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ABSTRACT

A simple and systematic procedure 1is established for directly generating
perturbation theory for the a model order by order in the number of loops
rather than in powers of the bare coupling constant. This self consistent
Greens function method is demonstrated by deriving the already known tree and
one loop approximations and then is applied to the much more complex problem
of the two loop approximations to the propagators. The explicit form is
displayed for these and it is demonstrated that in the limit of no symmetry
breaking and zero pion bare mass the renormalized pion mass remains at zero
as 1is required by the Goldstone theorem. These are the essential first steps
toward calculating a unitary nion-pion scattering amplitude with this model

to the two loop order.
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I. Introduction

The techniques of current algebra have, for the most part, been used with
great success in the description of elementary particle phenomena. However,
it is clear that current algebra can at best supply only the basis for the
lowest order most model independent approximations to physical processes and
that the more detailed understanding of these phenomena and particularly the
development of unitary scattering amplitudes requires a more explicit theory.
Phenomenological Lagrangian theories have been formulated with the correct
chiral symmetry properties'*'. These models automatically result in tree
approximations which reproduce the current algebra results with the appro-
priate definition of 'the parameters. It is gquite reasonable to attempt to
extend the predictive power of such models by treating them as true Lagrangian
field theories in which, in respect to the symmetry and the first approximation,
perturbation order is performed according to the number of closed loops in a
diagram. Having made the decision to calculate in this manner it is necessary
to suffer the disadvantages as well as the advantages of Lagrangian field
theory. In particular, even though the machinery is at hand to systematically
calculate approximations to the "true" unitary crossing symmetric scattering
amplitudes, we must first contend with the problems of divergences endemic to
essentially all perturbation field theories.

In recent papers considerable progress has been made in understanding the
renormalization of Lagrangians relevant to generalize current algebraic calcu-

2

lations. B. W. Lee has argued that the broken (intrinsic and Or spontaneous)
a model” is renormalizable and has explicitly demonstrated a method of calcu-
lation and renormalization in the loop approximation. Using more general but
formal Wards identity techniques Symanzik has demonstrated that models with

symmetry breaking linear in a field are renormalizable if the model with



vanishing symmetry breaking is renormalizable. lie has also discussed the
spontaneous broken symmetry case. It is our intention to study the a model
in the two loop approximation. To do this simply and self consistently we

will set up a Greens function procedure in the presence of an external

source. Although equivalent to other methods this technigue has the advan-
tage that it will avoid any explicit reference to ¢ type lines as they are
automatically accounted for. Because of the intrinsic complexity of two loop

approximations we will confine this paper to the study of the two field pro-
pagators. Uc shall be able to check the correctness of the forms we derive

by demonstrating that in the chiral symmetric zero bare mass but spontaneously
broken symmetric limit the Goldstone theorem is explicitly wvalid and thus the
pions physical mass wvanishes. We further find that the divergent part of

Z = divergent part of and similarly for the mass corrections so the
renormalized Lagrangian has the chiral symmetry broken only by a term linear
in o does the unrenormalized Lagrangian. The mechanism for development of the
vertex functions and all important scattering amplitudes is presented but not
studied here. In a second paper we shall obtain these functions and use this

structure to display the unitary Pade” approximations to the partial wave ampli-

tudes and to calculate the width of the a.

IT. The Lagrangian Approximation Scheme

We will perform our calculations using the Lagrangian density.

(2.1)
+ J (x) d (x)
d. d
from which follow the field equations
(- 3" -m ~ + g <) 0 (x) +J (x) =0 (2.2

e} e} a a



Here J (x) 1s a ¢ number source, .'.lien there are four fields and J (x) 1is
a a
constant (2.1) becomes the broken a model with P.C.A.C. In the case that

J (x) = 0 but

(2.1) 1is the Goldstone model for spontaneous symmetry breaking.

This theory has the cannonical commutation relations

i[3° 6 (x), o = vo 67 (x - v)
a3
If a local current 1is defined as o= 0O -(Svd )4>0> the field equations
a3l ce Ka/YB'

= * _ >
37 a8 7 fa78 T Ta B8
In the case of 4 fields this is, of course, the P.C.A.C. condition. Direct

calculations leads to the commutation relations
ic/d3xJ%°al3(x), ™ (y)1x° = y° = ~a(y) 63a " ~3(y)eal

o 3 0 , , .
Wi-.cn J (x) = 0, the charge Q ,(x°) = /d x J »(x) 1s 1independent of time

a cc3 ct3

and it 1s easily seen that if (2.3) holds then the above equation requires
that the field ¢ excites a massless particle. We will demonstrate expli-
citly the appearance of this massless particle in the pion propagator
accurate to the two loop approximation. The cancellation which occur to
make this possible are complex and their presence is a good check on the
consistency of our approximation technique.

We shall generate all approximations to the Greens function self con-
sistently throu, -1 the one field function

<0aika(x) |0a2>

0 (x;J) = (2.

<0a.10a,>
x L



For example, the two field function can be found by functional differentia-

tion either of (0 (x;J) or an approximation to it since

;0gi“o (x)|ilii(y)),10°2>

GoiJ(x,vy:d) - AJlT(-j—v*;T> m 1
<0~ jo002> (2.5)
- iba(x;J) 03(y;J)
we can similarly obtain all other Greens functions. From the field equation

(2.2) 0 _"~(x;J) is found to satisfy the exact equation

(- a2 - mo2) + sogfr (lt)>2 »au;J)

P

+ 2«o

+ x, rog(x) \“"x-1r2 + *o + x> "0 <K ex>

and the n-point Green's function satisfies the equation obtained by functional
differentiating Eg. (2.6) n'-1 times.
Ue shall now proceed to develop an approximation scheme for$ ,(x;J) in
or

the form ¢ (x:J) = )] 8 n (x;J) such that the nth order approximation
a n = a

consists of all diagrams with n closed loops. This scheme develops very
easily from (2.6). If the natural first approximation of neglecting functional

derivatives is made so as to obtain the equation

(- 82 - mQ2) 0ito>(x;J) + gol[s>g(x;J)]12 ~(x3T) + Ja(x) = 0 (2.7)

it is easily found by iterative solution that (2.7) 1is the tree approximation

to equation (2.6). Now we may generalize this prescription to generate the
quantity 07 w\x;J). In equation (2.6) everywhere that <?"(x;J) appears
reolace it b%/ the quantita{ > % 0 (x:J) . Keep terms of the form
1 m - a
1 . v %0 15 (x: I0 .
v (x;J) D(x:J) 1-r |/ TJ& xé_r r .r\l ® (xx>»7) if a., + e+-fa —fm+£.—n.
od (x;J)**'0J (x;J) y 1 p



Usi. ihe equation obtained in this manner for (x;J) we find that

A

a(x;J) satisfies the equation

F<i> ("><*w>, «t<— a2 - -02 * «0 (. )2> ~>+2s0 1 <> 1T
+¢ T (<bm ap ) +g (——)2 or 2 (2.3)
°0 m+p+A=n 3 3 a °o a
i?2-1) ¥ (A " -1
v 2 4 d)(m)x L I NI . o B 6 "yCm-1)
o m+p»n ' 3 3 a m+A»n a 136B
+ o
no-a
From (2.9) may be determined from with m<n. Nov? it is easily
P P
establisb.cd by induction that (x;J) 1is the n loop part of
.m
; = I pJ) . 1 hi - e y—— 53
S (x;J) ol b §¢X,Jx o do this we observe that 67 (x)...%X.ZmY gmﬁ(x;J;
a A
is an m loop gquantity. Induction and Equation (2.S) shows that v g(x;J) is
Sm n
an n loop quantity, and that in general ——I]TV-—-rm—r— dl ~(x;J) is an m + n
all 1 ! A/\
loop quantity. All the results in this paper will be extracted in one way or
other from Equation (2.8). It is, for example, not difficult to derive from
(2.8) the general expression for the propagator function
<mi . .
Ga3a,y; ) - M 500.vi9) - g 650y a~ (2.8)

P

but we snail bt content here with the order by order forms as needed.
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We shall summarize our approximation scheme in the following. We have

a set of equations

o

F(l)n) (0Oa Cn>(x1;J)) = (2'10)

The n-loop, ”“-point Green's function

J-1 .
(n) (n) (x -J)
a.,.. .5 N1 07 xQ) . .57 X, at ~l
, ) 3 ¢ Q) I, ) ]
satisfies
-i-i o
~(x.33)) =0 (2.11)
SJ (x2) .. .6Ja (x") no ' 0i vl
Z
From Eq. (2.11) G }n» ) X,...%q;J) is given in turn by terms of the form
Q-J v 00x) i i
1 i
(1) .
G (XT...X ;J) with El = n
(D]ﬁl [BETes: NN m
m
It is easy to see that by solving all equations F. = 0, 4i+m ~ n+f and
(m)

i - n. We will find G uniquely and systematically to h loops.
IT. Zero Order Green's Functions

In this section we will demonstrate our technique on the no loop Greens

functions. Differentiation of Equation (2.7) or (2.8) vyield

2

1L- 3% - mo + go 00 (xid) 1 6aR + 2g° "~ (x;J) 0°\(x;0)} GOg?(x,y;J)

e} a

- 6a3 6 (x



As can be seen from Equation (2.8) 1in order to

6d0)

ps ',ator we will need the quantities ry and

readily obtained from (3.1), but first we will

obtain the two loop pro-

2

These are
oJoJ

analyze the consequences of

(2.7) and (3.1) when the source is co-ordinate independent.'
In the case that J (x) = C where C does not depend on space time,
(04 G:
0 (x;J) must also be coordinate independent and we write
cx
70) (x;C) = n Vip o)
a a
quation (2.7) becomes
- m T n ] n = - c (3.2a)
which if n r 0 becomes
a
2 2
—m + gn = (3.3)
o o) n

In the special case that there is no intrinsic

n 0 for some a
al J.

condition

symmetry breaking at all but

the above equation becomes the Goldstone consistency

2 2
m =g (3.4)
o o)
Functional differentiation of Equation (2.7) results in the lowest
approximation propagator satisfying the equation
(0% }>,2 I
[(- er - go 6 " (x;J)) " dcth
X
(3.5)
. o . A -
T 2g 0 (x;J) d ,(x;0)1 GO (xly’J) 6 G (X—y)
e} a a3



In the constant external field 1limit this equation may be directly inverted
to yield
\
40> (P;C) 1 : <
2 s v
P + v ! n
Ny r' . n
i g Pj. L
2 27 = °Ag Vi (3.6)
- P 4+ Y - 2cor n " n
+a | = G°"(p:;C) + d°"(p;c)

I aa

n

This Green's function is pictorially represented
Figure 1. The notation in the final identity is
with, the physical identification of the particle

four components.

Thus if we choose n

Note that the coefficient of Hp

in co-ordinate space by

chosen so as to correspond

poles when the field has

is orthogonal to n.A

to lie on a coordinate axis that axis determines the

component of the field whose vacuum expectation is non-vanishing and if we

call this component 1,
without loss of generality.

to introduce the vertex function

SJIT (Z) Ga3<xX>y;J) =

and all the other components n ,

For calculational purposes

—0

we may set n

it will be useful

AT X'y>7"'3>

It is easilv found in the constant field limit that

4 4
e Kl ~n -ik] (x-y) —ik"x-2z)
r0,13/x.y."c)- - 280 § 4 4 e e
i(2Tr) i(27r)
~7Y, N Y,
[e . M n (6 2 )+Trl+2 Cl "2 nB~°ay 2
1+2 x 2 a' gy
\ ns, \ =snY.
. — +oa. o a, —-——- -]
x+2 ™1 09 “7 ©ag n’z"_) %40 1% n5 J

(3.7)



10

whore \;e have further simplified the notation so that for example

etc. This Greens function is graphically represented by Figure 2.

In addition we shall need the expression for

Aa3yA <x>y>z>w;c|] = "gg (w%—é67+x%G£c) a£¥ Y;ﬂ)lJJ = C
A Y

which is essentially the two body scattering amplitude in the tree approxi-

mation. This complicated gquantity has the relatively simple graphical

representation given in Figure (3) while the messy analytic expression is

given in Appendix A.

IVv. One Loon Greens Functions

The one loop Greens functions have been worked out elsewhere but for

completeness and as an illustration of our methods we will derive the results

from Equation (2.3). We find that satisfies the equation

{r_ s2 _ ~2 + ~(o4,(X;]))2} 67 + 2go ~(xjJ) ~(xjJI)} ~(x;J)

fo) ¢ Jo), . (oW s -y /T n
+ 2 P@s « (xid) = g _0li(x;J) 170_J_ZX'_ Vi (x59) =0

Letting the source become the constant %1 it is clear from (4.1) that since

V~' is exoressed in terms of 4°" that Occ n
!
a

OSDa ;& = E(Dﬂa (4.2)

or'

ly the same argument and the exploitation of Equation (2.8) it is in fact

tlear that in general we may write

Oa(X;C) = (1+ + ctl) + -On (4.3)

Returning to Equation (4.2) we see that C(I) may be determined very easily

(1)

from Equation (4.1) by setting O equal to a constant in the equation and

using (2.9) and (3. . We thus find that



11 -

Co T . '(3B':i,+ (N - 1) B (1
ra)n o a (3B':1, ( ) (1)) (4.4)
a a 1t
+ m — 3g n
o o
Here we have introduced the integrated notation for the propagators
. CD , ddk
a ~ f 7774 °k and (4.5)
i (2ir)
ddk
B (1> = ) (4.6)
T i(27r)
Of course, N is the number of components of the field This equation may
be represented graphically in Figure 4.
From variational differentiation of Egquation (4.1) we find that
(xsy;J) satisfies the equation
ay
(=3~ - mo? + sofB} (s (D) (Xty;J) + 29 0(0)a(x;J)0<0i (x;J3)G(1)" (x,y;J)
ay 0 P 37
<0)Q0 (i!-x; J)
+ \\SQ e"‘7C=C.y;<< £ g G(O) | (le;J)
x ~o 07 x (4.7)
,(0) G<0)gg (x,x;J)
+ S040) w )
-1 2go G(O)p7 (x,v:J)"0) (x;J)0"1}) (x;J) + (x;7) G 7 (x,yiJ) *™ (x:J)
+ 2g00(0) 3x;N0(Mp (x;0) G(0)Q7 (x,y;d) = 0

We are concerned with solving this equation in the constant external field
limit. In that case we may insert Equation (3.8) into (4.7) and through

simple algebra (using (3.3) and (3.6)) find

a 3-
«< - So 7 4 a) (k > csa8 - —"~x]

(4.8)

% 80”‘2 Za(l)ék ﬁ‘fgi
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where
Z ~“(k ) = (N+ 1) B ™ 4+ B ™ + 2CI-n2
m it a
2 d\ (4.9
+4(V' 5 £ <<T ’i °%i-k
< (2717)
Z(i) (k) = (N - 1) B ['1» 35 (1) + 6C(1V
a T
2 d4kl (4.10)
+2(g0n ) /———- [N -1 = - 9 al ax_k]
i (Zir)
.0 tu: order, of coXirse, the complete unrenormalized propagator is
G = (K0O)(k 2, C) + G(I)(k 2, C))

(4.11)

The subscripts 11 and a on the Z's indicate the particle associated with

this part of the propagator. Thus, it is convenient to write

b _(k2;C) = G (k2;0) [6 N
as as 2
(4.12)
L GAMET ) —~ ,
rT

Accurate to the one loop approximation it follows that

- P2+- = - gzt (1)’(p2f , mﬁz =77
ana
2.2 (1), 2. 2 0 2
P ¢ =-S02  “<P} \
If we make the definitions
4

N
Q.
~
B
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md B (pY) =B (DY) - B (0)
Xy Xy Xy
ibovc propagators can be rewritten in the form (for N = 4)
G/V) « - P2+ m2 (1 --d| + "DHAg/n?2 g~tp2) (4.13)
m
a
and
-1, 2n 2 2 ~ Cm 2 + 6g n2][Bil)+ Bcai
g0 7)) =" PT + ma g 1[8i1) (4.14)
m
+ + 13602"2b<,0(0>
+ 6g 2n2rB (p2) 4 3B (p2)7
o 117 ovu
It is straightforward to verify using (3.3) that when C = 0 but = 0
then Gﬂ_l(p2 =0) =0. This is the Goldstone theorem. From the condition
— 12 -1
that G M *) = 0 and G (M - 1if ) = 0 where F 1s the a width it follows
- - a a a a
;i.didirBU)+B 3Bi+ 272
. N (4.15)
air It
m
no.
39

n
3

9 TmAz + 6SAn“][B'('!)-aL ﬁ(lA
m or a

1+ Re [6g 2n2 B (0) 4- isg 2n2 B (0)]
0 1un 0 00

x bg 2rl2[B (K2) 4- 3B M 2) ]
[¢] TTTC a (o] o

.00.0 ofpove forms allow us to make contact with B. W. Lee's expression.

For example, using (4.15) the pion propagator may be rewritten as

PR = - pE=E X (- 4g EB (p2) - B (M 2)]
1 (o]

hoy UTT ull n



tie wavv: function rcnorranlization calculated from this is the residue of the

&

pole at p" = M  and hence is

6 (o 2 2 B0, (>2) |

= 1 = 4¢0 1 ! (4.17)
op 9 9 op
i 2 2

P =yx

2.2 2 2

Since when multiplying a one loop quantity go . = g F 1in Lee notation,
the equivalence of the renormalized functions is established. The pro-
cedure with Ga * is essentially identical. It is also of some interest to
see how the consistency condition (3.2a) looks when rewritten In terms of

FH[1+ c! Hq. With some simple algebra it follows that

Ft 2 = C + gz, (F2)F - 3igz F [ / —— vy [-. 9-3] (4.13)
Ur)
is is not gquite B. W. Lee's form. However, in our formulation which is not
normal ordo first order mass correction In the chiral symmetric limit

does not wvanish but is given as

so the aoove equation may be written as

A

o2 d k, r
[ L

'y - C Sz-| (f )F- jigc F / 2

277)

wnich corresponds to u. W. Lee’s result
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V. TI'.-e Proinr.r.tors in the Two T.oop Approximation

\

Wc have now established the mechanism to calculate the propagators of

the a model in the two loop approximation. From Equation (2.8) it is
. (2]
easily round that b (x;J) satisfies
- a; - tf(0) 2 (x;J) 10g(2) (x;J)+ 2gobp (0) (x;JT)Hi(2) (x; ')~ (x;J)
- 2goi "~ (x;J) G40) (x,%x;J) - goi (x; J) G' (0) (x,%x;J)

2g i olol(x;J) G(l).oU,x;J) (5.1)
- Sol ™ 0)a(x'J) (1) iox,x:d) - » Co) T\
6J (xr' ap
9
xog 0 (D" (x;J3)$(0) (x;J) + 29 ~x;J) 01y (x;3) 0() «(x;3) =0
X o P &
wriw]j O‘Zga = JZL cu.d using the results for the lower orders it follows
a
.(2) [3g r2 CU:> + C~g C(N-1) B (1] + 33 ]
o o 7 u
m_ og_n
£g 2 [ (N-1)B (2) -r 33 (2)] (5.2)
] vr a
d4k d4k
5 2g0™ /¥y A Aoy gd3aiefo 142 —AM{ApAL+1]
w: lew notations
d4ak :
3 (2, =/ T 0,2 2 %) (k ) 3
. - (5.3)
i(27r)4 a
(2)
XTr T A i(27r)4 TT&? J CDrik g (5.4)



iicivo. boon inui'ouucchx Ihxs xcijulb xn xl1xusOiTcibc6 a.n n.

2]
Using Equation ( 5.1) we now also find tliat Gv( y satisfies the
9

0(0)2(x;J) G(2) (x,y:;J) + 2Sg0 (0), (x;J) 0(0) a(x;J)G(2)&/ (x.yJJ)

K* — il T 07
G((0) p((x,x;J)
j- 2,0=a \ 7U,y;J) + 3*0* oI »<xX ;s <SS tEW Gp B
rcd) /x xu~ G(0) 0(x,%;J)
— . LT , (€D) S__
So ayl ,vy,° i ' So" 0'xX>J  6J (y) 1 (5.5)
. G(1)PG(x,x;J
2-0 G(0)67(x.y;j) G . — + 250 »(0)e(X;J) Yo (y) (1)Pe(xx:)
G(l)gp(x,x;J)

0 KN 7™ = n |

7

- ba) (69) GO (x,y,4) + 25 O@) (w0 Swy (M) 11 (x,4;9)
o 0./ 0 B T4 P/

. A N - d 07} (x;T3) G0)pT(x,v:T) + 2g0 (0) g (x; T)G(1) N (x.yid)0 (17 (x;J)
8q * B

>3 O(0),(x;3) O0(1) (x;J)G(1) (x,vy;J) + 2g 0(0) (x;J)o(2) (x;J)G(0) (x,y:3J)
e S — ) c1/ L 5 Oc p/

29 G’(O) 37 (x,yid) 7(2) (O) Jx;J) + 2g G(«Q) 07’(';';73,‘;@%(2) (x:J) O’(O)p ex;'J)

5 (™1 r x y & G(0) (x,%;3))=10

o odv(y) oJ, (x) cp

All the guantities needed to solve this equation have been previously

evaluated except

fi (@) G*aS(x>y;J) E r(1)asY(x>y’Z;J) (5.6)

Y
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By differo.ntiatinfi Equation ( 4.7) and then taking the constant source

limit this becomes

d/1k3 ddk

nn . _ e_ik3(X—Z) MMletx-vy)
B vey>zic) =90/ ouya (2ma

X tXI(6aS +\/a(63Y
n
nn a,3ny
= n |
X, H#H« 3 T'h )
ay n
wnc
X3 (1)3)= r3 ax V1L {2c‘A(1) -1 2 go ~ ° (11(3) 5- 2So o]l (1] (h
28 m Z AN (2+1)
°0 341 'm A ;
21T d4ak
go c K
i x4 [-3a2 al+2 + mg “142 0 2712 °3+42
za<§ |'3+1+2
W ) (1202 1r33 2 ~z-1 -r 4"2 ~3+42 Tr2-1/ij7
X, (1,3) - al o¢, 1 {6C ~ + 6g~ a3 Zp(l) (3) + 69" a %Aa)a'(‘l) + 6%Aa% 1z
o
g4
2 - 1.
90 ( . 4 c9a2 a3f2 + (N-1) 5 g4+ 9a§ "
1(2TT)

- i+ +1+ -
(N-1) »2 mi+2 + saZ2 a3+1+2 + (N-1) 13+1+2

+ 4(go n“) (27G2 a3,9% a2 1 + (N-1) 2 73,0 10_1)]1}

diagrams for this function are displayed in Figure 7.

(5.7)



All the necessary calc is nov; beer* cone in orcer to xind
o~ ,(k “;C) which we will represent in the form
n_nl
A% om0 =5 ° m zzz% (lc ) (5 a
an a3

i traiphtforward but tedious calculation yields the following expi cssion:

7 O M- 7 VY \
b j and )
O) ao
2c(2) 2
n oz ~N(k)2
o m
+ (N1 o2
a
d4k
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graphical representations of these functions are given in Figure 9 and

10
Accurate to the tv;jo loop approximation wc may write the unrenormalized
G~ (P2;C)= C z (1) (?) 0{2 (2} o) - T (2 (1) () "] . thgl
A3 y s r P P on Py 13 2
(5.11)
Ly, ,2-, -1 &
y (DTS 205 (2) ) - 2 2Py i J
o a 0 G P C
” ningl r v afy
Id- - ™ J - o_.T - 2
a
recious but straightforward calculation establishes that
\ / -0) In->0 X,_L a3 — 27
p ! P
Consequently, the Goldstone theorem is wvalid in this order. Hiis serves as

a delicate test of the consistency of our technique.ng

in terms of renormalized quantities in the usual way.

(5.11) it follows that

(p;C) may be expressed

For example, from

ZVv 1 AA ¥ Ee I . y
2 O ) - o By
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Ch"2 — o Cz 2(P) - ~(Z, (1) (p))2]
P A 2 2
ap

Sir.iilnr cxprcsaions can be derived for the a propagator taking into account

that this particle is unstable. The explicit form of these quantities is

not very informative except that it can be established that the divergent

- - | | , , .
parts of M _“"and M and % ~and Z arc identical so that the renormalized
HE 7 72 > ~ -~ <=

Lagrangian may be written so as to maintain chiral symmetry except for the

linear breaking term if the coupling constant renormalizations are identical

for all interactions. The calculations of the two loop approximation

vertices and scattering amplitudes, the coupling constant renormalizations,

and the numerical wvalues of the a width are in progress and will be presented

in another paper.
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APPENDIX
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FIGURZ2 CAPTIONS

I Zero Order One and Two point Function

L Zero Order Three Point Function

Zero Order Four Point Function
First Order One Point Function
First Order a propagator
0 First Order 11 propagator
First Order Three Point Function
8 Second Order One Point Function
9 Second Order it propagator

10 Second Order a propagator
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