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ABSTRACT
We investigate the consequences of the vanishing of
certain double commutators to examine the consistency of
SU(3) x SU(3) breaking models. We also calculate the con-
tribution to AT = 2 mass differences of isospin violating
terms other than the electromagnetic interactions, in the

Hamiltonian.
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I. Introduction

The principal use of current commutators and the accom-
panying techniques developed to employ them has been in treat-
ing problems involving soft pions.1 One may also examine the
problem of corrections to SU(3) formulae using current commuta-
tors as was first done by Furlan et al.2 With the help of
dispersion relations3, these problems can be treated quite
elegantly; we shall not repeat the derivations of Ref. 3, which
however are essential to the present paper, but rather refer
the interested reader back to it.

Let us begin with a simple example not involving SU(3)
The generators of SU(2) are labelled QI+ and Q13 and the total

Hamiltonian by H. We may then consider the following double

commutator

[ar, [an K] =0

the above relation holding if H contains no I = 2 terms. One
may then examine matrix elements of (l) between states belong-
ing to the same isomultiplet, but differing by two charge

units such as-Z+ and = or v+ and 7 ; to be specific, keeping

only the 70 intermediate state we find for the latter case
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This would imply that Mv+ - Mvo is zero, but of course we

have neglected the other contribution of order o, namely the
intermediate states with one photon: to take them properly
into aocount, we use the assumption of minimal electromagnetic

coupling, which allows us to write

[QL ﬁ)/ HJ = S 9,; 3'.,4- (%,'*) AX

N —>
[ - -2, A 2 P
= e | 3,600 ApGoh) Ax
(3)
where J gg) is the isospin current and Au the photon field.
K,

Using the techniques of Ref. 3 we may also evaluate the matrix

element of Qr between states involving one and zero photons as
+
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and finally combining (2), (3) and (4), we find, to order o
Eqe -Eqe = AT = -2 Sowat e'd¥
Lo| T{A ) Av@Y (o>
S LT T () Tp@) o>

B _L.‘;.:) SO\ eV = < T Fye) Gy ”)}l" >4

which is completely equlvalent to the standard beginning step

4

of the calculation of the v+ - 7° mass difference® and so leads
to nothing new.

The main purpose of this paper is to use these techniques
to explore relations between splitting of different members of
multiplets belonging to the same SU(2) or SU(3) representa-

tions. Consider for instance the commutator (QK%;is an SU(3)
generator)
(6)

I:QK-}) [:Q'I+) H]j =0

whose matrix elements allow one to relate, e.g. Mv+ - Mvo to
2 2 .

MK+ - Mﬁ? or M? Mn to MZ’ Mﬁo . We shall show how a dif

ference of two matrix elements of (6) leads to the Coleman-

Glashow relation5

Mz--Mze = Mg--Mg+ +Mp -Mx )



Our derivation of this formula is not completely new as
6 . . . .
Fels has derived the same relation, using the same techniques,

but taking instead the difference of matrix elements of

L Q. LQ«., HK} =0 ®

We believe our derivation is slightly more transparent
in that the electromagnetic splitting is emphasized from the
beginning. We will then go on to consider SU(3) mass formulae
as obtained from an evaluation of e.g. equation (8) and show
one may test SU(3) x SU(3) breaking models using the results.

Finally, we would like to show how relations, which are
the consequence: of (6), could be used to study if mass differ-
ences of particles within a given isomultiplet are entirely
electromagnetic in origin, as this assumption has recently

7,8,3

come into question.

I1. Electromagnetic Mass Difference Relations

To examine the consequences of (6) it is necessary to know
the matrix elements of QKFFbetween states which do not belong
in the SU(3) limit, to the same irreducible representation. To
determine these matrix elements, we calculate
0?‘ Jhk* - TK“, t+1E J'w,K'A © 9)

where J are the SU(3) currents, whose fourth components,



integrated over all space, are the generators of SU(3) and
where TK+ is a measure of the dynamical breaking of the sym-
metry. For instance, taking the model of Refs. 7107, %llﬂ,

where the Hamiltonian density is

H = Ho —(MQ+CUg)+ c

where u_, Ug are scalar densities belonging to the (3,3) +

wa,‘,{,&l‘..
Jp Ap
(10)
(3,3) representation of SU(3) x SU(3) and HO is invariant, we
find that Tpr = - cup., -
Utilizing (9) and (3), we find that the matrix element

of (6) to order o, between states a and b, receives from inter-

mediate states containing one photon, a contribution

AN (
//? ot oshdes widi

one ()ﬁ/\‘fi A

Lol (QM; [&1+ ) H:H

4_ - T \‘\ i i ,A)K{. , A
(aw) (+te
(11)
exactly as we derived (5). Now let a =35 , b = p and
a=%,b=25" and then subtract the right-hand sides of (11)
obtained with these choices. It is easy to see that, in the

SU(3) limit, one obtains a vanishing result. This is most

readily deduced making use oflﬁspin since then (p,z+) form



6ne doublet and (=7, E7) another doublet of the SU(3) super-
multiplet. The equality of the two amplitudes is then the

Ue~spin analogue of the equality of
*o0 ~o -
Ky 2° — K¥ + P

¥e  m- _

which holds in the limit of I spin conservation.]'2

We thus have

Cpl [Qke, [Qr W[ 5D - &Y [ows [au,, HI]IED
= O

(13)
and that, in the SU(3) limit, intermediate states containing
one photon do not contribute to (13) as these states' matrix
elements cancel from the difference by use of (11). 1In the
SU(3) limit, the only states contributing to lowest order in
the fine structure constant, are the one particle states cor-
responding to the neutral members of the baryon octet. This

2 (Mu-Mp) — 2 (Mz* -Ms9) - \’§<~/\—° [QI..'.) H:HE'>
=2 (Mzs-Me) + 2 (Mz-- M) + VT (5| [@r, K] (A

(14)
= 0O




or(Mn"MP) -+ (MZF —MZ') + (MB- *MEO)
_\T_;S__ Ll Quu(s> = stlaz | JL°>§

Jl

(15)

but &£+ is an operator of order a and only its component with
isospin equal to one has a non-vanishing matrix element between
A° and 37 and this in turn is equal to that between st and A°
states. The ensuing relationship between electromagnetic mass
differences which follows from the vanishing of the right-hand
side of (15), is the so-called Coleman-Glashowsformula. Correc~
tions to this formula, arising from SU(3) breaking are, unfor-

tunately, difficult to estimate reliably.

III. Pseudoscalar Meson Mass Formula

From the assumption that the SU(3) breaking part of the

Hamiltonian has no twenty-seven components, it follows that

[ Quy, L Qs K} =o© (16)

Taking the matrix element of (16) between K+ and K states, we

find

<K'(R) ( [Q Ke [QK’?A) H_ﬂ ( K <‘>')>

= @M 8(F-R,) Ex (3Eq +Eq-4EK) = O

(17)
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where we keep only the one pseudoscalar octet meson intermed-~
iate states. This, in turn implies the Gell-Mann-Okubo mass
formula
IMy tag —hMg = O
(18)

On the other hand we can use the techniques of Fubini,

Furlan and Rossettisto write the charges and their time de-

rivatives in terms of four-divergences of currents,

Qx(ﬂ = - SD‘A Sr;'((x) 8("—%} d%x
= ~c fugg [ Up () o(t-x0) 4%

(19)

[G‘/S)H] o\'f QB("’)— 53,‘ ,*,«(4()47

= ic frey 5‘*‘((?() dx (20)

where we neglect the electromagnetic interaction in calculat-
ing the divergence. Then the left-hand side of Eq. (17) can

be written as

< K*(R) l [.QK# y [Q Ky) H]] K( P">
= -ic* 3 (an)*S(AF)<Ki(r.) | S4% oC4.) [ Uiily), U&é(o)]'w(@

The simplest contributions to the left-hand side of Eq.

(21) are those of one-particle intermediate state%) in this

o . . . .
case 7 and M. Diagrammatically, these contributions eswmes
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correspond to the following tadpole diagrams:

Ukt . P dw
S

v l
l ' 0 '
Kkt ) TS | KT K v |

Fig. la) Fig. 1b)
To evaluate these' kind of terms, one needs to know the matrix

k

pseudo-scalar meson states, corresponding to the vertex of

elements of the form <Pi|uj|ﬁk> , where P, and P, are the

the tadpole in the diagrams shown in Fig. 1. As pointed out

10,1 .
0,11 these matrix elements, to

by Gell-Mann, Oakes and Renner,
a good approximation, can be evaluated by soft-meson technique

<Pi | ;| Pk> = O\\‘jk 3 (22)

or, using PCAC <O‘V\'\ B"> = %_Q_ (23)

where B = Amz/c and £ is the meson decay constant which appears

in the PCAC relation:

5 2 - |
Dr\ 3.';,)‘ = .._M;_ ‘l ‘ -— 'L el T ¥ 8
24 (24)

Equivalently, one can use PCAC to take the soft-meson limit of

the right-hand side of Eq. (21) to get
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e [, [Qe M| KG0> = 1e5 2 (amp?
8(RR) [ 4% 6649 <0 { £ [aut)u(o) + s (3)Us ()]
L [H@%E + Lvst) v, @] [0

(25)
Then we saturate the right-hand side of (Zé) with one-particle
intermediate states. The first two terms of (2§), which con-
tain ui's will not contribute, because the matrix elements of
u, between Vécuum and one particle state is zero, which is
another way of saying that there are no low-lying scalar meson
states. For the terms containing vi's only 7> and n contri-
bute, as we have expected. Using the values of the matrix ele-

ment given in Eq. (22), we obtain from Eq. (24)

<K (%) [Qm_ [QK-!' f{_mK (P)> (21?) £(P )(AM\(%)

Comparing Eq. (25) with the Gell-Mann Okubo mass formula given

in Eq. (18), we see that

3M?L'+AM1% -'/-(-Mfz = - (AM\)
2w (27)

Experimentally, the left-hand side of (26) is

2 O < “
(3mn o 498} L 608 (6o oo
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If we use the masses of K and N to compute the mass difference

-2
Amz and average mass m , we get

-~

(M) L g e
e (29)

which is about twice as large as the experimental value and

N

differs in sign.

It should be understood that the result, eq. (27), does
not correspond to an estimate of corrections to the Gell-Mann
Okubo mass formula, but rather to model dependent evaluation
of the contribution of 7° and N intermediate states to the
double commutator in Eq. (17). 1If this double commutator does
in fact vanish, higher intermediate states must cancel the
contribution of the vo and T states. What we have performed
is a very rough test of a model of SU(3) x SU(3) breaking in
the pseudoscalar mesons, and the result is probably more amus-
ing than enlightening, in that all it shows is that there 1is
no gross discrepancy between an exact and an approximate evalua-
tion of the 7° and N state contributions to the saturation of

the double commutator in Eq. (16).

IV. Non-Electromagnetic Isospin Violating Terms

In this section we will try to estimate the contribution
of an isospin violating term in the Hamiltonian to AI = 2 mass

differences. The existence of such a term in the Hamiltonian,
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proportional to uj, has been speculated on by various

7,859 It is clear that this type of isospin violating

authors.
term contributes to the mass differences between different
members of the same isospin multiplet in addition to the or-
dinary electromagnetic interactions of hadrons. The reason
for looking at AI = 2 mass differences is that the usual elec-
tromagnetic calculations for T+_Wo and = + s~ - 25° mass dif-
ferences have been reliably calculated and agree fairly well
with the observed mass differences. The contribution coming
from the uq term would thus furnish at least some rough test
of the existence of a non-electromagnetic term.

In the presence of electromagnetic interactions, the

Hamiltonian density is assumed to be of the form, e.g.9

H= Ho - Uo +\2 (i—% sine)Ug + Vgsihze Us

+ e JuAp (30)
where 6 is the Cabibbo13 angle. Using the above Hamiltonian
we would like to estimate the uq contribution to W+_Wo and
st s - 22° mass differences.

(i) 7+ - 7° mass difference:

. . + -
Taking the matrix elements of (1) between v , w states

and proceeding as in section III, we write
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i(am)® S ( S --\5;,‘,) %’_\ c\“ﬁ 8(“*30)

X { <‘IT+‘ 9’“3—7"5"(%) (M>@‘ 0 f]'%+(05 ln">
“<Tl”*' ‘993))’+<°)|M> <"'\' QFJ;A,‘{Q) ,W“>‘2] =0

(31)
In (31) we separate the contribution due to > intermediate

state which gives

@D & (Fr-B) 2 (e Me) + O) + O(c?)

(32)
where c¢' is the coefficient of uq in (30) and we work in the
rest frame. The higher order terms in (32) arise from the
corrections to the vertex which will be ignored in what follows.

The usual electromagnetic contribution of order a to the
mass difference comes from the multiparticle intermediate states
which contain a single photon as is shown in section I (Eq.

(3) through (5)).

Assuming that the electromagnetic contribution has been

calculated we proceed to estimate the contribution of terms of

f
order ¢ 2 from the one particle intermediate state. This term

is given by
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-iet (" S(F-F) 3 4y ol
single
pariicle

L <] telyy) IMD< Ui(o) [t = <rtl Wae) Imd<m] wey) T

(33)
which is obtained from (31) by replacing ‘Dr:ﬁﬁ+by
OPJN" -e UPT“A‘* +icluy (34)
which follows from (30) and then keeping only hadronic one
particle intermediate states to estimate the:crzcontribution.
In the language of Feynman diagrams, Eq. (33) corresponds
to the double tadpole irreducible diagram shown in fig. 2(a)

where in the intermediate state we have only an 1 state

ut+ 7 ut '
<:;) ‘@%? ‘EEE’ Uz ‘Eipllg
\ l‘ ;
n, | m- e R | T
(a) (b)

(Fig. 2)

The use of the double commutator (1) to calculate the
mass differences is for convenience in taking care of all the

numerical factors correctly. What we are actually doing is no
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more than to calculate the v+ and 7° self energies to second
order in the isospin violating term c'u3. Diagrammatically,
this corresponds to the contribution from the double tadpole
diagram shown in Fig. 2(b). These diagrams can then be evaluat-
ed by considering the external pions to be soft.

Alternatively, using soft meson techniques and PCAC,
Eq. (33) can be written as

Lt () S (R P (2)° S S %y o(-n0)

S\h le
rqr‘f \C\f_

{ Y [ {o| Vg (’3) lM> (M,Vg(o)'o> < | Vg (o) |M>(M| Vs (5)‘52]
+ 2 [ Lol utlw) (D> lus@l oD = Lol dire) o<l ustin)lo) |

(35)
which is evaluated in exactly the same manner as Eq. (25)
to give, as the contribution to the double commutator of one
particle intermediate states
: 2
_ _L<_L€ s\'v\‘9>z B
3\ 2 2
My
Thus the contribution to v+ - 7° mass difference in this

approximation is given by

M-“-{— ‘M“TO,
Mt Qi (36)

Uz contml,
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which is to be compared with14

(@““* _AMT°>e.m~

( M+ —'NWWA5QXPT‘ — lf,é; M e

5,0 Mev

I

(37)

+ + 3 - 220 mass difference:

(ii) =
In this case we need the matrix elements of the scalar

density us between baryon states. The most general form of

the matrix element, in the limit of SU(3) symmetry, is given by

- <BiluelB) = W[ iF kg -Ddug(t

where fi and di are the usual SU(3) coupling coefficients.

kj kj
F and D are obtained by ascribing the mass splittings between

baryons belonging to the same SU(3) multiplet but differing in
hypercharge to the symmetry breaking term -(uo +-cu8) in the

Hamiltonian.lo When this is done we get for F and D

F 174 MeV

D = 60 MeV
(39)

To calculate the contribution to the mass difference, we
proceed as in the pion case by taking the matrix elements of

+ -
(1) between =& and 5 states and write



(@) §(brPed & (A ®(-s,)
{ ST gIm D> <] 0,T,0o) [
~(2 %W Ty < Tty (2]

Separating the pole contribution coming from the s° intermediate

(40)

state and summing over polarizations, we get, to order «
) S(For-B.) Mgv M- -2Mso
2Mz
X Uz‘l' [b’o < Mgo + MZ—) + (Mz"'MZ')] uz'

(41)

As before the usual electromagnetic contribution of order o

to the mass difference in (41) comes from the intermediate
states containing a single photon. In what follows we will
consider this electromagnetic contribution to be calculated
separately. When this is done and all terms which are of order
higher than a neglected, we have in (41) the contribution to

the mass difference from c'u3 terms alone. We now proceed to
estimate the contribution, of order«é{% from the single particle
intermediate states. This is given, as in the pion case, by

the following expression
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@w)35< z-l——-PZ) MZ"’“’MZ" ”Q'MZ" (Az{»(efo(Mz*‘*'Mz)
Mge + (Msgo - Mg- ]uz

e [ ey S [<xtiugly) s <nlui@Is

Polqru qu IOWS

- <zt a2 =

(42)

Using (38) to write the matrix elements in the second term, we

get

Mg+ + Mg- —zMz.,{ - Zc? B"M — = O.HTHev
s~ I\

<oh’fh5 (43)

which is to be compared with15

Mi**’MZ”QM}IJ’IQ,M, = .54 Mev
Mo +Mg- -2Mee| 179 M

The uncertainty in the calculation of the electromagnetic

(44)

contribution to AI = 2 mass differences is sufficiently large
however that we do not believe we have provided here a signifi-
cant test of the presence of a term proportional to uq in the
Hamiltonian. Admittedly, the contfiﬁution to the w+ - 7° mass
difference is fairly sizeable, circa 20% of the electromag-

netic calculated contribution, but one probably should allow
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for a 20% error in the calculation of the latter.

In addition, we should point out that it may be unrealis-
tic to allow the u, term to have such a large coefficient, as
this leads to e.g. a large K+ - K° mass difference. The elec-
tromagnetic contribution to the latter is however hard to
calculate reliably so it does not rule out the model of Eq.
(30). A coefficient for Uq appreciably larger than that of

Eq. (30) is ruled out, we believe, by our W+ - 7° mass

difference calculation.
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