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ANALYTICITY PROPERTIES OF THE MESON-DEUTERON
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ELASTIC~-SCATTERING AMPLITUDES AT LOW ENERGY
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ABSTRACT

A dispersion-theoretic treatment of the elastic scattering at low
energy of mesons by deuterons is presented.. The loosely bound naturé of
the deuteron results in small anomalous thresholds of the scattering
amplitudes in the t channel and justifies the use of selected Feynman
diagrams in the determination of the general analyticity properties of
the amplitudes. The impulse approximation, binding corrections, and
multiple-scattering terms are defined in terms of both triangle and box
diagrams, and the dispersion relations with fixed s for these terms are
derived by the method of analytic continuation with respect to the
deuteron mass and with respect to s. It is found that the anomalous
parts of the deuteron-baryon vertices play important roles in the deriva-
tion of the dispersion relations, and that the double-scattering amplitudes
have no complex singularities.

The general method has been applied to a determination of the angular
distributions for n+& and K;& elastic scattering. In the former case, the
binding corrections due to N*3/2 is the main correction to the impulse
approximation. In the latter case, the impulse approximation has been

determined in terms of the KN scattering amplitudes which are approximated

by two complex poles.
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I. INTRODUCTION

The deuteron is a bound state of a proton and a neutron and has apparently
the simplest structure of any stable composite particle. Although its static
and dynamic properties, would appear at first sight to be easily derivable from
a consideration of the two-bpdy nucleon-nucleon system, a consistent field-
theoretic treatment is not yet:,ava:Llable.l_3 Despite this, it is eminently
desirable to consider the development of methods for handling even more com-
plicated system%, consisting of three bodies, say (two nucleons plus a meson),
which may even.éast some light on the properties of the two-nucleon system.

In this paper, we shall be concerned with the study of reaction processes
involving the deuteron, and, in particular, with pion-deuteron (vd) and kaon-
deuteron (Kd) elastic écattering.

It is well known4 that the binding energy of the deuteron is very small
(2.226 MeV) compared to the average binding energy of a nucleon in a nucleus
(6-7 MeV). This property of the deuterqn manifests its loosely bound charac-
ter. This results in the fo;lowing important assumption in the study of
the collision of a pargicle (a nucleon or pion, for example) with a deuteron.
If the:incident particle has a kinetic energy of about 100 MeV, then the
binding energy of the deuteron is negligible. and the deuteron can be regarded
as made up of two ﬁ;ee nucleons during the collision. The nucleon-deuteron
(Nds'or nd.scagteriné amplitudes'can then be expressed in terms of the two-
body NN or nN scattering parameters. This procedure corresponds to the
impulse a.‘pprox:i.mationsn7 (IA) and has been applied successfullys’9 to various
high-energy scattering problems. It is evident that, as the kinetic energy

of the incident particle decreases, corrections to the JA due to. the nuclear

force binding the deuteron become important,



We proceed at this point to summarize briefly the current experimental
as well as theoreticgl situations fo; the cases of nd and Kd scattering.

Since 1952, many attemptslo-lé have been made to carry out measure-
ments of md scattering, with the first complete and accurate results
being obgained by Rogers and Lederman15 in 1957. They determined the
angular distribuions for the elastic and inelastic scattering of a
n+ meson by a deuteron target at 85 MeV (laboratory energy) as well as
the corresponding total cross sections. Insofar as the elastic scatter-
ing is concerned, the aﬁgular distribution is generally dominant at
;mall angles but drops sharply as the scat;ering angle tends to zero.
This sharp depression in the-extreme forward direction is due to inter-
ference between the Coulomb and strong interactioms. If Coulomb effects
are subtracted out, the angular distribution hag a fairly simple struc-

ture with a dominant forward peak. There is a minimum at about 80°

(laboratory angle) with a slight increase in the backward direction.

The impulse approximation was first applied to nd scattering by
Fernbach, Green, and Wa;son,8 with the first detailed treatment being
carried out by Rockmore.16 In either case, the IA was interpreted to
mean that the overall scattering amplitude can be expressed as a linear
superposition of 7N scattering amplitudes’where the latter are, in turn,
given in terms of the experimentally determined 7N phase shifts. This
definition of the IA involves neglecting not only the nuclear force
binding the deuteron during the scattering, but also multiple scattering;
it also ignores the fact that the 7N matrix elements that arise in nd
scattering are off the energy shell. The angular distribution resulting
from Rockmore's calculations, which are based on these approximations but
do take Coulomb effects into account, agrees very well with the Rogers

and Lederman measurement at 85 MeV.



Rockmore also estimated multiple-scattering and binding corrections
to the total cross section for nd scattering (elastic plus inelastic)
as calculated within the TA. 1In particular, the effect of double scatter-
ing as well as higher-order multiple scattering, when calculated in terms
of Brueckner's t-matrix formalism,17 is to enhance the total cross section.
Within the limitations of this calculation, the double scattering appears
to be the most important of the multiple-scattering corrections.l7’18
Rockmore, by calculating the doublebscattering in perturbation theory,
has suggested, however, that the Brueckner model, which neglects multiple

scattering off the energy shell, is not reliable 17,19

at the energies
under consideration. The correction due to binding (the potentialzcorrection)
was estimated16 in perturbation tﬁeory; it leads to a decrease in the total
cross section which is of the same order of magnitude as the correction
due to multiple scattering. The resultant total cross section in the impulse
.approximation is then about 107 smaller than thevexperimental value; Rockmore
suggested that an improved value could be obtained by including an absorption
terﬁ, but evidently this is simply a phenomenological device.

| Perhaps the most serious fault of the preceding calculation arises
from the fact that one does not know how to extrapolate the 7N scattering
amplitude to its v;lues off the energy shell. There have been several
suégestionsl6—19 as to how to treat this problem, but the results are
strongly model-dependent. In this sense, therefore, the apparent success
of Rockmore's calculation may be entirely fortuitous. We should also mention
'at this point several attempi‘;szo_22 which have been made at a unified treat-

ment of the impulse approximation, taking the binding and multiple-scattering

corrections into account, but still within the.framework of a phenomenological
L/



theory. However, it should be noted that the .off-the-energy-shell amplitude

cannot be determined unambiguously within such thedries.

We may summarize our discussion of‘the md problem to this point by
noting that a satisfactory treétment requires the consideration of off-
the-energy~shell as well:as multiple-scattering and binding corrections
to the IA. Qne way to proceed is to abandon the traditional approach
to the impulse approximation and to consider instead a theory of wd
scattering based on analyticity and unitarity. In this case there is no
ambiguity in the determination of off-the-energy-shell 7N matrix_eiements;
also,- the IA, as well as the various corrections to it, can be handled
within this framework. Such an approach constitutes the fundamental goal
of this papef.

We ﬁext turn our attention to the K d scattering problem. First
we note th;t, unlike the case of nd, K d and K+d scattering are not re-
lated by ch;rge symmetry, and the two cases have to be studied separately.
In_;his paper, we will 1imitfour considerations to the more coﬁplicated
Kd scattering problem, the simpler K+d scatteriﬁg being readily under-
stood in terms of standard impulse-approximation techniques.23

Not many K d scattering experiments have been performed at low energy
(below 100 MeV). The only data available at-present are those of the
Alvarez group24 on the sum of the elastic K d as well as inelastic
(K'd + K pn) scattering for 15.5, 29.6, and 42.3 MeV (laboratory energy)
K particles. The differential cross section has not been measured so
far, nor has the elastic scattering been as yet separated.from the inelastic
(although Horwitz et al.z‘5 are attempting to do just this). While the
experimental situation is thus still obscure, a number of calculation326:29

of K d scattering have been put forward. In principle, K-d scattering can
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be treated in a manner analogous to md scattering, i.e., the IA can be
formulated along with various types of corrections. From a practicai
standpoint, however, there are some difficulties. First, higher-order
multiple (as well as double) scattering will play a significant role in

K d reaction processes. This is because the K N scattering lengths are
comparable to the internucleon distance of a deuteron. Second, the

neglect of nucleon recoil during collision, which is a reasonable approxima-
tion in the nd case, may not now be valid because the kaon mass is larger
than that of the pion. Third, there is no'ﬁay at the present time‘of
carrying:out a detailed check of any theory due to the lack of availability
of experimental data.

If we compare the various theories that have been proposed, we see
that they differ from one another essentially in the way in which the
multiple-scattering corrections to the IA are formulated. Thus, some
approaches26 make use of Brueckner's t-matrix formalism, other327’29
gmphasize the recoil and biﬁding corrections during multiple scattering
by gésuming a separable nuclear potential, and still others28 have
introduced the concept of the initial state interaction in terms of which
ail order§ of multiple scattering can be included in closed form by treat-
ing the nucleons as inﬁinitely heavy. If multiple-scattering effects are
included, then all.the predictions of the K d total elastic and inelastic
crdss section; agree qualitatively with one another and also with the
Alvérez experiment. In particular, these.results show that multiple-
sCattering cérrections to the IA are significan£ in K'd scatteriné.

So far we have reviewed ;he standard impulse-approximation approach

to the nd and K d problems. The many calculations, with double or multiple

scattering included, are in qualitative agreement with one another, but de-



tailed comparison among them is difficult because each one uses a different
specific model. To remedy this point, énd generally to bring the discussion
into ciear contact with modern dispersion theory, Brehm and Sucher30 have
‘s;udied'thg analyticity properties of nd elastic scattering with the aid of
box diagrams. Such diagrams may be described as corresponding to processes
in which tﬁe deuteron breaks up into two nucleons, the incident m meson
interactiﬁg with one nucleon, after which the deuteron is formed again; this
consti;utes what we may term the dispersion—theoretic impulse approximation.
Bfehm and Sucher used a two-pole model which was adjusted so as to reproduce
the‘features of elastic 7N scattering, notably, the N* p-wave resonance.

The nd scattering amplitude, when expressed as an integral over the
relative momenﬁuﬁ of the two nucleons, contains the 7N amplitude in the
in;egrand. Therefore, the nﬁ amplitude is not on the energy shell in general.
Defihing the ﬂNvamplitude off the energy shell requires that. one assume a
certain form for.the TN interaction off the energy shell, and this has
always been a weak point of the standard impulse-approximation approach.

In a dispersion-theoretic treatment of nd scattering, however, thé mN
amplitude off the energy shell follows from its analytiﬁity properties.

The result of Brehm and Sucher was to find an angular distribution at
85 MeV'wpich, gespite the completely different épproach, agrees fairly
closely Qiqh that qbtaingd by Rockmore (there is more backward scattering
in the former case):. Wé have alrea&y noted that multiple-scattering and
binding (or potential) correc¢tions are important in md scattering. To
incorporate these into dispersion theory is difficult because three-body
and four-body intermediate states occur. The primary aim of this paper
is to discuss such corrections without getting involved in the full

31

complexity of five- and six-point functions; this goal may be achieved



by taking advantage of the fact that the deuteron is after all a simple
system, and by being sglectiye with respect to the choice of diagrams
(the presence or absenée of nearby singularities can be used to gauge
the importance of a given diagram in the usual way32).

The first dispersion—theéreﬁic approach to the nd scattering problem
was attempted by Kaschluhn33 who considered the forward elastic scattering.
His purpose was to relate the forward scattering amplitude to exﬁerimentally
measurable quantities; his method 1is analogous to the case of 7N scattering.34-36
While Kaschluhn asserts that the dispersion relation which he derived is
consistent with the us;ai impulse approximation,16 from a practical stand-
point, however, this relation does not readily lend itself to a precise
analysis of the md problem. As in the case of 7N scattering,37 one can
express the fid scattering amplitude as an analytic function of both s (tbe
square of thg total energy in the center-of-mass system) and t (the square
of the momehtum transf;r in thi§ system), but any discussion of multiple
scattering or binding corrections requires the introduction of many-body
intermediate states along with the rather involved integral equations which
couple these various states.' In point of fact, the success of the (Mandel-

stam) approach, where the amplitude in question is an analytic function

of two variables, when applied to nN,37 wn,38 or other elementary processes39

is due mainly to the fact that in these cases it is reasonable to assume
that one has only two-body intermediate states. Cos

" If the (interﬁediate) states include more than two parficles, complexi-

ties appear both in the kinematics and in the analyticity. The unitarity

relation, which determines the discontinuity of an amplitude on the real

40,41 40

axis of the s or t plane, also takes on an untractable form. Cutkosky

has suggested a method for handling the unitarity relation in these cases,



viz., ;hgt one find the discgntinuity of an amplitude by replacing all
the interna} propagators in the corresponding Feynman diagrams with their
momentum-conserving propagators (6-function factors).

| In the Mandelstam formulation of dispersion theory,_42 the amplitudes
are representgd in terms of spectral functions, which may in turn be
expressed as integrals over the momentum variables of the intermediate

éta;es. In genéral these integrals will involve complex values of the
virtual momenta. The application of Cutkosky's unitérity prescription
to the case where one has only two-particle infermediate Statés is
straightforward, and indeed one obtains the usual unitarity statement;43
‘this is because any virtual momentum is completely determined by the
6-functioﬁ factorsf(as in a box diagram). On the other hand, when one
has multi-particle stqﬁes (more than two particles), the regions of
integration become undefined and the integrals for the spectral functions
become meéningless. To remedy this difficulty, the usual procedure“”45
is to define the regién'of ;ntegrafion by analytic continuation of the
unitgriCy condition. This program has been carried out for a simple
diagonal-type diaéram by Gribov and Dyatlov.46 Their result is rather
difficult to generalize, and in any event fﬁis procedure is far. from
practical since the integration region will depend critically on the
detailed analyticity properties of the particular amplitude. In fact); this
is why. Brehm and Sucﬁersg had.:t¢ confiné their attention to simple
box diagrams, which have only two-particle intermediate states.

It is evident that the general treatment of amplitudes with multi-
particle intermediate states is very difficult. We can nonetheless make

some progress if we limit ourselves from the very beginning to deuteron

reactions. In the case of nd elastic scattering, for example, one can
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by Physical arguments pick out a relatively small number of Feynman
diagrams which still include many-particle intermediate states. It is
then an essential point of this paper that these selected states can
be reduced effectively to a superposition of two-particle states,
in whiéh case the.usual unitarity relation may be applied.

Once the discontinuties of an amplitude are determined in this
way, the assumption of analyticity immediately allows us to write down
the dispersion relation for the amplitude. In our particular problem,
it is iﬁportan; that the deuteron is not a simple elementary particle
but rather the loosely bound state of a proton and neutron. In the
language of diséersion theory, this implies the appearance of anomalous
threshold947 in certain reactions involving the deuteron, an anomalous
threshold consisting of a discontinuity below the normal threshold of
the reaction deterﬁined from invariance considerations. This presents
an additional complicétion which may, however, be handled by analytic
continuation with respect to the deuteron mass. .This procedure is
particularly useful when the selected intermediate states lead to anomalous
ghresholds far below the nérmal ones., Then, so far as.low—energy'phenomena
are concerned, the contribution from the normal region can be considered
very small, while the details of the anomalous region must be carefully |
examined. The md elastic-scattering amplitude has just this-property.
If an anomalous threshold is close to the normal thréshold, then the
contribution f;om the normal region has to be examined as well. This
happens in fact in the case of Kd scattering due to the larger mass of
the K meson.

We begin the degailed expos?tion of this paper with some kinematical

L)

considerations in Sec. II. The invariants s, t, and u are introduced, ",
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and various kinematical quantities, such as momentum, energy, scattering
amplitude, and scattering cross section, are expressed ih convenient forms.
The general analytic structures of the md and Kd scattering amplitudes
are studied in Sec, III.. There,JthefiﬁtgrmediatéLStatésﬂare:iimité&
to two-body states, and the various box-type diagrams are examined as to
the existence and behavior of their singularities. Anomalous thresholds
appear in some cases and their structures are analyzed.

Our méin problem is to treat the three-body intermediate states;
acco;dingly, Sec, IV begins with a <consideration bf the multi-
particle unitarity relation. Since the general analyticity properties
of the amplitudes for the case of multi-particle intermadiate states
are complicated, mostly because of_the involved kinematics, we confine
ourselves to several simple diagrams which seem to be important on‘physical
grounds, and study the analyticity properties of the éorresponding amplitudes
in detail. We.encounter two types of diagram in this work, viz., triangle
and (so-called) reduced box diagrams. For these cases, we can define the
impulse approximatiorn: as well as binding and multiple-scattering corrections.
After some approximatiops, we are able to calculate the discontinuity of
an amplitude in the crossed channels when the deuter;n mass is assumed
small; with this result, we can immédiately write down the dispersion
relation for fixed s. Since this re1ation is valid for a fictitious deuteron
mass and for an unphysical s value, we need to use a process of analytic
continuation to obtain a result which holds in the physical regigﬂ and‘
for a real deuteron. In the course of the analytic céntinuation, we en-
counger anomalous thresholds.and complex singularities. All of these ques-
tions are studied in Secs. IV hpd.V forutheMtriang1e'hnd?tﬁelbox;diagtams,

»

respectively.
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Numerical results are given for nd elastic scattering in Sec, VI; .
here, it is the anomalous'thresholds which play an important role. in
Sec.. VII, the ‘caseiof Kd »é(:at—teritigi?-is treated dn h:similar! manner;
bgt now the situa;ion is more complicated (as discussed previously). Only

the impulse approximation is calculated numerically. We draw some con-

'
‘

clusions about the usefulness of our overall approach in the concluding

section.
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IT. KINEMATICS

In this section we shall define and eiplore some of the properties
of sgveral kinematical quantities which will be needed subsequently.
Consider a scattering (or more generally, a reaction) involving two in-
coming particles having the mass values my and m,, respectively. The
number of final particles is assumed to be two, with masses my and m, .
This scattefing phenomenon is completely described if the momenta, energies,
and other quantum numbers (such as the spin) of the incoming and outgoing
particles are specified, and may be pictured schematically as shown in
Fig. 1. The shaded area represents any intermediate state which is compatible
with the conservatiop of the relevant quantum numbers (e.g., baryon number,
isotopic spin, strangeneés, energy, etc.). The four-momentum of the ith
particle is denoted by P> witﬂ all other quantum numbers iﬁdicated
collecgively by . In point of fact, we shall consider only spinless
particles hereafter, although the inclusion of spin is fairly straightforward,
at least from a formal point of view.

32,48

It is well known that the two-body scattering amplitude can be

specified by two independent scalars. The usual choice is to define s, t,

and u as follows:
A= r2)= Br2)
t=lg- )= (A2, (2.1)
U= -P)'= (P=P),

where s, t,and u are not independent but are related, viz.,

Consider once again Fig. 1, which represents six reactions as shown.
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We define the s, t, and u channels by pairing particles—two incoming
and two outgoing—in the usual way.32 In the s channel, for example, with
E the total energy and 8 the scattering angle between 1 and 3 in the

barycentric system, we have

z_/ﬁ fzzjl: E_z

. .

A=fs ) = (2 + #,)

7 = (/9-—-/;)2: ))'//29 )I/J,z__?/f‘,fa —;‘2//2/7%6603&) (2.3)

A=l S s my Myt — 2L Ly = Z%/(Mﬂ/

where 1 indicates the three-momentum of the ith particle. If my = m3,

m, =m,, and if IpJ; is denoted by p, we obtain
A = /.;_ 2/
Z = - 2282(/- coo6 )/ C(2.4)

£ =-28"(1+c06),

If in any‘channel (say, the s channel) the corresponding two reactions
are energetically accessible, the invariants assume:''physical' values in
this chapnel; it is then obvious that s > 0, t < 0, and u < 0. The
physical values of thé invariantg in each channel can be determined easily.
Suppose, for example, that in Fig. 1, my and m, are pions, and m, and m,
are deuterons. Thgq the s channel corresponds to»nd elastic scattering,
i.e., 7d » nd; the t channel to nm -+ dd, and the u channel to nd + 7d.

The physiéal‘values of s and t (hgnce also u) in the s channel are

determingd from the conditions,.

A 2— b
Ay ()= ) @5

—1 £ co0d £/,

where y and d are the masses of the pion and deuteron, respectively.

The corresponding area of the real &,t.plane is’shaded:in!Fig. 2 and
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is there denoted by s. The physical values of the invariants in the t and
u channels can be determined in a similar manner, and are also shown in
.Fig. 2,

The scattering amplitude in any channel is a function of s, t, and
u. To relate the amplitudes for the various channels to one another, Chew32
has emphasized the important réle of the substitution law. According to
this law, the amplitude in the s channel has the same analytic form as
that in the t channel, but since the physical values of the invariants in
the s channel will not overlap those of the t channel, we need a process of
analytic continuation in order to find the physical amplitude in the one
channel from a knowledge of the physical amplitude in the other.

Now we define the T matrix (the invariant scattering amplitude) in

terms of the S matrix,48 viz.,
<fISTe>=<4[> —(N)“é‘fﬁ? -B‘)<HT ’*>/ (2.6)

where I%> is the initial state in the Heisenberg representation (expressed

in terms of the "in'" or '"out" basis) with the total momentum Pi’ and
|€> is the final state with the total momentum Pf.:,We adopt here a

form of covariant normalization48 which implies the following completeness

property of the states:

/ =/><0) 4 (éé-;é//eh/?%i/)f)y/&)Cé/ o

A% 4%, [V 2 b DIV 2T
o sl ), )00k, JR N n 2 )80, )<l o] ;
k, kl, kz,--- are four-momenta, and e(ko) is the step function, i.e.,

e(ko) =1, ko > 0,

=0, k_ < 0.
[o]



- 16 -

We can express the scattering cross section in terms of the T matrix.
Consider the scattering of two spinless particles. Suppose the initial

state |9 is Ipyp, iny and the final state |£ is |jp73p4 ir> and let

The density of the final states pj; will then

{glT|d be denoted by T, .

be given by

;=g 8l M5 o T -PIE L% on

In the center-of-mass system,

f
f; “/7_ /“ / A2, (2.9)

where pf’is the momentum of one of the final-state particles, E is the

~N
total energy of the system, and dQc is the: element of solid single associated
with’wf, :Using the above reélations,: one finds for ‘the differential scatter-

ing cross section the expression
' 2
do- _ JB | Jee
A1 : r
< IE L EEl @.10
where p, is the corresponding momentum for the initial state. In comparison
~n
with the results of potential theory, we see that Tfi is related to the

(non-invariant) scattering amplitude ffi by

-~ /%5 ) . (2.11)

The S matrix is unitary, i.e., it satisfies

If we take a matrix element between an initial state and a final state 4

this relation becomésy in terfms of the T matrix, =%~
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. 7 4
(—T ___ 7’T/ = —4 % ( 7’7{;(27/?0///?‘-/?)7”:\/

or

T - f}[* = - @*pf/yéfa-/%'/ Tne

"

(2.12)

In the right-hand side of Eq. (2.12) we sum over all intermediate
states* n which have the same total four-momentum Pn as both the in-
itial and the final states, and which are allowed b& the various other
conservation laws.

Consider the two-body intermediate states in particular. Let

Pi = 5, and express the right-hand side of qu (2.12) in terms of s;
we have
s QLD myme) ¥ 2 )
where / /
_ 1 2,1/2 2.1/2
Q(S ,mlmz) = —2-FS [s“(ml"‘mz) ] [S“(ml—mz) ] (2014)

is the magnitude of the momentum of one of the particles in the center-

of-mass frame, and d is the element of solid angle associated with 9.

*The state n will be called an intermediate state whether the particles
in the state are on the mass shell or not.
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ITI. THE ANALYTICITY PROPERTIES OF THE SCATTERING AMPLITUDES

In this section, we confine ourselves to the study of the analyticity
properties of the two-body scattering amplitudes with the intermediate
states limited to two-body states. As discussed in the previous section,
the scattering amplitudes in this case are completely specified by any
two invariants among the three quantities s, t, and u, Our study here
is concerned with locating and describing the singularities of the
invariant.amplitude T, defined in the preceding section, considered as
a function of two complex variables.

In the cénsideration of the analyticity of the scattering amplitude,

there are two different approaches: the derivation of the dispersion

49-53 54,57

relation from axiomatic field theory, and from perturbation theory.

Attempts to deduce analyticity properties from axiomatic field theory
meet up with consideraﬁl; difficulty, whereas in perturbation theory

gagh term o£ ﬁhe expansion corresponds to a Feynman diagram and the
anélytic continuation can be carried out comparatively easily for each
such diagram. For the derivation of a dispersion relation, it is
essen;ial to know the location of the siﬁéularities‘(poles and branch
points) of the amplitude and the values of the discontinuities of the
amplitude across the branch cuts associated with the branch points.
Perturbation theory provides a clear answer to this problem. Furthermore,

it has been shown in perturbation _theory40’42

that the discontinuities
across the cuts can also be calculated by applying the unitarity of the
S matrix to the scattering amplitude; this leads to Chew's conjecture32

that the amplitude is analytic in a cut plane (complex plane with poles

and branch cuts) where the cuts are only those required by unitarity.
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This assumption is a guiding principle in studying the analyticity of
amplitudes, especially when the Mandelstam representation is not valid,
as will be shown later for the case of nd and Kd scattering.

We proceed to examine the singularities of the nd and Kd amplitudes
using perturbation theory. A scattering amplitude corresponding to a
Feynman diagram can be expressed as an integral over the internal momenta
and is a function of the external momenta. General conditions concerning
the existence of the singularities of such functions defined by multiple

54,58,59 It is found that

integrals have been examined by several authors.
for a multiple integral to be singular it is necessary that it have either
(i) an end-point singularity, or
(ii) coincident singularities which pinch the contour at every
stage of the integration.
This cqndition has been applied to the study of the analyti;ity of Feypman
,diggrams by Landau,60 Bjorken,61 and Cutkosky.40

Consider a general Feynman integral expressed in the form

£ o=l = f;, 5o @0, e
T et
773

where qy denotes the four-momentum of the ith propogator: of..the Feynman

diagram, m, is.the corresponding mass, and B is a constant. The variables

i

ki are the.four-momenta associatéd with the .f indépendeént loops.of the diagram,

which variables k, can be chosen arbitrarily except that they must be con-

i
sistent with momentum conservation. Here we assume that all particles are
bosons for the sake of simplicity. (No new difficulties arise from the

introduction of Fermi particles) The scattering amplitude in the physical

region of the external momenta is given by

=l S

<€—70
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‘The singularities of Fe in the limit € - 0 can be found in the following

40,60,61, .

ways (these are the so-called Landau-Cutkosky rules
(a) Either they already appear as singularities of the reduced diagrams
of Fs (where the reduced diagrams are derived from the original diagram
corresponding to Fe by contracting the internal lines (see, e.g. Fig. 3);
(b) or they are leading singularities, i.e., they are not contained
in the reduced diagrams. These may be found by imposing the mass-shell
conditions
Jo= L =t (3.2)
on the set of equations
> Ap F =0 (3.3)
(where one has one such equation for each independent loop of the diagram),
aqd then searchipg for the qi's which lead to non-negative o, 's.*

i

Equation (3.3) is equivalent to the form det (q Y= 0, where,

193
evidently, for a given independent loop, i and j can assume only the values
appropriate to the loop. By way of example, the leading singularities of

the box diagram of Fig. 3a can be found from
A Fog ) =0, =l ¥ (3.3a)

plus the four mass-shell conditions; the (remaining) singularities may
be determined by equating the principal minors to zero and imposing the

appropriate mass-shell conditions, etc.

*The corresponding singularities lie in the physical sheet.
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54
Now it has been shown™ that the physical scattering amplitude
F(s,t) corresponding to a given Feynman diagram is a boundary value
of an analytic function F(z,t) approaching the positive real s axis

from above, with t fixed and negative. On the other hand, if Tfi’

{
the invariant scattering amplitude, is the boundary value of an
analytic function of complex s and of fixed negative t, approaching

the real s axis from above, then T;f is the boundary value of the same

anslytic function approaching the s axis from below.

[}

implies that, if T

62—‘64 This

£i is identified with F(s+ie,t), thenT}ff corresponds

to F(s-ie,t). Therefore, the difference Tfi—T;f = F(s+ie,t)-F(s-ie,t)
expresses the discontinuity of F(z,t) across a branch cut on the positive
real s axis for fixed negative t. If F(2,t) is real on some section of
the real s axis, then the discontinuity of F(Z,t) across the branch cut
equals 2iIm F(s+ie,t). This has been proved62 for any two-particle
scattering amplitude (with or without spin) both in perturbation theory
and in the LSZ formulation. In the latter case, the TCP theorem plays
a key role.

It is evident that the unitarity relation (2.12) expresses the
discontinuity of the scattering amplitude across a branch (unitarity) cut.

2 . s , . T
3 that the singularities of:the-scattering amplitude

One may next.conjecturé
are only those required by unitarity. In perturbation theory, one can
show that the Landau-Cutkosky rules follow from unitarity.43

We next consider the particular processes ofind anduﬁdwelastic‘SCattefing;
these are shown symbolically up to four-body intermediate states in the
t or u channel in Fig. 4 (no process corresponding to three-meson inter-
mediate states is listed due to conservation of G parity). A blob is used
to represent the various ways in which the particles:.emanating
from the blob can interact. For instance, Fig. 4a includes, among other

possibilities, those shown in Fig. 5. Figure 5a corresponds. to nd (Kd)

elastic scattering, where the incoming deuteron breaks up into two nucleons,
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one of which absorbs the incoming n(K), then emits the outgoing m(K),
and finally interacts with the other nucleon to form the outgoing..- ‘
deuteron. The intermediate state in the s channel for this case consists
of two nucleons (a nucleon and a hyperon). TFigure 5b can be similgrly ’
interpreted except that the intermediate state in the s channel now
consists of one nucleon plus a 7N (nY(hyperon) or KN) scattering state.
If we study Figs. 5c and 5d in terms of u and t, ‘the analyses of Figs.
5a and 5b, respectively, can be applied directly in these cases except
that s is rep;aced by u.

The singularities of the scattering amplitude corresponding to

30,59,65

Fig. 4a have been studied by many authors and will be described

for md and Kd scattering in what follows.

Consider first =d élastic scattering of the type shown in Fig. 5a.
The Landau-Cutkosky analysis (see Fig. 3a) is directly applicable in this
case. The normal threshold®in the s channel is 4M2; it is again aM? in the
t channel (M is the nucleon mass). These singularities correspond to
a, = a = 0, respectively. To study the possibility.of

= 0, and o, = o

2 4 1

anomalous thresholds,

3

65,66 we draw the reduced diagrams of Fig. 5a in

which only one of the g is zero. These are given in Figs. 6a, 6b, and

6c, corresponding to @y = 0, a; = 0, and @, = 0, respectively. The

figure which is not shown here, corresponding to @, = 0, has the same

54,60,67

analytic properties as Fig. 6c. The duals of Figs. 6a, 6b, and

6c are shown in Figs. 6a', 6b', and 6c', respectively.

*The normal threshold for a given diagram in the s channel, say, is defined
as the smallest energy of the allowable intermediate states. It can be
shown from unitarity that the normal threshold occurs as a branch point

of the scattering amplitude on the real s axis. Other singularities on the
real axis which are produced by the unitarity integral (right-hand side

of Eq. (2.12)) are termed 1inomalous.
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Since the dua;s 6a’' and 6c' are triangles, there will be anomalous
thresholds in the t as well as the s channel for nd scattering of the
type given in Fig. 5a. These are denoted by to and S0 regpectively,
and lie in the physical sheet. On the other hand, the dual 6b' corresponding
to Fig. 6biwill nqt form a triangle, and t; is therefore not a singular

point in fhe physical sheet. TFrom geometry, we have
2 ' 4,
= 4= T > 2 73T
/
2 4
Z‘0/: 4‘//"— //LAI ’
o= Ap = L oud ]2 ) - £ )
- / 2/ 7 M/

7

(3.4)

The Landau curve t = t(s) is determined from Eq. (3.3a),

which reduces to the two equations;

/=,¢ﬁ2(ﬂﬂﬁa)(ﬂ'257
A L= 4pME) / (3.5)

and
t =20,

where

J/zd?/“ -,%%ig/ad///- ;{;i)//-%;) . (3.8
The solution t = 0 does not correspond to a singularity in the physical
sheet. The Landau curve is shown in Fig. 7a.

The part of the curve for which s > 4M2 and t > 0 lies in the
physical sheet. Since'sé is not in the physical sheet, thg same must
hold for points on the Landau curve with s < sq. As s increases, s

reaches sq at which point t = t (or ag = 0). As s increases further, points
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on the curve correspond to ay > 0, so that the portion of the curve with
sq <s§ < 4M2 is 1in the physiéal sheet. For to <t < t; , S becomes
complex on the Landau curve and the Mandelstam representation is not
valid in this case.l‘o But as long as s is real, t(s) is real, so that

a dispersion relation in t with s fixed.and real would appear to be more
convenient than one in s with fixed t.

A‘siﬁilar technique can be applied to Fig. Sb,'*'where the meson is
rescattered by the same nuc;eon, so that meson-baryon scattering states
are included in the intermediate state. The Landau curve for this case
is shown in Fig. 7b. Now'wé have ah :anomialous.thrésholdiin..the t:channel
in the physical sheet,'but,nocfin the' 5- channelic~Other.anomalous thres-
holds appear in the unphysical sheets. :Notecalso thétmtsalies«in,thé pit
physical region of s, i.e., s > (normal threshold in s) = (2M+u)2.

The same procedure can be applied to Kd scattering. In the process
corresponding to Fig. 5a, the meson line now refers to the K particle,
and the baryon which absorbs and emits the meson will now be a hyperon
with mass Y (the masses corresponding to specifichyperons will be denoted
by the particle symbols themselves). If the hyperon is A, I, or Yz (1403),
we have anomalous thresholds in both the t and s channels. The Landau
curve for this case is shown in Fig. 7a’. The magnitude of t is the same

as in the md case, whereas t; and s, are different; these statements may

*As far as the singularities of the amplitude are concerned, this diagram
is essentially the same as the box diagram, so that';he Landau~-Cutkosky
rules for the box diagram can be applied here.
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be easily verified by inspection of the duéls. If the hyperon is Y:
(1520), then only the anomaious threshold in t appears in the physical
sheet, and the Landau curve looks like Fig. 7b.

We turn next to a consideration of the process given in Fig. 5b
applied to Kd scattering. The (meson-baryon) scattering intermediate state
will now involve either KN or nA (nI). Because of the mass difference
between the KN and nY systems, the process with the KN scattering
state has an anomalous threshold (in t in the physical sheet), while
that process with the mY scattering state has anomalous thresholds in
both s and t. The Landau curve for the former case is like that of Fig. 7b,
while the curve for the latter case resembles Fig. 7a'. Generally, as

42
the internal masses become larger, the curves become more ''normal."
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IV. A SIMPLE MODEL-~-TRIANGLE DIAGRAMS.

We now consider scattering amplitudes with many-body intermediate
states., Let us first rewrite the unitarity relation, Eq. (2.12), in a
form which will prove useful for our present purposes. We consider here
again the scattering of two particles. The contribution of the three-

body states to the right-hand side of (2.12) is

4%, 4%, 4 RSV
ROV Gl Tl (T 5(2/5’7 Gl me G ) WA G AR )

XU//VU/?/ 72:+% — B §¥éz (4.1)

As in the case of the two-body intermediate states, some of the 9
integrations can be readily performed. For this purpose, we introduce
new variables to specify the configuration of the three-body system.

We define the direction of dq by the two angles Q = (8,¢) measured
with respect to a given referenc:“frame in the three-body center-of-mass
system. In this system the direction of q1+q2 is opposite to that

N AR

of 93> but the relative orientation of 9 and 9 has yet to be specified.

~A v NA
Towards this end, we designate the direction of qQ by Q' = (8',¢') measured
with respect to a set of coordinate axes in the ;:;t frame of the 1,2 pair.
In addition, we define the invarignt variable £ by £ =(g1+q2)2. The
variables Q, Q', £ together with g = (q1+q2+q_3)2 will then describe the
configuration of the three-body system completely.

In terms of these variables, the expression (4.1) becomes

AL, J’j’z/o{}‘/o//)/\h/}‘})b)ﬂ;; mhe) 77“[\‘ 7o
/

where

f/x)/‘ Ry :(3—1573 ?7;? Q@/\n’/}h) &(ﬂ* (s ,'//”?)z) .
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Q is given explicitly by Eq. (2.14).

As in the case of scattering amplitudes with two-body inter-
mediate states, the analyticity properties of the amplitudes with
many-body intermediate states can be studied with the help of the
Landau-Cutkosky rules. Now, however, the algebra beqomes far more
complicated except when we have simple relations among‘;he maésés.46’68’69
This is precisely the difficulty which the analysis of nd and Kd
scattering with many-body intermediate states faces. If we confine
‘ourselves to two-body states only, however, the mé;hod is useful to
determine the 1ocation‘qf the singularities of the amplitudes. Can
the gnalyticity of the nd and Kd scattering amplitudes with many-body
intermediate states be determined without getting into all the afore-
mentioned complications?

Our ultimate aim is to determine a scattering amplitude as an
analytic function of invariants (s,t, and u) which satisfies the
unitarity relations in the s,t, and u channels. One_way32 to solve
this problem is to decompose the séatﬁering amplitude into its partial
amplitudes (amplitudes for precise angular-momentdﬁ states) and then to
determine each partial amplitude by means of a set of (integral) equa-
tions for each angular-momentum state. This methqd has been widely
used32’37.39 in the study of elementary-particle interactions.

The application of a partial-wave analysis to the md and Kd problems

leads to serious difficulties, however: elastic unitarity cannot be used
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even at low energy, the many-body intermediate states must be taken into

. 27-29
account seriously,

Ana the Left—hand cuts which are associated with
the reéctions in the crossed channels have to be found. To formulate

the integral equations for the par;ial amplitudes of nd and Kd scattering,
one would have to solve these difficulties first.

Instead, we attack the nd and Kd problems from a different point of
view. The generalized Feynman diagrams which contribuﬁe to the elastic
scattering have already been given symbolically in Fig. 4. We undertake
a more systematic study of these diagrams now, noting that iﬁ these
diagrams each blob includes many kinds of complicated’interactions. Corres-
ponding to Fig. 4a, for example, some of the possibilities which the lower
blob represents are shown in Figs. 8a - 8d. Here, the horizontal broken
lines indicate the particles which are in the ?ntermediate states in the
t channeif The intermegiate states are common in these four diagrams, and
are the two-nucleon states. The normal thresholds 6f the amplitudes have

2

a common value in the 't channel, 1.e,, t =_4M2 = 180.8u". The other internal

lines may be regarded as contained in the Tfn o,r‘Tni fqr_the t channel,

If we put aside the qqestion of anomalous thresholds for the moment,
then, so long as the in;ermediate states are the same, so that the normal
thresholds are the same, no one particular diagram is.obviously more im-
portant than any other diagram in describing the reaction in the t channel
(dd + wﬁ; or dd - Kﬁ).' Ho;ever, when there are anomalous thresholds due
to the specific interactions which the blobs in Fig. 4a represent, the
.situation may become different, .In order to find out whether and where:
the anomalous thresholds appear, we shall use the techhique‘of dual dia;

65,67
grams,

The reduction‘of box diagrams to triangle diagrams has already
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been described in Sec, III . (see Figs. 5 .and 6). We can reduce the
diagrams in Fig. 8 in a similar fashion. By contracting the upper blob
(a function of two variables) of each-diagram to a vertex (a function of
one variable), we obtain ‘the corresponding triahgle diagrams.

The anotialéii§ threshold € in the t channel corresponding to Fig. 8a
may be obtainéd by a simple geometrical ‘considerationii-The'result; which
includes the general case where the mass of the horizontal propagator is my

and the masses of the intermediate states are m, and mgois

. 2, o)
s —4_;/1[4/@»;1) +d(mm) ] + 4”7/2) ;)

where
4
Al ) =Aw:h,) —_—/[ﬂm W) ffa =ty —»zz/ij/z,

Upon setting mo=my =m, = M in the above equation, we obtain

2 ¢ 2
£ = 4d - dj/:: A S/
This value is evidently small compared to the normal threshold

180.8u2. ‘1f’instead\we set m

1
(corresponding to Fig. 8b, we have
= L[ty d )@ -p

"
° M)

which, as a function of u, increases rapidly as u increases. Numerically,

= M+y  and my = my = M in Eq. (4.3)

to iy 110u2. Finally, one may determine thelto's corresponding to

Figs. 8¢ and 8dy viz.,

. - 2 for Fig. 8c ;
fb 27/& ,
, .
= Ji%/ﬂ 5 for Fig. 8d.
As we have just seen, the anomalous thresholds which are obtained for

the several representations of Fig. 4a are always smaller than the normal
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threshold. This means that the branch cut in the t channel must be ex-
tended below the normal threshold, 4M2, down to the lowest of the to's.
If the reaction in the s channel is at low energy, we expect, in view
of the dependence of t on energy and angle (Eq. (2.4)), that the con-
tribution to the scattering amplitgde from those diagrams which have
smaller anomalcous thresholds will dominate and that the approximation
in which we select only a few diagrams will be justified. On this
basis, the contribution of Fig. 8a to the two-body intermediate-state
term in Eq. (2.12) is clearly dominant over those of Figs. 8b - 8d and
the scattering amplitude corresponding to this diagram can be expected
to be a good approximation to the elastic scattering (the principle of
"nearby" singularities).32

As in the case of the potential theory of md and Kd scattering, we
can define the impulse approximation, binding corrections to the imp;lse
approximation, double scattering, and multiple scattering in terms of
generalized Feynman diagrams. In fact, at low energy, there seems to be
a 'close correspondence .hetueen potential theqry.and the relativistic dis-~
persion-theoretic approach.70’71._

For the sake of simplicity, we shall limit our comsiderations to
triangle diagrams for the remainder of this section. We define the im-
pulse approximation for nd or Kd scattering as the amplitude correspond-
ing to Fig. 8a, neglecting the contributions of Figs. 8b - 8d since
the latter have larger anomalous thresholds. In our definition of the
impulse approximation, we do not specify the details of the 7N or KN
scattering amplitude (the vertex at the top of Fig.8a), except to assume

that it depends only on t. In the next seétion, we will extend the defini-

tion of the impulse approximation to the nd and Kd scattering amplitudes
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when we have box diagrams; there, both the s and t .dependences of the 7N
and KN interactions need to be taken into account.

By contracting the upper blob in Fig. 4b, we obtain a correction
to the impulse approximation. éome of the resultant diagrams which
have anomalous thresholds are shown in Figs. 9a and b, and the corres-
ponding duals are given in Eigs. 9a' and b', respectively. Evidently,
we can take Fig. 9a as the leading binding correction to the impulse
approximafion. We note that the intermediate meson is a m meson in the
Kd as wéll as in the nd case. No binding correction due to K mesons
is allowed, because of the conservation of strangeness..

Other corrections to the impulse approximation are obtained by con-
tracting the upper blob of Fig. 4c. A resultant triangle diagram is shown
iﬁ Fig. 9e:; evidently, this case corresponds to a multiple (triple) scat~
tering. For elastic nd scattering, the anomalous threshold for Fig. 9e
is‘28u2. In ;he Kd case, the intermediate mesons can be two kaons (no
anomalous threshold) or two pions (threshold at 28u2).

It is convenient to consider next the diagram shown in Fig. 4e. This
diagram may be regarded as the process in which the incident meson is ab-
sorbed by the one nucleon and the outgoing meson is emitted by the other.
Note that this diagram is drawn in the s and u channels. Evidently such
a process éxists only for ﬂd'scattering and not for Kd scatte:ing in view
of strangeness conservation. Approximating the generalized interactions

inT and T
n

ni in the u channel with single nucleon lines, we obtain the

f

anomalous threshold u ,

o
2 2 pfa® | ud 7 2. 2 2 2
wea? 42 o4 Lud S a?y e - %) o 180,60
o 2 .2 Ly
2M 2M
which is very near the normal threshold. Therefore the

contribution of this diagram to md scattering is expected to be small,

and will not be considered further in this section.
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The diagram shown in Fig. 4f may be considered as describing a
correction to Fig. 4e. Some of its representations are shown in Figs.
9¢ and d. These diagrams correspond to double scattering (in both the
nd and Kd cases). The amplitude corresponding to Fig. 94 has no anom-
alous threshold, unlike that of Fig. 9c¢c where the value of the thresh-
oidAdepends, of course, on the masses of the baryons and the mesons
pErticipating ip the interaction. Our definition of double-scattering
includes only Fig. 9c.

We consider next Fig. 4d, in which the intermediate state in the
t channel_consiets of two mesons. Now the amplitude has no anomalous
threshold, but the normal threshold is at t = 4u2 for nd scattering
and at t = 49u2 for Kd scattering. Therefore, this diagram should be
important, especially for the study of nd scattering. If we try to
take this diagram seriously, however, we have to deal with a set of
integral equations involving at least the dd - mm, and mm + wm ampli-
tudes, but this is beyond the scope of the present paper.*

To this point, we have surveyed all the diagrams shown in Fig. 4,
and in particular, have claseified the associated triangle diagrams
according to the impulse approximation, binding cerrections, double
scattering, and multiple scattering. We consider next the analyticity
properties of these amplitudes in more detail.

We begin with the unitarity relations (Egs. (2:12) and (4.2))
applied to these amplitudes in the t or u,chennels. Suppose firse

that the deuteron mass is so small that no anomalous thresholds appear

*0On replacing the upper blob of Fig. 4a by a two meson state (in the
t channel) one can estimate part of the effect of t§8 7m interaction
on nd scattering; this effect turns out to be small.
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in the channels in question.“’45

In this case, the unitarity relation
te;ls us that there exists a discon;inuity of the amplitude across the
unitarity cut,gbove the normal threshold. We can then express each
amplitude in terms of its discontinuity by the Cauchy integral theorem,
yielding a dispersion relation. We assume that the amplitude goes to
zero sufficiently rapidly at infinity. As the deuteron mass increases
to its physical value, anomalous thresholds may appear and the form

of the dispersion relation may have to be modified. We are most in-
terested in which way the modification arises.

The rest of this section will be devoted to the study of the
analyticity of the impulse-approximation and of the double-scattering
amplitudes; for the sake of definiteness, Rd scattering will be con-
sidered. It 1s rather straightforward to analyze the remaining am-
plitudes in view of the similarity of the triangle diagrams to the
deuteron form factors.71 We shall take up all these amplitudes‘again
when we consider the more complicated diagrams in the next section.

The diagrams we study are those shown in Fig. 10. The scattering
amplitude corresponding to NN - kg~ will be denoted by g(t), and that
corresponding to K+d + K'NN by G(u,£), where £ is the sub-energy vari-
able as used in Eq. (4.3). The quantity E(u,g) represents K NN + K+d.
The invariant x is defined in terms of the process Kd -+ KNN as the square
of the momentum transfer in the center-of-mass frame of the total system
(in the u channel), while v is the corresponding invariant in the & channel.
We assume from now on that the scattering amplitude in question is repre-

sented by a real analytic function, so that the discontinuity across
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a cut on the real axis will be in its imaginary part.

Under these circumstances, it is easy to write down the discon-
tinuities (the imaginary parts) of the impulse-approximation and the
double-scattering amplitudes across the t and the u axes above the re-
spective normal thresholds provided the mass of the deuteron is so
small that there are no anomalous thresholds.

Consider first the impulse approximation (Fig. 10a). The momenta
of the nucleon and the deuteron are shoﬁﬁ in the diagrém. Let dQ be the
element of solid angle associated with the three—momentum‘g\in the cen-
tgr—of—mass frame of the total system, If z, is the cosine of the polar
angle and ¢ is the azimuthal angle of’g~in a reference frame with p in

A

the z direction, then dQ = dzvd¢. The momentum-transfer variable v is

V= (p-9)= HHrA- 227 ~ 2P/ 212,

The imaginary part of the scattering amplitude corresponding to the

impulse approximation (Fig. 10a) then becomes, in view of Eq;‘(2.13),

/ 2
277 Az Sl 1) L 7 (4.42)
= PN, /

where Fo is the coupling constant of the dNN vertex, and the ¢ integra-
tion has already been carried out. The p(t;MM) is defined in conjunc-
tion with Eq. (4.2). Insofar as the dispersion relation in the im-
pﬁlse approximation is concerned, this can be deduced by the techniqu¢s<
to be developed in the remainder of this section; the result will be

quoted later.
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Now for the 'double scattering as shown in Fig, 10b, where the
momékt; of the internal particles are explicitly shown. It is con-~
venient to specify the intermediate state in the u channel by means of the
same variables (one sub-energy variable, four angular variables),
as in deriving Eq. (4.2). The quantity v depends on the four masses,
mK,M,/E, and d, so that v will often be denoted by v(&;mKM¢§ d), where
the propagator corresponding to x may be a hyperon with mass Y (not
necessarily on the masé shell).

The imaginary part of the double-scattering amplitude can be

written down, in view of Eq. (4.2), as

(a5 ) LS FM SLE) 77 )
(X= Y*)( v~ p*)

The notation G(u_,£_) indicates that the amplitude is to be evaluated

-7 /J)d_f)é();’ G

from below the u and £ axes. The imaginary part of the double-scatter-

ing amplitude, denoted by Im Td(u), is then

/
I Tel) = W RfUSGOF )G 1)

)sj/ZQ%} L5 ) /1 me)
=

M= U
4 a term with G replaced by g, (4.4Db)
The z, integral has the same form in (4.4a) and (4.4b). Thus, the
right-hand side of (4.4b) includes an integral over the z, assotiated with
the circled part of Fig. 10b which can be regarded as the dYg vértex (a
function of £). This vertex has an anomalous threshold in & for.;he

physical deuteron, as can be seen from its dual which is shown in Fig. 9¢’'.
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The dYf vertex PY(E) is formally defined as the function of §

whose imaginary part is given by

_ e, L , (4.5)
9»»/—(5) ?75/0/?//7”%) s T Wf/'?/f)’d)

where the deuteron mass is assumed to be small; g is the KNY coupling

constant. For later use, we introduce u(Esx),

/ .
\ /0 )05, M1 mp ) (4.6)
— AZ
PR = e )
s0 ﬁhat
//((‘5‘/‘)(:\{1./: %L D 55D (4.7)

We turn our attention to a consideration of the analyticity

properties of the dY{ vertex. Define c(a,dz) by the relation

j(};ﬁ(y:- 2&0(}_/‘/7).)’/()@0/}‘/\0(7 )- A : (4.8)
2 6?(}}\/7bﬁw)é?(;>>%i7’) /

where
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The z  integral of Eq. (4.5) then becomes

(de, 2/ C(4.9)

280G am R Y ) fndY - )

/
A5, 70 _
M-V

-/

The integral has singularities at C(E,d2)=jl. For d2 < 4M2, the

singularities are real with £ = 0, a,,and =, where

+

R K1 . z 2 : g - - 2 Y ) 2_.
A = PN =Tyt g ) i |- ) (2 )= 1)
(4.10)

The z, integral can now be transformed71 into a contour integral

in the £ plane with cuts from -« to O and from a_ to a,. The result

may be expressed in the form

o 2ign (<552 357)
T3 5) = 20510 ) SR ey ) e ve) 2 (@D

where

Suppose the deuteron mass is small, say, smaller than A . It can

be easily shown that a, increases with a? provided d2<d§=2M2— §%~
K

2, and then decreases as d2 increases to its

2.2 2
(Y-M"-m ) 5
a, = (M+ )2 when d2 =d
+ K c
physical value. When the deuteron mass is sufficiently small, FY(E) can

be expressed in terms of Im FY(g) by means of the Cauchy theorem, viz.,

e /
/;(g)t%/lf/ Mi(f) . (4.12)

(Mv*mk)z B E‘
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If, now, we add -ie(e > 0) to dz, a, will have a negative imagi-
nary part when d2 < di,rand a positive imaginary part when d2 > d:. As
d2 incfeasesvto its physical value, a, approaches and goes around the
normal threshold (M+mK)2, and then diminishes. Therefore, as d2 in-
creases, the singularity a, of Im TY(ﬁ') cuts across the E'.éontour
in Eq. (4.12), and a deformation of the £' contour beéomes necessary
in order to define I'y(£) for the physical deuteron mass.

To find a convenient expression for FY(E), let us consider the
general problem of analytic continuation with respect to d2 of an in-

tegralzl’72 I(s,dz), defined for small d2 by

o ; ' (*Z)
Tls%) :/0%’?(/’) j/i/”f//j’,’) , (4.13)
< =

— O

where n and a are real and n > a. We assume here that
I. f(s) has a cut to the right of n;

2 )

physical and n;

II. g(s) is regular between a(d
IIT. as d2 increases, a(dz) varies as shown in Fig. 11 when d2 has
a small negative imaginary part;
and IV. s # s',
In order that I(s,dz)_remain'on the same (physical) sheet as a?

tncreases to its physical value, we have to deform the s' contour:as

shown in Fig, 11;'I(s,d2) then becomes

‘/O -/0

o

- N " ’ oo ’ / L7
700 4%0= —sn ) [Sp0)
e
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where.

R = _oujﬁai 4 /:ﬁ‘;[ S8 = Fol5) ]

—

and fII(s) is the continuation of f(s) into the second sheet through
the n cut from below. Equation (4.14) is the basis of the analytic
continuation procedure which we shall use many times.

The result of the previous paragraph can now be applied to the
study of the anomalous thresholds of the deuteron-hyperon vertex TY(E)
and of the double-scattering amplitude Td(u). We rewrite Eq. (4.12)

in a somewhat more convenient form, viz.,

2 Sip (- DS54 /257)
,O-ff(y,/;m,() Ap) LS5 2 2 h
/v (3) =237, -/ / ) SRy STE T
(M-rhk)
The integrand of the &" integral has two cuts in the £" plane; these

fun from (M--mK)2 to (dﬂY)z— and from (M.+mK)2 to(d+Y)2, respectively.*

As the deuteron mass d increase, a, increases, goes around (M+mK)2, and
then decreases. Along with this process, the integrand has to be eval-
uated on the second sheet of the E" plane through the cut from (M+mK)2

to (d+Y)2. We can then immediately apply the results of the analytic
continuation (Eqs.(4.13) and (4.14)) to Iy (€) and obtain, after a straight-

forward calculation;

i)

20
Hony, Ty (57)
/( )::é A5 D ﬁ4?9 -/ A& o T
ARz “4 55 (/77"1k)z S (4.15)

* We note that Q(&"; MmK)Q(E" dY) includes the factor

{5~ cram pAE% w5y )7 J05% - Y)J}
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where

Sue Sory) = 215 87=as) A /17 me) > 5 )
p (5 P Js Y - FI0— (=Y 1)

The values of a+ turn out to be

@fz..—:f‘f,?/u’/ /’(/’;//

=% ép (A2 5 ).

For comparison, the normal threshold is given by
(M+n. ) = s04 9p°
P . /ﬁ‘ .

The integrand of the £'integral over thé""ﬁérﬁial‘region((M-PmK')'2 to

), ImNPY(E), is obtained by a direct integration of the right-hand side

of Eq. (4.5),

Vo Fys)e 2o 8(3=(hsm)") 1,205 # VD
y»\’N T(Eﬂ) /K?f;[(df Y )= }‘J[}'— (- )/)7‘]/}2 ?;(/?-/_‘/'}7;7 /
where
V(5) =g 5= (Y 5 Y X5 Clrme) )~ 1=y )*)
and

F(5) =5:/$9[;i (A% Y 2 me) s +(d 2 Y2)(hm) ]

Now, it can be verified that ImPY(E) is a monotonically decreasing
function of £; also, that it decreases faster with respéct to increasing

'5 in the normal region (E;(MHmK)Z) than in the anomalous region (a+s€s(M+mK)2).
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Therefore, we adopt the approximation that, in Eq. (4.15), the second
tntegral (over the normal region) can be ignored compared to the first
integral (over the anomalous régisn). Although it is possible to in-
clude the contribution from the second integral in the calculation of

the double-scattering amplitude, our approximation greatly simplifies

the problem.

We apply next the technique of analytic coﬁtipuation to the double-
scattering amplitude. Let us rewrite Eq. (4.4b) in terms of u(§;x) (Eq.

4.7)): .
W®-m) ~ \ ‘
DT = 2/ a¥[Gla, )+ Gre, R)Jfeas ni)

U4+MK)‘
/ ~
x (52
Y A e

2 W'Hjl
=2/ 45lGl,2)+G
(‘7'*70:)\

(b, . 2D P MY %)

x/ 2&/@%)&(« PRZECE VA

where the u' integral is obtained from the z integral in exactly the
same way that we made the transition from (4.9) to (4.11), and u‘ = a;
is defined as the end-point singularity of the u' integral.

We consider the & iﬁtegral. If in the expression for u(E;Yz) the
deuteron mass increaseé, one of the singularities of u(E;YZ) cuts across
the £ contour, and we encounter again the neéd for carrying out an an-

alytic continuation. The procedure is very similar to the case of Eq.

(4. 12), and Im T (U) becomes, retaining only Im Y(g),
w*”’x}
STt ) = =27 AL Gt ) 58t £ L0 M oy (7
7

4,

' 7
/da 2004, KEIA(Uy ma) (e=a ] /) (4.17)

—0o
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where a, was defined in Eq. (4.10). Let

+
Gy

At )= fote?— :

/
28(aly MFIa(hy md ) =) )

Td(u) can then be expreséed as

6anx)z i , N |
Tatw) =-2/f «r) —ZLl[Gralr) eG4 5]
RN 27

,x//«;y}?ﬁ) D, THF) M4 (4.18)

Now, the u'—-integral contour of Eq. (4.18) may have to be modi-
fted due to the singularities of G(u',£) and H(u') as the deuteron mass
increases. It is easily shown, however, from simple geometry that the
singularity ay 6f H(u') will never reach the normal threshold of the u'
integral, (M+/E)2, for any £. On the other hand, G(u',f) will have a (real)
siﬁgularity, a5, in the u' plane* which appears in the physical u' sheet
as:d2 increases for £ < Eo =M + m, - 2 6(1+MmK?¥) (6§ is the binding
energy of the physical deuteron). Therefofe, a modification of the u'
contour will be necessary. Finally, it can be shown that no ad-

73,74

ditional singularities willl arise in G(u;E) as £ varies.

We obtain finally for the double-scattering amplitude Td(u),

2
-« (4.19a)

*This may be most easily seen by taking G(u',£): to be the S-wave projec-
tion of a one-nucleon-exchange approximation for the K'd + KNN ampli-
tude. One then has also G(u',&) = a(u',g).
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where
Grn)
Tila)= Lo o O -
e L= S | /080 7
A

a
y_ " _w’ (4.19b)
g "“‘0‘?)))”%rﬁ%@/«wf/}/@ﬂw%a)/“’-“} 7

with uo(g) = a,, and f(g), the KN -+ KN amplitude, is as shown in
Fig. 12, | | |

| The method we have developed can be applied to derive the dis-
‘persion relation for the impulse approximation term Ti(t) with the

~ result

9% ‘ _
A A | (a4 (4.20)
T.0&) PT S (2L8) )79 AT E7) /

where to = 1.73u2.

The anomalous threshold uo(a+) of the double-scattering amplitude

can be easily calculated. For\id scattering,

- 2
.uo(a+) = 195.4p

if the hyperon(the propagator corresponding to x in Fig. 10b) is a A;

| u_(a,) = 166.8y°
if the hyperon is a I. These values are to be compared with the normal
threshold, (ZMEI-mK)2 xn287u2. For the case of nd scattering, which can

be handled in an analogous way, one has

2
uo(a+) NoAMT,
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which is very close to the normal threshold (2M+u)2 v 4M2(1+0.15). Thus,
for nd scattering, the effect of the double-scattering correction to the
impulse approximation is expected to be very small. On the other hand,

this correction will play a significant role in the case of Rd scattering.
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V. A SIMPLE MODEL--BOX DIAGRAMS

In the last section, we studied the analyticity properties of the
triangle diagrams which correspond to nd and Kd scattering. There,
we noted that the existence of very small anomalous thresholds in the
toru channel is a main feature of the low-energy scattering amplitude
and that this in turn makes the overall analysis easier. Although some of
the elastic-scattering amplitudes can be approximated by simple triangle
diagrams, as will be discussed in Sec. VII, in practice, we generally
need to know the singularities of the amplitudes in the s channel as well.

We accordingly consider the analyticity properties of the scattering
amplitudes in terms of generalized box diagrams. Toward this end, we
shall define the corresponding impulse approximation, the binding corrections,
and the multiple-scattering corrections. Once again we come back to Figs.
4a - 4c. As in the case of the triangle diagrams, the probability that a
deuteron will break up into two nucleons (d » NN) in the intermediate state
of the s channel is assumed to be very large compared to other possibilities
such as d + dm, d + NNw, etc. ;Therefore,'the lower blobs of Figs. 4a - 4c
can be regarded as prop#gators consisting of single nucleons. (The possibili-
ties of Figs. 8b - 8d are then excluded.)

The impulse approximation is then the scattering amplitude corresponding
to Fig. 8a. From Figs. 4b and c, we obtain the diagrams which correspond to
the binding corrections (Figs. 13a and b) and the multiple (triple) scaftering terus

(Pig. l3c)f* For the sake of definiteness, we shall consider nd scattering

*Here, the s' should be understood as propagators. We have not considered the
the general case where the upper blobs of Fig. 4 are retained. The analyticity
properties of such terms are more involved in general than the cases we shall be
dealing with.



- 46 -

in this section. As noted at the end of the last section, double-scattering
effects can be ignored. |

Wé begin with the unitarity relation, Eq. (4.2), applied to the various
amplitudes in the t channel. Consider, in particular, the binding-correction
term, denoted by Tb(t,s) (Fig. 13b). The imaginary part of the amplitude
in the t channel assumes the following form, when t is above the normal
threshold (2M+u)2 and s is in the unphysical region (for the s channel
process nd + 7d) and all internal propagators correspond to particles with

definite masses:*

S ‘E( ra)= = ’/;%; SAC) P iT R PO )

7 A / s
% ya LA (5.1)
o WA - "Zf/»// Ve .

where we have used the same notation as in Sec. IV; the amplitude, gf ¢ourse,
represents the dd + nn process. We assume here again that the deuteron mass
is so small that there is no anomalous threshold in the t channel. In Eq.
(5.1), £(&) is the 7©N scattering amplitude of Fig. 13b, which we assume to

be a function of £ only,** and not of w (w is the invariant momentum transfer
for the 7N scattering).

The ¢' integral can be carried out, with the result,

*For the sake of generality, we denote the masses associated with the s'
and x propagator by M' and Mx’ respectively.

**This assumption, which is reasonable so long as we are dealing with
low-energy reactions, is essential in the reduction of diagrams with
three-body intermediate states to those with two-body states.
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Gt s) =5%f?ﬂfﬂf//@‘”;wmﬁ’l’)/m AR

T
where u(i;sz) is given by Eq. (4.6), T,= 0 is the amplitude from the

x-M 2
X

- - g
initial state (dd) to the intermediate state (EN), and T2 = ——— refers
s”-M~2
to the amplitude from the final state (mm) to the intermediate state.

The quantity Q is defined in (2.14) and dQ = dzx d¢. As we saw in detail
in Sec. IV, the integration limits of the £ integral may be taken from
a, to (M+u)2, where a, is the anomalous threshold of the deuteron-nucleon
(dxg) vertex.

Equation (5.2) shows that Lnls(t,s) in the t chanﬁel';an be expressed
in terms of the amplitude for the simple box diagram shown in Fig. 13b';
as in the case of the triangle diagrams, here too the deuteron-nucleon
vert.ex7 u(E;Mi), will play an important role in the study of the analyticity
of the nd sgattering amplitude. [One can also write down, in a similar manner,
the imaginary part of the triple-scattering amplitude (Fig. 13c);v£t will
be characterized by two deuteron-nucleon vertices (Fig. 13c').]

Consider that part of the right-hand side of Eq. (5.2) which has

exactly the same form as the imaginary part of the scattering amplitude

with two-body intermediate states; thus, we introduce Tg,~where

N A
Let z, zy5 and z, be the cosines of the angles betwgen the three-momenta of
the iﬁitial d and an outgoing m, the initial d and the intermediate N, and
the intermediate N and ﬁ?e m, respectively. Eq;7;5.3) then becomes
2
W Ty=- gg,fél@/)/zemfjé(fr - e )
/ EHE, -3, )z7 2R EHREpp)IE, :(J,/K(y.z,/z,)
2

(5.4)
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where K(E 8,8 )= / —E- 2, -&"+2F 5%,

Z
and R A/ Ly~

also (see Eq. (4.8)),
{= (20,02, ) @2, 1978 ) —/&1)//2 Q///‘d,()@/é‘///;-)))

L= (2@ p0,mVE) - M?/( 2. Qe pp) (2 1)
The zy integral can be transformed in the t plane into a contour integral

from -« to to(cf. Eq. (4.11)), where t, corresponds to cl=il and is given by

z:—z;(‘;) 2M1(3H ) 0()-;- j(‘?h o(,)((\/?ﬂ'l)‘a(,)(d (J?‘H)z) (5.5)

We have used the fact that the z, integral is analytic for -1 < ZI‘ . For

fixed £ and a small deuteron mass, T, can be expressed in the form of a

£
dispersion relation in the t plane. As the deuteron mass increases to its
physical value, to goes around the normal threshold (¢E+M)2, so that one needs

to modify the contour in the t plane. Retaining only the anomalous region

t <t g (/E+M)2, we obtain for Tg’ for the physical deuteron mass,

f‘fH)
71; /51? 7z z),/z T3 % 57[2Q(z HE (7, /y‘)] (5.6

where

A(Zf)—/

(. Ijk(z 5,%) (5.7)
The complete dispersion relation for Tb(t,s) for a real deuteron with
s unphysical (with respect to the s channel) is, from Eqs. (5.2) and (5.6),

trpe)” AfFrn)?
Tz /0)—‘:‘——1’/(( ', <t
s> JEn) A G )G, AR
% ZV;}(Z' N (4™ ¢7)

X s A7
4 B-H WL g ) =87) s (5.8

0
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where

Ay = e M =20, (27 1 IE)R, (¢ L) +2 Q2 HENR pp ]

and

&E=28p & /-2 (/-53).

In the application of Eq. (5.8) to the nd scattering problem, it is
still necessary to continue it analytically into the physical region of s.
In the course of this analytic continuation in s, the singularities of
the s' integral in the ;' plane may cut across the t' contour (Eo to
‘A(M+/E)2). In this event, we will need to modify the t' ﬁontopr. Thérefore,
we seek\to determine the details:of thg_singularity af Tg as a function
of_s, which is, of course, equivalent to finding the Landau curve of Tg
" as defined in Eq. (3.3a).

The Landau curve may be obtained by solving (3.3a) for t as a function

2 -
) b b¥e 4
médiate panticles gn the 6 and t ghenneds on the mass shell,and where z_,

- of s, or, equivalently,the equation, z:+z +z§—22az 1 =0, with the inter-

z , z are thd cosities:of thdscattering angles as ghown in Fig. 13b'.
c

i

A straightforward calculation gives for the case of Fig. 13b' the following

result: '
7=7a(4,5) = 5= o Jo-(4 ]
[ I L[ s MM + A 1)

~ {5 +3,%fAz-(/*z+¢L§LH"+mz)» Hd ) (n;-n’)]]

Y
M §' e e E ) _°
+ M5 [(0-25)(0-2%)(0-0])(0-41) (5.9)

Z,zs(a‘(/sm’nl>[( 4 Jo=2,) J/
and si and sz

= +1, respectively,

are the s corresponding to z, = 11, and z

L

calculated on the mass shell.
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In Eq. (5.9), the si are the anomalous thresholds of the wd

scattering amplitude in the s channel (in the physical or unphysical sheet)

+

for the reaction nd = M'Mx with § exchange, and se are the corre-

sponding anomalous thresholds for nd -+ M'M with N exchange. In particular,

if M' = M = M, the Landau curve and the s, ( ) assume the following simpler
forms:
= &0, 5 )=- Sl taappdl-ta) ] 455 - ayell5-Mlo-ap% ]
0\ Vi
+ HE [(A_Af)(p-»f) (p-02)(2-52)] (5.10)
2)R"
where
Q=QusHm=[=F14
/dif"i*f* %*:-i 247&/?/“§/}1)( />4H
and ,
AL = 9-H2+-'- (5 + M }AZ)(o( ~5-M?)
s+ LT 55-tam T 500 )
} (5.11)
When the two exchanged particlesN. and £ are the same, si = s: .

If M' = Mx = M = /g, which corresponds to a simple box diagram for elastic

md scattering (Fig. 5a with all intermediate masses equal), then

foo) = 2428 )2-07)
o (A= #H2) /

and

Z.(0)= o

results which were .already obtained in Eg: (335). 1In the present 1nstance7

the St and s;’are generally different, and the Landau curve will be more

complicated. A typical curve t = t+(s,£)(Eq.5.10) for a given £ is shown
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in Fig. 14. The threshold tc(g) decreases as '§ decreases, and assumes its minimum
value to = llu2 when = a, (Eq.(4.10)); this is just the anomalous
threshold in the t channel of the binding-correction term, as shown in
Figs. éa and a'.

We are finally in a position to coqtinue analytically our dispersion
relation (5.8) into the physical region of s. For this purpose, we first
express this relation in a somewhat different form. It is not difficult

to prove the equality,
00 7 ) ()W) = (902000 1= 2 ) £ L1052

for the case that M' = M = M in Fig. 13b'. The s'-integral in.Eq.:(5,8)..

—— ~ /
e : ) . 3 2t : 2% ¢
can be carrjed outsgiwing.the result. /\/( or ~ 1N H=0)
The t' integral then becomes’
(/7 +1/)°
AR a‘Z‘/
21¢ .

(7 ’-Q‘/,a (P12 5) (2 (25)- Z7XHE-E (85 )
Z6)
This integral is defined when s is in an unphysical region of the s channel,
say, s is positive and very small. As s increases, the singularities of
the integrand t' = Et(s) move in the t' plane. If they cut across the
t’contour, the contour will need to be modified so as to avoid these
singularities. Referring to Fig. '14, we see that this may happen when

s = si,'and when s = s (which corresponds to the anomalous threshold
t,(8)). Adding +ie to s, we find that near s = si the singularities

t' = ti(s) move as shown in Fig. 15. Therefore, as s passes se, the

+
t' integral remains the same. On the other hand, near s = S t" = t+(s)
varies as shown in Fig. 16, and the t'-integral contour must be modified

accordingly. The other singularity t' = t(s) will not reach the t' contour

e
> .
for s s,
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The dispersion relation (5.8) can now be continued into the physical region

of s; the final result becomes
Z(05) 2’
f(80) = "2— v‘é‘f@///f 1 Z)[ / (-2 [0 (0= 4h D05 )L IC 153D

A ze5)

P (VT +M)° ;24 j
Z‘/{/A/;/ (Z’/—Z‘} (0- 41/‘72)(3/ [-/(44}5))/5 ((_/.0/ }6)) 5. 12)
In the case of the box diagram (Fig. Ba) for the impulse approximation,

the nd scattering amplitude can be expressed in a form similar to Eq. (5.12).
In particular, corresponding to Fig. 8a (with s' replaced by a single nucleon),
the dispersion relation for the scattering amplitude, denoted by T (t 8),

for fixed s in the physical region of the s channel takes on the following

form:3o
7(4)
7;’/ 4)= /2 [// f/,\/om TRIFTE) -77]
2 .
_/9‘/1 dl/ j "
b (22 ) Jo(a~4nIETL7=2(2)) )7 (5.15)

where t = t(s) is the Landau curve (see (3.5)) for the box diagram, and

t, is the anomalous threshold for this diagram jin. the t.channel and is given
2by to = 1.73u2.(Eq. (3.4). Corresponding to t = t(s) (the other branch of
the Landau curve) in Eq. (5.12), we have, in the present instance, simply

t ; 0 (seeﬂEq. (3.5)). Equation €5.12) will be applied in the calculation
of the binding-correction terms to the impulse approximation in Sec. VI,

' lThe present technique can also be applied to more complicated problems,
e.g., the multiple-scattering correction; here, however, a detailed calcu-

lation is not essential (we will return to this point in the next section).
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VI. THE ELASTIC SCATTERING OF n' MESONS BY DEUTERONS

We now apply the dispersion relations (5.12) and (5.13)to the md and Kd
scattering problems. In Eqs. (5.12) and (5.13) the scattering amplitudes
for given s are expressed in the form of integrals over;t' (the:momentum-
transfer variable). Thus the immediate application of our dispersion
relations is in thevcalculation of angular distributions at fixed energy.

In Sec. V we defineditheiimpulse approximation in terms:of box
diagrams, viz., it is the amplitude Ti(t,s) éorresponding to Fig. 8a.

The corresponding dispersion relations (similar to Eq. (5.13)) have been
studied extensively by Brehm and Sucher.30 These authors have represented

the #N scattering amplitude in terms of simple T.matrices .of ‘the. type.

Cl , CZ , C3 , and a constant D, where the C,'s are'essentially
s-M. * t-M.;2 u-M2 i

coupling constants and D is determined se as to reproduce the low-energy
TN scattering. Among these T-matrices, the important contribution to
the impulse approximation comes from two such terms, one of which corres-
ponds to the p-wave (3,3) resonance (N*3/2)’ also approximated by a simple
T matrix, and the other corresponds to a single-nucleon propagator.
" In this section, we considéf the binding corrections and the multiple
(triple) scattering* terms defined in Sec. V (see Fig. 13), and determine
the effect of these terms on the angular distribution of elastic md scattering.
Take first the binding-correction terms which are shown, for the case
of n+d scattering, in Fig. 17. The circled part of each diagram corres-

ponds to the f(£) defined in Eq. (5.1). The propagators denoted by s' in

. ‘
The double-scattering term may be neglected (see the discussion at the end
of Sec. IV).
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Figs. l7a - d represent single-nucleon propagators of the type 1 .

* x s'—M2
The propagators denoted by N correspond to the N 3/2 particle. There

are other diagrams representing binding corrections, but for the purpose
of comparing a binding correction with its corresponding impulse-approxi-
mation form, we study only those diagrams which are shown in Fig. 17.

We determine first the scattering amplitudes for Figs.l7a and 17b

(denote the sum by Tbl) and then  take up the other diagrams, Figs. 17c
and 17d (denoted by sz).

Introduce I1 and 12 to represent the two terms of the t' integral

of (5.12), viz.,

Z(4 s) ot

_/_ = /. T /
' i) (242)f5(o=4lT) L n5) — /) (- L (4,5

and

AEr)”
L=-+/ 2t :
(£ ¢ ;\/aw- up? ) (=4 (4 $IE=<E(2 F))
204,5)

where to(e) is the anomalous threshold, and t = t+(s,g) is the Landau curve
(Eq. 5.10). Upon carrying out the t' integrations, we obtain, for

I. and 1

1 2°
/ T <) -/ -
= 25, (245)-4, s W) -2) ]
4 (Z0,5)- 2 )L la5)-7 (2 ’ [/+2(z2(5‘/-;‘)fl;//;f)-l-as,f))] >
6.1)
= < byfpealitn-elb-tis5) ST
M5) =7 NZlys)-2) (4=t )2t 5)- 21450
where

A =2 ¥) - ) () - g NS = Els )b~ Zel4 50,

b= (/Frm)l
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At this stage, we need to consider briefly several miscellaneous
points. Since we are dealing with scalar particles, the (charge-
symmetric) pion-nucleon coupling constant g cannot be identified with
the usual (ps-pv) renormalized coupling constant f2 = 0.082;75 to compare
g.and f, we expfess the ﬂ+p scattering amplitude (for example) in two
ways (with spins and without), with the result g2-= 380u2.

Corresponding to the N* propagator, we define 843 as the (scalar)

*
N Nn coupling constant. The value of 843 @S well as that of the dNN

coupling constant Po are those used by Brehm and Sucher,30 viz.,

2
2 2 2
= nd = 1470u .
834 = 990u a re = 1470y
For the diagrams 17a and b, f(§) takes the form g2 which we
2 2 S" _Mz
approximate by __ g , assuming s" = (M+u)~. The deuteron-nucleon

u(2M+u)
vertex w(g;M”) has already been defined (Eq. (4.6)) and is

(5, M%) =L 4
PO = o A= W Fe i< i)

in the range of { entering in Eq. (5.12).

We can now calculate Tbl’ where we make use of Eqs. (5.12) and (6.1).
In order to compare the result with ex?eriment, we express T(t,s) in terms
of the non-invariant scattering amplitude f(t,s) defined in Eq. (2.11).
Numerical calculations have been carried out with the aid of the Brown
University IBM 7070 computer. The angular dependence at 85 MeV of the

n+d scattering amplitude f(t,s) is given in Table I, with and without30

*For the derivation of this result, see Sec. 18.10 of Ref. 64; see also Ref. 30.



- 56 ~

thgnbindingiéorrections. In Table I, fi’ the impulse approximation, is

*
. ] 1
the sum of the three terms, fil(Fig. 8a with s' =+ N),fi2 (S‘+ N 3/2),
and f13 (s'+ the other possible interactionsBO). Corresponding to the
binding-correction terms Tbl (Figs. 17a and b) and sz (Figs. 17c and d),

we introduce fbl and sz. The angular distribution of the n+d scattering

cross section is shown in Fig. 18 in the laboratory system.

We see from Table I that fb is. about 107 of fi over all angles,

1
and is destructive relative to fi

term fi is dominated30 by £ bl‘changes the differential cross section

by only a few percent and leads to an almost constant increase over all

1

1° However, since the total impulse
12> £
angles as may be seen from Fig. 18. For comparison, the angular distribution
calculated by Rockmore16 in his phenomenological treatment is also given;
this is in very good agreement with experiment.15

The total cross section (ctot) calculated from the optical theorem,

Ttot = %1 Im £(t=0,s8) (where g is the center-of-mass momentum of the inci-

dent pion), yields 25.4mb (in the impulse approximation30)724.5mb (with

binding corrections of the type f while the experimental value15 is

bl) 9
37.7mb.

In view of the importance of N*3/2 in low-energy 7N scattering, we
have also determined the binding corrections (sz) given by Figs, 1l7¢
and d. The 7N scattering is predominantly p wave near the energy corres-
ponding to the N*3/2 state, We therefore assume that f(£) in sz (see

cosb

Eq. (5.12)) has the form, £33 , where 0 is the scattering angle in

= 3T
* x
the s" channel. We take the mass M of the N 3/2 state to be 8.88 yu,

: *
neglecting the width of the state relative to M .
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Approximating g" and cos 6 by the expressions,
2 2,2 2
,J//:— /473_/“2_ ;-(/7&//
2 F
2 §4¥2
[4¥ - ///t(«)j]f//*{-///—/4)y

we find that the resultan® f£ , is about 10 times larger tham f_, and

negative relative to it. The angular disttibutions of the scatteéring

(CU(}: =/ +

anplitude fi + £, together with the corresponding differential

cross section.are given in Table II and Fig. 18, respectively.

The essential result is that there is a substantial decrease in the
differential scattefing cross section over all angles. The total cross

section, obtained from the optical theorem, equals 35 mb.

While the significant binding corrections, those denoted by sz,
do effect an improvement on the impulse approximation, one still needs
some form of correction term which is large in the backward direction.
We have estimated the order of magnitude of the triple-scattering
diagram (Fig. 13c), but have found that cven if we insert an ﬁ*3/2

into the circled pa:tS<of the diagram, the corrections to the impulse
approximation are too.small.

The absorption amplitude (Fig. 4e) is the only one whose forward-
backward ratio3o is less than unity, but both. this: amplitude, as well as
its (double-scattering) correction term, are negligible. The main
correction to the impulse approximation then seems to come from the

®
N 3/2 binding term.

Several comments relative to the details of the calculation are in
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order at this point. First, the correction terms to the impulse approxi-
mation which we have determined depend very much on the choice of f£(&),
the 7N scattering amplitude in the £ channel. We have assumed that the
amplitude is a function of & only, and not of the angular variable. In
the region of { we have considered (below the normal threshold of the

7N scattering), this assumption appears not unreasonable (certainly at
the normal threshold it is correct).

Second, although we have caléulated the individual binding corrections
fbl and sz in order to determine which correction is more important, the
£(£) should have been a linear combination of a term with I(isotopic spin) =
1/2 and one with I = 3/2 according to the requirements of crossing symmetry
(the substitution 1aw)'.32 In point of facﬁ, because of the dominance
of the interaction in the N*3/2(I = 3/2) state, the essential conclusions of
our calculation remain unchanged.

Lastly, we note that, within ;he framework.of:a dispersion~theoretic.
formulation of the wd problem with spinless particles, we have obtained
about as reasonable an agreement with experiment as can be expected.

One could also try to take into account the contribution of the
normal region to the scattering amplitude. However, this extension

goes beyond the scope of the formalism developed in this paper.
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VII. THE ELASTIC SCATTERING OF K MESONS BY DEUTERONS

As a second application of the analytic-continuation procedure which
was developed in Secs, IV and V, we consider in this section the problem
of K d elastic scattering. First, we shall define the impulse approximation
for this case, and then proceed to calculate the angular distribution for
the scattering at*k = 105 MeV/c and 300 MeV/c (k is the K ~meson laboratory
momentum). Our results will then be compared with those of Hetherington
and Schick.29

The low-energy KN reactions occur predominantly in s states and may

76,77

be represented by two complex scattering lengths, Ao and A,, where

1
the subscripts refer to the isotopic~spin states of the KN system. The
fact that there is a complex scattering length for each isotopic-~spin
state suggests that a single propagator with a complex mass (a resonance
or a bound state) for each state may be used to reproduce the K N scattering.
If this is the case, the impulse approximation is easily set up. We now
investigate this possibility.
Consider the following elastic scattering processes at low energy:
K—T —s K P,
_ (7.1)
Kn — K'n .
We assume that the scattering amplitudes for these processes can be expressed

in terms of two propagators (depending on the isotopic spin) with masses

Yo and Yl’ and with widths Fo and Pl, respectively. This will be referred

*
Corresponding to laboratory energies of 11 and 84 MeV, respectively.
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to as the two-complex-pole approximation. The KN scattering amplitudes

then become
| 2’ | ,
T A- -cT.) G2

—1)eo 7
AR 7 (P

f(T=¢) =~

In order to determine the masses and widths, we let these amplitudes
approach the known scattering lengths at zero kinetic energy which we

take to be the Humphrey—Ross78 solutions. These are:

Solution I,

A =-0.2242.77, Ay =d02 +0.38

Solution II,

A =-059 +a36¢, A =r20 + 056,

13

where all lengths are expressed in fermis (10 ~~cm).

Upon comparing Eqs. (7.2) and (7.3) we obtain the following results:

Solution I,

I=o0, Vo =s0 25 s = 2 MY,
(7.4)
/=17, Y =s0agm , S; = peheV )
Solution II,
I=o0, Yo =09k, S =280 0,
I= 1, Y = s0.32M,  fgle 95 IV, (7.3)

V= '=
where Po I‘o/Yo and Pl F1/Y1.
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In the determination of the above masses and widths, we have
assumed that the magnitude of the coupling constant g2 is 400u2.
Also, we note that we have not attempted to include the effects of
reactions in the crossed channels on the scattering amplitudes in
the direct channel, since the crossed-channel reactions are not weéll
known quantitatively. We will return to this point later.

We need next to check whether the two-complex-pole approximation
really represents the actual behavior of KN scattering. Accordingly,
the total cross section for K p elastic scattering from k = 50 MeV/c to
250 MeV/c was calculated for each type of solution. The results are
shown in Fig. 19. It is evident that, between 100 and 250 MeV/c, both
types of solution give reasopable agreement with experiment.79

We now define the scattering amplitude in the impulse approximation
as that corresponding to Fig. 5a in which s' -+ a Yo or Yl propagator
(see Eq. (7.2)). One has in this case an anomalous threshold in the
t channel whose value is 1.73u2.

The Landau curves t = t(s) are again used as in the case of nd scatter-
ing in order to study the analyticity properties of the amplitudes. To
determine the curves; it is within the spirit of the two-complex-pole
hypothesis to assume that Yo and Yl can be treated as particles, and, indeed, for
the sake of simplicity, we take them to be stable particles. The Landau curves
are then determined from Eq. (3.3a), and are shown in Fig. 20 for the case of
solution II (Eq. 7.5). For the case of solution I (Eq. (7.4)), the results will
evidently be quite similar; for the sake of definiteness, we shall therefore
consider only the type II solution.

As may be seen from Fig. 20, the s value corresponding to the
anomalous threshold t, appears in the physical region of s (s 2 normal

threshold) for both Yo and Y Now, suppose that, as in the wd case,

lV.
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we determine the K d scattering amplitude in the unphysical region of
the s channel (say, s small and positive); then we can continue this
amplitude analytically into the physical region of the s channel. As
discussed in detail in Sec. V, if s passes the point s, corresponding

to the anomalous threshold to = t(sm) in the process of the analytic
continuation of the amplitude with respect to s, a continuation of the
amplitude into the second sheet through the t branch cut which runs

to the right of t, becomes necessary. When we consider K d scattering
at k = 105 MeV/c and 300 MeV/c, it is easily seen from Fig. 20 that the
analytic continuation into the second t plane is necessary for all cases

except when Y. is involved and k = 105 MeV/c.

1
It is now straightforward to obtain the K d scattering. amplitude T(t,s)

for fixed s (> (d+mk)2). The general procedure is very similar to the

case of md scattering and we therefore simply write down the result,

retaining only the contribution from the anomalous region (t g 4M2). For

the case Y0 and k = 105 MeV/c and 300 MeV/c, the corresponding K d scattering

amplitude TY (t,s) becomes

)
Z4) /

202 4
2/ = _2[0_
Ao (20)= 2L ZZ,_Z‘{/z’/m)-zu&s- (h+% )V A= p-v7 )T

7
Az’

—_—a _ .
/ a 0 - 9 e-cr-v)2] ) (7.6)
7, (77 £ )t 2aI)[ - #va) NS C Y

For the case Y1 and k = 300 MeV/c, we obtain the same result as Eq. (7.6)

for the amplitude except that Y Y. When we have Y1 and k = 105 MeV/c,
the corresponding amplitude T (t,s) assumes the form,

Y
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?2r2 '’ ﬂll(/ 75 [
7;’/21)”:/77—‘6‘0_/;/(1/-5) (2w-¢ W~ n#)AA=H=YJ) " o o

/

The t' integrations can be carried out, and the angular dependences

of TY Y’(t,s) thus obtained are tabulated in Table III.
o’ "1

The total K d elastic scattering amplitude T, (t,s)

may next be expressed in terms of TY and TY s Viz,,

, o 1
Tt 8)= LT 2.8) +3 F(44),
from which one may proceed directly to find the angular distribution
of the differential scattering cross section. The results are presented
‘ﬁw Corel
1?7Figs. 21 and 22,

Since the experimental angular distributions for K d elastic scatter-
ing are not yet available, we can only compare our results with other
calculations. At low energy there is fairly good agreement of the
angular distribution with thoseobtained by Hetherington and Schick29 in

K %
their phenomenological treatment of the problem. On the other hand, at
the higher energy, our cross sections are smaller than theirs; this is
due mainly to the fact that our K p total cross section is smaller.

The total K d cross section can be calculated by means of the optical

theorem and yields

103 mb at k = 105 MeV/c,

47 mb at k

300 MeV/c,
to be compared with the results of Hetherington and Schick,

434 mb at k

105 MeV/c,

96.2 mb at k 300 MeV/c.

L]

*
The curves marked HES (I and II) in Figs. 21 and 22 are those of Hetherington
and Schick in the impulse approximation.



- 64 -

In our impulse approximation, we have taken into account the contribution
to the t integral from the anomalous region only (t < 4M2). If the con-
tribution from the normal region is large, then the imaginary part of the
amplitude in the normal region should not be negligible. Thus, our
result seems to indicate that the assumption that only the anomalous
region is important may not be valid in the case of K d scattering.

While the two-complex-pole approximation which we have employed
might be expected to include the effects of Figs. 5a and b, it is also
of some interest to consider briefly the contributions of Figs. 5c
and d to the scattering. Actually, Fig. 5c¢ vanishes in our problem,
and, from crossing symmetry, an analysis of Fig. 5d requires a know-
ledge of K+N scattering. Unfortunately, we do not know the K+N scatter-
ing length for the I = 0 state, and so we can only estimate the effect
due to K+N scattering in the I = 1 state. Since the energy dependence
of the I = 1 scattering cross section is very small at low energies .
we may regard Fig. 5d as a triangle diagram. In terms of the K+N

scattering length B., the K d scattering amplitude Ti(t) for the

l’
diagram becomes (sée Eq.(4.20))

wh*
ey St (M) ]
/(27 70 G e i lea= 7 (7.8)
el
&
With B1 = ~0.30 F, one can show that the effect of Ti(t) on Ti(t,s)

is to decrease the cross section somewhat in the forward direction at

low energy. At higher energies, the resultant cross section will

generally increase, particularly, in the forward direction. Although one does
not have enough information to carry out an accurdte calculation at this

time, the effect would appear to improve upon the impulse approximation.
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VIII. CONCLUSION

We have developed a procedure within the framework of S-matrix
theory for studying the scattering of mesons by deuterons at low energy.
In the development of the formalism, the recognition of the fact that a
deuteron is a looéely bound state of a proton and a neutron leads to a
great deal of simplification. An immediate consequence of this is the
appearance of small anomalous thresholds in the t channel, which makes the
use of t-channel unitarity more convenient than the s-channel unitarity
conventionally used. A second consequence is that it is reasonable to
assume at the energies in question that the contribution to the meson-
deuteron scattering amplitude from the anomalous region dominates that
from the normal region and that a study of the amplitude in terms of
selected diagrams is justified. Under these assumptions the properties
of triangle and box diagrams, including various mesonic corrections, have
been determined from the requirements of unitarity and analyticity. In
particular, we have found that the binding-correction and multiple-scattering
terms are characterized by the anomalous parts of the deuteron-baryon
vertices and that the double-scattering amplitudes have no complex
singularities. The t dispersion relations have been obtained for these?
amplitudes by the method of analytic continuation with reSpecttto the
deuteron mass and with respect to s.

By way of application, the angular distributions of n+d and K d
elastic scattering have been calculated. In the former case, the N*
b}nding—correction terms seem to be the main correction to the impulse
approximatién, and they are in the right direction. The multiple-

scattering corrections diminish rapidly in their significance as the
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number of intermediate-state particles increases.

While the essential point of the formalism is that it enables one
to treat seriously the effects of diagrams involving many-particle (up
to four) intermediate states, it is perhaps well to emphasize that the
specific calculations which have been carried out were based on spinless
particles and so can only suggest the results of a more realistic model.

We have concerned ourselves with elastic meson-deuterpn scattering.
The extension of the formalism so that it includes inelastic phenomena
is important but it is not trivial, Ultimately, one may be able to give
a unified treatment of both types of processes by invoking generalized
unitarity leading to coupled integral equations for the system, but

this approach lies beyond the scope of this paper.
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TABLE 1

Angular dependence of the n+d scattering amplitude at 85 MeV, with

and without binding corrections of the type given in Figs. 17a and b.

The angles are in the center-of-mass system.

units of 1/u.

The f's are evaluated in

cos 6

f

£, + £
i

il bl i bl
1 -0.0729 + 0.01411 0.0063"— 0.0044i 0.555 + 0.115i 0.561 + 0.111i
0.5 -0.0588 + 0.0205i 0.0061 - 0.0043i 0.574 + 0.108i 0.580 + 0.1041i
0 -0.0508 + 0.0250i 0.0059 - 0.0042i 0.557 + 0.107i 0.563 + 0.103i
-0.5 -0.0448 + 0,0314i 0.0057 - 0.0042i 0,512 + 0.108i 0.518 + 0.104i
-1 -0.0408 + 0.0429i 0.0055 - 0.0041i 0.507 + 0.1121

0.501 + 0.116i
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TABLE II

Angular dependence of the n+d scattering amplitude at 85 MeV with

binding corrections ofthe type given in Figs. 17c and d. The angles are

in the center-of-mass system.

The f's are evaluated in units of 1/u.

cos B

b2

-0.0596 + 0.0416i
-0.0577 + 0.04091
-0.0558 + 0,04021i
-0.0540 + 0,03961

-0.0524 + 0.03901

0.495 + 0.1571
0.516 + 0.1491i
0.501 + 0.147i
0.458 + 0.148i

0.449 + 0.1551
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TABLE III

Angular dependences of the K d scattering amplitudes TY (t,s) and
o

TYl(t,-S) at (a) k = 105 MeV/c (s = 29C2) and (b) k = 300 MeV/c (s .= 304u2), The

angles are in the center-of-mass system; T/(gzroz) is expressed in units of 1/u".

cos © TYo(t,s)/(g2F02/16n) TYl(t,s)/(g2P°2/16n)
(a)
1 0.0149 - 0.0088i -0.0383
0.5 0.0135 - 0.0085i -0.0353
0 0.0124 - 0.0082i -0.0327
-0.5 0.0115 - 0.00801i -0.0307
-1 0.0107 - 0.007741 -0.0289
(b)
1 0.0053 - 0.00201 0.0068 - 0,00311i
0.5 0.0033 - 0.00171 0.0042 - 0.00261
0 0.0025 - 0.0015i - 0.0031 - 0.00221i
-0.5 0.0020 - 0.00154i 0.0025 - 0.00201

0.00131 0.0020

-1 0.0017

0.0018i
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TABLE IV

Angular dependences of the K d scattering amplitude Ti (t,s) at
(a) k = 105 MeV/c and (b) k = 300 MeV/c. The angles are in the center-

of-mass system; T/(gzroz) is expressed in units of 1/u“.

cos O Ti (t,s)/(ngozll6ﬂ).
(a)
1 ~-0.050 - 0.00441
0.5 -0.046 - 0,0043i
0 -0.043 - 0.00414i
-0.5 -0.040 - 0.00401
-1 -0.038 - 0.00391
(b)
1 0.0129 - 0.0057i
0.5 0.0080 - 0.00484i
0 0.0059 - 0.00421i
-0.5 0.0047 - 0,00374

-1 0.0040 - 0.00341
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FIGURE CAPTIONS

Fig. 1. Diagram illustrating the reactions s: 1 + 2 + 3 + 43
t: 1 +3>2+4; u: 1+ 4 +2 + 3, as well as the

corresponding inverse antiparticle reactionms.

Fig. 2. The physical values of the invariants (shaded areas)

in the s, t, and u channels for meson-deuteron scattering.
Fig. 3. A box diagram and several of its reduced diagrams.
Fig. 4. Schematic diagrams for meson-deuteron scattering; the

dotted, solid, and double-solid lines represent mesons,

baryons, and deuterons, respectively.

Fig. 5. Several Feynman diagrams corresponding to Fig. 4a.
Fig. 6. Reduced diagrams of Fig. 5a and their duals.

Fig. 7. Landau curves corresponding go Figs. 5a and b.

Fig. 8. Several Feynman diagrams corresponding.to Fig. 4a; the

values of the anomalous thresholds tO are also given.
Fig. 9. (a,b) Binding, (c,d) double-scattering, and (e) triple-
scattering corrections and some of the corresponding duals.
Fig. 10. (a) The impulse approximation for K d scattering; (b,c)
double-scattering diagrams for K d scattering (Eq. 4.4).
Fig. 11. Contour modification due to an anomalous threshold (see
Eq. (4.13)).
Fig. 12, A one-nucleon exchange approximation of G(u,g).
Fig. 13. . The binding corrections (a), (b), and (b'), and the triple-
scattering corrections (c) and (c¢') for the case of

generalized box diagrams.
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Fig. 14. A typical Landau curve t = t+(s,£) for a binding-correction

term (& fixed).

' Fig. 15. The singularities t+(s) near s = si.
Fig. 16. The singularity t+(s) near s = s .
Fig. 17. Binding corrections to the impulse approximation for“ﬁ+dscattering.
Fig. 18. Angular distribution for n+d elastic scattering at 85 MeV,
Fig. 19. Energy dependence of the K_p elastic-scattering cross

section in the twc-complex-pole approximation (see Egs.
(7.4) and (7.5); the experimental points are taken from
Ref. 79).

Fig. 20. Landau curves for K d scattering according to Fig. 5a

(s »Y,,Y, as given by solution II (Eq. 7.5)).

L]

Fig. 21. Angular distribution for K d elastic scattering at k = 105 MeV/c.

Fig. 22. Angular distribution for K d elastic scattering at k = 300 MeV/c.
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