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Disp/ersisn Relations for Pi@n Scattering
ABSTRACT

The dispersion relations are used to predict the values of the

derivatives of the real part of the and forward scattering ampli=
tudes, CtDHOj/dk'68 at aero kinetic energy. The experimental value

of 3D™N0)/&k”™ 1is fairly well knowne and., when compared with the pre=

dieted value? yields a determination of the coupling constant) f' -
olOi ¢, 014 o The predicted value for 3D Co)/3 disagree® badly
with experiment,, ©specially with ax?, f2 as large at: 0..10 0

The dispersion relations are modified by introducing an extra

energy denominator in such a way as? to contain, as the additional con-

stants.;, the derivatives d D*~(0)/6 k™3 This enables us to check the

values of 3 07,(0)/3k>- obtained from the usual dispersion relations as

well as the assumption that. *> T ) vanishes at infinity0 It is

found that as long as the agreement with experiment obtained for the IT*

relation is retainedno appreciable change in the values of dD (Q)/& k

is possible and that the high energy behavior of t (a>), usually assumed

is correct., The predicted value for $D (0)/dk™ strongly suggests a

non-sero effective range far a,l end. a relatively large all(]

t Supported by the Ul S0 Atomic Energy Conmission,



I0 INTRODUCTION

The diaerepeney with experiment of the dispersion relation,

which was first pointed out by Puppi and Stanghellini ”\ and subsequently

discussed by several authorj?' ? 5 /, is examined in this paper using a

slightly different appraaecho The dispersion relations are used to pre-
dict the values of the derivatives of the real part of the w* and Tr*
forward scattering amplitudes,, BU+(Q)/d k at aero kinetic energy.,
The experimental values of these derivatives depend very strongly on the
P wave scattering lengths and the S wave effective ranges,. These quan-
tities are fairly well known for T * 3/2, and yield a value for
3D.Co)/d k  >diich, when compared with the prediction of the dispersion
relations,, leads to a determination of the coupling constant, Il * 0104
+ 1)014* o On the other tend, the dispersion relations predict a value
for 8ID/0)/~k  which disagrees badly with present w experiments,
especially with an f2 as large as ,10

To eliminate the unknown h-igh energy contributions to the In-
tegrals appearing in the dispersion relations as well as to check the as-
sumption that to " T (««i) wvanishes as o0i becomes infinitel the disper-
sion relations are modified by introducing an extra energy denominator in
the integrals,-, This involves the added subtraction of the real part of
the scattering amplitude at an, arbitrary energy &0®0 By letting o
approach 1; the relations can be simplified and contain, as added con-»

slants, the quantities 3 D+(0)/ Oko Q These new [relations have the

added advantage,, then, of enabling us to check the values of aD+Co0)/8k4

obtained from the usual dispersion relationso It is found that as long



as the agreement with experiment obtained for the n+ relation is re-
tained , no appreciable change in the latter values of 8D"{0)/3k is
possibleo This result indicates the correctness of the assumed high
energy behavior of T+(«<) and reinforces the conviction that the values
predicted for @D”"(0)/8 k are correct.

The value for ©OD (0)/dk2 predicted 'ey the dispersion re-

lastions is ©omjmred with experiment and the discrepancy between these
two values is interpreted as being duc to the very small T * ~ scatter-
ing crass sections that have so far been obserred- It will be shown that
a resolution of the discrepancy between the theoretical and experimental
values of 9D (0)/8 k could very well involve changes in present ex-
perimental data which would also remove the discrepancy between the pre-
dicted and observed wvalues of the real part of the tr forward scattering
amplitude,. It would seem reasonable,., therefore, to take the failure or
success of future experiments to give a value for 3Dr (0)/8k”™ , which
agrees with the predicted, value) as an indication of the failure or suc-

cess Of the dispersion relations in general,,

1T, DISPERSION RELATIONS

if K)
The dispersion relations obtained by Goldberger " assuming

that W T+{(A! ) approach aero as <{ becomes infinite, can be written

4*
for D+(&1),, the real part of the tr forward scattering amplitudes,,

D+(63) - id + aOD+(i) - iCl - &5)D CI)

K f do)s I'o+lafu*) ot+((ii&']) 2k ,2 (20l

N IS g : i2M



We are using units It will be more convenientln

what follows) to write the relations in terms of the more symmetri© fun©

tions
D(l) Ck) ® i rD+C1<) + D (k) l[

axid.

@)

b 0 i [ojk) »

the m isotopic spin flip and isotopic spin flip amplitudes, respectively,

With D-4' and P *' written as functions of k, (2«l) takes the foma

CD CDh m  Jo+Ck?™) + oJkQ]
D (kK -D (O ckED dka
2k212
(5,2a)
2M ©d2 » CV2M)2
>) 2) kK2m o (k") « o+Ck"1
D k) - (0O) * TN P VN —
4«2 10
2&4c212

(2:2b)
fel2 » (1/2M)2

We assign the integers n » Of 1,, 29 oo<» to the dispersion relations d»~

120>,
rived from the assumption that m T+| &> ) v.anlshes at Infinity Be -

latlons (2.2a.,b), therefore, shall be referred to as the n « 1 relations.



The n » 1 relations can be used to predict the derivatives of

the real part, of the forward scattering amplitudes at k" » 00 BD+(0)/S k"o

By dividing (2 ,2a) by k2 ard taking the limit as k' approaches Eero It

fill 2
is easily seen that the left hand side becomes &D (0)/& Kk

CD .
SD Jo) Jotik ) + oJkO]
iim. p dk"
Bk2 k 0
1
oy f C203)

We neglect the (I/2M)” ira (2..2a.b)" To evaluate the limit on the right
hand side of (2.3) we must first perform th© principal part integnationu

The principal part ©an be eliminated) however, by writing|

<k + agk,)j

iim P dkl
K 0 k 2 - k2
Ss dk*
0
dk'
Mm k) * o (k) (2,4)
k (.c___:#>0 /\O k"

and noting that the second tern on the right hand side of (2.4) vanishes.
With the aid of (2.,4)(2.,3) can be written in the simple form,

(1) Clh
JJUJOI « 1 A(K”) dklv (2,5)
ak?2 a4 k"2



CD
with A (K) » o+(k) + a (k) ~ a+Co) = § (0) 0 Th» int#grai in (2,5)

is will defined at k ® O sinee t 1 Vk:) vaMshes like k'Y By dlvid

ing (202b) by k2 and using th© saas# trick in taking th® limit a® k2‘ van
(2)

ishes, we ais@ obtain for the derivative of D

co) = 2fa+ — ¢ b CKk"

dK’ 2.6)
Uin* JO r,2

k) - ot(k)

Relations for BD"No)/® k2 eai( be obtained by adding and subtracting
{2,5} and (206), By expressing D+(k) in terns of phase shifts and dif-
ferentiating,, it is easy to obtain expressions for B D+(0)/§k*' in
terms of the S wav® scattering lengths and effective ranges, and th® P
wave scattering lengths,, It will be shown in section III that the wvalue
of dbD+(0)/dka predicted by (2,6) and (205) agrees with experiment
with an f2 slightly greater than 0,10 0 The experimental value for
S1DjO)/dk", while not as wsll known, disagrees with the theoretical
valuethe discrepancy becoming very large for f2 * 0,10 a

One way to explain this difficulty is to say that the assump-
tion that T+(r ) vanishes at infinity is incorrect so that th#
n 1 relations must be replaced by n * 2 relations,. In vdiat follows

we shall derive n @ 2 relationse which contain 3'D+(0O)/OkaB am show

that they cannot give any better agreement with experiment than the n ** 1
relations- Furthermore., the best values of OD™N(O)/Ok are just those
values predicted by (205) and (2,,6), making the n ® 2 and n * 1 relation®

identical



The n * 1 relations, (201), are dispersion relations for the

2 “1
quantities C&S - i) T+(&a> }u  Analogously;, the n * 2 relations w@ choose

shall be dispersion relations for [(©*" - 1)( -™ii " o
is an arbitrary energy different from 10 The n ® 2 relation for can
then be written'”
CD M2 =7 Q) m2 ~ ts*¥ QD
D (to)) » —2—— D Cto>J] + T™M—— D CD
~1 -1
© ©
k2Cte» % 0iQ) [[q"Ck-') * ojk'")] dk
Air2 ¥ 10 Ck'2 - k2)Ck'"2 - k2)
©
1 2f2 ka C™2 - )
201 WI2 - (1/2M)2 | [to)2 - Cl/'2M)a |
Sines vw are interested in (2-7) for values of f OL?<& 7~y 1t ee .«an

negleet the (I/ZM) in the denominators of the coupling constant ternio

We now leu M approach 10 This simplifies (2.7) somewhat and introduces

the SD'4;Co'/dk2 into the relation™ We obtain{ after handling the

principal part integral in the same way as in Eq%- (2-A):

Ch R Cl)
CD Ci) 2 a0 Co) 1Kk 2 ~ A {kin dk"

D (k) «x0 '(0)+k — 7 (208)

K M m 4n k' Ck T2)

(2)

We can proceed in the same- manner for the relation containing D Thi®



)
Is slightly more complicated since D is an odd function of w>°
2 1 C2 1
p ™ o @eo) + k2
D 0) ~~» CO)

m

L m 2
kd « f A (k4) dK/

T 2P Jo 29

Relations (2U3) and (209) differ from (2.,2a, b) in a number
of wayso The unknown high energy contribution to th© integrals over the
total crosg sections is much less important than, in (202),> The prise
w must pay for this is the presence of the extra constants,,"D+(0)/d ke
The 15 « 2 relations are independent of th© » ® 1 relations provided the
added constants, 3 D+(0;/3;k*, are undetermined by the theory and must
be chosen from experimento On the other handr if we use the n = 1 rela-
tions namely (205) and (2.6), to predict these constantsthen it is
clear that the n ® 2 relations become identical with the n * 1 relations.,
This can easily fee verified by substituting (2.6) into 2.9) and (2«5)
into f2..8) to obtain equations (202a,b)3} We know thereforee that the
values of 3D+(0)/8k2 predicted by (2.5) and (2,6), when used in (2,8]
and (2.,9). will predict values of 0+ whi.ch agra© very well with experi-
ment, arid values of B which disagree- with experimento What we should
like to do is modify the values of 3 D+(0)/3 k2, such that (2,5) and
(2.6) no longer hold) and improve the agreement for B without destroy-

ing the agreement for B e We shall show, now, that this cannot be done.



Just as relations (201) for D+;<&§) each contain a linear com-
bination of D+(1) and D (1)9 the n » 2 relations for ) will emh
depend &7 a combination of & D+(0)/3 k'% as welUl Consequently a change

in 1Dm(o)/d alone will affect both the relations for D+ and D ¢ In

general, we must consider changes in both (0)/&Kk” and 3D+(0)/"Kk™o
If we call Sfd DjO)/d k™| * |+ the difference between the values
used in th® n * 2 relation and the values predicted by th# n ® 1 rela -

tions;, then it is easy to sea that the difference between the values of

D+ predicted by (2,,8)9 (2,,9), and (2ull) are; given by

4D+(«d) * | k2 |[(as ¢ 1) (2010)

Since (2.1) for £ ® 08 predicts values of D (<*)) which ar# to© low for &&

less than 180 Mev and too high for larger than 200 Mevl we can improve

agreement by taking SD ~ 0 for m with es of the order of 276 (200

Mev)a This leads to the result

|ID+(c© ) S > () Cc2cU)
§ has been eliminated by requiring (m ) © Oo Equation (2.11) pr@
'+ ) J 0
diets $DH«© ) > | ) | so that a large discrepancy in the ~ re-

lation would result, The reader can easily convince himself that other
choices for cannot avoid large corrections for &D (aOo
We see then.., that if the n * 2 relations are to retain the good

agreement with the m experiments . which is obtained by the n * 1 relations
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wa must use the values @f 3D+(0)/B k2 predieted by (2.3) and (206)i

at least te within five per cento Since this makes {208) and (2.,9) iden-
tical with C2..2a!b); we can conclude that the success of the n * 1

tr relation implies that the assumption that <)M T+C&a) vanishes at
infinity is correct and that {2,,5) and (206) give the values of

&D+(0)/B k** predicted by the dispersion relationsc

ITT., COMPARISON WITH EXPERIMENT

In this section we compare the predictions of Eqs0 (2,3)0 (2,6)}

(2,8), and (2,9) with experiment, The total cross sections* used in the
integrals,., ware obtained from all of the latest available data, much of
which was either summarised or reported in the 1956 GERN Symposium(7)
the curve used for a 1is shown in Fig, i.. The only unusual feature of
this curve is the height of the peak and the energy at which it occurs,
The peak is taken at 175 Mev which is at an energy 5 or 6 Mev lower than
usual, and th© height is taken to be 70 mb. which is about 6 mb higher
than usual. This las the effect of improvingslightly, the agreement
of the o' relation with experiment, The curve for ci is not. shown but
it also has its peak at 176 Mev and a peak value of 210 mb,, chosen to
keep the T « $ .gross section aero,, This choice for the < peak has the
effect of making the nV relation fit the experiment for an, fZ ® ,.0823
rather than ,,10 We shall @eef howeverthat an fZ of ,08 is not con-
sistent with th© present experimental values of the »* S wave effective

range and P wave scattering lengthsl) This indicates that the peak

1
should not be raised an high, and consequently a = 7y 0, ©Orr
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o

equivalently: °x * # 0 at these energieso The results obtained from

(2a5) and (2,6) will strongly reinforce this statements Caleulations
have also been made with the a and at+ peaks lowered and placed at 180 Meyv,

Two choices for low energy behavior were made,, One is Os-ear s

(€)
preseriptisn of ® 165" <« < — 01051*1 and with *ero effective

ranges., To test the effect of nan-,zero effective ranges) a second choice

1
m.a made by takihg * ol95i|, " 00181)] from Anderson.§s phase shift

Q) i
analysis and taking a * = alQ5"™ “ ,035 ¢ which fits the data of

(7>
Ferrari.- et al 0 Using the Orear S wav® phase shifts,, an of *235 f))

near -sero energiesl and taking * 0 « 30 mb for energies greater than

i.,9 Bev, Egso (2C5) and (2,,6) lead to values of & D+CO0O)/8k2 given byl

itD (0" i 2

— N 2(1 +—) £ + olQ4 ,»008 C3ol)
Bk4 M

3p Co) 1

=21 —} £ ¢ ,149 + ..008 (3..2)
dkK?2 2M

The alternate choice of S wave phase shifts leads to values of H D" foy# k*z
which differs from (3 I) and (3.,2) by only one to tv® per cent. The er-
rors quoted here are obtained in part, from an estimate of the errors in-
volved in. evaluating the integrals appearing in (205) and (206) and it

has been assumed that o( do not besome very large at high energies(

As a check on C3o0l) and (3,,2){ these values are used in (208)

and (209) to obtain ) . in the center of mass frame,, as a function
b

of energyo Figure 2 shows the predicted, curve for compared with ex

perimento The results, using the Orear S wave phase shifts, would be
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essentially the aamel The good fit for fji f2 of 308 is dum to the ohoiee
of the peako With the peak in the usual position, results similar to
previous authorsCl) would be obtained!? favoring f2 8 010 , Figure 3 ©Oom-
pares the predicted values of Db with experiment; using the Orear phase
shifts; and Fig, 4 shows Db using the alternate choice of phase shifts,
Th© improved agreement of the latter curves,, compared to th# formeris
due to the choice of a large scattering length for o0 This leads to an
increase in D (0) which raises the curve. It is not clear how valid this
choice of phase shift is since it leads to a value of ® 0,3 »
which is rather largel The curves of bath Figs, 3 and 4 are raised slightly
at 150 Mev by the choice of the high a peak shown in Fig, 10 Ever, ac-
counting for these differences, this calculation does give a slightly
better result than those of previous calculationsa While relatione C208)
and (209) combined, with (2,5) and (2,6) are formally identical with (201),
the former do present a different way of treating the data. Equations
(2,8) and (2,9) are designed to give values of D Cs&i), for low energies
which are consistent with the dispersion relations, and In particular,
predicts a slope for 0&(k) at. k * O which is zero or slightly negative
for f2 ,08 p ThO fora of the relations used require a more careful
treatment of the cross sections at energies below 80 Mev,

By varying the cross sections in, various energy regions, it is found that
the largest changes in D occur for charges in the low energy region from
0 to 80 Mevl In particular, agreement is improved by lowering a in this
region and agreement can be worsened by increasing a ( Despite this im-

provement; however, the tr relation is still not satisfactory. Due to
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the factor of in the principal part integrals of (2,8} and (209)s
these relations are not particularly good ways of calculating D+ at en
ergies near 300 Mev and higherl It is clear; however) from these results,
and previous one. that the points of Zinow and Korenchenko at 307 Mev
(and 340 Mev not showri in Figs) 3 and 4) is considerably below the curve
for Db2with f2 ® ,08¢c ThO error on the experimental point at 30? Mev

in FigsP 3 and 4 is drawn asymmetrically in an exaggerated manner to
indicate that changes in the data tend to raise the point more easily
than lower it-

NeverthelessB 1t would seem reasonablec from these results and
the discussion of Eqal (2.-10) and (2o0ll), that (30l) and (3(2) give th©
values of 3D+(O)/c1k2 predicted by the dispersion relations to a good
degree of accuracy., Let us compare these predictions with experiment(

WO use the following notation for the S and P wav© phase shifts at. low

energies,
°f “ Vit * hit3 —+' o e i -1,3
3,3)
aij —woe e t.J * 1, 3

By writing D+ in terms of pltase shifts, and using (303)* we obtain ex-

0
pressions for dD+(o}/dk in terms of the b, t a
11

aD+(o) 1 2 3
Cl + » + 2 a + a =" a - a (3 04)

9 k2 3 33 31 an 3 3 3
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. a0jo 3 D+ 5T
CH’b J)—AC1+A)——+Ab+2a +a 1
A 4 3
+ ?Wal 9 ai 3.5

It is clear that (304) and (3.5) are insensitive to th© values ©Of
and Using th® Orear values for and av and substituting in {3o0l)
and (302)6 we have the fes.Ltovijfig conditions ©n the T * 3/2{ 1/2 S wavO

effective rang® and P wave scattering lengths,

Y 2 (3.6)

6V + 2a + a , « 4,424 2 + MS 014 (3¢?)
1 13 H
To compare (3,6) with experimentt we take b, » ~ <035 «01i ¥ oo 041

.01, a~ * + 0230 + ,015? the errors quoted are only rough estimates(

This leads to

j1¥3 + an,/ * 384 % .033 3.8)
exp
Comparing this with (3«6) w® obtain £ » ,.104 , .014 « It would seem
difficult, therefore., to have anf2 * ,08 and remain consistent with (3,63
and (3.8)3 This value of £ greater than .10. is inconsistent with the
agreement shown in Pig, 1 for 1/ using an. ' * 08 , Sine© the lower
value of r* is due to the high peak chosen for s+y this indicates that

th® lower peak height usually taken, which favors an £ * 410j is more
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eoneistent with the dispersion relations) Of course the values used

in (3 8) for 3 and are rather uncertain, however, since an f*
greater than olO would make a fit of (201) with experiment very diffi-
cultr (306) can be taken as evidence that cannot be much larger than
0230 and; unless is as low as *215s b® 7 00 Requiring an f* * 010
for the n relation would have the advantage of eliminating the discrep-
ancy at high energieso It still would leave a discrepancy, for the n
relations at energies near 150 Mev(

The left hand side of (307?) is m% too well known experiment-
ally,., though it is generally believed, that these quantities are smalll
If the values given by Anderson in 1956( ) are used( one obtains
b, + 2a™ + ® = 003 o This value is so small because present ex-
periments observe very small T ® | scattering above 100 Mevl) b.( has
been observed, in lower energy n tacperinsQnts partly because the data
was analysed assuming it to be sero® On the other handf (30?7) predicts,
even with an £ as low aa 008t a value of - 0166 * 0014 for + 2a. N +
&j|0 This would seem to imply, if the dispersion relations are correct
that one or two of the quantities b", or are much larger than
has so far been observedo To estimate what values fe” should

have to bv consistent with the dispersion relations,, let ua take f* * |10

Then
tel + 2al3 + al1 " “ °254 p 2 Ool° (309)

While present estimates of are that it is almost :s@ro, let us fed-

il
@ and take a X a ® ,041

low the suggestion of Chew Low theory . a1
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Then C309) becomes

bl + *11 <« =1729 ® - 0041 (3010)

It is interesting that the predictions of the Chew Low theory that

arQ ® 4N * 4a”™ 1s compatible vdfeh C309) and (3 10)0 Reasonable

choices for b and luould be bj ® - 004 or = 005 and * - 013
or - >12 o This choice has two very nice featuresa Onef the relatively
large wvalue of would lead mns to expect a T * J cross section of the

order of 7 or 3 mb at energies near 150 MeVo Since present measurements
In this region '*" find a, e Ol this means a substantial increase in < |
iz

at these energies, of about, ten per cento A correction to 0 of this
order of magnitude would lower the experimental values of D!', in this
energy region, by a significant amount, Secondly,, a large,, negative ef-
fective range for a, will keep small, or even decrease itr at low en-
ergies, before the P waves become important, We see, then, that this
choice for te”, to satisty (309) would predict an energy depend *
ence for 0 which is gxjalitatively similar to that assumed by Zaidi and
Ionian(z) , and which, in effect,, raises the theoretical values for I'P
while lowering the experimental values at the 150 Mev region., It ssema
to this author, therefore, that the key to the present difficulties with
the w dispersion relation lies in the large discrepancy that exists be

tween the value of fei * 2a”™ + a"j, predicted by the dispersion relations

arad the value obtained from experiment,

The author would like to thank Professor SL Cutkosky and

Professor G0 C,, Wick for helpful discussions.™
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FIGURE CAPTIONS

Figa 1 Total eross section for negative pional For simplicity, all

of the data are not aho”n

Figo 2 A comparison of the values of D”(to) calculated from equation®

(201') and (208) using the values of 0D+(0O)/3 given in

(3ol) and (302) and the values obtained from experiment”

is the real part of the nt+ seattssring ~plitude in the center

of mass system with p ® is the meson energy in the

laboratory system)

Figo 3 A comparison of th© calculated wvalues of Dte{&2) with ®tp@riment.

using equations (207)F (2a8)9 (3o0l)s and C3,2}0 The Orear S

wave phase shifts are assumed*

Figo 4 The curve in Fig, 3 is itodified by a different choice for th®

S wave phase shifts, including non aero effective ranges, This

choice leads to a larger value for D {0) than is obtained with

the Orear S wave phase shifts
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