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The mean pairwise velocity of massive halos reflects the gravitational force law on cosmic scales. We
combine cosmic microwave background intensity maps from the Atacama Cosmology Telescope and
a galaxy catalog from the Sloan Digital Sky Survey to estimate the mean pairwise velocity using the
kinematic Sunyaev-Zeldovich (kSZ) effect. On scales from 30 – 230 megaparsecs, we constrain the
gravitational acceleration between pairs of halos at separation r to be g ∝ 1/rn with n = 2.1 ± 0.3,
which is consistent with Newtonian gravity in an expanding spacetime (i.e., the standard ΛCDM
model). This constraint shows agreement with an inverse quadratic radial dependence over the large
distances separating galaxy halos, as expected in standard cosmology. Upcoming surveys have the
potential to rule out n = 1 at 10σ significance. Our results establish the kSZ effect as a powerful
tool for testing gravity on cosmological scales.

The standard cosmological model, ΛCDM, assumes
that general relativity accurately describes gravitational
interactions on all scales. This framework successfully
explains a wide range of cosmic phenomena, from the
galaxy correlation function to the cosmic microwave
background (CMB). Usually, we can approximate the
gravitational force law using Newtonian gravity, which
falls off as the square of the separation between masses,
1/r2. However, the observed cosmic acceleration raises
questions about whether this gravitational force law
holds on the largest scales.

In addition to dark energy, several modified theories
of gravity, including those that attempt to explain dark
matter (DM), predict changes to the gravitational force
law at large scales [1, 2].

The gravitational force law has been measured well
within the solar system [see, e.g., 3], but direct measures
at larger scales are lacking. In addition, there are con-
straints on large scales [see e.g., 4, 5, for some recent ex-
amples]; however, these all rely on an underlying, known
homogeneous expansion history, which reduces the space
of tested theories.

Galaxy and galaxy cluster velocities provide a promis-
ing avenue for testing the gravitational force law on cos-
mic scales. Specifically, pairwise velocities as a function
of galaxy cluster separation provide a direct measurement
of the acceleration field. Because the acceleration field is
a function of both the matter field and the relationship
between it and the resulting gravitational acceleration,
pairwise velocities can test the gravitational force law in
addition to growth of structure and dark energy.

The kinematic Sunyaev-Zeldovich effect [kSZ; 6] probes
the baryonic velocity field at large scales. The pairwise
kSZ effect was first measured using the Atacama Cosmol-
ogy Telescope (ACT) maps combined with the Sloan Dig-
ital Sky Survey Data Release 9 (SDSS DR9) galaxy cat-
alog [7], with many subsequent detections [8–11]. These

recent measurements give us an opportunity to test grav-
ity in a new way, at previously inaccessible scales.
In this Letter, we use ACT measurements of the pair-

wise kSZ effect along with BOSS measurements of the
correlation function to place constraints on the gravita-
tional force law at cosmic scales. We discuss the implica-
tions for general modifications to the force law, as well as
for one theory, Modified Newtonian Dynamics [MOND;
12, 13] specifically (see the Appendix for a longer discus-
sion of this theory). As we show, a modified gravitational
force law that manages to explain the correlation func-
tion of galaxy clusters could still fail to predict the correct
mean pairwise velocity.

THEORY

In the following, we assume that the Universe is isotropic
and homogeneous, and that it is expanding according
to the Friedmann equations. Physical separations r are
related to comoving distances x via the scale factor a,
r(t) = a(t)x(t). We do not specify a specific model of
structure formation, but assume that any viable theory
reproduces the measured galaxy correlation function at
low redshifts. We also assume that halo peculiar ve-
locities arise solely from gravitational accelerations with
other halos. Throughout the following, we use ‘halos’ to
refer to galaxy groups or clusters. This formalism ap-
plies for galactic halos as well, but we mainly probe the
velocities of galaxy clusters with the kSZ data used here.

ΛCDM Derivation

The pairwise velocity between any two halos in an ex-
panding background is defined as

V12 = v2 − v1 +
ȧ

a
r12 , (1)
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where vi is the peculiar velocity of each halo, and dots
indicate proper time derivatives. Each halo itself follows
the equation of motion

dvi

dt
+

ȧ

a
vi = gi, (2)

where gi is the gravitational acceleration at the position
of each halo.

The pairwise velocity can then be related to cosmo-
logical parameters. The typical derivation [14, 15] uses
the conservation of the number of halo pairs over short
timescales to derive the mass-averaged pairwise velocity
equation1

V (r, z) = −2

3
H(z)rf(z)

ξ̄(r)

1 + ξ(r)
, (3)

where H(z) = ȧ/a, ξ(r) is the matter auto-correlation
function, ξ̄(r) = 3

r3

∫ r

0
dr′r′2ξ(r′) is the spherically-

averaged version, and f(z) is the linear growth function.
However, this equation assumes scale-independent

growth, which cannot be assumed generally. Here we in-
stead express V (r) in terms of local gravity, without an
appeal to the growth of structure. Using Eqs. (1) & (2),
which do not rely on a specific gravitational theory, we
can find the equation governing the pairwise velocity evo-
lution. To first order in time derivatives, dV12

dt = g2−g1 .
If we average over all pairs, we have the time derivative

of the mean pairwise velocity, ⟨dV (r)/dt⟩, on the left
hand side. The right hand side will be the mean pairwise
acceleration, which we denote by ⟨g⟩ in the following.
Note that these quantities are both scalars – spherical
symmetry at large scales enforces that both of these will
depend solely on the magnitude of the pair separation.

The pairwise acceleration between a pair of halos at r1
and r2 is given by the difference in the gravitational ac-
celerations at each point (i.e., the derivative of Eq. (1)).
To relate the pairwise acceleration to its sources, we con-
sider the correlations of the pair with a third point, r3,
which sources the gravitational force [17, 18]. On aver-
age, this is

δ̂(r3; r1, r2) =
1

1 + ξhh(r12)

[
1 + ξhh(r12)

+ ξh(r23) + ξh(r31) + ζhh(r123)
]
, (4)

where ξhh(r) is the halo auto-correlation function,
ξh(r) is the halo-matter cross-correlation function, and
ζhh(r123) is the halo-halo-matter three point correlation
function with sides given by the three considered points.
In other words, this is the probability of finding mat-
ter at r3 and halos at r1,2, divided by the probability

1 We provide the full derivation in the apendix [16].

of finding halos at r1,2. We assume that this equation
holds regardless of the gravitational force law. The mean
pairwise acceleration in ΛCDM can then be formed from
the gravitational acceleration due to the integrated mass
from that density contrast, projected onto the line con-
necting the galaxy pair (since transverse accelerations av-
erage to zero) [18],

⟨g(r12)⟩ = 2Gρm

∫
dr3 δ̂(r3; r1, r2)

r3 − r1
|r3 − r1|3

· e12 , (5)

where G is Newton’s constant, ρm is the average matter
density in the Universe, e12 ≡ (r2 − r1)/r12, and r12 =
|r2 − r1|. Note that the exact relation here assumes the
Newtonian inverse square law relationship.
Combining results, we find that the mean pairwise ac-

celeration in ΛCDM is2〈
dV

dt

〉
=

4πGρm
r2(1 + ξhh(r, t))

∫ r

0

ξh(r
′, t)r′2dr′ (6)

at leading order (e.g., ignoring higher-order correlations),
and where we now make the correlation function time-
dependence explicit. Note that if we assume scale-
independent growth for the correlation functions, we can
integrate this equation and exactly match Eq. (3).

The Gravitational Force Law Generalization

In the interest of full generality, we will take the modified
gravity law

g(r) = g0 [Gb(r)]
n/2

, (7)

where g0 is a normalization factor with units of accelera-
tion, Gb(r) is a unitless measure of the baryonic acceler-
ation (i.e., the acceleration due to baryonic matter alone
divided by a normalizing acceleration to make it unit-
less), and n is a power law index, with n = 2 for ΛCDM.
This parametrization for the force law index preserves the
typical Newtonian proportionality, g ∝ 1/rn with n = 2
giving the Newtonian case. A slightly different case, in
which the gravitational force power law is modified in-
stead of the gravitational acceleration, is analyzed in the
Appendix.
Our pairwise velocity evolution equation is then

straightforward to compute given the same formalism as
above. To make it easy to include modified gravity the-
ories without dark matter, we will focus on the baryonic
acceleration by using the galaxy auto-correlation func-
tion as a tracer of all correlation functions, though this

2 The simplification relies on symmetrizing the integral, and then
solving the resulting integrals in Fourier-space, which includes a
Bessel integral. We provide a full derivation in the Apendix.
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FIG. 1. Pairwise kSZ measurements [µK] as a function of the physical separation of galaxy clusters [Mpc]. Black dots with 1σ
errorbars show the measured pairwise momentum curve, obtained with the pairwise kSZ estimator and the ACT DR6 map.
Blue line gives the amplitude-fitted ΛCDM prediction using Eq. (9), with n = 2, and the published SDSS correlation function.
The orange line shows the best fit for MOND using Eq. (9), with n = 1, for the same correlation function. Shaded regions
indicate the 1σ uncertainties on the amplitude. The dashed black line gives the ΛCDM prediction using a Planck cosmology
[9]. Note that our ΛCDM fit closely matches previous work, which used a slightly expanded galaxy sample. MOND provides
a poor fit to the data (PTE=3.65×10−3), while the ΛCDM case is in agreement (PTE=0.17). The largest difference to the
best-fit line is at 2.6σ, which is not statistically significant for the 15 bins shown. A shift in the mean optical depth to these
galaxy clusters would shift the amplitude of these fits, but not the shapes.

leads to a small bias in both the ΛCDM case and MOND.
We find〈

dV

dt

〉
= g0

(
4πGρb/r

2

ā(1 + ξgg(r, t))

∫ r

0

ξgg(r
′, t)r′2dr′

)n
2

,

(8)
where ρb is the baryonic matter density. We include
ā = 1 × 10−14 m/s2, as an arbitrary way to normal-
ize the function. This is roughly the calculated pairwise
acceleration in ΛCDM at the largest separations. This
integral is dominated by scales > 10 Mpc. Beginning our
integration at different scales from 1−10 Mpc introduces
errors of < 10%. Thus, any effects, such as galaxy bias,
that introduce small shape changes at these scales should
be absorbed by the multiplicative constant, g0.
To solve the above differential equations for the pair-

wise velocity, we need the time-dependence of the cor-
relation function. We circumvent this by considering a
narrow slice in time (i.e., galaxy redshift) over which to
solve for the velocity. As we discuss below, the corre-
lation function only changes ∼ 2% during this redshift
slice, and so taking a constant ξgg(r, t) over this redshift
slice should be a good approximation.

Using this simplification, and substituting in the spher-
ically averaged correlation function, ξ̄gg(r), we find

V (r) = A

(
4πGρbr/ā

1 + ξgg(r)
ξ̄gg(r)

)n/2

, (9)

where A = g0∆t, and ∆t is the arbitrary, small time
interval over which the equation is solved. The n = 2,
A = ā∆tρm/ρb case corresponds to ΛCDM, and agrees
with our Eq. (6), up to bias factors in the correlation
function. Note that we will not use the amplitude, A, in
our full analysis. We instead replace it with the mass-
averaged optical depth to the galaxy sample, τ̄ . As shown
below, when we consider our actual observable, A is de-
generate with τ̄ .

In the appendix, we derive how MOND fits into this
formalism. Our general equation, Eq. (9) with n = 1, is
appropriate for MOND in the large-scale limit.

OBSERVABLES & ANALYSIS

Pairwise Velocity Inference from the Galaxy
Correlation Function

Using the SDSS Baryon Oscillation Spectroscopic Sur-
vey galaxies as tracers of halos, we use the galaxy cor-
relation function ξgg, to evaluate the right-hand side of
Eq. (9).[19–21] To constrain the time-evolution of the
correlation function, we use the redshift bin in the range
0.44 < z < 0.66 according to Refs. [19, 21], which in-
cludes the mean redshift of the full catalog. This red-
shift bin consists of 686k galaxies. We expect the growth
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function to change ∼ 15% during this redshift interval,
and thus the galaxy correlation function only changes by
∼ 2%. We use the mean values and covariances of the
two-point correlation function to simulate 1,000 random
realizations of ξgg. We carry out the integral to calculate
the spherically-averaged correlation function in Eq. (9)
using a lower limit of 6Mpc, which gives a difference of
3 − 7% between 30 – 100 Mpc compared to the full in-
tegral, assuming linear theory. We compute Eq. (9) and
its covariance using this prescription. We use the Planck
2018 cosmology [22] to set ρb = 4.21×10−31 g/cm

3
. Note

that any value could be used here, since it would be ab-
sorbed by the overall normalization factor.

Pairwise kSZ

CMB experiments measure the pairwise momentum,
which is related to the mass-averaged pairwise velocity
by

p̂(r, z) = −TCMB

c
τ̄V (r, z) , (10)

where τ̄ is the effective mass-averaged optical depth for
the group/cluster sample, and z is the mean redshift.
As a reminder, we replace the amplitude of the pairwise
velocity with τ̄ in what follows.

We use the pairwise kSZ estimator as a measure of the
pairwise velocities of groups/cluster as traced by a red
luminous sample of galaxies [23], following the methods
in Ref. [9]. The pairwise estimator,

p̂kSZ(r) = −
∑

j>i cij(dTi − dTj)∑
j>i c

2
ij

, (11)

consists of the pair differences of redshift-corrected tem-
perature decrements obtained with an aperture photom-
etry filter (with rdisk = 2.1 arcmin and rring =

√
2rdisk,

as in Ref. [9]) centered on a galaxy tracer. The line of

sight weights, cij = r̂ij · r̂i+r̂j
2 , are determined using on-

sky positions and redshifts from a spectroscopic galaxy
catalog. The sum in Eq. (11) is carried out for all pairs of
tracer galaxies from a catalog that lie within a separation
bin [24].

We use the ACT coadd map from the most recent Data
Release 6, which combines ACT 150 GHz with Planck
143 GHz temperature maps ([25, 26]). This map passed
numerous data splits designed to limit systematic errors
[25, 27]. In addition, single frequency maps have been
shown to be robust against selection effects as shown in
Ref. [9]. Red luminous galaxies with spectroscopic red-
shifts from the SDSS DR 15 [28] are used with k-corrected
luminosities L > 4.3 × 1010L⊙, and we mask according
to [29]. In contrast to Ref. [9], we further restrict the
sample to a small redshift slice, 0.44 < z < 0.66, match-
ing the SDSS sample we use for the correlation func-
tion. The total sample contains 343,647 galaxies, where

1.0 1.5 2.0 2.5 3.0 3.5 4.0

Force Law Index, n

0

1

2

τ̄
/
τ̄

Λ
C

D
M

ΛCDMMOND

FIG. 2. Constraints on the gravitational force law index, n,
and the average optical depth τ̄ from the ACT DR6 150 GHz
map pairwise kSZ measurement. Black lines give the 1,2,3σ
bounds. Wide and uniform priors were assigned to n and
τ̄ . The average optical depth ratio is obtained using in
Eq. (9), the CMB temperature, TCMB, and the inferred stan-
dard cosmology optical depth (τ̄ΛCDM ) as in C21 Table II.
The marginalized value for the force law index is n = 2.1±0.3.
We include dashed lines to indicate the ΛCDM (blue) and
MOND (orange) force law parameters. The y-axis scale of
the plot is dependent on the choice of the arbitrary normal-
ization ā in Eq. (9); however, the extent across n is not and
the maximum likelihood position remains fixed regardless of
ā. MOND is outside of our 3σ contour.

227,837 galaxies are in the selected redshift range. The
pairwise kSZ covariance matrix and photometry aperture
are computed according to Ref. [9].

Analysis

We use two tests to probe the agreement between the-
ory and observations. First, we fix the force law index
n and fit an amplitude to the theoretical prediction for
the velocity curve. In concordance cosmology, this am-
plitude term is proportional to the average optical depth
τ̄ . Second (and more generally), we jointly fit the ampli-
tude and force law index by extremizing the likelihood
function.

To evaluate the theoretical predictions described
above, we compute the quantity χ2 =

∑
ij ∆p̂iΣ

−1
ij ∆p̂j ,

where ∆p̂i = p̂i,data − p̂i,theory, and Σij = ΣkSZ
ij + ΣSDSS

ij

is the combined covariance matrix using the measured
bootstrapped pairwise kSZ covariance and the covariance
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from random realizations of the SDSS correlation func-
tion. Eq. (9) is used to fit a linear amplitude to the radial
dependence of the measured pairwise curves in the case of
ΛCDM (n = 2) and a MOND force law (n = 1). We eval-
uate the probability to exceed, PTE =

∫∞
χ2
min

pm(x)dx,

where pm(x) is the probability density function for a χ2
m

distribution with m degrees of freedom.
In the more general case, we evaluate the likelihood

−2log(L) =
∑

ij ∆p̂iΣ
−1
ij ∆p̂j , where the theoretical pre-

diction follows a two variable model. Wide and uniform
priors are assigned to the amplitude (parameterized by
the optical depth, τ̄) and force law index (n). In this case,
the covariance matrix Σij is approximated by the covari-
ance of the pairwise measurement, which dominates the
uncertainty, to simplify the calculation.

RESULTS & DISCUSSION

Following the above prescription, we evaluate the fit of
different gravitational force laws to the data for both
fixed and free force law index, n. The best-fit values
for the force law index n = 2 (ΛCDM) and n = 1
(MOND) give χ2

min/NDoF = 20.1/15 (PTE=0.17) and
33.8/15 (PTE=3.65×10−3) respectively, indicating that
MOND fits the pairwise velocities poorly. The Newto-
nian gravity case fits the data well, agreeing with the
ΛCDM model. The best-fit curves for each model are
shown in Fig. 1. The ΛCDM velocity curve estimated
using our formalism is shown in blue, and the MOND
best fit case is shown in orange. The color bands show
the 1σ uncertainty on the fitted amplitude. The black,
segmented line shows the ΛCDM theoretical prediction
using Eq. (3) with Planck cosmological parameters [30],
as fitted in Ref. [9] for the full galaxy sample with
L > 4.3 × 1010L⊙. Note that our ΛCDM prediction fits
that of previous work well [9].

The posterior for the joint two-parameter fit (con-
straining the optical depth τ̄ and force law index n) is
shown in Fig. 2, where contours show 1, 2, 3σ intervals.
We normalize τ̄ by the best-fit ΛCDM as in Ref. [9], ex-
cluding corrections as in Ref. [31]. The marginalized
estimate of the power law index is n = 2.1 ± 0.3 (68%
C.I.), which deviates from the MOND force law index
(n = 1.0) at 3.3σ, and from the ΛCDM (n=2) value at
0.4σ. This constrains the force law index to n > 1.4 at
95% C.I.

Our analysis here is quite general – it does not rely
on a specific cosmology. However, we assume that there
are no large changes to the correlation function over the
small redshift range we are probing, which agrees with
the ΛCDM prediction. If the observed correlation func-
tion today is to remain the same, then breaking the as-
sumption of a slowly changing correlation function at
z = 0.44 − 0.66 would induce large changes in the ob-
served correlation function at other redshifts, in addition

to likely deviations from the observed growth rate [e.g.,
32].

Although the bulk of our analysis is model-
independent, we have also shown the theoretical curves
appropriate for MOND. This test is the largest-scale di-
rect test of MOND to date. Our formalism is an excellent
approximation to MOND in the low-acceleration regime;
that said, we have not included the external field effect
(EFE) in this analysis [33]. This can modify the accel-
eration law in the case where the baryonic gravity of an
object is less than the gravity of its larger environment,
and has been used to explain the velocity dispersion of
satellite galaxies [33, 34]. However, this effect likely does
not affect our analysis. The smallest separation we con-
sider is ∼ 30 Mpc, which can be compared to the largest
virialized objects in the universe (galaxy clusters), with
maximum sizes of ∼ 10 Mpc. There is one caveat to this
statement: our analysis includes an integration over the
correlation function to scales smaller than 30 Mpc. As
noted below Eq. (8), this integration is still largely dom-
inated by scales larger than 10 Mpc. A full exploration
of whether the EFE could affect the results here would
require a simulation of the EFE over the scales we probe.

High precision maps from future CMB experiments
combined with ongoing optical spectroscopic surveys
(which will provide large galaxy catalogs) will provide
high-resolution kSZ measurements, thus enabling strin-
gent tests of alternative models of gravity. In particular,
using a simple scaling σ ∝ 1/

√
Ngal, as in Ref. [35], using

4 million galaxies [36, 37] and the current statistical sig-
nificance of 3.3 σ, we forecast that the test presented here
could rule out n = 1 at 10σ. Simulations suggest that
this scaling is adequate for DESI but will overestimate
the SNR for LSST due to cosmic variance [38].

In summary, this paper uses the kinematic Sunyaev-
Zeldovich (kSZ) effect to place constraints on the form
of the gravitational force law at cosmological scales.
The kSZ effect probes the pairwise velocities of galax-
ies, which can be related to a gravitational force law via
the galaxy correlation function. This paper develops this
formalism in a model-independent way, and uses ACT
DR6 to perform the test. We show that ΛCDM fits the
data well, and that any deviations to the gravitational
force law must be constrained to power law indices of
n = 2.1 ± 0.3 (68% C.I.; marginalized over τ̄). In ad-
dition, we showed that MOND specifically is excluded
at > 3σ. With the currently observing Simons Observa-
tory and its upgrades [36, 39], the kSZ data will improve
significantly, and our approach can be used to test the
gravitational force law to even greater fidelity.



7

ACKNOWLEDGMENTS

The authors would like to thank the anonymous ref-
erees for their useful feedback. This manuscript also
benefited from discussions with Harry Desmond, Pedro
Ferreira, Daniel Holz, and Tariq Yasin. PAG acknowl-
edges support from the Kavli Institute for Cosmological
Physics at the University of Chicago. OHEP is a Ju-
nior Fellow of the Simons Society of Fellows. RB ac-
knowledges support from NSF grant AST-2206088 and
NASA ROSES grant 12-EUCLID12-0004. RD, CH, CS,
CV acknowledge support from the Agencia Nacional de
Investigación y Desarrollo (ANID) through Basal project
FB210003. KM and MH acknowledge support from the
National Research Foundation of South Africa. ADH
acknowledges support from the Sutton Family Chair in
Science, Christianity and Cultures, from the Faculty of
Arts and Science, University of Toronto, and from the
Natural Sciences and Engineering Research Council of
Canada (NSERC) [RGPIN-2023-05014, DGECR-2023-
00180]. Support for ACT was through the U.S. Na-
tional Science Foundation through awards AST-0408698,
AST-0965625, and AST-1440226 for the ACT project, as
well as awards PHY-0355328, PHY-0855887 and PHY-
1214379. Funding was also provided by Princeton Uni-
versity, the University of Pennsylvania, and a Canada
Foundation for Innovation (CFI) award to UBC. ACT
operated in the Parque Astronómico Atacama in north-
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CODE AVAILABILITY & SOFTWARE
PACKAGES

The code used to produce our analysis and plots
is publicly available at: https://github.com/patogallardo/

pairwiseksz mond. The following software packages were
used throughout this study: Matplotlib [40], Numpy [41],
Pandas [42, 43], Scipy [44], Iskay2 [24].

APPENDIX

Pairwise Velocity from Conservation of Pairs

Here we briefly summarize how the pairwise velocity is
typically derived in ΛCDM. We follow Refs. [14, 15] in
the following discussion.
We start by considering the definition of the pairwise

velocity (Eq. (1)) and the equations of motion for the
galaxies (Eq. (2)), and then impose spherical symmetry.
This constrains the two-point correlation function to be
a function of only the magnitude of the pair separations.
The average number of pairs of galaxies separated by at
most r is

N(r, t) = N0

∫ r

0

dr′ 2πr′2[1 + ξ(r′, t)] , (12)

where N0 is a normalization factor, and ξ(r, t) is the
matter auto-correlation function. Within a given small
time interval, δt, the total number of pairs should not
change (ignoring mergers, which happen on much longer
timescales), giving the continuity equation

∂

∂t

∫ r

0

dr′r′2ξ(r′, t) = −r2[1 + ξ(r, t)]V/a , (13)

where V ≡ ∥V∥ is the mass-averaged pairwise velocity.
In terms of the spherically averaged correlation func-

tion, ξ̄(r) = 3
r3

∫ r

0
dr′r′2ξ(r′), this is:

∂ξ̄

∂t
= −3

V

ar
[1 + ξ(r, t)] . (14)

The solution for the pairwise velocity depends on the
time evolution of the correlation function, which is dom-
inated by large scales. At late times, it is assumed that
this can be described by a growth function, which de-
scribes a scale-free increase in structure [cf. 14, 45, 46].
This leads to the typical pairwise velocity formula [as
seen in, e.g., 45, 46]

V = −2

3
Hrf(z)

ξ̄(r)

1 + ξ(r)
, (15)

where f(z) is the linear growth function.

Derivation of the Pairwise Velocity Equation

Here we provide the full derivation for the main pair-
wise equations, Eqns. 5 & 6.
First, we compute the peculiar acceleration experi-

enced by an observer at comoving position x⃗ due to a
distribution of matter with overdensity δ(y⃗). Assuming
Newtonian gravity, g⃗(x⃗, t) = −∇ϕ(x⃗, t)/a(t), where the
peculiar potential satisfies

∇2ϕ(x⃗, t) =
3

2
H2(t)a2(t)Ωm(t)δ(x⃗, t), (16)

https://github.com/patogallardo/pairwiseksz_mond
https://github.com/patogallardo/pairwiseksz_mond
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with the standard (linear-order) solution

g⃗(x⃗, t) =
3

8π
H2(t)a(t)Ωm(t)

∫
dy⃗ δ(y⃗, t)

y⃗ − x⃗

|y⃗ − x⃗|3
. (17)

Consider now two points at x⃗1,2. Their pairwise peculiar
acceleration is given by

g(x⃗1, x⃗2) ≡ [⃗g(x⃗1, t)− g⃗(x⃗2, t)] · e⃗12

=
3

8π
H2(t)a(t)Ωm(t)

∫ (
dx⃗3 δ(x⃗3, t)

×
[
x⃗3 − x⃗1

x3
13

− x⃗3 − x⃗2

x3
23

]
· e⃗12

)
, (18)

where xij ≡ |x⃗j − x⃗i| and we have projected along the
line-of-sight of the galaxy pair e⃗12 ≡ (x⃗1 − x⃗2)/x12 (note
that any transverse motions average to zero). This is
similar to Ref. [18], but goes beyond the Einstein de-
Sitter approximation.

To obtain the mean pairwise acceleration, we must av-
erage over the distribution of matter, conditioning on the
fact that there are galaxies at x⃗1 and x⃗2:

δ(x⃗3) =
1 + ξgg(x12) + ξg(x13) + ξg(x23) + ζgg(x1, x2, x3)

1 + ξgg(x12)
(19)

following [17], and leaving the time dependence implicit
from here. This is simply the (rescaled) probability of
finding matter at x⃗3 and galaxies at x⃗1,2, divided by the
probability of finding galaxies at x⃗1,2. In practice, these
are averaged over a mass range, which modifies the linear
bias factors in the cross- and auto- correlation functions
ξg and ξgg.

Our next step is to simplify the expression. At linear
order, the three-point function ζ vanishes; furthermore,
the first term (unity) in δ(x⃗3) vanishes upon integration

over ˆ⃗x3. This leaves

g(x⃗1, x⃗2) =
3

4π
H2aΩm

∫ (
dx⃗3

ξg(x13) + ξg(x23)

1 + ξgg(x12)

× x⃗3 − x⃗1

x3
13

· e⃗12

)
, (20)

where we note that the two terms (g⃗(x⃗1) and g⃗(x⃗2)) are
equal (seen under the redefinition x⃗3 → x⃗′

3 ≡ x⃗3 + x⃗2 −
x⃗1). Next, we note that the ξg(x13) term in the above
expression is zero: upon redefining x⃗3 → x⃗′

3 = x⃗3 − x⃗1,

the term is proportional to
∫
dˆ⃗x′

3
ˆ⃗x′
3 = 0. Noting that g

can depend only on the relative displacement x⃗1 − x⃗2 ≡
x⃗ by homogeneity and making the x⃗3 → y⃗ = x⃗3 − x⃗1

substitution again, we find

g(x⃗) =
3

4π
H2aΩm

∫
dy⃗

ξg(|x⃗− y⃗|)
1 + ξgg(x)

y⃗

y3
· ˆ⃗x. (21)

Rewriting the correlation function in Fourier-space gives

g(x⃗) =
3

4π

H2aΩm

1 + ξgg(x)

∫
dy⃗

×
∫

dk⃗

(2π)3
Pg(k)e

ik⃗·(x⃗−y⃗) y⃗

y3
· ˆ⃗x. (22)

To simplify further, we note that∫
dk⃗

(2π)3
Pg(k)e

ik⃗·(x⃗−y⃗) =
∑
ℓ

(2ℓ+ 1)Lℓ(ˆ⃗x · ˆ⃗y)
∫

k2dk

2π2

×Pg(k)jℓ(kx)jℓ(ky), (23)

for Legendre polynomial Lℓ and spherical Bessel function
jℓ. Next, we can perform the y⃗ integral:∫ ∞

0

dy jℓ(ky)
∫

dˆ⃗y Lℓ(ˆ⃗x · ˆ⃗y) ˆ⃗x · ˆ⃗y

=
4π

3
δKℓ1

∫ ∞

0

dy j1(ky)

=
4π

3k
δKℓ1. (24)

This yields

g(x) = 3
H2aΩm

1 + ξgg(x)

∫ ∞

0

k2dk

2π2

Pg(k)

k
j1(kx). (25)

Finally, we can rewrite Pg(k) in configuration-space as
Pg(k) = 4π

∫∞
0

y2dy ξg(y)j0(ky); noting that∫ ∞

0

k2dk

2π2

j1(kx)j0(ky)

k
=

1

4πx2
if x ≥ y (26)

and zero else. This follows from a standard integral for
cylindrical Bessel functions. Collecting results, we find

g(x) =
H2aΩm

1 + ξgg(x)

3

x2

∫ x

0

y2dy ξg(y). (27)

Converting from comoving to physical coordinates and
converting from Hubble’s factor and Ωm to matter den-
sity, this then matches Eqn. 5 in the main text.
As described in the main text, we modify g(r) =

g0(Gb(r))
n/2 for the generalized gravity case. The above

derivation is unchanged for this case, except for an overall
modification of raising all equations to a power of n/2.

An Example: MOND

Modified Newtonian Dynamics (MOND) [12, 13] pos-
tulates that the gravitational force law changes at very
weak acceleration scales. This class of theories has been
successful in predicting galaxy rotation curves for larger
and Milky Way-sized galaxies [see Refs. 47–49, for re-
views], and the relationship between the observed veloc-
ity curves of galaxies and their baryonic content [i.e., the



9

radial acceleration relationship, 50–52]. However, these
modified gravity theories are highly constrained. MOND
struggles to explain measurements of gravitational wave
propagation [53–56], to reproduce the diversity of dwarf
galaxy velocity dispersions [34, 57, 58], to explain the
gravitational mass within galaxy clusters [59–61], and to
explain the growth of structure from the CMB to today
[62, 63]. Nevertheless, some of these constraints could be
avoided via additional theoretical parameters [e.g., 64].
In addition, all of these constraints are either indirect
measures of gravity or do not measure gravity at scales
where perturbations of the potential are small. In this
paper we present a direct test via pairwise velocities. In
the rest of this Appendix, we provide a derivation of the
pairwise velocity equation for MOND and show that it
maps onto the parametrization we use in the main text
(Eq. (9)).

In the case of MOND, the Poisson equation is modi-
fied [53] to ∇ · [µ(|gM|/a0)gM] = 4πGρb, where µ(x) is

a fitting function, a0 = 10−10 m/s
2
[12, 49] is a spe-

cial acceleration scale, gM is the gravitational accelera-
tion predicted by MOND, and ρb is the baryon density.
The fitting function can have several forms; however, the
limiting behavior is defined as: µ(x) → 1 for x ≫ 1
and µ(x) → x for x ≪ 1. This is a nonlinear equation
that usually requires numerical solution, and can lead to
complex dynamics (e.g., the external field effect [33]).

We can instead make progress by following Bekenstein
& Magueijo and formally linearizing the equation [see,
65, and e.g. 66]. In particular, we define the vector

u = µ
(

|gM|
a0

)
gM that transforms the modified Poisson

equation into two first-order equations

∇ · u = 4πGρ (28)

∇×
(
u

µ

)
= 0 . (29)

Using this set of equations, u can be solved for each
source in a given mass distribution, summed to find a
total u, and then inverted (via its definition) to get the
MOND acceleration gM.

Notably, Eq. (28) is equivalent to the Newtonian Pois-
son equation but with u taking the place of the Newto-
nian acceleration. For problems with planar symmetry,
such as the above derivation (since we only consider three
mass sources at one time), u is curl-free [65]. This allows
Eq. (28) to be solved via the same manner as for New-
tonian gravity and then related to the MOND potential
via our definition of u. We note that for more general
theories, we should still expect the potential to be curl-
free given the strong constraints on non-Gaussianity in
large-scale structure [67–69].

In this paper we only consider large scales (>∼

30 Mpc),3 where |gM| ≪ a0. In this “deep MOND”

regime, µ ≈ |gM|/a0, which gives u = |gM|
a0

gM. Set-
ting the presumed Newtonian acceleration due to baryons
gb = u, and specializing to the deep MOND regime,

gM =
√
a0gbĝb. (30)

Next, we must find the average pairwise ⟨gM⟩. From
Eq. (30), we see that ⟨gM⟩ = ⟨√a0gb⟩. We can Tay-

lor expand this as ⟨gM⟩ =
√
a0⟨gb(r)⟩ + O(ζ(ri)). As

above, we will ignore the three-point correlation func-
tion. We note that even if MOND had a much larger
three-point function than ΛCDM at these large scales,
it would be strongly constrained by large-scale structure
measurements of non-Gaussianity [67–69].

This gives a straightforward modification to Eq. (5).
The MOND equation is now

⟨gM(r)⟩ =
(
2Gρba0

∫
dr3δ̂(r3; r1, r2)

r3 − r1
|r3 − r1|3

· e12
)1/2

,

(31)
where we replace ρm with ρb, given that we only have
baryons in the case of MOND. The integral is then sim-
plified in the same way as in the ΛCDM case, and we are
left with Eq. (8), where n = 1.

An Alternative Model

In main text, we use a model where the n = 1 case cor-
responds to MOND. While this model is easier to com-
pare to MOND, it does also imply that, for n ̸= 2, gravity
does not depend on matter density linearly. Here we con-
sider an alternate model where we keep the linear matter
density dependence and only consider a varying radial
dependence

⟨g(r12)⟩ = 2GρmRn−2
0

∫
dr3 δ̂(r3; r1, r2)

r3 − r1
|r3 − r1|n+1

·e12,

(32)
where R0 is a normalization scale constant. This
parametrization is equivalent to the standard gravity ex-
pression for n = 2; however due to its linear mass depen-
dence, it is not equivalent to MOND in the n = 1 case.
It can be shown that this expression reduces to

g(x⃗) =
3

4x2

H2aΩmRn−2
0

1 + ξgg(x)

∫
zdz ξg(z)Fn(x, z), (33)

3 We have checked explicitly that is the case for our regime – at
most, the gravitational acceleration is ∼ 10−3a0.
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FIG. 3. Likelihood for the alternative gravitational model
described by Eq. 32 using a length scale R0 = 250 Mpc. The
exponent is constrained to n > 1.8 at 95% confidence and the
case n = 1 is disfavored at 6σ. Note that the n = 1 case does
not correspond to MOND in this model.

where

Fn(x, z) = (x2 − z2)
(x+ z)1−n − |x− z|1−n

1− n
+

(x+ z)3−n − |x− z|3−n

3− n
, (34)

for n > 1, and for n=1 tends to

F1(x, z) = (x2 − z2) log
x+ z

|x− z|
+ 2xz. (35)

Using the same procedure presented above, this
parametrization constrains the exponent to n > 1.8 at
95% confidence, and disfavors the case n = 1 at > 6σ as
shown in Figure 3. Note that due to its different mass
dependence, this model does not directly correspond to
MOND for any parameter n.
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