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The low-energy properties of transition metal oxides (TMOs) are governed by the electrons occu-
pying strongly correlated d-orbitals that are hybridized with surrounding ligand oxygen p orbitals
to varying degrees. Their physics is thus established by a complex interplay between the transition-
metal (TM)-ligand hopping t, charge transfer energy ∆CT, and on-site TM Hubbard repulsion U .
Here, we study the spectral properties of a one-dimensional (1D) analog of such a pd system, with
alternating TM d and ligand anion p orbitals situated along a chain. Using the density matrix
renormalization group method, we study the model’s single-particle spectral function, x-ray absorp-
tion spectrum, and dynamical spin structure factor as a function of ∆CT and U . In particular, we
present results spanning from the Mott insulating (∆CT > U) to negative charge transfer regime
∆CT < 0 to better understand the ground and momentum-resolved excited state properties of these
different regimes. Our results can guide new studies on TMOs that seek to situate them within the
Mott-Hubbard/charge transfer insulator classification scheme.

I. INTRODUCTION

Transition metal oxides (TMOs) are a broad class of
quantum materials that have long held the attention of
materials scientists and condensed matter physicists [1–
5]. These materials host transition metal cations sur-
rounded by oxygen anions and exhibit a rich set of elec-
tronic, magnetic, optical, and structural properties that
can be tuned through subtle changes in different tuning
parameters (e.g., strain, composition, temperature, pres-
sure, etc.). As such, they have the potential to advance
many technologies in energy storage, sensing, catalysis,
spintronics, and beyond [6–10].

The low-energy electronic structure of TMOs and, con-
sequently, their functional properties are determined by
their partially filled transition metal (TM) 3d orbitals,
which are often hybridized to the 2p orbitals of the sur-
rounding oxygen ligands. A unifying organizational prin-
ciple behind these materials is the Zaanen-Sawatzky-
Allen (ZSA) scheme [5], which classifies each material
based on the relative values of the charge-transfer (CT)
energy ∆CT and interatomic TM Hubbard repulsion U .
Defined in the atomic limit, U characterizes the energy
associated with dni d

n
i+1 → dn−1

i dn+1
i+1 charge excitations

between the TM cations, where dni denotes the valance
state of the cation at site i. Conversely, ∆CT is the en-
ergy associated with transferring a hole from the TM
site to the surrounding ligand orbitals, i.e., dni → dn+1

i L,
where L denotes a ligand hole. If U > ∆CT, charge trans-
fer to the ligand sites is the primary barrier to transport,
and the system is a charge-transfer insulator (CTI). Con-
versely, if U < ∆CT, Hubbard-like excitations between
the TM sites limit transport, and the system is a Mott-
Hubbard insulator. If U ≈ ∆CT, then the system is
said to be of a mixed character. There also exists so-
called negative charge-transfer insulators (NCTIs), where
∆CT < 0 such that holes self-dope onto the ligand or-
bitals [11, 12]. Correlated materials with cations in high
oxidation states often fall into this latter category [12–

16].

Properly classifying a material has important impli-
cations for understanding its functional properties. For
example, the quasi-1D and 2D cuprates are CTIs, which
helps account for their large superexchange interactions
and robust antiferromagnetism [17–21]. Similarly, the
recent discovery of superconductivity in the low-valence
nickelates [22–25] launched a significant effort [26–38]
aimed at classifying these materials. Understanding the
fundamental differences between nickel and copper oxides
can illuminate the basic ingredients for high-Tc supercon-
ductivity. Similarly, several classes of NCTIs have been
identified with strong coupling to TM-O bond-stretching
phonon modes [39–42] that arises directly from the strong
hybridization between the ligand and TM states. This
interaction has been proposed as the mechanism behind
charge ordered phases [39, 40, 42], bipolaronic trans-
port [43, 44], and high-Tc superconductivity [45–47].

Given the diverse physics realized by variations in ∆CT

and U , it is important to develop spectroscopic methods
for determining which regime a material occupies. Signif-
icant progress has been made in understanding the fun-
damental properties of TMOs through the use of small
cluster exact diagonalization calculations in the context
of core-level spectroscopies [11–14, 21, 28, 48–55]. These
include calculations incorporating all five d orbitals and
effective three-band models (one dx2−y2 and two p bands)
using exact diagonalization (ED) [56–58]. However, scal-
ing these many-body calculations to extended clusters
needed for calculating other dynamical properties has
been challenging. For example, sophisticated numeri-
cal approaches such as the density matrix renormaliza-
tion group (DMRG) have only recently been applied to
studying the excitation spectra of corner-shared CuO3

chains [59, 60] and ladders [61]. The fermion sign prob-
lem limits quantum Monte Carlo calculations [62–65],
while cluster sizes can limit quantum embedding tech-
niques [66–68].

The complexity of the underlying problem is such that
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FIG. 1. (a) Cartoon of the Cu-O chain studied in this work,
described by a two-band Emery Hamiltonian, see Eqs. (1)-
(3). In our calculation, we use a similar geometry, with L
unit cells and an extra oxygen, as shown here for L = 3.
(b), (c) Illustration of the density of states for the atomic
picture ignoring hybridization effects between the bands (see
text), with p and d states separated by an energy splitting
∆. Shading represents different occupied states. Panels in
(b) show the effect of introducing a Coulomb repulsion U on
the d orbitals for positive ∆. This regime corresponds to a
Mott-Hubbard insulator. The effects of decreasing ∆ are de-
picted in (c). Finally, panel (d) shows both hybridization and
many-body effects, and illustrates the crossover from nega-
tive charge transfer insulator to Mott-Hubbard insulator as
∆ varies from negative to positive, shifting the relative center
of mass of the bands.

one needs to resort to effective low-energy theories with
fewer degrees of freedom. While the single band Hubbard
or t-J models may contain the fundamental ingredients to
explain high-Tc superconductivity [2, 69–73], these map-
pings rely on two main assumptions: (i) that the the fun-
damental physics takes place in CuO2 (or NiO2) planes,
and (ii) the Zhang-Rice singlet (ZRS) construction holds
for describing the charge carriers in doped CTIs [74–81].
However, the validity of the ZRS picture is subject to
the relative position of the d and p orbitals and remains
controversial in systems with large CT energies [28, 82–
86]. Moreover, the mapping onto an effective single band
Hamiltonian assumes that higher-energy charge trans-
fer states can be ignored, which is not all obvious when
∆CT is small or negative. Optical conductivity experi-
ments [87] in Zn-LSCO, for example, reveal a mixture of
states with singlet and triplet characters that can only
be explained using a multi-band model.

Motivated by these considerations, here we present
a systematic study of the excitation spectra of simpli-

fied multi-orbital charge-transfer chains using the DMRG
method. By focusing on a one-dimensional (1D) geome-
try, we can calculate the model’s excitation spectra with
high momentum resolution and explore a wide regime of
parameters. Albeit 1D, our model contains the basic in-
gredients needed to study the crossover between different
regimes of the ZSA classification scheme, with carriers
that can be defined in terms analogous to the ZRS in
higher dimensions [88]. By focusing on a 1D model we
can also make direct connections with a large body of ex-
isting literature. For example, undoped 1D cuprates such
as Sr2CuO3 and SrCuO2 have been widely studied using
a variety of experimental probes [32, 89–102] while angle-
resolved photoemission spectroscopy (ARPES) [103] and
resonant inelastic x-ray scattering (RIXS) [104] exper-
iments have recently been carried out on the related
doped compound Ba2−xSrxCuO3+δ. This family of ma-
terials has been analyzed using both multi-orbital models
and effective single-band Hamiltonians [59, 103–109]. For
simplicity, here we focus on a two-band model alternating
TM and O orbitals along the chain. Despite its apparent
simplicity, this model exhibits rich physics as a function
of the band splitting, hopping, and interaction strengths.
The manuscript is organized as follows: Section II

introduces our model and outlines the details of our
DMRG calculations. Section III then presents re-
sults, including predictions of the single-particle spec-
tral function (Sec. III B), x-ray absorption spectroscopy
(XAS) (Sec. III C), and dynamical spin structure factor
(Sec. IIID). In each case, we are particularly interested
in tracking the evolution of various spectral features as
a function of the Hubbard interaction U and CT energy
∆CT. Finally, Sec. IV discusses our results and summa-
rizes our findings.

II. MODEL AND METHODS

A. Model: the one-dimensional pd-chain

We consider a two-band model with alternating
3dx2−y2 and 2p orbitals along a 1D chain [88, 110], as
shown in Fig. 1a. The unit cell contains one p and one d
orbital, while the index i indicates the position of the d
orbital along the chain. The model’s Hamiltonian, writ-
ten in electron language, is

H = H0 +HU . (1)

Here,

H0 = −t
∑
i,σ,δ

Pδ

(
d†i,σpi+δ,σ +H.c.

)
+

∆

2

∑
i,σ,δ

(nd
i − np

i ),

(2)
includes the noninteracting terms and

HU = U
∑
i

nd
i,↑n

d
i,↓ (3)
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FIG. 2. The electron addition and removal spectrum of a
three site p-d-p cluster, as shown in the dashed box of Fig. 1.
The energies were obtained by exact diagonalization with U =
8t. The full (dashed) lines correspond to the single-particle
removal (addition) states. Vertical dash lines correspond to
∆ = −8 (∆CT = 0) and ∆ = 0 (∆CT = U), which correspond
to the approximate positions of the crossovers between the
different regimes. The labels above each region indicate the
dominant character of the one-hole ground state.

is the on-site Hubbard interaction for the d orbitals. In
these expressions, the fermionic operators d†i,σ (di,σ) and

p†i,σ (pi,σ) create (annihilate) a spin σ (=↑, ↓) electron on
the 3dx2−y2 and 2p orbitals in unit cell i, respectively,

np/d is the corresponding number operator, i+ δ = i± 1
indicates the p orbitals situated on either side of the d
orbitals, and Pδ=± = ∓1 is a phase factor for the pd hop-
ping.1 The on-site Coulomb interaction for the d orbitals
is U and the nearest-neighbor pd hopping t = 1 sets our
unit of energy.

Throughout this work, we follow the ZSA [5] scheme
for describing the system, which starts from the atomic
limit (t = 0).2 Using our definition of the Hamiltonian,
the d levels will split into states centered at ∆/2 and
∆/2 + U , while the p levels are centered at −∆/2. The
CT energy ∆CT is equal to the energy difference between
the d2L1 and d1L0 configurations in the atomic limit and
thus given by ∆CT = ϵd − ϵp + U = ∆ + U . Once
we reintroduce the electron hopping, these states form
bands and acquire a finite bandwidth W , as sketched

1 The sign in the hopping can be removed with a simple gauge
transformation [88]. However, we keep it in place to avoid arti-
ficial phases in the momentum-resolved correlation functions.

2 To reconcile our model with ZSA’s, notice that they set ϵd = 0
and ϵp = ∆ so there is a downward shift of the energy levels by
−∆/2 in our case.

in Figs. 1(b)-(f). Finally, which we fix to U = 8t un-
less stated otherwise and vary ∆ to control the charge
transfer energy. For reference, typical values for these
parameters in cuprate materials are t ≈ 250− 500 meV,
U ≈ 8 − 12 eV, and ∆ ≈ 2 − 4 eV depending on the
material [59, 66, 89, 111–115].
Even though the ZSA picture provides some intuition

for the electronic structure, it misses a few important
aspects about the effects of the lattice and the hybridiza-
tion between orbitals. To see this, one can instead start
from the noninteracting limit, where the orbitals form
bonding (-) and antibonding (+) bands with dispersion

ϵ±(k) = ±
√
4t2 sin2 (ka/2) + ∆2/4, (4)

where a is the lattice constant.3 For large ∆ > t, the anti-
bonding band has mostly d character and, in the presence
of interactions, it will split into a lower Hubbard band
(LHB) and an upper Hubbard band (UHB) [116]. The
system is classified as a Mott-Hubbard insulator when the
chemical potential lies between the two Hubbard bands.
When ∆ ⪅ t, the system is in a regime of strong hy-
bridization, and for negative ∆, but small compared to
U , the system becomes a CTI. Finally, for large nega-
tive ∆, the system enters a NCTI regime [11] in which
the antibonding band has mostly p character, and the
system can become metallic (or “self-doped”) by mixing
with the UHB.

B. Methods

We calculate the model’s spectral functions using the
time-dependent density-matrix renormalization group
(tDRMG) [117–120]. Specifically, we compute the sin-
gle particle two-time correlator

Gd/p(x, t) = i⟨O†
σ(i, t)Oσ(L/2, 0)⟩, (5)

where the operator O†
σ(i, t) = d†i,σ(t) or p†i,σ(t) defines

the character of the excitation. This quantity is Fourier
transformed to frequency and momentum, yielding the
spectral function Ad/p(k, ω) = −ImGp/d(k, ω)/π. Simi-
lar expressions are used to compute the dynamical spin
structure factor Sz(k, ω), where the spin operator O =
Sz
p/d is used instead. We can also calculate the XAS spec-

tra using a similar approach but with a modified Hamil-
tonian that accounts for the core hole’s interaction with
the valence electrons (see Sec. III C) [121].

3 Analogs to these bands also appear in the 4-band model studied
in Ref. 59 for corner-shared Cu-O chains, which also contains
a nonbonding and a flat band that does not contribute to the
physics of the system. Therefore, despite the apparent simplicity
of our Hamiltonian, we expect it to realize many features relevant
to real materials.
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FIG. 3. Photoemission (electron removal –PES) and inverse
photoemission (electron addition – IPES) spectra for the lig-
and (a);(b) d orbitals and (c);(d) p orbitals for fixed U = 8t.
The density is fixed at Ne = 3L + 2, where L = 64 is the
number of unit cells

We carried out all calculations on a chain with open
boundary conditions and an extra oxygen p orbital on
the left side of the chain. The total number of orbitals is
2L+ 1, where L is the number of unit cells. This cluster
geometry preserves the reflection symmetry of the lat-
tice with respect to the d orbital located at the center
of the chain i = L/2. To reduce artifacts from Fourier
transforming in a finite time window, we used a “Hann
window” technique, convoluting the results with an expo-
nential function that yields a Lorentzian lineshape with
a width ϵ = 0.1 [122]. This practice also helps mitigate
errors that tend to accumulate at longer times. We typ-
ically use m = 400 DMRG states (guaranteeing a trun-
cation error below 10−6), a time step δt = 0.02, and
a maximum time σ = tmax = 40. The undoped (i.e.,
“half-filled” in the cuprate literature) stoichiometric case
corresponds to three electrons per unit cell, two for each
p orbital and one for each d, translating into a total of
Ne = 3L + 2 electrons. Finally, we performed all simu-
lations using a third-order Suzuki-trotter decomposition
of the time evolution operator.

FIG. 4. Photoemission (electron removal – PES) spectrum
for the d orbitals. Same data as in Fig.3(a) but zooming-
in onto the lower Hubbard band. The spectrum shows clear
signatures of 1D physics, with spinon and holon bands.

III. RESULTS

A. Ground State Properties

Before discussing our model’s spectral properties, it is
helpful to examine its ground state character as a func-
tion of model parameters. To this end, we carry out small
cluster ED calculations, considering only two p orbitals
and one d orbital in a p-d-p geometry, as sketched in the
dashed box of Fig. 1(a).
We first solve this cluster for the stoichiometric filling

with N = 5 electrons. The cluster’s ground state in this
sector can be written as a linear combination |Ψgs⟩ =

α |d1L0⟩+ β |d2L1⟩, where

|d1L0⟩ = |2, ↑, 2⟩ ,
|d2L1⟩ = 1√

2
[|↑, 2, 2⟩ − |2, 2, ↑⟩] . (6)

Here, each number/spin denotes the occupation of the
orbitals, dn indicates n electrons in the d orbital, and Ln

denotes n holes occupying the surrounding ligand oxygen
orbitals (see also App. A).
Adding an electron produces a filled cluster described

by the eigenstate |d2L0⟩ = |2, 2, 2⟩. Conversely, the eigen-
states of two-hole cluster in the Sz

tot = 0 sector are
spanned by the basis

|d0L0⟩ = |2, 0, 2⟩ ,
|2 ↑↓±⟩ = 1√

2
[|2, ↑, ↓⟩ ∓ |↓, ↑, 2⟩] ,

|2 ↓↑±⟩ = 1√
2
[|2, ↓, ↑⟩ ∓ |↑, ↓, 2⟩] ,

|↓ 2 ↑±⟩ = 1√
2
[|↓, 2, ↑⟩ ± |↑, 2, ↓⟩] , and

|220±⟩ = 1√
2
[|2, 2, 0⟩ ± |0, 2, 2⟩] .

(7)

The states |2 ↑↓±⟩ and |2 ↓↑±⟩ are related by time re-
versal symmetry. The Hamiltonians in the symmetric
and antisymmetric channels are 5 × 5 and 4 × 4 matri-
ces (their explicit form is given in App. A), which can
be diagonalized numerically. The excited state spectrum
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is shown in Fig. 2 for U = 8t. Here, the electron re-
moval spectrum is obtained from the energy difference
E0(5) − En(4) while the electron addition spectrum is
obtained from En(6)−E0(5), where En(Ne) denotes the
eigenenergy of the cluster with Ne electrons.
The two-hole eigenstates in the Sz

tot = 0 sector can be
written in a general form

|Ψ⟩ = α |d0L0⟩+ β√
2

[
|2 ↑↓±⟩ ± |2 ↓↑±⟩

]
+ δ |↓ 2 ↑±⟩+ γ |220±⟩ .

(8)

The state equivalent to the ZRS in this model is

|ZRS+⟩ = α |d0L0⟩+ β√
2

[
|2 ↑↓+⟩ − |2 ↓↑+⟩

]
, (9)

which is symmetric under reflections about the d orbital.
Notice that the additional hole is pure of p (d) character
if α (β) is zero but has mixed character in general. We
can also define a state similar to the ZRS but using the
antibonding combination of the p-states hybridized with
the d orbital

|ZRS+∗⟩ = β |d0L0⟩ − α√
2

[
|2 ↑↓+⟩ − |2 ↓↑+⟩

]
. (10)

These two states undergo an avoided level crossing at
∆ ∼ 0 (∆CT = U). In addition to the ZRS excitations,
we can define an antisymmetric counterpart |ZRS−⟩ that
does not include the |d0L0⟩ state, as well as Zhang-Rice
triplets |ZRT±⟩ with the added hole completely localized
in the p orbital.
Figure 2 shows results for the cluster’s electron addi-

tion and removal eigenstate spectrum for U = 8t. The
vertical dashed lines indicate the approximate transitions
between the Mott-Hubbard, CTI, and NCTI regimes.
(Note: the locations of these divisions are a bit arbitrary
since they denote crossover points rather than phase tran-
sitions.) The labels on the top of each region highlight
the dominant character of the half-filled cluster’s ground
state. The dashed curve follows the energy of the |d2L0⟩
state, which we associate with the upper Hubbard band.
In the Mott-Hubbard regime (∆ > 0, ∆CT > U), the ad-
ditional doped hole has predominantly d character. Con-
versely, in the CTI regime (0 > ∆ > −U, U > ∆CT > 0),
the doped hole has predominantly p character. In the
NCTI regime (∆ < −U , ∆CT < 0), the lowest energy
states will develop important additional weight in the
states involving a double occupied d orbital and two p
holes, i.e. |220+⟩ and |↓ 2 ↑+⟩ [12]. The lowest energy
hole excitation, which we associate with the highest en-
ergy state in Fig. 2, is |ZRS+⟩. It is followed by the
|ZRS−⟩ state, the Zhang-Rice triplets |ZRT±⟩, and the
antibonding |ZRS + ∗⟩ states. The lower band can be
associated with excitations with dominant d characters.

When contrasting with the ZSA picture, we first no-
tice that the lower d band splits into symmetric and anti-
symmetric bands. One usually projects out the antisym-
metric band in the Zhang-Rice treatment of the problem
since they are high energy states [74]. The symmetric

band can be associated with the ZRS band in the multi-
orbital problem, and it always appears above the triplet
p band. The most relevant parameter to characterize the
problem is the splitting between the triplet p states and
the ZRS band, which gets smaller as ∆ becomes more
and more negative. When ∆ ≲ −U , the system enters
the NCTI regime, and the triplet p, ZRS, and UHB states
all mix, and the system becomes metallic.

B. Electron addition and removal spectra

Having examined a simplified energy level diagram for
our model, we now turn our attention to the electron
addition and removal spectra, focusing first on the case
with U = 8t and ∆ = 0 (∆CT = 8t), as shown in Fig. 3.
This case corresponds to the strongly covalent or mixed
Mott-Hubbard/CTI regime. We remind the reader that
we use electron language in the following discussion, so
the UHB (LHB) corresponds to states with two (zero)
electrons occupying a d orbital.
In the half-filled, noninteracting case, the system’s

electronic structure consists of bonding and antibond-
ing pd bands [see Eq. (4)] with the Fermi level located
in the center of the antibonding states. Introducing a
large U redistributes the spectral weight into Hubbard
and Zhang-Rice bands. The UHB is apparent in the elec-
tron addition spectra, appearing in Figs. 3(b) and (d) as
a band of states centered at ω ≈ U . In this case, the
UHB’s spectral weight has a majority d character with
a small admixture of p character. [Note the color bar
scale change in panel (d).] We can also resolve three
additional bands below the Fermi level. The highest
and lowest-lying bands are the Zhang-Rice singlet states
derived from the bonding and antibonding ZRS states
|ZRS+⟩ and |ZRS + ∗⟩, respectively. These states have
majority d character at k = 0 but acquire p character at
the zone boundary. This weight reflects the fact that one
cannot construct long wavelength Bloch states using the

molecular p orbitals of the form L† = 1√
2
[p†i+1,σ−p†i−1,σ].

The narrow band of states appearing just below ω = 0
is derived from the Zhang-Rice triplet states; it has ma-
jority p character because the |ZRT±⟩ state places the
additional hole entirely on the p orbitals.
Due to the 1D geometry, our interacting system cannot

be adiabatically connected to a Fermi liquid. Thus, many
of the bands display clear signatures of spin-charge sepa-
ration, with spinon branches in the d bands that form an
arc between ±kF and wider holon bands corresponding
to the charge excitations [88, 109, 123–125]. As illustra-
tion, we zoom in on Fig. 3 to show the holon and spinon
branches in the LHB. The behavior observed in Fig.4 is
typical of 1D TM oxides, such as Ba2−xSrxCuO3+δ[103].
Moreover, this also indicates that the spin is mostly local-
ized in the Cu d orbitals. Moreover, this also indicates
that the spin is mostly localized in the Cu d orbitals.
The bandwidth of the UHB is smaller than the band-
width of the ZRS-derived states because electrons have
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FIG. 5. Photoemission (electron removal) spectra for the ligand p orbitals for U = 8t as the system crosses from the Mott-
Hubbard regime to the CTI and NCTI regimes for decreasing energy splitting ∆. The density is fixed at Ne = 3L+ 2, where
L = 64 is the number of unit cells (see text).

to hop over the p-d-p bridge to propagate, a higher or-
der process involving the virtual double occupation of a
d orbital (the effective hopping is of the order t2/(U−∆)
[88]). Notice that the three- or four-band models stud-
ied previously include p-p hopping processes that allow
electrons to bypass the d orbital.

Next, we vary the degree of the hybridization by ad-
justing ∆. Figs. 5 and 6 plot results for the electron re-
moval (photoemission spectrum) as a function of ∆ while
again fixing U = 8t. With increasing ∆ > 0, the split-
ting between bonding |ZRS+⟩ and antibonding |ZRS + ∗⟩
bands increases while the |ZRT±⟩ band moves downward
in energy. For ∆ = 6t (∆CT = 14t), the system is in the
Mott insulating regime and two bands strongly overlap,
while the d spectral weight is mainly concentrated on
the antibonding state at high energy (see Fig. 6). In
this regime, one can project out the p degrees of free-
dom in the low-energy sector to obtain an effective single-
band Hubbard Hamiltonian [5, 110]. For −U < ∆ < 0
(0 < ∆CT < U), the system is in the CTI regime. In
this case, the |ZRT⟩ states moves upward in energy with
decreasing ∆ and eventually overlap with the antibond-
ing |ZRS + ∗⟩ states. Between ∆ = −6t and ∆ = −8t,
Zhang-Rice and UHB states all mix, and the system be-
comes metallic [49].

C. XAS

Next, we examine the XAS spectra for our model to
make contact with prior small cluster calculations. XAS
is a single photon process in which an electron is excited
from a core orbital into an empty or partially filled va-
lence orbital [126, 127]. It thus probes the system’s un-
occupied density states but with corrections introduced
by the interaction between the valence electrons and the
core hole created by the absorption process. These cor-
rections can sometimes be strong since the electrons will
try to screen the core hole and form a bound state [126–
128].

We calculate the XAS spectra using the time-
dependent formalism described in Ref. 121. In this case,
the spectrum is obtained from the imaginary part of the
Fourier transform of a single-particle time-dependent cor-

relation function ⟨c0 exp (−iHct)c
†
0⟩, where the operators

act on a reference site i = 0, which could be either a p
or d orbital, depending on the absorption edge that is
used in the experiment [126, 127]. The Hamiltonian Hc

in this expression includes the interaction between the
core-hole and the valence band electrons. Assuming that
the core hole is immobile, we model this interaction using



7

FIG. 6. Same as Fig. 5 but for the d orbitals.

an on-site atomic potential such that

Hc = H + Uc

∑
σ

c†0,σc0,σ, (11)

where H is the original two-band Hamiltonian given in
Eqs. (1)-(3) and Uc is the attractive potential created
by the core hole. The rest of the calculation steps are
identical to those used for the photoemission spectrum.
We refer the reader to Ref [121] for further details.

To focus on results that can help intuitively interpret
experiments conducted on doped cuprate chains, we con-
sider L = 16 and Ne = 44, corresponding to a slightly
hole-doped case. The XAS spectra for fixed U = 8t
are shown in Fig. 7 for several values of ∆. Here, we
present results for both K-edge (p ) and L-edge (d) ex-
periments. In call cases, we fixed the core-hole potential
to Uc = −1.5t.

For a large positive ∆ = 6t [∆CT = 14t > U , see
Fig. 7(h)], the doped holes predominantly reside in the
lower Hubbard d band while the p orbitals are nearly
completely filled. This charge distribution Pauli blocks
the core electron from being excited into the p orbital,
and the resulting K-edge spectrum is dramatically sup-
pressed as a result. Instead, a core electron can be ex-
cited into an unoccupied d orbital at the L-edge. In the
doped system, these transitions can occur to an empty
d orbital or a half-filled one with the opposite spin ori-
entation. The corresponding XAS spectra thus consist

of two resonances corresponding to the two possible fi-
nal state configurations, which appear at ω ≈ ∆/2 + Uc

and ∆/2 + U + 2Uc. In this regime, the system behaves
qualitatively similar to the atomic limit.

The XAS spectra preserve these features as ∆ de-
creases, until crossing into the CTI regime for ∆ ≤ 0
(∆CT ≤ U). The p and d states become strongly hy-
bridized in this regime, and the spectra develop new fea-
tures. The first is the secondary peak in the d spec-
trum at energy ∼ ∆/2 + U + Uc, which corresponds to
the “poor-screened” resonance in which the core elec-
tron is excited into a delocalized state, leaving the d or-
bital at the site where the core hole is created half-filled.
The second is the increased intensity of the p resonance,
which eventually merges with the lower p resonance at
sufficiently small ∆. These results show that the doped
holes have predominant d character in the Mott-Hubbard
regime, while they acquire a mixed d-p character in the
CTI regime. We can thus associate the lower d resonance
to the Zhang-Rice state in the latter case.

D. Spin excitations

Finally, we examine the model’s spin excitations.
This analysis is motivated by efforts to understand the
so-called missing spectral weight problem in neutron
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FIG. 7. XAS spectra of an Emery chain for different values of ∆. The spectra were calculated for small hole doping (L = 16;
Ne = 44), fixed U = 8t, and core-hole potential Uc = −1.5t.

scattering experiments conducted on low-dimensional
cuprates [59, 93, 129–132].

The dynamical spin structure factor S(q, ω) obeys a
sum rule relating its integrated spectral weight to the
total magnetic moment in the unit cell. For a 1D system,
can define the integrated spectral weight up to a cut-off
ωc

m(ωc) =
3

N

∑
α,β,q

∫ ∞

0

Sz
α,β(q, ω)e

iq(rα−rβ), (12)

where α and β are orbital indices in the unit cell, rα is the
basis vector for the orbital, and Sz

α,β(q, ω) is the dynam-

ical spin structure factor. In the ωc → ∞ limit, m(ωc)
should recover a value set by the total local moment in
the unit cell. In particular, for our model

lim
ωc→∞

m(ωc) = ⟨(Sz
d)

2⟩+ ⟨(Sz
p)

2⟩+ 2⟨Sz
pS

z
d⟩, (13)

where the expectation values are evaluated using the two-
orbital unit cell. (In practice, we use the unit cell at the
center of the chain.)

Early experiments on cuprate spin chains [93]
and two-dimensional (2D) high-Tc superconducting
cuprates [129–131] found that integrating the observed
low-energy spectral weight (ωc ≲ 0.6 eV) often recovered
less than a third of the total expected weight for a Cu2+

ion, even after accounting for quantum fluctuations. It
was later recognized that Cu-O hybridization effects play
a key role here. For example, ≈ 80% of the sum rule is re-
covered from inelastic neutron scattering (INS) measure-
ments on Sr2CuO3 once the Cu-O form factor is taken
into account [132]. A subsequent determinant quantum
Monte Carlo (DQMC)/DMRG study of multi-orbital pd-
model for the corner-shared cuprates [59] showed that
remaining weight transfers to high-energy antibonding
oxygen states. Notably, no such transfer occurs for simi-
lar simulations for the single-band Hubbard model [59].

Motivated by this, we now explore the evolution of the
magnetic excitation spectrum and resulting deviations
from the expected sum rule for our model as the degree of
p-d hybridization varies. In general, the elementary mag-
netic excitations of our 1D chains are spinons. While the
system may exhibit short-ranged or algebraically decay-
ing spin-spin correlations, it cannot develop true long-
range order and coherent magnon excitations. Since
spinons are domain wall-like excitations, they are created
in pairs when the system is probed with scattering tech-
niques like INS or RIXS. Hence, the resulting magnetic
excitation spectrum displays a continuum of two-spinon
excitations, characteristic of 1D spin chains.

The present case adds a new ingredient: the charge-
transfer energy ∆CT. In our model, the spin-spin in-
teractions are mediated by superexchange mechanisms
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FIG. 8. Spin dynamic structure factor Sz
α,α(k, ω) obtained in L = 32 site half-filed chains with U = 2t and different values of ∆

as indicated in each panel. The top row shows the projection for the α = d orbitals, while the bottom row shows the projection
for the α = p orbitals.

through the ligand p orbital and involve an intermediate
process in which a p electron virtually double occupies a
d state. This process is significantly suppressed for large
∆CT or U , resulting in a weak interaction between spins
in this limit. For this reason, here we focus on a pa-
rameter regime with smaller U = 2 and ∆ to study the
spin excitations, which produces a reasonably large band
width for the spinon excitations. Specifically, we calcu-
late the orbital-resolved dynamic spin structure factors
Sz
αβ(q, ω) for α = β = p, d on L = 32 chains.

The results for various values of ∆ spanning from the
strongly covalent (∆ = −2t, ∆CT = 0) to the mixed
Mott/CTI (∆ = 0, ∆CT = 2t = U) to the Mott-Hubbard
(∆ = 2t, ∆CT = 4t > U) regimes are shown in Fig. 8.
In all cases, spin excitations are dominated by contri-
butions from the d orbitals, consistent with most of the
magnetic moment residing on those orbitals. We fur-
ther observe a nonnegligible amount of spectral weight
associated with the p orbitals, which is concentrated at
higher energies. Varying the value of ∆ affects the spec-
tra in several notable ways. For example, increasing ∆

increases the bandwidth of the excitations derived from
the d states. It also transfers spectral weight from the
low-energy d-derived excitations to the higher energy p-
derived ones while causing the former to shift to lower
energies. These effects are consistent with expectations
for increased hybridization between the d and p orbitals.

Figure 9 further quantifies the redistribution of spec-
tral weight of the magnetic excitations. Here the
top row plots the momentum-integrated dynamical spin
structure factor summed over all components Sz(ω) =
1
N

∑
α,β,q S

z
αβ(q, ω), while the bottom panels show the

corresponding m(ωc) as a function of the energy cut-off.
The red lines in the bottom panels indicate the average
value of the moment squared, as obtained from Eq. (13).
The results show that the total moment is distributed
in energy, with some weight at very high energies. In
particular, one must integrate to very high energy for
∆CT ≥ U to recover the total expected sum rule. These
results are consistent with a prior study that focused on
the ∆ > 0 case [59], but derived here for different regimes
of the ZSA classification scheme.
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FIG. 9. (a)-(c) Momentum integrated spin dynamic struc-
ture factor Sz(ω) for U = 2 and different values of ∆. Panels
(d)-(f) show the corresponding integrated spectral weight as
a function of the cut-off frequency ωc [see Eq. (12)]. The
horizontal lines show the value of the local spin moment cal-
culated directly using Eq. (13).

IV. SUMMARY & CONCLUSIONS

We have examined the ground and excited state prop-
erties of a 1D two-orbital model analogous to the pd-
models used to describe charge-transfer TMOs. By fo-
cusing on a 1D system, we could calculate the model’s
excited state properties with high momentum resolution
in different regimes of the ZSA classification scheme. In
doing so, we provided predictions for the ground-state
character, single-particle spectral function, XAS spectra,
and dynamical spin structure factor for parameters span-
ning from the NCTI to CTI to Mott-Hubbard insulator
regimes. Our results for the XAS spectra are broadly con-
sistent with previous results obtained using small cluster
methods [12, 14, 21, 133]. However, our results for the
other dynamical correlation functions extend well beyond
prior work focusing on a single parameter set [59] or pre-
vious mean-field treatments of the problem [40, 51].

One important aspect of our results is the predicted
evolution of the magnetic sum rule. As mentioned in
the introduction, considerable effort is often expended to
situate newly discovered TMOs like the superconducting
nickelates within the ZSA scheme. Based on our results
shown in Fig. 9, we propose that the amount of missing
local moment obtained from integrating the low-energy
spin excitations could be used to quantify the degree of
TM-O hybridization present in the material and infer the
relative values of the charge-transfer energy and Hub-
bard interaction strength. INS measurements –corrected
for the appropriate atomic form factor [99]– are ideally
suited for such experiments. Analogous experiments with
RIXS would be complicated by the fact that the mea-

sured spectra are not trivially related to S(q, w) [134]
with spectral weight that can be modified by other fac-
tors like electron-phonon coupling [135]. The predicted
transfer of spectral weight to high-energy also has impor-
tant implications for experimental attempts to measure
entanglement witnesses like the quantum Fisher informa-
tion, which often rely on particular sum rules [136, 137].
Moving forward, it would be interesting to dope our

model and study how the canonical picture of anomalous
spectral weight transfer in a doping a Mott insulator [133]
changes as in the CTI and NCTI regimes. Such calcula-
tions can also be compared directly to data taken for the
recently synthesized doped cuprate spin chains [103] and
ladders [138, 139], where anomalous interactions have
been inferred from comparing the observed spectra to
effective singleband models.

DATA AND CODE AVAILABILITY

Data supporting this study is available on Zenodo[140].
Code is in the process of being made open-source through
the ALPS package[141], and will be made available upon
reasonable request.
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Appendix A: Cluster Calculations

Ground State. At half-filling, the cluster’s ground state
can be written as a linear combination of the states

|d1L0⟩ = p†L↑p
†
L↓d

†
↑p

†
R↑p

†
R↓ |vac⟩ = |2, ↑, 2⟩ (A1)

and

|d2L1⟩ = 1√
2

[
p†L,↑d

†
↑d

†
↓p

†
R↑p

†
R↓ − p†L,↑p

†
L,↓d

†
↑d

†
↓p

†
R↑

]
|vac⟩

= 1√
2
[|↑, 2, 2⟩ − |2, 2, ↑⟩] . (A2)

In these expressions, the operators p†L/R,σ create an elec-

tron with spin σ on the left (L)/right (R) p orbitals of the
cluster, while d†σ does the same on the central d orbital.
We only introduce this notation here to define the normal
ordering of the operators. In this sector, the Hamiltonian
is represented by the 2× 2 matrix

H0 =

 ∆
√
2t

√
2t U

 , (A3)
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yielding the ground state energy

E0 =

(
∆+ U

2

)
−
√(

∆− U

2

)2

− 2t2. (A4)

Excitations with one hole. The Fock space with one
additional hole and Sz

tot = 0 is spanned by the states

|d0L0⟩ = |2, 0, 2⟩ ,
|220±⟩ = 1√

2
[|2, 2, 0⟩ ± |0, 2, 2⟩] ,

|↓ 2 ↑±⟩ = 1√
2
[|↓, 2, ↑⟩ ± |↑, 2, ↓⟩] ,

|2 ↑↓±⟩ = 1√
2
[|2, ↑, ↓⟩ ∓ |↓, ↑, 2⟩] , and

|2 ↓↑±⟩ = 1√
2
[|2, ↓, ↑⟩ ∓ |↑, ↓, 2⟩] ,

(A5)

where the +(−) sign corresponds to the symmetric (an-
tisymmetric) sector under reflections about the central
site. The |d0L0⟩ state is symmetric, and the states |220±⟩
are triplet (+) or singlet (-) states. In addition, the lin-
ear combinations |2 ↑↓±⟩ ± |2 ↓↑±⟩ yield symmetric and
anti-symmetric singlet (-) or triplet (-) wavefunctions.

The Hamiltonian matrices for the two sectors are:

H+ =



−2∆ 0 0 −
√
2t

√
2t

0 U 0 −t t

0 0 U −t t

−
√
2t −t −t −∆ 0

√
2t t t 0 −∆


(A6)

and

H− =


U 0 t, −t

0 U −t −t

t −t −∆ 0

−t −t 0 −∆

 , (A7)

which can be solved numerically to obtain the eigenvalue
spectrum plotted in Fig. 2.
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M. Kielwein, Z. Hu, M. Knupfer, M. S. Golden, J. Fink,
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