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ABSTRACT: The double ionization potential (DIP) equation-of-
motion (EOM) coupled-cluster (CC) method with 4-hole—2-
particle (4h-2p) excitations on top of the CC with singles, doubles,
and triples calculation, abbreviated as DIP-EOMCCSDT (4h-2p),
along with its perturbative DIP-EOMCCSD(T)(a)(4h-2p) ap-
proximation, are extended to a relativistic four-component (4c
framework. In addition, we introduce and test a new computa-
tionally practical DIP-EOMCC approach, which we call DIP-
EOMCCSD(T)(a)(4h-2p), that approximates the treatment of 4h-
2p correlations within the DIP-EOMCCSD(T)(a)(4h-2p) method
and reduces the N® scaling characterizing DIP-EOMCCSDT (4h-

2p) and DIP-EOMCCSD(T)(a)(4h-2p) to N’ with the system
size N. Further improvements in computational efficiency are

4c-FNS-DIP-EOMCC
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obtained using the frozen natural spinor (FNS) approximation to reduce the numbers of unoccupied spinors entering the correlated
steps of the DIP-EOMCC calculations according to a well-defined occupation-number-based threshold. The resulting 4c-FNS-DIP-
EOMCC approaches are used to compute DIPs for the series of inert gas atoms from argon to radon as well as the vertical DIPs in
Cl,, Br,, HBr, and HI, which have been experimentally examined in the past. We demonstrate that, when using complete basis set
extrapolations and FNS truncation threshold of 107*5, the 4c-FNS-DIP-EOMCCSD(T)(a)(4h-2p) calculations are capable of
predicting DIPs in agreement with experimental data, improving upon their nonrelativistic and spin-free scalar-relativistic
counterparts, particularly when examining DIPs characterized by stronger spin—orbit coupling effects.

1. INTRODUCTION

The accurate treatment of relativistic effects in chemical
systems has become an increasingly important facet of modern
computational chemistry. One application of relativistic
quantum chemical methods is the prediction of double
ionization potentials (DIPs), which are critical to under-
standing photoelectron and Auger electron spectroscopies.
Indeed, spin—orbit coupling and other relativistic contribu-
tions can significantly impact core and valence double
ionization spectra in systems containing heavier atoms."”
The accurate prediction of DIPs in such systems remains a
challenging problem for many electronic structure methods
due to the need to treat relativistic interactions while capturing
and balancing the many-electron correlation effects character-
izing the N- and (N — 2)-electron species.”~” While scalar-
relativistic methods, such as the zero-order regular approx-
imation (ZORA),'’™"* Douglas—Kroll-Hess (DKH) trans-
formations,"*™" and spin-free exact two-component (SFX2C)
frameworks,'®'” are widely used, more complete four-
component (4c) approaches are preferable and can serve as
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high-quality references, especially when dealing with stronger
relativistic effects.

Unfortunately, the application of 4c electron correlation
methods for describing double ionization suffers from
increased computational costs due to the use of spinor bases,
complex-valued Hamiltonians and wave functions, and the lack
of spin S* and S, symmetries. The use of uncontracted (e.g,
Dyall-type'*') basis sets further exacerbates this issue. In this
work, we address this challenge by developing ab initio 4c
approaches capable of obtaining accurate DIPs in a computa-
tionally practical fashion.

Among the various techniques for computing DIPs in many-
electron systems, the equation-of-motion (EOM) coupled-
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cluster (CC) method offers an excellent balance between
accuracy and computational cost, allowing one to recover the
exact, full configuration interaction (CI) results using a
systematically improvable hierarchy of approximations that
can be performed using polynomial computational steps. As
recently demonstrated in ref 20, the inclusion of one-, two-,
and three-body clusters along with 2-hole (2k), 3-hole—1-
particle (3h-1p), and 4-hole—2-particle (4h-2p) excitations in
the DIP-EOMCC calculations, corresponding to the approach
abbreviated as DIP-EOMCCSDT(4h-2p), provides a highly
accurate description of DIPs due to, in large part, achieving a
well-balanced treatment of the correlation effects characteriz-
ing the N- and (N — 2)-electron states. In order to reduce the
costs of the high-level DIP-EOMCCSDT(4h-2p) calculations,

which scale as N® with the system size A, ref 20 also
introduced the perturbative DIP-EOMCCSD(T)(a)(4h-2p)
approximation, which avoids the expensive CC calculation with
singles, doubles, and triples (CCSDT),”'~** used to describe
the N-electron ground-state, by accounting for the effects of
three-body clusters using perturbative arguments inspired by
the CCSD(T)(a)-based approach of ref 25. It was demon-
strated that the DIP-EOMCCSD(T)(a)(4h-2p) method
accurately reproduces the DIPs obtained using its DIP-
EOMCCSDT(4h-2p) parent for several diatomic molecules
near their equilibrium geometries.

Given the computational challenges associated with the 4c
framework, the adoption of high-level fully relativistic DIP-
EOMCC methodologies has been comparatively slower. The
previous 4c-DIP-EOMCC approaches of refs 26—28 were
limited to the DIP-EOMCCSD(3h-1p) level,”™” which treats
2h and 3h-1p excitations on top of CC with singles and
doubles (CCSD).”~** More recently, the high-level DIP-
EOMCCSDT(4h-2p) approach was extended to the two-
component relativistic regime in ref 33, however, due to
excessive CPU and memory requirements, the resulting DIP-
EOMCCSDT(4h-2p) calculations were limited to triple--
quality basis sets. Thus, a major aim of the present study is to
develop 4c-DIP-EOMCC approaches that incorporate up to
4h-2p correlations and three-body clusters in a robust and
practical fashion, and which can be applied to systems
described with larger quadruple-{ (QZ) basis sets. To
accomplish this task, we follow two strategies for reducing
computational costs. First, we simplify the treatment of 4h-2p
excitations in the DIP-EOMCCSD(T)(a)(4h-2p) method to
obtain a new approach abbreviated as DIP-EOMCCSD(T)-
(@) (4h-2p), which can be performed using computational steps

that scale as N7 with the system size. In addition, we adopt the

frozen natural spinor (FNS) technique,”**

as implemented in
ref 36, to reduce the numbers of virtual spinors entering the 4c-
DIP-EOMCC calculations in a controlled and systematic
fashion. The resulting FNS-based 4c-DIP-EOMCCSD(T)(a)-
(4h-2p) calculations are applied to obtain the DIPs of the
series of inert gas atoms from argon to radon as well as the
vertical DIPs in Cl,, Br,, HBr, and HI using uncontracted
Dyall-type basis sets of up to QZ quality containing as many as
764 orbitals. This allows us to carry out complete basis set
(CBS) extrapolations in order to make more meaningful
comparisons with the existing experimental data.
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2. THEORY

2.1. Treatment of Relativistic Effects

Relativistic interactions in quantum chemistry are typically
described using a 4c Dirac—Coulomb (DC) Hamiltonian,”’
which is given (in atomic units) for an N-electron system with
M clamped nuclei by

N M N

— = 2 o>
2| + A+ DT+
A=1 j>i=1

i=1

~DC
H

| —

1,

=

;
(1)
where c is the speed of light, m; is the rest mass of an electron,

and f/\iA is the electrostatic attraction between electron i and

nucleus A. As usual, E) is the momentum of the ith electron

and a and f; denote the Dirac matrices associated with
electron i. The operator I, in eq 1 is a 4 X 4 identity matrix. A
zeroth-order description of the many-electron system is
obtained by solving the Dirac—Hartree—Fock (DHF) mean-
field equations. The matrix DHF equations are expressed as
L L
M (¢
)

¢S

P47 -8 oloF)-R
c(op) =K V =2myc*+] - K\ ¢°

(2)
where ¢" (¢°) refers to the large (small) component of the 4c
spinor . The operators V, J, and K in eq 2 denote the
electron—nuclear, Coulomb, and exchange potentials, respec-
tively. While the DC Hamiltonian serves as the natural starting
point for relativistic quantum chemical calculations, one can
also consider the Gaunt (DCG) and Breit (DCB) corrections
to the DC Hamiltonian, which are given by

N M
~DCG - > 2 =
H =Z{cai.pi + Bmyc +ZViA
i=1 A=1
< 1
+ 2 |=+6li
ji=1 \ i (3)
and
N M
~DCB - ) -~
= Z {cai. B+ Pmc” + Z Via
i=1 A=1
o (1
+ 2 |=+Bli,
ji=1 T 4)
respectively, where
a;a;
Gij = -
25 (5)
and
1 (o % ”ij)’(aj X ”i;‘)
B; = — a;o; + 5 .
T i (6)

After obtaining the DHF mean-field state via eq 2 using
either the DC, DCG, or DCB Hamiltonian, the missing many-
electron correlation effects can be incorporated using the no-
pair approximation.”® We note that when using the DCG or
DCB Hamiltonians, the Gaunt or Breit corrections are only

https://doi.org/10.1021/acs.jctc.5c01791
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included in the DHF step and are neglected in the subsequent
integral transformation.

2.2. Overview of the Double lonization Potential
Equation-of-Motion Coupled-Cluster Method

In order to treat many-electron correlation effects on top of the
DHF mean-field solution, we rely on the hierarchy of
approximations based on the CC theory alongside its DIP-
EOMCC extension to doubly ionized states. In the single-
reference CC theory,” ™" the ground-state many-body wave
function for an N-electron system is described using the
: : 44,45
exponential wave function ansatz

1My = i), )

where |®) is the DHF determinant, which serves as a Fermi
vacuum, and T is the cluster operator,

MT
T=YT1,
n=1 (8)
where the n-body component of T is
T,= ) tivha%..a%a, -a,.
e
a<ld, 9)

As usual, indices iy, iy, - (ay, a5, ++) denote the spinors that are
occupied (unoccupied) in I®) and & (a,) represents the
Fermionic creation (annihilation) operator associated with the
spinor Ip). The value My in eq 8 controls the truncation in T,
which gives rise to the conventional hierarchy of CC
approximations. For example, My 2 defines the basic

CCSD method, in which T =T, + T,, while My = 3 yields the

higher-level CCSDT approach with T=T,+T,+ T\g,, and so
on. For a given truncation My, the amplitudes characterizing

the cluster operator T are determined by solving the projective
conditions,

<‘D21~::'if"'H|q>> =0, iy < <i, g < <a, (10)
for n =1, -, My, where
ITI = e_TﬁeT (11)

is the corresponding similarity-transformed Hamiltonian. After

solving eq 10 to obtain the cluster amplitudes t;‘ll

ap M= Ly

My, the ground-state energy is obtained a posteriori as

E, = (DIHID). (12)

It has been well established over the course of many studies
employing nonrelativistic (NR) Hamiltonians (cf. refs 46 and
47 for representative examples) that the higher-level CC
approximations, like CCSDT (M; = 3) and CCSDTQ (M, =
4),"*7>! are capable of recovering a highly accurate treatment
of the many-electron correlation effects relative to the exact,
full CI, solution in most chemically relevant problems,
including noncovalent interactions, bond dissociations, and
open shells, like radicals and biradicals. The same is true when
examining the convergence of the CC hierarchy applied to
relativistic Hamiltonians.”>>?

Doubly ionized states can be treated within the CC
framework using the DIP-EOMCC methodology in which
the ground (¢ = 0) and excited (¢ > 0) states of the (N — 2)-
electron target system are described as

3235

- ~(-2)
1PNy = R, e,

(13)
where the doubly ionizing operator
2 _ ¥
~(=2 ~
R, "= Z Ry, (n+2)h-np
"0 (14)
consists of many-body components
o ijk, - k,, AC AC, A A An
Rﬂ,(n+2)h—np = Z rcjl--l~ c, (ﬂ)a teea akﬂ ak‘ajai
i<j<k,<--<k,
<-<c,
(15)

that remove two electrons from the N-electron ground-state
wave function IW{M) via (n + 2)h-np excitations. The
truncation parameter My in eq 14 determines the maximum
level of (n + 2)h-np excitations included in R{™). By varying
the values of My and My, we obtain the standard hierarchy of
DIP-EOMCC approximations.

For example, DIP-EOMCC methods based on a CCSD
description of the N-electron system (M; = 2) include the
DIP-EOMCCSD(3h-1p) and DIP-EOMCCSD(4h-2p)*° ap-
proaches, which include up to the 3h-1p (Mg = 1) and 4h-2p
(Mg = 2) excitations in the (N — 2)-electron species,
respectively. One can also consider DIP-EOMCC methods
based on the more accurate N-electron CCSDT state (My =
3), such as the DIFEOMCCSDT scheme,” which treats the 2h
and 3h-1p excitations (Mg = 1) on top of CCSDT, and the
recently introduced DIP-EOMCCSDT (4h-2p) approach cor-
responding to M = 3 and My = 2 that provides a full treatment

of both 4h-2p and T, correlations. While all of the
aforementioned DIP-EOMCC methods are convenient tools
for determining DIPs in many-electron systems, the study in
ref 20 emphasizes that obtaining highly accurate DIPs requires
that one balances the correlations due to (n + 2)h-np
excitations in the (N — 2)-electron target states with the CC
treatment of the underlying N-electron system. In particular,

when 4h-2p excitations are included in the 1’{\,([2) operator,
which is often necessary for obtaining accurate energetics,””*’

one must also account for T; correlations in the N-electron
ground state.

Given a particular truncation of the 1’2\,(4_” and T operators, a
typical DIP-EOMCC calculation proceeds by solving the
matrix eigenvalue problem, which for My < My (a condition
required to obtain size-intensive DIPs>”>*) is given by

o PR ),

=(-2)
y NP) = a,

(A, (16)
where Hopen refers to the diagrams in H that contain external
Fermion lines. The eigenvalues a)l(,N_z) obtained by solving eq
16 are the DIPs corresponding to vertical transitions between
the N-electron ground state [¥§" )> and the ground (4 = 0) and
excited (i > 0) states of the (N — 2)-electron system, |‘P,sN_2)>,
while the corresponding right eigenvectors provide the

excitation amplitudes #*"*(u), for n = 0, -, My, character-

1 Cn

izing the R\,(fz) operator. Thus, the post-DHF steps of a 4c-
DIP-EOMCC calculation consist of solving eq 10 to obtain the

truncated form of the cluster operator T and energy E, (eq 12)
characterizing the N-electron ground state PM)Y  and
diagonalizing the corresponding similarity-transformed Ham-
iltonian H (eq 11) in the appropriate (N — 2)-electron

https://doi.org/10.1021/acs.jctc.5c01791
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subspace of the Fock space associated with the content of
=(=2) .
R, " following eq 16.

In the full DIP-EOMCCSDT(4h-2p) method, which is the
highest level of DIP-EOMCC theory considered in this work,

the cluster operator is given by T=T,+T,+T, and the
doubly ionizing operator is truncated at the 4h-2p level to yield
1’2\(_2) = Rﬂh +R wih1p Tt RM;, 2 As a result, the DIP-
EOMCCSDT(4h Zp) calculation involves computational steps
that scale as nn, corresponding to the preliminary CCSDT
calculation for the underlying N-electron system, followed by

the diagonalization of the Hamiltonian in the subspace of the

Fock space associated with Rl(, 2, which scales as nin?, where

n, (n,) denotes the number of occupied (unoccupied) spinors

in I®). Both of these steps scale as N'* with the system size AV,
however, the preliminary CCSDT step is significantly more
expensive due to the n] scaling with the number of unoccupied
spinors.

The DIP-EOMCCSD(T)(a)(4h-2p) approximation to DIP-
EOMCCSDT(4h-2p) introduced in ref 20 provides a solution
to this issue by replacing the CCSDT step by its much less
expensive CCSD analog, which involves computational steps
that scale as nnj. In DIP-EOMCCSD(T)(a)(4h-2p), the T3
cluster is approximated according to perturbation theory,

121

T," = D,[V, T], (17)

where T, in eq 17 refers to the two-body component of T
obtained from the CCSD calculation, we have adopted the
Mgller—Plesset (MP) partitioning of the electronic Hamil-
tonian, Hy = H — (®PIHI®) = Fy, + ¥}, with Fy and ¥},
representing the usual Fock and fluctuation operators resulting
from normal ordering of the Hamiltonian with respect to |D),
and D, generates the three-body MP energy denominator. The
one- and two-body components of T determined in the N-
electron CCSD calculation are then noniteratively corrected
for the T, effects via

A A A AR
T, =T+ D|[Vy, T; ] (18)
and
~1 =~ 2]
T,=T,+ D,[Hy, T; ], (19)

where D, and D, generate the one- and two-body MP energy

denominators. Using T/, T, and T3 , the CCSD(T)(a)
similarity-transformed Hamiltonian,” represented in the (N —
2)-electron subspace of the Fock space spanned by the 2h, 3h-
1p, and 4h-2p excitations as

FlCCSDM@)]
Hy, Hy 31y Hy, 4o
—, ~ Al _, =
= [Hypqpon + [V T3] Hj, 1y 301p Hyy vy anap |y
—, N PPNV A2l =
Hypgpon + [Fy + Vi T3] Hy,. p3h-1p + W, T3] Hypy op an2p
(20)

where H’ e_T‘_TZI’-I\eTlJrTZ, can be constructed and
diagonalized to obtain the vertical DIPs and excitation
amplitudes characterizing the 1/{\,(4_2) operator. In this way, the
DIP-EOMCCSD(T)(a)(4h-2p) approximation avoids the
expensive N-electron CCSDT calculation and reduces the
n3n; costs characterizing its DIP-EOMCCSDT (4h-2p) parent
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to niny. As shown in ref 20, the DIPs obtained using the DIP-
EOMCCSD(T)(a)(4h-2p) approach are very close to those
computed with DIP-EOMCCSDT(4h-2p) when examining
the vertical transitions in closed-shell molecules near their
equilibrium ground-state structures.

In the 4c framework adopted in the present study, the nin}
steps entering the DIP-EOMCCSD(T)(a)(4h-2p) calculations
proved to be very computationally demanding, especially for
larger QZ basis sets, so we invoked three additional
approximations motivated by practicality, resulting in the
method abbreviated as DIP-EOMCCSD(T)(a)(4h-2p). In
DIP-EOMCCSD(T)(a)(4h-2p), the CCSD(T)(a) similarity-
transformed Hamiltonian is further s1mphﬁed by (i) removing
all contributions to 3- body components of HICSP(D@)] arising

from contractions with T, clusters, (i) neglecting all T,
contributions in the projections corresponding onto 4h-2p
determinants, and (iii) assuming that H [eespM@] g quasi-
diagonal in the 4h-2p sector of the Fock space, allowing us to
replace ITI’4h_2p,4h,2p by its zeroth-order, MP-like, counterpart.
The programmable expressions for the left-hand sides of the
DIP-EOMCCSD(T)(a)(4h-2p) equations corresponding
projections onto 2k (1®;)), 3h-1p (1)), and 4h-2p (|q>1/kl>)
determinants, as implemented in this work, are

(@A VDR, )

= A =RLa"0) + ™) + S

7if min ¢ ijmn
- —h / + h rh )
mn f ( ) mn ef (/’l) (21)

<q) I(H(CCSD(T (a)

N, open

)@)
—ﬂﬂ %)#——hmmm-hvw> L)
+ h:in k() + hc’:i () + h,,, ()

k ymn
- SR >],

(22)
and
CH ﬂ(HﬁffpiE(T’(“”ﬁ( V)ele)
= ﬂ’f"’Ac ~hi :f"oo = i) = G
t]e ¢ + 1 e 1]kl i m;kl
4 (/’t) ed d Tee (/’t) 12fm cd ( ) (23)

where the index antisymmetrizers in eqs 21—23 are

A=A, =1 - (pq),
AT = AP AT

and
ﬂpqrs — ﬂp/qrsﬂqrs,

with the partial antisymmetrizers defined as

AT =1~ (pg) = (pr)

and
AT =1 = (pq) — (pr) — (ps).

https://doi.org/10.1021/acs.jctc.5c01791
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The quantities f] in eq 23 denote the standard one-electron
Fock matrix, while the expressions for the remaining one-body
(ﬁ;) and two-body (z}'fq) components of the similarity-
transformed Hamiltonian as well as additional intermediates
entering eqs 21—23 are provided in the Supporting
Information. The C subscript indicates connected product.
For the recommended DIP-EOMCCSD(T)(a)(4h-2p)

method, the most computationally demanding step is the

3n4

construction of the T ; cluster amplitudes, which scales as n2n?,
whereas the dominant term in the EOMCC matrix—vector
product scales as n¢n2. Since n, > n, in typical applications, the
overall computational cost is governed by the nin} scaling. The
FNS approximation reduces the number of virtual spinors. For
a truncation of f% of the virtual space, the number of active

virtual spinors is given by

n;ctive =11 = L ",
100

Consequently, the computational cost of the ground-state CC
4
- L) and

100

(24)

and DIP-EOMCC calculations is reduced to (

100
performed with the full virtual space, respectively.

3
(l - L) times that of the corresponding calculations

2.3. Frozen Natural Spinor Technique

The natural spinors’ are the relativistic analogs of the NR
natural orbitals, introduced by Lowdin.>® Natural spinors are
obtained as the eigenfunctions of the relativistic correlated
one-body reduced density matrix.’® Among the various
schemes for obtaining natural spinors,*”>”>* we have chosen
the standard MP2-based natural spinors,®* which are obtained
by rotating the set of unoccupied DHF spinors using the
eigenvectors of the virtual—virtual block of the one-body
reduced density matrix computed at the MP2 level.

After constructing the MP2 one-body reduced density
matrix and diagonalizing it, the eigenvalues are occupancies of
the corresponding virtual natural spinors (eigenvectors),

DV = Va. (29)

Sorting the natural spinors based on their occupancies in a
decreasing order leads to a gradual hierarchy of their
contribution to the correlation. One can set up a predefined
threshold (ny,.q) to truncate them, where only the natural
spinors with occupancies larger than ng,.q, are considered and
the rest of them are dropped off in the following calculations.
Truncation of the virtual space can be accomplished by
multiplying the natural spinor transformation matrix V by a
thresholding matrix 7 according to

V= ve (26)
where

7 = 61.]. Von > Ny e

;=0 Vo< g 27)

The virtual—virtual block of the Fock matrix is then
transformed into the natural spinor basis according to

(28)

Here, a tilde is used to denote a matrix expressed in the

F=VFV.

truncated basis. Diagonalizing F leads to natural spinor
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~ . . 5 .
energies (&) as eigenvalues and eigenvectors (Z), which are
used to semicanonicalize the new basis,

FZ =7z (29)
In practice, the transformation between the original virtual
molecular spinors and the truncated virtual natural spinor basis

1S

B =77 (30)
The atomic spinor integrals can be directly converted to the
truncated natural spinor basis by the following transformation
matrices:

=U

[7; occ/ (31)

CC

Uy = Uvirvg = Uvir§) (32)
where U represents the transformation matrix between the
atomic spinor basis and the molecular spinor (DHF) basis.
This approach is called ENS,***°7*%% a5 the occupied sector
is kept frozen at the DHF level of theory.

3. COMPUTATIONAL DETAILS

The 4c DIP-EOMCCSDT (4h-2p), DIP-EOMCCSDT(a)(4h-
2p), and DIP-EOMCCSD(T)(a)(4h-2p) methods along with
their FNS-truncated counterparts have been implemented in
BAGH,®' our in-house quantum chemistry software designed
for advanced computational wave function-based calculations
(in doing so, we benefited from our previously developed DIP-
EOMCC routines reported in ref 20). BAGH is mainly written
in Python, with the bottleneck parts being optimized using
Cython and Fortran. It is currently compatible with four
interfaces: PySCF,éz*64 Socutils,> GAMESS-US,*® and
DIRAC.®” Among other capabilities, the BAGH software can
perform DIP-EOMCC calculations using both NR and various
relativistic Hamiltonians.

The uncontracted dyallavnz (n = 2,3,4) basis sets'®'” have
been used for the valence DIP energy calculations of inert gas
atoms (Ar—Rn) as well as the Cl,, Br,, HBr, and HI molecules.
All diatomic molecules were described using their experimental
bond lengths obtained from ref 68. The lowest-energy
occupied orbitals corresponding to the chemical cores of the
elements were frozen in all post-HF steps of the DIP-EOMCC
calculations. The effect of including diffuse functions on the
resulting DIPs has been studied by augmenting the dyall.av4z
basis set with single, double, and triple sets of diffuse functions.
The augmented basis sets were generated using the DIRAC
software package.®’

The calculated DIP values were extrapolated to the
complete-basis-set (CBS) limit using the dyall.avnz basis sets
(n = 2—4). The total energies of the ground state and the
doubly ionized states were extrapolated independently, and the
final DIP energies were obtained as the differences between the
two extrapolated energies.

To the best of our knowledge, four commonly used
formulations for CBS extrapolation have been reported in
the literature. In the first approach, the SCF contribution is
extrapolated using Feller’s formulation,”” combined with the
scheme of either Helgaker et al.” or Lesiuk and Jeziorski”' to
extrapolate the correlation energy. A third formulation,
proposed by Martin,”> applies extrapolation directly to the
total energy. Finally, there exists Peterson et al’s”® CBS
extrapolation scheme, which is based on total energies. The 4c-
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Figure 2. Comparison of absolute error of DIP energies (in eV) characterizing the X°L™ state of Cl, for the FNS version of 4c-DIP-
EOMCCSD(3h-1p) with respect to their respective canonical analogues calculated using dyall.av3z basis set (a) across the percentage of active

virtual spinors and (b) across different truncation thresholds.

FENS-DIP-EOMCCSD(3h-1p) results for molecules extrapo-
lated to the CBS limit using all four schemes are provided in
the Supporting Information, and the four extrapolation
methods yield mutually consistent results (See Table S3). In
this work, the CBS extrapolation is performed using the mixed
exponential formula of Peterson et al.,”*

E* = E® + Ae @) 4 B (=1 (33)

where A and B are parameters and E* and E® are the total
energies for a particular basis (x) and at the CBS limit,
respectively.

After performing a DHF calculation, we construct two-
electron integrals of the (OOIIVV) type in the canonical spinor
basis in order to perform the MP2 calculation and compute the
corresponding virtual—virtual block of the one-body reduced
density matrix. The virtual space is then truncated according to
a predefined FNS threshold ny, ., using the recipe described in
Section 2.3. All one- and two-electron integrals are computed
and stored in the truncated natural spinor basis with the help

3238

of the transformation matrices given by eqs 31 and 32, which
allow us to move from the atomic spinor to FNS space in a
computationally efficient manner. The CCSD calculation is
performed in the FNS basis and the amplitudes are
noniteratively corrected for T, effects using eqs 18 and 19.
In the DIP-EOMCCSD(T)(a)(4h-2p) calculations, the T,
contributions to the hY, component of H entering eqs 22
and 23 are computed prior to solving the DIP-EOMCC
eigenvalue problem. A schematic diagram of the algorithm for
the FNS-DIP-EOMCCSD(T)(a)(4h-2p) approach is provided
in Figure 1. The FNS-DIP-EOMCCSDT(4h-2p) and DIP-
EOMCCSD(T)(a)(4h-2p) calculations follow the same
algorithm defined in ref 20, after the one- and two-electron

integrals are generated in FNS basis.
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Table 1. Basis Set Convergence of 4c-FNS-DIP-EOMCCSD(3h-1p) DIP Values (in eV) of Cl, Molecule in Different Dyall

Basis Sets
state dyall.av2z dyall.av3z dyall.av4z s-aug-dyall.av4z
X3z 31.03 31.39 31.58 31.59
a'A 31.58 3191 32.09 32.09
bzt 31.94 32.30 32.48 32.48
Iz 32.98 3332 33.51 3351

74

d-aug-dyall.av4z t-aug-dyall.av4z CBS“ expt.
31.59 31.59 31.72 31.13
32.09 32.09 32.20 31.74
32.48 32.48 32.70 32.12
33.51 33.51 33.63 32.97

“The CBS value is calculated by extrapolating dyall.avnz (n = 2,3,4) basis sets.

Table 2. Comparison of DIP Values (in eV) of Cl, Molecule in Different 4c-FNS-DIP-EOMCC Methods with Pre-Existing

Experimental and Theoretical Results”

CCSD(3h-1p) CCSD(3h-1p)®  CCSD(4h-2p)  CCSDT(4h-2p)  CCSD(T)(a)(4h2p)  CCSD(T)(a)(4h-2p)
state dyall.av3z dyall.av4z dyall.av3z dyall.av4z dyall.av4z dyall.av4z dyall.av4z expt.”*
hon 31.41 31.60 31.40 30.90 31.21 31.19 31.20 31.13
a'A 3191 32.09 3191 3141 31.71 31.70 31.72 31.74
b'z* 32.41 32.59 32.29 31.79 32.09 32.07 32.10 32.12
Iz 33.32 33.51 33.32 32.86 33.14 33.13 33.13 32.97

“We adopt a shorthand notation in which the methods 4c-DIP-EOMCCSD(3h-1p), 4c-DIP-EOMCCSD(4h-2p), 4c-DIP-EOMCCSD(T)(a) (4h-
2p), 4c-DIP-EOMCCSD(T)(a)(4h-2p), and 4c-DIP-EOMCCSDT (4h-2p) are abbreviated as CCSD(3h-1p), CCSD(4h-2p), CCSD(T)(a)(4h-
2p), CCSD(T)(a)(4h-2p), and CCSDT(4h-2p), respectively. bCanonical DIP-EOMCCSD(3h-1p) results taken from ref 27, calculated in

dyall.av3z basis set.

4. RESULTS AND DISCUSSION

4.1. Choice of FNS Threshold

The main idea behind the FNS approximation is to reduce the
size of the virtual space in correlated relativistic calculations.
The truncation in the canonical spinor basis leads to a
significant loss of accuracy due to the contribution of high-
lying virtual spinors to the energy. On the other hand, the
virtual spinors in the natural spinor basis are arranged
according to their occupancy, which roughly tracks their
contribution to the correlation energy. For the case of DIP,
where its zeroth-order description does not involve any virtual
spinors, the FNS basis can give a compact description for the
DIP-EOMCCSD(3h-1p) and DIP-EOMCCSD(4h-2p) calcu-
lations similar to that observed for the FNS-IP-EOMCCSD
method.*® To illustrate this point, we present the convergence
of the lowest valence DIP for Cl, with respect to the size of the
truncated virtual space in Figure 2a using 4c-FNS-DIP-
EOMCCSD(3h-1p). It can be seen that the DIP values
converge more quickly in the FNS basis and the results
approach their canonical counterparts using just 40% of the
total virtual space. In the canonical basis, one needs to include
at least 60% of the virtual space to achieve a similar level of
accuracy. However, the FNS threshold is a better truncation
criterion than the size of the virtual space. Figure 2b presents
the convergence of absolute error characterizing the lowest-
lying DIP of Cl, computed with 4c-FNS-DIP-EOMCCSD(3h-
1p) as a function of the FNS threshold. The calculation is
performed in dyall.av3z basis set and the 4c-DIP-EOMCCSD-
(3h-1p) values in the untruncated canonical basis have been
taken as the reference. From Figure 2b, the truncation error in
the DIP for the X’ state of (Cl,)*" is less than 0.1 eV using
an FNS threshold of 10™*. With an FNS threshold of 1075, the
DIP obtained using the FNS-based DIP-EOMCCSD(3h-1p)
approach is virtually identical to its untruncated counterpart.
However, considering the fact that the FNS threshold is
directly related to the number of virtual spinors that will be
considered for correlation calculations, taking 1075 as the FNS
threshold for calculations may be a costly choice. The FNS
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threshold of 107* seems to be a good compromise between
cost and accuracy as the truncation error characterizing the
DIP for the X*T~ state of (Cl,)*" is as little as 0.01 eV. Based
on these observations, we adopt an FNS occupation threshold
of 107 for all calculations, unless otherwise mentioned.

4.2. Basis Set Convergence

To analyze the effect of basis set, we have compared the DIPs
corresponding to the X327, a'A, b'E', and ' states of
(CL)*", as obtained with DIP-EOMCCSD(3h-1p) using the
dyallavnz (n = 2,3,4) hierarchy, with their experimentally
determined counterparts in Table 1. Furthermore, in order to
investigate the effect of diffuse functions on the calculated DIP
values, the results obtained with dyall.av4z have been
augmented with single, double, and triple sets of diffuse
functions. It can be seen that the DIP values increase with the
basis set cardinality number. For example, the DIPs character-
izing the valence states of (CL,)** grow by roughly 0.3 eV when
the basis set is increased from dyall.av2z to dyall.av3z. Slightly
smaller changes of ~0.2 eV are observed when increasing the
basis from dyall.av3z to dyall.av4z. As shown in Table 1, the
DIP values obtained with dyall.av4z increase by 0.1-0.2 eV
when CBS extrapolations are employed. Thus, even the
dyall.av4z basis results in significant basis set errors.

In contrast, the inclusion of diffuse functions in the basis set
provides hardly any effect on the resulting DIP values. As
shown in Table 1, the DIP values computed with 4c-DIP-
EOMCCSD(3h-1p) using the dyall.av3z basis show the best
agreement with experiment. However, this agreement vanishes
when a larger dyall.av4z basis is employed. One needs to use a
higher-level treatment of many-electron correlation effects to
obtain an accurate and systematic behavior of the DIP values.

4.3. Effect of the Inclusion of Higher Excitations

In order to investigate the effect of the inclusion of higher-rank
excitation and doubly ionizing operators, the DIPs character-
izing the X°Y7, a'A, b'S*, and ¢'X" states of (Cl,)** computed
with different levels of 4c-DIP-EOMCC approximation have
been presented in Table 2. The FNS-DIP-EOMCCSD(3h-1p)
results are calculated in dyallav3z and dyall.av4z bases. The

https://doi.org/10.1021/acs.jctc.5c01791
J. Chem. Theory Comput. 2026, 22, 32333246


pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c01791?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

Table 3. Errors in DIP Energies (in eV) of Ar, Kr, Xe, and Rn Atoms with Respect to Experiment”

state CCSD(3h-1p) CCSD(3h-1p) CCSD(T)(a)(4h-2p)

atom dyall.av3z CBS CBS expt.”®

Ar ’p, —-0.01 0.40 —0.02 43.39
’p, 0.00 0.38 —0.01 43.53
3P, 0.01 0.40 —-0.01 43.58
p, 0.06 0.41 0.02 45.13
1S, 0.14 0.47 0.11 47.51

Kr ’p, —-0.13 0.31 —0.02 38.36
3P, —0.12 0.33 —0.02 38.92
3Py —0.09 0.35 0.01 39.02
'D, -0.05 0.32 0.01 40.18
1S, —-0.01 0.38 0.07 42.46

Xe °p, —0.25 0.25 0.01 33.11
3p, —-0.26 0.26 —0.02 34.32
3P, —-0.20 0.29 0.01 34.11
D, —-0.18 027 0.03 35.23
'Sy —-0.13 0.31 0.06 37.58

Rn ’p, 0.09 0.53 0.18 29.4

MAD” 0.26 0.47 0.11

MAE” 0.11 0.34 0.03

STD” 0.12 0.06 0.04

RMSD” 0.14 0.35 0.04

“We adopt a shorthand notation in which DIP-EOMCCSD(3h-1p) and DIP-EOMCCSD(T)(&)(4h-2p) are abbreviated as CCSD(3h-1p) and
CCSD(T)(a)(4h-2p), respectively. “Rn values were excluded from the statistical analysis.

results obtained from the dyall.av3z basis have been shown for
the sake of comparison with the previously reported canonical
values by Pal and co-workers.”” It can be seen that at the FNS-
DIP-EOMCCSD(3h-1p)/dyall.av3z level of theory, the result-
ing DIPs show good agreement with their experimental
counterparts. The FNS-DIP-EOMCCSD(3h-1p)/dyall.av3z
DIP values are also nearly identical to the canonical results
reported by Pal and co-workers”” using the same level of
theory. However, the DIPs computed with FNS-DIP-
EOMCCSD(3h-1p)/dyallavdz are significantly larger than
experiment. The inclusion of the 4h-2p excitations on top of
CCSD leads to an underestimation of the DIP values. This
behavior arises because the inclusion of the 4h-2p excitation
space within the DIP-EOMCCSD(4h-2p) framework improves
the description of the (N — 2)-electron target states. However,
the resulting DIPs tend to be underestimated, as the target
states are treated at a higher level of correlation than the N-
electron reference state, thereby artificially contracting the
energy gap. Incorporating triples corrections for the N-electron
ground state, together with the 4h-2p excitation manifold for
the (N — 2)-electron target states, restores a balanced level of
correlation between the two sectors and yields highly accurate
DIP values. This imbalance and its resolution have been
discussed in detail in our previous work on the scalar-
relativistic implementation of DIP-EOMCCSDT (4h-2p).”
The DIP-EOMCCSD(T)(a)(4h-2p) approximation developed
in this work, which can be performed using computational

steps that scale as A’ with the system size AV, is capable of
delivering DIPs for the relevant states of (Cl,)** in agreement
with their counterparts obtained with the much more
expensive DIP-EOMCCSDT (4h-2p) and DIP-EOMCCSD-
(T)(a)(4h-2p) approaches. Therefore, we rely on the DIP-
EOMCCSD(T)(a)(4h-2p)/CBS level of theory in order to
investigate the remaining atomic and molecular systems of
interest in this study.

In the 4c-FNS-DIP-EOMCCSD(T)(a)(4h-2p) and 4c-FNS-

DIP-EOMCCSD(T)(a)(4h-2p) methods, the T, contribution
is treated perturbatively. Consequently, the reliability of these
approaches is expected to deteriorate in situations where the
electronic structure develops strong multireference character,
for example, upon significant bond stretching. This behavior is
well-known for related perturbative approaches,”” such as
CCSD[T] and CCSD(T), which may fail when bonds are
substantially stretched and the single reference determinant no
longer provides a qualitatively correct description of the
underlying N-electron system. A detailed discussion on the
topic is available in the Supporting Information.

4.4, Benchmarking: Atoms and Molecules

The benchmark systems considered here are closed-shell atoms
and simple diatomic molecules that are well described within a
single-reference framework and do not exhibit strong vibronic
coupling. The present benchmarking primarily assesses the
accuracy of the electronic-structure treatment. We note that for
systems with strong electron—nuclear coupling, the DIP-
EOMCC calculations performed in this work would not be
sufficient. Furthermore, in systems characterized by stronger
multireference correlations, the perturbative methods like DIP-
EOMCCSD(T)(a)(4h-2p) or DIP-EOMCCSD(T)(a)(4h-2p)
may become unreliable, and thus turning to nonperturbative,
multireference, or active-orbital-based treatments may be more
appropriate.

In order to benchmark the performance of DIP-
EOMCCSD(T)(@)(4h-2p) method, we have calculated the
DIPs of the series of inert gas atoms Ar—Rn. The calculated
DIP values along with their experimental counterparts are
presented in Table 3. Key statistical parameters, including the
maximum absolute deviation (MAD), mean absolute error
(MAE), standard deviation (STD), and root-mean-square
deviation (RMSD), are also included in Table 3. The
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Table 4. Errors in DIP Energies (in eV) of Cl,, Br,, HBr, and HI Molecules with Respect to Experiment”

CCSD(3h-1p)

state

CCSD(3h-1p)

CCSD(T)(3)(4h-2p)

molecule dyall.av3z
Cl, X3z 0.28
a'A 0.17
bzt 0.29
dx 0.35
Br, A0, —0.05
Al —-0.07
A2, 0.07
A0, —-0.03
HBr X3 0.17
a'A 0.26
b'zt 0.30
HI X%y —-0.14
A’TT —0.14
a'A —-0.07
bzt 0.01
MAD 0.35
MAE 0.16
STD 0.17
RMSD 0.19

74,77—79

CBS CBS expt.
0.59 0.21 31.13
0.46 0.11 31.74
0.58 0.13 32.12
0.66 0.29 32.97
0.26 0.02 28.39
0.26 —0.04 28.53
0.40 0.02 2891
0.28 —0.02 29.38
0.51 0.13 32.62
0.53 0.24 33.95
0.59 0.30 35.19
0.26 0.02 29.15
0.28 —0.02 29.37
0.29 0.07 30.39
0.36 0.12 31.64
0.66 0.30

0.42 0.12

0.15 0.11

0.44 0.15

“We adopt a shorthand notation in which DIP-EOMCCSD(3h-1p) and DIP-EOMCCSD(T)(&)(4h-2p) are abbreviated as CCSD(3h-1p) and

CCSD(T)(a)(4h-2p), respectively.

experimental DIP value of Rn is less reliable, reported up to
one significant digit, so it has been excluded from the statistical
analysis. Using the dyall.av3z basis, the DIPs computed with
DIP-EOMCCSD(3h-1p) show good agreement with the
available experimental results,”® with MAD and RMSD values
of 0.26 and 0.14 eV, respectively. However, after performing
CBS extrapolations, the errors in the DIPs obtained with DIP-
EOMCCSD(3h-1p) relative to experiment significantly in-
crease, resulting in MAD and RMSD values of 0.47 and 0.35
eV, respectively. The increase in errors at the DIP-
EOMCCSD(3h-1p) level with the size of the basis is consistent
with the trend observed for Cl, discussed in the previous
section. When the DIP-EOMCCSD(3h-1p)/CBS method is
replaced by its higher-level DIP-EOMCCSD(T)(a)(4h-2p)/
CBS counterpart, the MAD and RMSD values relative to
experiment for the DIPs reported in Table 3 reduce to 0.11
and 0.04 eV, respectively.

To further demonstrate the capability of the present
approach, we have benchmarked the 4c-FNS-DIP-
EOMCCSD(3h-1p) and FNS-DIP-EOMCCSD(T)(a)(4h-
2p) methods for the closed-shell s’d'® Group 12 atoms (Zn,
Cd, and Hg). The computed results are compared with
experimental values’® serving as reference (see Table S4). The
4c-FNS-DIP-EOMCCSD(T)(a)(4h-2p) results show a signifi-
cant improvement over the 4c-FNS-DIP-EOMCCSD(3h-1p)
results for all states of Hg. In contrast, for Zn and Cd, the
improvement is observed only for the first doubly ionized
states. A more detailed analysis, including a possible reassess-
ment of the experimental peak assignments in the double-
ionization spectra of Zn and Cd, may therefore be required.
Such an investigation is beyond the scope of the present study.

The DIP-EOMCCSD(T)(a)(4h-2p) approach is also
applied to obtain the valence DIPs of Cl,, Br,, HBr, and HI,
which have been considered in previous works.””*”** Similar
to atoms, the DIP values at the DIP—EOMCCSD(3h—17p)/
dyall.av3z level show good agreement with experiment,”*”" ="’
with a MAD of 0.35 eV and RMSD of 0.19 eV obtained for the
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valence states of (Cl,)**, (Br,)**, (HBr)>*, and (HI)**
considered in Table 4. Consistent with previous observations,
the errors obtained with DIP-EOMCCSD(3h-1p) increase
when the basis set size is increased and extrapolated toward the
CBS limit. Indeed, the DIPs computed with DIP-EOMCCSD-
(3h-1p)/CBS are less accurate relative to experiment than their
counterparts obtained using the dyall.av3z basis, with MAD
and RMSD values of 0.66 and 0.44 eV, respectively. Larger
errors are observed, especially for Cl, and HBr. The errors
relative to experiment significantly reduce when the DIP-
EOMCCSD(3h-1p)/CBS method is replaced by the higher-
level DIP-EOMCCSD(T)(a)(4h-2p)/CBS approach. In par-
ticular, when using DIP-EOMCCSD(T)(a)(4h-2p)/CBS, the
DIPs for Cl,, Br,, HBr, and HI are characterized by MAD and
RMSD values relative to experiment of 0.30 and 0.15 eV,
respectively. When examining the accuracy of the DIP-
EOMCCSD(T)(a@)(4h-2p)/CBS results reported in Table 4
relative to experiment, we observe slighly larger errors for
molecules than for the atoms considered in Table 3. This
difference in performance may be due to the effects of
molecular vibrations, which are not included in the present
DIP-EOMCC calculations.

The Br, molecule requires special attention as the previous
application of the DIP-EOMCCSDT(4h-2p) approach based
on the one-electron SFX2C framework (SFX2Cle) resulted in
non-negligible errors.”® Table 5 presents the DIP values
corresponding to the first ten states of (Br,)*", in which we use
the A—S coupling notation for electronic states, similar to that
used by Fleig et al”” The previous study by Pal and co-
workers”” only reported four of these states. Our previous
SEX2Cle-based DIP-EOMCCSDT (4h-2p) study”® has not
been able to distinguish between the lowest A 0, and A 1,
states due to the neglect of spin—orbit coupling in the
SFX2Cle calculations. The DIP-EOMCCSD(T)(a)(4h-2p)
method based on a 4c-DC Hamiltonian can accurately resolve
the lowest A 0, and A 1, states in agreement with experiment.

4 g
The next two states, A 2, and A 0, also show good agreement
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Table 5. Comparison of DIP-EOMCCSD(T)(a)(4h-2p)/
CBS DIP Values of Br, with Experiment and Previous
Theoretical Results

state  CCSD(3h-1p)*  CCSD(T)(a)(4h-2p) MRCI®  expt”
A0, 28.41 28.39 28.39
A lg 28.47 28.49 28.54 28.53
A2, 29.04 28.93 29.01 28.91
A0, 29.52 29.36 29.45 29.38
BO, 29.77 29.78
B3, 29.80 29.81
B2, 29.79 30.16 30.16 30.30
B1, 30.24 30.24
BO, 30.47 30.50
B1, 30.51 30.52

“Taken from ref 27. YTaken from ref 77.

with the experiment. As shown by Fleig et al,”’ the
experimentally observed broad band at 30.3 eV contains
contributions from a group of electronic states with energies
ranging between 30.1-30.5 eV, which complicates the
comparison between individual states and experiment.
However, for all the states considered in Table S, the DIP-
EOMCCSD(T)(@)(4h-2p) method gives better agreement
with experiment than the previously reported DIP-
EOMCCSD(3h-1p) values of ref 27. It is also worth noting
that the DIP-EOMCCSD(T)(a)(4h-2p)/CBS results reported
in Table S are in excellent agreement with the relativistic
multireference CI (MRCI) results”” reported by Fleig et al. for
all ten electronic states of (Br,)>".

4.5, Effect of the Treatment of Relativity

It is important to investigate the impact of different levels of
treating the relativistic Hamiltonian on the DIPs obtained in
the DIP-EOMCC calculations. Table 6 presents a comparison
of DIPs characterizing Ar, Kr, Xe and Rn atoms using NR,

SFX2Cle, and 4c-DC Hamiltonians alongside the experimen-
tally determined results. All DIPs are obtained with the DIP-
EOMCCSD(T)(a)(4h-2p)/CBS calculations.

The NR calculations show large errors relative to experi-
ment, with MAD and RMSD values of 0.77 and 0.36 eV,
respectively. As one might expect, the largest error is observed
for the heaviest atom, Rn, but it is excluded from the statistical
analysis due to the unreliability of the experimental DIP
energy. The use of scalar relativity, however, slightly improves
the situation. As shown in Table 6, the errors relative to
experiment characterizing the DIPs of Ar—Rn decrease when
relativistic effects are treated using the SFX2Cle approach,
with MAD and RMSD values of 0.67 and 0.33 eV, respectively.
The use of 4c-DC Hamiltonian reduces the errors significantly
and provides results with MAD and RMSD of 0.11 and 0.04,
respectively. Based on the results for Ar—Rn reported in Table
6, one must use a more complete 4c-DC Hamiltonian in order
to obtain DIP values that agree with experiment. The inclusion
of the Gaunt and Breit corrections have negligible effect on the
DIP values considered in Table 6.

When considering the Cl,, Br,, HBr, and HI molecules, we
do not observe the same behavior in DIP values as we do for
atoms when the treatment of relativity is improved. In
particular, the MAD and RMSD values characterizing the
DIPs computed with DIP-EOMCCSD(T)(a)(4h-2p)/CBS
reported in Table 7, which are 0.30 and 0.15 eV, respectively,
are similar to their counterparts obtained with the SFX2Cle
treatments. As in the case for the Ar—Rn atoms, the inclusion
of the Gaunt and Breit corrections is negligible.

5. CONCLUSIONS

In this work, we have developed and tested a suite of 4c
relativistic DIP-EOMCC methods incorporating up to 4h-2p
excitations and three-body clusters. We have extended the
original DIP-EOMCCSDT (4h-2p) method and its perturba-

Table 6. Comparison of DIP Energies (in eV) of Ar, Kr, Xe, and Rn Atoms Using DIP-EOMCCSD(T)(a)(4h-2p) at CBS Level

with NR and Various Relativistic Hamiltonians

atom state NR(CBS) SEX2C1e(CBS)
Ar °p, 43.47 43.44
’p, 43.47 43.44
3P, 43.47 43.44
'D, 45.17 45.14
1Sy 47.63 47.61
Kr ’p, 38.65 38.64
’p, 38.65 38.64
°P, 38.65 38.64
'D, 40.11 40.11
1S, 42.34 42.38
Xe 3P, 33.74 33.78
’p, 33.74 33.78
3P, 33.74 33.78
D, 34.91 34.97
'S, 36.81 36.95
Rn ’p, 31.57 31.78
MAD* 0.77 0.67
MAE* 0.28 0.26
STD? 0.35 0.32
RMSD* 0.36 0.33

“Rn values were excluded from the statistical analysis.

76

4c-DC(CBS) 4c-DCG(CBS) 4c-DCB(CBS) expt.

43.37 43.37 43.37 43.39
43.51 43.49 43.51 43.53
43.58 43.56 43.56 43.58
45.1S 45.13 45.1S 45.13
47.62 47.62 47.62 47.51
38.34 38.33 38.33 38.36
38.90 38.88 38.88 38.92
39.03 39.00 39.02 39.02
40.19 40.16 40.15 40.18
42.53 42.51 42.51 42.46
33.11 33.11 33.10 33.11
34.30 34.26 34.28 34.32
34.13 34.11 34.11 34.11
35.26 35.23 35.23 35.23
37.64 37.59 37.61 37.58
29.58 29.56 29.57 294

0.11 0.11 0.11

0.03 0.03 0.03

0.04 0.04 0.04

0.04 0.04 0.04
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Table 7. Comparison of DIP Energies (in eV) of Cl,, Br,, HBr, and HI Molecules Using DIP-EOMCCSD(T)(a)(4h-2p) at CBS

Level with NR and Various Relativistic Hamiltonians

molecule state NR(CBS) SFX2Cle(CBS)
Cl, X3% 31.39 31.31
a'A 31.87 31.83
bzt 32.26 3222
¢z 33.32 33.28
Br, A0, 28.56 28.51
Al, 28.56 28.51
A2, 29.00 28.95
A0, 29.34 29.29
HBr X3z 32.89 32.85
a'A 3423 34.21
b'z* 35.49 3548
HI X355 29.40 29.39
APET 29.40 29.39
a'A 30.50 30.50
bzt 31.58 31.58
MAD 0.34 0.30
MAE 0.17 0.14
STD 0.16 0.12
RMSD 0.20 0.17

4c(CBS) DCG(CBS) DCB(CBS) expt.” 7777

31.34 31.32 31.32 31.13
31.85 31.84 31.83 31.74
3225 3223 3223 32.12
33.26 33.24 33.24 32.97
2841 28.40 28.40 28.39
28.49 28.48 28.48 28.53
28.93 28.92 2891 28.91
29.36 29.38 29.38 29.38
32.75 32.74 32.75 32.62
34.19 34.18 34.17 33.95
35.49 35.48 35.49 35.19
29.17 29.16 29.18 29.15
29.35 29.33 29.34 29.37
30.46 30.45 30.44 30.39
31.76 31.74 31.75 31.64

0.30 0.29 0.30

0.12 0.11 0.11

0.11 0.11 0.11

0.15 0.14 0.14

tive DIP-EOMCCSD(T)(a)(4h-2p) approximation to the fully
relativistic regime. In addition, we have introduced a new, low-
cost approximation to DIP-EOMCCSD(T)(a)(4h-2p), abbre-
viated as DIP-EOMCCSD(T) () (4h-2p), which is capable of
accurately reproducing the DIPs obtained with DIP-
EOMCCSD(T)(a)(4h-2p) and DIP-EOMCCSDT(4h-2p)
using much less expensive computational steps that scale as

N. This makes the DIP-EOMCCSD(T)(@)(4h-2p) approach
a practical tool for studying the DIPs of atomic and molecular
systems using realistic basis sets and relativistic Hamiltonians.
We have also combined all of these approaches with the FNS
truncation scheme and showed that this allows us to
significantly reduce the computational cost without compro-
mising accuracy. Benchmark calculations on inert gas atoms
(Ar—Rn) and diatomics (Cl,, Br,, HBr, HI) demonstrate that
the proposed DIP-EOMCCSD(T)(a)(4h-2p) method produ-
ces DIPs in good agreement with experimental results after
CBS extrapolations are performed. It was also found that the
calculated DIP values are very sensitive to the basis set size,
and in order to compare with experiment, large basis sets or
CBS extrapolations are necessary. The need for large basis sets
highlights the usefulness of the FNS scheme, as we are able to
handle larger calculations in QZ-level basis sets without
running into prohibitive computational or memory bottle-
necks. Furthermore, we have benchmarked the effects of NR
and scalar relativistic treatments against their complete 4c-DC
parent, and showed that only the 4c-DC Hamiltonian is
capable of providing robust and accurate DIPs of atomic and
molecular systems containing heavier elements.
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