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ABSTRACT

The^-coproblem, as the simplest case of the pseudoscalar meson and 

vector meson system, is discussed from the standpoint of the S-matrix 

approach. A general procedure of constructing invariant amplitudes in spin 

and isospin space of the pseudoscalar-vector system is given and for the 

X-&)scattering, a set of invariant amplitudes are conveniently chosen and 

their crossing properties are discussed. These amplitudes are expressed by 

one-dimensional representations which are derived from the Mandelstam repre­

sentations by the Cini-Fubini technique. Partial wave expansions as well as 

projections are done by the use of the Jacob-Wick helicity amplitudes. A 

prescription of calculating the driving forces from the exchange of particles

is presented and applied to the exchange of the ^>- and B-meson in states of

P + -the two possible quantum numbers J =1 and 2 . The procedure consists of 

a zero width approximation to the transition amplitudes in states of given 

J and L, crossing symmetric relations and the one-dimensional dispersion 

representations of the invariant amplitudes. The relationship between the 

invariant amplitudes and the helicity amplitudes facilitates greatly this 

procedure. The t-channel reaction is also analyzed. A method of solution 

of the partial wave dispersion relations is discussed based on a recently 

developed formalism and extended further to avoid the difficulty associated with 

the zeros of the driving forces. A systematic program to understand the quantum 

numbers of the B-meson as a resonance is also discussed. A qualitative 

nature of the forces due to the B-exchange in each possible quantum number 

states is briefly sketched.



I. INTRODUCTION

In recent years, a great deal of progress in the study of strong- 

interaction physics has heen introduced hy the dispersion theoretic 

approach to elementary particle physics.1 The idea in this approach 

is to try to compute the physical scattering amplitudes from the knowledge 

of their singularities in the energy and momentum transfer variables.

However the dispersion relations as applied to scattering have displayed

only limited usefulness; we know no simple general rule for localizing

• . Pall singularities of the amplitudes. A prescription proposed by Mandelstam

allows one to obtain a partial understanding about the momentum transfer 

properties of the scattering amplitudes, when only two particles are present 

in both the initial and the final states of the scattering process. Also 

this prescription allows us to derive dispersion relations for the partial 

wave amplitudes for which the unitarity relation takes a simple form. An 

approximate representation-^ for the amplitude of two particle scattering 

has been decuced from the Mandelstam representation, by neglecting 

consistently inelastic processes in the unitarity condition.

Although the validity of the two-dimensional Mandelstam representation 

for the amplitude has been verified for large class of Feynman diagrams, 

a general proof in the frame-work of perturbation theory is still not 

seen. The great advantage of the Mandelstam representation is however 

that it gives the most analytic form of the two body amplitude compatible 

with the unitarity and crossing. We can thus get the picture of the most 

important singularities of the amplitude by just picking up the poles and 

cuts shown in the Mandelstam diagram. The singularities in the
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momentum transfer variables so obtained will determine the most important 

characteristics of the potential.

Despite no general methods of a complete calculational framework of 

the S-matrix, such as the Feynman rules in the case of perturbation theory, 

the dispersion-theoretic approach to the problems of strong interactions 

has provided a theoretical frame-work in which phenomenologically existing 

information can be analyzed and summarized, thus giving a better theoretical 

understanding of many problems. In particular, the problems of the pion- 

pion^, pion -nucleon5 and nucleon-nucleon interactions have been extensively 

explored by many authors and the Mandelstam representation has provided a

dynamical scheme for the discussion of scattering to obtain many quantitative 

features of the systems. In many cases, the dispersion-theoretic handling 

of the problems enabled us to predict a reasonable portion of the driving 

forces of the system via the Mandelstam prescription.

In the present article, we consider the pseudoscalar meson-vector 

meson scattering through the approach of dispersion theory. We would like

to have a theoretical framework for understanding the existing experimental

7 8 9data, such as the resonance called B, and the two resonances *

and A^. Due to the different isotopic spin quantum numbers of the mesons 

belonging to the pseudo-scalar and vector meson families,^ we are unable 

to incoporate universal isotopic spin projection operators for all systems 

of meson families. Thus we shall primarily consider the TCCO scattering as 

an explicite example, for a given value of the total angular momentum J.
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For then a complete characterization of any pseudoscalar- vector 

scattering for a given total J will he easily accomplished hy means of 

appropriate projection operators of the isotopic spin states. Even with­

out the isotopic spin operators, the problem is considerably complicated 

hy the presence of spin.

The pseudoscalar-vector system can be either in a spin singlet or 

spin triplet state. For each process, the Feynman amplitude can he 

expressed in terms of four invariant functions of the energy and the 

momentum-transfer variables.

In the next section, the usual scalar variables are defined and the 

singularities in the direct as well as crossed channels are described.

We have outlined in Section III the procedure to introduce invariant 

amplitudes for the pseudoscalar-vector system in spin and isospin space. As 

for the^CXO scattering, the isotopic spin space appears trivial since the 

reaction goes through only the 1=1 state. The crossing properties of the 

four invariant amplitudes of thejGW scattering are also discussed in

Section IV. These four invariant amplitudes are expressed by the Mandelstam
2 3representation. By using the Cini-Fubini technique, the double dispersion

relations are approximated to the one dimensional representations which

will be useful when the lower partial waves give dominant contributions to

the absorptive parts of the invariant amplitudes. Partial-wave decompositions

are considered in Section V. This is done by a modification of the Jacob-

Wick formalism^of scattering. Singularities of the partial wave amplitudes

are sketched. Section VI contains calculations of the helicity amplitudes.

The polarization vectors of the massive photon are discussed and expressed

in terms of its helicities, so that one may calculate the helicity amplitudes.
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In Section VII, a general procedure to derive the driving forces is discussed.

The procedure is verified by reproducing the Born terms of the vector and an

- 12axial vector exchange as those from the Feynman graphs. The 2 exchange

as a possible quantum number state of the B-meson is calculated. Here a

narrow width approximation to the absorptive part of the transition amplitude

in the physical region of the crossed channel and crossing relations of the

invariant amplitudes are incorporated with the one-dimensional representation

of the amplitudes to give the Born terms. The knowledge of the effective

interactions at the vetices of the Feynman diagram is not necessary in our

approach. Also we will see the correct kinematical factors to be removed

in the partial wave amplitudes in states of given , as a consequence of

making the invariant amplitudes free from kinematical singularities. In

Section VIII we discuss the method of solution of the partial wave dispersion

13 ‘relations based on a recently developed formalism. This formalism gives a 

manifestly symmetric solution which does not depend on any subtraction 

parameters. The method is extended to avoid the difficulty associated with 

the zeros of the driving forces. Finally, Section IX deals with concluding

remarks. A systematic approach to understand the B-meson in the viewpoint 

of a dynamical theory of the TOO interaction, which is under way, is 

described as application of our theory.
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II. KINEMATICS

Scattering amplitudes for the process p^ + q^P£ + shown in Fig.

1 are considered as a function of the three scalar variables

S = - 0?-/-/,/ = M2*- 2 4* + 2.C<£<-M*)(£+ ”>')] 1/2
(l.a)

-t = -(P,-PS= - zk2 a
(l.b)

U=- 2 -S'* (l.c)

where we have denoted the four-momenta of the pseudoscalar mesons by and 

Pg, the four-momenta of the vector mesons hy and q^, the vector-meson 

mass by M, the pseudo-scalar meson mass by m, and the center-of-mass 

momentum and scattering angle by k, and ©g respectively.

If the diagram in Fig. 1 is considered to represent the annihilation

of two vector mesons q^ and -q^ into two pions -p^and p^, then we can write

£= = i£ (M?)
(2.a)

s= - p3-- f+ Zf>%
(2.b)

U = Z(M*+ ht) - s - * (2.c)
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where p and q are the center-of-mass momentum of the pseudo-scalar and 

vector meson respectively, and 9 is the scattering angle in this channel.

Fig. 1 can also he interpreted as representing the scattering process 

P1 + (-q^-^Pg + (-q ). Then the role of s and u is interchanged;

U ~ -b z -t 2-1 (3

-b = - zb»(l- (3

s = 2 (M2+ n£) - & - u (3

In (l), (2) and (3), there are only two independent variables because

of the usual relations (l.c), (2.c) and (3.c), and we have used a convention

a.b = a.b - a b .o o

The boundaries of the physical region for the s-channel are given by 

the limiting values of cos 9 = + 1. We obtain a curve

S LL — ( M*- ^-a)

and a line

S -h LL ~ Z ( M~2~'b v£) (U.b)

as shown in Fig. 2



- 9 -

The physical region for the u-channel is symmetric to that of the s-

channel about the line s = u. If there occurs a single particle exchange

of mass Si, say smaller than the threshold value M + m, then the pole appears 

-2 _2at s = m and at u = m . The point where s has the least permissible
2

value for kg to be real has the coordiantes (s, t, u) = ((M + m) , o,
2

(M - m) ) while the corresponding point in the u-channel has (s, t, u) =

(( M - m )2, o, (M+m )2).

The physical region for the t-channel is bounded by a branch of 

(4.a) and the point with the least permissible value of t for q to be 

real is (s, t, u) = (-fM2 - m2), 4M2, -CM2 - m2)). But there are also 

threshold singularities for intermediate states of lower energy involving 

pions. Kamely these are t = Urn , or l6m and so on.
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III. CROSSING SYMMETRY

Let us first consider the process ^2 + ^2' ^ ^■'■s :’'s to

represent theJtW scattering, the reaction may take place only in the 

isotopic spin skate 1. If this is to represent the scattering, then the 

reaction will take place in any of the three isotopic spin states I =

0, 1 and 2. For this process, the projection operators for isotopic spin

states are

= s'1 (t-iz+0 (Z'-i,.-') (5)

^3 = - 2~'(l,-^ -I-Z.) (6)

7? = (irt + i)(*^r2) «T)

where Ij, and are the usual isotopic spin operators for pion and rho, 

whose elements are given hy

, 1 1*1 f > = - ^ m

As for the fG K* scattering, the projection operators of the I = 3/2 

and I = 1/2 states are given hy

7%. ^

r>A = 3 o - x-r ) (10)

where I and t are the usual isotopic operators for 7C and K*, while as 

for the KK* scattering, we have

7^ = ^'7/-v
(11)



- 11- -

and

(12)

Since the spin of the pseudoscalar-vector systems is 0 + 1 = 1, we 

observe that for a given value, of the total angular momentum J, the 

orbital angular momentum L can be J or J + 1. For L = J, one amplitude 

is sufficient, as parity conservation forbids transitions to L = J +_ 1, 

while for L = J +1, three amplitudes are required to describe the 

transitions J+1^J+1,J - 1<-^J - 1, and J _ l^J + 1, respectively. 

Because of time reversal invariance, the transition amplitudes for J - 1“>

J + 1 and J + 1 -> J - 1 are equal. Thus, there must be four invariant 

amplitudes describing the scattering, and four independent combinations 

of the spin are necessary.

The usual procedure to include the spins and charges of the particles 

is to define the usual Feynman amplitudes as an operator in spin and isospin 

space and to situate the operator between the appropriate spin and isospin 

state vectors.

We shall write the Feynman amplitude F for process ^ ^2 +

<32 in the form

(13)

j J* /

where p. '•O S are functions of the invariant variable s, t, and u
' L

and CL 's are the four independent combinations of the spin nature of the 

" particles involved. We can treat F as a matrix in I-spin space. However

we shall discuss this orocedure for the 7CU) scattering for which the
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reaction will take place only in the 1=1 state. The Feynman amplitude 

F and the scattering amplitude f are given by

Fjo ~ F Ti ezneD) 4^ (Ik)

and

P = 2 7l S^J1 (15)

where and £ are the initial and final vector meson polarization 

four vectors, normalized to unity, andc^ and 6 are the isospin indices of 

pions.

Let us write

k„= + F^r^P, M $K. ^

r
Fs ^"F! l¥'+ ^<16)

where F^* through Fy are scalar functions of s, t, and u, and

?= r, + ?, 

n = r, - l

(IT.a)

(17 .b)

2 2then we notice the P = -s and R = -u. Only four of the seven functions 

F^ through F^ actually count, since we will be working with the Lorentz gauge

~ 0 (18)



- 13 -

which are valid for a spin one particle;

ffcs^^a) = (€f-ez) t- (er'p)(ee-p) (s^u)

+ (6rR)(^zR^s(sA ^ + 2 C^pX^zR) + (CrRXey'p)]^ * M.; (19)

l4
Thus we have identified 0.'s.i

As for the process p^ + p^ + (-q^), the Feynman amplitude

will have a representation analogous to (19) with (q^* 6^) and (-q2» 

interchanged. This process also takes place only in the 1=1 state, 

and furthermore

J* (S j £ ^ U ) = ft ( U } -b j S ) (20)

On the other hand, the invariant operators 0^ must also be crossed, thus 

giving the crossing properties of the scalar amplitudes

( L = t}Zt ? ?\) (21)
R(U, i)

with
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This relation is useful in obtaining the 7C(j) interaction generated by 

the exchange of resonant or single particle intermediate states in the u- 

channel.

In the t-channel where two pions annihilate into two tO mesons, the 

only allowed isotopic state is I = 0. Moreover, the orbital angular 

momentum in this channel is uniquely related to the total angular momentum 

J. Bose statistics restricts values of J = L only to even values thus 

the t-channel may not contribute when the odd-parity or the 1=1 particle- 

exchanges are considered in all the channels. One can also easily verify 

for this process that^

(23)

The crossing relation under s ^ t with u fixed can be worked out in an

analogous manner as in the tc V scattering. We will relate the P. of the
&

7C 00 scattering to the production amplitudes ^ ^ where A| and

denote the helicity of the two tO mesons, when we discuss the partial 

wave amplitudes.
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IV. M APPROXIMATE REPRESENTATION OF THE INVARIANT FUNCTIONS
2

According to Mandelstam’s postulate, each of the four invariant 

amplitudes F^ is an analytic function of the energy momentum variables 

except where s, t and u equal the thresholds for energy conserving 

intermediate states: '

F.cs,i-? u)

O (M+rnf (M+m)1 >(?-«)(X.-S

(2k)

J. Cx (l

(Mtmf

1j<tx (fy 

(tf+mf ‘/■hi2-

Sat (X-j ft)

(TC-U) (y-t)

where the term P.(s,t,u) denotes the single particle exchange terms 
J

such as the ^ -exchange terms in the s- and u-channels of the7t/i)scattering. 

We shall overlook the possibility of subtractions. The spectral functions 

are not independent but it follows from (2l) and (22) that

f/ulx>P = &*'x)
• 9

f°Yj=F*

(25.e)
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$S±CX>P “■ ($'

and

We can also derive from (24) one-dimensional dispersion relations with 

one of the s, t, and u-variables fixed. It is convenient in our case to 

write a fixed t-dispersion relation, which then still exhibits the s-u 

symmetry.

(25.d)

(25.e)

d ■ (MtPif
(26)

Then Eq.. (24) shows

/}W) = 1 CcLi'4^2- + - W _ (*>a )
S J 7C J 7t> J m'+x-h )

q-rn1 (tA+mf
(2T)

and
.oo 4

(28)
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From (25), one finds

A* (.% -tz) 
s >

< x, -t)u ; (29.a)

4^^ ^^ >*)
(29.b)

An (xj h) (29.c)

The functions A^(s,t) (i = s, 1, 2, 3, H) are to be calculated by

considering the absorptive part of the amplitude for the 7jr£i) reactions. 

However we shall adopt a modest attitude of treating the low energy region 

and make here approximation to (2^), using the technique introduced by 

Cim and Fubini . This approximation is believed to give the essential 

structure of the invariant amplitude in the region of low energy and low 

momentum transfer. From unitarity, the (x,t) can be expressed as the sum 

of contribution from lower mass intermediate states involved in the 

elastic TCU) scattering and an inelastic contribution where additional 

mesons are produced in the intermediate state:

(30)

where the contribution from the higher mass intermediate states Aj (x,t)
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vanishes in the low energy region, say, for ^ -t 2)TL) •

we can write (26) as

<7 * (Mtmf '

Au/x-A)Zl
UL

W-t-ni)

.00

•h
7C

dx.
J

(Mtzmf

,o° f
L [fa AiiZZ? 

z J Z-- u.X
(M+zinf-

(31)

/

In the first two integrals of (3l), it is easy to understand from Fig.
, 2 

3 that the lowest singularity in t starts at l6m , while for the last two
2

integrals in (31), the nearest cut in t begins at 4m with the cuts in s 
2

and u at (M + 2m) . We shall expand the third integral in power series 

of s and u, keeping only the first few terms.

Then „

I r

?G -

oo

dx x - s
(Mv-atoj*

7c

r w

did
4i

d(i'>s>u)

where

-SO

4- le

-OO

du'
? J)(X U) 

JSU ft >
(32)

(M+2m) (M+m)

CL W, s, ^
S

= l Cfa
7C J X - S

(M+zmf
(33)
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Treating the fourth integral in (31) in the same manner, we get

with

uA+imf
(35)

The second terms in (32) and (3^+) should have only a weak dependence on

all three variables since the cuts are all distant and they will be expressed

in a phenomenological manner, furthermore they will be assumed to be

absorbed in P. (s,t,u) which contain adjustable parameters in general.J
Thus ve obtain an approximate representation for the invariant

amplitudes F (s,t,u):
J
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where

d d *Q(X^?U) = (37)

is a sum of a real polynomial of low degree in s and a polynomial in u,

and (s, t) is a real polynomial of low degree in t.

The use of -unitarity to calculate (x,t) and ^(t,s ,u) in (36)

is simple, since they are given by the imaginary parts of the low partial

waves of the reaction in question and the related crossed processes. The

integrals of (36) will get dominant contribution from the imaginary parts

of partial waves in which a resonance is present in the corresponding channel.

2In the t-channel, the nearest singularity is at t = Um as shown in

Fig. 3. This two-pion state must occur in the 1=0 state, and have even

values of the orbital angular momentum. Thus the s- and d-waves will be

important in our approxiamtion. A possibility of the 1=0 d-wave resonance

of two-p.ion called f° has been confirmed,"^ and even the 1=0 s-wave

17resonance of a two-pion state has been reported. Furthermore there seems

to be two possible candidates in this state and the mixing of these two

scalar resonant-particles has been argued,^ while in some calculation,^

20and in some semi-empirical analysis, a strong final state interaction is 

favorable in the 1=0 s-wave state instead of a resonance.

If we do not assume any 1=0 two pion s-wave resonance, then the nearest 

singularity in t occurs further away in the last two integrals of (3l).
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The pole coming from f° exchange in t-channel locates much further. Thus

p
effectively the lowest singularity in t will start further at t = l6m

2
and in s and u at (M+ 3m) for the last two integrals in (3l). The 

last integral of (36) will have thus a weak dependence on s, t and u as 

the cuts will effectively he distant. In particular, if only the $ - 

and B-exchanges are considered in all the channels, then the third integral 

in (36) will not appear.
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V. PARTIAL-WAVE DECOMPOSITIONS

It is convenient to express the S-matrix in terms of transition 

amplitudes in states of given quantum numbers of the total angular 

momentum J and parity. We will treat reactions of employing the

formalism developed by Jacob and Wick."^ This formalism has an intrinsic 

simplicity of expansion in terms of amplitudes for transitions between 

states of given helicities.

We define the T-matrix by the relation

(38)

where k^, and k^ refer to the center-of-mass momentum in the final and 

initial staste of the Ttu) scattering and in the case of elastic scattering

k. = k. = k. The scattering amplitudes of Jacob and Wick can be expressed
J

for given helicities and of the initial emd final GJmesons, as

follows: .

^ If/^ .> = kj_kl 'h (2J--H) 1 e ‘ ^
i" %

(39)

where
d* (e~)

is the reduced rotation matrix and <\ITIXS> means
j

<TMj Aj. It! rM; Without any apology, we shall set the

azimuthal angle of the final momentum of (*)equal to zero. For the helicity 

amplitudes, the invariance under space inversion implies
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<*flTTIZi> = <-Jf I T^l ' J; >

and time reversal invariance gives

Uo)

\ \ i rri >

Using (Uo), (Ul) and the realtion

(Ul)

^ W (42)

one can again reduce the possible nine helicity amplitudes to four 

independent ones, say, f++> f +5 fo+ and f . Here the helicity of the yJ 

meson is labled by +, -, and 0.

The parity operation P on the helicity state JjM;7^ produces the effect

</ -> W = S
'/>,• ?)J

= (-)

x-s
p I TM ; ?1 > = ^ (^) Ictm • -^>

(k3)

where S and 7^ are spin and intrinsic parity of the&)-meson, and the helicity 

and intrinsic parity of the pion are omitted in forming the helicity state

|JM;7\^of the 7C U) system. Explicitely in the present

situation is (-) . Now we define eigenstates of parity such that

PItm; *> = ± r->T|crrt; a> (UU)



- 2k ~

This is satisfied by

tm 5 * >± (1.5)

When the parity is conserved, T-matrix will have the non-vanishing elements 

only between the same parity states:

+<TM ; At| 7 | JM; = <^l TT| ±- <-^|rT| (1+6)

Let us define parity-conserving scattering amplitude by the rule. 21

where

-i;if+7U r'^71
<A|-f*1 ^Cs/s)] \z/2Mm.•

J j |

• <2f I -f I ^ > ± + ^ f

r * -f^-V
■ [z/*c4H,(e-/z)] (W

71^ = rruw (i/\£l; )

Finally, one can express (1+7) in terms of parity-conserving T-matrix 

elements:

<\l f *1 \-> = I [ <Ve) ^ XM 3 ^1TI; 7i£X
+ (w
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T± ‘ -i
=2 I jz'^CALfo-A)]

±r-)
y*- ,
2 •/tZA'rt[;

For completeness, we give the partial wave projections;

±<™; ^ IT13M; ^>t = f'l W w < y f‘/^>

(50)

-r1*
We shall use notations I^ ^ 

L .

^ = <7v'ru;>

f =0 + c^e-/'^ 
+ + ++■

£"+ = ^1 ' f-+t +-I

. From (1*7), one finds

0- +

0 - CML.0-)

and

(52)

(53)
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and

(55)

while from (50), the partial wave amplitudes in states of given parity and 

total spin are given:

= 2 jlccw-»)[aj+o'[(T+o (56)

+ 5;+ j

I
T+^= 2 ' jl^e-){c2T+l)" [(5H) <57>

+ f;" }

T0+= 2"' (23-+iJ'Cr(T+ D]1/3 U (CM-S) [gc<«-e;^ 58)

To3'!' = 2" ?tC(^l&) £ [M V'f
-I 00 (59)

-T+— •_■ ■ 3"*^“ 2
Here 10^_ \qq are modified by the factors M/W and (M/W) to

remove the kinematical singularities in and as will be seenJoo
later. This will necessarily modify the partial wave expansions (48) so

and
• +that W/M and (W/M) should be multiplied to -^rJ 0 -4- respectively.

^ 0 ©
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W is given by (M^+k^)^^ in the center-of-mass system.' The expression for 

the transition amplitudes in states of given orbital angular momentum L are

22readily obtained by using the relation

>/2
|TM LS>= x CCLST;- 0 A) CCS^S^S^o)-

*| TM J (6o)

where the summation is over the helicity states of a) and S and S— areCO ■*'

spins of CO and pion respectively. Here we have explicitly put the helicity

of the pion to zero. We shalll denote the transition amplitude ^MLslTlJML's)
.1 / .

by p U ) • Let us first consider the singlet

state L =J. (60) gives •

= T+r+ - jJ¥ (6D

thus from (1|6)

TTC:r^3‘) = T3" (62)

As for the triplet states where L = J + 1, we get as follows:

TT(r-'<^T-0= (2t+0"'{ct/2)t/^ + (w)i;+

+ CartT-t-Oll'^T/; )

x -I 'A ( -I y-f-
T (TH07+1) = (^T+I) [t(X4-i)] [-2 T00

+ t” - ^(t+oT'/2 t;; }

(63)

(6k)
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T (T+1*»t+i) = (2X+0 { 2"l(x+i)T0:3j<" +

(65)

Partial wave projections in the t-channel can also be carried out by 

constructing^^

'/z| crM * d o )+ —2 Ixm ; o o > (66a)

and

Itm ; \ \X= 2'1 ; A, \> +1J-M,- ^,>
+ ~^>+ Itm j -Aj. -Ai> j (66b)

The T-matrix becomes

+<TM,-A,)ijTlTM;»o^ = 2'i'/l<'AlA;J|TTl 0 o>
(67a)

or

T Tf
j ° °

*•2* Tj.
j ^ O (6Tb)

where and 7^^ are the helicities of the two &)-mesons in the final

state. Again we define the scattering amplitudes by the rule of (1+7) in

which 7\. and 7 are replaced by 0 and ^ — 7 respectively. The L j- I *2
scattering amplitude in terms of T-matrix is then given by
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=/ V'/2 (**■ %)

00 (68)

where

TJ+
^I^ZJ 0 0

>"(r!)l/2 C,-

o o (69)

Finally we get the partial wave amplitudes
T>ZV4 o«* o,)'''"

(TO)

o «

One can relate TJ+ to the invariant function F by calculating (2'TL't.^1) p(’t<>lA)

in the haiycentric system of the t-channel for the corresponding helicity 

states of the two ^-mesons. In doing so, one also obtains the relations 

between the invariant amplitudes and the amplitudes for production of 

two -mesons with helicity ^ and /j2 . For example.
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Singularities of the partial wave amplitudes defined by Eqs.Ai Aj-
(56) — (59) will occur when the curves s + u = and su =

2 2 2(M -)/} ) meet singularities of F (s,t,u). Thus a pole in the u-channel
J

at u = >72 will give a branch cut in the s-plane from s = (M^- m2)2/^2‘to

3 = 2(M2+m2) - m2. The normal threshold in s gives a branch cut s =

2(M + m) to s = 00 while the normal threshold in u giving a branch cut

2 2 s = (M-m) to s = - 00. The normal threshold in t at t .= 4m gives a

branch cut s = - (M2 -m2) to S= - OO and a cut along the circumference of

a circle IS1 = M2 -m2. Finally there will be a pole at s = m2 corresponding

to a bound state. However we can avoid considerations of such cuts on the

complex domains, by evaluating exchange terms directly.
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VI. CALCULATION OF THE HELICITY AMPLITUDES

Before we consider the^ CO interaction generated by the exchange of 

resonant- and single-particle intermediate states in the t- and u-channel, 

we shall first calculate the helicity amplitudes in terms of the invariant 

amplitudes.

In order to calculate the partial wave projections, it is convenient 

to express the Cd-polarizations in terms of the helicities A • The 40- 

polarization four vector satisfies

(72)

and

(73)

We take the incident CO in the + z direction and therefore the target 

pion in the - z direction barycentric system. The final CO-momentum 

is in the x-z plane and makes an angle 0 with the z-axis. The four-

dimensional vectors fc-(!) .Q)

set and satisfy the closure relation

and an orthogonal
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If we make s = 3 the longitudinal vector, we have

(e) s \ a -/ \•> = ( e»(W//M)? ; g ) (75)

and

- (SJ

7 C 6fa ; ) Cs= 1^-2)
(76)

with and (s=/;

Thus we get the three linear polarization vectors

, <J=0 

J , <’= * )

. (77)

One can equivalently work with the circular polarization vectors

e* = ( e(0+ : )

eL = e0> - t ea>) (78>

plus the longitudinal vector 

in terms of the helicities ^

J3>
c . To this end we give the polarizations 

as follows:

7). = 0L

-2 ^ (.X +(,?>£% ) j ^i^s° (79.a)

6,= (79#b)
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^ (79.c)

—/X A * A

The scattering amplitude may now he calculated for the given helicity 

states of the initial and final Ci). One can easily obtain the helicity 

amplitudes in terms of the invariant amplitudes from Eq. (19):

P^2'l(l-HC&L($-) [frf - k\i-a*L&) F3J (80)

Pl+ = 2"7/- [F, + kt'd+wLe-) F3 J

F0+ tOVC&iL+E)^

~h z^^C^+E) F+l

F00 - M~2[(w:c&L&--k2) F, w+g-f F3
+ s^k2-(wC^b(^-h £) F^l

(81)

(82)

(83)

where k is the barycentric momentum, W — ) Er~ (ft> -+-kF^ j

$ = fw + e)x and The

'J ^
parity-conserving amplitudes defined by (52)—(55) are given by

(810

^ - F, + (85)

- -2^(w/m)[^ + k*( (&L&'+ z/w)^ + z'Fs '^k2 J (86)
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P’ot =■ Z(w/Mf [(CM-8-- kVw*) % +

+ w'^itiw ce^fr-hE) X +k:Ls'/z(»t<*Lfr+E)'F<l.yil)
' 5

Thus by identifying the invariant functions, one can readily calculate 

the parity-conserving amplitudes and the transition amplitudes for given 

angular momentum L from (62)—(65) of Section V.

Before closing this section, let us write down the Jp -exchange and 

axial vector meson-exchange (A-exchange) terms in the s- and u- channels 

(Fig. k) . The andvertices shown in Fig. 5 are described in

terms of the effective interactions,

> * r Vp; <?« (88)

and

In (89)» the d-wave interaction £ //f)q.

(89)

is neglected.

One can easily verify the contributions of the ^ -and A-exchanges in the 

s-channel to the invariant amplitudes as follows:

The § -exchange:

J-t) u) - sk^OL [ K/( ft2-- s)]

J

= - CE^-kxc^s-) [
(90.b)



fr(s^,u) ^ - s [iff/(^-s)J (90_c)
/^ ( Sj U) = 2-BS ^ -S)J (90.d)

The A-exchange:

E ($ U) = ~ (91.a)

Z( /(*£-*) (91.h)

-t-j U ) — Jly. ( £ ) -t, U) — 0 (91.c)

Also the exchanges in the u-channel give:

The j° -exchange:

F, 5) = + !t(& -h2-k*EM/]'

(92.a)
s )=- u Cfy/OZfF-LOj (92.b)

Fs ^- az*-k*ce>4,&) Cyf/c^-Loj (92-c)
S) — —2 i kl? /-h - E( E-W)] LXf/C^-U)] (92.d)

The A-exchange:

/(»/-«) (93 a)

(Uj-t, S ) htAX ) (93.b)

Kt.(U> t' s) = O (93.0
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Here’and ■

Indeed, the invariant amplitudes satisfy the crossing relation 

(21) of Section II, if we notice the following relations under s<^u, 

tO’t:

skst&<LB-^ >

cM,&- k^c^&- - rz*
(95)

1/ 2 ^ 2:
S (s+to-M ) —> [yckj-fr?)] = E(B-w) (i-/- Ort,Q-s ) (96)

where E= ( j^V ^ and W = ( ^ •

Those relations are trivial consequence of the two invariants

(MLS$) = — 2(M \ hi2) =■ (97)

2sk*(t+<^&&) = (M-rff-US* !?*( t + c&0&u) (98)

Finally, the exchange of a scalar meson (s-exchange) in the t- 

channel gives

ft ; u ) = 2 • 3"//Z 4 /if ^

where Y ■=. Y Y . Here we have also neglected the d wave in­
s S7DL

teraction ^ ^ • Thus the parity-conserving amplitudes for

given helicity states are readily obtainable from (84)-(8T)5 and then their

partial wave projections will immediately follow.
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VII. BORN TERMS

While we were calculating the helicity amplitudes in the last section, 

the method of localizing the poles of the S-matrix was also mentioned on 

the basis of the Feynman graphs of perturbation theory. It should be 

noticed that in dispersion theory a single pole term includes all effects 

from propagator and vertex renormalization and all kinds of stable particles 

whether elementary or composite give rise to poles according to the same 

rules.

In this section, we shall outline a general procedure to derive the

driving forces. The advantage of this general discussion is that we can

obtain the Bom terms of particle-exchanges in any spin parity state.

This formalism will become very useful in the ttoj scattering when we want

to use the experimental information such as the exchange of the B-meson

P 12for which we do not know yet the definite J state. The B-meson should

be included in the discussion of the ttco scattering along with other

possible exchanges, particularly when we want to understand the iro)

resonance and its spin and parity state. One should naturally consider
p

all possible assignment of the J state and observe the characterization

of the driving forces in each of the possible states.
i

Our procedure will be proceeded essentially through two steps:

First we shall make use of a narrow width resonance approximations in
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particular transition amplitudes, and secondly we shall calculate the 

contribution of the crossed 7^0) cut from them by using crossing symmetry. 

The procedure will be justified by reproducing the J3 - and A-exchanges 

(90) and (9l) of Section VI.

Let us first invert the relations (8U)—(8?) of last section and get

%($, t, <A) = + Ut-L-&-F^+ (100)

-b (w^cM-e- +2.WB -bCk^ox-B- -e1) F']1'101'1

(102)

= (s’̂ kV' C-2-^ -ZtV $*+ ZB F+J (103)

where
7+*= 2(20vO[T(a+0]' [ Pj.fCM.l59 7^'

+ (uhlg-T^’ - T?*)]

K-r = - ^Iv/m ) Z jJr+

%>X- (Uz/m)2I (2T+I) f^(OnL»-) Tj* (lo6>

Here ( C&L> &■) means d f^. (qh<>&) and again we mention that

(10U)

(105)

-b

By substituting now a narrow width approximation for the transition
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amplitude of given J and L state we can evaluate contributions to the 

partial wave amplitudes with given helicity from (62) - (65) of Section V. 

One then obtains the parity conserving amplitudes from (104) - (106) which 

in turn are used to calculate contributions to the invariant amplitudes 

by the relations (100) - (103). Finally from crossing symmetry, we get the 

Bom terms.

We shall now verify our procedure by reproducing the j3 -exchange 

terms. The ^ -meson comes into the 7CU1) scattering as its bound state. It 

has J = L = 1. Thus we put

T^o-wOsOj, , TT"'t,«.)=T:rli«i)=TT"^^= 0 (107)

where is essentially a pole term with correct threshold factor and

a kinematical factor which will remove kinematical singularities in the 

invariant amplitudes. From the relations (62) - (65) of Section V,

(107) becomes

+ + 51 ) U-t = T0i- = T0o = 0 (108)

and we get from (10U) - (106) that

- | _i_
fl.= Dp , fv+ = = F0o =0 (109)

By substituting (109) from the equations(100) — (103), the contribution to 

the invariant amplitudes becomes
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Fi > ~t, u) = (3/2.) Dp

= (?/*) (si?)1 Dj 

p3 (±,-6,11) =-(3/2) k~2 Dp

P(^U) = 3 (s'H^P'e bp

Thus if we take

^ = (2/3) si>* [^/(j-s)] (m)

then (110) becomes the J° -exchange terms (90) of Section VI and the form 

of (ill) has not only a correct threshold behavior but also makes the 

invariant amplitudes free from kinematical singularities. It should 

be noticed that our procedure necessitates in a natural way the Sy^to be

used, in order to impose the threshold condition to the partial wave

y= 1 2.Hamplitude T ’O^D which has no kinematical singularities.

Using the relations (9*0 - (96) under s u crossing, (110) with (ill) gives 

the contributions due to the ^ -exchange in the u-channel, which are (92) 

of Section VI. Thus the Born term or the driving force due to the f - 

exchange is obtained. For completeness, we give the contributions of the 

J* -exchange pole in the u-channel to the parity-conserving amplitudes 

from the relations (84) - (dj) of the last section.

//T” - EZ— &-) [ )j>/(top3"- u) J 

kP(k:+?.WE + w3‘L®4,&) Ey



(112.c)

ffo* = - 2 E$/(7”r"-u)]
(112 .d)

From (112) and the relations (56) - (59) of Section V, the partial wave

projections and thus the transition amplitudes are readily available.

Let us next look at the exchange of the B-meson. In Section VI, 

we discussed the contributions to the invariant amplitudes due to an 

axial vector exchange assuming only s-wave interactions. We shall first 

reproduce them from the procedure developed in this section and then 

derive the Born terms due to the particle exchange with = 2 assuming 

p-wave interactions. If we assume the B-meson has = 1+, then the 

interaction can be either s- or d-wave. Neglecting d-wave interactions, we 

then put

Eq. (113) gives

(1110

which results

= 0 (115)

Therefore we obtain
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J'nt F, (S t -tt u) = Jm Da

^ FZ(>J^) u) = ^ (Va/s)

'-b Ff U ) = J* °

Here we take

PA = w/3s /(^-s)]

(116)

(117)

and make an approximation

Jm 0a = ffs-n/) (118)

— T-1 /
Again we mention that the amplitude | (<>*?>°) / 5 will have no kinematical 

singularities. It is easy to observe that (91) of VI is reproduced when 

(116) with (118) is used to evaluate the first integrals in Eq. (36) of 

Section IV;

K ($)-£> u)
OOJ

(M-t-mf-

where /I ^ CX j-6 ) — JF (X -£ U)
S'X. ^ J )

From crossing symmetry, it follows that

<j=(119)

Jw fi0/^,0 = %2u f(u-n*)

Jbt = 7U% 7^ i S (U-m*)

'bn Tt^CufaS) = = o

(120)



These absorptive functions give the Bom terms by evaluating the second 

integrals in Eq. (36) of Section IV;

-L p* -4 ^
7C J _ y — u M-hTn?- *■ *

(121)

where $ ^ (X -6 ) — sj-1n L OC "b^ S) 

which have a cut along the crossed 1CU) cut and are analytic everywhere

else in the s-plane. Eq. (120) and (121) give the contribution from the

crossed channel to the invariant amplitudes, thus reproducing (93) of

Section VI. Again, we give the contribution of the axial vector exchange

in the u-channel to the parity conserving amplitudes:

F+f = - ^ [ ^a/c 0) J

fJI - (i+rnA:L^c^l&) E/a/OF-u)]

M B)1 L ^ /(to/E-uE)

From (122), the partial wave amplitudes and the transition amplitudes 

are easily obtainable.

So far we have considered a possible assignment of = 1+ for the 

B-meson exchanges. There is still another possible state which has 

not yet been excluded from the experimental information. That is = 2.
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We have noticed that this state can give rise three transitions.

However we shall assume again the lowest partial wave interactions only 

in calculating the Bom terms. If the B-meson has = 2 , then neglecting 

f-wave interactions we put

TJr7iVosOr ? T;5(=^2) = TJ;r1:io2) =TT=i(3^3> =o (123)

where is a propagator with correct threshold and kinematical factor 

to make the invariant amplitudes free from kinematical singularities.

Eq. (123) gives

i;2' = 0 ; (r/a)T^ = (r/2-3^T0+ ^iw

and therefore

F++ = - I3/*-) Vj

C = 3 0T

= - 3 . 2 (W/M ) 0^(9- Dj-

F0fo- 1 (hz/m)* (3
We obtain

±tu) = (3/1) ^ bT

^ % Cs'>'6) u) = (3/1) k~2 1>T

'^7* =■ -3 Snhj-

(126)



Notice that (126) is very similar to those of the ^ -exchanges (110) but

which behaves like s -2X or Taking a narrow- 

width-resonance approximation with an appropriate kinematic factor for 

Im D,p in the form of

J*, = (i-fe) (12'

we obtain the absorptive amplitudes

^(Sj-6^) = TLjfsfa ‘iS-CM-tyflllS- (MXYnf'J f- 

~2 ,(S+-U)]J (PCs - hi*)

7Clfr{3~lls-(M-mfjLs-CM+y»fj + $[m'/s +
- 2~t(£+u)l} (fcs-tnj)

Hr- a (I2f
^F3(si'b)<+)=1L 6"CS-Ynr)

-tjU) ^-tcYts )£($->**)

From crossing symmetry, Im F.(u,t,s) is readily available and thus we
J

get the Born terms from (l2l):

Jilcu)-b) S) = -t ynfLM + n3-

[ Vr/(wif-n)2
s) — Yn^^Xr/OyiT—u)J (129)

^ (Ut-t, s) = / 3'V^ - (M-HifJC*?- (M+to)xJ i- 

+ 2>*2--2-,(s-h»^)j} Ll/Of-Uj] 

s; = - yn?Cto^+bf-l *r/0%x-U)l

The parity-conserving amplitudes are then given by

-h-h If
CXr/ftof-U)!

'3 + 2 m'

- 2 (130.a)
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(rn*-(M->nf']L)r)T-(M-t-mf'] + r»rlM + ^2- 

- 2"Vs f Wj )] -h ^ t&<s &- £3~'[)y£- (M-vnf'][_ Wj- (ty+rn f ]

+ )n*[3-lM*+ 2®*- 2"(s^^2)jJj[ Xj./(u> J

(130.b)

^ = _ 2Wm) f 4-'rtf C(M-mfj L»f-(M+ftj*J

+ ft*- + [f'Cn?

- UA-ftfllftr' -hftf[3''M%±ft*-2''(S+y>f)j]

- ■£'k?w'1 (vtl'J [yT/(^rz-u)] (130.c)

- (Mi-vnf] ll/l\ft*-2~/(‘z+w*)]~\ + sk^ft^W'2

<+ tCo^L^-h -EW'ffl'1 IK- (M-ftfjLftr-(yh-ftfl
*- i 'f (130 d.)

+ 2ft*-%-h ftp]~]-SiikYh/tel&+ &) K (

+ £ yT/(K'tA) J
from which one can have partial wave projections.

P + -Partial wave projections to the states of J = 1—, 2 from these

exchange forces are explicitly given in the Appendix.



VIII. PARTIAL WAVE DISPERSION RELATIONS

Having the Born terms of the transition amplitudes determined, we 

come now to the method of solution of the partial wave dispersion relations. 

Dispersion relations are often used as a tool to impose the unitarity 

condition on the partial-wave amplitudes in the physical region when the 

driving forces are known. In the^a>scattering, one can assume that the 

driving forces are given by the Born terms due to the j^-and B-exchanges.

The elastic unitarity condition on the partial-wave amplitudes in this 

problem might be permitted up to a considerably high energy because of the 

empirical absence of significant connection to the channels. Once 

the Born terms are given, one can solve the partial wave dispersion relations 

by various methods.

25The well-known N/D method has been applied to many calculations with 

various approximations. In some cases, the integral equations have been 

reduced to computationally simple forms. Also a cutoff parameter has 

often been introduced for all dispersion integrals to avoid the difficulty 

of the well-known divergent behavior associated with forces arising from 

the exchange of spin one or higher spin particles. Indeed the Bom terms 

evaluated from the ^ - and B-exchanges (for both possible J^1 states of B) 

of the last section behave like s in s for large s. Terminating the dis­

persion integrals at a finite energy will yield a one parameter solution

for all partial wave amplitudes, provided unsubtraction relations for both 

N and D equations .
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13In a recent paper we have discussed another method of solution (we 

will call L/F method) of the partial wave dispersion relations. The 

L/F method gives a solution of the partial wave amplitude A as

^7?

Lefts')L (S')

— C*S' /fe Fes’) -i L -i(s)
•J S ' — s -J
$

(131)

where L(s) is the left hand cut contribution, and CL. and CT denote ther\ Ij

right and left hand cut respectively. This solution is free from any 

subtraction parameters and manifestly symmetries if one notices

Re (Lcs) - A (v) = firs) Jn (4~<rs)) Res') (132)

where for s on

R(S) = RaA(S) - & L(S) (133)

and

Jm/\ (^ - (Jin-L(S>]
(134)



The kinematic factor p(s) is given by the unitarity condition

A '(%) S byt (135)

which has one element for transitions in states with J = L, while is a 

2x2 diagonal matrix, for the scattering amplitudes in the triplet 

states with J ^ L. One can think of various approximations as was dis­

cussed in Ref. 13.

Still another possible approximation^^ is to use a zero width form 

consistently to evaluate the second integrals of (131). That is to 

approximate R(s) of (133) by the same pole term as that used to obtain 

the Bom terms L(s); namely RJ-1(l-<->- l) = Dp (s) as defined by (ill) of 

Section VII, and

D/S) o 
/4

O O

Dr(s) 0

O

depending on the assumed quantum numbers of the B-meson. Again D^(s) and 

D,p(s) are defined in the last section. In the sense of an effective- 

range calculation, however, we may neglect the integral over CT in (131) 

and try to obtain a one parameter solution depending on a cutoff introduced
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for the dispersion integral over CL, in (131). The solution given byft

(l3l) forces the partial wave amplitude A(s) to have zeros at the same 

position where L(s) vanishes. There is likely to be zeros for L(s) 

which is obtained by the exchange of spin non-zero particles. In such 

cases, we propose to use instead a new L(s) which is divided out by its 

zeros and evaluate a new F(s) by a similar procedure as that of Ref. 13. 

In particular, if L(s) has a zero on real axis of s at s = s^, then we 

use L^(s) = (s - s^) "*■ L(s) and write A(s) = L^(s) F (s)-^ where

S'- s (136)

Here a zero of L(s) means a zero of det L(s) in general.

After putting the identity relation

3^1. hi(s) — -f- AfS)') (3yy> (137)

into the definition

fas'

Cl.

±
7C S7 - S (138)
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and interchanging the order of integration in correct manner, one gets the 

solution

A-,{V-L?(»[ i-s," ~ t>-j---------

f RCS‘) -) ,
t Is'-s,)* j 1

(139)

which is again symmetric and does not force A(s) to have the same zeros at 

those of L(s). It should be stressed that in arriving at the solution 

(139) it is necessarily assumed for A(s) to be non-singular. We would 

also like to remark that one would get still the solution (139) even if a 

once-subtraction dispersion relation was assumed for F(s) instead of (136). 

This is not surprising since the solution should not depend on the 

subtraction parameter as we have discussed in Ref. 13. This method 

can be easily generalized for the case of finite many zeros of L(s).

We feel that we have thus far prepared to understand the ttoj 

resonances which lie in the elastic region of the nw scattering, and 

the procedure we have developed will shed light in extending our discussion 

to the other pseudo scalar-vector systems. In the next section, we will 

outline the programs concerning the application of our theory.



- 52 -

IX. CONCLUDING REMARKS

We have discussed in Section III on the construction of the in­

variant amplitudes which will obey the Mandelstam representation. In 

the pseudo-scalar meson and vector meson scattering, there are four 

transitions possible for a given value of total spin J. These four 

transitions occur for each possible state of isotopic spin. In the case 

of the TCU) scattering, the reaction proceeds only in the 1 = 1 state 

and thus one can define the usual Penman amplitudes as an operator in 

only spin space and situate the operator between the spin state vector.

In Section IV the four invariant amplitudes are expressed by the 

Mandelstam representation from which an approximate representation is 

derived using the technique introduced by Cini and Fubini. This approxi­

mate representation has one dimensional dispersion integrals which will 

particularly become useful when the exchange of resonant- and single­

particle intermediate states are considered in the lower partial wave 

states. We have discussed the partial wave decomposition of the scattering 

amplitudes in Section V. This is greatly faciliated by the use of the 

Jacob-Wick helicity amplitudes. Starting with the parity eigen states 

in the helicity space, the partial wave expansion as well as the partial 

wave projection of the scattering amplitudes in a definite parity state 

are obtained. We have also given the expressions for the transition 

amplitudes in states of given orbital angular momentum L. The helicity 

amplitudes in the definite parity state are calculated, in Section VI, in
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terms of the invariant amplitudes. The procedure is explained by calcu­

lating the Bom amplitudes from the Feynman diagrams of the vector and 

axial vector exchanges. Also we have briefly mentioned the t-channel 

process. Section VII is devoted to a prescription of obtaining the 

driving forces. This is done by making use of a narrow width approximations 

to a particular transition amplitude in the physical region of the crossed 

channel and by collecting contributions to the invariant amplitudes.

The procedure is checked to reproduce the same vector and axial vector 

exchange terms as those of the Feynman diagrams and is further applied 

to calculate the 2** exchange terms. Our prescription does not require 

the knowledge of interactions at the vertices of the Feynman diagram.

Finally in Section VIII, we have discussed on the method of solution of 

the partial wave dispersion relations using the recently discussed forma­

lism. This method gives a solution which is manifestly symmetric and free 

from arbitrary parameters. The formalism is extended further to avoid 

the difficulty associated with zeros of the driving forces. We feel 

that this formalism will be particularly useful for the transition ampli­

tudes of triplet states of parity. We have also mentioned some appro­

ximate schemes which will be suitable for the effective range calculation 

of the elastic scattering problem.

To this end, we want to give some words about the TCtOresonance.

7 27-31Since the discovery of the B particle , several authors have discussed

its possible quantum numbers, using a dynamical scheme in analogy with the

28pion-nucleon scattering. A static model calculation for the B-meson in



30the 7£ a) elastic scattering as well as a relativistic calculation

- 29suggested a 2 state, while another relativistic calculation favored
+ 31

a 1 resonance. Recently the existence of a reciprocal bootstrap

32 —mechanism between the (f and a 2 state of the B-meson has been discussed

in a static model calculation, in analogy with the reciprocal bootstrap

33between N and N* in the 70 N scattering. It should be noticed that

29 30the relativistic calculations ’ assumed the dominant force from the

5* -exchange only and the force due to the exchange of the B-meson itself

was absent. We feel that the B-meson exchange is very important even in

a qualitative discussion of the /Qi) scattering. Furthermore, if one 

wants to accept the attitude of analogy with the pion-nucleon scattering,

the B-exchange must be brought into the calculation; namely the exchange

of the B-meson in the7C u) scattering may give rise to a sufficiently strong

attractive force to produce the 5* -meson as a 7£C0 bound state. The static

model calculation, on the other hand, is limited to providing relations

between the^TC^j) coupling constant and the width of the B resonance, as

the calculation of Ref. 31 indicates. This is due to the fact that in the

static theory, the masses of thejp-meson and the B-meson are each separately

controlled by a cutoff parameter. Thus a fully, relativistic calculation

including the B-meson exchange itself will be necessary to discuss the

quantum numbers of the B-meson. In order to treat the -meson pole and the

B-resonance on an equal footing in the calculation of7£&)scattering amplitudes,

the t-channel contribution may need to be considered, recalling our

experience with the ^ -exchange in t-channel of yE N scattering. We

have also sketched the possibility of taking into account the exchange of

a two-pion resonance in the s-wave state of t-channel. However the
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experimental information on the existence of a scalar resonance of two 

pion state is not yet very conclusive^ If this is a non-resonant state, 

then one can expect the effect to be absorbed in the other parameter, such 

as the cutoff, of the scattering amplitude, in the sense of the Cini- 

Fubini approximation.

A numerical calculation is systematically under way to discuss the 

quantum numbers of the B-meson and to see the existence of the reciprocal 

bootstrap mechanism between the 9 -meson and the B-meson in a theoretically 

preferred state. Preliminary result shows that the axial vector exchange 

gives a very weak repulsion to the = 1 state, while the 2 exchange a 

strong attraction to the 1 state. The ^ -exchange gives attractive forces 

to both states 1*’ and 2 . Each exchange gives attractive force to its own 

state. Although the 2 state appears to be favorable quantum numbers 

of the B-resonance at this stage, one will need a detailed quantitative 

result by a systematic approach before concluding its quantum numbers.

We have discussed mainly for the scattering. However the theory 

can be applied to any pseudo-scalar and vector system. If there are more 

than one isotopic spin states present, then one can incorporate them by 

the use of projection operators as explained in the text.
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APPENDIX

Partial Wave Projections of the Exchange Forces 

In section VII, we developed a prescription to obtain the Bom terms 

from the one-dimensional representation of the invariant amplitudes. This 

procedure was applied to the p- and B-exchanges. In this appendix, we will

just state the partial wave projections of those exchange forces to the partial

P + -wave states of J =1 and 2 .

a. 1 state.

The p-exchange in the u-channel yields

+ Qo ~k/3} ^ ^

where <4. ^ (4/kV [s - ZCtf+W - )“ (M-Jn J/s] (L'=f^>r) (A>2)
L*

^o(x; = 2-' Ml [U-tD/(X-l)]
(A.3)

and

2We have mentioned the kinematic factor sk to be removed from this transition 

amplitude in the text.

An axial vector exchange of the B-meson in the u-channel gives
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(t^t) * YA(2sk^) {[C2m^)~>4a - J? Q(4})

+ k'2- - (2^)''dA J (A.5)

while a 2 exchange of the B-meson contributes

~f^r'l(i^ i) — Yr { tkAi(<dr - i) — 2 A2<dTJ Q0 (JT)

t ^2 - dT J
where $f = 3*'[ft *-(M-M.)2]['>>£--(M+TTl)*] -t ^ [ ^/S

+ z'^s-hfor)]

(A.6)

(A.7)

/^ = <4_/ ^ [ hf-CM-infJ iyn*-(M+ihf] + m2-

-t - 2-/(^s + ~] (A,8)

b. 1+ state.

The transition amplitude in the 1+ state can be written as

L
0 m/ L U

-(% £) (!■- f, *)
where T:'n -7- J-=/

— ! . ( o «e-> o )

vi - "T4* -r^''■zi — k ( o ++ z)

— 71 ( * <r* z)

(A.9)

(A.10)

(A.11)

(A.12)
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The p-exchange gives

- 2~' T^c/j,) -f 2~,(2W£-kZ)]

+ />-2.wV*- 2~'^3ls(j>) J (A-13)

77^ = ^ ^'j T0(<j,) - /V^

2 ,E2'+ 2we -fe*) +

^ f2-/A/V'2-4"V- U.iU)

y;f = 3-*yf f[-+ m*e*h j Toaf) 4
v- 2EZ; - [*~'(2E-H/-k*)+

- f + ?3(fy} (A'15)

while a 1 exchange of the B-meson gives
r,t = 2~'<fA ^-[sCzkV'-h e(wnj*)1 ] i, cJA)

+ 2"'£ } u.ifi)

■7;^ = (2.^/3) % (f [1­

+ 3 H (*"»*? 12 '<> } (A.17)

= 3 1 ^ ^[3(‘1-k1) 'i-£ (WlKj ) ] + [s-(4-1»p-l+If--

- [ J (4-k*)-,+ 3£ (IVh2)'1 1 1 (tmff1 } (A.l8

where we have defined
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i*^ = -
X -h £ (A.19)

so that one obtains in terms of the Legendre function of the second kind

Ih(Z) (A.20)

The coefficients a
i

s are given by

n = '2tlCn!?‘/ (211)/

S Eteto+I)!"1 fl* ('hA+'b/i)/! /C(n/a.->»/z)/ (v+'to+OJ']
when n-m is even and positive, 

am = 0, when n-m is odd or negative . (A.21)

In writing down (A.20), we have used the relation

/■ X-h! ■'
Q^-x) <* (-) Qj-Cx) (A.22)

As it was pointed out in Section VII, '*'(0<-^0)/s is a kinematic

singularity free amplitude. However "Vs does not make (A.9) completely free

from the kinematic singularities. One can easily verify that in our definition 

«J=1 2 2(04r>2)/s k is free from kinematic singularities, 

c. 2 state.

As in the case of the 1^ amplitude, we can write the scattering amplitude 

in this state as

L.
T„

o

tA
( C = T ) (A.23)
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where
L

~1~. C / 3 )

TL =
-2-1 L

(A.2h)

(A.25)

(A.26)

The j3 -exchange contributions are

jt -ZV'A+t i-3^£tv~'J xrj,)

+ (f^)- - 3>VE] VJf>
■h [iM'- y'(3^) - SM^IVY'J V'j,)} U-2T)

t/= r/ *^0 ^ / /^VaiV'2:? 3,^; v- x,(2r)

■f [ 3 E*- 4M*w~2] T^ldf) ■+ [k^-^E ~ M*£ W'1 ] z3(jf)

+ C3M**-2-j (a>28)

7^ = t"'/ + [srf**/-'- x, cp

+ fJA? - 2'1 (?£*)- 3 rt‘l'W~1] + E2~l

- JAf-fc tv'' J + W V l^Jf) J (A.29)

A 2 exchange of the B-meson gives on the other hand
Tj= - /d'1 #r{-sKfM'2-- £V"a4 +S*Bw~%+2~i(?A,)]Zr,^r) 

+ C£k~ZAz. -+Q-BW~'Ai - 2 S1^ w~'As 3 I, fdr) +

-f. 3^w-% - 3s^ev-% + 2-iA,3 I2.(JT) } (A.30)
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(A.31)

t;Z=-u + £V'24'

- s'^s H>'%1 ts(Jt) v-~iC2&h/-'4i- 

+ Cs-(+n/)~lS/*Aj - S’ frwfeAil }
^ = _ i0-'Yt f[-(3/2)(-»/% + $■»£»/'+ - s>i*^ ^

+Al]T'dT) + L 9s>i(*w>% - 9^4, -nW'i 1 ^

+ [(f/2) (-»'% i-B HItW2* Ea**,’% " s>istv 2 Aj)- M/^A,]t2 cdT) 

+[^(2^)%-HS-ew-'A, -irs>iE<iiiOl4J&4r) <A-32)

Here, and Ag are given by (A.7) and (A.8) and

A> = y*T (vnT + yy>^- M*) (A.33)

j=2 2 2
Again we mention that although T\ (l<r>l)/s k is free from kinematic 

singularities, the same factor does not eliminate all the kinematical singu­

larities in (A.23). One can see that all of these partial wave projections 

have the correct threshold behaviors



- 63 -

REFERENCES AND FOOTNOTES

1. G. F. Chew, "S-Matrix Theory of Strong Interactions," (W. A. Benjamin,

Inc., New York, 1961); M. Jacob and G. A. Chew, "Strong Interaction 

Physics," (,W. A. Benjamin, Inc., New York, 196*0.

2. S. Mandelstam, Phys. Rev. 112, 13*+*+ (1958); Phys. Rev. 115, 1T*+1 and 

1752 (1959).

3. M. Cini and S. Fubini, Ann. Phys. (N.Y.), 10, 352 (i960); J. Bowcock,

W. N. Cottingham, and D. Lurie, Nuovo Cimento l6, 918 (i960).

*+. G. F. Chew and S. Mandelstam, Phys. Rev. 119, *+67 (i960);

J. W. Moffat, Phys. Rev. 121, 926 (1961). More references can be found 

in K. Kang, Phys. Rev. 13*+, B132*t (196*+).

5. W. R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (i960);

S. C. Frautschi and J. D. Walecka, Phys. Rev, 120, i486 (i960).

Additional references can be found in the review article of J. Hamilton 

and W. S. Woolcock, Rev. Mod. Phys. 35, 737 (1963).

6. M. L. Goldberger, M. T. Grisaru, S. W. MacDowell and D. Y. Wong, Phys.

Rev. 120, 2250 (I960); A. Scotti and D. Y. Wong, Phys. Rev. 138, Bl45 (1965) 

in which further references can be found.

7. M. Abolins, R. L. Landdr, W. A. W. Melhop, N. Xuong and P. M. Yager,

Phys. Rev. Letters 11, 381 (1963).

8. S. U. Chung, 0. I. Dahl, L. M. Hardy, R. I. Hess, G. R. Kalbfleisch,

J. Kirz, D. H. Miller and G. A. Smith, Phys. Rev. Letters 12, 621 (1964);

G. Goldhaber, J. L. Brown, S. Goldhaber, J. A. Kaduk, B. C. Shen, and 

G. H. Trilling, Phys. Rev. Letters 12, 336 (1964).



-6b-

9. R. T. Deck, Phys. Rev. Letter 13, 169 (1964) has suggested that a kinematic 

enhancement in the mass spectrum of the final ixp scattering could he re­

sponsible for the lower (the A^) of the two peaks seen in the experiments 

of Ref. 8. This suggestion makes it difficult to interpret the peak as 

a resonance, becuase the irp system associated with the kinematical peak 

does not occur in a definite angular momentum state. Experimental evidence 

in support of this suggestion has been presented by M. A. Abolins, D. D. 

Carmony, R. L. Lander, and N. Xuong in"Proceedings of the Second Topical 

Conference on Recently Discovered Resonant Particles." (Ohio University, 

Athens, Ohio, 1965)- (To be published.)

10. In order to construct a general theory, one should consider all possible 

conbinations of the pseudoscalar mesons (u, n , K, K) and the vector mesons 

(p, a), <)>, K*, ic*).

11. M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

12. The B-meson has G-parity + 1 and isotopic spin 1=1. Possible quantum

. P - + -numbers of spin and parity J are 2 and 1 . A 1 interpretation of B is 

not likely due to nonobservation of KK. See A. H. Rosenfeld, A. Barbaro- 

Galtieri, W. Barkas, P. Bastien, J. Kirz and M. Roos, Rev. Mod. Phys. 36, 

977 (1964).

13. G. Q. Hassoun and K. Kang, Phys. Rev. 137j B955 (19^5)•

14. This choice is equivalent to that of M. L. Mehta, Phys. Rev. B1377 (1964). 

Construction of invariant scattering amplitudes for arbitrary spins are 

discussed from group-theoretical considerations by A. 0. Barut, I.

Mmzinich and D. N. Williams, Phys. Rev. 130, 442 (1963).



- 65 -

15. Following the method of W. R. Frazer and J. R. Fulco, Phys. Rev. 117> 

l603 (i960), we write the isotopic spin decomposition as

<roo Flfo/) =
where a, 6 = 1, 2, 3 and g° = | I = 0, I = 0(o))> < (it) I = 0, I = 0 |

' z z

is the projection operator for the 1=0 state. Thus one can easily
— o —^3

get <u)io|g 10a>=3 <$ag.

16. W. Selove, V. Hagopian, H. Brody, A. Baker, and E. Leboy, Phys. Rev.

Letters 95 272 (1962); Y. Y. Lee, B. P. Roe, D. Sinclair and J. C.

Vander Velde, Phys. Rev. Letters 12, 3^2 (1964).

17. M. Feldman, W. Frati, J. Halpem, A. Kanofsky, M. Nussbaum, S. Richert,

P. Yamin, A. Choudry, S. Devons and J. Grim Haus, Phys. Rev. Letters 14,

869 (1965); W. Selove, V. Hagopian, J. Alitti, J. P. Baton, and M.

Neveu-Rene, Bull. Am. Phys. Soc. 11, CB7 (1965). Not all the experiments 

seem unanimous for the existence of a scalar meson. For example, see

W. D. Walker in "Proceedings of the Second Topical Conference on 

Resonant Particles," (Ohio University, Athens, Ohio, 1965.) . (To be 

published.)

18. L. M. Brown, Phys. Rev. Letters 14, 836 (1965).

19. K. Kang, Phys. Rev. (To be published).

20. C. Kacser, P. Singer and T. N. Truong, Phys. Rev. 137, Bl605 (1965).

21. We follow the definition of M. Gell-Mann, M. L. Goldberger, F. E. Low,

E. Marx and A. Zachsiasen, Phys. Rev. 133, Bl45 (1964).

22. See the Appendix B. of Reference 11.

S +S '23. When both helicities and X^ equal to zero and r^T^(-) * a = 1, Eq. (45)
1/2, * v

gives l:jN|*oo^ = 2 (jMljotyand jjM J 00 > = 0 • See footnote 8

of RdTerence 21. As for the um state, we have to use a correctly symmetrized 

wave function, since to is treated the same as w. Starting with an



-66-

(23 cont)

eigenstate of the exchange operator ^

one obtains the parity eigen state (66.b). Notice that only even values 

of J are allowed for the t-channel process.

2k. This statement supports the choice of the phase space factor for the l”

amplitude of the tto) channel made by J. Fulco, G. Shaw, and D. Wong, Phys. 

Rev. 137, B12U2 (1965).

25. See the first reference of the footnote k-, additional references on the 

N/D method can be found in G. Shaw, Phys. Rev. Letters 12, 3^+5 (196U).

26. This approximation is suggested by J. Franklin, Phys. Rev. (to be 

published).

27. W. Frazer, S. Patil and L. Watson, Phys. Rev. Letters 11, 231 (1963).

28. R. F. Peierls, Phys. Rev. Letters 12, 50, and 119 (E) (I96M.

29. E. Abers, Phys. Rev. Letters 12, 55 (1964).

30. T. K. Kuo, Phys. Rev. Letters 12, 465 (1964).

31. J. Franklin, Phys. Rev. 137, B994 (1965).

32. G. F. Chew, Phys. Rev. Letters 9, 233 (1962).

33. A relativistic calculation on the reciprocal bootstrap between N and N* 

has been carried out by J. S. Ball and D. Y. Wong, Phys. Rev. 133, B179 

(1964).

34. See footnote 17.



FIGURE CAPTIONS

Fig. 1. 
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Fig. 5-

Diagram representing the ttoj scattering.

Kinematics of the reactions (l), (2) and (3).

Determination of the lowest singularity in s and t of the iro) 

scattering.

Diagrams representing the exchange of the p and A(a 1+ state of the B ) 

in the s and u channels.

The vertex graphs for the ivtup and irwA vertices .
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