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ABSTRACT
A recently developed energy-dependent frame transformation theory that incorporates both
ionization and dissociation channels of the H2 molecule, is extended to treat the ungerade
states that occur both in dissociative recombination and as the final state in ground state
photoabsorption. The theoretical treatment includes the rotational degrees of freedom and is
benchmarked against a two-dimensional model that can be solved with high accuracy and also
compared with photoabsorption experiments. Analysis of the resulting spectra shows how the
same resonances appear in very different observables, often with quite different line shapes.

KEYWORDS
molecular hydrogen; dissociative recombination; photoionization; photodissociation

1. Introduction

Our understanding of H2, the most fundamental neutral molecule in nature, has been dramat-
ically improved through a revolution in the theoretical framework that was initiated by Ugo
Fano, Ed Chang, Christian Jungen, and Dan Dill,[1–3] and then pushed through with extensive
improvements in the decades since 1980 by Jungen and his collaborators.[3–8] Some of the ini-
tial theory was benchmarked against the beautiful early photoabsorption spectra measured by
Herzberg and by Dehmer and Chupka. But the theory and experiments both made still further
dramatic strides, culminating in more than two decades of close collaboration between Christian
Jungen and Frédéric Merkt in a series of striking studies.[8–14]

In the meantime, there has been a parallel push aimed at applying and extending the theo-
retical techniques advanced by Jungen and his collaborators to other fundamentally important
processes occurring in the H2 molecule and its isotopologues, notably the dissociative recombi-
nation process, where an electron collides with the positive molecular ion, and triggers molecular
dissociation into separated neutrals or ions. Promising results have been achieved in the theory
of dissociative recombination, but perhaps surprisingly, it has never yet been established that
the theory can achieve a comparable level of accuracy as has been demonstrated in experimen-
tal photoabsorption studies.[11, 15–17] Here we pursue our goal of theoretically obtaining such
comparably accurate collision cross sections and resonance properties, through a joint study of
both dissociative recombination and photoabsorption in the near-threshold energy range.

In addition to aiming to improve our understanding of collisional problems in the hydrogen
molecule, such as dissociative recombination, associative ionization, resonant ion-pair formation,
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another motivation for the present line of research is our goal to extend our capabilities to other,
more complicated molecular target ions. When faced with a new molecular target ion that is
subjected to a colliding electron, essentially every theoretical method starts from a fixed-nuclei
calculation of a body-frame electron-ion scattering calculation with frozen nuclei. That type of
calculation yields a body-frame phaseshift function δ(E , R) or equivalently, a quantum defect
function µℓΛ(E , R) ≡ δ/π. In some molecules or symmetries, such as the gerade symmetry
of H2, that body-frame scattering amplitude can have off-diagonal elements as well, but the
main point is that, in general, that quantity depends on both the body-frame energy E and
on the internuclear distance R. That energy dependence was neglected altogether in the early,
highly successful studies of Jungen and his collaborators, but it has increasingly been realized
that an accurate and fully general theoretical method must confront and understand how to
incorporate that body-frame energy dependence in the mapping that will determine the final
laboratory frame scattering and photoabsorption information.

The present article extends a theoretical treatment published recently by us that develops
a promising generalization of energy-dependent electron-molecule frame transformation theory
(EDFT). That study was benchmarked in detail by comparing with an exactly solvable model
of the H2

1Σg states, probed through the challenging process of dissociative recombination
[18]. While one major focus of that recent article was to test the ability of the EDFT to
quantitatively describe that type of collision process, a major component was also to implement a
generalized adaptation of the multichannel quantum defect theory treatment of Jungen and Ross
[19] that enables a unified description of interacting ionization and dissociation channels. In the
present article, we adapt the techniques developed in Ref.[18] to treat both resonant dissociative
recombination and photofragmentation processes occurring in the H2 ungerade symmetry:

H+
2 + e−

H2 + γ

}
→ (H2)

∗ →
{

H(1s) + H(nl)
H+

2 + e−
. (1)

It is comparatively rare to examine an energy range that is dominated by a richly resonant
spectrum for two such different observables as dissociative recombination and photoabsorption,
but we demonstrate that it yields insights into both processes. A reason to do this is because, as
we know from standard resonance theories from pioneers such as Fano or Feshbach, resonances
will occur at the same energy for different observables and with the same total decay width, even
if their strength or line shape differ. Spectroscopic methods are almost always better able to
pin down the energy of resonances to far greater precision than electron scattering experiments.
Therefore, when accurate photoabsorption data exist, as is the case for many symmetries of
H2, HD, and D2, it is highly recommended to test the precision of a collision calculation or
experiment in a difficult process like dissociative recombination by looking for the collisional
resonance energies and comparing with photoabsorption resonances known from experiment
and/or highly accurate theory. One promising case where the same theoretical approach was
utilized to compute both photoabsorption and dissociative recombination processes using the
same MQDT-based treatment was carried out for the H3 molecule,[20] and the encouraging
agreement added confidence that the basic mechanism of dissociative recombination in electron
collisions with H+

3 was beginning to be understood.
Another very practical reason exists for why it can be crucial, for theories addressing some

applications that need collision data, to provide spectroscopically accurate resonance informa-
tion. A well-known case is the dissociative recombination rate of H+

3 , where it was crucial for
astronomers to determine the DR branching ratio between the ortho and para nuclear spin
symmetries, at very low (meV-scale) energies. After some calculations were carried out to ad-
dress this, it became increasingly clear that the low energy DR rates for the two symmetries
could have a tremendously different branching ratio, depending on whether the low-principal-
quantum number perturber closest to threshold was just below or just above threshold. And for
that problem it was crucial to determine this accurately, ideally at the level of 1 meV or better.
It currently appears as though theory has been able to answer that question for H3, consistent
with most but possibly not all of the available experimental information.[21] For more recent
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progress on the problem of H+
3 DR and its isotopologues, see Ref.[22].

The present goal and focus of this article is to adapt the molecular multichannel quantum
defect theory (MQDT) to handle dissociation degrees of freedom and also the energy depen-
dence of the body-frame quantum defect function. Molecular MQDT, pioneered by Jungen, Dill,
Fano, and others, efficiently computes a large coupled-channel scattering matrix through the
rovibrational frame transformation. Early applications of that theory described photoionization
of H2 remarkably well, especially in the vicinity of rotationally- and vibrationally-autoionizing
Rydberg states attached to rovibrational thresholds Ev+,N+ .[3]

Our recent article on the gerade states in Ref.[18], closely related to the simpler ungerade
problem treated here, directly addressed only the 1Σg states and did not include rotational
degrees of freedom. Here we generalize that formulation to include the coupling of the 1Σu

and 1Πu degrees of freedom, as is well-known to be described accurately by a rotational frame
transformation.[1–3, 14, 23] We describe this symmetry of the H2 molecule using only ℓ = 1
(p-waves), neglecting the f -wave channels that can become important at larger internuclear dis-
tances, far from the ground state minimum. The present study is also restricted to the electronic
singlet states of H2, so the spin degrees of freedom and all fine and hyperfine interactions are
ignored throughout. More complete studies, including all the relevant spatial and spin symme-
tries, were carried out for the deutered cation (HD+) [24, 25]. There are experimental difficulties
controlling the rotational temperature of H+

2 which limits the accuracy of DR measurements
for that ion. However, for HD+, which has an electric dipole moment, the ions can be cooled to
order of 10K, which could provide highly accurate DR cross sections in the near future.

The rovibrational thresholds will be labeled Ev+,N+ , with corresponding vibrational eigen-

states χv+,N+(R) ≡ ⟨R|v+, N+⟩ of H+
2 . The angular channel functions are denoted ΦℓN+

JM =

⟨r̂, R̂|(ℓN+)JM⟩ in Hund’s case (d) as in [2], where symmetry limits the ionic angular momen-
tum quantum number N+ to either even or odd values, for para- or ortho-H2, respectively. In
the standard approximation that was typically implemented in the early applications of the rovi-
brational frame transformation in the 1970s and 1980s, the fixed-nuclei quantum defect function
µℓΛ(R) for the two relevant body-frame p-wave symmetries (Σ,Π) were taken independent of the
body-frame energy ϵ. In that approximation, the electron-ion scattering matrix Sv+N+,v+′N+′

and other related matrices of scattering theory (such as the reaction matrix Kv+N+,v+′N+′) are
immediately obtained through matrix elements of the quantum defect operator µ̂ℓΛ(R) in the
ionic vibrational basis set. This is then combined with the rotational frame transformation from
Hund’s case (b), where µℓΛ is defined, into Hund’s case (d) where the molecular ion’s angu-
lar momentum N+ is a good channel quantum number. This gives the smooth, short-range
scattering matrix, as in Ref.[23],

Sv+N+,v+′N+′ =
∑
Λ

⟨N+|Λ⟩ℓJ⟨v+N+|e2iπµℓΛ(R)|v+′
N+′⟩⟨Λ|N+′⟩ℓJ . (2)

Once this equation is obtained, with ionization channels abbreviated as i ≡ v+N+ that are
partitioned at any final laboratory frame energy E into open (o) and closed (c) channels, the
standard closed-channel elimination formulas of MQDT determine the physical scattering matrix
in the open channels only, which yield the many closed-channel Rydberg resonances, e.g.:

Sphys
v+N+,v+′N+′ = Soo − Soc(Scc − e−2iπνc)−1Sco (3)

where νc is a diagonal matrix with the effective quantum numbers in the closed vibrational
channels, i.e. in a.u., νv+N+ = [2(Ev+N+ −E)]−1/2, again with E representing the desired total
energy of the system in the laboratory frame.

Once photoabsorption dipole matrix elements were included, the treatment accurately de-
scribed photoabsorption, photoionization, and photodissociation processes in H2, D2, and HD,
following the important article by Jungen and Dill in 1980, which was restricted to only han-
dling H2 photoionization [3]. Later, Jungen’s efforts resulted in techniques for incorporating the
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molecular dissociation pathway as well [19, 26], i.e. enlarging (as we do) the final computed scat-
tering matrix and incoming-wave final states needed for photoionization or complex-conjugated
outgoing waves for DR, to include dissociation channels d in addition to the ionization channels
i:

S =

[
Sii Sid

Sdi Sdd

]
(4)

2. Numerically solvable 2D model

Ungerade states of H2 represent an example of a dissociative recombination pathway dominated
by the indirect mechanism (possible through doubly excited Rydberg states with no associ-
ated autoionizing curve) at lower energies. This is because the lowest direct dissociative state
attached to the excited 2pσu cation state provides the direct mechanism well outside the Franck-
Condon region, in contrast to the gerade symmetry where the (2pσ)2 state promotes a direct
DR pathway. In order to benchmark the accuracy of approximations involved in our theory, we
proposed [27] a 2D model that can be solved numerically without using any physically motivated
approximations, such as the Born-Oppenheimer approximation or, in the present extension, the
rotational frame transformation.

Our previous model [27] for 1Σ+
u states is extended to include also the 1Πu symmetry.

Furthermore, we implement a full model Hamiltonian, including the physics of the rotational
frame transformation in a way that can be solved exactly. This model Hamiltonian takes the
following form for the system studied here

H = He +Hn +
∑
Λ

|ℓΛJ⟩V ℓΛ(R, r)⟨ℓΛJ |

+
∑
N+

|(ℓN+)J⟩N
+(N+ + 1)

2MR2
⟨(ℓN+)J | ,

(5)

with

He =− 1

2

∂2

∂r2
− 1

r
+

l(l + 1)

2r2
, (6)

Hn =− 1

2M

∂2

∂R2
+ U1sσ(R) . (7)

Here R represents the nuclear separation, r is the distance of the electron from the molecular
center, M is the nuclear reduced mass and U1sσ(R) is the cation ground state curve. Since
the electronic partial wave ℓ is restricted to the p-wave in this study, i.e. ℓ = 1, the coupling
potential’s upper ℓ index will be omitted in the following.

The functional form of the potential V Λ=0(R, r) coupling the electronic and nuclear degrees
of freedom for the 1Σ+

u states is taken from the previous work [27], with one modified parameter
(a4) value, as

V Λ=0(R, r) = −a1

(
1− tanh

a2 −R− a3R
4

7

)
tanh4

(
R

a4

)
e−r2/γ2

r
, (8)

where the tanh functions helped to represent asymptotic orbital promotion occurring in the
n > 2 1Σu symmetry potential curves. In case of the 1Πu states this potential is sought in the
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form

V Λ=1(R, r) = e−r2/γ2

2∑
i=1

aie
−[(R−bi)/ci]

2

, (9)

which better reproduces the 1Πu potential energy curve behavior.

Table 1. Parameters of the V Λ potentials (9) are given in atomic units.

1Σ+
u

a1 a2 a3 a4 γ

1.6435 6.2000 0.0125 1.0200
√
3

1Πu
a1 b1 c1 a2 b2 c2 γ

0.2592 3.6464 2.2558 0.0620 5.9278 3.1500 2

Solving the fixed-R Schrödinger equation defined by then Hamiltonian in Eq. (5) yields
quantum defects µ(E , R). The variable parameters present in the Eqs. (8) and (9) were optimized
to fit three quantum defect curves obtained by the Rydberg formula from the three lowest
adiabatic curves published by Wolniewicz and Staszewska [28, 29], with the B curve excluded.
This results in a non-physical shape for the lowest Born-Oppenheimer potential energy curve
produced by the model, which is strongly Franck-Condon suppressed and has little effect on
our calculations. The values of these parameters are given in Tab. 1. An average error, averaged
over the data points of the three curves, can be estimated from the fitting procedure as ∆µΣ ∼
1.1 × 10−2 and ∆µΠ ∼ 2.1 × 10−3. The Figure 1 shows the quantum defect curves µ(E , R)
computed at E = 0. Note that the orbital promotion for 1Σu states is not exactly reproduced at
asymptotic R, but apart from the energies E close to the dissociation threshold, this discrepancy
does not affect results in the present energy ranges. Since we fitted to adiabatic potential curves
[28, 29], the Hamiltonian (5) implicitly includes the exchange interaction. Double excitation and
ion pair character could be included by extending to multiple ionic curves as was done in our
previous paper [18], which could be relevant at higher energies.
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Figure 1. Computed fixed-nuclei zero-energy p-wave quantum defects for 1Σ+
u (full curve) and 1Πu (broken curve)

symmetry compared with the data extracted from Jungen and Atabek [4] shown as crosses (1Σ+
u ) and circles (1Πu).

The Hamiltonian (5) is written in two incompatible sets of quantum numbers, which rep-
resents the l-uncoupling transformation between Hund’s cases (b) and (d) as was documented
by Fano [1]. It has been demonstrated in great detail by Jungen and Atabek [30] that MQDT
treats almost exactly the most important class of nonadiabatic coupling physics including the
Σ−Π coupling. The kets |(ℓN+)J⟩ span the angular Hilbert space in the laboratory frame, while
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the body frame is described by |(ℓΛ)J⟩. Transformations between these two representations are
controlled by the projections, as formulated by Chang and Fano [2]:

YN+,Λ ≡ ⟨N+|Λ⟩(ℓηJ) = (−1)J+Λ−N+⟨(ℓJ)N+0|ℓ− Λ, JΛ⟩1 + η(−1)J−ℓ−N+√
2(1 + δΛ0)

(10)

The treatment in the present article will be restricted to the final p-wave electron states having
η = 1 in the field of even parity para-states of H+

2 with even values of N+. We ignore the hyper-
fine and other magnetic interactions, and assume the two electrons are coupled into a singlet spin
state throughout. The nonzero row indices are N+ = 0, 2 and the column indices are Λ = 0, 1,
respectively, giving a 2×2 unitary matrix for the transformation coefficients ⟨N+|Λ⟩(ℓηJ):

Λ 0 1
N+ ( )
0 1√

3

√
2
3

2 −
√

2
3

1√
3

(11)

2.1. Details of the numerically exact solution

Scattering eigenstates of the 2D model Hamiltonian (5) are computed in the laboratory frame
where the coupling between the N+ = 0 and N+ = 2 channels is provided by its third term.
The size of the 2D R matrix box was defined by nuclear and electronic boundaries, R0 = 12 a.u.
and r1 = 50 a.u., respectively. The nuclear coordinate R was represented by 300 B-splines while
the electronic coordinate r used 100 B-splines. The R matrix is formed on the surface using
Wigner-Eisenbud type expansion [31]. It employed the lowest 14 ionization and 5 dissociation
channels. For the dissociation channels, 3 were in the Σ symmetry and 2 in the Π symmetry,
of which the uppermost channel from both symmetries had negligible impact in the energy
range considered here. The stability of the results was checked for several box sizes, namely
R0 = 8, 10, 12, 15 a.u. and r1 = 50, 60, 80 a.u.

The 2D model provides (see Eq. (26) in Ref. [32]) the R matrix on both ionization and disso-
ciation surfaces. In contrast to our previous treatment of the gerade H2 system [33] the present
R-matrix calculation includes the rotational coupling directly inside the R-matrix box. The
channels spanning the ionization (electron fragmentation) surface are described by quantum
numbers (v+ℓN+). The channels (d) spanning the dissociation surface (nuclear fragmentation)
are obtained by diagonalization of the r-dependent parts of the Hamiltonian (5) on the dissocia-
tion surface. While these channels have nonzero contributions in both laboratory frame channels
with N+ = 0, 2, they are exactly diagonal in the Λ channels which are obtained through the
rotation by the unitary transformation (11). This is because our model Hamiltonian (5) can be
rotated exactly to the diagonal Λ representation on the dissociation surface since it does not
contain any explicit non-Born-Oppenheimer rotational terms that would couple electronic and
rotational angular momenta on the dissociation surface. Note that the Λ-diagonal dissociation
channels result here from the form (5) of our model Hamiltonian. However, this property was
also generally accepted in previous DR studies [34, 35].

The K matrix is obtained by the well-known expression [36]

KJ =
(
F J − F ′JRJ

) (
GJ −G′JRJ

)−1
, (12)

where F J and GJ are diagonal matrices containing regular and irregular solutions on both
surfaces, respectively. On the electronic surface they are the regular and irregular Coulomb
functions fℓ, gℓ corresponding to the asymptotic centrifugal term l(l + 1)/2r2, while on the
nuclear surface these should be regular and irregular spherical Riccati-Bessel functions F J

d , G
J
d
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corresponding to the centrifugal term

J(J + 1)− Λ2

2MR2
. (13)

The expression above is a result of non-trivial physics of the angular momenta projections
between the laboratory and body frames [37], physics that cannot be represented fully by the
limited number of degrees of freedom in our model. As mentioned above, the Hamiltonian (5)
can be rotated exactly to the diagonal Λ representation. When the N+(N+ + 1) centrifugal
potentials are rotated as well, they result in the effective centrifugal potential in the Λ channels∑

N+⟨Λ|N+⟩N+(N+ + 1)⟨N+|Λ⟩
2MR2

, (14)

where the superscript (ℓηJ) was omitted in the transformation matrices. These barriers are
twice stronger for l = 1 and J = 1 than those of Eq. (13). Both centrifugal potentials (13)
and (14) yield spherical Riccati-Bessel functions with a non-integer order index. However, apart
from the narrow energy windows at the dissociation thresholds, where the Wigner threshold
law is relevant, the integral cross sections do not depend on the order of the matching Bessel
functions.

3. Rovibrational frame transformation

The rotational frame transformation (FT) [2] is an approximate procedure developed to connect
the body frame rotational quantum numbers (ℓ,Λ) to the laboratory frame quantum numbers
(ℓ,N+) on the electronic fragmentation surface. However, on the nuclear fragmentation surface
the electronic angular momentum ℓ is already absorbed into the system and thus the total an-
gular momentum J⃗ = N⃗+ + ℓ⃗ should be used in both frames. The main point of the rotational
frame transformation concept is that there are two incompatible quantum operators with cor-
responding locally good quantum numbers. One is the Hund’s case (b) quantum number Λ that
is appropriate at short electron-ion distances where the outermost electron has relatively high
kinetic energy, and the other is N+, the molecular ion angular momentum quantum number,
appropriate in Hund’s case (d), relevant when the outermost electron is farther away and its
kinetic energy depends on which rovibrational energy level the molecular ion resides in.

3.1. Calculation steps to treat competing ionization and dissociation in the
energy-dependent FT

The 2D model described in the preceding section can be solved in two different ways. One
way, discussed in subsection 2.1, uses the 2D R-matrix method inside the volume r < r0 and
R < R0, treating fully and essentially exactly the coupling between the electronic and nuclear
degrees of freedom, followed by matching to Coulomb functions in the electron coordinate r
and dissociative (Bessel) solutions in the dissociative coordinate R. But the point of the present
section is to implement the energy-dependent frame transformation (EDFT) theory, to assess
its validity, accuracy, and limitations. The EDFT results can then be benchmarked against the
accurate 2D R-matrix results.

3.1.1. Fixed-nuclei quantum defect and transition-dipole functions

The very first step in implementing the EDFT is to solve the fixed-R Schröedinger equations
for the pσ and pπ symmetries, which produces the quantum defect functions µΣ(E , R) and
µΠ(E , R). As is usual in MQDT studies, πµΛ can be regarded as the phaseshift relative to
the “energy-normalized” Coulomb functions fℓ(E , r), gℓ(E , r). This means that for E < 0, the
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finiteness boundary condition at r → ∞ is not yet imposed, although of course it will ultimately
be enforced in the usual “closed-channel elimination step” of MQDT. The body-frame E = 0
energy coincides at each R value with the energy of the 1sσ potential energy curve of H+

2 . In
the present study, these quantum defect functions are tabulated on a grid of E and R and later
interpolated because they will be integrated over R in subsequent steps of the calculation.
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Figure 2. Energy-normalized transition dipole moments between the ground state X1Σ+
g and the three lowest states,

characterized by their quantum number n = 2− 4 in the separated atom limit, for the 1Σ+
u and 1Πu symmetries. For the

1Σ+
u symmetry, the B curve is excluded. The horizontal dotted line displays the constant value of 1.86 a.u. used in the

Ref. [3] for both symmetries.

When electric dipole photoabsorption from the molecular ground state is of interest, dipole
matrix elements are also needed between the unity-normalized ground state and the body-frame
energy-normalized final states. In the present study, the initial state will be the X 1Σ+

g state of
para-H2. The 2D model for the ungerade states does not describe that ground state, of course,
so the dipole elements are adapted from the accurate ab initio calculations by Wolniewicz
and Staszewska [28, 29] . Those electric dipole matrix elements will be denoted dΛ(E , R) and
connect the molecular ground state to the final ungerade states of H2 that have the quantum
defect functions µΛ(E , R).

The ab initio dipole elements [28, 29] computed for n = 2, 3, 4 unity-normalized wave func-
tions were renormalized by the ν3/2 factor, which makes them “energy-normalized” in the
MQDT sense. Their R-dependence is shown in Fig. 2 together with the constant value of 1.86
a.u. used in the study of Jungen and Dill [3]. The energy dependence of the dipole function
is generated here from the three data points by linear interpolation or extrapolation from the
central n = 3 point through the n = 2 and n = 4 points to the lower and higher energies,
respectively.

3.1.2. Energy-dependent laboratory frame reaction matrix calculation

We use an accurate ground state potential energy curve for the 1sσ state of the molecular ion

to compute the vibrational wavefunctions χ
(b)
v+,N+(R) of H+

2 in a finite range of internuclear
distances, 0 < R < R0. The present calculations adopt the value R0 = 12 a.u. and r0 = 8
a.u., noting that r0 should not be confused with the much larger r1 used in Sec. 2.1 for the
numerically exact solution. As was discussed in our related treatment of the EDFT for the
gerade states of H2 in Ref.[18], two different sets of orthonormal vibrational eigensolutions are
needed. The two sets of wavefunctions each obey a vanishing boundary condition at the origin
but different logarithmic derivatives (χ(b)′(R0)/χ

(b)(R0) = −b) at R = R0. The first set has
b → ∞, corresponding to a vanishing wavefunction boundary condition, while the second set
has b = 0, corresponding to vanishing first derivative at R0. Because the present study considers
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only the final state with J = 1, η = 1, ℓ = 1, there are two states χ
(b)
v+N+(R) with N+ = 0 and 2

that are computed for each vibrational state v+ having v+ nodes, with v+ going up to 70 in the
final converged calculations. This corresponds to 0.29 a.u. above the v+ = 0, N+ = 0 ground
state. Convergence tests were carried out for vibrational basis sizes from 50 to 100 functions.
The solutions obey the following differential equation in the ionic potential curve for H+

2 , which
includes the diagonal adiabatic correction[38]:

− 1

2M

d2χ
(b)
v+N+(R)

dR2
+

(
N+(N+ + 1)

2MR2
+ U1sσ(R)− E

(b)
v+N+

)
χ
(b)
v+N+(R) = 0. (15)

One way to understand why more than one value of the surface logarithmic derivative −b are
needed is because the high-v+ wavefunctions need to be able to represent a dissociative radial
wavefunction near the boundary R0. If only ionic vibrational solutions with one value of b were
utilized, these would only be able to describe internuclear dissociating wavefunctions with that
same value of b.

Now, following the logic laid out in Sec.III of Ref.[18], for each b-value on the dissociative
surface, a set of linearly-independent frame-transformed solutions at energy E and angular mo-
mentum J in the region outside the reaction volume are computed by the frame transformation
procedure, which involves a numerical quadrature. In the first step, in the spirit of Refs.[18, 39–
41], we write a wavefunction valid at short distances r ∼ 10 a.u. whose vibrational wavefunction
is a specific ionic eigenstate for logarithmic derivative −b, i.e., transformed now into Hund’s case
(d). The solution for channel i′ ≡ {v+′

, N+′} is equal to:

Ψ
(b)
i′ =∑
Λ

|ℓΛ⟩(J)
(
f(r) cosπµΛ(Ei′ , R)− g(r) sinπµΛ(Ei′ , R)

)
⟨Λ|N+′⟩(ℓηJ)χ(b)

v+′N+′(R).
(16)

The choice of Ei′ implies that the nuclei feel no additional acceleration when the electron is at
the short range. Observe that the energy dependence of the p-wave Coulomb functions has not
been indicated in the preceding equation, because they are nearly energy-independent in the
small-r region, an assumption that is part of the logic of the rovibrational frame transformation
theory. But next comes the crucial realization that as this solution evolves into the outer region
r ≳ 10 a.u., and with the unit operator applied from the left in the form 1̂ =

∑
v+N+ |Φi⟩⟨Φi|,

the following form of the i′-th laboratory frame solution is seen to be:

Ψ
(b)
i′ (E, r,R) =

∑
i

Φ
(b)
i

(
f(ϵi, ℓi, r)C(b)

ii′ (E)− g(ϵi, ℓi, r)S(b)
ii′ (E)

)
, (17)

at r > r0. Here the electronic channel functions are defined by

Φ
(b)
i ≡ |(ℓN+

i )J⟩χ(b)

v+
i ,N+

i

(R), (18)

and the frame-transformed representation of the scattering information is contained in the two
matrices:

S(b)
ii′ (E) =

∑
Λ

⟨N+
i |Λ⟩

(∫ R0

0
χi(R) sinπµΛ(Ei′ , R)χi′(R)dR

)
⟨Λ|N+

i′ ⟩,

C(b)
ii′ (E) =

∑
Λ

⟨N+
i |Λ⟩

(∫ R0

0
χi(R) cosπµΛ(Ei′ , R)χi′(R)dR

)
⟨Λ|N+

i′ ⟩.
(19)

In these integrals, the choice of the body-frame energy Ei′ is crucial; following the logic of Ref.
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[18, 39, 41], Ei′ is chosen at energy E to equal the electronic channel energy in rovibrational
channel i′, i.e. Ei′ = E −Ei′ . If we were to use a different energy dependence used by Jungen et
al. [42] (see Eq. (127) in the reference), the cross section results are inferior, for instance, in the
gerade symmetry the resonance positions were tested and found to deviate by around 0.1-0.2
effective quantum numbers for n < 14. However good results with the arithmetic average method
have been shown to be accurate for the high-angular-momentum states treated by Osterwalder
et al. [9] and also for the p-wave ungerade states of H2 which have weaker energy dependence
than for the gerade symmetry. Also following the logic of Ref. [39, 41] we neglect evaluation of the
energy dependent normalization factor in Eq. 19 as these terms tend to cancel out in the latter
SC−1 calculation (see below). In Eq. (19), for brevity, we simplify the notation for the rotational
frame transformation element introduced in the previous section to ⟨N+

i |Λ⟩ ≡ ⟨N+
i |Λ⟩(ℓηJ).

For photoabsorption processes from the ground state, the EDFT procedure above must
similarly be applied to obtain the reduced dipole matrix element from the ground state in the
initial potential curve, with vibrational state v0 and initial angular momentum (taken here
to be J0 = 0), to the final J = 1 laboratory frame state shown above in Eq. (17), denoted

Ψ
(b)
i′ (E, r,R), (see Eq. (10), Ref.[23]):

d
(b)
i′ ≡ d

(b)
v+′,N+′ =∑

Λ

⟨N+′|Λ⟩(ℓηJ)
(∫ R0

0
χ
(b)
v+′,N+′(R)dΛ(Ev+′N+′ , R)χX

v0,J0
(R)dR

)
⟨Λ|J0⟩(1,J)

√
2J + 1.

(20)

Note that the body-frame dipole matrix elements dΛ(E , R) are the matrix elements from the
ground state to the final energy-normalized body frame states having the asymptotic form
written in the large parentheses of Eq. (16). After these C,S matrices have been formed, the
reaction matrix K can be computed for each b as SC−1. The transition dipole above, viewed as
a row vector, can be similarly transformed into the K-matrix dipole vector by right-multiplying

it by the matrix C−1, i.e. d
(K,b)
i′′ =

∑
i d

(b)
i′ (C−1)i′,i′′ . The reaction matrix K formed at this point

will typically be almost symmetric but possibly not quite, and numerical stability is improved
slightly if this N ×N matrix K(b) is now symmetrized manually, i.e. by averaging K(b) and its
transpose K̃(b): K(b) → 1

2(K
(b) + K̃(b)).

3.1.3. Enforcing exponential decay in strongly-closed ionization channels

For each set b of N independent solutions formed through the above procedure, in the region
R < R0, the normalized vibrational wavefunctions fall into two qualitatively different groups.
In group P are all the low vibrational eigenstates that have negligible amplitude or derivative
on the dissociative surface R0. This is the group of open and weakly-closed channels. Group Q
consists of the set of relatively high v+ that have appreciable amplitude or derivative at R0,
we call these the strongly-closed channels. The number NP of channels in the P subspace is
typically around 8 for each N+ = 0, 2 for J = 1, giving NP ≈ 16 and NQ = N − NP . The
enforcement of exponential decay in the electronic wavefunctions of the Q subspace is carried
out next, through the standard equations of MQDT, which are Eqs. (17)-(23) of Ref. [18]. The
following matrix notation is convenient, in which the electronic radial wavefunctions in each
independent solution i′ at r > r0 are arranged to form one column of the solution matrix M(r).
That is, Ψi′ =

∑
ΦiMii′(r), and the partitioned form of the radial solution matrix looks like

M(r) =

[
MPP = fP − gPKPP MPQ = −gPKPQ

MQP = −gQKQP MQQ = fQ − gQKQQ

]
. (21)

Taking linear combinations of these states, intended in particular to enforce exponential decay
and produce a smaller set of NP solutions for each b, is represented mathematically by right-
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multiplying Eq.(14) by an r-independent matrix given by:(
1PP

A
(b)
QP

)
=

(
1PP

−(K
(b)
QQ + tanβQ)

−1K
(b)
QP

)
(22)

giving for our new solution matrix the following:

F (b)(r) =

(
fP − gPK

(b)
PP −gPK

(b)
PQ

−gQKQP fQ − gQK
(b)
QQ

)(
1PP

A
(b)
QP

)

=

(
fP (r)− gP (r)K(b)

PP

W
(b)
Q (r)Z

(b)
QP

)
. (23)

The first MQDT “pre-elimination” of strongly closed channels, described by Eq. (23), involves
a reduction of the channel space to a reaction matrix KPP involving a smaller set {P} of “open
or weakly-closed channels”. The familiar equation is

K(b)
PP = K

(b)
PP −K

(b)
PQ(K

(b)
QQ + tanβQ)

−1K
(b)
QP , (24)

where tanβQ = tanπ(νQ − l) is a diagonal matrix needed to eliminate the exponentially grow-
ing terms. Because the ionization thresholds i ≡ {v+, N+} in the Q subspace depend on the
boundary condition b imposed on the vibrational channel functions, νQ should be understood
to have a b superscript implied, but for brevity it is not written here explicitly. While this step
eliminates the exponentially growing terms in the Q-channel space, the coefficients of the expo-
nentially decaying “energy normalized” Whittaker functions of r in the Q-channels are needed

for some of the steps below. Here W
(b)
Q (r) is an “energy-normalized” Whittaker Coulomb solu-

tion, normalized as in Eq. (2.45) of Ref.[36]. The amplitude multiplying the Whittaker function
is given by the following algebra:

Z
(b)
QP = sinβQK

(b)
QP + (cosβQ − sinβQK

(b)
QQ)(K

(b)
QQ + tanβQ)

−1K
(b)
QP . (25)

After this step is completed, each of the two sets of NP independent solutions can be written
in the following form, essentially an expanded way of writing out Eq. (23) in detail, for i′ ∈ P :

Ψ
(b)
i′ (E, r,R) =

∑
i∈P

Φi

(
f(ϵi, ℓi, r)δii′ − g(ϵi, ℓi, r)K(b)

ii′ (E)

)
+
∑
i∈Q

Φ
(b)
i W

(b)
i (r)Z

(b)
i,i′ , (26)

noting that Φi are assumed to be independent of the boundary parameter b in the P space .
The same strongly-closed channel elimination procedure must of course be applied to the

transition dipole matrix element row vectors d(b). This step creates two energy-dependent row
vectors, each of length NP by right-multiplying with the transformation matrix in Eq. (22):

D(b)
P = d

(b)
P − d

(b)
Q (KQQ + tanβQ)

−1KQP (27)

It should be kept in mind that at this point there are still weakly closed channels in set P ,
whose exponential divergence at r → ∞ will be eliminated later. But aside from this divergence,
the solutions created up to now will be solutions of the model Schrödinger equation throughout
the region defined by r right outside the interaction range and R < R0. However, to determine
the portions of the full scattering matrix, we must extract the information at the dissociative
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boundary R = R0 in each solution obtained up to now. That information is contained entirely
and exclusively in the second term of Eq. (26), because all of the vibrational wavefunctions in
ΦP have negligible value and derivative at R0.

The remaining full details concerning that extraction of the dissociative portions of the
wavefunctions and reaction matrix, and the combination of the overcomplete set of solutions
into a single unified set of independent solutions characterized by a single MQDT reaction
matrix, are laid out in the Appendix. These steps closely follow the logic of our treatment that
was presented in Ref.[18], where those steps are explained in greater detail.

Once the steps described in the Appendix have been carried out, the calculation has produced
a reaction matrix in the space of open and weakly-closed ionization channels v+, N+ and with
energetically open dissociation channels d. This matrix is relatively smooth because the final
boundary condition in the weakly closed channels has not yet been imposed. That is now
carried out with the small reaction matrix K to obtain the highly energy-dependent final physical
reaction matrix Kphys, for which all exponential growth at r → ∞ will have been eliminated.
This involves right-multiplication by one final “closed-channel elimination” matrix as in Eq. (22).
These remaining steps are now a straightforward implementation of standard MQDT formulas,
as formulated in Sec.II of [36]. In brief, consider a calculation at one specific energy E lying
in the vicinity of the lower few ionization thresholds, and let p denote the set of energetically
open ionization and dissociation channels, while q represents the set of closed channels. For
the energy range considered in the present study, all of the closed channels considered will be
ionization channels, but if higher energies are considered at some point, one can broaden the
scope of this discussion and include weakly closed dissociation channels in the set q. This would
be useful for the case where locally open but asymptotically closed dissociation channels may
be present, such as the HH̄ curve in the gerade symmetry [33].

Kphys = Kpp −Kpq(Kqq + tanβq)
−1Kqp (28)

and

DKphys

= Dp −Dq(Kqq + tanβq)
−1Kqp (29)

Then in order to compute observables such as the dissociative recombination cross section,
photoionization and photodissociation cross sections, it is helpful to carry out one final trans-
formation to obtain the Hermitian conjugate of the physical scattering matrix S† and the corre-
sponding energy eigenstates that asymptotically obey the incoming-wave boundary condition.
That transformation right-multiplies the preceding solution by (1+iKphys)−1, giving the matrix

S†phys =
1− iKphys

1 + iKphys
(30)

and the corresponding physical dipole amplitudes are

DS†phys

= DKphys

(1 + iKphys)−1 (31)

The partial photofragmentation cross section into channel i, regardless of whether it is a pho-
toionization or a photodissociation channel, is now given in atomic units by:

σi =
4π2ωα

3(2J0 + 1)
|DS†phys

i |2, (32)

where α ≈ 1/137.036 is the fine-structure constant, and ω is the photon frequency. Similarly,
the partial inelastic or reactive scattering cross section, e.g. for processes such as dissociative
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recombination, vibrational excitation, associative ionization, etc., starting from incident channel
i′ and ending in a different channel i, is equal to:

σi,i′ =
π

2ϵi′(2N+′ + 1)

∑
J

(2J + 1)|Sphys
ii′ |2. (33)

This formula considers only the contribution of a single partial wave ℓ, J , consistent with the
model treated throught the present study, but the other ℓ, J channels can be incorporated when
appropriate.

4. Results

Fig. 3 show some of our main results from this study of the final J = 1, odd-parity state of
para-H2, for final states 1Σ+

u and 1Πu, respectively. On the figures a rich resonance pattern is
observed across the energy range from 0 to 0.3 eV above the lowest ionization threshold, and
for each resonance different lineshapes occur for the three different observables displayed: total
photoionization (PI) of the H2 rovibrational ground state, total photodissociation (PD), and
dissociative recombination (DR) of electrons incident on the v+ = 0, N+ = 0 ionic ground state.
First of all, dissociative recombination has the smallest cross section over most of this energy
range, and dissociation into the B′ 1Σ+

u state of H2 (upper figure) dominates over the partial
cross section into the C 1Π+

u state by around 3 orders of magnitude. A second major takeaway is
that our approximate EDFT treatment of the DR process is in quite good agreement with our
essentially exact 2D R-matrix calculation, throughout this energy range; the main differences
become apparent predominantly in regions where the cross section is especially small, i.e. ≲ 10−6

a.u.
At first glance, when viewed on a logarithmic scale as in Fig. 3, the resonances in pho-

toionization show strong correlation with the DR resonances; the DR resonances in this system
are seen to be usually better correlated with photoionization than with the photodissociation
resonances. An example of this is the region from 0.03 eV to 0.15 eV, where this symmetry
shows 7 strong photoionization resonances, each with a clear signature in the DR spectrum
as well. In this energy range, no photodissociation resonances are even visible in Fig. 3. This
poorer correspondence between DR resonances and photodissociation resonances, in comparison
with photoionization resonances, was initially a surprise, since photoionization only requires an
electron to be excited, while all dissociative processes require a transmission of that energy to
the nuclear motion. On the other hand, note that the expected stronger correlation between
DR and photodissociation is in fact observed in the regions of complex resonances, where a
low n, high v+ perturbing level is immersed in a high n, low v+ Rydberg series, as in the
regions around 0.01 eV, 0.16-0.20 eV, and 0.24 eV. These are in fact the only regions below
0.3 eV where the total DR cross section exceeds 1 a.u., and in each of those regions a strong
correlation with strong photodissociation resonances is apparent. The dominant role of complex
resonances as a leading conduit for DR in molecules dominated by the indirect DR mechanism
was stressed in a previous study of LiH+ dissociative recombination in Refs.[43, 44] The reason
for this dominance of complex resonances for DR is physically intuitive: the low v+ parts of the
wavefunctions are relatively easily excited by a photon or an electron collision, and their strong
coupling to a perturbing level in a high vibrational state, which is the characteristic feature of
a complex resonance, efficiently transmits that excitation to the nuclear motion.

The energy range expanded in Fig. 4, close to the v+ = 0, N+ = 0 ionization threshold, has
been a remarkable and iconic energy range, since the experimental photoabsorption measure-
ments of Herzberg, of photoionization by Dehmer and Chupka[45], and reproduced accurately
in theory for the first time and apparently the only time until now by Jungen and Dill[3]. See
especially Figs. 3, 5, and 6 of their 1980 masterpiece. The depiction of this double complex
resonance in Fig. 4 shows a number of interesting features associated with the two lower-n, per-
turbers (7pπ, v = 1 and 5pπ, v = 2) that occur between 803.1 and 803.3 Å. One sees again the
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Figure 3. Cross section comparison between DR 1Πu output channel (light-blue curve), DR 1Σ+
u output channel (purple

curve), photoionization (black curve) and photodissociation (green curve). The 2D R matrix benchmark for DR is present
as the background thick grey curve. The scattering energy is with respect to the ionic ground state v+ = 0, N+ = 0 and

rovibrational excitation thresholds are shown with vertical dashed blue lines.

key role of the complex resonances as the dominant regions where dissociative recombination
is strong, one of which is centered near 803.27 Å in good agreement with the tallest experi-
mental peak and the other of which lies at 803.14 Å threshold and sits at a higher energy than
the experimental peak. The photoionization spectrum shows two main peaks near 803.1 Å and
803.26 Å, which appears to be two complex resonances interfering with each other, and with
the many rotationally-autoionizing Rydberg levels that are converging to the v+ = 0, N+ = 2
first excited ionization threshold. Both complex resonances show parallel enhancements in the
DR cross section in that energy range, though the one at lower energy is far stronger. Their
interplay with the rotationally-autoionizing states produces a stegosaurus-like structure in the
DR spectrum around 803.5 Å. That strongest and narrowest resonance also leads to resonant
enhancement of the total PD spectrum, and two broad PD resonances are also seen that peak
below the lowest ionization threshold. We find it encouraging that our crude model with rms
errors of order 0.01 in the body frame quantum defect functions is able, when combined with the
EDFT method, to reproduce quite well the major features in the experimental photoionization
spectrum, and predict new features in DR and PD that have apparently not previously been
computed nor measured experimentally.

One curious aspect of the experimental photoionization spectrum is that ionization is ob-
served even below the ionization threshold. Dehmer and Chupka in Ref.[45] speculate that the
very high Rydberg states just below the ionization threshold might get ionized by stray electric
fields present in their apparatus. But our calculations do predict two very strong PD resonances
and this is an energy range where predissociated photoabsorption resonances were observed by
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Figure 4. Cross section cube root comparison close to ground-vibrational-state threshold (which is at approximately
803.746 Å). The cross sections shown are total DR (purple curve), photoionization (black curve), photodissociation (green

curve) and experimental photoionization data of Dehmer and Chupka (red data points). As Ref.[45] points out, their

photoionization spectrum observes signal even at energies slightly below the lowest ionization threshold, and they attribute
this to the likely presence of weak electric fields. The dashed curve in the PI middle panel of the figure shows our mock

photoionization cross section obtained by artificially opening that lowest ionization channel, which simulates the signal

expected if very high photon-excited Rydberg states are field ionized in the experiment. In the DR spectrum, an infinite
spike marks the lowest ionization threshold, an expected divergence because of the 1/k2 factor in the DR cross section

formula. The two broad PD resonances below threshold were previously observed by Ref.[15], and their classifications are

discussed in the text. The first rotational excitation threshold is shown with a vertical dashed blue line.

Herzberg and Jungen in Ref.[15], classified as 3pπ, v = 6 at 803.872 Å or 124398 cm−1, and
4pσ, v = 4 at 804.128 Å or 124358 cm−1. Our two computed strong and broad below-threshold
PD peaks in Fig.4 appear to correspond to those two resonances, and our positions are shifted
from the Ref.[15] photographic plate positions by 2 cm−1 and -6 cm−1, respectively. The posi-
tion of the computed PD resonance at ∼804.17 Å lines up approximately with the lower energy
below-threshold “photoionization” resonance in the Ref.[45] experimental spectrum plotted in
Fig.4. The dense, high-n members of the Rydberg series converging to the first excited threshold
v+ = 0, N+ = 2 are not visible at all in the PD spectrum.

A particularly sensitive test of one highly predissociated photoabsorption resonance is shown
in Fig. 5. Here our EDFT calculation based on the body-frame quantum defects from our present
simplified model is seen to predict the position of the resonance with an error of the order of
1 cm−1. This energy range was studied in the 2016 study by Sommavilla et al. [14] and in the
experiment this region was shown to consist of an R(0) resonance that strongly overlaps an R(1)
resonance. Because our calculation is only for the final J = 1 state reached from the para-H2

ground state, we compare only with the R(0) spectrum in this region, for both the PI and PD
observables, determined in the highly accurate calculations carried out by the theorists in that
study.
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curves. The cross sections are all showed on a cube root scale in order to assess the differences and similarities more clearly.

The experimental spectrum from Ref.[14] in this region is not shown here because it is mixed with an obscuring R(1)

transition at nearly the same energy. While the R(0) resonance position from our model EDFT calculation is within 1
cm−1 of the Ref.[14] computed position, the resonance width and branching ratio disagree strongly with that 2016 study,

presumably indicating a limitation of our model.

It is apparent that our model produces a resonance for this state, classified as 3pπ, v = 7,
which is significantly narrower than the accurate MQDT calculation of Ref.[14]. Moreover, our
calculation predicts nearly equal PD and PI cross sections at the resonance maximum, whereas
the MQDT calculation of their published article for the R(0) symmetry shows strong dominance
of the photodissociation channel. This is one of the regions showing the largest discrepancy of
our results from previous experiment or accurate theory, over this entire energy range up to
∼ 1 eV above the ionization threshold. It suggests that for some unusually sensitive regions
in the spectrum, the errors of order ∆µΣ ∼ 0.01 in the quantum defect functions predicted
by our model are too large to correctly describe this resonance decay properties, which might
signal strong interference between competing channels. We suspect that this could be remedied
by improving our 2D model Hamiltonian and ensuring that the known, highly accurate Born-
Oppenheimer potential curves are reproduced with higher precision, but this hypothesis has
not yet been tested. This higher precision could be sought either by simply adding more terms
to the V Λ(R, r) interaction potentials or by including more channels attached to excited H+

2
potential curves as in Ref. [18] for the gerade symmetry.

We further explored the energy window surrounding the 3pπ, v = 7 state in which 10 more
R(0) photoionization transitions were reported by Sommavilla et al. [14]. These transitions
are compared with positions of closed-channel resonances in the presently computed DR cross
sections. The comparison in Tab. 2 shows a good agreement for the high n (low v+) states
indicating that our near-zero-energy quantum defects are reasonably accurate. However, their
negative-energy dependence leads to larger discrepancies for low n (high v+) states. We also
used the calculated resonance positions as a test of the accuracy of the energy-dependent frame
transformation, and find that they agree with the 2D R-matrix positions at the level of 0.1
cm−1.

A final example spectrum is shown in Fig. 6. Here there is again an impressive data set from a
half-century ago, published by Dehmer and Chupka[45], and also a fine, early MQDT calculation
based on energy-independent quantum defect functions, that was carried out by Jungen and
Raoult[5]. Their MQDT calculation is not shown here, but the reader is encouraged to take
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Table 2. Comparison between the R(0) photoionization transition wavenumbers ν taken from Sommavilla et al. [14]
and positions of presently calculated closed-channel resonances in the DR cross sections using our model Hamiltonian.

Differences listed in the last column are only displayed to 0.1 cm−1 precision. As part of our benchmarking, our resonance

positions are computed with both the essentially exact 2D R-matrix solution of our model (final column) and with the
EDFT approximation. While the latter are not shown, we find that the EDFT resonance positions agree with the R-matrix

calculated positions to within 0.1 cm−1.
∗For the two unobserved transitions (n.o.), the calculated values [14] are listed in the experimental column.

Sommavilla et al. [14]
Assignment Exp. Calc.−Exp. present−Exp.∗[14]
10p2, v = 1 125638.50 0.06 -0.4
11p0, v = 1 710.42 0.06 -0.3
5pσ, v = 3 730.04 0.18 11.6
6pπ, v = 2 781.31 n.o. 6.0
12p0, v = 1 823.46 0.03 0.0
11p1, v = 1 865.78 -0.06 0.0
3pπ, v = 7 876.28 -0.27 -0.9
4pσ, v = 5 889.70 -1.1 -0.4
13p0, v = 1 953.91 0.09 0.0
4pπ, v = 4 970.23 0.14 1.0
12p2, v = 1 996.52 n.o. -0.1

a look at Fig. 4 of Ref.[5], where they have very accurately reproduced the photoionization
spectrum in the energy range of Fig. 6, including the complex resonance near 755 Å and other
more subtle features in the experimental spectrum as well. This figure demonstrates that our
EDFT calculation based on the quantum defect functions from our model Hamiltonian also
accurately describes the PI spectrum.

In addition to the PI spectrum, our calculation predicts the photodissociation spectrum, with
resonant PD enhancements at the complex resonance and also at a large resonance near 753.05
Å that is almost invisible in the PI spectrum. If one looks very closely at the PI spectrum there,
a tiny inflection is in fact barely visible in our computed PI spectrum at that energy. While the
photoionization is too weak to show up in the PI spectrum computed in Ref.[5], that resonance
has been observed in photoabsorption by Glass-Maujean and Schmoranzer[16] at a photon
wavenumber of 132792.1 cm−1 relative to the ground state with a decay width quoted at 3 cm−1.
The position of that strong photodissociation resonance, classified in Ref.[16] as 3pπ, v = 14, is
computed to lie 1.2 cm−1 higher in both our EDFT and 2D R-matrix calculations. In the DR
spectrum, recombination is predicted to be enhanced at the complex resonance centered at 755
Å, and also at another complex resonance centered at 754.5 Å that has only a tiny signature in
the PI spectrum. Note that the experimental resonance at 753.5 Å was assigned in Ref.[5] to a
different initial state J ′′ = 1, and so it is not present in our computed spectrum.

5. Conclusions

The present study has shown that the energy-dependent frame transformation theory, combined
with a Jungen-Ross-style treatment of dissociation along the lines of our reformulation presented
in Ref.[18], is capable of describing the complicated multichannel rovibrational interactions in
molecular hydrogen. While the DR results shown in Fig.3 have been computed using both
the 2D R-matrix method and the EDFT treatment, the PI and PD cross sections have only
been computed using the EDFT approach. The EDFT has been benchmarked carefully against
an essentially exact solution for our model Hamiltonian, showing that the two methods agree
quantitatively, except for minor differences in regions where the DR cross sections are extremely
small. The model itself, when implemented with the approximate EDFT approach, describes
most of the spectrum in terms of resonance positions and strengths to the level of 1 cm−1, with

17



10−8
10−6
10−4
10−2
100
102

 752.5  753  753.5  754  754.5  755

C
ro

ss
 s

ec
tio

n 
(a

.u
.)

Wavelength (Å)

EDFT, total DR
EDFT, photodissociation

 0.5

 1

 1.5

 2

 2.5

1.05 1.03 1.01 0.99

v
+ = 4 

v
+ = 4 N

+ = 0 
N

+ = 2 
[C

ro
ss

 s
ec

tio
n]

1/
3

Electron scattering energy (eV)

EDFT, photoionization
Dehmer and Chupka

Figure 6. Cross section comparison of total DR (purple curve), photodissociation (green curve), photoionization (black
curve) and experimental data (red points). Rovibrational excitation thresholds are shown with vertical dashed blue lines.

The PD and PI cross sections are displayed on a cube root scale. Note that we have followed the recommendation of

Ref.[5], which carried out the first successful calculation of this photoionization spectrum, and have similarly shifted the
experimental data in this energy range by -0.068 Å, which Jungen and Raoult attribute to a stepping motor slippage error

that occurred during the data acquisition of Ref.[45].

only rare exceptions. The present study also adds further confirmation to the finding in Ref.[43]
that complex Rydberg resonances provide an especially efficient DR mechanism, at least for
systems where the indirect DR process dominates.

Quite apart from the primary focus of this article, which has been to test this theoretical
framework quantitatively for multiple observables in the near-threshold energy range of H2, the
study also shows the power of analyzing collisional observables in a spectral region dominated
by resonances, with an eye aiming towards the extreme precision that is routinely achieved
in photon absorption experiments. Tremendous progress has been made in recent decades in
such spectroscopic observations, e.g. by Merkt, Ubachs, Beyer, Glass-Maujean, as well as other
groups, and it is our hope that this powerful progress can also be harnessed to better understand
electron collision experiments going forward.
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[40] R. Čuŕık, D. Hvizdoš, and C. H. Greene. Dissociative Recombination of Cold HeH+ Ions. Physical
Review Letters, 124:043401, 2020.
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Appendix A. Construction of the dissociative parts of the wavefunctions

As was stressed by Fano in Ref.[1], Hund’s case (d) is relevant when an electron moves far away
from the ion and the ionic angular momentum N+ becomes an appropriate channel quanum
number. When the molecule begins to dissociate at an energy within 1 eV of the ionic ground
state energy, however, the outermost electron is tightly bound to a nucleus and Hund’s case (b)
becomes more appropriate in the dissociative region R ≥ R0 of the position space. Accordingly,
we start by transforming the second term of Eq. (26) from Hund’s case (d) to Hund’s case (b)
where Λ is a good quantum number in addition to the principal quantum number n.∑

i∈Q
Φ
(b)
i W

(b)
i (r)Z

(b)
i,i′

=
∑

{v+N+}∈Q

|(ℓN+)J⟩χ(b)
v+N+(R)W

(b)
v+N+(r)Z

(b)
v+N+,i′ (A1)

≈
∑
nΛ

|ℓΛJ⟩ϕBO
nΛ (r;R)P

(b)
nΛ,i′(R), for R ∼ R0. (A2)

Our assumption, analogous to that made in Refs.[18, 19], is that the i′ − th independent so-
lution in Eq. (A1) should be approximately equal at R = R0 to a combination of electronic
Born-Oppenheimer solutions ϕBO

nΛ at R0, to within a normalization factor. In the energy range
considered here, for our greatly simplified model of the ungerade states of H2, two

1Σu dis-
sociating potential curves are energetically open in this energy range, namely the n = 1 and
n = 2 dissociation channels, but only one 1Πu channel is open, which dissociates to H(n = 2).
In the real-world H2 molecule, of course, there is no singlet ungerade state that dissociates to
the n = 1 threshold. The lowest state of that symmetry is in fact the B-state, which in reality
dissociates to n = 2. We view our lowest ungerade state loosely as a very poor representation of
that B-state of H2, and consequently any results obtained that significantly involve that lowest
ungerade state in our model should not be taken seriously. For the physics near the ionization
threshold that interests us, this unphysical representation of the actual molecular B-state should
not matter.

Now the idea is to take seriously the equality between Eqs. (A2) and (A1), and also the

equality of the radial R derivatives of those two equations. Then the key quantities P
(b)
nΛ,i′(R)

can be determined for the three ungerade dissociation channels relevant in this targeted en-
ergy range, e.g. by projecting Eq. (A1) onto the orthonormal Born-Oppenheimer eigenfunction
|nℓΛJ⟩ΦBO

nΛ (r;R), or by least-squares fitting of the r-dependence in Eq. (A2) to the expected
linear combination of normalized Whittaker solutions with the Born-Oppenheimer bound state
effective quantum numbers at the matching radius R0, νnΛ(R0).

After that analysis just described has been carried out, the quantities extracted from this first

step of elimination of strongly-closed ionization channels will be P
(b)
nΛ,i′(R0) and its R-derivative,

P
(b)′

nΛ,i′(R) for each of the remaining NP independent solutions i′. Then, after those quantities
have been obtained, they can be matched to a linear combination of two energy-normalized
solutions in the open dissociation channels. This matching involves the following equation and
its R-derivative:

P
(b)
di′ (E,R0) = F̄Ed

(R0)I
(b)
di′ − ḠEd

(R0)J
(b)
di′ , (A3)
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The next step is to solve for the constant matrices that will characterize the i′-th independent
solution for boundary parameter b at distances R ≥ R0, using:

I
(b)
di′ =

W[P
(b)
di′ , ḠEd

]

W[F̄Ed
, ḠEd

]
,

J
(b)
di′ =

W[P
(b)
di′ , F̄Ed

]

W[F̄Ed
, ḠEd

]
,

(A4)

where W[·, ·] is a Wronskian in the R-coordinate evaluated at R0. Once the coefficients of those
linear combinations are known, we have in effect added three extra rows to our solution matrix
(two Σ dissociation channels and one Π dissociation channel), enlarging the solution matrix for
each b to the dimension (NP + 3)×NP . Each b now has its corresponding set of i′ = 1 to NP

solutions, with the following channel structure outside the reaction volume:

Ψ
(b)
i′ =

∑
i∈P

Φi

(
fi(r)δii′ − gi(r)K(b)

ii′

)
, r > r1 and R < R0

+
∑
d

|ϕBO
d (r;R0)⟩

(
F̄Ed

(R)I
(b)
di′ − ḠEd

(R)J
(b)
di′

)
, R > R0. (A5)

Note that we are treating an energy range thus far where dissociative ionization is not possible,
so only r or R can reach infinity in any channel. Eq. (A5) has omitted the rapidly decaying

Q-space Whittaker functions and their coefficients Z
(b)
QP because they will not play a role in the

remaining algebraic steps.

A.1. Combining the overcomplete set of solutions: the final dissociative columns
of the reaction matrix

Note that the low v+ vibrational basis functions in the first sum of Eq. (A5) have no b super-
script, because they are approximately identical in set P which are functions negligible at and
near the dissociative boundary R0.

At this point we have constructed 2NP solutions of the Schrödinger equation by collecting
solutions with both boundary conditions b at R0. They are characterized in the outer regions
r > r0 and R > R0 by constant matrices right-multiplying regular and irregular outer region
solutions, each column of which describes one such solution. The diagonal matrix of regular solu-
tions whose elements are fi(r) or F̄Ed

(R) is collectively denoted F , while the arranged diagonal
elements of irregular solutions gi(r) or ḠEd

(R) are denoted G. The matrix right-multiplying F
is the (NP +ND)× 2NP matrix I and the matrix right-multiplying G is the (NP +ND)× 2NP

matrix J , giving a compact representation of our 2NP solutions obtained to this point:

Ψ = FI − GJ, (A6)

where the I = {I(∞), I(0)} and J = {J (∞), J (0)}, and the first NP rows of I(b) are simply the

identity matrix δPP with the final ND = 3 rows equal to I
(b)
dP . Similarly the first NP rows of J (b)

are simply the matrix K(b)
PP , with the final ND rows equal to J

(b)
dP . It is convenient at this point to

combine the set of open and weakly-closed ionization channels P with the ND dissociation chan-
nels d, giving NP +ND channels represented collectively by the set P. In fact this combination of
the two sets of solutions is overcomplete, because we are constructing ultimately a square solu-
tion matrix, creating in the process a square (NP+ND)×(NP+ND) = NP×NP reaction matrix
KPP which is our main goal. This is accomplished by taking maximally linearly-independent
combinations of this combined set of 2NP solutions (i.e., represented by 2NP columns of the
above solution matrix in Eq. (A6), using the Moore-Penrose inverse (or pseudo-inverse) of the
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enlarged matrix J . This starts by carrying out a singular value decomposition of the matrix J ,
i.e. writing it as

J = U Σ Ṽ, (A7)

where U is an (NP +ND)× (NP +ND) square unitary matrix (here real and orthogonal), V is a
(2NP )×(2NP ) square unitary matrix (also real and orthogonal) and Σ is an (NP +ND)×(2NP )
rectangular diagonal matrix, also real. The next step is to right-multiply the overcomplete
solution matrix of Eq. (A6) by VΣ−1, and assuming that the number of nonzero singular values
equals the expectedNP+ND, the resulting big intermediate reaction matrix with both ionization
and dissociation channels, of dimension NP +ND, has its inverse given by:

K−1 = IVΣ−1Ũ , (A8)

and then K is found by inversion of K−1. This corresponds to the following operation that
right-multiplies the solutions represented by Eq. (A6) by the matrix VΣ−1ŨK. And of course
that same set of transformations applied to the solution matrices must also be applied to the
vectors D(b) of electric dipole moment transition elements, i.e.

D = DcombinedVΣ−1ŨK, (A9)

where

Dcombined =
(

D(∞)
P , D(0)

P

)
, (A10)

and this D from Eq. (A9) is then fed into Eq. (29).
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