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ABSTRACT
For a gas–solid interfacial system where chemical species undergo reversible adsorption, we develop a mesoscopic stochastic modeling method
that simulates both gas-phase hydrodynamics and surface coverage dynamics by coupling the Langmuir adsorption model with compressible
fluctuating hydrodynamics. To this end, we derive a thermodynamically consistent mass–energy update scheme that accounts for how the
mass and energy variables in the gas and surface subsystems should be updated according to the changes in the number of molecules of each
species in each subsystem due to adsorption and desorption events. By performing a stochastic analysis for the ideal Langmuir model and the
full hydrodynamic system, we analytically confirm that our mass–energy update scheme captures thermodynamic equilibrium predicted by
equilibrium statistical mechanics. We find that an internal energy correction term is needed, which is attributed to the difference in the mean
kinetic energy of gas molecules colliding with the surface from that computed from the Maxwell–Boltzmann distribution. By performing
an equilibrium simulation study for an ideal gas mixture of CO and Ar, with CO undergoing reversible adsorption, we validate our overall
simulation method and implementation.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0306932

I. INTRODUCTION

Computational modeling of reactive gas–solid interfacial sys-
tems, for example, heterogeneous catalysts,1 plays an important role
in various fields of science and engineering, including energy and
environmental sciences.2,3 Due to its intrinsic multiphase, multi-
scale nature, an accurate and computationally efficient description
of both the reactive dynamics on the catalytic surface and the trans-
port dynamics in the gas phase is required. However, since these
dynamics have disparate natures, the use of a single traditional
simulation approach usually leads to inaccurate or computation-
ally inefficient simulations. For example, while computational fluid
dynamics (CFD)4,5 provides a computationally efficient method to

describe the hydrodynamic behavior of the fluid phase, a simpli-
fied continuum representation of the catalytic surface may give
inaccurate results because reaction kinetics based on the mean-
field approximation (whether it is an empirical kinetic model or
microkinetic model) may fail to provide an accurate description of
surface catalytic reactions.6–8 On the other hand, although particle-
based simulation methods, such as molecular dynamics (MD)9,10

and kinetic Monte Carlo (KMC),11,12 can accurately model reac-
tive dynamics on the surface, it is computationally prohibitive to
simulate the entire interfacial system using them.

As an alternative, several hybrid simulation approaches have
been proposed for reactive gas–solid interfacial systems. In the
CFD–KMC hybrid approach, CFD is employed for gas-phase
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hydrodynamics, whereas KMC is used for surface chemistry. Most
existing CFD–KMC hybrid simulation methods (see for example
Refs. 13–18) are based on the macro–micro coupling structure or
the heterogeneous multiscale method,19,20 where the KMC (micro
solver) is passively coupled to CFD (macro solver) using one-way
coupling under the assumption of complete scale separation. In
other words, when the CFD solver needs surface reaction kinetics
information at each point on the surface to update the macroscopic
state of the system, the KMC solver is called to estimate that informa-
tion. However, for a mesoscale gas–solid interfacial system, where
the gas-phase hydrodynamics and surface reaction dynamics have
comparable time and length scales, this CFD–KMC hybrid approach
based on the macro–micro coupling is not applicable, and a new
hybrid simulation approach based on two-way, concurrent coupling
is needed.

In this mesoscale hybrid approach, it is assumed that the
domain of the surface chemistry solver corresponds to a physical
boundary of the continuum hydrodynamics solver and these solvers
update the states of the corresponding subsystems concurrently
while exchanging molecules due to adsorption and desorption.
Since thermal fluctuations are significant at mesoscales, they need
to be incorporated in the continuum CFD solver. The fluctuating
hydrodynamics (FHD) approach21–23 provides a suitable mesoscopic
simulation framework24–26 and has been used to develop two-way,
concurrent continuum–particle coupling methods for nonreactive
hydrodynamic systems, for example, coupling with MD27 or direct
simulation Monte Carlo.28 This paper aims to serve as a precursor
for the development of an FHD–KMC coupling, which we believe
is a promising hybrid simulation approach for reactive gas–solid
interfacial systems at mesoscales.

The main theoretical challenge that this paper addresses
is the development of a thermodynamically consistent
continuum–particle coupling. In the context of mesoscopic
modeling, the correct description of thermal fluctuations through-
out the overall system is of critical importance. As mentioned above,
the gas and solid subsystems exchange molecules via adsorption and
desorption, the occurrences of which are modeled stochastically.
Hence, the states of the subsystems should be updated based on the
stochastic quantities corresponding to the numbers of occurrences
of adsorption and desorption. Assuming that thermal fluctuations
are correctly described within each subsystem by the given con-
tinuum and particle-based descriptions (i.e., FHD and KMC), we
derive an update scheme that guarantees the correct description
of thermal fluctuations across the gas–solid interface. To focus on
the essential picture of the update scheme, we assume in this paper
that there are no surface chemical reactions other than reversible
adsorption reactions, and they follow the Langmuir model, under-
going molecular (i.e., one-site) adsorption.29 In this case, the
mean-field description of the surface coverage dynamics becomes
valid and equivalent to the KMC description. This feature enables
us to focus on theoretical development and perform an extensive
computational validation study of our thermodynamically con-
sistent update scheme without implementing the full FHD–KMC
coupling. In other words, while our update scheme is constructed
for the FHD–KMC coupling, we first implement it on our existing
FHD simulation codes26 using a mean-field description and test it
thoroughly. Implementation of the FHD–KMC coupling requires
additional algorithmic components (e.g., efficient communication

between the FHD and KMC solvers), which will be presented in
a subsequent paper. In addition, we believe that the findings of
this paper are applicable to other mesoscopic continuum–particle
coupling approaches.

In this paper, to develop and validate our thermodynamically
consistent continuum–particle coupling, we perform a systematic
stochastic analysis both analytically and numerically. A similar
approach to construct a thermodynamically consistent mesoscopic
simulation methodology based on the continuum FHD description
has been established for nonreactive fluid systems30 and extended to
reactive fluid systems.31–33 This paper further extends this system-
atic approach to reactive interfacial systems by using the following
strategies. First, before analyzing the full dynamical system with gas-
phase hydrodynamics, we consider the ideal Langmuir model in
equilibrium, for which the state of the gas phase is well described
by the instantaneous temperature and species mass densities, and
construct a thermodynamically consistent mass–energy update. Sec-
ond, as a thermodynamic consistency criterion for constructing and
validating our mass–energy update and overall continuum–particle
coupling schemes, we use the fact that the resulting dynamical sys-
tems must reproduce the thermodynamic equilibrium predicted by
equilibrium statistical mechanics. In our analytical approach, we
consider the weak-noise limit where the magnitude of instanta-
neous fluctuations in the state variables is relatively small. In this
limit, the time evolution equations can be reduced to the system
of linear stochastic differential equations (SDEs) driven by addi-
tive Gaussian white noise, for which the analytic solutions are given
as multivariate Gaussian processes. To numerically confirm ther-
modynamic equilibrium, we compute the (co-)variances and static
structure factor spectra of the state variables by performing equi-
librium simulations. Third, we develop a new thermodynamically
consistent reaction (TCR) model for Langmuir adsorption. For gas-
phase reactions, the TCR model was introduced to ensure that the
relationship between the equilibrium constant and the rate con-
stants is preserved, which is crucial for thermodynamic consistency
in reactive mesoscopic simulations.33 Thermodynamic equilibrium
is determined by the chemical composition of the gas and the cor-
responding chemical potentials. Hence, even if chemical potentials
do not explicitly appear in the final form of a thermodynami-
cally consistent numerical method, the formulation of the method
and parameter selection should nevertheless be based on consistent
chemical potential models. The TCR model approach guarantees
that the resulting mass–energy update scheme is based on consis-
tent chemical potential models for gas and adsorbate molecules. The
TCR model assumes a simpler form of the equilibrium constant
and adsorption and desorption rate constants, based on the mod-
ified Arrhenius equation, which facilitates the analytical stochastic
analysis.

The rest of the paper is organized as follows. In Sec. II, we first
consider the ideal Langmuir model in equilibrium and derive how
instantaneous values of the mass and energy variables should be
updated in terms of adsorption/desorption count. In Sec. III, we then
consider the full spatiotemporal evolution of the gas–solid interfacial
system by incorporating the FHD description for the hydrodynam-
ics of the gas subsystem. In Sec. IV, we validate our theoretical
formulation and numerical implementation by performing equilib-
rium simulations. In Sec. V, we conclude the paper with a summary
and future work.
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II. MASS–ENERGY UPDATE
In this section, we focus on the construction of a thermody-

namically consistent update of the mass and energy variables. To this
end, we consider a gas–solid interfacial system in equilibrium, where
the time evolution of its state can be described in terms of the mass
and energy variables of the gas and solid subsystems. More specif-
ically, for the ideal Langmuir model,29,34 we derive a mass–energy
update scheme for the species mass densities (of chemical species
undergoing reversible molecular adsorption), the temperature of the
gas phase, the corresponding surface coverages, and the tempera-
ture of the solid phase due to adsorption and desorption events.
While our formulation can be readily extended to the multiple-
species case, for simplicity of the derivation, we assume that there
is a single chemical species undergoing reversible adsorption and a
single nonreactive species (see Fig. 1). Note that while we here derive
the update scheme for a general case where the solid subsystem has
finite heat capacity, we will consider the infinite heat capacity limit
to assume constant surface temperature in Sec. III.

In Sec. II A, we first construct a thermodynamically consis-
tent reaction (TCR) model for Langmuir adsorption by investigating
the temperature dependence of the equilibrium constant and rate
constants for reversible adsorption. In Sec. II B, we derive a thermo-
dynamically consistent mass–energy update for the ideal Langmuir
model. In Sec. II C, we provide a physical interpretation of the energy
correction term appearing in the mass–energy update.

A. TCR model for Langmuir adsorption
As mentioned above, we consider the ideal Langmuir model

undergoing reversible molecular (i.e., one-site) adsorption:29,34

A(g) +∅ ÐÐ⇀↽ÐÐA(ads), (1)

where a gas molecule, A(g), is adsorbed onto an empty site ∅ on
the surface or an adsorbed molecule, A(ads), is desorbed from the
surface. As shown in Fig. 1, an ideal gas mixture of species A and

FIG. 1. Ideal Langmuir model undergoing reversible molecular (i.e., one-site)
adsorption. It consists of the gas subsystem containing an ideal gas mixture and
the solid subsystem containing an ideal adsorbent. We assume that the ideal
gas mixture consists of a chemical species (A, orange) undergoing reversible
adsorption (1) and a nonreactive species (B, green).

B occupies the gas subsystem, and there is a monolayer of adsorp-
tion sites on the surface of the solid subsystem. The Langmuir model
assumes that the occurrences of adsorption and desorption events
on each site are independent of those on the other sites. Since the
chemical equilibrium of species A is not affected by the presence of
species B, in Sec. II, we denote the mass density and partial pressure
of species A by ρ ≡ ρA and p ≡ pA, respectively. We assume that the
system is in equilibrium at temperature T.

The kinetics of adsorption and desorption is described by sur-
face coverage θ, which is defined as the ratio of the number of
occupied sites to that of total adsorption sites. The mean rates of
adsorption and desorption, r̄a and r̄d, are given by

r̄a = kap(1 − θ), r̄d = kdθ, (2)

where ka and kd are the rate constants of adsorption and desorption.
Note that ka and kd are defined as constants (with respect to con-
centration variables, i.e., p and θ) in the rate expressions (2) but they
are assumed to be functions of temperature. Since the equilibrium
constant K for (1) is defined as

K = θ
p(1 − θ) , (3)

and r̄a = r̄d at equilibrium, it is easy to see that

K(T) = ka(T)
kd(T)

. (4)

To characterize the temperature dependence of the equilibrium
constant and the adsorption and desorption rate constants,35 the
TCR model approach33 assumes that the temperature dependence
of these constants is given in the form of the modified Arrhenius
equation:36,37

K(T) ∼ TβK exp(− αK

kBT
), (5a)

ka(T) ∼ Tβa exp(− αa

kBT
), (5b)

kd(T) ∼ Tβd exp(− αd

kBT
), (5c)

where kB is the Boltzmann constant. Note that if two of these con-
stants are assumed to have this form, the other constant will also
be in that form due to the relation (4). Furthermore, this relation
implies that (αa, βa) and (αd, βd) cannot be chosen independently
because they must satisfy

αa − αd = αK , βa − βd = βK. (6)

Since the equilibrium constant is a thermodynamic quantity, the
relations in (6) show that there is in fact only a single independent
rate constant describing how the system relaxes to equilibrium.

In the TCR model approach, a modified Arrhenius form of
K(T) is obtained using a constant specific heat capacity assump-
tion.33 We assume that the specific internal energies of an ideal gas
molecule A and an ideal adsorbate molecule A are given as
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eg(T) = εg + cv,gT, (7)

eads(T) = εads + cadsT, (8)

where εg is the specific internal energy of a gas molecule extrapo-
lated to T = 0, cv,g is the specific heat capacity of a gas molecule at
constant volume, εads is the specific internal energy of an adsorbate
molecule extrapolated to T = 0, and cads is the specific heat capacity
of an adsorbate. We can then derive the following expression of K
(see Appendix A for details):

K(T) = K(Tst) exp [m(εg − εads)
kB

( 1
T
− 1

Tst )](
T

Tst )
m
kB
(cads−cp,g)

,

(9)

where m ≡ mA is the mass of a molecule A, Tst is the standard (or
reference) temperature, and cp,g ≡ cv,g + kB/m is the specific heat
capacity of a gas molecule A at constant pressure. We thus obtain

αK = m(εads − εg) = −ΔU, βK =
m
kB
(cads − cp,g). (10)

Here, we have introduced ΔU > 0 as the surface binding energy of a
molecule A.38

B. Derivation of mass–energy update
1. Physical modeling

The state of the ideal Langmuir model, which is described by
the mass density ρ and temperature T of the gas phase, as well as
the surface coverage θ and temperature Ts of the surface phase,
evolves in time due to adsorption and desorption events. Since
adsorption and desorption occurrences obey Poisson statistics, we
introduce a notation Nλ(t) to denote a Poisson process with a
time-varying rate λ; for finite Δt > 0, ΔN = Nλ(t + Δt) −Nλ(t) has a
Poisson distribution with mean ∫ t+Δt

t λdτ. We denote Poisson pro-
cesses for adsorption and desorption counts by Nλa(t) and Nλd(t),
respectively. From Eq. (2), the corresponding time-varying rates are
given as

λa = ka(T)p(ρ, T)(1 − θ)Ntot , λd = kd(Ts)θNtot , (11)

where Ntot is the total number of adsorption sites and p(ρ, T) is
given by the ideal gas law:

p(ρ, T) = kB

m
ρT. (12)

Note that the instantaneous temperature T of the gas is used for
ka, whereas the instantaneous temperature Ts of the surface is used
for kd.

For a small finite time interval Δt, we denote the num-
bers of adsorption and desorption occurrences by ΔNa and ΔNd,
respectively. Since state changes are proportional to the adsorption-
desorption count defined as ΔNad = ΔNa − ΔNd, we write the update
scheme as

ρ(t + Δt) = ρ(t) − m
V

ΔNad, (13a)

T(t + Δt) = T(t) + σq
C

ΔNad, (13b)

Ts(t + Δt) = Ts(t) +
(1 − σ)q

Cs
ΔNad, (13c)

θ(t + Δt) = θ(t) + 1
Ntot

ΔNad. (13d)

Here, V is the volume of the gas, q is the heat of adsorption, 0 < σ < 1
is the ratio indicating what fraction of the heat is absorbed by the
gas phase during an adsorption event, and C and Cs are the heat
capacities of the gas and solid subsystems. Note that q and σ are not
known a priori and need to be determined from the adsorption and
desorption rate parameters, αa, βa, αd, and βd. In the following, we
perform a stochastic analysis to determine q and σ and confirm the
thermodynamic consistency of the update scheme (13).

2. Stochastic analysis
As mentioned in the Introduction, to analytically investigate

the mass–energy update (13), we linearize it around the equilibrium
state and consider the weak-noise limit to obtain a system of lin-
ear SDEs with additive Gaussian noise. To this end, by assuming
that the system is in equilibrium at temperature T̄ and the equilib-
rium values of the gas mass density and surface coverage are ρ̄ and
θ̄, we rewrite the system in terms of the instantaneous fluctuations:
δρ = ρ − ρ̄, δT = T − T̄, δTs = Ts − T̄, and δθ = θ − θ̄. In addition, for
an infinitesimal time interval dt, we denote the numbers of adsorp-
tion and desorption occurrences by dNλa and dNλd , respectively, and
define dNad = dNλa − dNλd .

Before presenting a detailed analysis, we briefly explain the
overall approach. By introducing a vector xT = [δρ, δT, δTs, δθ] to
represent the state variables, we express dx(t) ≡ x(t + dt) − x(t)
corresponding to the update scheme (13) as

dx = z dNad. (14)

To determine z that gives a thermodynamically consistent update
scheme, we will use the covariance matrix of x, C = ⟨xxT⟩, where the
brackets denote the equilibrium average. As can be seen in Eq. (11),
dNad depends on the instantaneous state x. By looking at both the
weak-noise limit and linearized form, we first approximate dNad as
an SDE of the form:

dNad ≈ wT
1 xdt + w2 dWad, (15)

where wT
1 and w2 are to be determined below and Wad is a standard

Wiener process. We then obtain a linear SDE for x [see Eq. (21)],
from which we determine z using a condition that the equilibrium
covariance C should satisfy [see Eq. (23)]. Note that, while we intro-
duce the SDE (15), which is driven by Gaussian white noise, for
analysis purposes, we will use Poisson random number generators
to sample the adsorption-desorption count ΔNad [see Eq. (60)] in
our numerical method.

To obtain an SDE form of Nλa , we use the Gaussian approxima-
tion of a Poisson process for large λ:39,40 dNλ ≈ λdt +

√
λdW, where

W denotes a standard Wiener process; note that we assume Ntot is
sufficiently large. We also linearize ka(T), p(ρ, T), and 1 − θ terms
for small δρ, δT, and δθ around ρ̄, T̄, and θ̄:

ka = k̄a{1 + ( αa

kBT̄
+ βa)

δT
T̄
}, (16a)
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p = p̄{1 + δρ
ρ̄
+ δT

T̄
}, (16b)

1 − θ = (1 − θ̄){1 − δθ
1 − θ̄

}, (16c)

where k̄a and p̄ denote corresponding values at ρ̄ and T̄. Hence, by
using a standard Wiener process Wa, we approximate dNλa as41

dNλa = k̄ap̄(1 − θ̄){1 + δρ
ρ̄
+ ( αa

kBT̄
+ βa + 1)δT

T̄
− δθ

1 − θ̄
}Ntotdt

+
√

k̄ap̄(1 − θ̄)Ntot dWa.
(17)

Following a similar procedure, we obtain

dNλd = k̄dθ̄{1 + ( αd

kBT̄
+ βd)

δTs

T̄
+ δθ

θ̄
}Ntotdt +

√
k̄dθ̄Ntot dWd,

(18)

where Wd is another standard Wiener process. By introducing
r̄ ≡ k̄ap̄(1 − θ̄) = k̄dθ̄ and Wad = (Wa −Wd)/

√
2, we obtain Eq. (15)

with

wT
1 = r̄Ntot[

1
ρ̄

,
1
T̄
( αa

kBT̄
+ βa + 1),− 1

T̄
( αd

kBT̄
+ βd),− 1

θ̄(1 − θ̄)
],

(19)

w2 =
√

2r̄Ntot. (20)

By combining Eqs. (14) and (15), we obtain an SDE for x:

dx = Ax dt + b dWad, (21)

where

A = zwT
1 , b = w2z. (22)

Using the theory of stochastic processes,30,40 one can show that the
covariance C of the Ornstein–Uhlenbeck process (21) satisfies

CAT +AC + bbT = 0. (23)

With our choice of state variables, C is a diagonal matrix,25,34,42

C = diag [m
V

ρ̄,
kBT̄ 2

C̄
,

kBT̄ 2

C̄s
,

θ̄(1 − θ̄)
Ntot

], (24)

where C̄ and C̄s are the heat capacities of the gas and solid sub-
systems at equilibrium, respectively. Note that while heat capacities
C and Cs generally depend on ρ and θ, they can be replaced by
their mean values C̄ and C̄s in the weak-noise linearized stochastic
analysis.

For a diagonal matrix C, it can be shown that Eqs. (22) and (23)
have a unique nonzero vector solution:

z = − 2
w2

2
Cw1. (25)

Thus, we obtain

z = [−m
V

,−kBT̄
C̄
( αa

kBT̄
+ βa + 1),

kBT̄
C̄s
( αd

kBT̄
+ βd),

1
Ntot
]. (26)

Therefore, we recover the mass–energy update scheme (13) with

σq = −αa − (βa + 1)kBT̄, (1 − σ)q = αd + βdkBT̄, (27)

and the heat of adsorption given by

q = (αd − αa) + (βd − βa − 1)kBT̄. (28)

By using the TCR model results, Eqs. (6)–(8) and (10), we obtain

q = m{eg(T̄) − eads(T̄)}. (29)

Recall that we have dropped the species index A in ρ ≡ ρA, p ≡ pA,
etc. so far for notational simplicity, and eg(T̄) ≡ eg,A(T̄) is the mean
specific internal energy of gas species A.

C. Physical interpretation
For the physical modeling setting described by the full hydro-

dynamic system in Sec. III, we give a physical interpretation of our
mass–energy update. For the TCR model, we choose the αa and βa
parameters of ka and use Eq. (4) to determine kd. We assume that
the mean adsorption rate is proportional to the mean collision rate:

r̄a = f r̄col, (30)

where f is the sticking coefficient.38 Since r̄col is given as

r̄col =
A p√

2πmkBT
, (31)

for an area of A , we have from Eq. (5):

αa = 0, βa = −
1
2

. (32)

In addition, to simplify our physical modeling of the solid sub-
system, we assume that the temperature of the surface is fixed to
Ts = T̄, equivalently, ⟨δT2

s ⟩ = kBT̄ 2/C̄s → 0, by taking the infinite
heat capacity limit C̄s →∞.

We investigate the change in the total energy density E of
the gas subsystem due to the adsorption–desorption count dNad
= dNλa − dNλd . Since E = ρAeg,A(T) + ρBeg,B(T) is expressed as

E = Ē + eg,A(T̄)δρA +
C̄
V

δT, (33)

the energy density change due to reversible adsorption is given as

dE = − 1
V
{mAeg,A(T̄) − σq}dNad = −

1
V
{mAeg,A(T̄) +

1
2

kBT̄}dNad.

(34)

This implies that, for an adsorption event (or desorption event),
the energy of the gas subsystem should be decreased (or increased)
by mAeg,A(T̄) + 1

2 kBT̄. The additional energy term, −σq = 1
2 kBT̄, is

attributed to the difference in the mean kinetic energy of a gas
molecule colliding with the wall,

m
2
⟨v2

x + v2
y + v2

z⟩ =
1
2

kBT̄ + 1
2

kBT̄ + kBT̄ = 2kBT̄, (35)

from the value obtained from the Maxwell–Boltzmann distribution,
3
2 kBT̄. In other words, the normal velocity component of colliding
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FIG. 2. For a gas molecule colliding with a wall normal to the z-axis (blue) and a gas molecule far from the wall (red), the probability density functions of (a) the normal
velocity component, vz , and (b) the corresponding kinetic energy, 1

2
mv2

z , are compared. In panel (a), velocity is normalized by
√

kBT/m. The blue curve depicts the Rayleigh
distribution, whereas the red curve shows the Maxwell–Boltzmann distribution. In panel (b), kinetic energy is normalized by kBT . The vertical dashed lines indicate the mean
kinetic energies: kBT for the Rayleigh distribution (blue) and 1

2
kBT for the Maxwell–Boltzmann distribution (red).

gas molecules has a Rayleigh distribution; that component has an
average kinetic energy of kBT̄ while it is 1

2 kBT̄ for each of the other
two velocity components (see Fig. 2).

III. FULL-SYSTEM DESCRIPTION
In this section, we construct a thermodynamically consistent

FHD formulation for the full hydrodynamic system of a gas-solid
interface undergoing reversible adsorption. To this end, we first con-
sider an FHD formulation for the corresponding gas-solid interfacial
system without reversible adsorption and then incorporate the Lang-
muir adsorption into the FHD formulation. More specifically, we
assume that the non-adsorption FHD formulation is thermodynam-
ically consistent and confirm that embedding reversible adsorption
preserves the established thermodynamic equilibrium. Since we
need gas cells contacting the surface for the construction of a cou-
pling between the gas dynamics and the surface coverage dynamics,
instead of a continuous-space FHD description formally given as
stochastic partial differential equations (SPDEs), we use a spatially
discretized version of FHD.

To simplify physical modeling, we assume that the surface is
connected to an infinite heat bath; thus, the surface temperature
remains constant (i.e., Ts ≡ T̄) and the desorption rate constant kd
does not vary, that is, k̄d ≡ kd(T̄). In addition, as mentioned for
the temperature dependence of the adsorption rate constant ka in
Sec. II C, we assume that the adsorption rate is proportional to the
gas-surface collision rate (i.e., αa = 0 and βa = − 1

2 ). As in Sec. II, for
simplicity of the exposition, we consider an ideal gas mixture of a
chemical species A undergoing reversible adsorption and a nonreac-
tive species B. In Sec. III A, we introduce a spatially discretized FHD
description of a gas–solid interfacial system without adsorption as a
starting point of our construction. In Sec. III B, we construct a ther-
modynamically consistent coupling between the gas dynamics and
the surface coverage dynamics.

A. Spatially discretized FHD description
without adsorption

Since our approach to incorporate the Langmuir adsorption
is applicable to a general class of continuum-based mesoscopic

simulation methods, we will assume a general form of the time
evolution equations, which are linearized for a spatially discretized
FHD model, as a starting point of our construction [see Eq. (38)].
These equations are discussed in detail in earlier work;30 how-
ever, for completeness of the exposition and to establish notation,
we first explain how this form is obtained. For a two-species gas
system, the time evolution of the conservative variables, U(x, t)
= [ρA(x, t), ρB(x, t), ρv(x, t), ρE(x, t)]T (species mass densities of A
and B, momentum density, and energy density, respectively, with the
total mass density being ρ = ρA + ρB), is given formally as SPDEs of
the following form:

∂U
∂t
= −∇ ⋅ [FH(Q) + FD(Q) + FS(Q)] + S(Q), (36)

where FH , FD, and FS are the hyperbolic, diffusive, and stochastic
fluxes, and S represents source terms (e.g., reactions, gravitational
body forces). Note that it is more convenient to express the terms
on the right-hand side of Eq. (36) as functions of the primitive vari-
ables, Q(x, t) = [ρA(x, t), ρB(x, t),v(x, t), T(x, t)]T , which contain
the same information as the conservative variables U(x, t). The rela-
tion between the total specific energy E and the temperature T is
given in Eq. (B7). For a more detailed description of the SPDEs, see
Appendix B. For the physical boundary where the Langmuir adsorp-
tion model is to be embedded, which we assume to be located at
plane z = 0, we impose boundary conditions corresponding to an
impermeable wall.26

To analytically investigate the thermodynamic consistency con-
dition, we consider the weak-noise limit and linearize Eq. (36)
around the equilibrium state to obtain linear SPDEs of δU(x, t)
= U(x, t) − Ū. However, since our adsorption model is more eas-
ily described in terms of primitive variables (i.e., temperature rather
than energy density), we consider equivalent linear SPDEs for
δQ(x, t) =Q(x, t) − Q̄, which can be expressed as

d(δQ) =A δQ dt +B dW. (37)

Here, A and B are linear operators acting on δQ and a cylindrical
Wiener process (Brownian sheet) W, respectively. We then spatially

J. Chem. Phys. 164, 094103 (2026); doi: 10.1063/5.0306932 164, 094103-6

© Author(s) 2026

 
2
3
 
A
p
r
i
l
 
2
0
2
6
 
1
8
:
5
9
:
4
8

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

discretize these linear SPDEs (37) assuming that all primitive vari-
ables are located at cell centers. We express the resulting system of
stochastic ordinary differential equations as

d(δQ) = Ahyd δQ dt + Bhyd dW, (38)

where δQ, W, Ahyd, and Bhyd represent spatial discretizations of δQ,
W,A, andB, respectively. Note that the subscript hyd is used in Ahyd,
and Bhyd to emphasize that these matrices are for the hydrodynamic
update (as opposed to the reversible adsorption update, which will
be introduced in Sec. III B). For simplicity of exposition, we further
assume a one-dimensional system consisting of Ncell gas cells, (see
Fig. 3). In this case, the state of the overall system is represented by

δQ(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

δQ(1)(t)
δQ(2)(t)
⋮

δQ(Ncell)(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, where δQ(i)(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δρ(i)A (t)
δρ(i)B (t)
δv(i)z (t)
δT(i)(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(39)

denotes the state of cell i.
From the theory of stochastic processes,30,40 the correlation

matrix CQ = ⟨δQδQT⟩ for the Ornstein–Uhlenbeck process (38)
satisfies

AhydCQ + CQAT
hyd + BhydBT

hyd = 0. (40)

Since we assume that the non-adsorption FHD formulation is
thermodynamically consistent, CQ is a diagonal matrix where
each diagonal component can be given by equilibrium statistical
mechanics:25

⟨δρ2
A⟩ =

mAρ̄A

ΔV
, ⟨δρ2

B⟩ =
mBρ̄B

ΔV
, ⟨δv2

z⟩ =
kBT̄

ΔV(ρ̄A + ρ̄B)
,

⟨δT2⟩ = kBT̄ 2

ΔV(cv,Aρ̄A + cv,Bρ̄B)
, (41)

where ΔV is the volume of each gas cell.

B. Embedding Langmuir adsorption
Our next step is to augment the gas system (described by δQ)

to incorporate the surface coverage (described by δθ, see Fig. 3), by
defining δQ̃ as

δQ̃(t) = [ δθ(t)
δQ(t)] =

⎡⎢⎢⎢⎣
δQ̃ (1)(t)
δQbulk(t)

⎤⎥⎥⎥⎦
, (42)

where

δQ̃ (1)(t) =
⎡⎢⎢⎢⎣

δθ(t)
δQ(1)(t)

⎤⎥⎥⎥⎦
, δQbulk(t) =

⎡⎢⎢⎢⎢⎢⎢⎣

δQ(2)(t)
⋮

δQ(Ncell)(t)

⎤⎥⎥⎥⎥⎥⎥⎦

. (43)

Note that both representations of δQ̃ given in Eq. (42) are needed
to describe the time evolution of the overall system. More specif-
ically, hydrodynamics updates the state variables of all gas cells
(represented by δQ), whereas reversible adsorption updates the state
variables of the first cell as well as the surface coverage (i.e., δQ̃ (1)).
Note that the state variables of the first cell (i.e., δQ(1)) are included
in both δQ and δQ̃ (1) and are updated by both hydrodynamics and
reversible adsorption.

We now follow similar steps to Sec. II to obtain an SDE [see
Eq. (48)] for the change in δQ̃ (1) due to reversible adsorption. As in
Eq. (14), we assume that this change has the following form:

dads(δQ̃ (1)) = z dNad, (44)

where dads denotes the change due to reversible adsorption. Here, z
is to be determined, and the adsorption–desorption count is given as
dNad = dNλa − dNλd , where

λa = ka(T(1))p(ρ(1)A , T(1))(1 − θ)Ntot , λd = k̄dθNtot. (45)

Recall that Ntot is the total number of adsorption sites of cell 1 and
that the surface temperature is fixed, so k̄d = kd(T̄). By linearizing
dNad around the equilibrium state in the weak-noise limit, we obtain
the approximation

dNad ≈ wT
1 δQ̃ (1)dt + w2 dWad, (46)

where

wT
1 = r̄Ntot[−

1
θ̄(1 − θ̄)

,
1

ρ̄A
, 0, 0,

1
2T̄
], w2 =

√
2r̄Ntot , (47)

and r̄ = k̄ap̄(1 − θ̄) = k̄dθ̄. This allows us to write

dads(δQ̃ (1)) = z wT
1 δQ̃ (1) dt + w2 z dWad

≡ Aads δQ̃ (1) dt + bads dWad. (48)

FIG. 3. An illustration of the spatially
discretized system. It consists of Ncell
gas cells and an adsorbent surface. The
states of gas cells are described by
δQ(i), i = 1, 2, . . . , Ncell (and collectively
by δQ), and the state of the surface
is described by δθ. It is also shown
which variables the augmented variables
δQ̃ (1) and δQ̃ contain.
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Hence, the time evolution of the overall system is given as

d(δQ̃) = [ 0
Ahyd δQ dt + Bhyd dW

] +
⎡⎢⎢⎢⎣

AadsδQ̃ (1)dt + bads dWad

0

⎤⎥⎥⎥⎦
.

(49)

Note that the first and second terms on the right-hand side of
Eq. (49) are based on the first and second representations of δQ̃ in
Eq. (42), respectively. Equation (49) can be written as

d(δQ̃) = (Ãhyd + Ãads) δQ̃ dt + B̃hyd dW + b̃ads dWad, (50)

by defining the matrices

Ãhyd = [
0 0
0 Ahyd

], Ãads = [
Aads 0

0 0
], B̃hyd = [

0
Bhyd
], b̃ads = [

bads

0
].

(51)

As before, the correlation matrix CQ̃ = ⟨δQ̃ δQ̃ T⟩ for this
Ornstein–Uhlenbeck process is given by

(Ãhyd + Ãads)CQ̃ + CQ̃(Ã hyd + Ã ads)T + B̃hydB̃T
hyd + b̃adsb̃

T
ads = 0.

(52)

Since we want the overall time evolution (50) to reproduce ther-
modynamic equilibrium, we require that CQ̃ is given by a diagonal
matrix where the first diagonal component is given as

⟨δθ2⟩ = θ̄(1 − θ̄)
Ntot

, (53)

and the other diagonal components are given from CQ.
By comparing Eq. (40) (for CQ) and Eq. (52) (for CQ̃), we obtain

the following equation for CQ̃ (1) = ⟨δQ̃ (1) (δQ̃ (1))T⟩:

AadsCQ̃ (1) + CQ̃ (1)AT
ads + badsb

T
ads = 0. (54)

Note that the dimensions of CQ, CQ̃, and CQ̃ (1) are 4Ncell

× 4Ncell, (4Ncell + 1) × (4Ncell + 1), 5 × 5, respectively. We first
extend Eq. (40) to the (4Ncell + 1) × (4Ncell + 1) space to subtract it
from Eq. (52) and then reduce the resulting equation to the 5 × 5
space to obtain Eq. (54).

Finally, as we did in Sec. II, we determine the unknown vector
z by solving Eq. (54) with the thermodynamic equilibrium values of
CQ̃ (1) :

z = − 2
w2

2
CQ̃ (1)w1 = [

1
Ntot

,−mA

ΔV
, 0, 0,− kBT̄

2ΔV(cv,Aρ̄ A + cv,Bρ̄ B)
]

T

.

(55)

Hence, for cell 1, the changes in the surface coverage, mass den-
sity of A, and temperature due to the adsorption–desorption count
dNad = dNλa − dNλd are given as

dads(θ) =
1

Ntot
dNad, (56a)

dads(ρ(1)A ) = −
mA

ΔV
dNad, (56b)

dads(T(1)) = −
kBT̄

2ΔV(cv,Aρ̄A + cv,Bρ̄B)
dNad, (56c)

and there is no change in the mass density of B or in the normal
velocity due to the adsorption–desorption count; that is,

dads(ρ(1)B ) = 0, dads(v(1)z ) = 0. (57)

Using these results, we obtain the change in the total energy density
E(1) = ρ(1)E(1) of cell 1 due to the adsorption–desorption count:

dads(E (1)) = −
1

ΔV
{mAeA(T̄) +

1
2

kBT̄}dNad. (58)

As discussed in Sec. II C, the energy correction term 1
2 kBT appears

due to the difference in the mean kinetic energy between the
Maxwell–Boltzmann distribution and molecules colliding with the
surface. For the normal momentum density J(1)z = ρ(1)v(1)z of cell 1,
we obtain

dads(J(1)z ) = ρ̄ dads(v(1)z ) = 0. (59)

Note that these results are valid up to first order in the weak-noise
limit. Since v̄(1)z = 0 in equilibrium, and thus v(1)z = δv(1)z , second-
order terms like 1

2 ρ̄ (1)(δv(1)z )2 and δρ(1)δv(1)z do not contribute to
the final results in Eqs. (58) and (59).

IV. NUMERICAL VALIDATION
In this section, we present a numerical validation study to

demonstrate that our numerical method reproduces the correct
thermodynamic equilibrium. To this end, we perform equilibrium
simulations of an ideal gas mixture of CO and Ar, where CO under-
goes reversible adsorption onto an adsorbent surface. To confirm the
thermodynamic equilibrium, we mainly analyze the cell variances
and structure factors for the dynamical variables. Before present-
ing our simulation results, we briefly explain the construction and
implementation of our numerical method in Sec. IV A and describe
the model system and simulation parameters in Sec. IV B. We
present simulation results in Sec. IV C. We first analyze simulation
results obtained by our numerical method in Sec. IV C 1. To val-
idate our method, we further present simulation results based on
alternative methods, which exhibit thermodynamic inconsistency.
In particular, we show that using mean partial pressure and tem-
perature to evaluate adsorption rate (Sec. IV C 2) or omitting the
energy correction term from Eq. (61c) (Sec. IV C 3), both lead to
thermodynamically inconsistent results.

A. Numerical method
We construct a numerical method by incorporating our ther-

modynamically consistent update for reversible adsorption into
the compressible FHD solver26,33 of the FHDeX software.43 While
the reversible adsorption update to be embedded into the FHD
solver is essentially the same as the one considered for the ana-
lytic stochastic analysis performed in Sec. III, see Eqs. (56)–(59),
there are a few technically different assumptions that require minor
modifications to the setup. Hence, before presenting our reversible
adsorption update and explaining how to couple the Langmuir
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adsorption model with compressible FHD, we clarify these points.
First, the FHD solver, which is based on the finite-volume approach,
solves the time evolution equations of the conservative variables
(see Appendix B) and uses a staggered grid for momentum density.
Recall that the reversible adsorption update described in the pre-
vious section is given in terms of primitive variables and assumes
that all variables, including velocity, are located at cell centers. Sec-
ond, the FHD solver assumes a three-dimensional domain, whereas
a one-dimensional array of gas cells is considered in the analytic
stochastic analysis. We assume that the adsorbent surface is located
at the lower wall normal to the z-axis (i.e., the plane z = 0). We
apply the reversible adsorption update to cells contacting this sur-
face, which have cell indices i = (ix, iy, 1). Third, we construct the
reversible adsorption update so that it is applicable to nonequilib-
rium systems beyond the weak-noise limit. To this end, the energy of
a gas molecule involved in reversible adsorption is computed using
the instantaneous temperature T(i) of the corresponding cell instead
of the equilibrium temperature T̄ [see Eq. (61c)]. Note, however, that
this update is reduced to the one considered in the previous section
in the weak-noise limit in equilibrium. In addition, rather than using
a Gaussian approximation, we use a Poisson random number gener-
ator P (M) with mean M to sample the numbers of adsorption and
desorption events, ΔNa and ΔNd. For a small time interval τ, these
numbers are given as

ΔNa =P (λaτ), ΔNd =P (λdτ), (60)

where λa and λd are given in Eq. (45). We numerically investigate the
validity of the update beyond the weak-noise limit in Sec. IV C.

When ΔNa adsorption events and ΔNd desorption events occur
during a small time interval τ in cell i contacting the adsorbent sur-
face, based on the results (56), (58), we update the surface coverage,
mass density of A, and total energy density using

Δads θ(i) = 1
Ntot

ΔNad, (61a)

Δads ρ(i)A = −
mA

ΔV
ΔNad, (61b)

Δads E
(i) = − 1

ΔV
{mAeA(T(i)) +

1
2

kBT(i)}ΔNad, (61c)

where ΔNad = ΔNa − ΔNd. Based on the results (57) and (59), we
do not update the mass density of B or the momentum density for
ΔNad. Note that momentum density components are located at cell
faces (such that the normal components are on faces with the same
normal direction) in the staggered-grid discretization, and the FHD
solver sets the normal momentum density component to be zero on
physical boundaries. Since our adsorption update does not include
momentum density and only updates cell-centered variables, there
is no essential change in our reversible adsorption update whether
the FHD method uses a staggered grid or not.

To couple the Langmuir adsorption model with compressible
FHD, we use operator splitting. In other words, we decompose the
time evolution of the overall system into the updates due to non-
adsorption hydrodynamics and reversible adsorption, and use the
FHD solver and the update scheme (61) to perform these updates.
For numerical accuracy, we employ Strang splitting.44 For each time
step Δt, the following updates are performed:

1. Perform a reversible adsorption update for a half time step
τ = Δt/2. In other words, for each bottom cell contacting
the adsorbent surface, sample the adsorption and desorp-
tion counts, ΔNa and ΔNd, for Δt/2, see Eq. (60). Using
the update scheme (61), update the surface coverage θ,
species mass density ρA, and total energy density E for the
adsorption–desorption count ΔNad = ΔNa − ΔNd.

2. Perform non-adsorption hydrodynamics update for the full
time step Δt using the FHD solver.

3. Perform another reversible adsorption update for the remain-
ing half time step τ = Δt/2 by sampling new ΔNa and
ΔNd.

The sampling of variables for statistical averaging occurs
at the end of the time step. We implemented this numerical
method as part of the FHDeX software,43 which is available at
https://github.com/AMReX-FHD/FHDeX.git.

B. Model system and simulation parameters
As a model system, we consider an ideal gas mixture of CO

and Ar and assume that CO undergoes reversible adsorption onto
an adsorbent wall. The simulation parameter values are detailed in
this section; we use cgs units. The system domain is a cube with side
length Lx = Ly = Lz = 1.50 × 10−4 cm, which is discretized into 163

cubic cells of side length Δx = Δy = Δz = 9.36 × 10−6 cm. We assume
that the gas is contained by two parallel walls normal to the z axis at
z = 0 and z = Lz and reversible adsorption occurs on the lower wall at
z = 0. Except for the mass–energy update applied to the lower wall,
we impose the same physical boundary conditions corresponding
to impermeable walls held at constant temperature T̄. More specif-
ically, Neumann boundary conditions are applied to impose zero
concentration fluxes, Dirichlet boundary conditions are applied to
impose constant temperature, and slip (Neumann) conditions are
applied to tangential momentum fluxes. For the x and y directions,
periodic boundary conditions are imposed.

To validate our numerical method using two different pairs
of rate constant values, we conduct simulations at two tempera-
ture values, T̄ = 700 K and 800 K. For the equal mass fractions (i.e.,
ȲCO = ȲAr = 0.5) at pressure p̄ = 1.01 × 106dyn/cm2, the total mass
density has ρ̄ = 5.73 × 10−4g/cm3 at 700 K and ρ̄ = 5.02 × 10−4g/cm3

at 800 K. Parameter values for the internal energies of gas species
CO and Ar are determined using the thermochemistry data in the
NIST Chemistry WebBook,45 see Table I. To evaluate transport coef-
ficients46 (e.g., viscosity), CO and Ar are assumed to be hard spheres
with diameters47 of 3.76 × 10−8 and 3.40 × 10−8 cm, respectively.

We choose parameter values for reversible adsorption based
on experimental48,49 and simulation38,50–53 studies. The number of
adsorption sites per gas cell contacting the adsorbent surface is cho-
sen to be Ntot = 9 × 104 assuming that an adsorption site occupies
a square with side length ax = ay = 3.12 × 10−8 cm. The values of
the rate constants, k̄a ≡ ka(T̄) and k̄d ≡ kd(T̄), at the equilibrium
temperature T̄ are shown in Table I. Note that the magnitudes of
the desorption rate constant k̄d are significantly different at 700 and
800 K, which results in significantly different equilibrium surface
coverage values: θ̄ = 0.747 at 700 K and 0.076 at 800 K.

We use time step size Δt = 10−12 s. Each simulation is initi-
ated with the equilibrium values and run for 1.2 × 107 time steps. To
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TABLE I. Parameter values for the internal energies of gas species CO and Ar and
the adsorption and desorption rate constants used for equilibrium simulations at 700
and 800 K.

Temperature

Parameter Units 700 K 800 K

εCO erg/g −4.30× 1010 −4.31× 1010

εAr −9.17× 108 −9.17× 108

cv,CO erg g−1 K−1 8.16× 106 8.41× 106

cv,Ar 3.12× 106 3.12× 106

k̄a cm2 dyn−1 s−1 1.83× 102 1.71× 102

k̄d s−1 3.70× 107 1.25× 109

compute equilibrium averages, the first 2 × 106 steps are discarded
and the remaining 107 time steps are used to compute the averages.
Note that reversible adsorption is not too fast and the time step size
is mainly chosen by considering the computational efficiency and
accuracy for non-adsorption FHD. The characteristic time scale of
reversible adsorption, which is estimated as r̄−1 = (k̄ dθ̄)−1, is less
than 105 time steps for both 700 and 800 K. The average number
of adsorption (or desorption) events in a bottom cell contacting the
adsorbent surface during τ = Δt/2 is 1.24 for 700 K and 4.25 for
800 K. For some of the results, particularly for Figs. 5 and 9, an
ensemble of 16 independent simulations was performed to improve
the statistical accuracy to convincingly demonstrate that simulation
results agree or disagree with theoretical predictions.

C. Simulation results
To check whether the thermodynamic equilibrium is correctly

reproduced in simulations, we use the fact that the statistical prop-
erties of equilibrium fluctuations of thermodynamic variables in a
cell can be given by equilibrium statistical mechanics.54 More specif-
ically, the second moments of the fluctuations in ρA, ρB, vx, vy, vz , T,
and θ are given in Eqs. (41) and (53) and ⟨δv2

x⟩ = ⟨δv2
y⟩ = ⟨δv2

z⟩. Note
that the magnitudes of these equilibrium fluctuations depend on cell
size; for the chosen simulation parameters, ρCO, θ, and T exhibit
about 1% fluctuations at 800 K (see Fig. 4). In addition, equilibrium

fluctuations in two different cells are uncorrelated, and equilibrium
fluctuations of any pair from these variables in the same cell are
uncorrelated. To confirm these, we analyze the following quantities.
First, for thermodynamic variables (denoted by ϕ), we compute the
cell variance. Since cells with the same z value are equivalent due to
periodic boundary conditions imposed for the x and y directions, we
take the average of the cell variance of ϕ over those cells to obtain
Cϕ(z) = ⟨[ϕ − ⟨ϕ⟩z]

2⟩
z
, where ⟨⋅⟩z denotes the average over the cells

belonging to the layer specified by z. In thermodynamic equilibrium,
Cϕ(z) should be a constant function in z [i.e., Cϕ(z) ≡ Cϕ,eq]. Sec-
ond, to confirm that there are no unphysical correlations among the
cells in each layer specified by z, we compute the structure factors
defined as

Sϕ(k�, z) = ΔV ⟨δϕ̂(k�, z) δϕ̂∗(k�, z)⟩, (62)

where k� = (kx, ky) is a wave vector perpendicular to the z-axis,
δϕ̂(k�, z) is the discrete Fourier transform of the fluctuation
δϕ = ϕ − ⟨ϕ⟩z at z for k�, and δϕ̂∗(k�, z) is its complex conjugate.
At thermodynamic equilibrium, the structure factor spectra become
flat (i.e., constant functions in k�) with the value

Sϕ,eq = ΔV Cϕ,eq. (63)

Third, we compute the correlation coefficients of equilibrium
fluctuations,

rϕ,ϕ′ =
⟨(ϕ − ⟨ϕ⟩)(ϕ′ − ⟨ϕ′⟩)⟩√

Cϕ
√

Cϕ′
, (64)

for pairs of variables in a bottom cell contacting the adsorbent sur-
face, including (ϕ, ϕ′) = (ρCO, T), (θ, T), and (θ, ρCO). Note that
we drop the subscript z in Eq. (64) and averages are taken within
the bottom layer. In thermodynamic equilibrium, the correlation
coefficients for these sets of variables should be zero.

1. Thermodynamically consistent case:
Using our update scheme

Simulation results obtained using our update scheme overall
show that it faithfully reproduces the thermodynamic equilibrium.
Figure 5 shows the cell variance results for ρCO and ρAr at 800 K. For
both variables, the profile of Cϕ(z) shows the correct equilibrium

FIG. 4. Magnitudes of equilibrium fluctuations in a cell with volume ΔV = Δx3 as a function of cell size Δx. For (a) ρCO, (b) θ, and (c) T , the relative magnitudes (i.e.,
√

⟨δϕ2
⟩/ϕ̄) are shown, while for (d) vx , vy , and vz , their standard deviation values are normalized by the speed of sound c̄. Physical parameter values chosen for our

simulations are used with T = 800 K. Red circles correspond to the case with our simulation parameter Δx = 9.36 × 10−6 cm.
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FIG. 5. Cell variances of (a) ρCO and (b)
ρAr obtained using our update scheme
for T̄ = 800 K. The normalized cell vari-
ances Cϕ(z)/Cϕ,eq are plotted as a
function of z, where z = (i − 0.5)Δz
is the distance of the ith layer (i = 1,
. . . , 16) from the adsorbent surface.
Error bars show 95% confidence inter-
vals.

value at each layer within 0.1% error. The cell variance results for
other variables (vx, vy, vz , T) also agree with theoretically predicted
values within 0.1% error (see Fig. S1 in the supplementary material).
Note that the agreement of our simulation results and theoretically
predicted values is remarkable, considering that system-size effects
that may be present in simulation results due to the finite number
of cells in each layer,31 NxNy = 162, are expected to be on the order
of 1/(NxNy) ≈ 4 × 10−3. For equilibrium simulations at 700 K, we
observe a similar remarkable agreement for each variable (see Fig.
S2 in the supplementary material).

The structure factor results also support that our numerical
method is thermodynamically consistent. Figure 6 shows the struc-
ture factor spectra of ρ, vx, T, ρCO, ρAr, and θ for the bottom layer
contacting the adsorbent surface for 800 K. We observe that the
spectrum of each variable is flat with the correct value predicted by
equilibrium statistical mechanics, showing that there are no unphys-
ical correlations among cells in the bottom layer. We confirm that
the structure factor spectra of the other layers are also flat with
the correct values. We observe a similar agreement for equilibrium
simulations at 700 K (see Fig. S3 in the supplementary material).

FIG. 6. Structure factor spectra obtained using our update scheme for T̄ = 800 K. The results for the bottom layer contacting the adsorbent surface are shown: (a) total mass
density, (b) x-velocity component, (c) temperature, (d) mass density of CO, (e) mass density of Ar, and (f) surface coverage. The normalized structure factors Sϕ(κ)/Sϕ,eq

are plotted as a function of κ =
√

κ2
x + κ2

y , where κα = kα(2π/Lα)
−1 is the wave index in the α-direction (α = x, y).
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FIG. 7. Cell variances of (a) ρCO and (b) ρAr obtained using the thermodynamically inconsistent setting where the mean partial pressure and temperature are used to
evaluate the adsorption rate [see Eq. (65)]. The normalized cell variances Cϕ(z)/Cϕ,eq are plotted as a function of z, where z = (i − 0.5)Δz is the distance of the ith
layer (i = 1, . . . , 16) from the adsorbent surface. Simulation results for T̄ = 800 K are shown. Error bars show 95% confidence intervals. Note that the corresponding plots
obtained using our thermodynamically consistent scheme are shown in Fig. 5 with a finer vertical scale.

The structure factor spectra of the normal velocity component vz at
z = Δz (i.e., vz on faces between the first and second bottom layers)
are also flat with correct values for both 700 and 800 K (see Fig. S8
in the supplementary material).

The correlation coefficient results also show good agreement
with theoretical prediction (i.e., rϕ,ϕ′ = 0). We discuss them in detail
in Sec. IV C 3, where we compare our simulation results with those
obtained using a thermodynamically inconsistent setting, where

FIG. 8. Structure factor spectra obtained using the thermodynamically inconsistent setting where the mean partial pressure and temperature are used to evaluate the
adsorption rate [see Eq. (65)]. The results for the bottom layer contacting the adsorbent surface are shown: (a) total mass density, (b) x-velocity component, (c) temperature,

(d) mass density of CO, (e) mass density of Ar, and (f) surface coverage. The normalized structure factors Sϕ(κ)/Sϕ,eq are plotted as a function of κ =
√

κ2
x + κ2

y , where

κα = kα(2π/Lα)
−1 is the wave index in the α-direction (α = x, y). Simulation results for T̄ = 800 K are shown. Note that the corresponding plots obtained using our

thermodynamically consistent scheme are shown in Fig. 6.
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the energy correction term 1
2 kBT is not included in the reversible

adsorption update.

2. Thermodynamically inconsistent case: Using mean
partial pressure and temperature for adsorption rate

We consider here a thermodynamically inconsistent setting
where the adsorption rate is evaluated using the mean (or equilib-
rium) partial pressure of species CO and the mean temperature, p̄A
and T̄, instead of the instantaneous (i.e., fluctuating) partial pres-
sure and temperature as in Eq. (45). In other words, the mean rate of
adsorption events is replaced with

λa = ka(T̄) p̄CO (1 − θ) Ntot. (65)

Note that the instantaneous surface coverage θ is used in Eq. (65).
This setting corresponds to an FHD–KMC coupling where the KMC
solver uses the mean (or equilibrium) values for the hydrodynamic
state of the FHD solver to determine the rates of individual KMC
events. Although it may seem reasonable to use the mean values, par-
ticularly if fluctuations are relatively small (less than 2% for δpA and
less than 1% for δT in our equilibrium simulations), we demonstrate
below that this setting causes thermodynamic inconsistency.

Figure 7 shows the cell variance profiles Cϕ(z) for ϕ = ρCO and
ρAr at 800 K. Significant deviations (greater than 10%) from the the-
oretical values are observed for both variables at the bottom layer
contacting the adsorbent surface. Other variables (vx, vy, vz , T) are
indirectly affected, and small deviations (less than 1%) are observed
at the bottom layer (see Fig. S4 in the supplementary material).
These results indicate that thermodynamic inconsistency is caused
by the incorrect reversible adsorption update. Similar observations
are made for the cell variance results at 700 K (see Fig. S5 in the
supplementary material). When the results at 700 and 800 K are
compared, deviations at the bottom layer are more pronounced at
800 K, which is attributed to the larger value of r̄ = k̄dθ̄ at 800 K.

Figure 8 shows the structure factor spectra for the bottom
layer contacting the adsorbent surface for 800 K. Significant devi-
ations from the theoretical values are observed in the mass density
variables, ρ, ρCO, and ρAr. Particularly, deviations in the structure

factor spectrum of the reactive species ρCO become larger than 30%
at smaller wave numbers. Compared with the thermodynamically
consistent simulation results shown in Fig. 6, changes in the struc-
ture factor spectra of the other variables—vx, T, and θ—are not
noticeable. The structure factor spectrum of the normal velocity
component vz at z = Δz (i.e., vz on faces between the first and second
bottom layers) exhibits minor deviations at smaller wave num-
bers (see Fig. S8 in the supplementary material). Similar trends are
observed for 700 K (see Fig. S6 in the supplementary material). As
mentioned above, due to the smaller value of r̄, deviations caused by
the incorrect reversible adsorption update become weaker. Although
rather weak, deviations are noticeable in the second bottom layer
(Fig. S7 in the supplementary material). Hence, replacing instan-
taneous hydrodynamic variables with their mean values leads to
thermodynamically inconsistent fluctuation behaviors, especially for
the mass density variables near the surface.

3. Thermodynamically inconsistent case:
When the energy correction term is not included

We finally consider another thermodynamically inconsistent
setting where the energy correction term 1

2 kBT [see Eq. (61c)] is not
included in the reversible adsorption update. By comparing the sim-
ulation results obtained using this setting with those obtained using
our thermodynamically consistent simulation method, we demon-
strate that the energy correction term is needed to reproduce the
correct thermodynamic equilibrium.

The cell variance and structure factor results (see Figs. S8–S12
in the supplementary material) show some noticeable deviations
from theoretical prediction. However, these deviations are not as
significant as those observed in Sec. IV C 2. We then compute the
correlation coefficients rϕ,ϕ′ for pairs of thermodynamic variables
for the bottom layer, which show how thermodynamic inconsis-
tency develops when the energy correction term is not included.
Figure 9 shows the correlation coefficients of (ρCO, T), (θ, T), and
(θ, ρCO) for 700 and 800 K. Contrary to our numerical method,
which gives the correct zero correlation values within statistical
errors, the reversible adsorption update without the energy cor-
rection term leads to statistically significant nonzero correlations
between these thermodynamic variables. These nonzero correlations

FIG. 9. The correlation coefficients [see the definition in Eq. (64)] between the surface coverage (θ), mass density (ρCO), and temperature (T) are shown with error
bars depicting 95% confidence intervals for (a) 700 K and (b) 800 K. The red circles (corresponding to “Correction”) show the results obtained using our thermodynamically
consistent numerical method, whereas the blue squares (“No Correction”) show the results obtained using the thermodynamically inconsistent setting where the energy
correction term is not included in the reversible adsorption update.
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are larger at 800 K than at 700 K, which is consistent with the
discussion in Sec. IV C 2.

V. CONCLUSION
The complexity inherent in modeling reactive gas-solid inter-

facial systems, particularly at mesoscales where thermal fluctuations
are significant and gas hydrodynamics and surface dynamics operate
on comparable time and length scales, necessitates a robust, concur-
rently coupled hybrid simulation approach. To address this need,
we developed a novel mesoscopic stochastic modeling method that
integrates the Langmuir adsorption model with compressible fluc-
tuating hydrodynamics (FHD). A primary theoretical achievement
of this work was the derivation of a thermodynamically consistent
mass–energy update scheme to handle the exchange of mass and
energy variables between the gas and surface subsystems during
adsorption and desorption events. Through a rigorous stochastic
analysis applied to the ideal Langmuir model and the full hydro-
dynamic system, we analytically confirmed that this update scheme
successfully captures the thermodynamic equilibrium predicted by
equilibrium statistical mechanics.

A crucial element identified during the derivation of the
mass–energy update scheme was the requirement for an inter-
nal energy correction term, quantified as 1

2 kBT per molecule. This
correction is necessary because the mean kinetic energy of a gas
molecule colliding with the surface differs from the mean kinetic
energy calculated from the bulk Maxwell–Boltzmann distribution.
Specifically, the normal velocity component of a molecule collid-
ing with the wall adheres to a Rayleigh distribution, resulting in
an average kinetic energy of kBT for that component, rather than
1
2 kBT associated with the other two velocity components; hence,
the mean kinetic energy of the molecule (2kBT) is larger by 1

2 kBT
than the standard 3

2 kBT mean kinetic energy for the bulk gas. Fur-
thermore, we developed a thermodynamically consistent reaction
(TCR) model for Langmuir adsorption, which guarantees that the
formulation and parameter selection are based on consistent chemi-
cal potential models, thus ensuring that the relationship between the
equilibrium constant and the rate constants is preserved.

We performed extensive numerical validations using equi-
librium simulations of an ideal gas mixture (CO and Ar, with
CO undergoing reversible adsorption) to confirm the accuracy of
our methodology beyond the weak-noise limit. The simulation
results obtained using our update scheme faithfully reproduced the
expected thermodynamic equilibrium properties. Specifically, cell
variances and structure factor spectra for all state variables, includ-
ing mass densities, velocity components, temperature, and surface
coverage, agreed with theoretical predictions based on equilibrium
statistical mechanics within minimal statistical errors, for example,
cell variance profiles agreed within 0.1% error. Conversely, thermo-
dynamically inconsistent settings—such as replacing instantaneous
partial pressure and temperature with mean values in the adsorption
rate calculation (mimicking a passive macro-micro coupling)—led
to significant deviations, for example, exceeding 10% error in cell
variances and unphysical fluctuations for mass density variables
near the adsorbent surface. Most importantly, our validation study
demonstrated the critical role of the 1

2 kBT energy correction term.
When this correction was omitted from the reversible adsorption
update, the resulting simulation displayed statistically significant

nonzero correlations between thermodynamic variables such as
(ρCO, T), (θ, T), and (θ, ρCO) in the bottom layer contacting the
adsorbent surface, which should be zero at equilibrium. These find-
ings confirm that our methodology provides a foundational, ther-
modynamically consistent framework for modeling fluctuations at
the gas–solid interface.

As mentioned in the Introduction, our mass–energy update
scheme is designed as a direct precursor for the development
of a promising two-way, concurrent hybrid approach, namely
FHD–KMC coupling, for reactive gas-solid interfacial systems at
the mesoscale. Hence, future work includes the algorithmic devel-
opment and implementation of FHD–KMC coupling. In addition,
extending our mass–energy update scheme to a system with a
nonzero mean flow velocity (e.g., a flow reactor as opposed to batch
reactor) would be an interesting future direction. Since the collision
rate and thus the adsorption rate depend on the flow velocity, we
expect that momentum would also need to be included in a ther-
modynamically consistent reversible adsorption update. Another
interesting future direction is to extend our mass–energy update
scheme to liquid–solid interfaces. Although the algorithmic struc-
ture of our mass–energy update scheme can be readily embedded
in the FHD approach for liquid systems, careful physical modeling
is required because the scale separation assumption is less justi-
fied than for gas–solid interfaces, and assumptions regarding the
chemical potentials and the velocity distributions do not necessarily
apply.

SUPPLEMENTARY MATERIAL

The supplementary material encompasses the following: simu-
lation results of cell variance profiles and structure factor spectra for
the thermodynamically consistent case using our update scheme; the
thermodynamically inconsistent case using mean partial pressure
and temperature for the adsorption rate; and the thermodynamically
inconsistent case when the energy correction term is not included.
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APPENDIX A: DERIVATION OF THE MODIFIED
ARRHENIUS FORM FOR K (T )

To derive Eq. (9), which shows the temperature dependence
of the equilibrium constant K(T) in the form of the modified
Arrhenius equation, we start with the chemical potential of each
subsystem. We use dimensionless chemical potentials (per parti-
cle), which are normalized by kBT. The chemical potential of a gas
molecule in an ideal gas is given by

μ̂g(p, T) = μ̂g
○(T) + log

p
pst , (A1)

where μ̂g
○(T) is the chemical potential at p = pst . Note that p refers

to the partial pressure of species A. The chemical potential of an
adsorbate on the ideal adsorbent is given by34,55

μ̂ads(θ, T) = μ̂ads
○ (T) + log

θ
1 − θ

, (A2)

where μ̂ads
○ is the chemical potential at θ = 1

2 . Equating μ̂ads and μ̂g ,
Eq. (3) gives

K(T) = 1
pst exp (μ̂g

○(T) − μ̂ads
○ (T)). (A3)

By considering the ratio of K(T) to K(Tst), we express the tempera-
ture dependence of K in terms of the chemical potential differences
at T and Tst :

K(T) = K(Tst)
exp (μ̂g

○(T) − μ̂g
○(Tst))

exp (μ̂ads
○ (T) − μ̂ads

○ (Tst))
. (A4)

As shown in Ref. 33, one can further reduce the term μ̂g
○(T)

− μ̂g
○(Tst) by assuming that the specific heat capacity of the gas at

constant pressure, cp,g , is constant. The specific enthalpy and entropy
of the gas are given as

hg(T) = hst
g + cp,g(T − Tst), sg(T) = sst

g + cp,g log
T

Tst , (A5)

respectively, where hst
g and sst

g are the corresponding values at
T = Tst . Since the dimensionless chemical potential is given by

μ̂g
○(T) = m

kBT
(hg(T) − Tsg(T)), (A6)

we have

μ̂g
○(T) = mεg

kBT
− mcp,g

kB
log T + ( temp. indep. terms), (A7)

where εg = hst
g − cp,gTst , and thus,

exp (μ̂g
○(T) − μ̂g

○(Tst)) = exp [mεg

kB
( 1

T
− 1

Tst )](
T

Tst )
−mcp,g/kB

.

(A8)

Note that the specific internal energy of an ideal gas is given as in
Eq. (7) because

eg(T) = hg(T) −
kBT
m

. (A9)

For the ideal adsorbent, we assume that its specific internal
energy is given as in Eq. (8). By ignoring the thermal expansion of
the adsorbent, we obtain the specific enthalpy and entropy:

hads(T) = εads + cadsT, sads(T) = sst
ads + cads log

T
Tst , (A10)

where sst
ads is the specific entropy at T = Tst . Following the same

procedure as for the gas phase, we express μ̂ads
○ as

μ̂ads
○ (T) = mεads

kBT
− mcads

kB
log T + ( temp. indep. terms), (A11)

and obtain

exp (μ̂ads
○
(T) − μ̂ads

○
(Tst
)) = exp [

mεads

kB
(

1
T
−

1
Tst )](

T
Tst )

−mcads/kB

.

(A12)

We note that several expressions for the chemical potential of an
ideal adsorbent have been derived using different assumptions34,56,57

and they agree with Eq. (A11). By substituting Eqs. (A8) and (A12)
into Eq. (A4), we finally obtain Eq. (9).

J. Chem. Phys. 164, 094103 (2026); doi: 10.1063/5.0306932 164, 094103-15

© Author(s) 2026

 
2
3
 
A
p
r
i
l
 
2
0
2
6
 
1
8
:
5
9
:
4
8

https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.8304619


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

APPENDIX B: FHD DESCRIPTION OF A REACTIVE
GAS MIXTURE

For an ideal gas mixture of species A and B, we denote the
species mass densities by ρA and ρB, the total mass density by
ρ ≡ ρA + ρB, the fluid velocity by v, and the total specific energy (i.e.,
energy per mass) by E. The time evolution of the species mass densi-
ties (ρA and ρB), momentum density (ρv), and energy density (ρE)
is described by the fluctuating Navier–Stokes equations:33

∂ρA

∂t
= −∇ ⋅ (ρAv) −∇ ⋅FA +mAωA, (B1a)

∂ρB

∂t
= −∇ ⋅ (ρBv) −∇ ⋅FB +mBωB, (B1b)

∂(ρu)
∂t

= −∇ ⋅ (ρvvT) −∇p −∇ ⋅Π, (B1c)

∂(ρE)
∂t

= −∇ ⋅ (ρEv + pv) −∇ ⋅Φ −∇ ⋅ (Π ⋅ v). (B1d)

Here, FA and FB are the species mass fluxes, and ωA and ωB are the
production rates of species A and B due to chemical reactions. The
pressure is denoted by p and Π, and Φ are the momentum and heat
fluxes, respectively.

While Eq. (B1) may superficially resemble the deterministic
Navier–Stokes equations, it is important to note that the standard
deterministic fluxes for species mass, momentum, and heat are aug-
mented with stochastic components that represent fluctuations. In
other words, these fluxes are expressed as

FA = FA + F̃A, FB = FB + F̃B, Π = Π + Π̃, Φ = Φ + Φ̃,
(B2)

where the overline and tilde notations denote the deterministic and
stochastic parts, respectively. For the explicit forms of these fluxes,
we refer the reader to Refs. 25 and 26. In a similar fashion, the chem-
ical production rates are also expressed as the sum of deterministic
and stochastic parts:

ωA = ωA + ω̃A, ωB = ωB + ω̃B. (B3)

For the explicit forms of the chemical production rates, we refer the
reader to Ref. 33.

The relation between the total specific energy E and the
temperature T is given by

E = 1
2
∣v∣2 + e(T, ρA, ρB). (B4)

Here, the total specific internal energy e(T, ρA, ρB) is a function of
temperature and chemical composition. For an ideal gas mixture,
one can simply express e as the weighted sum of the specific internal
energy of each species:

e(T, ρA, ρB) =
1
ρ
{ρAeA(T) + ρBeB(T)}. (B5)

From the constant specific heat capacity assumption, we set

eA(T) = εA + cv,AT, eB(T) = εB + cv,BT, (B6)

and thus Eqs. (B4)–(B6) give

E(ρA, ρB,v, T) = 1
2
∣v∣2 + ρAεA + ρBεB

ρ
+ ρAcv,A + ρBcv,B

ρ
T. (B7)
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