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Tokamak Energy has developed a liquid metal experiment featuring a lithium loop that circulates lithium
through the HIDRA stellarator at the University of Illinois at Urbana-Champaign. The loop includes a replaceable
divertor module, designed to demonstrate fast, steady, open-surface liquid metal flow. The first-generation
divertor module was deliberately kept simple—an open-surface chute—to enable modelling validation and
establish a benchmark for future design iterations. This paper presents the theoretical foundations of the
experimental design. Specifically, we identify module overflooding as the primary challenge and determine the
limits of fluid velocity and magnetic field strength necessary to prevent it. The steady-state flow patterns are
expected to exhibit relatively slow surface velocities, which do not fully align with the fast-flow concept.
Nevertheless, the experiment is designed to achieve controllable, continuous open-surface flow within an
operational fusion device, representing a significant step toward the development of liquid metal divertor

technology.

1. Introduction
1.1. Motivation. Low-recycling concept

In a fusion device based on magnetic confinement, a divertor is a
specialized plasma-facing component designed to perform an exhaust
function. It addresses several key issues, including (i) removal of cold
plasma and impurity particles from a fusion device, and (ii) removal of
intense heat and sputtering loads on solid walls associated with the
plasma beam that is redirected from the plasma core.

Liquid lithium is regarded as one of the most effective media for
addressing these issues [1,2]. First, its strong capacity to absorb
hydrogen isotopes suppresses the recycling of cold particles striking the
divertor plate, reduces the accumulation of low-energy (including
neutral) particles in the divertor zone, and prevents cooling at the
plasma edge. Second, because lithium has a low atomic number, rela-
tively high concentrations are required to significantly affect plasma
properties when sputtered or evaporated from the divertor surface.

The absorption-based concept, known as the low-recycling concept,
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relies on slowly moving, thin lithium layers. In such layers, magneto-
hydrodynamic effects are less significant; however, surface-tension and
wetting instabilities continue to govern the behaviour of the thin film.
The low-recycling concept has been experimentally investigated in an
operational fusion device [3], where observations confirmed the bene-
ficial influence of lithium on plasma quality and the improvement of
plasma confinement time. Direct observation of the film characteristics
during the experiment was not possible, and subsequent analysis indi-
cated incomplete wetting of the experimental plate. Moreover, increased
flow rates during the experiment led to the ejection of lithium droplets,
which in turn caused plasma disruptions.

The solution based on slow flow does not directly address the heat
challenges of the divertor; instead, it relies on alternative approaches,
such as detaching the plasma beam from the divertor plate by injecting
neutral gas and cooling the plate with helium or another suitable fluid.

1.2. Fast flow concept. Flow speed

The heat challenge, along with the low-recycling challenge, can be
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effectively addressed by liquid lithium flow, provided the flow is suffi-
ciently fast and the layer sufficiently thick. This approach, known as the
fast-flow concept [4], assumes that the heat from the plasma beam is
carried away by the liquid flow, thereby achieving complete separation
between the plasma and the solid wall.

For this concept to work, heat transfer in the flowing liquid lithium
must be dominated by forced convection, i.e., the convective time (L /U)

must be shorter than the thermal conduction time <h2 /)(). In other

words, the flow speed must satisfy the condition

U>Ly/R, €y

where L is the length of the protected surface, h is the thickness of the
liquid layer, and y = 2-1075m?/s is the thermal diffusivity of lithium.

Namely, to protect a full divertor of size L ~ 1 m, a liquid layer of
thickness h = 5 mm moving at an average speed of approximately 1 m /s
is required. If the liquid layer is thicker, the necessary flow speed can be
lower. Conversely, a very thin layer is effectively transparent to the
plasma heat flux, making realization of such a flow impossible. A
localized solution, focused on the narrow plasma beam, would also relax
the requirement on flow speed.

Additionally, let us examine whether the proposed fluid flow can
deal with the expected heat loads of the plasma beam. When heat
transfer is dominated by convection, the heat carried away by the flow is
given by

Q = mc,AT. )

Here, Q =~ gAW represents the thermal heat flow rate deposited by
the plasma beam, where q is the heat flux, 4 is the thickness of the plasma
beam, and W is the width of the divertor plate (or the perimeter in the
case of a toroidally symmetrical divertor). The mass flow rate can be
expressed as

m = pUhW, 3

where p is the density of the liquid, U is the average flow velocity, and h
is the thickness of the liquid layer. The heat capacity of the liquid is
denoted by c,, and AT represents the “temperature window,” i.e., the
allowable temperature difference across the liquid layer.

The temperature window is determined by two factors [5]. First,
hotter liquid exhibits higher evaporation rates, which may lead to
plasma dilution. It is generally assumed that the temperature of lithium
must remain below 450 °C to keep evaporation under control. Second,
the liquid temperature must stay above the ductile-to-brittle transition
temperature of the solid substrate. For RAFM steel, this transition occurs
at 350 °C [6]; for vanadium alloy, at 400 °C [7]; for tungsten, at 600 °C,
and for K-doped tungsten, at approximately 300 °C [8]. Consequently,
pure tungsten cannot be used to construct the divertor wall if fast
lithium flow is employed to cool the divertor surface. The other mate-
rials are suitable, and the choice of a specific material would define the
temperature window.

By combining the above equations, one finds that the average ve-
locity of the flow film must satisfy

~ 4 2
T pc, AT

G

Assuming ¢ = 10 MW /m?and 4 = 1 cm (which do not correspond to
any particular device but could be achieved with current devices [9]), p
=500kg /m?, ¢, =4200J /(kg-K), AT =50K, and h = 5mm, the result
is u &= 1m /s. This value is consistent with the earlier requirement that
convection should dominate over thermal conduction. It should also be
noted that this value represents the lower bound for the required fluid
velocity (see [4]), appropriately so, since Eq. (4) provides only a rough
estimate and because the actual heat flux can reach as high as g
=50 MW /m? [9].
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1.3. Fast flow experiments. Review of experimental observations

The fast-flow concept was first proposed in the 1970s in the Soviet
Union (see, e.g., [10,11]). Since then, it has been investigated theoret-
ically and experimentally by various research groups using different
experimental setups: different working liquids (most commonly Galin-
stan, though a few experiments were also conducted with liquid
lithium); varying inclination angles (typically relatively small, <9°, due
to the substantial surface instability of film flows at higher angles);
experimental chutes manufactured using electrically conductive and
non-conductive materials; both with and without magnetic fields,
applied at varying strengths (up to 5 T) and orientations (mostly span-
wise, although the effects of streamwise and plate-normal components
were also studied).

In fact, the structure and stability of thin-film, open-surface flows
along solid walls are classical problems in fluid mechanics, many aspects
of which are already well understood (see, e.g., [12]). This knowledge
has been partially applied to fusion-relevant configurations. However,
unlike the slow-flow concept, fast-flow experiments have not yet been
carried out in an operational fusion device.

Based on prior experimental studies, the following issues have been
identified:

e When fluid is pushed onto the plate, the flow transitions from a jet
(or, an inertia-driven flow) to an established gravity-driven flow.
Without a magnetic field, the test rigs are typically too small for this
transition to be completed (e.g., [13]). However, if the fluid is not
pushed but rather supplied through a long nozzle inclined at the
same angle as the experimental plate, a fully developed
gravity-driven flow can be sustained across the entire surface [14,
15]. Under a strong magnetic field, the transition occurs much more
rapidly and is largely confined to the vicinity of the nozzle (see, e.g.,
[13D.

e In the absence of magnetic field, the flow is usually turbulent,
exhibiting a complex, wavy surface pattern (e.g. [13,15]), which
evolve along the surface, with varying amplitudes, wavenumbers,
and wave structures (e.g., [16]).

e The thickness of the film flow typically changes along the chute.
Even without a magnetic field, open-surface flows often exhibit hy-
draulic jumps, where the liquid layer suddenly thickens and the flow
decelerates (e.g., [17,18]).

o In the absence of a magnetic field, the flow pattern on a wide chute is
symmetric about the centreline, with noticeable deceleration near
the side walls (e.g., [13,15,17]). At low flow rates, however, the
liquid may fail to cover the entire surface, instead forming rivulets (e.
g., [12,181]).

e The influence of the magnetic field strongly depends on its orienta-
tion. When aligned parallel to the surface and normal to the side
walls, the field laminarizes the flow and suppresses surface waves (e.
g., [16]); however, its impact on other flow characteristics is mod-
erate. When oriented perpendicular to the bottom plate, the field not
only laminarizes but also strongly slows the fluid, causing significant
accumulation of the fluid on the chute (e.g., [17]). Furthermore, a
magnetic field normal to the bottom plate induces three-dimensional
flow instabilities, resulting in a “wavy” (asymmetric) pattern with
possible detachment of the liquid from side walls (e.g., [17,19]).

e The influence of the magnetic field strongly depends the electrical
conductance of the walls [20].

e Forced pre-wetting of the chute is required to initiate flow with a

good surface coverage (see, e.g., [15,16]). Under strong temperature

variations on the bottom plate, thermocapillary instabilities may also

develop (e.g., [12]).

Observations have also been made during inductive plasma initiation

and termination at the start and end of a tokamak pulse, which

involve rapid changes in the magnetic field. These studies demon-

strated ejection of droplets from the open surface (e.g., [21]).
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2. Problem statement
2.1. HIDRA stellarator. Parameters of the new experiment

At Tokamak Energy, we aim to investigate the fast-flow concept
using a small-scale lithium loop that integrates a test module within the
HIDRA stellarator, a research fusion device located at the University of
Illinois Urbana-Champaign.

The initial objective is to achieve a fast lithium flow with good
substrate coverage and to investigate the influence of the magnetic field
on the flow characteristics. In this study, the flow will be assumed
isothermal. While we justify the need for a fast flow based on heat-
removal considerations, the (plasma) heat load itself will not be part
of the first experimental stage. Joule heating is assumed to be absorbed
and dissipated by the structural components and is therefore dis-
regarded in our analysis. The experimental module will include heating
elements designed to control the substrate temperature. In addition, the
loop will incorporate heating elements to maintain a uniform lithium
temperature throughout the system.

The dimensions of HIDRA—particularly its minor radius of 19
cm—play a significant role in shaping the experimental setup. Fig. 1
shows the experimental set up. The loop consists of a lithium loading
chamber, a storage reservoir, and two pipelines equipped with moving
magnet pumps that transport lithium to and from the experimental
module. The pumps can sustain flow rates of up to 400 g/s. Vacuum
conditions are maintained within both the stellarator and the storage
reservoir. The experimental module is positioned at the highest point of
the loop, enabling complete removal of lithium from the stellarator at
the end of the experiment.

The experimental module comprises a compression nozzle, an
experimental chute (open-surface flow region), and a collector. The
nozzle gap height is 3 mm. Although the collector has a complex shape,
its surface area is larger than that of the nozzle. Several variations of the
collector design were evaluated, with the collector’s cross-sectional flow
area exceeding that of the nozzle by a factor of 1.7-2.

The experimental plate is relatively wide, measuring 9.25 cm in
length and 7.5 cm in width. Its inclination angle is 5°, and the side walls
are 2.95 cm high. The plate will be manufactured from stainless steel
S$S316 with a thickness of 11 mm.

The experimental module is installed inside the stellarator, which is
equipped with both toroidal and helical magnets, and the currents in the
magnet coils can be independently controlled. The maximum steady
magnetic field achievable at the maximum coil currents is shown in
Fig. 2.

The magnetic field is characterized by three components, but in
Fig. 2, we present two of them: the toroidal component B, which is
tangential to the plate and perpendicular to the flow direction, and the
plate-normal component B,, which is perpendicular to the plate. The
toroidal component has a greater magnitude (>0.5 T) and varies slightly

(@)
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Fig. 2. The toroidal and plate-normal components of the magnetic field along
the midplate.

along the plate. In contrast, the plate-normal component undergoes
nearly a three-fold change along the plate, with its maximum value
exceeding 0.1 T

2.2. The effect of the toroidal and plate-normal components of the
magnetic field

The magnetic field expected in a commercial fusion device, which
could serve as the foundation for a fusion power plant, will be sub-
stantially stronger. An advantage of the current experiment is the ability
to shape the magnetic field into different configurations, and to assess
the effect of the plate-normal component on the flow. For a divertor, the
plate-normal component is essential, as it directs the plasma beam to-
ward the divertor plate. In fact, the presence of a non-zero plate-normal
component is one of the key differences distinguishing the design of a
liquid metal first wall from that of a liquid metal divertor.

There are several ideas for implementing the fast-flow solution in the
design of a fusion device. One option that may seem easier to realize is
the sectioned design, in which the divertor plate is replaced by a chute
shaped similarly to our experimental module. The major drawback of
this approach is that it provides only a partial solution to the heat load,
since each chute has solid side walls that remain exposed to the plasma
beam. A more promising option appears to be a toroidally symmetrical
divertor; however, the toroidally symmetrical design may introduce
maintenance challenges and could allow toroidal currents in the diver-
tor region that may interfere with plasma control measures. Further-
more, in a toroidally symmetrical design, the liquid may be exposed to
the high heat flux zone for a longer duration, as the flow tends to follow
the magnetic field lines, which follow a spiral rather than a radial
direction.

In a toroidally symmetrical divertor, only the plate-normal

(b)
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Fig. 1. (a) HIDRA stellarator with the lithium loop; (b) Replaceable experimental module.
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component influences the flow. In a sectioned divertor, both the toroidal
and plate-normal components can contribute. However, the influence of
the toroidal component is confined to the wetted area of the side walls
(where the Hartmann layers are formed), while the effect associated
with the plate-normal component spreads over the entire substrate area
(where the Hartmann layer is formed in this case). Hence, for wide
chutes and thin films, the effect of the plate-normal component can
become dominant.

Indeed, the ratio between the braking forces induced by these two

2
components can be estimated as ~ %}(%) , Where hﬁ is the ratio of the
n

layer thickness to the plate width. This estimate follows the classical
fitting equation for the MHD pressure drop in a duct with a rectangular
cross-section [22]. It is well established that for a duct with wall di-
mensions a and b, and wall conductance x, the pressure drop (or
equivalently, the Lorentz force) is given by — % = kyoUB?, where k, =

m . For a toroidal magnetic field, a = Wand b = ho, so a /b>1,

and the force per unit volume is approximately f; ~ %UUB?. In contrast,
for a plate-normal magnetic field, a/b<1, and the force is approximately
fa ~ cUB2. The ratio of these two expressions provides a rough guideline
for comparing the braking effects induced by toroidal and plate-normal
magnetic fields. A similar observation is reported in [23], where the
influence of the toroidal magnetic field on the chute flow is analysed.

In this work, the effect of the plate-normal component on the flow
down the plate is the major focus, although the influence of the toroidal
component will be also discussed.

The effect of the magnetic field is traditionally characterised by the
Hartmann number. We can introduce two Hartmann numbers,

Ha, = WBt\/g and Ha, = hOBn\/g, 5)

to characterise the effects of the toroidal and plate-normal magnetic
fields, respectively. Here, ¢ = 3-10° S/m is the lithium electrical con-
ductivity and = 5-10~* Pa-s is its dynamic viscosity [24]. Assuming, B,
= 0.5T, and B, = 0.05T, the parameters of this experiment yield Ha, ~
2900 and Ha, ~ 12.

2.3. A developing flow

To understand the characteristics of liquid metal flow along an in-
clined plate, let us start with a 2D analysis (as illustrated in Fig. 3),
assuming that the plate is sufficiently wide (hWD/«l) so that the effects of
the side walls can be neglected. The magnetic field is considered to have
only one component—normal to the plate—which remains uniform
along its length.

We assume that the liquid is injected onto the plate with an initial
velocity (hence also referred as a “jet”), forming a film flow whose initial
thickness is determined by the nozzle gap. For the parameters of interest
here (Up ~ 1m /s and hy = 3mm), the Reynolds number of the flow
near the nozzle, Re = U”Th" ~ 3000, where v = 107% m? /s is the viscosity
of lithium, is considerably higher than the critical Reynolds number that
defines the onset of surface instability for a film flow, Re. = 32cot § ~
9.5, with = 5° being the plate’s inclination angle [25]. Hence, in the
absence of a magnetic field, the flow will be turbulent and exhibit a
complex surface shape. However, it is well established that a magnetic

4 @EO l )

Fig. 3. A film flow down an inclined plate.
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field can suppress surface instabilities, or at least reduce their growth
rate [26].

The flow down an inclined plate is likely governed by different
physical mechanisms at varying distances from the nozzle. The inertia-
driven flow, characterized by average velocity and thickness defined
by the inlet conditions, gradually transforms into gravity-driven flow.
This transition occurs as information about the open-surface boundary
conditions propagates into the bulk of the layer, accompanied by a
corresponding adjustment of the viscous friction force. In the absence of
a magnetic field, the plate length required for the transition to complete
can be roughly estimated by comparing the inertial and viscous terms in
the Navier-Stokes equation. This estimate is given as

Lio-magn ~ U"Thg (which can be also interpreted as the product of the
average velocity and the typical hydrodynamic time). This estimated
length is substantially greater than that of the experimental plate
(Lno-magn = 9m, if Uy ~1m/s, hg = 3mm and v = 10-%m?%/s), a
conclusion supported by numerous experimental observations (e.g.
[13D).

However, if a magnetic field is applied, the transition can be ex-
pected to occur over a shorter flow path. For a plate with good electrical
conductivity (as in our experiment), the length required for the full
transition can be estimated by comparing the inertial and Lorentz forces.

. L 1 Uoh?
The estimate is given as Lpyagn ~ A2 0

velocity and the braking time Hiaﬁ’:—é [25]). This estimated length is
already smaller than the length of the experimental plate (Lyagn = 6cm
if Up ~ 1m/s, hy = 3mm and Ha, ~ 12). Hence, in the presence of a
magnetic field, the transition from inertia-driven to gravity-driven flow
occurs within the experimental plate a result also confirmed by the ex-
periments (e.g. [13]).

Additionally, because we are interested in the characteristics of the
steady-state flow, the backward influence of the collector’s capacity on
the flow may also be important, which will be discussed later.

The initial distribution of liquid on the chute can vary, so it is
important to ensure full wetting of the chute’s internal surface before the
experiment begins. One option is to take advantage of the relatively
small inclination angle: close the outlet valve, flood the chute, and then
initiate throughput flow. Another option is to exploit the dependence of
wetting conditions on wall temperature [28] by preheating the plate to,
for example, 500 °C at the start of the experiment (with heating elements
incorporated into the plate). In this latter case, the initial temperature
distribution may be non-uniform, which could complicate the flow;
however, the incoming liquid will quickly render the temperature field
uniform.

(the product of the average

3. Analytical analysis
3.1. A developed gravity-driven flow. No magnetic field

The development of a jet flow on the chute is quite complex and
would require numerical analysis (see, e.g., [27,29], and the analysis
completed below). However, the features of an established
gravity-driven flow are easier to comprehend. By applying mass con-
servation to correlate the characteristics of the gravity-driven flow with
the inlet conditions, one may obtain a crude understanding of what the
development of the jet flow might involve. For this purpose, let us now
examine more closely the parameters governing the established
gravity-driven flow. Here, for completeness, we provide the formulae for
the cases with and without a magnetic field. It should be emphasized,
however, that in the designed experiment the establishment of the
established gravity-driven flow can be expected only when a magnetic
field is applied.

In the absence of a magnetic field, the 2D laminar velocity profile of
the steady-state flow is described by the classical expression commonly
referred to as the “Nusselt solution”,
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pgsing 1
u =—"——ylh—-zy]. 6
x 7 Yy < 5y (6)

Here g is the gravitational acceleration and y is the coordinate that is
normal to the plate. We assume that the flow is unidirectional, unre-
stricted at the sides, and with a fixed thickness h. It is also convenient to
write the expression for the mass flow rate,

. pgsing. 4
m= /)Wisi7 h. @

And, for the practical analysis, it is also convenient to express the
average velocity (U = (u,) = le) and the thickness of the gravity-driven

flow in terms of the mass flow rate,

U:<£>2/3<pgsinﬂ>l/3 andh:(i 37 >1/3~ ®)
W 3 pW pgsing

By applying Eqgs. (7) and (8) to a purely gravity-driven film flow with
a thickness of 3 mm, the resulting mass flow rate is 290 g/s, and the
average velocity is 2.6 m/s. Thus, in the absence of a magnetic field, the
gravity-driven flow of the expected thickness is substantially faster than
the targeted inertia-driven flow (with a mean velocity of approximately
1 m/s). If the inlet velocity is lower than the value prescribed by Eq. (8),
the liquid velocity must increase along the plate, and the layer thickness
must decrease (provided the collector has sufficient capacity). However,
as noted above, if the magnetic field is switched off, the full transition to
gravity-driven flow regimes requires a considerable distance that is not
available in the current experiment. Consequently, in the designed
experiment, the liquid layer will simply maintain a (nearly) constant
thickness.

3.2. A developed gravity-driven flow. With magnetic field

In the presence of magnetic field, the velocity profile (scaled by the
average velocity Uy = (uy)) is defined by
;—’; = m <1 — cosh (Ha,%) -+ tanh(Ha,)sinh (Ha,%) ) . 9

The derivation of Eq. (9) is given in Appendix. It is straightforward to
show that, in the limit of a strong magnetic field (Ha,— o0), the velocity
profile is uniform throughout the bulk of the layer, except within a thin
Hartmann boundary layer of a thickness approximately equal to h /Ha,,
where the velocity rapidly adjusts to satisfy the no-slip boundary
condition.

The expression for the flow profile does not depend on the plate’s
conductivity, but the flow rate does. Namely, the flow rate can be ob-
tained from the following expression,

Fr*  sing Ha, 1\
Re Ha? \Ha, —tanhHa, 1+« ’

(10)

or, in the dimensional form,

m  pgh’sinf__ , Ha, 1\
—_ = Hi e . 11
u @ Ha, — tanhHa, 1+« an

CpWh g "
U

Here Fr = \/;Ta
conductance that is defined as x = "“;ZW, where o, is the electrical con-
ductivity of the wall material and h,, is the thickness of the wall. We
should note that the experimental rig is made of stainless steel with o,, =
10° S/m and h,, = 11mm, resulting in a relatively high conductance of
k=~ 1.2.

For weak magnetic fields (Ha,—0) expression (11) produces the flow
rate given by the Nusselt solution (6). For strong magnetic fields
(Hap— ), the flow rate strongly depends on the plate’s conductance, so
the corresponding expressions for the electrically insulating (x = 0) and
electrically conducting plates would differ,

is the Froude number. We also introduce the
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. 1 - . 11 -
m pgh?sing amdu—_™ _ 1 +k pgh smﬂ'

U:pWh_Ha,, n pWh  Ha®> « n

(12)

The magnitude of the Lorentz force depends on the currents gener-
ated by the flow. The current density is given by the expression

K
i) a3

Jz = 0B, (ux -
The electric currents flow in the z-(toroidal) direction.
Finally, let us re-write Eqgs. (12) to derive the expressions for the
average velocities and thicknesses of a gravity-driven flow in terms of

the mass flow rate,

1+« pgsing m pgsing\ /2
= =(— 1
U « oB? and U oW JaiB, 14)
2 . B\ /2
_Q « 61?” and h = (- 6}.7 Z . (15)
pW 1 + k pgsing W pgsing

The first expressions in (14) and (15) describe flow along an elec-
trically conductive plate, while the second expressions pertain to an
electrically insulating plate. Notably, the average velocity of flow over a
conductive plate is independent of the flow rate. In this case, the velocity
is governed solely by the plate’s inclination and by electromagnetic
parameters. Increasing the fluid input at the upper end of the plate will
only result in a thicker film, without affecting the speed of the film’s
movement.

For convenience, the dependencies of average velocity and layer
thickness on the flow rate are shown in Fig. 4, providing quick and
accessible guidance for understanding the values of these parameters in
the experiment.’

Namely, in the absence of a magnetic field, or when the magnetic
field is applied but the plate is electrically insulating, overflooding is
unlikely. In these cases, we expect a transition from the initial jet flow
with a thickness of 3 mm to a gravity-driven flow with a thickness
indicated in Fig. 4b. Although this thickness may exceed 3 mm, it re-
mains below the 2.95 cm limit set by the height of the side walls.
However, if the plate is electrically conductive, the maximum allowable
magnetic field strength is strongly constrained. This is additionally
illustrated by Fig. 5, which depicts the maximum allowable mass flow
rate before overflooding may occur in the experimental module. Spe-
cifically, if the plate-normal component of the magnetic field of 0.05 T
and plate’s conductance of 1.2, the maximum allowable mass flow rate
is about 110 g/s.

3.3. Toroidal magnetic field. Effect of side walls

In the previous sections, the effect of a magnetic field imposed on the
flow is attributed entirely to its normal component, which is explained
by the fact that the influence of the toroidal magnetic field diminishes as
the ratio h/ W—0 (and in this experiment the chute is deliberately chosen
wide). A detailed analysis of the effect of the toroidal magnetic field is
presented in [23], where it is shown that the introduction of a magnetic
field leads to flow deceleration and thickening of the fluid layer. When
the chute’s walls possess high electrical conductance, the magnetic
field’s effect becomes so pronounced that the film velocity becomes
independent of the flow rate. In such cases, adding more fluid primarily
results in a substantial increase in the layer’s thickness.

The clear similarity between the effects induced by the plate-normal

! The average velocity does not vanish in the limit of zero mass flow rate,
which is a non-physical result. This outcome arises from the assumption un-
derlying Eqgs. (12)-(15), namely that the Hartmann number is large and,
consequently, the thickness of the Hartmann layer is much smaller than that of
the main layer. At very low flow rates, however, this assumption clearly breaks
down.
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Fig. 4. The average velocity (a) and film thickness (b) for gravity-driven flow along an inclined plate are presented for three cases: when the magnetic field is
switched off (red line), and when it is switched on, assuming an electrically insulating plate (green line) and a perfectly conducting plate (blue line) and the
conductance of k = 1.2 (blue dashed line). Here we assume that the plate’s inclination is given by the angle of 5°, and the strength of the magnetic field is defined by
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Fig. 5. Magnetic field strength versus the maximum allowable mass flow rate
before overflooding occurs in the experimental module. The dashed line depicts
the result for the plate’s conductance of 1.2 and solid line for the perfectly
conducting plate.

and toroidal magnetic fields suggests that, once the effect of the toroidal
field is taken into account, the data shown in Figs. 4 and 5 should be
regarded as an underestimation. Nevertheless, the qualitative behaviour
predicted by Figs. 4 and 5 remains valid.

3.4. A gravity-driven flow with a slightly deformable open surface

A fully developed flow driven solely by gravity maintains a constant
thickness in the liquid layer (disregarding surface waves). Such a flow is
characterized by a specified flow rate (Egs. (7) or (12)). In this section,
we examine what happens when the throughput flow rate differs from
that of the gravity-driven flow.

Let us consider a laminar film flow that is predominantly driven by
gravity with a slightly deformable open surface. We consider a steady-
state (a% = 0) flow of a thin fluid film assuming the flow remains
nearly unidirectional (u,>uy, %<<§y), and the magnetic field is
switched off. With these assumptions in place, one can derive the
following expression for the pressure in the liquid layer,

p = pg(h—y)cosp. 16)

Here, p(x)and h(x) denote the pressure and the thickness of the liquid
layer, both of which may vary along the plate. From Eq. (16), it is
evident that by pushing the fluid along the plate (creating an externally
imposed pressure difference along the plate), one would also create a

“pile-up,” with the resulting gravitational force governing the fluid’s
motion along the plate. Thus, any open-surface flow—even flow on a
horizontal plate—is ultimately always driven by gravity.

Namely, when fluid is actively pushed onto the plate, both pressure
and film thickness vary along the surface, as predicted by the following
equations:

g . nUp 3Fr?
= pgsing — 3 R pgcosp | tanp Recos)’ 17)
o~ B rcoss ~ % Recoss 18

Analysis of the above equations indicates that the shape of the liquid
surface is primarily determined by the intensity of the throughput flow.
In the absence of flow (U, = 0), the open surface remains horizontal,
and consequently, the thickness of the liquid layer increases along the
plate (see Fig. 6a). This state may represent the initial stage of the
experiment, providing full wetting of the experimental chute.

A weak throughput flow results in a slight inclination of the liquid
surface, while the film thickness increases along the plate, as schemat-
ically shown in Fig. 6b In this case, the motion is slowed by the distri-
bution of the liquid on the plate that is “unfavourable” to the flow. This
situation in fact corresponds to the experimental settings for the case of
the flow in the absence of a magnetic field. For example, with a flow
thickness of hy = 3 mm, a velocity of Uy &~ 1 m /s, and a plate inclination
of p = 5°, the Froude number is Fr = 5.8. Under these parameters, the
film thickness gradient is positive, meaning that the thickness of the film
increases along the plate.

When both gradients vanish (so the film thickness remains constant),
the flow is governed solely by gravity (Fig. 6c¢). Finally, when the
throughput velocity is relatively high, the film thickness decreases along
the plate (Fig. 6d). In this case, stronger forcing of the fluid produces a
“bump” near the nozzle, which converts the applied push into an
enhanced gravitational effect, helping to sustain a faster flow.

Let us now analyse the expressions for the pressure and film thick-
ness gradients when the (plate-normal) magnetic field is applied. In this
case, the expressions analogous to (17) and (18) become

2 2
P _ pgcosp (tanﬂ _frHa, ( Ha, ! ) ) , 19

0x Recosf \ Ha, — tanhHa, 14k

oh Fr’Ha? Ha, 1

= _ _ . 2
ox tanf Recosp (Ha,l —tanhHa, 1+ x) (20)

It is straightforward to show that when x = 0 and Ha,—oo Egs. (20)
and (21) reduce to
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Fig. 6. Steady-state shapes of the open surface of a liquid film: (a) the liquid is at rest, with a horizontal open surface; (b) the liquid flows down the plate at low
velocity; (c) the liquid motion is governed solely by gravity; (d) the liquid is pushed too strongly, producing a bump near the nozzle.

ap _ . U() _ FrzHa,,

I~ pgsinp — B, Mo \/on = pgcosp | tanp Recosj)’ 2D
oh _ tang — B, Uo /o] = tang — FrHa, (22)
ox pgcosp hy - Recosf’

These two equations define the flow along an electrically insulating
plate. Similarly, when x—oco and Ha,— oo, Eqs. (19) and (20) reduce to
equations:

. Fr’Ha?
% = pgsinp — 6UoB? = pgcosp (tanﬂ - Recos}) , (23)
oh oU,B? Fr’Ha?
— = B — n_ B — z 2
ox tanj pgeosp any Recosp’ 24

which work if the plate is a perfect conductor.

Using the above estimations of the Froude, Reynolds, and Hartmann
numbers, one can readily observe that both the pressure and film
thickness gradients are negative. This indicates that the fluid is forced
onto the plate at a velocity higher than that of a gravity-driven flow,
resulting in a pronounced “bump” near the nozzle (see Fig. 6d). In the
case of a well conductive plate, the “bumping” effect is amplified by a
factor of Ha,.

Recall that the assumption in this section is that changes in the
interface shape are small, which holds when the inlet flow characteris-
tics closely match those of a purely gravity-driven flow (i.e., both dp
/0x ~ 0 and oh/dx ~ 0). Achieving such alignment in an experiment is
challenging, but certain features of the open-surface flow predicted by
this simplified analysis should still be observed even when changes to
the open surface are more pronounced. Specifically, if the throughput
velocity is lower than that of the gravity-driven flow (which may be
limited by a collector of inadequate capacity), fluid will begin to accu-
mulate near the collector, forming a “bump” that regulates the rate of
the gravity-driven flow. Conversely, if the throughput velocity exceeds
that of the gravity-driven flow—meaning the fluid is supplied at a rate
that cannot be sustained by gravity alone—a “bump” will instead form
near the nozzle.

4. Numerical analysis
4.1. A layer of a fixed thickness

Next, we perform numerical modelling to support and extend the
conclusions drawn from the 2D analytical analysis presented in the
previous sections. The numerical simulations are conducted using two
approaches. In this section, we present the results of 3D modelling of
liquid metal flow along a chute, neglecting surface deformations and
assuming laminar flow. Without a magnetic field, the flow becomes
turbulent and exhibits pronounced surface waves; this case is not
considered here. With a magnetic field applied, the flow remains
laminar, though significant deformation of the free surface is expected.
Here, however, we assume that the flow is still governed by the inlet
conditions (inertia-driven flow) prior to the onset of strong deformation.
The results obtained with this approach reproduce several phenomena
observed in the experiments, which is why we consider it is important to
present and discuss them.

Computations were performed using COMSOL and OpenFOAM using

the quasi-static (inductionless) approximation of the full MHD equa-
tions. COMSOL images are shown below.

The numerical solutions were obtained using a uniform mesh in the x
(streamwise) direction (with 20 grid-points) and non-uniform meshes
with 160 grid points in the y (spanwise) direction and 80 points in the z
(vertical) directions, with mesh refinement (typically by a factor of 2,
but stronger refinement factors were also tested) near the walls. Test
calculations with doubled resolution were carried out to confirm mesh
independence of the results. The focus was primarily on obtaining the
stationary solution.

For a more accurate representation of the plate’s inlet boundary
conditions, the geometry includes a nozzle, modelled as a slotted duct
with a height of 3 mm and a width of 7.5 cm. Although this geometry
simplifies the nozzle shape used in the experiment, it provides a
reasonable inlet velocity profile for the open-surface flow.

At the nozzle entrance, a uniform velocity profile with a flow speed
of 1 m/s is assumed. A shear-stress-free boundary condition is applied at
the free surface, while no-slip boundary conditions are enforced at all
rigid walls. The outlet condition, defined as a zero-pressure level, is
specified at the plate exit. Additionally, a zero normal component of the
electric current density is imposed at the inlet and outlet boundaries, as
well as at the open liquid surface. On the solid walls, the boundary
conditions are either a fixed electrical potential (for perfectly conductive
walls) or zero electric current density (for electrically insulating walls).

Fig. 7 provides the top views of the flows presented for three different
magnetic field configurations. If the magnetic field is either purely
toroidal or purely plate-normal, the velocity pattern is symmetric about
the plate’s centreline. In the case of a toroidal magnetic field, at the
plate’s entry the surface flow speed is lower near the centreline and
higher at the sides. By the middle of the plate, however, the profile of the
surface velocity becomes more uniform. For a plate-normal magnetic
field, the flow profile remains uniform along the entire plate. When the
magnetic field is inclined, the flow pattern becomes skewed: the surface
velocity is greater for the liquid near one wall and slower next to the
opposite wall. This asymmetry is likely to cause detachment of the fluid
from the side wall, leading to the formation of a dry zone along one side
of the chute [30].

The effect of the toroidal field is strong, particularly near the side
walls. The affected zone extends far beyond the thickness of the Hart-
mann boundary layer. Even when the chute’s walls are electrically
insulating, the electric vortices induced near the walls reach dimensions
several times the boundary layer thickness. In the case of electrically
conductive walls, the side effect also penetrates a distance of several
layer thicknesses, substantially slowing the fluid flow near the side
walls. This suppression of flow at the sides, due to mass conservation,
results in an acceleration of the fluid flow in the middle of the plate.

Fig. 8 depicts the velocity and current density maps at the plate’s exit
for chutes with different electrical conductivities of the walls. If the
walls of the chute are electrically insulating, all electrical currents
remain confined within the liquid domain. In contrast, with electrically
conductive walls, the currents penetrate into the walls. For a toroidal
magnetic field, electrical charges move from the bottom toward the
sides of the walls, producing a symmetrical distribution of currents
around the centreline. Under a plate-normal magnetic field, the currents
flow from one side wall to the opposite side. When the magnetic field is
inclined, the currents also move from the bottom toward the sides;
however, their distribution becomes asymmetrical.
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Fig. 7. The density maps illustrate the distributions of surface velocity, in m/s, with flow directed from left to right, while the lines represent the electrical current
vector field. Results are shown for chutes with electrically insulating (a-c) and perfectly electrically conductive (d-f) walls under three different magnetic field
configurations: (a,d) a purely toroidal magnetic field with amplitude B, = 0.5T; (b,e) a purely plate-normal magnetic field with amplitude B, = 0.05T; (c,f) an
inclined magnetic field containing both toroidal and plate-normal components.

Fig. 9 show the pressure fields on the open surface. We know that the
actual pressure on the open surface is zero, so the values shown in these
figures can be interpreted as a measure of the surface deformation (with
the deformation amplitudes h ~ Ap/(pgcos )). For instance, one can
immediately observe that the pressure magnitude obtained for the cal-
culations with perfectly conductive walls is at least one order of
magnitude higher, indicating stronger interface deformation in this case.
Indeed, if the walls are electrically conductive, then Ap ~ 1000 Pa,
which corresponds to an interface deformation on the order of ~20 cm,
clearly indicating overflooding issue. If the walls are electrically insu-
lating, the interface deformation is on the order of ~2 cm. These pre-
dictions are in somewhat agreement with the data reported in Fig. 4b

The steady-state pressure distributions shown in Fig. 9 are influenced
by the outlet boundary conditions. A pressure gradient (and the corre-
sponding interface deformation) is required to maintain a steady flow at
the prescribed flow rate, thereby reflecting the braking effect of the
magnetic field. So strong pressure variations clearly indicate that the
current model cannot accurately represent the flow, as it is applicable
only when the free-surface deformation remains smaller than the film
thickness. Nevertheless, the results obtained with this model are quick
and easy to produce and still offer some predictive value, which is why
we include them. The applicability of the results improves farther from
the nozzle.

To relate the observations of this section to the previous analytical
results, we note that the flow field near the side walls is strongly influ-
enced by the walls themselves, and in this region the flow is three-
dimensional. However, even in the case of an inclined magnetic field,
the flow profile and current distribution in the middle section remain
consistent with the expectations of two-dimensional flow, whose dy-
namics are primarily determined by the plate-normal component of the
magnetic field. Indeed, in this region, the current distribution resembles
that imposed by a plate-normal magnetic field, with isolines parallel to

the plate.

4.2. 2D analysis of the flow with a deformable open surface

To investigate the pile-up phenomenon, we performed 2D modelling
of aliquid layer with a deformable free surface, using COMSOL, tracking
its shape using the phase-field method (taking the surface tension effect
into account). Similar simulations were also performed in OpenFOAM
using the VOF method to track the free-surface dynamics. The results
obtained with OpenFOAM and COMSOL were consistent.

For these simulations, we assume that the magnetic field has only
one normal component. We also assume that the plate is perfectly
electrically conducting, which means that the electric field is equal zero
and the current density has only one component which value is j, =

0Bnhuy. The Lorentz force is added to the model as a body force, 7 =
H( - oB2uy,0,0), where H = 0 in the vacuum domain and H = 1 in the
liquid domain, and u, is the streamwise component of the fluid velocity.

All diffuse-interface approaches introduce two fluids: in our case,
lithium and a fictitious second fluid referred to as “vacuum.” The vac-
uum is modelled with the properties of air; however, we also examined
the influence of the second fluid’s properties (such as density and vis-
cosity) on the lithium flow. We found that when the second fluid has the
properties of air, its effect on the lithium flow is negligible. For
simplicity, the contact angle is set to 90°.

The numerical calculations were conducted using a uniform mesh
with typically 80 grid points across the nozzle height (3.75 x 107 m).
Higher-resolution runs (with 100 grid points) indicate some features of
wavy dynamics, first appearing along the collector’s slope, but key
quantities such as the mean flow velocity and the mean thickness of the
liquid-metal layer remained the same. The height of the computational
domain was chosen such that it does not influence the dynamics of the
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Fig. 8. The density map illustrates the velocity field, while the lines represent the electrical current. The plate’s exit is shown (the vertical scale is not included, but
the height of the computational domain is 3 mm). Results are presented for a purely toroidal magnetic field, B, = 0.5T (a, b); for a purely plate-normal magnetic field,
B, = 0.05T (c, d); and for an inclined magnetic field with components B, = 0.5Tand B, = 0.05T (e, ). The chute is shown with electrically insulating walls (a, c, €)

and perfectly electrically conducting walls (b, d, f).

free interface. Again, different domain heights were tested to verify this.

The transient simulations were performed using an initial condition
corresponding to stationary fluids, with the film thickness set equal to
the nozzle thickness.

In these 2D simulations, the flat plate is extended by adding two
components that schematically represent a compression nozzle and a
collector (see Fig. 10). For the nozzle, a channel with a fixed height
equal to the nozzle height is introduced, and inlet boundary con-
ditions—specifically, a uniform velocity profile—are applied at the
nozzle entrance. For the collector, a unit with a sliding surface and an
outlet is included. Although the design of a real collector is more com-
plex, in this study we represent the 3D collector with a simplified 2D
geometry, focusing primarily on the outlet’s flow area, which is
approximately twice that of the nozzle and consistent with the config-
uration used in the experimental setup. Furthermore, we later demon-
strate that, in this case, the key flow features are governed by the design
of the experimental chute rather than by the collector. At the collector’s
exit, a zero-pressure boundary condition is applied. The vertical
boundaries confining the second liquid are modeled as impermeable
walls, while the top boundary is also assigned a zero-pressure condition.

The entire geometry described above is inclined at 5° relative to gravity.

Fig. 10 illustrates the flow pattern for an inlet flow rate of 72 g/s
(inlet velocity of 64 cm/s) when the magnetic field is switched off.
Small-amplitude waves can be observed forming on the free surface as
the liquid descends along the collector.? It is important to note that the
numerical resolution used in this simulation is insufficient to obtain
accurate results that would resolve the turbulent nature of the flow.
Nevertheless, the governing equations that we solve still conserve mass
and momentum, thus offering a reasonable approximation of the flow
characteristics. To support this, Fig. 11 presents the results obtained
using two different resolutions, where one can see that although the
finer details of the flow vary with resolution, the overall flow features
remain consistent.

Next, the magnetic field is switched on, producing a piling-up effect
(see Fig. 12). In particular, Fig. 12b shows that the jet flow is lifted from
the surface and rapidly dispersed due to the strong action of the mag-
netic field, illustrating the quick establishment of the gravity-driven
flow. It is also worth noting that the disintegration of the jet occurs at
a distance of about 2 cm, which aligns with our simple estimate based on

2
the product of the inlet velocity and breaking time, Uyz, = UOHLaﬁ hp—“ =

2 By introducing a small imperfection at the nozzle (e.g., a bump on the plate
near the nozzle), it is possible to induce larger surface waves, which develop as
they travel along the plate. These results are not shown in this work.
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Fig. 9. Pressure distributions (in Pa) on the open surface obtained from the calculations with fixed thickness and with stress-free boundary condition applied at the
free surface. The flow proceeds from left to right. The lines represent the electrical current vector field. Results are shown for chutes with electrically insulating (a-c)
and perfectly electrically conductive (d-f) walls under three different magnetic field configurations: (a,d) a purely toroidal magnetic field with amplitude B, = 0.5T;
(b,e) a purely plate-normal magnetic field with amplitude B, = 0.05T; (c,f) an inclined magnetic field containing both toroidal and plate-normal components.
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Fig. 10. 2D modelling of an open-surface flow of a liquid metal along the midplane of an experimental module. No magnetic field is applied. Steady-state shape of an

open surface (a), and velocity field (b) are shown. The inlet velocity is 64 cm/s.
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Fig. 11. Velocity fields are presented for the case without an imposed magnetic field, at two resolutions: 3.75 x 10 m (a) and 7.5 x 10~ m (b).

Linagn-

An interesting observation from Fig. 12a is that the flow pattern
cannot, in fact, be divided into distinct regions dominated separately by
inertia and gravity. In the steady state, the entire module is uniformly
flooded, with a fast jet flow developing near the bottom of the liquid
metal pool. The surface velocity remains low and approaches zero in the
region close to the nozzle. As a result, there is general qualitative
agreement between Figs. 12 and 4; however, the agreement is not exact.
The actual flow is more complex than the stepwise transition from

10

inertia-driven to gravity-driven behaviour: flooding of the region up-
stream of the step slightly reduces the predictions reported in Fig. 4.

In Fig. 13, one can see that at the initial stages, pushing the fluid onto
the plate does produce a “bump,” which could be interpreted as the
boundary between inertia-driven and gravity-driven flows. However, a
high sharp boundary separating the flow regimes is unstable, and its
collapse (as also observed in the experimental images shown in [17],
however, through development of 3D instabilities not considered here)
results in even flooding of an entire experimental module.



A. Vorobey et al.

Fusion Engineering and Design 228 (2026) 115760

0 0.02 0.04 0.08

0.06
x [m]

0.12

1
W
04
03
02
01
| Wo
o1

Fig. 12. Snapshots of the free surface and velocity field at t = 2 s (at the initial moment, the plate is covered by a stationary film of uniform thickness of 3 mm). The
inlet velocity is 64 cm/s, and the magnetic field is oriented normal to the plate with a magnitude of 0.05 T.
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Fig. 13. Shapes of an open surface after the magnetic field is switched on.

One may argue whether the uniform flooding results from the limited
flow rate imposed by the collector design or from the disruption of the
flow by the plate itself. Fig. 14 illustrates the results obtained when the
entire right boundary of the computational domain is modeled as an
outlet flow (no back wall). Even in this case, at the steady-state, the
module becomes evenly flooded, indicating that the true cause is the
braking effect to the flow associated with the plate.

The results shown in Fig. 14 were obtained with an inlet flow speed
of 1.28 m/s for a plate of double length, with the expectation of pro-
ducing a region of fast surface flow near the nozzle. However, the results
indicate that this was not achieved.

5. Conclusions

In this work, we discuss the key features of open-surface flow of an
electrically conducting fluid down an inclined electrically conductive
plate in the presence of a magnetic field. The study supports the design
of an experimental module and is therefore focused on parameters ex-
pected in the experiment, including a relatively short and wide chute
and a thin fluid film. We do not present the results of direct 3D modelling
of the experimental module here, as these will be reported in a separate
publication.® Instead, the aim of this work is to highlight more funda-
mental observations across a wide range of parameters that can inform
the design of any fast-flow, open-surface experiment.

The flow down the chute transitions from inertia-driven flow (with
parameters defined by the inlet conditions) to gravity-driven flow
(which develops at some distance from the nozzle and whose parameters
are independent of the initial thickness and velocity). This transition
requires a very long chute if no magnetic field is applied, in which case
only inertia-driven flow would be observed. In the presence of a mag-
netic field, however, the transition is likely to complete within the
experimental chute. Furthermore, the steady-state flow may also be

3 The results of the ANSYS-based CFD analysis will be reported in two pub-
lications: Three-Dimensional Computational Analysis of a Liquid-Lithium Divertor
Experiment by Deepa Gupta et al. and Magnetohydrodynamic Analysis of a Liquid-
Lithium Divertor Experiment by Andrei Khodak et al. These works are being
prepared for the TOFE 2026 conference, with subsequent publications planned
in Fusion Science and Technology.
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influenced by the collector’s capacity.

The open-surface film flow down an inclined chute is susceptible to
hydrodynamic instabilities. A strong magnetic field, however, can
effectively suppress these instabilities, leading to laminarization of the
flow and the reduction of surface waves. In the presence of a magnetic
field, a laminar flow is therefore expected, which is the focus of the
current study.

Additionally, because the chute is wide and the liquid layer is thin,
the effect of the plate-normal magnetic field on the flow is considered
strong. This allows us to focus on the analysis of a 2D geometry that
represents the flow in the middle of the chute, at some distance from the
side walls. For this 2D geometry, we developed analytical equations
describing the characteristics of gravity-driven flow, and next by
applying mass balance, we can also draw conclusions about the transi-
tion from inertia-driven to gravity-driven flow.

In particular, it was found that an experimental module with highly
electrically conductive walls (as in the designed experiment) is suscep-
tible to overflooding when either the magnetic field is strong or the inlet
velocity is high. The limiting parameters will be experimentally assessed
and compared with the predictions of this work. Furthermore, in the
case of an electrically conductive chute, increasing the fluid supply at
the top of the plate does not accelerate the flow; instead, it results in
additional piling up. The flow velocity along the chute can be controlled
only by the inclination angle and the magnetic field.

We also conducted numerical modeling of the flow using two
different approaches. In the first model, we developed a 3D solution that
neglects deformation of the free surface. This analysis shows that the
side walls exert a strong influence, with the flow significantly affected at
distances of several layer thicknesses from the walls. Moreover, intro-
ducing a normal component to the magnetic field creates asymmetry in
the flow pattern, which may cause the fluid to detach from one of the
side walls. At the same time, a region of essentially 2D flow can be al-
ways identified in the central portion of the plate.

Finally, we performed 2D modelling of the flow (focused on the
centre of the plate) using the phase-field approach to trace the shape of
the free surface. The numerical results confirm the overflooding pre-
dictions. However, they also show that the flow structure cannot be
reduced to a simple separation between fast, inertia-driven flow and
slower, gravity-driven flow. Instead, we observed uniform flooding
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Fig. 14. Snapshots of the free surface and velocity at t = 2 s (at the initial moment, the plate is evenly covered with a liquid film 3 mm deep). The results were
obtained for a plate 18.5 cm in length with an inlet velocity of 1.28 m/s.
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Appendix

Here we derive expressions (9) and (10), which describe the steady plane-parallel flow of an electrically conductive liquid down an inclined plate
in the presence of a magnetic field normal to the plate.

For this derivation, we use the MHD equations written under the quasi-static approximation, where the total magnetic field is represented as B =
Eo + Remﬁl, with fo being the constant externally applied magnetic field, and Remﬁl, the small induced magnetic field. Here, Re,, = Uf—"{"’«l is the
magnetic Reynolds number, and the magnetic diffusivity is v, = ﬁ (the magnetic constant yy = 47-1077Y, and ¢ is the electrical conductivity of the

liquid metal).
The non-dimensional form of the MHD equations under this approximation is expressed as follows:

V% =0,V.B; =0, (A1)
v'E, ~ - (B.7) . (2
ow | s = Nz 1,

E—&-(uV)u:—VH+N<B0~V>31+EV u, (A3)
MN=p+N EO.E) +Flr2(7?). (A4)

Here, @ and p denote the fluid velocity and pressure, 7 is the upward-directed unit vector, and 7 is the position vector.
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Egs. (A1)-(A4) are obtained using the following characteristic scales: hg, Uy, ho/Up, pUg, and By for length, velocity, time, pressure, and magnetic
field, respectively. Here, hy is the thickness of a liquid metal film, Uy = W,% is the mean velocity, where Q is the volumetric flow rate and W is the width
of the liquid layer. The equations include three non-dimensional parameters,

2
Re= oMo g Vo _ oBofo (A5)

v \/gho’ on ’

which are the Reynolds number, the Froude number, and the magnetic interaction number.

We restrict this derivation to a steady, plane-parallel flow, in which the velocity and induced magnetic field vectors possess the following sym-
metries: U = (uy(y),0,0) and B, = (B1x(¥),0,0), where y is the coordinate that is normal to the plate. The flow is subjected to a constant plate-normal
magnetic field, By = (0,1,0). As for any other plane-parallel flow, the continuity equation is automatically satisfied (and, similarly, the Gauss’s law

for the magnetic field is also automatically satisfied). The non-linear term in the Navier-Stokes equation vanishes. As a result, the remaining equations
from the set (A1)-(A4) reduce to the following:

0°By _ du,

=== (A6)
ay? dy

on 0By 1 du,
Off&JrNay * Re PR (A7)

1 .
MM=p+ =3 (—xsing +ycosp). (A8)
These differential equations must be supplemented with the following boundary conditions:
0By
y=0:u, =0,By =k— (A9)
o,

y:1:§:0,31,(:0, (A10)

The first line (A9) specifies the conditions on the plate, consisting of the standard no-slip boundary condition and a mixed boundary condition for
the induced magnetic field that incorporates the conductance «, reflecting the finite electrical conductivity of the substrate. The second line (A10)
defines the boundary conditions at the open surface—namely, the stress-free condition for the velocity field and the requirement that the open surface
is electrically insulating.

1
Using Eq. (A6), the boundary conditions (A9) and (A10), and the relation / u,dy = 1, one obtains that
0

Y
Y+k
By = — d . All
1x / Uy )’ + 1 Fx ( )
0
The electric current density is given by 7 =V X ﬁl, which shows that the electric current flows in the spanwise direction,
B 1
0By o (A12)

o = ay e 1+«
1

In case of an electrically insulating plate (x = 0), j, = u, — 1 and the total current satisfies / j.dy = 0. In contrast, for a perfectly conducting plate
0

(k = ), j. = Uy, and the total current in the liquid volume is non-zero, as the electrical circuit closes through the current flowing within the solid
plate.
Substituting (A11) into (A7), one obtains

JI1 1 Pu,
0=—+N| — — . Al3
* ( uX+1+x)+Re 32 (A13)
Next, let us assume that the fluid can be pushed onto the substrate (so the streamwise pressure difference is formed, % = — A) and that the fluid
motion is also driven by gravity. Hence,
oIt sinf}
M, S0 Al
0x Fr2 (A14)
Substituting (A14) into (A13), integrating twice, and applying the boundary conditions, one obtains,
1 .
Ux = <A + %) (1 — coshHay + tanhHasinhHay). (A15)

1
Using the relation /uxdy = 1, one obtains Egs. (9) and (10).

0
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