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1l. Introduction

In the standsyd method of the quantization of the classical system
a certain subset of dynamical variables, which must contain the canonical
variables and the generators of all the relevant canonical transformations
(translations, rotations, etc.), plays a distinguished role. This subset
must be closed under the Poisson bracket operation i.e. it must form a Lie
subalgebra. In the process of the quantization one represents this Poisson
bracket Lie algebra in terms of the commutator Lie algebra of linear operators
in the Hilbert space. In addition one postulates, that all the operators which
represent the dynamical veriables in the quantum theory have the. same form,
when they are expressed in terms of the canonical operators, as .their classical
counterparts. The consistency of this postulate with the agsumed commutator
structure must be checked separately in every case.

This approach to the quantization stresses the role of the opereator
glgebra at a fixed time and it is best suited for the formulation of the
quantum theory in the Schr¥dinger picture. The Heisenberg picture is obtained
usually from the Schr8dinger picture by applying the time dependent unitary
sutomorphism to the operator algebra. The Schrddinger picture description is
not very convenient in relativistic theories, since it does not take the full
advantage of the space-time symmetry leading, in particular, to a complicated
formalism for the scattering processes. The Heisenberg picture is better
suited for the explicitly relativistic considerations, but its relation to the

underlying classical theory was so far only indirect, via the Schrddinger picture.
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In this paper we shall directly compare the time dependent quantum
operators in the Heisenberg picture with the corresponding classical functions
- the solutions of the classical equations of mbtion. In order to make such
a direct comparison possible, we introduce the expectation values of quantum
operators in the coherent states. We show, that these expectation values become
the solutions of the classical equations in the limit-&- 0. In the study of
these expectation values we will make constant use of the explicit formuls for
the Heisenberg operators. The derivation of this formula in the non-relativistic
particle mechanics is presented in Sec. 2. 1In Sec. 4 we extend our discussion
to the scalar field theory and in Sec. 5 to quantum electrodynamics. The
classical limits of the quantum mechanics and the quantum field theory are
studied in Sec. 3 and Sec. 6 respectively. As an application of the general
formalism, we study in Sec. 7 the gauge transformetions of the field operators
in the Heisenberg picture.

An explicit formula for the Heisenberg field operators was derived also
by Symanzik,1 but his formalism, based on the external source method, is less
convenient for the study of the classical limit than our formelism based on
the classical fields.

The classicel limit of the quantum field theory has been studied recently
by several author52 in connection with tree diagrams. The most thorough dis-
cussion of the tree diagrams was given by DeWitt.3 However, all these papers
were devoted to the study of the classical limit of the transition ;mplitudes,
whereas we determine the classical limit of the matrix elemenis of field

operators in the Fock space of the incoming particles.
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2. Non-relativistic particle mechanics

This section is devoted to the study of the non-relativistic mechanical
system having only one degree of freedom. The generalization to systems
having many degrees of freedom is obvious.

Ordinarily one uses completely different mathematical objects to
describe the states of the dynamical system in the classical and in the
quantum theories. In classical mechanics the state of the system is fully
described by giving the trajectory x(t). In quantum mechanics we describe
the state of the system by giving the state vector ¥, but the information
contained in the state vector is extracted with the help of various operators
like x(t), p(t) etc. For example, the average trajectory is determined by
the expectation value <x(t)> = (¥|x(t)¥). In order to compare directly
the classical and the quantum descriptions we must first formulste both
theories in terms of the mathematical objects of the same type. We shall
show, that the convenient objects in the quentum theory, which become in
the limit the classical solutions of the equationg of motion, are the ex-
pectation values of the quantum operators in the Heisenberg picture evaluated
in the coherent state. These expectation values will be in the. center of our
discussion. We shall begin our exposition with a brief discussion of the
coherent states in quantum mechanics.

The coherent states in quantum mechanics will be defined as usually as
the eigenstates of the annihilation operator. The annihilation and creation
operators will be defined in terms of the position and the momentum operators

in the following general manner.
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o = (a2m 3y %+ 1571, (1a)

ot = (2n)M2(y* 15 - 1s* ), (1b)

where vy and 6 are complex constants with dimensions (ma.ss/time)l/2 and

(mass/time)-l/2 respectively, which obey the following condition
. ,
Re(y 8) = 1. (2)

The coherent state vectors will be denoted by Wa’ where o is the (complex)

eigenvalue of the annihilation operator (la),

aWG = aWa . (3)

The average values of the coordinate x and the momentum p of the particle in
the state described by Wu are related to the real and imaginary parts of ay

and af through the formulas

(2802 Re(ay) , (4a)

x

1/2

p = (2w Im(as) . (4b)

The wave functions of the coherent state in the coordinate and momentum

repregsentations have the following symmetric forms

—-l——§ (1 + iIm(y 6))(x - %)°

|—l/2(“h-)-l/h
vl

wa(x) = |y exp(-

(58)
+ pbx - g bl
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Vo) = 16172y expl- —;41——'5 (1 + 1m(s"))(p - §)2
2 8

(5b)

-
- RX ot o px].

The centrel object under study in this section will be the expectation
value of the position operator ﬁ(t) in the Heisenberg plcture evaluated in
the coherent state. This expectation value will be a function.of .the time
parameter t and of the parameters X and 5, which characterize.the coherent
state. It will also depend implicitly on the choice of the canonically
conjugate operators x and p in the definition (la) of the annihilation
operator. These can be chosen, for example, to be equal to the operators
x(t) and p(t) at some fixed time ty» but since we want to apply our forme-
lism later to field theory, we will rather choose them to be the asymptotic

(incoming) position and momentum operators iin and ﬁin evaluated at t = 0,

ax(t)

p.  w= 1lim (m S8 (6a)
in d4f Lo dt °
x, == lim (x(t) - p, t/m) . - (6b)
in 4f foreoo in

We shall also need the time dependent asymptotic position operator ﬁin(t),
which can be defined in the usual manner through the equation

a®x(+7)

x(t) = ;cin(t) + fdt'GR(t,t‘)m 7 . (7)



where GR ,
- -l » -
Gelt,t7) = m e(t-t7)(t-t"),
is the retarded solution of the equation

a2
m—

(t,7) = 8(t-t~°) .
at2

GR
It follows from Egs. (6)-(8), that

xin(t) = Xn? pint/m :

The coherent states defined with the use of the in operators will

(8)

(9)

(10)

be denoted by Wing Thus, we shall be dealing in this section with functions

-¥a(t; X, pin) defined in the following manner

% (45 x ) 3 (P x(e)ei™)

in’ Pin ar

Assuming the normal form of the Hamiltonian H for the quantum
system,

H = p2/2m + V(x) ,

we can express the position operator in the Heisenberg picture in terms

of the incoming position operator

x(t) = UT(t, =) x,_(+) U(t, -=) ,
where

t R
u(t, to) = T exp[-i_ J dt‘V(xin(t’))] .

t
o]

(11)

(12)

(13)

(14)
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Due to the unitarity of the U operator, we can rewrite Eq. (13) in the
form

x(t) = ZsMr(x (+)s) + §Wx, _(t)sD)s, (15)

where

S = U(oo, -oo) % | (16)

end T denotes the antichronological ordering. The expression (15) will

be used as the starting point in our study of the funection *ﬁ(t; X pin)'
In order to evaluate the expectation value (1l) of the position operator

we must convert the r.h.s. of Eq. (15) into the normally ordered product of

the xin(t) operators. The normal ordering is obtained, as usually, by

expressing xin(t) in terms of the annihilation and creation operators,

1/2

;in(t) = a, (/2)7%(y - 1st/m) + a;nGhia)l/z(y* + 18 ¢/m), (17)

and then bringing all the annihilation operators to the right. The
expectation values of the normally ordered products of the ;in(t)ﬂoperators
in the coherent states can be easily evaluated with the following result

(vinl : ;in(tl) e ;in(tn):win) = x(6) weeox (2) (18)
vhere

xin(t) = o+ pint/m' = (Zth/z(Re(ay) + tIm(ad)/m) . (19)

The conversion of the chronologically and antichronologically ordered
products of the xin(t) operators eppearing in (15) into the normally ordered

products will be accomplished with the help of Wick's lemma, which will be
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used here in a compact functional version given by Hor:i.h For an

arbitrary functiona.l?j: [x] of x(t) we have

THx, ()]

= . . Sy . e E | %
= exp(inn ) ¢ oexel- 33 de Gp 5 [xlf o (20)
where we used the following abbreviations
SRS (g g (21a)
in &x o in sx(t) °
e o [ ae [ e —Sxo(e, 1) = (21b)
§x F &x — - ox(t) F'°° ox(t”)
and Gy is another solution of Eq. (9) defined in complete analogy with
the quantum field theory,
- - in ° : ~yyyin
T Op(t, t7) =% (v, | T(xg, (8) =, (£7))¥ ) . (22)
The coherent state, which is centered around the origin in both the
coordinate and the momentum space, described by the state vector ‘l’o ’
in in
Yo ® wa a=0 (23)

therefore, plays the role of the vacuum state in our formalism. The function

GF can ber easzily found to be
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GF(t, t°) e(t-t-)(i/2)(y - i6t/m)(Y* + ia*t‘/m)

+

6(t =t )(1/2)(y" + 16 t/m)(y - 16t°/m) (24)

(2m)Ye(t-t ) (t-t") + (1/2)(]y|% + |83t /m + Im(y 8)(t+t")).

With the help of the formula (20) and its hermitian conjugate, we can

rewrite the expression (15) in the form

x(t) = : e;cp(inn %;— ! : exp (jxin %;-
1 2
o 8 = & B 8 $
x exp(- 33 J 8%, Cp le) exp(33 j 5%, Cp 6x2) (25)

=0=x

< exp(d | V() - Vi) Fm (8 + xa(t))lxl 2

In order to cast this expression into a more manasgeable form, we will
introduce a pair of new variasbles x and % vhich are linear combinsations

of xl and Xps

x (£) = x(t) + (&/2) Xt) (268)

x(t) = x(t) - (#/2) MO (26b)

We can simplify then the formula (25) with the help of the following

relation
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. 8 . . . S
: exp(inn le) vt exp(jxin 6x2
- . - $ .S yy, w6 L(+) 8
= exp(inn( 5%, * 6x2)) ‘ exp(iJle G 6x2) ’
where
4 _(+) . in, * - “y win
T 6 (etT) = (v = () x, (2) ¥T) .

The final expression for x(t) reads

x(t) = exp(J;i

8 § (1) & |8 3
n °xp(ﬁ3;G = °@<lfa—x Oy )

8x

x exp(_l-‘:L;I[V(x + m/2) - V(x "‘h;/a)])x“)lx(tFO:;:'(t)

b

where

-?-'G(l)(t, ) = (wénl{;cin(t), ;in(t‘)j wén)

= 2Im GF(t, t°)

(27)

(28)

(29)

(30)

Inserting (29) into the definition of-xa(t; Xy pin) and using the formula

(18), we obtain finally

*(ty x,_, p,.) * [t]x] =
a in® *in a x(t) xin+pint/m

(31)
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where

xltlx g em Sl O xS o &
sx

(32)

*(t)=0 °

3 exp(j;j[v(x + B%/2) - Vix - 5%/2)]) x(t)

The position operator in the Heisenberg picture can be reconstructed

from the function Xa with the use of the formula

x(t) = : exp(; L) :-*d(t; X, D) . (33)

3 4+ 5
in 9x pin 9P xw=0=p

The expression (32) is particularly useful in the study of the
classical limit, because all the dependence on the Planck constant is

explicitly shown there.
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3. The classical limit of the quantum mechanics

The transition to the classical limit can be very easily performed

by letting ¥+ 0 in the formula (32). The resulting function of t, X0

and Pin will be called *El'

x(t)=x3,(t)

- e[ o L) e-i [rB) w()|E 3T

é6x R 5;

where F is the force exerted on the particle,

av(x)

Flx) = - 9 x

We shall show now, that ¥Z2is the solution of the classical

equation of motion,

m dzx(t)

dt2

= F(x) ,
obeying the asymptotic condition

lim (léét; x

gm0

in’® pin) - xin(t)) = 0.

To prove this we shall make use of the following lemma.
Lemma:

The operation K,

(34)

(35)

(36)

(37)
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K = exp(if6x Gg m) exp(- 1jF(x)xlx=0 s
applied to two functionals of x(t), say o [x] and ¥ [x], and the
multiplication of these two functionals are interchangeable i.e.
k(& H) = k(&) .

The proof of this lemma is given in the Appendix. Since K is clearly
alsc a linear operation, we can prove by induction, that for every

polynomial p(z)
k(p(F)) = pk(F)) .

This relation will also hold for sufficiently regular functions f(z),
K(£(%)) = £(xk(F)) .

We shall employ now the following relation

exp(ljax R —;) x(t) exp(- 1}—— Gy ;g)

$

ox(t”)

= x(t) + ijdt’ GR(t,t‘)

in order to rewrite the formula (34) for *Ezin the form

B x, b)) = oxg (K ¢ K([asT Gple,e IRGx(8))

Finally, with the help of the lemma, we obtain the following integral

equation for 9%2

x(t)=xi

(38)

(39)

(40)

(k1)

(k2)

(43)

(%)
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®{t) = x, (t) + Jdt’ Gelt,t7) FlE (£7)) . (kL)

The solution of this equation satisfies Newton's equation (36) and the
asymptotic condition” (37).

Thus we have shown, that the functionlxé(t; Xy pin) describes the
quantum analogue of the classical trajectory and that it becomes exactly
the classical trajectory in the limit when 41 + 60 Since the function G(l)
depends on the parameters y and § which appear in the definition of the
coherent state Wa, the quantum analogue of the trajectory is not uniguely

defined. For example, the lowest order quantum correction to the clasgical

trajectory has the form

. v :
EALTIE IS FIO RN ¥ T T
(45)
2 2 2
i 12 9 1512 2 * 3
+ T =+ 1el" 5 ram(y ) o) £les %0 py )
axin apin in “1in

where the dependence on y and § is explicitly shown. As will be seen in
the next section, there is no ambiguity of this type in the field theory,
where the particle interpretation meskes it possible to separate unambiguously

the field into the annihilation and creation parts.
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4, Scalar field theory

All the results obtained in Secs. 2 and 3 in the nonrelativistic
guantum mechanics can be generalized without any difficulty to the
relativistic field theory. In this section we shall consider a general
relativistic field theory of one real scalar field. The Lagrangian

density in this case has the form

(o) = 5o 0% - &%) - W), (46)

where k = mc/¥r is the inverse of the Compton wave length and the
interaction energy density‘if can be chosen to be any function of ¢.

The clsssical field equation derived from this Lagrangian has the form

(O + «2)elx) = 306(x)) , (47)
where
3(s) = —-"—7“—5@91 . | (48)

The solution ¢cz(x) of this classical field equation will be characterized

by the Fourier transform f(k) of the incoming field ¢in(x)

o, (x) = o lxlf] , (19)
6y (x) = ¢in[xlf];fxl/afdr(f(gge'ik"‘+ (k)™ ) (50)

where 4T is the invariant volume element of the mass hyperboloid

ar = (en)'3(2w(A1§3)'1 a3k . (51)
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In complete analogy with the particle mechanics, the classical field

ch will be the solution of the integral equation

0 X = 0y () + fay aplaer)ale o)) (52)

The quantum field functional @q[xlf] will be defined as the following

expectation value
_ in % in
¢q[x|f] = (v le(x)¥D) (53)

where ¢(x) is the field operator in the Heisenberg picture and W;n is the

coherent state vector of the free incoming field ¢in(x),

Win = exp(—%jdf!fﬁ&)]z) exp([dffﬁh)azn(ﬁl)ﬂ . (5h)

The function f will be normalized according to the condition

Idl‘lf(k 2 = n (55)

X2
where N is a dimensionless constant, which can be interpreted as the average
number of the quanta present in the field.

In order to evaluate the quantum functional we should follow exsactly
the same procedure, which had led us before to the final formula (32) for-xa
in the particle mechanics. We shall not repeat these calculations here,
because it would amount only to changes in the notation. The final formulas
read

¢q[x|f] = Qq[X|¢] ¢=¢in[xlf] s (56)
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where

¢q[x|¢] = Q¢(x)) (57)

and the operation Q is defined in the following way

Q = exp(ﬂ %3 p 1) -23) exp(ij-g}- . -?,g)

(58)
« exo({ (36 + 15/2) = o - w7201 0"
The propagators A(l) and AR are defined as usually,
Taliey) = (@l §o,00, 4,008 0 (598)
) (xy) = o(t-t")(2|[s, (x), ¢, (y)1a) (59m)
i "R in > ¥in °

The formulas (57) and (58) define a natural off-mass-shell extension
of the expectation value (53). We have used the same symbol ¢q[x|'] to
denote both the expectation value ¢q[x|f] and its extension Qq[x|¢]. This
should not lead to a confusion, because the argument of the funectional will
always indicate which is the case.

We can easily obtain similar formulas for the symmetrized products
of the field operators. The expectation value of such a product in the

coherent state can be obtained from the n-point quantum functional ¢q[xl...xn|¢],

¢q[xl°,°xn|¢] = Q(¢(xl)°"¢(xn)) . (60)

For example,

i N 2 i
G180, 030D = oglxrlol[ oy e (61)
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5. The classical limit, the tree diagrams and Dyson's double diagrams

In this section we shall restrict ourselves to the discussion of the
two simplest models of the scalar field theory, namely, those described by
the interaction Lagrangians A¢3 and A¢ho In these two cases there exists
g simple procedure based on a diagrametic technique, which enables one to
write down the perturbation expanmnsion for the functional qu Similar,
although relatively more complicated procedures can be developed for other
interaction Lagrangians, but since the perturbation expansion is meaningful
only for renormalizable interactions, we shall not go beyond the A¢h
coupling.

In the simpler case of A¢3, the formula (58) for Q can be rewritten

in the form

- exp(%f%alk(l) )exp(:.f(w 23

53
2 (62)
. ) 5
x exp(iﬁhz I$3) exp(31kj ¢ x)’$=0 .
The differentiation with respect to $ can be absorbed in this case into
ch and the following formula for ¢q results
1
o [x[e] = exp(hf 2 6 7
(63)

R~
X exp(i%EZI dzdx, dx dx3 ——T—__'A (x -z) _ETE__ A (x -z) ——T_—T A (x z)@cz[x|¢],

where, as before, ch is the limit of @q when & > 0,
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oplxle] = emti & &y e [e?etaly, (64)
cl §¢ 63 $=0

In taking the limit T + O we have kept the Compton wave length ¢
fixed, so that the classical field theory described by Egs. (L47) and (48)
was obtained. This classical limit can be thought as the one corresponding
to the strong field regime, because the average number of field. quanta
must infinitely increase with decreasingh (ef. Eq. (55)), if the field
is to survive the limiting process. This is obviously a different classical
limit than the second one, in which the mass of the particle associated
with the field is kept fixed, so that the classical theory of particles
is obtained. In this second limit the field is com@letely destroyed.

In the case of the A¢h coupling the resulting expression for ¢q reads

¢q[X|¢] = exp(%{ %$ 2 %;)
x L exp(llh_jdzdx dx dx3¢(z) 7——71\ (x -z) —mA (x -z) _Tp_(x—T A (x z))

x &cz[x|¢] , A (65)

Where L denotes the ordering operation, which places all the functional
derivatives to the left of all ¢'s, so that all the field variables will be
subject to the differentiation.

The general structure of both expressions (63) and (65) is very similar.
In each case there appears the classical scluticn °c2 of the field equation

and there are two exponential operations acting on this classicel solutions

and converting it into the quantum functional @q. Even though these exponential
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operations in the formulas for ¢q can not be carried out effectively,

these formulas are very useful in the study of the perturbation expansion
of ¢q° In order to obtain such an expansion, we must first expand the
classical solution into the power series in A. This cen be done either

by solving Eq. (52) by iteration or by expanding the exponential function
in the formule (64). In the n-th order of the expansion we obtain a
collection of terms, each of them containing a product of n retarded
propagators and n + 1 or 2n + 1 fields , depending on the type of the
coupling. Every such term can be represented graphicelly by a.iree
diagram and vice versa every tree diagram constructed according to certain
rules gives rise to one term in the expression for ¢c2' These rules. vary
with the form of the interaction Lagrangian. Every tree diasgram consists
of the trunk (corresponding to the AR(x-xl) function), the branches
(corresponding to the AR(xi_xj) functions) and‘the twigs (corresponding

to the ¢(xi) fields). Depending on the form of the interaction Lagrangian
(A¢3 or A¢h), three or four branches and/or twigs meet at every branching
point. An example of the tree diagram for the A¢h coupling is given on
Fig. 1. All possible topologically different tree diagrams with n branching
points must be taken into account in order to obtain the total contribution
to ch in the n-th order in A. The product of the AR functions and fields
corresponding to a given diagram is to be integrated over in space-time
variables Xy o There is also a numerical coefficient, say ND; multiplying
the contribution from every diagream. This numerical coefficient depends on

the interaction Lagrangiasn. For the A¢h theory this coefficient is
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Ny = (1) (4e3)72 (ke3-2)"3 (he3.2:2)7h (66)

where ng is the number of the branching points, at which i branches
and hk-1 twigs meet. |

Differential operations acting on ¢c£ also can be described in
terms of certain grephical rules.

"Let us consider first the operation Gh/h)J(6/6¢)A(l)(6/6¢). When
acting on any product of the ¢ fields it removes a pair of fields, say

¢(xi) and ¢(xj), in all possible ways and replaces them by (h%Q)A(l)(

xi—xj).
In the graphical language, two twigs are connected togetper and the line
which is thus formed will represent the function %ﬁVZ)A(l)(xi-xj), This
operation will be called‘the line contraction. The n-th order term of

the exponentisal operatién exp((hfh)j(6/6¢)A(l)(5/6¢)) will give rise to n
line contractions carried out in all possible ways. However, the twigs
that emerge from the same branching point are not to be contracted. This
restriction corresponds to the normal ordering prescription (removal of

the zero point interaction energy) for the interesction energy density.

The second differential operation also can be given a simple graphi-~

cal interpretation. For the A¢h theory the operation
0l 2
(31" /h)f¢(6/6¢)AR( §/8¢)8.(8/84)A

removes three fields, say ¢(xi), ¢(xj) and ¢(xk) in all possible ways and

replaces them by the expression

szAR(xi-z)AR(xj—z)AR(xk—z)¢(z) .
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This operation will be called the vertex contraction. In the graphicel
language, the vertex contraction adds one new branching point to the
diagram, connects three existing twigs to this vertex replacing them

at the same time by the branches and adds one new twig at this new
branching point. The n-th order term of the exponential operation will
give rige to n vertex contractions, which should be carried out in all
possible ways. However, if two twigs, which emerge from the same
branching point, are contracted in the same vertex contraction, the

resulting contribution vanishes, because

i
(o]

->
Balxs ) lioo

Therefore, the vertex contraction contributes for the first time to ¢
in the L-th order of perturbation theory.

Similar rules for representing the perturbative expansion in terms
of the diagrams can be given in the A¢3 theory. One can also give
analogous rules for the calculation of the n-point function ¢q[xl...xn|¢]
in perturbation theory.

Our rules for representing the perturbative expansion of the field
operators in terms of the diagrams differ from the rules given by Dyson,6
but they are equivalent to the rules derived by Symanzikl with the use of

T

the external current techniques.

(67)
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6. Quantum electrodynamics

In this section we shall discuss quantum electrodynamics within
the framework which has been developed for the treetment of the. scalar
field. In order to apply our formaelism to quantum electrodynamics, we
only must generalize it to the case of the anticommuting spinor field
operators.

First we define formal coherent states of the electron field with

the help of anticommuting functions g(i)€§3 r),

in (+)% (<)

\yg = exp(—% %Jdr(g (/&E\.’r)g(*.k/}i’ r) + g *(’Vl&',r)(g(-)(}:',r)

(68)

(

x exP(gde(g(+)(k& r)aln(fc r)+g ~)£E: r)bznggz r))a .

(+)

.'.*
(+) are assumed to anticommute with themselves

The functions g and g
and with the creation and annihilation operators.

In order to avoid all known difficulties in the formulation of the
theory, we will give photons & small mass. The coherent states of the

photon field will have the form

in _ 1 2
¥. = expl zzgfdrlf(glr)l )

(69)

x exp(g;fdrf(b r) °1n(3&’. r))a .

Combining together the formulas (68) and (69) we can easily produce simul-

taneous coherent states of the electron and the photon fields. They will

be denoted by wti.n .

'8
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We can proceed now in exactly the same way, as we did in the case
of the scalar field, to derive the following formula for the quantum

functionals ¥ , ¥ and A .
Qa’ q Q

Wq[xlw, v, al ¥ [xlv, ¥, el
Wq[y“” E’s a-] = Q "i"cz[ﬂw, -‘I’s al » (70)
Aq[Z|w, v, al A,lzlv, ¥, 8]

where the operation Q has now the form

Q = exp(-g-I %E s(l) 6—_) exp(ﬁ 6_2._ A(l) £
Sy u

oy (72)
X exp(ieh—ajdde'dxdy mus-z—:y Aﬁv(z‘—z) a}-%;)- sR(x-z)yvsA(z-y) GE?y))

and Yogo gcz and Acz are the solutions of "classical" field equations in

the integral form.

Yo (x) = )+ efar” S laenyeng, ()Y, (x7), (T2a)
Wcz(y) = P(y) + Sde’ Wcz(y‘)v'Acz(y‘) 8,(y"-¥), (72b)
A,(z) = alz) + esz‘ bplz-2”) T, (2" hyy_, (7). (72¢)



26~

In order to simplify the notation we have suppressed the vector and spinor
indices. Functional derivatives with respect to the anticommuting fields
have been widely used in the literature. We have adopted here the usual
convention, that /8y are the right derivatives (acting to the right) and
8/8¢ are the left derivatives (acting to the left).

The expectation values of the field operators in the coherent. states
are obtained from the quantum functionals Wq, Wq and Aq by evaluating them

on the mass shell

i " in =
(Ve gle(x) ¥°0) = v [xlv, 9, a) (73)

=y, , =0, , a=a,
: v=b s U=D, s ema

ete.
We can also give closed formulas for the '"classical" fields in the
complete analogy with the scalar field case. The operation K, which converts

the fields ¥, ¥ and a onto the classical functionals Y, ¥ and A, has

L? el
the form.
) 3 .{ & S 8 R 8
K = exp(if — S ) exp(lj -~ S —:0 exp(if —_— A =)
WOR ey Y Say WV R
(%)

- Y - A
com(s [Gras + rar ¢ Fral|ied  n -

The iterative solutions of Egs. (72) can be again represented graphically
with the help of the tree diagrams. The exponential operations, which appear
in the definition (71) of the Q operation, give fise to the electron and
photon line contractions and to the vertex contractions. These contractions

are to be carried out in all possible ways on the tree disgrems. The appro-
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priate rules relating the diagrams to the corresponding contributions
to the quantum functionals Wq, ?q and Aq can be easily worked out.

Formal, as all these results may seem to be, they do enable us to
write down easily the expressions for the field operators in terms of
the incoming fields in perturbation theory and also to study various
general properties of such expansions. One such application of this
formalism will be given in the next section.

We have put the term "classical" in quotation marks, when we
referred to the solutions of Egs. (69), because apart from the formel
analogies, there is very little there that would justify the use of
these terms. Not only the Compton wave lengthf%instead of the mass,
but also‘ € = e/h, instead of the charge e, are kept fixed in this
limit. We were forced to choose this limiting procedure, since we have
insisted on having smooth fields in the limit, whereas in the. true
classical limit, the expectation values of the fields must become highly

singular. In particular the expectation values of the current operator

and the energy-momentum operator must develop &-funection singularities

(¢]57(x)¥) 53 efds a Sy (x-e(s)) (75a)
e ag” aeg®
(¥]T"V(x)¥) =53 nids EE—'EE_'G(h)(x-E(S)) . _ (T5v)

The study of these limits is beyond the scope of the present paper. We

intend to return to this problem in a future publication.
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T. Gauge transformations of the field operators in quantum electrodynamics

The explicit formulas given in the previous section for the field
functionals will be now used to study the relations between the field
operators in different gauges. The most interesting example of such a
transformation is the one which leads from the Proca gauge to the
Feynmen gauge. The transformation formula for the fields will be derived
from an identity satisfied by the solutions of the classical field equations.
In order to derive this identity, we shall write first the field equations

in the Proca gauge.

(Dx+ eY'Acz)‘i’cl = DV (76a)
¥, (0, +eva ) = W, (76v)
K‘“’Ai" - T, = e, (76c)
where

D, 53 -ivd + « (TTa)
By = iyed + %, (770)
MY A 2y uv HAV

K = (aAa + u)gtt - 8t . (TTe)

The inhomogeneous terms sppearing on the r.h.s. of Eqs. (76) are present
there, because we can not set ¥, ¥ and au to be free fields before all the

functional derivatives with respect to those fields are evaluated.
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Next, let us suppose that the fields ¢, E and au are subject to

the following changes

p(x) » “p(x) = e_iEA(x)w(x) + ede SR(x-y)y-aA(y)e-ieA(y)w(y), (78a)
B > B = Bt 4 oy 5t yang) 5,0, (r80)
a(z) » “a(z) = alz) + 3A(z), (78e)

where A(z) is an arbitrary function of z. With the help of the field
equations (76) we can derive the following transformation properties for
the classical field functionals under the transformation (78) of their

arguments.

v, lxl v, F,e] = N lxly, §, al, (792)
G P S _ iepg =

¥ vl 9,7l = e Iylv, ¥, al, (790)
ALzl v, 9,72l = A (2w, ¥, a] + aa(z). (79¢)

Differentiating functionally both sides of these relations with respect to

A(z), we obtain the following equation for Wcz

S §7y(y) §To(y) _ 8 scaly) __ ¢ o=
Idy[ 570(y) oa(z) * TeA(z) 57(2) M 'g;z%j- g:;p;y]vcztxl ¥, P, al

-iea(x) (80)

= -ie8(x-z) e Wcz[xlw, v, al

and two analogous equations for ¥

el and Ac

z-



-30-

In this way we arrive at the final set of identities which are obeyed

by the classical fields.

(6(z) - 3 TsaszT) v () = -ies(x-z)y_,(x) , (81a)

(6(z) - aug;%(-z—;) ) = ies(y-2) ¥ (y) , (81b)

(6(z) - , _& a7 = 3,8(z-2") , (81c)
" 6au2z)

where

G(z) = —iede EE%;T SR(y-z)Dzw(z)
(82)

+ ieldy 3(2)5 s, (z-y) —

15‘ Yy ¢(2 2°A 2=y EET;T o

With the use of these identities we can relate the guantum field functionals
evaluated in one gauge to the functionals evaluated in another gauge; the

gauge being determined in this case by the form of the photon propagators.

The photon propagators can be written in the form

() . () .
L (z-27) = a,., A (z-2") , (83)
where the tensor duv specifies the gauge and A( ) is the corresponding

propagetor for the scalar field. In the Proca gauge

-2
Proca: dW = -8, + u auav (84)
and in the Feynman gauge
Feynman: 4 = g . (85)

uv uv
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The transformetion formula for the field functionals off-mess-shell,
which is given below, is rather complicated, but it simplifies sig-

nificantly when the fields ¢ and § are put on the mass shell.

wcl(x)
Q(Proca) = exp(Ghea/huz)A(l)(O))
Wcl(x)
x exp(-(h%huz)IGA(l)G) exp(;(ich12u2)szA(l)(x—z)G(z)) | (86a)

x exp(:(igah?/uz)fdzAR(x—z)H(z))

(x)

b4
x exp(( h?/uz)fGARH)Q(Feynman) ct ,
¥ (x)
ct
Q(Proca) Acz(z) = Q(Feynman) Acz(z) R (861v)
where
#a) = [orl 5y S-) ey - aerey Sae ) woiy | (87)
USRI Sz T wz) AT Sy Y

Three exponential functions out of five present in Eq. (86a) disappear when
¢ and ) satisfy the free Dirac equation, because then G = 0. Eqs. (86)
describe changes in the form of the field functionals, which are due to the
change in the photon propagators. In addition we should also use different
free photon fields when we evaluate these functgonals on the mass shell.

In the Proca gauge free photon field satisfies the equation
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Kuvav(z) = 0 (88)

whereas in the Feynman gauge we should use the solution of the

Klein-Gordon equation
2
(O + va (=) = o . (89)

The most interesting feature of the transformation formula (86) is
that the relationship between the asymptotic field operators in and out,
which can be derived from it by teking the (weak) limits t + + =, does not
depend on the gauge. The first of two exponentials which contribute on
the mass shell produces just change in the renormalization constant and the
second does not contribute in the limit t »+ + =, because of the dependence
on x in the exponent. This implies the invariance of the S operator under
the change of the gauge.

One can also use the transformation formulas (86) to show, that if
an expression constructed from classical fields is gauge invariant, like
for example P(x)yy(x) or P(x)(3 + ieA(x))y(x), then the corresponding
quantum operator is formelly invariant under the gauge transformation of
the photon propagator (apart from the change in the renormalization constants).
However, due to the singular behavior of the product of the field operators at
coinciding points, in the correct proof of the gauge invariance we should

rather start from non-local gauge invariant classical expressions of the type
x+n

e, m) = B ey -t [ aghs, (0))utx) (90)

x
in order to obtain finite operators in the limit n » O.
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Appendix

In order to prove the lemma we shall first expand the operation K
into a double series and carry out all the differentiations with respect
to ;.

[~

K(F) = E %—Jdtl T
n=0
(A.1)

‘x‘(?‘? Galtys 1) oo ‘T‘T Gplt , t7) Flx(e)) oow Flx(s7) FRx]

or symbolically
k(%) = L exp(f g;GRF)?!'[x] , (A.2)

where I denotes the ordering operation, which places all the functional
derivatives to the left of all the x's. The r.h.s. of the relation (39)
can be written symbolically in the form

R = L emlfzE rt) + [ o))
1 2

L {exp(f GeF, ) (A.3)

xl=x=x2

x e@(J—GF )g{[x+§];&[x- 1-(]} |§=0 s
§x
where

x = (x, + x2)/2 R

(A.b)

x = (x, - x,)/2
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and

F, (x, ¥) = Z(F(x + %) * Flx - x)). (A.5)

After expanding the last exponential in (A.3) into a series, we will find

that each term will contain the following object

L ”~ 6 e 6 -
Idtl oo @t At7 ... A7 —— Geltys t1) voo — Gt )
sx(t,) sx(t )

L (A.6)
x F(x(ti), i(ti)) oo F(x(t;), x(t;)) .

Since F_(x, x) vanishes when x = 0, there will be no contribution from (A.6)

in (A.3), unless every derivative §/6x in (A.6) acts on one function F_ .

With the use of the property of the force that it is local in time i.e.,
§F_(x(t"), x(t7)) aF_(x(t”), x(¢~))

= §(t-t°) R (A.T)
6x(t) ax(t”)

we can reduce then the expression (A.6) to ni terms each having the following
form

Idtl coe dtnGR(tl, ta)GR(tz, t3) ce GR(tk, tl) ces GR(tﬁ, t£+l)...GR(tn,t2)

oF_(x(t,), i(tl)) aF_(x(t ), i(tn)) (A.8)

ax(t,) ax(t )
All the propagators appearing in this formula are divided into several groups,

the time arguments in every group forming a closed cycle. Due to the retarded

character of these products such products always vanish:
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G(tl,t ) = 0

. ) e GR(tk, t

2 1

Thus we have proven that the exponential operation exp(f(&/ﬁi)GRF_) can
be omitted from the formula (A.3), so that we can immediately set x = 0

and identify the r.h.s. as K(EF&@?).
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