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ABSTRACT

'Theﬂ}woproblem, as the simplest case of the pseudoscalar meson and
vector meson system, is discussed from the standpoint of the S-matrix
approach. A general procedure of constructing invariant amplitudes in spin
and isospin space of the pseudoscalar-vector system is given and for the
T-@wscattering, a set of invariant amplitudes are conveniently chosen and
their crossing properties are discussed. These amplitudes are expressed by
one-dimensional representations which are derived from the Mandelstam repre-—
sentations by the Cini-Fubini technique. Partial wave expansions as well as
projections are done by the use of the Jacob-Wick helicity amplitudes. A
prescription of calculating the driving forces from the exchange of particles
is presented and applied to the exchagge of the f¥ and B-meson in states of
the two possible quantum numbers JP = l+ and 2 . The procedure consists of
a zero width approximation to the transition amplitudes in states of given
J and L, crossing symmetric relations and the one-dimensional dispersion
representations of the invariant amplitudes. The relationship between the
invariant amplitudes and the helicity amplitudes facilitates greatly this
procedure. The t-channel reaction is also analyzed. A method of solution
of the partial wave dispersion relations is discussed based on a recently
developed formalism and extended further to avoid the difficulty associated with
the zeros of the driving forces. A systematic program to understand the quantum
numbers of the B-meson as a j{()resonance is also discussed. A qualitative
nature of the forces due to the B-exchange in each possible quantum number

states 1is briefly sketched.



I. INTRODUCTION

In recent years, a great deal of progress in the study of strong-
interaction physics has been introduced by the dispersion theoretic
approach to elementary particle physics.l The idea in this approach
is to try to compute the physical scattering amplitudes from the knowledge
of their singularities in the energy and momentum transfer variables.
However the dispersion relations as applied to scattering have displayed
only limited usefulness; we know no simple general rule for localizing
all singularities of the amplitudes. A prescription proposed by Mandelstam®
allows one to obtain a partial understanding about the momentum transfer
properties of the scattering amplitudes, when only two particles are present
in both the initial and the final states of the scattering process. Also
this prescription allows us to derive dispersion relations for the partial
wave amplitudes for which the unitarity relation takes a simple form. An
approximate representation3 for the amplitude of two particle scattering

has been decuced from the Mandelstam representation, by neglecting

consistently inelastic processes in the unitarity condition.

Although the validity of the two-dimensional Mandelstam representation
for the amplitude has been verified for large class of Feynman diagrams,
a general proof in the frame-work of perturbation theory is still not
seen. The great advantage of the Mandelstam representation is however
that it gives the most analytic form of the two body amplitude compatible
with the unitarity and crossing. We can thus‘get the picture of the most
important singularities of the amplitude by just picking up the poles and

cuts shown in the Mandelstam diagram. The singularities in the
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momentum transfer variables so obtained will determine the most important
characteristics of the potential.

Despite no general methods of a complete calculational framework of
the S-matrix, such as the Peynman rules in the case of perturbation theory,
the dispersion-theoretic approach to the problems of strong interactions
has provided a theoretical frame-work in which phenomenologically existing
information can be analyzed and summarized, thus giving a better theoretical
understanding of many problems. In particular, the problems of the pion-

5

pionh, pion -nucleon” and nucleon--nucleon6 interactions have been extensi?ely
expibred by many authors and the Mandelstam representation has provided a
dynamical scheme for the discussion of scattering to obtain many quantitati;e
features of the systems. In many cases, the dispersion-theoretic handling
of the problems enabled us to predict a reasonablg portion of the driving
forces of the system via the Mandelstam prescription.

In the present article, we consider the pseudoscalar meson-vector
meson scattering through the approach of dispersion theory. We would like
to have a theoretical framework for understanding the existing experimental
8,9

A

data, such as the 7(:(,!)resonance7 called B, and the two ﬁfresonances 1

and A2. Due to the different isotopic spin quantum numbers of the mesons
belonging to the pseudo-scalar and vector meson families,lo we are unable
to incoporate universal isotopic spin projection operators for all systems

of meson families. Thus we shall primarily consider the JUW) scattering as

an éxpliéite example, for a given value of the total angular momentum J.
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For then a complete characterization of any pseudoscalar- vector
scattering for a given total J will be easily accomplished by means of
appropriate projection operators of the isotopic spin states. Even with-
_out the isotopic spin operators, the problem is considerably complicated
by the presence of spin.

The pseudoscalar-vector system can be either in a spin singlet or
spin triplet state. For each process, the Feynman amplitude can be
expressed in terms of four invariant functions of the energy and the
momentum-transfer variables.

In the next section, the usual scalar variables are defined and the
singularities in the direct as well as crossed channels are described.
We have outlined in Section III the procedure to introduce invariant
'amplitudes for the pseudoscalar-vector system in spin and isospin space. As
for theq () scattering, the isotopic spin space appears trivial since the
reaction goes through only the I = 1 state. The crossing properties of the
four invariant amplitudes of theJCW scattering are also discussed in
Section IV. These four invariant amplitudes are expressed by the Mandelstam
representation? By using the Cini-Fubini technique? the double dispersion
relations are approximated to the one dimensional representations which
will be useful when the lower partial waves give dominant contributions to
the absorptive parts of the invariant amplitudes. Partial-wave decompositions
are considered in Section V. This is done by a modification of the Jacob-
Wick formalismllof scattering. OSingularities of the partial wave amplitudes
are sketched. Section VI contains calculations of the helicity amplitudes.
The polarization vectors of the massive photon are discussedvand expressed

in terms of its helicities, so that one may calculate the helicity amplitudes.



In Section VII, a general procedure to derive the driving forces is discussed.
The procedure is verified by reproducing the Born terms of the vector and an
axial vector exchange as those from the Feynman graphs. The 2~ exchange12
as a possible quantum number state of the B-meson is calculated. Here a
narrow width approximation to the absorptive part of the transition amplitude
in the physical regfon of the crossed channel and crossing relations of the
invariant amplitudes are incorporated with the one-dimensional representation
of the amplitudes to give the Born terms. The knowledge of the effective
interactions at the vetices of the Feynman diagram is not necessary in our
approach. Also we will see the éorrect_kinematical factors tq'be remo?edl

in the partial wave amplitudes in states of given Jp, as a consequence of
making the invariant amplitudes free from kinematical singularities. 1In
Section VIII we discuss the method of solutién of the pértial wave dispersion
relations based on a recently developed formalism%3 This fo;ﬁalism gives a
manifestly symmetric solu‘t;ion which does not depend on any subtraction
ﬂparametefé. The method is extended to avoid the difficulty associated with

the zeros of the driving forces. Finally, Section IX deals with concluding

remarks. A systematic approach to understand the B-meson in the viewpoint
of a dynamical theory of the 4f()) interaction, which is under wa&, is

described as application of our theory.
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IT. KINEMATICS

Scattering amplitudes for the process p, + q + q,, shown in Fig.
» 17 42P T 9

1 are considered as a function of the three scalar variables

2e 2 Nz
S oo (prgf = wiemte 2B 4 2L E ]

= (1.a)
2 2
t=-(p-R)= - 2k (/- ¢&) (1.5)
U=-(F-8)=2(M+m) s F (1.c)

where we have denoted the four-momenta of the pseudoscalar mesons by pl and

P the four-momenta of the vector mesons by ql and 45> the vector-meson

23
mass by M, the pseudo-scalar meson mass by m, and the center-of-mass
momentum and scattering angle by k_ and es respectively.

D

If the diagram in Fig. 1 is considered to represent the annihilation

of two vector mesons 9 and —q2 into two pions —pland Pso then we can write
2 2z - 2
t= f(g5+M) = 4P+ m) (2.2)
A 2
—_——,D_g+z/ogam/(9ﬁ

(2.v)

U= ,2(/\42_/_%12)—8"[: (2.c)



where p and q are the center-of-mass momentum of the pseudo-scalar and
vector meson respectively, and et is the scattering angle in this channel.
Fig. 1 can also be interpreted as representing the scattering process

P, * (—qg)_> P, * (—ql). Then the role of s and u is interchanged;

Vo
2 2 % >
Y e o) L

i

u

b= -2k, (1- L&) (3.5)

s= 2(M+m) -+ —u (3.c)

In (1), (2) and (3), there are only two independent variables because

of the usual relations (l.c), (2.c¢) and (3.c), and we have used a convention

S
a.b=a.b-ab.
o0

The boundaries of the physical region for the s-channel are given by

the limiting values of cos Gs =+ 1. We obtain a curve

2,
suw = (M*~m*) (4.a)

and a line

S+ U = 2 (M+m) (4.b)

as shown in Fig. 2



The physical region for the u-channel is symmetric to that of the s-
channel about the line s = u. If there occurs a single particle exchange
of mass M, say smaller than the threshold value M+ m, then the pole appears

at s = ﬁ? and at u ='ﬁ2. The point where s has the least permissible

value for ks to be real has the coordiantes (s, t, u) = ((M+ m)2, 0,

(M~ m) 2) vhile the corresponding point in the u-channel has (s, t, u) =

2 o, (M+m)?).

((M-m )
The physical region for the t-channel is bounded by a branch of

(k.a) and the point with the least permiscible value of t for q to be

real is (s, t, u) = (-ﬂWz - m2), hMg, —(M2 - m2)). But there are also

threshold singularities for intermediate states of lower energy involving

pions. Namely these are t = hmg, or 16m° and so on.



IIT. CROSSING SYMMETRY

Let us first consider the process Py + q * P, + - If this is to
represent theJUl) scattering, the reaction may take place only in the
isotopic spin state 1. If this is to represent the n:P scattering, then the
reaction will take place in any of the three isotopic spin states I =
0, 1 and 2. TFor this process, the projection operators for isotopic spin

states are

- RN - A A
L =37 (5.1, +1) (5L, 1) (5)

-

I

- s D A -
7 _2(5.T +2) (T-T-1) (6)
/

£

where %, and I2 are the usual isotopic spin operators for pion and rho,

\

- A3
4 ’(j_él-fz‘f-/)(l','rz"'z) (7)

whose elements are given by

,;(O('IJ/(5> = - S, (8)
As for the 7C K¥* scattering, the projection operators of the I = 3/2
and I = 1/2 states are given by
-/ YN S
B, =3 (2+I.7) (9)

¢

—t A
;b% = 3 (/-I.‘c) (10)

where I and 1 are the usual isotopic operators for 7C and K*, while as

for the KK* scattering, we have

- A '
7?‘::4‘ (/- 3-%) (11)
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P=yll(s+757)

Since the spin of the pseudoscalar-vector systems is O + 1 = 1, we

s

observe that for a given value. of the tctal angular momentum J, the
orbital angular momentum L can be J or J + l., For L = J, one amplitude

is sufficient, as parity conservation forbids transitions to L =J + 1,
while for L = J + 1, three amplitudes are required to describe the
transitions J + 1€ J + 1, J - 1¢»J - 1, and J - 1€2J + 1, respectively.
Because of time reversal invariance, the transition amplitudes for J - 1=>
J+1andJ+1->J -1 are equ;l. Thus, there must be four invariant
amplitudes describing the scattering, and four independent combinations

of the épin are necessary. |

The usual procedure to include the spins and charges of the particles

(12)

is to define the usual Feynman amplitudes as an operator in spin and isospin

space and to situate the operator between the appropriate spin and isospin
state vectors.

We shall write the Feynman amplitude F for process!Pl +q, "> P+

&% in phe form
CFs,E u) = %Z R (s, +, W 7OI
: L=

—I
where f1.(s,t)u)§ are functions of the invariant variable s, t, and u
L
and Oi's are the four independent combinations of the spin nature of the
particles involved. We can treat F as a matrix in I-spin space. However

we shall discuss this vrocedure for the 7L scattering for which the

(13)
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reaction will take place only in the I = 1 state. The Feynman amplitude

F and the scattering amplitude f are given by

b= F 0:,9 =7h7u ez/uém J‘;ﬁ (14)

and

/7 = Sms%zf (15)

Where é% and 62 are the initial and final vector meson polarization
four vectors, normalized to unity, andc{ and/Q are the isospin indices of
pions.

Let us write

M= Bho v RRR + B RR 3R GRAER)

2 +2—/€(D;~E+%i//?) +2"/;7— (%4,?‘/4— b{’)/i‘) (16)

vhere F_ through F,, are scalar functions of s, t, and u, and

1 T

P - ﬁ * i/ ‘ (17.a)
P = ﬁ - fz (17.b)

then we notice the P2 = -5 and R2 = ~-u. Only four of the seven functions

Fl through F7

actually count, since we will be working with the Lorentz gauge

<

é,/ug/“ = /‘Z/’- = 0 | (18)
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which are valid for a spin one particle;
fis,2,u) = (e-6,) f (s tu) +(6P)eP) f 5,4,

-
FERNGRIEGEW 2 [(GPIER) + GRXGRJ 55w 19)

1k

Thus we have identified Oi's.

As for the process p, + (-q2) —> p, * (—ql), the Feynman amplitude
will have a representation analogous to (19) with (ql, 61) and (-qz, 62)
interchanged. This process also takes place only in the I = 1 state,

and furthermore
Fes, ¢ Uy = R (U £ s) (20)

On the other hand, the invariant operators Oi must also be crossed, thus

giving the crossing properties of the scalar amplitudes

¢
Foutysr = 2 Ly Fes denz s

i3

with



*

-1k -

/v 0 0

(;() = 6 0 / ° (22)
“ o / o0 ©
o o © /

This relation is useful in obtaining the () interaction generated by
the exchange of resonant or single particle intermediate states in the u-
channel,

In the t-~channel where two pions annihilate into two () mesons, the
only allowed isotopic state is I = 0. Moreover, the orbital angular
momentum in this channel is uniquely related to the total angular momentum

J. Bose statistics restricts values of J = L only to even values thus

_the t~channel may not contribute when the odd-parity or the I = 1 particle-

exchanges are considered in all the channels. One can also easily verify

for this process thatl5

R, = 5 Fees, w0

o/,g : (23)
The crossing relation under s ¢> t with u fixed can be worked out in an
analogous manner as in the ;A scattering. We will relate the F. of the
7C (W) scattering to the production amplitudes :$' where A, and

A A 300
)z denote the helicity of the two () mesons, when we discuss the partial

wave amplitudes.
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IV. AN APPROXIMATE REPRESENTATION OF THE INVARIANT FUNCTIONS
According to Mandelstam's postulate% each of the four invariant
amplitudes Fi is an analytic function of the energy momentum variables
except where s, t and u equal the thresholds for energy conserving

intermediate states:

J.
f (x ZL)
F(S)z‘- u) = PGt u) + dx Su_ "2
/ ’ 5 (/2;»;)2 ‘(jmm) (l—s? (3-w)
(2k)
(x, #) = f’}(x 4)
ut )
ﬁx J‘y(z—s)(y t) dzjdfy (Z-u) (Y-2)

m mp % (M+m) YUm>

where the term Pj(s,t,u) denotes the single particle exchange terms
such as the'f -exchange terms in the s- and u-channels of the Wscattering.
We shall overlook the possibility of subtractions. The spectral functions

¢
l?(xVa) are not independent but it follows from (21) and (22) that

¢ ¢ ,
\)fu(x)a’) j:s (9'/7‘) for d_-:/) 4

(25.a)

4 F
NS S (30 P J= ¢ (25.0)

St

Ny
) —
|

2 3 '
Jiu(")?) = fxs 4. x) (25.e)
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2 3
j;t(x)g) = Jo. (4,1 (25.a)

and

2 3
jz‘t(l)y) = ‘j.)Sz‘: (g,l) (25.¢)

We can also derive from (2L4) one-dimensional dispersion relations with
one of the s, t, and u-variables fixed. It is convenient in our case to
write a fixed t-dispersion relation, which then still exhibits the s-u

symmetry.

(¢,
6.(5 u)= ?(S-éu)-l—-—jl:(xA ! ) jd A(g't) (26)

(M+m)2 . 1+ m)

Then Eq. (24) shows

¢ .P&(i £) j;u x,u)
/45(1)‘&)2—'5 "it'—‘- 7'C~J

' -t u'+x+ t—z(M+m) (27)
4m? (M+m)*

and ' .
) d
( + s’
Ay =L jdﬁ bt) M{dsf g5 " D o
+m)*

-+ T S'ry+t-—
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From (25), one finds

. »

4 J :
/}s(x)é) = A X, B fy d=1, 4

(29.a)
2 3
’45 (Z>t) = 4“ (Z’ z) (29.1)
3 2
,4; (x)t) = Aq x, £) (29.c)

The functions Ag(s,t) (i = s,15 JF 1, 2, 3, 4) are to be calculated by

considering the absorptive pért of the amplitude for thejw reactions.
- However we Shall adopt a modest attitude of treating thé low energy region
and make herevapproximation to (24), using the technique introduced by
Cini and Fubini3, fhis approximation is believed to give the essential
structure of the invariant amplitude in the region of low energy and low
momentum trénsfer. From unitarity, the Ai (x,t) can be expressed as the sum
of contfipution from lower mass intermediate states involved in the
elastic W scattering and an inelastic contribution where additional

mesons are produced in the intermediate state:

¢ + &
(s,¢,U) = ’4[,2(’()“ + ALﬁu)é) ' (30)

A

.
L

where the contribution from the higher mass intermediate states Aiﬁ (x,t)
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vanishes in the low energy region, say, for x < (M+2m)2 . Then

we can write (26) as

ﬁ(séa)-P(stu) +—54 Lg% /Jd xt)
(M+m)2 (M+m)

y AR} (31)

(Xt
+ é—jdx ————f“"_ 2 ) ’jd ——ﬁ—-—(z g
(M+2m)* (M+2m¥*

In the first two integrals of (31), it is easy to understand from Fig.
3 that ;he lowest singularity in t starts at 16m 2, while for the last two
integrals in (31), the nearest cut in t begins at hm2 with the cuts in.s
and u at (M + 2m)2. We shall expand the third integral in power series

of s and u, keeping only the first few terms.

Then . .
Y = 20l w)
[ /Lﬁ(z)t) [ / a; )72
TN s T E )Ty
(M+2m )% im*
/ (32)
sz j I fsuﬂ(x ‘4)
2
"(M+2m) Dt (U+1+£—,?M 2n?) (X=5)
where
. >
/T B )
G, (t)s,u) = 7~5sz —ﬁ—”f-j— (33)
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Treating the fourth integral in (31) in the same manner, we get

¢

N j/x Ag &t Jdi' a; (t s,U)
X - U = ’

" oir2my “ie  * =

S
L Jax et _Sua S0
(M+2m> (M+m)z(s,+x+f"?"7}'2h7’9(7—u) (34)

with
i

)
x, &)
(s U) = —J Sue #

(M+2m )

The second terms in (32) and (34) should have only a weak dependence on

all three variables since the cuts are all distant and they will be expressed

in a phencmenological manner, furthermore they will be assumed to be
absorbed in Pj (s,t,u) which contain adjustable parameters in general.

Thus we obtain an approximate representation for the invariant

amplitudes Fj (s,t,u):



_20..
where

¢ ¢ '
Q(:g)s)u) = ds (x)sju.) + au‘*(x) S, W) (37)

is a sum of a real polynomial of low degree in s and a polynomial in u,
and Agg_ (s, t) is a real polynomial of low degree in t.
The use of unitarity to calculate Ai,Q (x,t) anda}(t,s,u) in (36)
is simple, since they are given by the imaginary parts of the low partial
waves of the reaction in question and thé related crossed processes. The
integrals of (36) will get dominant contribution from the imaginary parts
of partial waves in which a resonance is present in the corresponding channel.
In the t-channel, the nearest singularity is at t = lim 2 as shown in
Fig. 3. This two-pion state must occur in the I=0 state, and have even
values of the orbital angular momentum. Thus the s- and d-waves will be
important in our approxiamtion. A possibility of the I=0 d-wave resonance
of two-pion called £° has been confirmed,16 and even the I=0 s-wave
resonance of a two-pion state has been reported.lT Furthermore there seems
to be two possible candidates in this state and the mixing of these two
scalar resonant-particles has been argued,18 while in some calculation,lg
and in some semi-empirical analysis,20 a strong final state interaction is
favorable in the I=0 s-wave state instead of a resonance.

If we do not assume any I=0 two pion s-wave resonance, then the nearest

singularity in t occurs further away in the last two integrals of (31).
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The pole coming from £° exchange in t-channel locates much further. Thus
effectively the lowest singularity in t will start further at t = l6m2
and in s and u at (M+ 3m)2 for the last two integrals in (31). The
last integral of (36) will have thus a weak dependence on s, t and u as
the cuts will effectively be distant. In particular, if only the 5’-

and B-exchanges are considered in all the channels, then the third integral

in (36) will not appear.
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V. PARTIAL-WAVE DECOMPOSITIONS

It is convenient to express the S-matrix in terms of transition
amplitudes in states of given guantum numbers of the total angular
momentum J and parity. We will treat reactions of 1[,()), employing the
formalism developed by Jacob and Wick.:Ll This formalism has an intrinsic
simplicity of expansion in terms of amplitudes for transitions between
states of given helicities.

We define the T-matrix by the relation

R 7
7;5 = {Sji - J:f,;)/(zc'g’,_ ,é;, ) (38)

where kf and ki refer to the center-of-mass momentum in the final and

initial staste of the 7L scattering and in the case of elastic scattering

k,j = ki = k. The scattering amplitudes of Jacob and Wick can be expressed

for given helicities 7[5 and A

F

of the initial and final ) mesons, as

follows:

"o T I ou
D = . 2T+ . (¢
GIfIAD> = bk 2T QT C{Mj) e
J
where d (9') is the reduced rotation matrix and (ﬁles)));)means

h«:;}

<IM5 ’\j- IT’ TM)' hg) . Without any apology, 'we shall set the

(A~ )9‘
F 7 (39)

azimuthal angle of the final momentum of @ equal to zero. For the helicity

amplitudes, the invariance under space inversion implies
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T > = <2 0T >

(ko)
and time reversal invariance gives
LT 20y = K21 T 2
Using (40), (41) and the realtion
4 T 2=
d . =d o - %7 % v
%2y M ) “%J;( ) (v2)

one can again reduce the possible nine helicity amplitudes to four
independent ones, say, f++, f_+, fo+ and foo' Here the helicity of the g
meson is labled by +, -, and O.

The parity operation P on the helicity state lJM;?\) produces the effect

T-$
PraM;a>=17 ¢y 13M; -2 (43)

where S a.nsz are spin and intrinsic parity of the g)-meson, and the helicity
and intrinsic parity of the pion are omitted in forming the helicity state

J-S
|IM; AY of the 7L @) system. Explicitely 7Z (—-) in the present

situation is (_)J, Now we define eigenstates |TM 5 7\),,. of parity such that

;
Plamsay, = £y lamM;ad, (1)



._2)."'...

This is satisfied by

‘VQ
TM; AN = 2 (IsM32> £ |TM 5-72)) (45)

When the parity is conserved, T-matrix will have the non-vanishing elements

only between the same parity states:

éTMgz-j-lT,IM; 7\[>:|-_ = <7‘f| TT|7\|:> = <_>‘j-|TI'>‘c> (46)

Let us define parity-conserving scattering amplitude by the rule,21

+ y -+ Al V2 -lh‘.—}\
<2§lf—l2t>=[zzm(&/2)] [2""im (or2)] -

LTIy £ (—)2"+2”L [z'/zm’m (e»/z)]-
\ -2 =2,
. [z’é%(&/z)] j<—>\f|§-| ) (D

Where

Ay = ma/x(mzt, lﬁ\j_l)

Finally, one can express (47) in terms of parity-conserving T-matrix

elements:

I+
<2+lfiME> =;(2:r+l) [87'57‘5-(6) LIM 37\)(' TIIM352;%

J- . .
t ehlh.jf@.) .T‘.<TM77\§.|T|TM ;2&%] (48)
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where

-12:+7) ~I12:=2.1
oy = A {Bhoon]  phinen] Y

ey -9+ n -1 /%i'
) EZM@/Z)] [ %((}/Z{I aﬁe.g;)}ug)

For completeness, we give the partial wave projections;

- + :
ST T M A0, = 2 jdcmm[ ’(&)@}/,ﬂ 12,9

(50)

+ Cm,f” 1510 ] 50

where |7l 2\ " I) aj_‘ o
C, 7)C(tﬂ-)- 2 {[2 o (6/2)] © 7 (2 ain (672)] % ;)

12; +2 \2 -ZI

£ /[2' i (6/)) [_z"wu@/@] ag (&)} (51)

T

We+sha.ll use notations Zfac §TM ?7}5_\ T\ TM5 %L>i" and
- . From (L47), one finds
5‘2@ (7) IJF. ( z > From (47) find
- -1 -1
L, = (roets) 5 - (-wee) £, (52)

I

-] -
5::;- C'*%e—) 5—"’* + (l— %6-) §""’ (53)
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I

+ . -1
Sor =2 [Rm 6] %, oY

and

T =2%

oo eo (55)

while from (50), the partial wave amplitudes in states of given parity and
total spin are given:

i

- - =1 -
‘|f+ =2 'jd(wo.e){(z:m) (@) B (cot6)+ TP (w0)] 5t 56)

) + Reeo) :+}

|
T_:j: 2"34(%6—){(25?,) ' [(}H) P;.\(MG.)‘FJ-@J%@)]&;(S?)

i + Rueste) 5, ¢

T+ - - \a (! + =
Tor= 2 @) ] A Rors) -p toas]] £ Wik,

‘ 2
T;I:—_- 2 Sd(m@-} ?T(MG) 5—; (Mw™]

(59)

I+ J+ o 2
Here To+ and |, are modified by the factors M/W and (M/W)° to

- . . Cos . + + .
remove the kinematical singularities in -S} + and ‘g‘ as will be seen
o}

later. This will necessarily modify the partial wave expansions (48) so

+
that W/M and (W/M)2 should be multiplied to % and 3}+ respectively.
O+ DO
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1/2 ;

W is given by (M2+k ) in the center-of—mass system The expression for

the transition amplitudes in states of given orbital angular momentum L are

readily obtained by using the relza.tione2

\/2
IIMLS)= [<2L+l)/(27+\>] 2 C(LsT; 0N C(S,S,S;20)-

'IIMB >\> (60)

where the summation is over the helicity states of W and Sw and Sﬂ: are

spins of W and pion respectively. Here we have explicitly put the helicity

of the pion to zero. We shalll denote the transition amplitude {TMLS|TIIM L’S)
by TT(LH L_,') . Let us first consider the singlet

state L =J. (60) gives

I . J _ T
T (I@I) - T++ T_+ (61)

thus from (L46)
T T-
T (33 = T, (62)

As for the triplet states where L = J + 1, we get as follows:
-1
TUr-16T-1) = (27+1) {(T/?.) T, + ()T
\/

+ [T T+I TS ] (63)

Ry -} '/2. -1 T+

T THOF) = 25+|) T(T+1)] {-2 Too

l/z

-BE] (64)
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T ~ -
T (& 3+1) = (2T+1) {2 T+ T T

V2 __ T+
_[23-(?_‘_')] To+ } (65)
Partial wave projections in the t—channel can also be carried out by
constructing23
» \/2 -
|TMj00) =2 ITMj00) (66a)
and

T3 A A =2 S(mg MY HITMS A A

FITM =N =2y + 1TM; =X, ‘>~.>} (66p)

The T-matrix becomes

. \
+(J'M;>\,>\,_1lemgoo>+=2.2/z()\,AleT\ oo> (67a)
or
T+ Vo T _
Mrglo0 = 22 T;\.xz; 00 (670)

where )\l andv’)\;z are the helicities of the two @) -mesons in the final
state., Again we define the scattering amplitudes by the rule of (L47) in
which A, and -Zj‘ are replaced by O and h, - az respectively. The

L

scattering amplitude in terms of T-matrix is then given by
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+ -l 4 . =) =A,0
ng 32;00 Z f 2 ('0'% ﬁt) '
J 14,2, 1 (5-)
T 2o [dyy§er + 734, T e
where
T+ [/2
Tongoo = =0 27PPT S, (69)

Finally we get the partial wave amplitudes

- Y - / . 1A
Tt =4.’/0 “g’/z_{d(cma;) (’WL@-)

>‘l)‘2.5 60

SN

(70)
T " Azl
. - G
[, o0 + VAT 0] 57

One can relate 7’\-:]\-'. to the invariant function Fj by calculating (me%)"ﬁ(t)slu)
30

in the ba.rycentric' ;;fs::em of the t-channel for the corresponding helicity

states of the two &)-mesons. 1In doing so, one also obtains the relations

between the invariant amplitudes and the amplitudes for production of

two W-mesons with helicity ), and ;)2 . For example,

+4- o=l 2
oy o o)== (e ) Py (R +R]

++)oo
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JIx
Singularities of the partial wave amplitudes 7; A defined by Egs.
A

(56) — (59) will occur when the curves s + u = 2(M*pp?) and su =

(M2-me)2 meet singularities of F,(s,t,u). Thus a pole in the u-channel

J
] —
at u =M will give a branch cut in the s-plane from s = (M2-m2)2»/m7‘to

5 = 2(M2+m2) - '1?12. The normal threshold in s gives a branch cut s =

(M + m)2 to s = oo while the normal threshold in u giving a branch cut

)2 tos = - 0. The normal threshold in t at t = hmz gives a

s = (M-m

- (M2-m2) to 8= - 00 and a cut along the circumference of

branch cut s

a circle 181 Mz-m2. Finally there will be a pole at s = '52 corresponding
tc a2 bound state. However we can avoid considerations of such cuts. on the

complex domains, by evaluating exchange terms directly.
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VI. CALCULATION OF THE HELICITY AMPLITUDES

Before we consider theZL @yinteraction generated by the exchange of
resonant- and single-particle intermediate states in the t- and u-channel,
we shall first calculate the helicity amplitudes in terms of the invariant
z;inplitudes.

In order to calculate the partial wave projections, it is convenient:
to express the W-polarizations in terms of the helicities A . The @-

polarization four vector sat%'.sfies

(72)

and

e/“i/‘ =9 ' (73)

We take the incident win the + z direction and therefore the target
pion in the -z direction in the barycentric system. The final G)-momentum
is in the x-z plane and makes an angle © with the z-axis. The four-

(/ (= ¢
dimensional vectors & ’ , G'C) éLb
J

and ,é/(éué‘f'éform en orthogonal

set and satisfy the closure relation

3 $) (8 -2
$Z= €, - N éuéu=§v PV =1,2,3,¢) (Th)
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If we make s = 3 the longitudinal vector, we have

(3

54 = ( 3=(W/M)§ , e+=£M"g) (75)

and
(s) =
e g® e® _ )
M ( ) ¢ =0 (s=1,2) (76)
A A ¥ Y
with &, e® = and c®, Z =0 (s=1,2)

Thus we get the three linear polarization vectors

<
A ()
— é-_(/) )
( = X 3 e¢ = 0

I63) _\z A —(2)'_—
= (&¥=y , g =0

o e (17)

6 — G(g)_—_ & = N
( (W/) M7, =My )
One can equivalently work with the circular polarization vectors
-4 @) . )
ez = -2 /A ( & 4 L € )
-l/2 ) .
et = (e¥ - ¢ e®) (78)

(3
plus the longitudinal vector € . To this end we give the polarizations

in terms of the helicities A as follows:

- A oy0D -
2=t ;. E=-2 '/27tL.<Z + % d) , €4F0 (19.a)
a A . -~/
'ﬂzz 0 . é,= (W/M) Z/ h) GI‘I—:' ¢ M Z/ (79.b)
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A = %/ C =0 (Rl -bing - ) 4)
5 : # #
‘ éz¢= 7, (79.c)
SN A »
7\j= 0 | - §= (W/M)?f; , &M e (79.4)

The scattering amplitude may now be calculated for the given helicity
states of thé initial and final &. One can easily obtain the helicity

amplitudes in terms of the invariant amplitudes from Eq. (19):

,E/;+=2—'(/+ ol &) [F, - ,éz(/-%,s:—) F/;j

(80)
/I,_‘+=2"(/_c9¢&)[}7,' # b 1+ ot o) Fs ] (81)
Aoy =220 g Glwh + K(weot+E)F,

+ 2k (W+E) R, ] e

.= M [(Weo8—b7) f + Sh°F + b (wises+E) Ty

2 /4 Ve
where k is the barycentric momentum, W = (Mz'f'é ) 5 E= (mm‘f'/?z)

J
2
S = [W-/—E) and}g =87CS'A§'2_ . The
j’))i ¢
parity-conserving amplitudes defined by“(52)— (55

_éZ},;

) are givén by

Foer

(8k)

+
b, = F + kot 6k (85)

/:2': = —2IA(W/M)[/§ + k(GO EM)E + W ERY £ ] (s6)



- 34 -
Foo = 2 (W/m)f (Ccot s - B +w ks R

2
+ w k(W ot 6+E) fy +'s %(W%&+E)E_] (87)

Thus by identifying the invariant functions, one can readily calculate
the parity-conserving amplitudes and the transition amplitudes for given
angular momentum L from (62)—(65) of Section V.

Before closing this section, let us write down the P—excha.nge and
axial vector meson-exchange (A-exchange) terms in the s- and u- channels
(Fig. L4). The 97(_(,0 and Arco) vertices shown in Fig. 5 are described in

terms of the effective interactions,

G /7 e Goone G4k 5P 8-

- (89)
Frzw M ) €, () €,

In (89), the d-wave interaction 7‘(4),{, ALY is neglected.
v Y

/4

One can easily verify the contributions of the f -and A-exchanges in the

s-channel to the invariant amplitudes as follows:

The § -exchange:

]’—/I—(S) -é-) u) = 5/22%&_ [";/(”}_,Z—S)J (90.a)

A (s, ,u) = = (B2 b*ots) [%/(mfz—s)] (90.b)



- 35 -

ﬁ;(s)f,u)=-5[3;/(”}v"s)j (90.c)
The A-exchange:

B(s,+, u) = , /(}%;— s) (91.a)

//:(S)tJU) = MA.?' )2 //777,42—5‘) (91.1)

Ros, & u) = B, (s,¢,u) =0 (91.c)

Also the exchanges in the u-channel give:

The f—excha.nge:

B+, s)=[hn™e + b(e%wy s +2 ]

. 2

[§ /(mf‘mj (92.a)
Aout, s)= = u [9)2/(”53—&)] (92.b)
fotht,6) = (% L2oed) Ly, /(n=u)] (92.c)
Boou & s)= =2 [/é(/qf—wﬁ,@-)—E/E—W)][%/(;fo—“)J (92.4)

The A-exchange:

E(“’f's)’%%/(m}_u) (93.a)
Fo(4,%,8)= m,* %/(@l-u) (93.0)

F u e, 5) = R, (4, s)=0 (93.¢)
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2 2
H R X = d =
eres % (;ﬁzw /»/79) an )A( (;;htw /’24)
Indeed, the invariant amplitudes satisfy the crossing relation

(21) of Section II, if we notice the following relations under seu,

>t

2 a
Sk ot b, —> u/eulmau =éfm’» 5;+(E’-‘f-wz)é2c¢¢5; +2 EW (94)

,és wtl -E —>'€.09¢‘9&‘é,—m =ksc,,94,(9s-_E2 (95)

I/z -1 2 2 2 2z %’ 2
SPE=Z (srm=M) — [ukFm)] = E(F-w)—k (+ cs248) (96)

7 2 all
where E= (Iz:-f-)%)z andW=(/25+M)

Those relations are trivial consequence of the two invariants
2 2
,2é5 (1-L8) = s+ -2(MFm?) = 24, (1- st () on)

2 2
25k (1+coe )= (MEWD=US = 20k 1+ cotB,)  (98)

Finally, the exchange of a scalar meson (s-exchange) in the t-

channel gives

Foes,¢, uy=2. 5 & /(t-m;)

(99)
Fls ) = B (5,60 = Fyfo,5,0) = o

where )’ =/ r . Here we have also neglected the 4 wave in-
s SEm TSww
teraction . . Thus the parity-conserving amplitudes for
(é7 kz) (éz ° k[)
given helicity states are readily obtainable from (84)-(87), and then their

partial wave projections will immediately follow.
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VII. BORN TERMS

While we were calculating the helicity amplitudes in the last section,
the method of localizing the poles of the S-matrix was also mentioned on
the basis of the Feynman graphs of perturbation theory. It should be
noticed that in dispersion theory a single pole term includes all effects
from propagator and vertex renormalization and all kinds of stable particles
whether elementary or composite give rise to poles according to the same
rules,

In this section, we shall outline a general procedure to derive the

driving forces. The advantage of this general discussion is that we can
obtain the Born terms of particle-exchanges in any spin parity state.
This formalism will become very useful in the mw scattering when we want
to use the experimental information such as the exchange of the B-meson
for which we do not know yet the definite JP state.12 The B-meson should
be included in the discussion of the ww scattering along with other
possible exchanges, particularly when we want to understand the ww
resonance and its spin and parity state. One should naturally consider
all possible assignment of the JP state and observe the characterization
of the driving forces in each of the possible stgtes.

Our procedure will be proceede essentially through two steps:

First we shall make use of a narrow width resonance approximations in
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particular transition amplitudes, and secondly we shall calculate the
contribution of the crossed jw cut from them by using crossing symmetry.
The procedure will be justified by reproducing the f ~ and A-exchanges
(90) and (91) of Section VI.

Let us first invert the relations (84)—(87) of last section- and get

hes, 6,00 = BT+ ot F (100)

++

}/;_Cs)-&) wy= (sk” [27mE D 4 zV’M(n/ma—+E) ;,;f
- -9(101)
+ (Wt o +2wE +b)f L +(kevts - F) fLJ

-2
g(s)f;“)'—“‘é /L’:,« (102)

! —_
E(s) tU) = (S 2)"[—2 % /Z:-—zw/[:+ 2 F,, ] (103)

where -l /
;,'j_z_— JZ(zm-«)[J(:m)] {:P;(CM_@) 7;.1—:
4
FBlues) (coes 732 T3]

- -

E-p— - —(W/M)JZ_(ZJ-‘f")[J‘(J'-}-[)] 2./?/(%&) 7;3:-,_ (105)
+ -

Foo= (W/h)" 3 (2541) Reoes) T, (106)

Here PJ/ ( oL &) means d@(%)/d(a%&)and again we mention that

/Z%/)L—WCS J%chd

By substituting now a narrow width approximation for the transition
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amplitude of given J and L state we can evaluate contributions to the
partial wave amplitudes with given helicity from (62) - (65) of Section V.
One then obtains the parity conserving amplitudes from (104) - (106) which
in turn are used to calculate contributions to the invariant amplitudes
by the relations (100) -~ (103). Finally from crossing symmetry, we get the
Born terms.

We shall now verify our procedure by reproducing the f’—exchange
terms. The ? -meson comes into thejww scattering as its bound state. It

has J = L = 1. Thus we put

3=t = i 3=|
T Geon=D, , T loero) = Toiberay = T czer2) = 0 (107)

where [)  1is essentially a pole term with correct threshold factor and
a kinematical factor which will remove kinematical singularities in the
invariant amplitudes. From the relations (62) - (65) of Section V,

(107) becomes

- i +
K*—Df y T =T, =T, =0 (108)

and we get from (104) - (106) that

R, = (3/2) Dy ; Fr = Fot = Faz =0 (109)

++

By substituting (109) from the equations (100) — (103), the contribution to

the invariant amplitudes becomes
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hoes, 2, u) = (3/2) cot & Df
st u) = (/) K (6e6-2 D,
-2
Fo (s, e,u) ==(3/2) £7° 0,
Df

(110)

Fals2uy=3(s"4>"'e

Thus if we take

?’ = (2/3) sk” [)a:/()/zz—s}j (111)

then (110) becomes the_f ~exchange terms (90) of Section VI and the form
of (111) has not only a correct threshold behavior but also makes the
invariant amplitudes Fi free from kinematical singularities. It should
be noticed that our procedure necessitates in a natural way the Skzto be
used, in order to impose the threshold condition to the partial wave

amplitude T‘T=‘( | &> |) which has no kinematical singularities.

Using the relations (9L4) - (96) under s &> u crossing, (110) with (111) gives
the contributions due to the §> -exchange in the u-channel, which are (92)
of Section VI, Thus the Born term or the driving force due to the f -
exchange is obtained. For completeness, we give the contributions of the

_? -exchange pole in the u-channel to the parity-conserving amplitudes

from the relations (84) - (87) of the last section.
ﬁ;: b (e b ) [ %/(”%z— u)J (112.a)

e = (112.b)

RS = kX (k2w +wieses) Ly /(mf"—u)]
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: = - 27k (E+wcees) [ ) /(V;zl-—u)j (112.c)
+ 2 ° PN
’ZO = -z M An’E [%/(77’ -u)] (112.4)

From (112) and the relations (56) - (59) of Section V, the partial wave

projections and thus the transition amplitudes are readily availsable.
Let us next look at the exchange of the B-meson. In Section VI,

we discussed the contributions to the invariant amplitudes due to an

axial vector exchange assuming only s-wave interactions. We shall first

reproduce them from the procedure developed in this section and then

derive the Born terms due to the particle exchange with JP = 27 assuming

+
p-wave interactions. If we assume the B-meson has =1 , then the

interaction can be either s- or d-wave. Neglecting d-wave interactions, we

then put
J=! — =1 h 3= _
T o) =D, , T o) = Tl = T (2672)=0113)
(113) gives
I+ _ 1+ 1+ - 11L
T.,._,_—7'D+=7';o ::(z/g)DA’ T., =0 (114)

which results

+ —
F— =DA 9 /1—”_——2 (W/M.) 4 9 "2(0@(9'(14///14)2 7 7‘-+ (115)

*+

Therefore we obtain
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Im F(s, ¢ u) = Im

\9/»4 /Z(;)-ﬁ—) u) = vo'm (DA/S)

(116)
I ,l/;(s/t,u) = Jmf;:(sjéju)=
Here we take
-2
b= ms [ 4 /(”Z,Z—S)J (117)
and make an approximation
-2
\Jm DA = 7E)A/ m, s or(s-mﬁz) (118)

J=l
Again we mention that the amplitude T (o&»o) /S will have no kinematical

singularities. It is easy to observe that (91) of VI is reproduced when
(116) with (118) is used to evaluate the first integrals in Eq. (36) of
Section IV;

(:c
Fos,t,uo = jd t)

(/’:/)2) 3, %) (119)
(Mv'-m)2

where /iéu ) = I f(z ¢, u)

From cros&ung symmetry, it follows that

-2
I Bz, s) =y m*u Iu-m?2)

-2 2
g Flut,s)=rmhm, d'cu-m>) (120)

I Fotue )= Im B (uye, 50 =0
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These absorptive functions give the Born terms by evaluating the second

integrals in Eq. (36) of Section IV;

|

/’
@ (X, +)
Fo(u, < o L [y fut :
J ) T s) T‘:(M'[_mf-:_ 7 - o (/:/) 2, 5’) ¢) (121)

where Aui(l)ﬁ)’:\gﬂw }‘T-(X)"‘:) s)

which have a cut along the crosséd TCW cut and are analytic everywhere
else in the s-plane. Eqg. (120) and (121) give the contribution from the
érossed channel to the invariant amplitudes, thus reproducing (93) of
Section VI, Again, we give the contribution of the axial vector exchange

in the u-channel to the parity conserving amplitudes:

-

;’-/-1- =- n?q-z'éz[a:;/(mﬁz—u)j

+ -3, . -
Fow = (l+m b2t ) [V /On~u)T
(122)
+ //2 - - =2
For = =2 MWt W R (wese s v 2)] L4 /0]

oo = 2M 2 [Wsa -k m % (wem o+ £)7 LG/ (2]

From (122), the partial wave amplitudes and the transition amplitudes
are easily obtainable.

. So far we have considered a possible assignment of JP = l+ for the
B-meson exchanges. There is still another possible J® state which has

not yet been excluded from the experimental information. That is JP =02



- L -

We have noticed that this Jp state can give rise three transitionms.
However we shall assume again the lowest partial wave interactions only

in calculating the Born terms. If the B-meson has JP = 2~ , then neglecting

f-wave interactions we put

J=2 3= ~ J=
T e = D_r , T =T te) =T 2@e3) =0 (123)
where DT is a propagator with correct threshold and kinematical factor

to make the invariant amplitudes free from kinematical singularities.

Eq. (123) gives .

2 2
Too =0, /)T = (c/a3%) T =05/4) Tod =D, (121

and therefore

Fow ==(2/2) Dr
R, =3wLs D,

52 (win) s D 1)
.= 2 (wm)* (3 csd?e — ) D,
We obtain
Im B (s, £,u)= (3/2) &t& I O
\9”'772(% W)= (3/4) GhY (e o+ 2% 2w3) Im D
(126)

(s, 4u) = (3/2) k72 Im D,

bu)= =3 (sV*k)T'EInd
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Notice that (126) is very similar to those of the f -exchanges (110) but

. -2, =2
which behaves like s k Jm D Taking a narrow-
\)’M //-; ( S, ‘t') u)) T
width-resonance gpproximation with an appropriate kinematic factor for

Im DT in the form of

Im D = (2/3) T X s> (s-m7) (12m)
we obtain the absorptive amplitudes

S ﬁ;(s, u) = 72:3;_5{44-/[5—(/‘1—»,)‘;7[5— (M+m)>T + SLMFm™
’Qﬁ(s+U)J} s~ )

)= EU A3 [s=M=m ][5 =~(Mpmp] + s [MPs + 2m™
-27(s+w)]} s —mp2)

-9%/7(5-{:4)— Y, s> (s- 1)

jm];z(s)-g-)u
(128)

I ACs €, u) ==THS <‘sfm‘—M2)J(s—m7_‘)

From crossing symmetry, Im Fj(u,t,s) is readily available and thus we

get the Born terms from (121):

B o(u,t, s> =m e m 2 mem) ][ = (emp] + WPLM%m™
-2*'(5.,,»11)1}[ /(m, ~u)J

};(”'ﬁ's)—mr[lr/(mr—u)] (129)

Bt s) = §37 m 2 (Mo 2] (= (Mm)*] + 0 [M7/3
+2m* = 27 (s+mD ] LE/(mP-u)]

Fulyt,s) = = m>(m>rm™=m*) [H-/(m*=u)]

The parity-conserving amplitudes are then given by

/Zf—‘_"'.— k?}"[m;—(ﬁ/l—m)‘][h;_z— (M+m)-] + mTZ[Mz/s +2m=

o

-2 (stm>)1{ [ X/ (= u)] (130.a)
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2 2 2 2 2 4 2
p;: = {4",777_ [mT—(M_—M) I =Mim)” ] + M [M+ m2

- 27 (st m>)] + 4T ee b [ 3T m= (M-m ][ m = (mam) ]

+ m/_"[a"M2+ 2m*- 2"(s+mr‘)_]]}[ 4/( mo-u)]

(130.b)

ot w2 i) {4 m] Lm= =) T [ = (04 m )™

-f-
+m* [ pm>= 27 (s +m)] + b (et 6+ Efw) [3_1["”:
= (M=m)*1[m> = (M+m)'] + ”91[3"/172-/-2»72—2"($+”’;)]]

- 7' Bt W mf+m‘-M‘)} [Y. [m*~u)] (130.¢)

Fot =2 (W/M)z{(m(}—ézwd) [4-,”7:[ m - (i =mP]lm’

= Mem) ]+ [P 27ese mBT | + skmin™
+ (st b+ EW")Z[:?"[MT’- (M=-my 7L m = (M+ m) ]
+ M3 22 sem)] | s W4 2) M (O
+mre M) LY [mi-u)]

from which one can have partial wave projections.

(130.4d)

+ -
Partial wave projections to the states of JP = 1=, 2 from these

exchange forces are explicitly given in the Appendix.



- 47 -

VIII. PARTIAL WAVE DISPERSION RELATIONS

Having the Born terms of the transition amplitudes determined, we
come now to the method of solution of the partial wave dispersion relations.
Dispersion relations are often used as a tool to impose the unitarity
condition on the partial-wave amplitudes in the physical region when the
driving forces are known. In theZw scattering, one can assume that the
driving forces are given by the Born terms due to the fD-and B-exchanges.
The elastic unitarity condition on the partial-wave amplitudes in this
problem might be permitted up to a considerably high energy because of the
empirical absence of significant connection to the 7(50 channels. Once
the Born terms are given, one can solve the partial wave dispersion relations
by various methods.

The well-known N/D25 method has been applied to many calculations with
various approximations. In some cases, the integral equations have been
reduced to computationally simple forms. Also a cutoff parameter has
often been introduced for all dispersion integrals to avoid the difficulty
of the well-known divergent behavior associated with forces arising from
the exchange of spin one or higher spin particles. Indeed the Born terms
evaluated from the .9 - and B-exchanges (for both possible J® states of B)
of the last section behave like s in s for large s. Terminating the dis-

persion integrals at a finite energy will yield a one parameter solution

for all partial wave amplitudes, provided unsubtraction relations for both

N and D equations.
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In a recent paperl3 we have discussed another method of solution (we
will call L/F method) of the partial wave dispersion relations. The

L/F method gives a solution of the partial wave amplitude A as

A% =[Lg"]"

- - L.(sHResHL sV
= 1) = b/ L (a2
/% 4=

S
Y fecr p _ (131)
- %jds, Re (f(/s) Acs’) Im /Trs)] L7
C =~

- S
ra

where L(s) is the left hand cut contribution, and cR and cL denote the

right and left hand cut respectively. This solution is free from any

subtraction pafameters and manifestly symmetries if one notices
Re (Les) = Acsr) Im fes) = Rs) Im (A7) Resd (132)

where for s on CL

Ris) = R Ats) = B L(s) (133)

and

- -
I o = = [p +1 %] (m 1) [pey+ L ©] (134)
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The kinematic factor p(s) is given by the unitarity condition

=1
M As) = —f’<$> for s om Ce (135)

which has one element for transitions in states with J = L, while is a
2 x 2 diagonal matrix, for the scattering amplitudes in the triplet
states with J ¥ L. One can think of various approximations as was dis-
cu;sed in Ref. 13.

Still another possible approximation26 is to use a zero width form
consistently to evaluate the second integrals of (131). That is to
approximate R(s) of (133) by the same pole term as that used to obtain
the Born terms L(s); namely RJ=l(l++ 1) = Dp (s) as defined by (111) of

Section VII, and

=2 P=-! RG) ©
J=1, p=+ D> o p 2, P _( T )
R p) - oY =
o @)

O o

depending on the assumed quantum numbers of the B-meson. Again DA(S) and
DT(s) are defined in the last section. In the sense of an effective-

range calculation, however, we may neglect the integral over C. in (131)

L

and try to obtain a one parameter solution depending on a cutoff introduced
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for the dispersion integral over CR in (131). The solution given by
(131) forces the partial wave amplitude A(s) to have zeros at the same

. position where L(s) vanishes. There is likely to be zeros for L(s)
Which is obtained by the exchange of spin non-zero particles. In such
cases, We propose to use instead a new L(s) which is divided out by its
zeros and evaluate a new F(s) by a similar procedure as that of Ref. 13.

In particular, if L(s) has a zero on real axis of s at s = s_, then we

l’
use Ll(s) = (s -‘sl)_l L(s) and write A(s) = Ll(s) F (s)—l where

; (s)L ¢s) Jm Fi(s')
fes) = - ﬁ Lfd ’ (136)

/
z J4s s/ _ s

%

Here a zero of L(s) means a zero of det L(s) in general.

After putting the identity relation

I L, = (I A@Q(&p@) + (Re A¢s)) (S 77@ (137)

into the definition

S Ly |
Li,s) = =L de’ / (138)
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and iﬁterchanging the order of integration in correct manner, one gets the

solution

—L, s L, (s Pst L (sD
A—,(g) ~ Z__l(s)[ L,¢s) L,Csi) _ _/_J , & PesH &
o S - 5, 7T $/ -8

__/__f Kes'> (J‘MA(S)) E(S’)]L (s) (139)

T ¢ (s-9)* (s'=

-+

which is again symmetric and does not force A(s) to have the same zeros at
those of L(s). It should be stressed that in arriving at the solution
(139) it is necessarily assumed for A(s) to be non-singular. We would
also like to remark that one would get still the solution (139) even if a
once-subtraction dispersion relation was assumed for F(s) instead of (136).
This is not surprising since the solution should not depend on the
subtraction parameter as we have discussed in Ref. 13. This method
can be easily generalized for the case of finite many zeros of L(s).

We feel that we have thus far prepared to understand the 7w
resonances which lie in the elastic region of the mw scattering, and
the procedure we have developed will shed light in extending our discussion
to the other pseudo scalar-vector systems. In the next section, we will

outline the programs concerning the application of our theory.
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IX. CONCLUDING REMARKS

We have discussed in Section III on the construction of the in-
variant amplitudes which will obey the Mandelstam representation. In
the pseudo-scalar meson and vector meson scattering, there are four
transitions possible for a given value of total spin J. These four
transitions occur for each possible state of isotopic spin. In the case
of the LW scattering, the reaction proceeds only in the I = 1 state
and thus one can define the usual Fenman amplitudes as an operator in
only spin space and situate the operator between the spin state vector.
In Section IV the four invariant amplitudes are expressed by the
Mandelstam representation ‘from which an approximate representation is
derived using the technique introduced by Cini and Fubini. This approxi-
mate representation has one dimensional dispersion integrals which will
particularly become useful when the exchange of resonant- and single-
particle intermediate states are considered in the lower partial wave
states. We have discussed the partial wave decomposition of the scattering
amplitudes in Section V. This is greatly faciliated by the use of the
Jacob-Wick helicity amplitudes. Starting with the parity eigen states
in the helicity space, the partial wave expansion as well as the partial
wave projection of the scattering amplitudes in a definite parity state
are obtained. We have also given the expressions for the transition
amplitudes in states of given orbital angular momentum L. The helicity

amplitudes in the definite parity state are calculated, in Section VI, in
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terms of the invariant amplitudes. The procedure is explained by calcu-
lating the Born amplitudes from the Feynman diagrams of the vector and
axial vector exchanges. Also we have briefly mentioned the t-channel
process. Section VII is devoted to a prescription of obtaining the
driving forces. This is done by making use of a narrow width approximations
to a particular transition amplitude in the physical region of the crossed
channel and by collecting contributions to the invariant amplitudes.
The procedure is checked to reproduce the same vector and axial vector
exchange terms as those of the Feynman diagrams and is further applied
to calculate the 2~ exchange terms. Our prescription does not require
the knowledge of interactions at the vertices of the Feynman diagram.
Finally in Section VIII, we have discussed on the method of solution of
the partial wave dispersion relations using the recently discussed forma-
lism. This method gives a solution which is manifestly symmetric and free
from arbitrary parameters. The formalism is extended further to avoid
the difficulty associated with zeros of the driving forces. We feel
that this formalism will be particularly useful for the transition ampli-
tudes of triplet states of parity. We have also mentioned some appro-
ximate schemes which will be suitable for the effective range calculation
of the elastic scattering problem.

To this end, we want to give some words about the Twresonance.

2T-31 jave discussed

Since the discovery of the B particle7, several authors
its possible quantum numbers, using a dynamical scheme in analogy with the

. 2 .
pion-nucleon saottering. A static model calculation 8 for the B-meson in
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the f W elastic scattering as well as a relativistic calculation30
suggested a 2 state, while another relativistic calculation29 favored

31

a 1+ resonance. Recently the existence of a reciprocal bootstrap
mechanismoo between the 5> and a 2 state of the B-meson has been discussed
in a statie model calculation, in analogy with the reciprocal bootstrap
between N and N* in the o N scattering.33 It should be noticed that

29,30 assumed the dominant force from the

the relativistic calculations
f -exchange only and the force due to the exchange of the B-meson itself
was absent. We feel that the B-meson exchange is very important even in

a qualitative discussion of the 7w scattering. Furthermore, if one

wants to accept the attitude of analogy with the pion-nucleon scattering,
the B-exchange must be brought into the calculation; namely the exchange

of the B-meson in the {f W scattering may give rise to a sufficiently strong
attractive force to produce the 9 -meson as a JLU) bound state. The static
model calculation, on the other hand, is limited to providing relations
between the?nuﬁ coupling constant and the width of the B resonance, as

the calculation of Ref. 31 indicates. This is due to the fact that in the
static theory, the masses of thef’—meson and the B—mgson are each separately
controlled by a cutoff parameter. Thus a fully:relativiétic calculation
including the B-meson exchange itself‘will be necessary to discuss the
quantum numbers of the B-meson. In order to treat the f’—meson pole and the
B-resonance on an equal footing in the calculation of rzi)scattering aﬁplitudes,
the t-channel contribution may need to be considered, recalling our
experience with the ‘9 —exchange in t-channel of T N scattering. We

have also sketched the possibility of taking into account the exchange of

a two-pion resonance in the s-wave state of t-channel. However the
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experimental information on the existence of a scalar resonance of two
3k

pion state is not yet very conclusive”. If this is a non-resonant state,
fhen one can expect the effect to be absorbed in the other parameter, such
as the cutoff, of the scattering amplitude, in the sense of the Cini-
Fubini approximation. |

A numerical calculation is systematically under way to discuss the
quantum numbers of the B-meson and to see the existence of the reciprocal
bootstrap mechanism between the S> -meson and the B-meson in a theoretically
preferred state. Preliminary result shows that the axial vector exchange
gives a very weak repulsion to the Jp = 1" state, while the 2" exchange a
strohg attraction to the 1 state. The 9 -exchange gives attractive forces
to both states 1t and 2° . Each exchange gives attractive force to its own
Jp state. Although the 2  state appears to be favorable quantum numbers
of the B-resonance at this stage, one will need a detailed quantitative
result by a systematic approach before concluding its quantum numbers.

We have discussed mainly for the LW scattering. However the theory
can be applied to any pseudo-scalar and vector system. If there are more

than one isotopic spin states present, then one can incorporate them by

the use of projection operators as explained in the text.
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APPENDIX

Partial Wave Projections of the Exchange Forces
In section VII, we developed a prescription to obtain the Born terms
from the one-dimensional representation of the invariant amplitudes. This
Procedure was applied to the p- and B-exchanges. In this appendix, we will
Jjust state the partial wave projections of those exchange forces to the partial

+ -
wave states of JP =1 and 2 .

a. 1 state.

The p-exchange in the u-~channel yields

-/ 2 2 2 2 2
p Cerl) = {P (45&2) ;[E —-(4Ew+é) c{, + (E+2W)¢
+é’z(f.3_7 Q. (d:) + (oW - (32w~ = 475 / (a.2)

- 2 2 2 2 2%
where G/L = (4,%) ’[5 -2M+m —/725 )= (M=n) /5] (t'-’-'f’) 4, T) (a.2)
9,00 = 27 L [ (x+1)/ix=1)] (43)
and ‘:UE’(I(—#/) = 7£I=I(I<->/) /(Sééz) (C=¢ A) 7) (A.4)

We have mentioned the kinematic factor sk2 to be removed from this transition
amplitude in the text.

"An axial vector exchange of the B-meson in the u-channel gives
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-2 5> =
+ 'é - (2)77/;) d,;j

while a 2  exchange of the B-meson contributes

%TJ;'(IH ) = )7/— (43é¢)—’{ Lézﬁ/(drz - 1)=2 AZdT] & (C/r)

r 2y - bAdy ]
where 4, = 37[m — M-m)*I[ 7= mrm)] + m [ M3
# 2m>=2"(s+m>)]

Ay = «” MLm= m-mPpd [ = (memp T + m [ m*

+ m = 27 (s + m*) ]

b. 1% state.

+
The transition amplitude in the 1 state can be written as

T=1 T
T. = " 'z W (C=p 4
- 2 Tan / £, 4)
L J=1
where 7;' = 7_1, (0 e>0)

(A.5)

(A.6)

(A.T)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)
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The p-exchange gives

T '/{ [2 "6 2wE) + MPEW MEXC ) +[z"wM M=
— 27 (w2)15(d) + [MEW” '~ 272w —k?) ] T,(4))
+ [ M= 2mPw™*- 2"w*11,(4) f | (A.13)

T = (2"%/3) {[—4"’(éz+zsw)+4_"M"Ew"J1;%)—[44’%2
+27E% 2"M‘*W"J Ldp) = [42we —k%) + ¢ M BN IT )
[z"M“w‘z 4w 4] dp | (1)
{[—4— (K*+2wE) + MPEW™ 1 T, )+ (MW= 4" w*
+2E ) + METT ) = [47(2BW-K)+ MEW L)
(a')} (A.15)

2,,-2

- [ MW R wE e m?] I

+
while a 1 exchange of the B-meson gives

- -/
T = - (3267 BE(wm?) 1 L)
+ 27 LW m - Ewm) ] Ty ] (.26)

| »
742 (2%/3) 4 {E(¢Wm42)_/l’o(afq) + [1- 27w EX2w'm) ] T dy)
/=

+ 3F (4Wh7/}"‘)_/ I, (ﬂé)} (A.17)
7:f f[3(4—k’) +E(Wh®) T ndp + [5emy'vw > Ez(m,)-zjﬂdp
~ [9 @&+ 38 wm)' 1 ) - 7 (#m2) :;aw} (A.18)

where we have defined
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/[ z"
-/

so that one obtains in terms of the Legendre function of the second kind ngx),
n
L+
= 6’ A (2
T, (z) 22;0 N RES (4.20)

The coefficients %éls are given by
a. = 2"mi)*/2n)/!
LGami) 2" n! (np+ 7’)7/2)/_7/[(71/2-‘»7/2)./(77-»‘-7)74-/)./_]

when n-m is even and positive,

§Q\
i

a = 0, when n-m is odd or negative (A.21)

In writing down (A.20), we have used the relation

/ W

2
QZ(—Z) = (~) i é.?e (x) (A.22)

As it was pointed out in Section VII, Tg=l

(0«7 0)/s is a kinematic
singularity free amplitude. However Tg=l/s does not make (A.9) completely free
from the kinematic singularities. One can easily verify that in our definition
J=1 2.2 . . . . ‘4
Ti (0&>»2)/s°k” is free from kinematic singularities.

c. 2 state.

+

As in the case of the 1 amplitude, we can write the scattering amplitude

in this state as

o

TJEZ i ( T/‘/L

; 7/— ) ("":,P, _7_) (A.23)
. T |

r’f‘-N
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where 7, =T, e (A.24)
/ ¢
—_t ¢ T=
ly = 7;, = 7_(; (/<> 3) ¢ (A.25)
. J-=2
.= T, e (4.26)
22 L

The f-exchange contributions are

7‘5)_5 /)f[M(le) + 4 (SED] I (&) - [_¢’(3/e)+3M5w‘_]I(f)

" [ZM"M/ 247 (9E%)- 3M ]Iz(df) +[3ME W 47(2k?) - EWE].E(
+ [3M= 27 (3w?) = 3M* (2w ] Iywjo)f (A.27)

Tf_ ((/A/Zo) f[EZf-M‘"W_zJI (c}la)+[/4°gw"__/é=] I,(GJ/»)
+ [M=328~4m*w2] Id) + [k=4WE = MEW"] L)
+ [a3M*w™ - 2w M*] I, @) ¢

(A.28)
2 2 -/ -1/2
7’ =g"))‘j Sy 267 st W I LG + [auew™- 23] 5 4
L3z a7l3EY) —smtW ] L) + [27 62w
~3m2EwW ™ ] Id) + [aMF w9 M ewD] 1,4, (A.29)
3 P 4L F

A 27 exchange of the B-meson gives on the other hand
T -

= =10 W LW, —s P ERW Y, + SEEW Ay + 27 GAI] Tdr)
+ (5024, +dEW 4 - 255 W 4,13 dy + [w 2.

+ 35T W4 3ETW A, = 3SEAEW Yy + 274, ] Ty (h-30)
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—

7/-27‘ - (4 V’V/o)d;{z”[/), — WA, +SMEW T BRw4,

- shg WA, 1 L) + I 2Ew Y, - =W ] T cdp)
~ (322 ) [~ W4, + sw2m2+ B, -5 EW 4, + 4,1 Ld,)

(A.31)
*+ [5aw) s A, -5 CwIeh] T (dy §

- - 2, %
TT w ot fohs (W s 50
74,7 1, cdp)

EW"A)

+4, 1 5,cd) + L 95V (2w, - FEW 4 =12 (D
+L(9/2) (~w2h, +S M 2w ™4 W A - stew24)- () 4154,

+[ 25 (267, +i1cEWY, —/5‘5"{‘5(2“0_:@_]1_}(4,) _,_24(2”')1;(47_)} (A.32)

and A are given by (A.7) and (A.8) and

Here, Al 5

Ay = M (4 m = i) (A.33)

J2(

Again we mention that although Ti= l<—>1)/s2k2 is free from kinematic

singularities, the same factor does not eliminate all the kinematical singu—

larities in (A.23). One can see that all of these partial wave projections

have the correct threshold behavior.
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FIGURE CAPTIONS

Fig. 1. Diagram representing the mw scattering.
Fig. 2. Kinematics of the reactions (1), (2) and (3).

Fig. 3. Determination of the lowest singularity in s and t of the ww

scattering.

+
Fig. L. Diagrams representing the exchange of the p and A(a 1 state of the B )

in the s and u channels.

Fig. 5. The vertex graphs for the nmwp and mwA vertices.
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