p=q=o

R'"■'(2.;p,q) = 2Try 7—j-rr y -3—r? Y* 'v ji-M 'y ^+p-M

(5.3)

Explicit evaluation yields the first term of (5.2). 

In fourth order, we have

U) iM
= 96

ypvA f d^£ d^s r^p„q„(U)/A X1
£ -----T-------IT U»s;p,q)]

Jj(2irr (2tr)4 p X WV p=q=0 (5J0

(U)
yv yv - BPHZ subtractions

where
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and the corresponding graphs with the charge flow reversed. According to 

the general theorems of Ref. 3, the integrand is absolutely convergent and 

we are permitted to make the following convenient choice of integration 

variables. Routing the external momenta, p and q, through the left- and 

righthand sides of the triangle, respectively, we assume symmetric integra­

tions in the two loop momenta s, integrating first over l and then over s

(see Fig. 6),, We shall see that separate cancellation of the contributions
(b)

of I and the BPHZ subtraction terms occurs without the necessity ofpv
performing the s integration (however, symmetrization in s will be required) 

For simplicity, Feynman gauge, mQ - m, will be assxuuva'throughout.
(k)The BPHZ subtraction terms contributing to R,,;. ..are^of four types: mass

u 5 (2) (2) (2)wave-function, y -vertex and y vertex, with coefficients C -MD , D ,
(3) (2)F and G , respectively, where

(5.5)

s -in
Slimming up

pv subtractions

+ (2e“V3)(s) - 3D^(s) + G^(s))R^U;p,q)
(5.6)
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The identities
¥. eD^2^

C*2‘ - -MG^2^

.(2)

(5.7)

and the mass-independence of r then lead to a complete cancellation of

V

the subtraction terms upon integrating with respect to

k\ I 8
(2lr)4 L p''^'pv subt.

iM eUPVA A'[8P3^RC1+)_..,..>(t,s;p,q)] (5.8)
p=q=o

^ (C(2)(s) + MD(2)(s)) |ir(2) = 0

We now turn our attention to the unsubtracted Feynman integrand,

wav P ^k)( ; s
o x uv

In order to write the various terms in compact notation we introduce the following 

abbreviations: '

|i- ® o o W
A1 N(p) * M

i*Fi;
(5.9)

B
>U,t a

1=1
1 m m+1 N _ n (^+M)y i](l(+M)Y5 n [(|5+M)y J ](^+M)

N
n

j*m+l

Observe ichat

.wl0'#,l2n# 2\n t P1 P2 V2n(iJ2 2,n
A (p:) f,.V • v'Y (p+M)(M -p ) + 2np y .. »y (M-p )

RploooP2n-rr\ % “i M2n-1/M2 2Nn A 0 H1 K2 M2n-1,2xn-l 
A (p) f ^ ,„y CM -p } + 2np Y » • »Y (p+MMW-p )

Mr

'r--VVr-Ya>(p) (5ao)

+ 2[2n - (2p-.l) + (2n-2) - »o+lKM2-?2)^ \ 2...Y mY^Ym+^».»Y ^n(lS+M)

ylooolJm5ymfl' ,*w2n^l/ * ^ U1 pm 5 Mmtl p2n-l, - w 2 2xn 
B (p) = y ° o oY Y V •••Y (p+M)(M -p )



+ 2[(2n-l) - (2n-2) + (2n-3) . 0+1 Km2-] 2%n yl x 
> ) p y

wm 5 *Vl y2n-l 
y Y Y • ••Y

where the symbol = indicates that*terms-which vanish upon anti-symmetrization 

in the have been dropped.

We must compute the,nine^.contributions : corresponding:.to the Feynman 

diagrams of Fig. 7. Omitting a common factor, these are (k = i + s):

(1) UAPV . Tr YTAP(k)T^BV,lX5(t)(k2-H2)"2(t2-M2)"5

S SMCkWj-^^-M2)-3!^* E°''',,1-(M2-k2)Et'V"X-2kPk kaV,,X](-i)
(X o

(2) yXpv = ^ YTAv(k)YyX5p(jl)(k2_M2r2u2_M2r5

2 ^^yXpv

(3) yXpV . Tr YTB5(k)YTApVVlX(A)(k2-M2)"2(t2-M2)_5

^ IfiMtk2-^)-^*2-^)-3^^^-!)

(^jyXpv = Tr YfA(k)YTBPvyX5u)(k2_M2riu2_M2r6

= l6M(k2-M2)“1(£2-M2)^lt[(M2-A2)ePVyX + Uap£ eOVMX - 2*pk eaVpX](-i)
a a

(5) PXPV , Tr /Afkiy^^ikHk2-^)-1!!2-^)-6

= l6M(k2-M2)"1(t2-M2)"ll[(M2-t2)EPV|'X + 6Avt epPpX - 3kvk ep“pX](-1)
01 cx

(6) tlXpv - Tr YTA(k)YxBuX5pvU)(k2-M2r1U2-M2r6

1 l6M(k2-M2)-1(k2-M2)-'*[(M2-t2)EP'',,X ♦ U\epvaX - 2i',kaEp'“X](.l) 

(T)VXPV - Tr YVV<k)YTB,‘*5U)<k2-M2r3U2-M2rl‘

^ iSMlk2-^ r2( t2-M2)-3t\Eap''X (-1)

(g)Mxpv . Ir yTAvp(k)YTBX3p(jl)(k2-!^2)-3;!2-^)"^ 

i 2(7)VXpv (5.11)
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(pjpApv = Tr tapv)j^j BA5(k)(k2-M2)"3(A2-M2)“1+
T

. 8M(^-M2)-20l2-M2)-3[(^-t2)El,v|!X * 8ipt eov,,X]

Contracting with ell^pV then yields

(n) = ie . (n)yXpv
yXpv (5.12)

(1) = UM(4l)(k2-M2)"2(A2-M2)”3(2k*A + k2-2M2) = (2)

(3) - l6M(lt! )(k2-M2r1U2-M2)'"3

(U) = 16M(14! )(k2-M2)"1(Jl2-M2)”1+(M2-|jl*k) = (6)

(5) = 8M(Ul )(k2-M2)_1(t2-M2)**^( (£2-M2) + 3M2 - |£*k)

(8) = 8M(l4! )(k2-M2)“2(£2-M2)_3(Jl*k) = 2(7)

(9) = 8M3(4!)(k2-M2)“2(&2-M2)"3

(li)
Summing over all diagrams contributing to and integrating with

respect to the fermion loop momentum yields

21 d * [Ml) + (3) + 3(U) + 2(5) + M7) + 2(9)]

(5.13)
= I13 + J23 + 2M Illt - Jl4

where

Z<*M

■

a’VtU-fs)2 - M2]'0!*2-^]"? . 
a^ttfli+sJIKt.s)2-!!2]-0!)!2-]^2]"6

Application of the "scaling" equation (trivial consequence of dimensional 

analysis and the above definitions),

- 2)I13- ^ + J23 +0 (5.1^)



0 (5.15)

and the identity

*

lead immediately to the vanishing of (5.13).

Equation (5.15) is most easily verified using a Fourier transformation9 

(c = irrelevant common factor):

^(x) - cD1(x)DJ+(x)

3flU(x) = c3ijD1(x)apDl4(x)

with

DXU) - (2iM)2-X

The relation (5.15) then follows from the-recursion relations of the

modified Hankel functions.
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Fig. 1

Fig. 2

Fig. 3

Fig. k

Fig. 5

- FIGURE CAPTIONS

Graphical "basis for Eq.. (2.11). The various terms on the right- 

hand side correspond to the different types of vertices at which 

the line canceled by (ijM4) may end: 2-vertex, 3-vertex or exter­

nal vertex. X stands for an arbitrary set of external lines and 

is X with the jth outgoing fermion line omitted.

Diagrams contributing to the righthand side of Eq. (3.3). Dashed 

lines are those of the scalar meson. The double line indicates 

flow of momentum into the normal product vertex. Canceled exter­

nal lines are amputated.
Diagrams contributing to the righthand side of Eq. (3.11*), t^1^

is the first order Taylor operator

[1 + py — + qM -2—]
3p'M 9q,y p^q^O

p = £-k, q = A+k, p' = i'-k' and q' = t'+k'.
Diagrams contributing to the righthand side of Eq, (3.21). t^^

is the first Order Taylor operator.

[1 + Py 3 ^ _y 3 t _y 3
0 + Pe < + q -]

>qlVpi.-pJ-q-o

with PC+PD » A-k, q = i+k, P^+Pp = A'-k', q' A'-k'

Diagrams possibly giving rise to anomalies in a many-current

Ward identity.



Fig. 6. Diagrams contributing to lj^(£. ,s;p,q.). Also-to be included are

the same diagrams with the sense of the charge flow reversed.

Fig. 7. Diagrams contributing to l,s;p,q)| . Here k = l+s.
p A yV p=q=0

Also to be included are the same diagrams with the charge flow 

reversed and/or with (pv) interchanged with (Xy).
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