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We analyze the use of the Solovay Kitaev (SK) algorithm to generate an ensemble of one qubit
rotations over which to perform randomized compilation. We perform simulations to compare the
trace distance between the quantum state resulting from an ideal one qubit RZ rotation and discrete
SK decompositions. We find that this simple randomized gate synthesis algorithm can reduce the
approximation error of these rotations in the absence of gate errors in simulation by at least a factor
of two compared to a naive gate synthesis algorithm. We test the technique under the effects of a
simple coherent noise model and find that it can mitigate coherent noise. We also run our algorithm
on Sandia National Laboratories’ QSCOUT trapped-ion device and find that randomization is able
to help in the presence of realistic noise sources.

I. INTRODUCTION

Quantum computing is currently in the Noisy Inter-
mediate Scale Quantum (NISQ) era of development [1].
NISQ computers exhibit quantum coherence, scale to
hundreds of qubits, achieve error rates of less than 1%,
and have enabled many small-scale demonstrations of
quantum algorithms, as well as larger scale experiments
that push towards utility [2]. NISQ machines lack quan-
tum error correction, however a wide range of error mit-
igation techniques have been developed which aim to ex-
tract better results from noisy quantum data [3].

To move beyond the NISQ era requires implementation
of quantum error correction (QEC) [4]. QEC encodes
each logical qubit in many physical qubits. If the error
rate on the physical qubits is below a threshold (whose
value depends on the particular scheme used) then the
error rates for all encoded gates on the logical qubits can
be lower than those on the physical qubits. This en-
ables continued reduction in error rates at the price of
more physical qubits, but without further improvements
in physical qubit noise. These techniques are necessary
to reach the very large numbers of qubits and gate oper-
ations that are required by applications at the quantum
advantage scale.

With recent demonstrations of logical qubits in several
platforms we are seeing the first demonstrations of post-
NISQ quantum technology [5–9]. This new era of devel-
opment has been termed Early Fault Tolerant Quantum
Computation (EFTQC) [10]. Like NISQ, these EFTQC
demonstrations will inform the development of future
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large scale quantum computation. These advancements
raise the question: can NISQ experiments inform the de-
velopment of EFTQC devices? In the present paper we
address one aspect of this question by considering a key
element of QEC, the decomposition of continuous oper-
ations into circuits over a discrete gate.

The Solovay-Kitaev (SK) Theorem [11–15] shows that
it is possible to find such decompositions of continuous
rotations into a discrete gate set as is required by QEC.
This process is called gate synthesis, and is the focus of
ongoing research [16–18]. This compilation takes place
in the quantum computing stack between the high level
circuit as outlined by a quantum algorithm, and the log-
ical program expressed in logical operations, as shown in
Figures 1a and 1b. However, this decomposition can be
costly, requiring extra circuit depth compared to physical
rotations on NISQ devices. When then could an EFTQC
outperform arbitrary rotations on a NISQ device?

Current experimental demonstrations of quantum er-
ror correction focus on implementing universal and re-
liable logical operations that outperform physical opera-
tions [5, 6, 8, 9]. For these demonstrations to outperform
the high fidelities of single qubit gates on NISQ devices,
it is important to reduce the cost of compilation, as the
required increase in circuit depth penalizes the perfor-
mance of EFTQC devices [5]. In this work, we propose
a method for decreasing the cost of single qubit gate syn-
thesis in the presence of coherent errors and benchmark
its effectiveness using a trapped-ion device as a baseline
of performance.

Coherent noise is believed to be corrected or at least
mitigated by error correction codes intended for use with
Solovay-Kitaev decompositions [19, 20]. However, the
use of error correcting codes does not rule out coherent
errors that can occur in early fault tolerant devices that
merely suppress the error rather than eliminating it en-
tirely. This is the case for EFTQC architectures with
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FIG. 1. Overview of gate synthesis. (a) Gate synthesis takes arbitrary operations from a high level program and compiles them
into discrete logical operations acting on logical qubits. This work focuses on the effects of coherent errors and approximation
errors on gate synthesis and vice-versa. (b) Single qubit gate synthesis decomposes an arbitrary rotation Ueff into a series of
discrete operations U0, U1, U2, ... ∈ {G} from a gate-set {G}.

smaller code sizes [20], or architectures wherein cycles of
syndrome extraction are costly and may only be applied
sparingly throughout the duration of circuits [21]. In this
context, coherent errors at the physical level can manifest
as logical errors, impacting performance.

Our method aims to reduce the effects of coherent and
approximation errors by using the inherent compilation
degeneracy in existing gate synthesis algorithms. Some
gate synthesis algorithms attempt to calculate decom-
positions according to a cost metric, but do not try to
perform exact synthesis to find the most accurate decom-
position [14, 17, 22, 23]. That is, the user chooses some
allowed precision ϵ, and the algorithm finds a decompo-
sition that approximates the desired rotation within that
precision, according to some distance measure. These
algorithms usually minimize the required number of T -
gates. This allowed precision ϵ creates a degeneracy in
the choice of decomposition, as there are many sequences
Ri that achieve the same precision. Imposing a limit on
the number of gates or the number of T -gates reduces the
size of this ensemble of approximate rotations, but still
allows for multiple different approximations of the same
rotation of the same quality.

This compilation degeneracy allows for the use of NISQ
era twirling techniques such as Randomized Compilation
(RC), a technique that has been used [24–26] to tailor
coherent quantum errors into stochastic errors. The idea
of randomized compilation is simple. A logical quantum
circuit is duplicated r times, each copy being decomposed
into a different random set of operations at the gate level.
Given a total sampling budget N , each of these circuits
are then run on the device N/r times, and the resulting

measurement outcomes are averaged together. This pro-
cedure maintains the global circuit structure but random-
izes the gate sequence to mitigate the effects of coherent
errors. Namely, RC via Pauli twirling can tailor coherent
error into a Pauli channel, and RC via Clifford twirling
can further tailor that error into a purely depolarizing
channel.

In much the same way, we can probabilistically sam-
ple from an ensemble of approximate rotations generated
for each of k arbitrary rotations in our circuit. Choosing
one sampled sequence for each rotation produces a sin-
gle sampled circuit, and enough random instantiations
of these sampled circuits will randomize coherent errors
when their measurement results are averaged together.

Previous works in gate synthesis [17, 27, 28] focus
on minimizing approximation error incurred during gate
synthesis using probabilistic methods. Probabilistic state
synthesis uses a weighted mixture of an ensemble of cir-
cuits to generate an approximation to a desired quantum
state. The mixture over the ensemble results in better av-
erage accuracy than any individual circuit. Probabilistic
state synthesis is therefore the state equivalent of ran-
domized compilation (RC) [29], except the error to be
minimized includes the synthesis error and not only the
hardware error. This is the same notion that underlies
Multi-Product Formulas [30] in Hamiltonian simulation.

In the present paper, we explore the effects of co-
herent and projection noise in the early fault-tolerant
regime in addition to synthesis error when using SK se-
quences, comparing the accuracy and cost of gate synthe-
sis techniques using Sandia National Laboratories’ QS-
COUT trapped-ion device. The physical single-qubit
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gates of trapped-ion systems are significantly better than
the two-qubit gates, especially for trapped-ion architec-
tures which display extremely high single-qubit gate fi-
delities [31–33]. This makes them a good baseline for
comparison with the low error rates of EFTQC systems,
as they are able to achieve long sequences of single qubit
gates with high fidelity. This foreshadows future bench-
marking efforts on EFTQC devices.

This paper is structured as follows. We begin in Sec-
tion II by detailing the algorithm that we use to gener-
ate SK sequences and analyzing the resulting ensemble
of rotations. We then discuss the coherent noise model
we use in Section III. In Section IV, we show results from
a noiseless simulation of the technique, simulation under
our simple coherent noise model, and experiment on a
NISQ trapped-ion quantum computer. Finally, we sum-
marize our findings in Section V.

II. SEQUENCE ENSEMBLE

Before we present our results, we first discuss our
method for generating distinct SK sequences. We then
analyze the characteristics of the resulting ensemble and
present our randomization algorithm. The procedure is
shown graphically in Figure 2.

A. Generating Sequences

We consider decompositions into the set of {H,S, T}
gates, as defined in equation (1):

H =
1√
2

[
1 1
1 −1

]
, S =

[
1 0
0 i

]
, T =

[
1 0
0 eiπ/4

]
(1)

These gates are sufficient to approximate any continuous
one-qubit rotation about the X, Y , or Z axes of the
Bloch sphere, and are a common choice of gate-set. We
will refer to a particular decomposition of a rotation as
an SK sequence:

R = UkUk−1...U1U0 Uj ∈ {H,S, T} (2)

where the length of the sequence k can vary depending
on the rotation RZ and approximation error. These se-
quences or decompositions can approximate any rotation
R(n̂, θ) about the axis n̂ by an angle θ. It is sufficient to
synthesize continuous rotations about one axis, because
rotations about any axis can be synthesized from the gate
set {H,S, T} and continuous rotations around one axis.
We focus on approximating the RZ(θ) rotation.

The algorithm we use to generate our SK sequences is
known as gridsynth [23]. It decomposes RZ(θ) rotations
into the {H,S, T} gate set, minimizing the number of T -
gates. Non-transversal gates are the most challenging to
implement in QEC, and T -gates cannot be implemented

transversally for many error correcting codes. This in-
cludes codes such as the surface code [34, 35], the Steane
code [36], the Shor code [37], or 2D color codes [38], and
known methods for implementing them non-transversally
such as magic state distillation [39–41] or cultivation [42]
is costly. The gridsynth algorithm is able to obtain solu-
tions with T -counts t + O(log(log(1/ϵ))), where t is the
T -count of the second most optimal solution. We refer
the reader to [23] for more details, but we do note a few
aspects of interest.

The gridsynth algorithm takes as input a random seed,
the desired rotation angle θ, the binary precision ϵ = 2−b

in realizing that rotation, and an “effort” integer to deter-
mine how much time the algorithm should spend finding
an optimal solution. We may vary these parameters in
order to generate multiple unique sequences for the same
rotation. By varying the desired rotation angle θ by a
value smaller than ϵ, we can find multiple different se-
quences Ri where i = 1, 2, ..., r that satisfy our precision
constraint. These sequences may have slight variations in
T -counts but are close enough to be grouped together in
an equivalent ensemble. The gate count and T -count for
these sequences increase linearly as a function of binary
precision b, as can be seen in Figure 3.

We note that in order for a precision of ϵ = 2−b to
affect the results of an experiment implementing a single
rotation, it is necessary to also have a sufficient sampling
budget. This requires a number of samples:

n ∼ O(ϵ−2) = 4b (3)

which grows very quickly with the desired precision. This
shows that for any fixed number of samples there is an
implied maximum value bmax of b beyond which further
increases in sequence precision are not distinguishable
from sequences obtained with precision bmax. Further
discussion of sampling noise can be found at the end of
Section IV A.

B. SKARC Algorithm

We now outline our randomization procedure Solo-
vay Kitaev and Randomized Compilation (SKARC) for
a given quantum circuit C containing different RZ gates
and a total sampling budget N .

For each instance of an RZ gate we wish to compile
in C, we generate an ensemble of unique gate sequences
Ri, i = 1, 2, ..., r using gridsynth as described in Sec-
tion II. These sequences can then be randomly selected
with or without replacement in place of each correspond-
ing RZ rotation in C. It is possible to randomize over
all possible combinations of compiled RZ gates, but usu-
ally unnecessary to see the benefits of randomization, so
oftentimes the total number of randomized circuits can
be truncated, as will be explored in this work in Section
IV A. We focus on a circuit containing a single RZ gate,
but our results are easily extended to circuits with mul-
tiple rotations. Once all circuits have been compiled this
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FIG. 2. A schematic of our randomization protocol and analysis. (a) Individual rotation sequences Ri are generated using
gridsynth with slight variations in the initial parameters. The accuracy of each sequence can be evaulated by taking the trace
distance the corresponding Bloch vectors s⃗i to the exact RZ rotation as measured with state tomography by rotating the state
before measurement with Clifford operations M . (b) To implement randomization, the measurement results for these sequences
are averaged as in Randomized Compiling to achieve an effective rotation and Bloch vector s⃗. The accuracy of this effective
rotation can then be evaluated via trace distance, which is less than the average trace distance for an individual sequence.

FIG. 3. Average gate count (left) and average T -gate count
(right) for sequences generated by gridsynth as a function of
the bits of precision b, where ϵ = 2−b. Error bars are the
standard deviation over an ensemble of 100 sequences. Fitted
slopes are 7.695 for gate count and 3.082 for T -gate count.

way, each randomly compiled circuit is measured N/r
times, dividing the total sampling budget between the
compilations. The resulting N measurement outcomes
are then combined into one distribution for analysis, ef-
fectively averaging the measurement results over r differ-
ent decompositions of the RZ gate.

We study the performance of our procedure via state
tomography. We create and execute circuits for each SK
sequence Ri and then measure each of these circuits in
the X, Y , and Z bases. This results in 3r different sets of
measurement outcomes that can be used to reconstruct

r Bloch vectors s⃗i, one for each decomposition:

s⃗i = ⟨X ⟩̂i+ ⟨Y ⟩ĵ + ⟨Z⟩k̂ (4)

An ensemble of m such vectors determines an average
vector. This can be done either by combining the mea-
surement results from each sequence together and cal-
culating a new Bloch vector as described above, or sim-
ply taking the average of the vectors obtained from each
sequence. We define this mean vector for a particular
choice of m sequences indexed by {i1, i2, ...im} as:

s⃗{i1,i2,...im} =
1

m
(s⃗i1 + s⃗i2 + ...+ s⃗im) (5)

In order to quantify the performance of SKARC, we
consider the trace distance between the target quantum
state and the mean quantum state from averaging. As
these decompositions are for single-qubit rotations, the
trace distance D(r⃗, s⃗) is equivalent to half the Euclidean
distance between the vectors on the Bloch sphere, where:

D(r⃗, s⃗) =
|r⃗ − s⃗|

2
(6)

A smaller trace distance D(R⃗Z , s⃗) < D(R⃗Z , s⃗i) indicates
that we have better realized the target rotation. Here
R⃗Z is the vector corresponding to the target RZ rota-
tion, s⃗ is the mean vector for the entire ensemble, and s⃗i
is the vector for a single sequence chosen at random or
optimized for its cost.

Generating an ensemble of r sequences is the first step
in employing averaging over sequences. We will use noise-
less simulations to evaluate the effect of randomization
on the accuracy of the results, as in [17, 27, 28]. In sim-
ulations with coherent noise added, and in experiment,
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we are evaluating the effect of randomization as a form
of randomized compilation to mitigate coherent noise.

Across the ensemble of r total sequences generated by
gridsynth, some of them are going to be more robust
to certain types of noise than others. We can evaluate
the variation between different ensembles of size m < r
by sampling subsets of our overall ensemble of size m.
It is intractable to consider all possible combinations for
r = 100 unique sequences, so instead we randomly choose
at most q = 1000 different ensembles of size 1 ≤ m ≤ 100
for simulation and 1 ≤ m ≤ 20 for experiment. We
sample these sub-ensembles randomly with replacement
and calculate the mean trace distance as:

D(m) =
1

q

q∑
j=0

D(s⃗{i1,i2,...im}j
, R⃗Z) (7)

where R⃗Z is the Bloch vector resulting from a noiseless,
continuous RZ rotation.

This average trace distance across 1000 possible com-
binations of sequences for a given ensemble size is then
used to determine the efficacy of SKARC. In Section IV,
we compare the average error with and without random-
ization as a function of the size of the ensemble that
we average over. We should expect that as the size of
the ensemble of distinct sequences increases, our error
metrics will converge to some finite value. Moreover, by
studying the characteristics of the ensemble of rotations
implemented by our ensemble of circuits, we can learn
more about the limits of SKARC.

III. COHERENT NOISE MODEL

The coherent noise model we use in the remainder of
this work is to multiplicatively over-rotate each rotation
comprising a H gate in our circuit by a fraction 1 + δ,
for some error strength δ. This gate-dependent coherent
noise model is similar to those used in [43, 44], and the
original RC study [29], though the latter uses an additive
over-rotation error rather than a multiplicative one. We
only model simple, single-qubit coherent errors, as this
work is focused only on single-qubit rotations. We only
include H gates because on the QSCOUT ion trap the S
and T gates are implemented with virtual RZ rotations,
and incur no error. The H gates are implemented as a
product of gates X

√
Y and each of these gates is over

rotated by δ so that X(δ) = Rx(π(1 + δ)) and
√
Y (δ) =

Ry(
π
2 (1 + δ)).

We choose values of δ that vary between [0, 10−2]. If δ
were much larger than this, then it would be very difficult
to resolve the desired ϵ, even for a small number of bits
of precision. On a real quantum device, the strength of
this coherent over-rotation will depend on the error rate
of the device in question and how much error correcting
codes suppress errors.

The effect of this noise model on an individual SK
sequence can be modeled as an erroneous single-qubit

rotation. That is, if the noiseless approximate rotation
is Ri(â, θ), then the noisy rotation will be R̃i = RiE .
Where E = R(b̂, ϕ) is a rotation of the state away from
the noiseless result about an axis b̂ by an angle ϕ. The
axis and angle of this error will themselves be functions of
the original axis n̂, the original angle θ, and the strength
of the noise model δ. However, the functional form of
this error in terms of these parameters is non-trivial and
sequence dependent. As a result, each sequence will ex-
perience this noise model in a unique manner. Averaging
over many sequences will result in an ensemble of outputs
converting the coherent noise to stochastic noise.

IV. RESULTS

In this section, we present the results from two different
wavefunction simulations using Sandia National Labora-
tories’ JaqalPaq emulator [45], as well as an experiment
on the QSCOUT device at Sandia National Laboratories
[31], a trapped-ion NISQ computer. Noiseless simula-
tion results are discussed in Subsection IVA. Results of
simulations including the coherent noise model defined
in Section III are discussed in Subsection IV B. Experi-
mental results are discussed in Subsection IVC. Each of
these sections will reference and compare data shown in
Figures 4, 5, and 6 which we will first describe here.

The simulated data comes from wavefunction simu-
lations of the circuits that are equivalent to an infinite
number of samples. In total, r = 100 unique sequences
were executed in simulation. The experimental data on
the QSCOUT device was obtained from 24000 samples
per measurement basis, and executed r = 20 sequences.
The circuit is comprised of an H gate to prepare the
|+⟩ state, followed by an RZ(θ = 1) rotation, followed
by measurement. We choose the |+⟩ state as our input
state, as it is perpendicular to the axis of rotation on the
Bloch sphere, and we chose the angle θ = 1 as it is not
a clean fraction of π, and therefore sufficiently far away
from the unitaries generated by the gridsynth algorithm
so as not to have a trivial decomposition even for many
bits of precision.

To visualize the distribution of Bloch vectors originat-
ing from different sequences, we plot them on a 2D pro-
jection of the Bloch sphere. Figure 4 shows data for
precision b = 4. The Bloch vector corresponding to the
target rotation RZ(θ = 1) is used as the normal vector
for the 2D projection and is shown as a black dot in the
center of the target. The statevectors for each of the r SK
sequences s⃗i are shown as colored crosses, with the mean
of these statevectors s⃗ is shown as a circle. Experimental
results are shown in red.

The triangle markers highlight the SK sequence with
the smallest number of H gates, which is the least af-
fected by noise in our noise model. For all precisions
tested except b = 7 and b = 10, the sequence with
the fewest H gates is also the sequence with the fewest
T gates, which is the normal output of the gridsynth
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FIG. 4. Comparison of results from noiseless simulation, a coherent noise model, and experiment for precision b = 4. Plots are
ordered left to right, top to bottom based on trace distance of the mean Bloch vector to the target rotation. (a, b, c, e, f) 2D
projections of Bloch sphere vectors as a function of the strength of the coherent noise model δ. There is a bias in the vectors
as a function of the noise, with larger δ shifting left of center due to the cumulative effects of the coherent noise manifesting as
a single biasing coherent rotation. A negative δ would instead shift to the right. (d) Projection of experimental data is shown
in red,with the mean Bloch vector having a similar trace distance compared to the sequence with the least theoretical error.
Trace distance for the mean Bloch vector falls between δ = 0.001 and δ = 0.005. For coherent noise strengths δ ≤ 0.001 and
experiment, randomization yields a lower trace distance than the sequence with the least theoretical error.

algorithm and the sequence with the least theoretical
error for many error correcting codes. For precisions
b = 7 and b = 10, the sequence with the least H gates
has the second-fewest T gates instead.We note that the
Ross-Selinger algorithm does not attempt to minimize
the number of H gates used in its compilation, so exact
comparisons between experimental NISQ results for the
least noisy sequence and simulated EFTQC results for
the least noisy sequence are imperfect, even if they are
identical amongst generated sequences.

Figure 5 shows simulated and experimental trace dis-
tances as a function of the size of the ensemble of se-
quences m ≤ r that we average over. The combinations
of sequences are drawn randomly, with total number of
possible combinations of sequences capped at 1000. For
the simulated data, the precision of the sequences ranges
from b = [2, 20] in even increments from top to bottom.

For the experimental data, the precision of the sequences
ranges from b = [4, 5, 6, 7] from top to bottom for the
solid lines. The dashed horizontal lines in the experi-
mental data represent the trace distance for the sequence
with the fewest H gates and least expected error, colored
in the same order as the mean trace distance data.

Figure 6 compares trace distances to the target rota-
tion with and without SKARC for simulated and exper-
imental data as a function of the bits of precision b. The
solid lines with correspond to trace distances for mean
Bloch vectors over the entire ensemble. The dashed lines
correspond to trace distances for the SK sequence with
the fewest H gates, and thus least error. Here the er-
ror bars are calculated as the variance in the each of the
X, Y , and Z components of the Bloch vectors across
the ensemble of sequences. This error is then propagated
through to the trace distance calculation.
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FIG. 5. (a) Simulation results of the mean trace distance across possible combinations of sequences for a given random ensemble
size m ≤ 100. Precision increases from b = [2, 20] in even increments from top to bottom. Only noiseless simulated data is
shown. Accuracy increases with both precision and the size of the ensemble used for averaging. Error bars are taken as the
standard deviation of the trace distances for all 1000 randomly chosen combinations of different sequences. (b) Experimental
results of the mean trace distance. Precision increases from b = [4, 5, 6, 7] from top to bottom. Accuracy again increases with
both precision and the size of the ensemble used for averaging. Error bars are calculated as for the simulated data, but for
m ≤ 20. Better accuracy can be obtained from choosing particular combinations of sequences as noted by the large error bars
for smaller ensemble sizes. Trace distances for sequences with fewest H gates are shown with dashed lines.

A. Noiseless Simulation

We first consider the noiseless case of δ = 0. Figure 4a
shows the distribution of Bloch vectors realized by the
ensemble of SK sequences. The mean of the ensemble
lies close to the target rotation in the center. This is
the expected result, as the approximation error inherent
to each individual sequence is randomly distributed, and
thus will cancel out in aggregate. Moreover, this mean
lies closer to the center than the SK sequence output by
gridsynth with the least theoretical error highlighted with
a triangle. This shows that use of randomization over
SK sequences can improve the accuracy of the aggregate
result.

The average trace distance as a function of the ensem-
ble size m for a larger set of noiseless data for b = [2, 20] is
shown in Figure 5a. We see that the mean trace distance
decreases as the ensemble size increases, indicating that
randomizing over more SK sequences leads to quantum
states that are closer to those of the target RZ rotation.
We note that taking into account the lowest value of the
error bars in Figure 5a, the smallest possible trace dis-
tance would be achieved by averaging over less than the
full circuit ensemble, which is expected. There will gener-
ally exist some particular combination of sequences that
when averaged together will achieve a trace distance that

is less than the trace distance for the average of the full
ensemble. These sorts of algorithms are the basis of other
probabilistic gate synthesis methods [17, 28]. That is,
deliberately picking two sequences that are equally and
oppositely spaced from the true rotation will give a very
accurate result, but it requires more work to implement
this sort of weighting of different unitaries.

The noiseless results in Figures 6a and b indicate that
randomization improves accuracy. The trace distance for
the mean Bloch vectors are about ≃ 0.15 of the trace dis-
tances for the optimal Bloch vectors averaged over vary-
ing precisions. This improvement is consistent as the pre-
cision is increased, and is similar to increasing the bits of
precision by 2 − 3. Using Figure 3, we see this is equiv-
alent to a reduction of ∼ 5 − 10 in the required number
of T -gates needed to achieve the desired precision, and a
reduction in total gate count of ∼ 15− 25.

We also examined the relationship between the number
of samples used in simulation and the accuracy of the
rotation. For an approximation error of ϵ = 2−b, we
would expect to need N = ϵ−2 = 4b samples to match.
Using fewer samples than this means that imprecision
due to sampling noise will overshadow any gains made
by using more precise SK sequences. Using more samples
than this means the opposite: that imprecision due to the
approximation error of the sequence will overshadow any
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FIG. 6. Trace distance to the target rotation as a function of the bits of precision b. (a) Trace distance for the mean Bloch vector
of the full ensemble of random sequences shown with solid lines and circles. The error bars are calculated from the variance
in the components of the Bloch vectors across all sequences in the ensemble. Simulated data for different error strengths δ are
shown with circles. Experimental results are shown with red dotted lines and circles. (b) Trace distance for the sequence in
the ensemble with the fewest H gates and least expected error shown with dashed lines and triangles. There are no error bars
for this data, as there is only one sequence. Experimental results are shown with red dotted lines triangles.

gains made by using more samples.
We see the necessity of both a large number of samples

and many bits of precision in Figures 7a and 7b. The red
line on these contour plots indicates the N = 4b number
of samples required for the theoretical best precision. We
see that this lines up nicely with the shape of the contour
itself. Improvements in precision (i.e. lower trace dis-
tance) can only be achieved by both increasing the num-
ber of samples and the precision of the sequence. This
is also true for the randomized case. However, the ran-
domized data generally show smaller trace distances than
the non-randomized data, as expected. Using randomiza-
tion, we can achieve better precisions without needing to
increase the number of samples.

B. Simulation with Coherent Noise

The question remains, do the improvements we see in
the noiseless case hold in the presence of coherent noise?
Single-qubit coherent errors manifest as unitary rotations
on the Bloch sphere, and so in practice should be cor-
rected in a manner similar to the synthesis error seen in
the previous section. In order to answer this question,
we repeat our analysis with the simple model of coherent
noise described in Section III.

Figures 4b, c, e, and f, show that each individual se-
quence experiences the coherent error differently, as evi-
denced by the varied distributions of sequence vectors s⃗i
as a function of the coherent noise parameter δ. How-
ever, the change is not totally random. The stronger the
error strength, the more the ensemble shifts to the left,

manifesting as a single coherent rotation on the surface
of the Bloch sphere. A negative value of δ instead shifts
the ensemble to the right.

The performance of SKARC in the presence of coher-
ent error is shown in Figure 6. The trace distance to
the target rotation for simulation data falls with increas-
ing bits of precision for nonzero δ between b = 2 and
b = 7, before rising again for nonzero coherent noise.
This increase shows that noise has a limiting effect on
precision. Too much noise and it is impossible to realize
highly precise rotations, regardless of whether random-
ization is used.

This increase in error happens for two reasons. Pri-
marily because the coherent error model shifts the over-
all distribution away from the target rotation. This effect
compounds with longer sequences as they have more co-
herent error overall; hence, the error increases for more
bits of precision. This can be seen for both the ensemble
mean and the sequence with the least theoretical error.
The second reason is that, even when the coherent noise
is tailored by randomization, it has an effect as depolar-
izing noise. The mean vector of the ensemble has a mag-
nitude slightly less than that of any individual sequence,
and for large enough error strengths this will addition-
ally increase error as a function of sequence length. For
smaller coherent errors δ ∼ 1×10−4, this increase in trace
distance is delayed until around b = 9 bits of precision.

Comparing the simulated data in Figure 6a and b, the
trace distances for the mean Bloch vector are smaller
than the trace distance of the sequence with the fewest
H gates and least expected error. The exceptions are
for precision b = 4 and for some coherent noise strengths
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b = 7. We interpret this as the variability of the per-
formance of the optimal sequence being larger than that
of the mean, and therefore the optimal sequence some-
times outperforms the average, particularly when taking
the overall shift of the ensemble into account.

C. Experimental Results

We performed experiments on the QSCOUT device at
Sandia National Laboratories [31], a trapped-ion NISQ
computer. As the experiments are performed on a sin-
gle ion and the depths of the circuits are considerable,
driving the qubit transition of 12.6428 MHz directly
with globally-acting microwaves (with seconds-long co-
herence) is preferable over laser-based Raman gates. We
do so with an external microwave horn in which the mi-
crowaves are controlled by custom control hardware sys-
tem that allows for arbitrary phase, amplitude, and du-
ration control [31]. We used N = 24000 ∼ 214 ∼ 47 sam-
ples for each basis measurement due to time constraints,
corresponding to a sampling error of ϵ = 1/

√
N ∼ 0.006.

This means that for higher precisions than b = 7, finite
sampling error dominates as opposed to the approxima-
tion error, as was discussed in Section IV A. As such, we
restrict our experimental data to the range b = [4, 5, 6, 7].

The Bloch vectors for each of the sequences Ri are
shown in Figure 4d for b = 4 as red crosses, with the
mean shown as a red circle. For precision b = 4, the
spread of the experimental data is consistent with a value
of δ between 1 × 10−3 and δ = 5 × 10−3 in simulations.
The Bloch vector corresponding to the sequence with the
fewest H gates and least expected error is shown with a
red triangle as part of the ensemble.

Figure 5b shows the trace distance of the mean of dif-
ferent ensemble sizes m across different bits of precision
b. The trace distance decreases with higher precision and
as the size of the random ensemble increases. The error
bars in Figure 5b are calculated as the standard error on
the mean of the distribution of trace distances for each
possible combination of sequences for a given ensemble
size. For most precisions, the sequence with the fewest H
gates and least theoretical error is further away than the
mean sequence from averaging over the whole ensemble
(the data points on the right). However, this is not the
case for precision b = 7, where this shorter sequence is
much more accurate than the average.

In Figure 6b we give the average trace distance for
both simulations including coherent noise and for exper-
iment. In Figure 6b, we compare the trace distance of
the sequence with the fewest H gates. Again we find
that the experimental data corresponds to an error rate
of δ ∼ 2× 10−3. We see larger trace distances for the se-
quence with the fewest H gates when compared to aver-
aging across different precision, though the experimental
data point at b = 7 is lower than expected, as was dis-
cussed previously. Moreover, this error rate is in agree-
ment with, if slightly larger than the estimated error in

single-qubit gates from other experimental benchmarks
of the QSCOUT device [31].

We see a reduction in the trace distance using SKARC
to compute the mean vector compared to the sequence
with the fewest H gates, except for the case of b = 7.
Even in the presence of sampling noise and NISQ-era
device noise, averaging the Bloch vectors of the ensemble
renders a result that is closer to the target rotation, with
improvement similar to that seen for the coherent noise
model.

V. CONCLUSIONS

We find that it is possible to reduce the effects of a
wide variety of physical errors and approximation errors
inherent to Solovay-Kitaev decompositions of continuous
rotations by averaging over an ensemble of distinct gate
sequences. Multiple similar-yet-distinct sequences are
generated using the gridsynth algorithm by varying the
target rotation as described in Section II A. When acting
on a single-qubit quantum state, these sequences result
in an ensemble of Bloch vectors that are clustered around
the target rotation state as discussed in Section II B. By
averaging the results of multiple circuits corresponding
to each sequence, we are able to obtain quantum states
that are closer to the ideal rotation as measured by the
trace distance between the states.

We presented a noiseless simulation in Section IV A
and analyze the ensemble of sequences that results.
Across multiple desired approximation precisions ϵ = 2b

we find that the average of the full ensemble of sequences
yields a Bloch vector that outperforms the sequence with
the fewest H gates and least expected error. These re-
sults mirror those of other more sophisticated probabilis-
tic gate synthesis algorithms such as convex hull find-
ing [17, 28]. We study the effects of sampling noise on
our method, and find the expected trend: The number
of samples needed scales exponentially with the desired
precision of the sequence, and under-sampling the circuit
will lead to errors regardless of randomization. Similarly,
over-sampling the circuit will be useless if the precision
of the rotation is not increased in turn.

Improvement using randomization is maintained under
a coherent noise model. In Section IVB we explore the
effects of a simple multiplicative coherent noise model
on the rotations comprising H gates in our circuit, mir-
roring performance on QSCOUT, a NISQ trapped-ion
computer. Under such a model, SKARC can mitigate
coherent errors and reduce the trace distance to the tar-
get rotation, though a coherent bias remains and limits
the effectiveness of the method at realizing precise ro-
tations with large coherent error. For EFTQC architec-
tures with small code sizes or where error correction is
not performed after every single qubit gate, this tech-
nique may improve accuracy and/or reduce costs.

Lastly, we study the technique on the QSCOUT device
in Section IV C. We find that randomization can improve
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FIG. 7. Trace distance to an ideal RZ rotation as a function
of the number of samples and bits of precision. Results are
shown without averaging over random sequences (top) and
with randomization over the maximum ensemble size (bot-
tom). The red line indicates the number of samples needed
to match the approximation error ϵ = 2−b of an SK sequence.
Using more samples above this line leads to diminishing re-
turns in accuracy. Using a higher precision sequence with
fewer samples to the right of this line also leads to diminish-
ing returns.

the accuracy of rotations on the device, though as with
the coherent noise model, the resulting mean Bloch vec-
tor is still biased. The device performance is most closely
replicated by a coherent error strength of δ ∼ 2 × 10−3,
or a 0.2% over-rotation, which matches with experimen-
tal benchmarks. Additionally, the number of samples
required to realize high precision remains an obstacle in
the near-term.

These results provide a NISQ baseline for single-qubit
gate synthesis algorithms which we can compare against
EFTQC devices in the future. Further research should
be carried out for a wider variety of noise models that
better capture the effects of error-correcting codes. Ad-
ditionally, it would be of interest to benchmark all or
a portion of this technique on an error-corrected qubit
to see if the results hold under that paradigm. Methods
such as SKARC that rest at the intersection of error mit-
igation and error correction will become more important
as the EFTQC era approaches.
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