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ABSTRACT

The absence of Callan-Symenzik coupling-constant renormalization in
a massive Thirring model is demonstrated to all orders using normal product
methods. The derivation depends crucially on the mildness of the "anomaly"
of the axial-vector Ward identity in this model, as well as on the special
relationship between vector and axial-vector currents in two-dimensional
fieid theory. Application of power-counting arguments establishes the
asymptotic scale inveriance of the vertex functions when the mass m tends
to zero with the normalization point u either fixed (Gell-Mann-Low limit)

or vanishing with m (Callan-Symanzik limit).
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I. INTRODUCTION

Wilson's conjecture [1] that the dominant short-distance singularities
of products of fields are those of a scale-invariant zero-mass theory has
stimulated considerable interest in iﬁé éuestion of how quantum field theories
behave in the limit of vanishing mass. Among the various models studied in
this regard, the maséive Thirring model [2] of a self-interacting spinor field
in a space-time of two dimensions has the almost unique advantage of having
for its associated zero-mass theory a well known, exactly soluble, scale-
invariant model [3 - 5]. The important issue here is whether or not the
Green's functions of the massive Thirring model, which one can calculate to
arbitrary order in fenormalized perturbation theory, pass over smoothly into
the known Green's functions [4] of the massless theory. In other words, does
the asymptotic short-distance behavior of the massive model coincide with that
of the massless case?

Trueman and Mueller [2] have provided impressive evidence that the con-
Jectured smooth zero-mass limit does indeed occur. They consider a model in
which the Thirring field of mass m > O interacts via a trilinear coupling with
a heavy vector boson of mass M. The zero-mass limit is defined to be that in
which m tends to zero and M becomes infinite, in that order. The authors
verify that, at least to fourth order in the four-fermion coupling, the
renormalization of the coupling constant is finite in the 1imit, and hence the
limiting theory, whicﬁ should exist [6] provided the Green's functions are
normelized awey from the mass shell, is scale invariant. They then conclude
that the N-point (proper) vertex functions of the zero-mass limiting theory
satisfy fhe same "anomalous" scaling law (which determines the two-point

function completely, up to normalization)
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r™ G, .. apy) = A2-N(1/24y) ()

pl...pN) (1.1)

as those of the massless Thirring model, and moreover that the vertex fuﬁctions
of the original massive theory satisfy (1.1) asymptotically for sufficiently
large A.

In the present article we investigate a massive Thirring'po§g} whiqh dif?ers
in certain essential respects from that of Trueman and Mueller. In particular
we shall consider from the beginning a four-fermion contact interaction (this
corresponds to letting M - = before m + 0), and shall avoid ultra-violet diver-
gences by applying Zimmermenn's version [7] of the BPH subtraction scheme
(without cutoffs). In order to demonstrate the apgence of Callan-Symenzik
[11,12] coupling constant rengrmg;ization, we apply powerful normel product [8-10]
techniques whiéh enable us to obtain tﬁ;ﬁr;;ult to all orders without resorting
to laborious graphical analysis or to the usual power-counting arguments (whose
validity is yet to be established). Power counting is, of course, a necessary
ingredient in showing the asymptotic scale invariance of the vertex functions,
~but is not needed to establish the vanishing of the Callan-Symanzik coefficient
8. The latter is rather a direct consequence of the Ward identities of the
massive theory, and in partiéular of the remarkably mild form of the "anomaly"

[13 ] of the axial-vector Ward identity in this model.

II. THE MASSIVE THIRRING MODEL
A. Specification of the Green's Functions
We conslider a two-dimensional spinor field theory whose effective Lagrangian

density (Zimmermann's terminology [8]) is given by

Lerr = %(l"bm*u?;"”' (m'&)@tb-%(g-c)(wvuw)(%ulb) = Lo+ Ly (21)

Ky = W Tw - Zaby
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vhere the finite renormalization constants a, b and ¢ are power series in
the coupling constant g to be determined by the normalization conditions
of the theory. The Green's functions of the model are unambiguously defined

by the modified Gell-Mann-Low formula [8 ],

n m _
<O|T i w(xi) n u(y )|O> =

§=1 j=1

(0) <o|T m w(O)(x ) w(o)(y

= Finite part of 3
i=1 J=1

) (2.2)

exp{ijd x: ,f. [kb(o) (" 0)] }|O

(0) is the free field whose propagetor is specified by .r 0 and the

wvhere
finite part prescription is that of Bogoliubov, Perasiuk, Hepp and Zimmermeann
(BPHZ) [8].

Before meking the BPHZ subtractions, the righthand side of (2.2) is the
usual sum over contributions from Feynman diagrems. If IG is the Feynman
integrand (in momentum spacé, before integrating over the independent internal
mbmenta) corresponding to the diagram G, then the BPHZ subtracted integrand is

given by

Rg = ) 1 (-t )1, (2.3)
UeFk veU

where %5G>is the set of forests (families of non-overlepping, one-particle
irreducible subdisgrams) of G, and tY is the Taylor sefies to order ka) in
the independent external momente of y, taken about the point where all such
momenta are zero. The degree function 6(y) which determines the number of

subtractions of the subdiagram vy is given in this model by



§(y) = 2 - (2.4)

'\’é‘"

Y

where NY is the number of external lines of v.
Normel products [8] are introduced by a slight modification of the
above formulas. If é};, a=1, 2,... are formal products of the basic

fields and their derivatives, we define

2
<0|T n Ny [é?/](x ) n w(yi) n w(z )|0> = Finite part of
a=1 ‘e J=1

<0|T n C7 0) t(x (o)(y ) 1 $(O)(z )
a=1 i=l =1 J

exp{ijdgx:;ﬁi[w(o),m(o)]:}|0>(o) (2.5)
where again the finite part is that of BPHZ, but with
s(y) = 2-32n - Io(2-8). (2.6)

Here Va is the special vertex associated with 69; and Ga is an integer or

half-integer greater than or equal to the dimension of(fya.

Defining the 2N-point vertex functions P(2N) b;
N
(2n)
(2n) 5(12 p; + 12 a iy (pl...pN,ql...qN)
¥ N N - PROP
= j M dx,dy, exp{i J (p,;x; + q,¥,)1<0[T I w(x,) @ W(YJ)|0> , (2.7)
j=1 i=1 i=1 J:l
r@(p,p) = - Sﬁ"l(p)

Sé(p) = de eipx<O|Tw(x)$(0)|0>
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where the superscript PROP indicates that only proper (amputated, one-
particle irreducible) diagrams are included, we impose the normalization

conditions

I.(2)(p’_p)

fom

r(2’<p,-p>| = i(y-m)
B=u

1 (%)
r (p4P,3P-Py,) = -ig,
16 alq2a3ah o) 00,0 1¥2°F3%) | =Ei(h5 )
Py"Py= 34 043
with
6a aa.a - YZ a Tua o, YZ o Yuoa, Ga a Gu oy Ga a Ga o ).
1%2%3% 1% M3 %103 Mey 1%3 ®2% %1%y %273

(2.8)
The finite renormalization constants appearing in (2.1) are determined
implicitly by (2.8).

B. Callan-Symanzik and Renormalization Group Equations
The Callan-Symanzik [11l, 12)] and renormalization group [6,1L] equations
of the massive Thirring model are most easily derived using differential

vertex operations (DVO) [10] defined by

N N
Ag G(2N)(xl,. CeXpg3Yqee .yN') = Jd2z<0|TN6[8'](z)izlw(xi)‘jzli)(yj) | o>

(2.9 )
with corresponding formulas for the vertex functions. Clearly a DVO corresponds
to the presence of a special internal vertex in each Feynman disgram. We shall
need only four of the DVO's, namely the ones closely associated with the Lagran-

gian (2.1). They are, symbolically,



=4
]

ijdzx N1{$W](x)_.vr.w .

0
.

b, = 4]a%x Ny[Ppl(x)

1 Ix”? * - (2.10)

by = - e m I

by = %sz.x N2[(1T»Y”w)_($vuw)](x).

Note that Yy has dimension one, so that'Al is defined with éﬁe'more sub-
traction than is necessary to avoid ultraviolet divergences. This will be
very useful, however, for making méss insertions without disturbing the BPHZ
subtraction scheme. Referring to Ref. 10, we may write down the following

identities for the N-point vertex functions (in momentum space):

3 (W) 3 M, . 3 (N)
=T = [(-5:-1—1)A1+-35A2+—8%A3]I‘»
3_ (N) _ 3a b (N)
Wl = bt ot ]P
?::E (M _g_:_ A+ g_‘; A + (g_; - 1)A3]r(N) (2,11)
Nr(N) = [2(a-m)A, + 2(14b)a, + L{c-g)A ]P(N)
1 2 37
AOP(N) = [A + rA2 + 8sA ]I‘(N)
wvhere
r = - %-Trvu ;EE'AOP(Q)(P,-p)
b p=0
g8 = - 'g wa “‘) (00,00).

123“140“123h‘
The first four of these are simple consequerices of the gtructure of Feynman

diagrams and the nature of the BPHZ subtraction'SCheme. The last is an
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identity relating normal products of different dégree‘bf the type derived
by Zimmermann [8].
Equations (2.11) express five quantities as linear combinations of

the three (linearly independent) AiP(N)

, 1 %'l, 2; 3. Thus there ﬁust be
two independent linear relations among the qﬁantities on thé"lefthand side.
These are conveniently taken to bve [10] the_Callan—Symgnzik and renormali-
zation group equations,

(N) ()

m

9 9 9 . n =

[mg + v * B(;ag)sg'— Ny(T,g) 1T = amAgT (2.12)
3. m \d m Ny _ .

[ug, + o(Fsedyg - Ne(Te) M 0 (2.13)

Here a, B, Y, ¢ and T may be determined from (2.11l) by equating to zero the
(N),

coefficient of each Air

3 2 3 _
[msﬁ + u§;'+ Bag - 2y](e-m) = am
[xn—-2 + u—i + &—Q - 2y}(1+v) = amr (2.1k)
am 3u °g
9 9 ]
[mSE i Ba8 - byl(e-g) = ams

S _ 21){(a-m)

Oy + o5 = 0

(b2 + 0=2 - 27)(2+b) = O (2.15)
oy og

(u3% + i bt)(c-g) = ©

To arrive at (2.12) one chooses o and t to satisfy the last two equations of

(2.15) and then verifies the remaining equation using (2.11) and the relation

[<u3—§+c3§-ar)r‘2’<p,~p)] =0 (2.16)

fom



Subtracting (2.13) from (2.12) yields

[msﬁ + ~nert™ aonr(N) (2.17)

=
3
i

where n = B-0 and £ = y-1-may be determined from (Eglh) and (2.i5) or, .

alternatively, from the normalization conditions at u applied to (2.17):

e = 22 (1P p,p)| +1) ‘ 0 (2.18)
u-m 15'=u .
i (h)
n = bgE + =5 mé (p.P,qP=P),)
16 a1a2a3 y 0 cla2a3 L 1P29P3%) . 2(&5 H
Pypy=3u (48, ,-
(2.19)

Analogues of (2.12) and (2.13) may be derived for the proper functions of

the current operator,

N N

enfso v Do+ 1 a )1\ (p,p. .oy - - -ay)
l=

N
= jdxizldxidyi exp{ipx + ig(pjxd*qjyd)}

N N

x <O|T N [kaw](x) n w(x ) I w(yd)|0>PROP

in a similar way. PiN) satisfies the first three of the equations (2.11),

and in addition

(m)

(-2r{"™ = [2(a-msy + 2(14D)a, +h(c-g)A ]r‘“’

(a -t)P(N) = [A +ri, + sA ]r(N) (2.20)
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where

+(2) | ' *

t = Try Ao N (0,0,0).

The presence of the term triN) in the second equation is due to the BPHZ

subtractions for proper subdiagrams which contain both the ¥y and @ka‘
normal product vertices. By the same reasoning as before, we obtain

(N) (N)

+ &—— - (N-2)Y]P = am(A -t)r (2.21)

- (N-Z)T]P(N)

n
o

(2,22)

(n) (N)

- (N—e)elr

am(A -t)r (2.23)

w? q;T 0:1
Blw ri{w glo
+
o sle o
M jo m jo z |

c. EQuations of Motion and Ward Identities
Equations of motion for the massive Thirring model may be derived in e

straightforward manner using the methods of Refs. 8 and 9. In particular

(1y+3_ -m)<0|Ty(x) ). ¥(x)¥(yy). . Blyy)|o> =
1

= <O|T{(g—c)N3/2[($Yu¢)Yuw](xl) - ay(x;) ~ib¢w(xl)}w(x2)...$(YN)|O>

N kN
+ 01 ] (-1 Ve (xmy, )<0| Tolx,) . Bly, l)w(yk+l Sy 0>
k=1

<0|T N [§(iF-m)y](x)x|0> =

= <o|T{(g—c)Nz[(EY“w)(ivuw)](x) - aN, [P0](x) - o, [§(1F)wl(x) }x[0>  (2.24)

N
+ i) G(x-yk)<O|Tx]0>,
k=1

where X is an arbitrary product of the basic fields,

N N
X = ny(x,)n ¢(y ).
J=1 J k=1 k
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As in Ref. 9, Eq. (2.24) may be used to derive Ward identities for the
vector and axial-vector currents:

(1+b)a§<0]T Nllﬁyuw](x)x10> = (1+b)<0|T Nztau(ﬁyuwSJ(x)x|0>

(1+b)1<o|T{N2($(-i§-m)w](x) - N2[$(13-m)w](i)}x|o>

N \ . ;
kZI[G(x-yk) - 6(xrxk)]<0|TX|0>. (g,gs)

(1+4v)3k<0]T Nlliyuysw](x)xlo> = (1+b)<o0|T Neta“<myu75w>]<x)x|o>

(1+0)1.<0| TN, [F(~1F-m)y*y](x) + [Ty’ (5F-m)y]1(x) + 2m N, [Fv w](x)1x]0>

- § (G(X—xk)ys + 6(x—yk)YST)<0|TX|O>-+2i(m~a)<0|T N2[$75¢](x)x|0>.
k=1 % Yk
(2.26)

For & Justification of our bringing the derivative inside the time-ordering

and normal product‘symbols, the regder is referred to the Appendix of Ref. 10,
The fact that the righthand side of?(2.26) involves N2[$y5w] rather than

Nl[ﬁysw] is the two-dimensional analogue of the well known "anomaly" of the

axial-vector Ward identity in quantum electrodynamics and other four-dimensional

models [13 ]. In our case, however, the "anomaly" is less drestic in its conse-

quences, since it merely produces a change of normalization of the axial-vector

current and hence does not prevent it from being conserved in the zero-mass

limit (see Section III). This is because Zimmermann's identity relating

normael products of different degree is severely restricted by the requirements

of P-, C- and Lorentz invariance, as well as Fermi statistics, and assumes the

particularly simple form,
Rliv*9] = N [3y7v) + e Ny00% Gy v %) (2.27)
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where

a PROP
a - - »
g = 4 g ol ORI |

Thus we mey rewrite (2.24) as
(1+b)(1-h)3¥<o|T N, [Fy v ¥1(x)x|0>
x 1l M
N

i, VS e alee 35T
kzl[é(x xk)yxk + &8(x yk)YyklsolTX|0>

+

21(m-a)<0|T Nl[ﬁvswl(x)x|o> (2.28)
where

m-a

=
!

D. Vanishing of B(%,g)

The Ward identities of the massive Thirring model may be used to
demonstrate that the coefficient of the coupling—constapt derivative in
the Callan-Symanzik equation vanishes to all orders. This property, which
we shall prove without reference to the.asymptotic behavior of vertex
functions, will be employed in Section III to show the scale invariance
of the theory in the limit of vanishing mass.

We shall need the following Ward identities, which may be proved

using methods analogous to those which led to (2.25) and (2.28),
A.(2N
(1+b)p Pi )(p,pl...pN,ql..qu)

N
(2n) :
ikgl{r (pl...pN,ql...qk+p...qN)

- P(zN)(pl...pk+p;..pN,q1...qN)} (2.29)
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(l+b)(l—h)pvevxrizN)(p,pl...pN,ql..,qN)

(en) > (ZN) E
= i Z {r (DyeeeDysa I ) ) + y (Do o s oDy #De s oDy sGa ooy )}
Lo 1Pyl w'q, * p," 1Pk 291 Oy
_ 2(m-a)r{?( Pyrsly e e +Qy) (2.30)
5 p,pl.‘. N’ l... N . .

A, (2N
(1+0)p"a T ( )(p,pl-‘-pN,ql---qN)

- (2n) (en)
ikzl{A T (pl...pN,ql...qk+p...qN) - AT (pl"°pk+p"'pN’qi°f'qN)}
(2.31)
(2N)
(l+b)(l"h)p E O A (p,plutopN,qlnooqN)
= i Z {a F(2N)(pl...pN,ql...qk+p...qN)YS
k=1 U
(2n)
+ kaAor (plo-opk*p..opN,qln--qN)
(en)
- 2[1 + (m-a)(Ao-u)]r5 (p,pl...pN,ql...qN) (2.32)
where
iy ° - uv p_5
(e77) = €Y, = YV
1 0
uys = A TI_(0,0,0)
0 5 9’ 2
and PéeN) is defined in the same way as P§2N), with Yy replaced by ys.

The extra term in the last equation is due to the fact that the Zimmermeann

expansion relating Nl[wysw] and N2[$YS¢] contains a term arising from sub-

tractions for which the ys vertex and the A, vertex are in the same proper

0
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subdiagram with two external lines.

We now apply the Callan-Symanzik differential operator

3 ) )
am * du * Bag

to both sides of (2,29) and (2.3¢), simplifying the result with the aid

of (2.31), (2.32), (2.12), (2.14k), (2.21) and the analogue of (2.21) with

yA end t replaced by YS and u, respectively. Thus
[omr + amt(l+b)]pAP§2N) = 0
[amr + omt(1+D) - (1+0)38]p Mr {2 o (2.33)
/g v A
and hence,
r + (1+v)t = ©
B8 = o . (2.34)

9g
But a simple computation shows that the first order contribution to h is
nonzero. Hence B(%,g) = 0.
Referring back to (2.14), we may now write a convenient expression for

the "anomalous dimension," Y(%ag):

m m'r .
where . m-a
n' = —

1+b’
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III. ZERO-MASS LIMIT§
A, Preliminaries |

In this section we investigate the asymptotic behavior of the vertex
functions in two different zero-mass limits: (1) the Gell-Mann;Low limit
(6], in which m tends to zero with g and y fixed, and (2) the Callan-Symanzik
limit [11,12] in which m and u tend to zero with g and m/u fixed. Both limits
define scale invariant zero-mass theories in which the Ward identities of the
massless Thirring model are satisfied.

Owr methods follow closely those of Symenzik [15]. With him we. assume
the validity of certain power counting argumenté wvhich are generally accepted
as true but which have not yet been placed on a completely rigorous footing.
Thus we shall suppose that for noﬁ-exceptional [15] momenta Pyses 5Py (ﬁo

nontrivial sub-sum Xpi is lightlike), a Feynmen integral of the type
k "k

J(p,m,g) = 1lim IdkRG(p,k,m,s.s)
e~>0
p = {pl...pN}
ko= {kaedgd (3.1)

where R, is given by (2.3) and the c~dependence of the integrand enters through
Zimmermann's form [7] for the propagator,

sa(pse) = i(pm)lp®-n® + 1e(354m®) )7

has an asymptotic expansion, for A + = [15 ],

J(p,A_lm,g) = \* ] ckz(p,m,g)x-kloglk (3.2)

k,2=0
vhere the leading pover o is an integer which may be determined by counting

powers in RG(p,k,m,g,e). The latter leads to the following assignment of
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leading asymptotic powers in the massive Thirring model:

o = 1l: r,s8, t, u, e. ’

N T T (3.3)

o 0 : F(N), A

0

o ~1l: @a,n, £

The same power-counting is applicable fbr bqth Gell—Mann—Low and Callan-
Symanzik zero-mess limits, since the asymptotic forms differ only by powers
of logm/u.
B. Gell-Mann-Low Zero~Mass Limit
From (3.3) we see that in the limit of vanishing m with u fixed and
(W), (W)

positive, the vertex functions T s By . et¢., are at worst logarithmically

unknown logarithmic

Hi

divergent, whereas n and ¢ tend to zero like m logxm (x

power). Thus, from (2.17), we have for non—exceptional momenta

(x)

mS% r = O(m logx m) (3.4)

and so P(N> must be constant in the limit. Similarly, from (2.14), (2.15),
(253“) and (3-3)’

m%%- = - om(1l+b)t + O(m lpgx m) (3.5)

so that (2.23) yields

()4

[(1+b)rA = 0(m log™ m) (3.6)

s
S iw

and the current J, = (l+b)Nl[$YAw) has finite vertex functions in the zero-
mass limit.

Equation (3.4) allows us to define, at least for non-exceptional momenta,

the Gell-Mann-Low zero-mess theory associated withAthe massive Thirring model

ag follows:
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(N)(pl--.pN,u,g) = lim r(N)(pl.--pN,m,u,g) (3.7)

m+0

The limiting vertex functions are scale-invariant, satisfying

usg Féﬁﬁ = Nt(0 ,g)F(N) = Ny(O,g)P(N) (3.8)
since
o(%,g) = B(%,g) - n(%,g) = -n(%,g) = 0(m log™ m)
(3.9)
r(-f;—‘,g) = v(.e) - &e) = v(Z.e) + 0lm log" m).

From (3.8), the boundary conditions for time-ordered -Green's functions
and the normalization condition at u, the two-point function of the zero-

mass theory is completely determined:

(2)(p, p) = 1 (p%+10)"T, 1t = 1(0,g) (3.10)

The zero-mass vector-current vertex functions (for non-exceptional
momenta) are defined with the aid of (3.6):

(N)A (N)A

Teup (PsPpe-Py>¥;@) = lim (1+0)r
m>0

From (2.29), (2.30) and (3.3) these are easily seen to satisfy the Ward

(Papy.e pyomu,8) (3.11)

identities, characteristic of the massless Thirring model (L]

(2N)A( )
p}\ CML p’Pl"'pN’ql"'qN
2N) (2N)
X {r o-opN,qloooqk+pocnqN) - (plooopk+paoopN,qloooqN)}
(3.12)
v (an)a
(l—ho)p Ev}\rGML (p ,plo ] -pN,qlo . an)

- (2n) (2)
- i kél{rGNIL (pl"'pN’ql"'q.k+p'"qN)Y +Yp r (plloopk+po--pN,ql.ooqN>}

(3.13)
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where h = 1im h < e,
0
m+0

C. Callan-Symenzik Zero-Mass Limit
The asymptotic behavior of the massive Thirring model in the limit
m-> 0, w~+ 0 and p = u/m fixed may be studied in a manner which parallels
closely the discussion of the preceding paragraphs. The controlling
differential equation is now (2.12) which we rewrite, considering uv= pm
as a function of m,

[ 3 (N)

w2 - wy e . “on‘"(N) (3.1k4)

From (3.3) the righthand side may be ignored in the limit m + 0, and we

may define the vertex functions of the Callan-Symanzik zero-mass theory

for non-exceptional momenta as

~Ny..
I‘ég)(Pla..PN,moaD,g) '= lim (EL') ) F(N)(pl...pN,m,pm,g) (3,15)

m0 0
where m, is en arbitrary mass paremeter which fixes the normalization.
Similarly, the current vertex function may be defined as

 —(N-2)y+omt
P(N))\

(psp oo oDyl 99’8) = lim ('!'n—)
Cs 1 N0 o0 mo

N)A
F( ) (p aPl' . °PNamspma$)

(3.16)
Using methods analogous to those of Section IIIB, one may derive in straight-
forward fashion the Ward identities characteristic of the massless Thirring

model. This time the anomalous dimension, nontrivially dependent on the choice

of p, is given by v(p,g). | (3.17)



-19-
IV. CONCLUSION
Why is the massive Thirring model asymptotically scale‘invariant?
According to Truehan and Mueller [ 2], the crucial fact is that the in-
teraction is renormalizable and of the form Ajujﬂ'with Ju conserved.,

Our enalysis reveals a quite different picture: the absence of Callan-

Symanzik coupling-constant renormg%ization, which leads to asymptotic

scaling in either of the two zero-mass limits of Section III, is a con-

sequence of the asymptotic conservation of both vector and axial-vector
currents (Ju resp. jSu)’ with the two related by the relation (peculiar
. _ v
to two dimensions) JSu = euvj .
Acknovledgments
The authors are indebted to B. Schroer for a number of helpful
discussions during the preliminary phase of this work, as well as to

T. L. Trueman and A. H. Mueller for clarification of several points in

their article.



-00-

REFERENCES

[1] K. G. Wilson, Phys. Rev. 179 (1969) ih99.

[2] A. H. Mueller and T. L. Trueman, Phys. Rev. Di (1971) 1635.

[3] W. Thirring, Ann. Phys. 3 (1958) 91.

[¥] K. Johnson, Nuovo Cimento 20 (1961) 773.

[5] B. Klaiber, Lectures in Theoretical Physics, New York,
Cordon and Breach, 1968, p. 1Ll.

[6] M. Gell-Menn and F. E. Low, Phys. Rev. 95 (1954) 1300.

(7] W. Zimmermann, Commun. Math. Phys. 15 (1969) 208.

[8} W. Zimmermann, Lectures on Elementary Particles and Quantum
Field Theory, Vol. 1, Cambridge, M.I.T, Press, 1970, p. 397.

[9] J. Lowenstein, Phys. Rev. D4 (1971) 2281.

[10] J. Lowenstein, Commun. Math. Phys. 24 (1971) 1.

(11] c. G. Cellan, Jr., Phys. Rev. D2 (1970) 15Li,

[12] K. Symanzik, Commun. Math. Phys. 18 (1970) 227.

[13] S. L. Adler, Lectures on Elementary Particles and Quantum Field
Theory, Vol. 1, Cambridge, M.I.T. Press, 1970, p.2.

[14] N. N. Bogoliubov and D. W. Shirkov, Introduction to the Theory of
ngntized Fields, New York, Interscience Publishers, 1959.

[15] K. Symanzik, Commun. Math. Phys. 23 (1971) Lo.



