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ABSTRACT: Dynamic programming algorithms within the NUPACK software suite enable analysis of equilibrium base-pairing properties for
complex and test tube ensembles containing arbitrary numbers of interacting nucleic acid strands. Currently, calculations are limited to single-material
systems that are either all-RNA or all-DNA. Here, to enable analysis of mixed-material systems that are critical for modern applications in vitro, in
situ, and in vivo, we develop physical models and dynamic programming algorithms that allow the material of the system to be specified at nucleotide
resolution. Free energy parameter sets are constructed for both RNA/DNA and RNA/2′OMe-RNA mixed-material systems by combining available
empirical mixed-material parameters with single-material parameter sets to enable treatment of the full complex and test tube ensembles. New dynamic
programming recursions account for the material of each nucleotide throughout the recursive process. For a complex with N nucleotides, the mixed-
material dynamic programming algorithms maintain the O(N3) time complexity of the single-material algorithms, enabling efficient calculation of
diverse physical quantities over complex and test tube ensembles (e.g., complex partition function, equilibrium complex concentrations, equilibrium base-
pairing probabilities, minimum free energy secondary structure(s), and Boltzmann-sampled secondary structures) at a cost increase of roughly 2.0–3.5×.
The results of existing single-material algorithms are exactly reproduced when applying the new mixed-material algorithms to single-material systems.
Accuracy is significantly enhanced using mixed-material models and algorithms to predict RNA/DNA and RNA/2′OMe-RNA duplex melting temperatures
from the experimental literature as well as RNA/DNA melt profiles from new experiments. Mixed-material analyses can be performed online using the
NUPACK web app (www.nupack.org) or locally using the NUPACK Python module.

KEYWORDS: RNA, DNA, 2′OMe-RNA, mixed materials, hybrid case, chimeric case, complex ensemble, test tube ensemble, salt correction, sodium,
dynamic programming algorithm, complex partition function, equilibrium base-pairing probabilities, equilibrium complex concentrations, minimum free
energy secondary structure, Boltzmann-sampled secondary structures, NUPACK.

Introduction
Mixed-material nucleic acid interactions are common in life sciences
applications. For example, hybridization of a DNA probe to an RNA
target in an in situ imaging experiment1, 2 illustrates the hybrid case,
in which a nucleic acid strand of one material hybridizes to a nu-
cleic acid strand of another material. Or, for example, hybridiza-
tion of a probe containing a mixture of RNA and 2′OMe-RNA to
an RNA target in an in vivo regulation experiment3, 4 illustrates the
chimeric case, in which a nucleic acid strand contains more than one
material. However, equilibrium analysis algorithms usually require
that only one material is treated in a given calculation (e.g., all-RNA
or all-DNA).5–10 An algorithm has been developed for equilibrium
analysis of RNA/DNA dimers for the hybrid case where one strand
is all-RNA and one strand is all-DNA.11 Currently, no models or al-
gorithms exist for analyzing mixed-material systems over complex
and test tube ensembles containing arbitrary numbers of interacting
strand species for either the hybrid or chimeric cases. Here, we de-
velop these models and algorithms, allowing the material composi-
tion to be specified at nucleotide resolution.

Using a nucleic acid secondary structure model, a given secondary
structure is decomposed into its constituent loops (Figure 1a) and
the free energy of the secondary structure is estimated via a sum
of empirical loop free energies. One challenge to the formula-
tion of mixed-material physical models is the scarcity of empirical
loop free energies for mixed-material loops. To enable modeling
of mixed-material duplexes, empirical free energy parameters have
been measured for stack loops for a variety of mixed materials in-
cluding RNA/DNA duplexes,12–16 RNA/2′OMe-RNA duplexes,17 a
mixture of 2′OMe-RNA and LNA duplexed with RNA,18 and a mix-
ture of LNA and DNA duplexed with DNA.19 A partial set of inter-
nal mismatches have also been measured for RNA/DNA duplexes.20

To construct mixed-material parameter sets encompassing all loop
types, we combine available stack loop and internal mismatch free
energies (which enable calculation of the free energy only for duplex
structures with or without internal mismatches) with single-material
parameter sets for other loop types (to enable modeling of the full
complex and test tube ensembles). For a mixed-material secondary
structure, the parameters used for each loop depend on the mate-

rial composition of the loop. We define mixed-material free energy
parameter sets for both RNA/DNA systems and RNA/2′OMe-RNA
systems.

Dynamic programming algorithms enable efficient calculation of
nucleic acid base-pairing properties over complex and test tube en-
sembles by building up information about the full sequence re-
cursively from calculations on subsequences of increasing length.
Within the new mixed-material dynamic programming algorithms,
the appropriate single- or mixed-material free energy parameters
(e.g., RNA, DNA, or RNA/DNA) must be used for each loop de-
pending on the material composition of the loop. For some loop
types, contributions are built up recursively for multiple loops simul-
taneously without knowing the full composition of each loop at any
single recursive level, necessitating the definition of separate single-
and mixed-material recursions that apply the correct parameters to
each loop encountered in the recursive process. We describe mixed-
material dynamic programming algorithms that apply the appropri-
ate free energy model to each loop in a mixed-material system while
exactly reproducing single-material results when applied to single-
material systems.

To assess the utility of the new mixed-material models and algo-
rithms, we compare computed and empirical duplex melting temper-
atures for several literature data sets. As a further reality check, we
performed new experimental melt studies to compare computed and
empirical melt curves and melting temperatures for duplexes synthe-
sized with each of four different strand compositions (DNA:DNA,
DNA:RNA, RNA:DNA, and RNA:RNA), where each strand was ei-
ther DNA-only or RNA-only.

Mixed-Material Free Energy Models
Complex and Test Tube Ensembles. NUPACK algorithms op-

erate over two fundamental ensembles:10, 21–23

• Complex ensemble: The ensemble of all (unpseudoknotted con-
nected) secondary structures for an arbitrary number of inter-
acting nucleic acid strands.

• Test tube ensemble: The ensemble of a dilute solution contain-
ing an arbitrary number of nucleic acid strand species (intro-
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duced at user-specified concentrations) interacting to form an
arbitrary number of complex species.

Furthermore, to enable reaction pathway engineering of dynamic hy-
bridization cascades (e.g., shape and sequence transduction using
small conditional RNAs24) or large-scale structural engineering in-
cluding pseudoknots (e.g., RNA origamis25), NUPACK algorithms
operate on multi-tube ensembles.10, 26, 27

The sequence, ϕ, of one or more interacting strands is specified
as a list of nucleotides ϕa for a = 1, . . . , |ϕ|, where ϕa specifies
both the material and base. For RNA nucleotides, ϕa ∈ {rA, rC,
rG, rU}. For DNA nucleotides, ϕa ∈ {dA, dC, dG, dT}. For
2′OMe-RNA nucleotides, ϕa ∈ {mA, mC, mG, mU}. Hence, for
a mixed-material system (RNA/DNA or RNA/2′OMe-RNA), the se-
quence alphabet contains eight letters rather than four. By conven-
tion, sequences are specified 5′ to 3′ and the material need only be
specified when there is a change in material (e.g., rACGdAT denotes
a strand with 3 RNA nucleotides followed by 2 DNA nucleotides).

A secondary structure, s, of one or more interacting RNA strands
is defined by a set of base pairs, each a Watson–Crick pair or a
wobble pair. An example secondary structure is displayed in Fig-
ure 1a. For RNA base pairs, Watson–Crick pairs are rA·rU and
rC·rG and wobble pairs are rG·rU. For DNA base pairs, Watson–
Crick pairs are dA·dT and dC·dG and there are no wobble pairs
(dG×dT is considered to form a mismatch).28 For 2′OMe-RNA base
pairs, Watson–Crick pairs are mA·mU and mC·mG and wobble pairs
are mG·mU. For RNA/DNA mixed-material base pairs, Watson–
Crick pairs are rG·dC, dG·rC, rA·dT, dA·rU and wobble pairs are
rG·dT; dG and rU are considered to form mismatch dG×rU and
not a wobble pair.29 For RNA/2′OMe-RNA mixed-material base
pairs, Watson–Crick pairs are rG·mC, mG·rC, rA·mU, and mA·rU
and wobble pairs are rG·mU and mG·rU.17

For algorithmic purposes, it is convenient to describe secondary
structures using a polymer graph representation, constructed by or-
dering the strands around a circle, drawing the backbones in suc-
cession from 5′ to 3′ around the circumference with a nick between
each strand, and drawing straight lines connecting paired bases (e.g.,
Figure 1b). A secondary structure is unpseudoknotted if there exists
a strand ordering for which the polymer graph has no crossing lines,
or pseudoknotted if all strand orderings contain crossing lines. A
secondary structure is connected if no subset of the strands is free of
(i.e., unpaired to) the others.

Consider a complex of L distinct strands (e.g., each with a unique
identifier in {1, . . . , L}) corresponding to strand ordering π. The
complex ensemble Γ(ϕ) contains all connected polymer graphs with
no crossing lines for sequence ϕ and strand ordering π (i.e., all
unpseudoknotted secondary structures).21 Out of algorithmic neces-
sity, dynamic programs operate on complex ensemble Γ(ϕ) treating
all strands as distinct.10, 21 However, in the laboratory, strands with
the same sequence are typically indistinguishable with respect to ex-
perimental observables. For comparison to experimental data, phys-
ical quantities calculated over ensemble Γ(ϕ) can be post-processed
to obtain the corresponding quantities calculated over ensemble
Γ(ϕ) in which strands with the same sequence are treated as indis-
tinguishable.10

A test tube ensemble is a dilute solution containing a set of strand
species, Ψ0, introduced at user-specified concentrations, that inter-
act to form a set of complex species, Ψ, each corresponding to a
different strand ordering treating strands with the same sequence as
indistinguishable.

Loop-based free energy model. For each (unpseudoknot-
ted connected) secondary structure s ∈ Γ(ϕ), the free energy,
∆G(ϕ, s), is estimated as the sum of the empirically determined
free energies of the constituent loops5, 30–34 plus a strand association
penalty,35 ∆Gassoc, applied L− 1 times for a complex of L strands:

∆G(ϕ, s) = (L− 1)∆Gassoc +
∑

loop∈s

∆G(loop). (1)

a b

hairpin stack bulge interior multi exterior

C

C

B

BA
A

Figure 1: Loop-based free energy model for a complex. (a) Canoni-
cal loop types for complex with strand ordering π = ABC. (b) Equiv-
alent polymer graph representation. An arrowhead denotes the 3′

end of each strand. Adapted with permission from Fornace et al.,
ACS Synth Biol, 9, 2665-2678, 2020. Copyright 2020 American
Chemical Society.

The secondary structure and polymer graph of Figure 1 illustrate the
different loop types, with free energies modeled as follows:5, 30–34

• A hairpin loop is closed by a single base-pair i · j. The loop
free energy, ∆Ghairpin

i,j , depends on sequence and loop size.
• An interior loop is closed by two base pairs (i · j and d · e with

i < d < e < j). The loop free energy, ∆Ginterior
i,d,e,j depends on

sequence, loop size, and loop asymmetry. Bulge loops (where
either d = i + 1 or e = j − 1) and stack loops (where both
d = i+1 and e = j− 1) are treated as special cases of interior
loops.

• A multiloop is closed by three or more base pairs. The loop free
energy is modeled as the sum of three sequence-independent
penalties: (1) ∆Gmulti

init for formation of a multiloop, (2) ∆Gmulti
bp

for each closing base pair, (3) ∆Gmulti
nt for each unpaired nu-

cleotide inside the multiloop; plus two sequence-dependent
terms: (4) ∆Gterminalbp

i,j , a penalty for each closing base pair i · j,
(5) ∆Gstacking, an optional coaxial and dangle stacking bonus.

• An exterior loop contains a nick between strands and any num-
ber of closing base pairs. The exterior loop free energy is the
sum of ∆Gterminalbp

i,j over all closing base pairs i · j and an op-
tional coaxial and dangle stacking bonus, ∆Gstacking. Hence, an
unpaired strand has a free energy of zero, corresponding to the
reference state.21

Within a multiloop or an exterior loop, a closing base pair can form
one coaxial stack with an adjacent closing base pair or can form
a dangle stack with at most two adjacent unpaired bases; unpaired
bases can form a dangle stack with at most one adjacent closing base
pair (see Section S2.2 for details). NUPACK dynamic programming
algorithms provide the option to incorporate all possible coaxial and
dangle stacking states in the complex ensemble, with each secondary
structure incorporating Boltzmann-weighted contributions from its
subensemble of stacking states.10

For a secondary structure s ∈ Γ(ϕ) with an R-fold rotational
symmetry there is an R-fold reduction in distinguishable conforma-
tional space, so the free energy (1) must be adjusted by a symmetry
correction:21

∆G(ϕ, s) = ∆G(ϕ, s) + ∆Gsym(ϕ, s) (2)

where

∆Gsym(ϕ, s) = kT logR(ϕ, s). (3)

Because the symmetry factor R(ϕ, s) is a global property of each
secondary structure s ∈ Γ(ϕ), it is not suitable for use with dynamic
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loop2

loop4

loop3
loop1

DNA
RNA

Single-material
recursions

Mixed-material
recursions

Material

DNA
RNA

Parameter Set

RNA/DNA

Figure 2: Overview of the mixed-material model and algorithm. Complex ABC consists of a chimeric RNA/DNA strand (A), a DNA strand
(B), and an RNA strand (C). Each loop in a given secondary structure, s ∈ Γ(ϕ), is either all-RNA (e.g., loop1), all-DNA (e.g., loop2), or a
mixture of RNA and DNA (e.g., loop3 and loop4). Whereas current single-material algorithms use parameters for one material (either RNA
or DNA) for all loops regardless of loop composition, the new mixed-material algorithms combine single- and mixed-material recursions to
use the appropriate parameter set based on the composition of each loop (e.g., RNA parameters for loop1, DNA parameters for loop2, and
mixed-material RNA/DNA parameters for loop3 and loop4).

programs that treat multiple subproblems simultaneously without ac-
cess to global structural information. As a result, dynamic programs
operate on ensemble Γ(ϕ) using physical model (1), after which the
Distinguishability Correction Theorem of Dirks et al.21 enables ex-
act conversion of physical quantities to ensemble Γ(ϕ) using phys-
ical model (2). Interestingly, ensembles Γ(ϕ) and Γ(ϕ) both have
utility when examining the physical properties of a complex as they
provide related but different perspectives, akin to complementary
thought experiments (see Section S2.7).

Single-material loop-based free energy models are defined us-
ing empirical temperature-dependent parameter sets that provide
loop free energies and enthalpies (see Section S2.5) for either
RNA5, 31–34, 36, 37 or DNA.5, 28, 30, 38, 39 Salt corrections enable DNA cal-
culations in user-specified concentrations of Na+, K+, NH+

4 , and
Mg++.28, 30, 38, 40 Based on empirical data,14, 41, 42 we further apply
the salt correction to enable RNA calculations in user-specified con-
centrations of Na+ (see Section S2.4). Additionally, we construct a
single-material parameter set for 2′OMe-RNA in 0.12 M Na+ for use
in the context of mixed-material RNA/2′OMe-RNA calculations.17

See Section S3 for details on RNA, DNA, and 2′OMe-RNA single-
material parameter sets.

Mixed-material free energy parameter sets. By contrast, em-
pirical free energies have been measured for relatively few mixed-
material loops (RNA/DNA or RNA/2′OMe-RNA). Here, we con-
struct mixed-material parameter sets by leveraging empirical mixed-
material loop free energies when possible and drawing on existing
single-material parameter sets when necessary. Figure 2 illustrates
a mixed-material secondary structure for a complex containing both
mixed-material RNA/DNA loops and single-material RNA loops and
DNA loops. With the new mixed-material physical model, the pa-
rameters used for each loop depend on the material composition of
the loop.

The new mixed-material temperature-dependent parameter set for
RNA/DNA (see Section S4 for details) leverages empirical free en-
ergies and enthalpies for the full set of 16 hybrid stack loops (rr/dd)
for Watson–Crick base pairing,13 a partial set of hybrid internal
mismatches (rA×dA, rC×dC, rG×dG, rU×dT, rG×dT, rU×dG,
rA×dG, rG×dA, rA×dC, rU×dC, rC×dA, rC×dT),20, 29 a partial
set of chimeric stack loops,15 and empirical trends in chimeric stack
loop free energies.15 Other parameters for which mixed-material
RNA/DNA experiments were not available were derived by av-
eraging RNA-only and DNA-only single-material parameters. A
weighted average was used for sequence-dependent parameters (de-
pending on the number or RNA and DNA nucleotides in a given
loop), and a simple average was used for size-dependent parame-
ters (as for these parameters, the information needed to calculate a
weighted average is not available during the dynamic programming
recursions). Based on empirical data,14, 16 we further apply the DNA
salt correction to enable mixed-material RNA/DNA calculations in

Complex ABC

final answer: 

1-nt subsequences 
2-nt subsequences
3-nt subsequences

...

Operation order

A

A

B

B

C

C

Q1,N

Q1,1

QN,NQ1,N

Figure 3: Operation order for partition function dynamic program
over a complex ensemble with N nucleotides. Used with permission
from Fornace et al., ACS Synth Biol, 9, 2665-2678, 2020. Copyright
2020 American Chemical Society.

user-specified concentrations of Na+ (see Section S2.4).
The new mixed-material temperature-dependent parameter set for

RNA/2′OMe-RNA (see Section S5 for details) leverages empirical
free energies and enthalpies for the full set of 16 hybrid stack loops
(rr/mm) for Watson–Crick base pairing,17 the hybrid strand associ-
ation penalty,17 and the terminal base pair penalty, ∆Gterminalbp

i,j .17

Other parameters for which mixed-material RNA/2′OMe-RNA ex-
periments were not available use single-material RNA parameters.
Mixed-material RNA/2′OMe-RNA calculations are supported in
0.12 M Na+ to match the experimental conditions that were used
for parameterization studies.17

As new empirical parameters become available, whether for dif-
ferent experimental conditions, additional loop sequences, or new
materials, single- and mixed-material parameter sets can be updated
and used to improve the accuracy of future calculations (parameter-
ization priorities are summarized for different materials in Section
S2.10).

Mixed-Material Dynamic Programming Algorithms
We previously described a unified dynamic programming framework
that enables calculation of diverse physical quantities for interact-
ing nucleic acid strands using three ingredients:10 1) recursions that
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Figure 4: Partition function dynamic program recursion diagrams (left) and recursion equations (right) without coaxial and dangle stacking.21

A solid straight line indicates a base pair and a dashed line demarcates a region without implying that the connected bases are paired. A half-
solid/half-dashed straight line indicates that the nucleotide connected on the solid side is base-paired to a nucleotide within the demarcated
region. Shaded regions correspond to loop free energies that are explicitly incorporated at the current level of recursion (colors correspond
to the loop types of Figure 1). (a) Qi,j represents the partition function for subsequence [i, j]. There are two cases: either there are no base
pairs (corresponding to the reference free energy 0 and partition function contribution 1) or there is a 3′-most base pair (between d + 1 and
a nucleotide ≤ j). In the latter case, determination of the partition function contribution makes use of previously computed subsequence
partition functions Qs

d+1,j and Qi,d. Qs
i,j represents the partition function for subsequence [i, j] in an exterior loop where i is base-paired to

a nucleotide ≤ j. By the distributive law, multiplication of these subsequence partition functions (each representing a sum over substructures)
implicitly sums over all pairwise combinations of substructures. The independence of the loop contributions in the energy model implies that
these products appropriately add the free energies in the exponents. (b) Qb

i,j is the partition function for subsequence [i, j] with the restriction
that bases i and j are paired. There are four cases: either there are no additional base pairs (corresponding to a hairpin loop), there is exactly
one additional base pair d · e (corresponding to an interior loop), there is more than one additional base pair (corresponding to a multiloop)
with 3′-most pair (between d + 1 and a nucleotide < j) and at least one additional pair specified in a previously computed subsequence
partition function Qm

i+1,d, or there is an exterior loop containing a nick after nucleotide c. (c) Qm
i,j is the partition function for subsequence

[i, j] with the restrictions that the subsequence is inside a multiloop and contains at least one base pair. There are two cases: either there
is exactly one additional base pair defining the multiloop (between d and a nucleotide ≤ j), or there is more than one additional base pair
defining the multiloop (with 3′-most pair between d + 1 and a nucleotide ≤ j). In either case, the Qms

i,j recursion represents the partition
function for subsequence [i, j] in a multiloop with i base-paired to a nucleotide ≤ j. ni,j ≡ j − i + 1 denotes the number of nucleotides
between i and j inclusive. The time complexity of recursions (a)-(c) is O(N3) (indices i, d, j or i, c, j on the right hand side) and the space
complexity is O(N2) (indices i, j on the left hand side); interior loop contributions have four indices (i, d, e, j) on the right hand side but are
calculated with O(N3) time complexity as described in Section S6.4.

specify the dependencies between subproblems and incorporate the
details of the structural ensemble and the free energy model, 2) eval-
uation algebras that define the mathematical form of each subprob-
lem, 3) operation orders that specify the computational trajectory
through the dependency graph of subproblems. The recursions are
coded generically and then compiled with a quantity-specific evalu-
ation algebra and operation order to generate an executable for cal-
culation of each physical quantity: partition function, equilibrium
base-pairing probabilities, MFE energy and proxy structure, subop-
timal structures, and Boltzmann-sampled structures. Here, to convey
the essence of the new mixed-material algorithms, we focus on de-
scribing recursions for calculation of the partition function without
coaxial and dangle stacking. These ideas are then generalized to dy-
namic programs for all of the above physical quantities using the
unified dynamic programming framework.10

Single-material algorithm recursion overview. For a complex
with sequence ϕ, the partition function,

Q(ϕ) =
∑

s∈Γ(ϕ)

e−∆G(ϕ,s)/kT , (4)

over ensemble Γ(ϕ) can be used to calculate the equilibrium proba-
bility of any secondary structure s ∈ Γ(ϕ):

p(ϕ, s) = e−∆G(ϕ,s)/kT /Q(ϕ), (5)

where k is the Boltzmann constant and T is temperature.
Before describing the new mixed-material partition function re-

cursions, it is helpful to briefly summarize the recursions for
the single-material algorithm that operate on complex ensemble
Γ(ϕ).10, 21 The complex ensemble size, |Γ(ϕ)|, grows exponentially
with the number of nucleotides, N ≡ |ϕ|, but the partition func-
tion can be calculated in O(N3) time and O(N2) space using a dy-
namic programming algorithm.10, 21, 43 The algorithm calculates the
subsequence partition function Qi,j for each subsequence [i, j] via
a forward sweep from short subsequences to the full sequence (Fig-
ure 3), finally yielding the partition function of the full sequence,
Q1,N . The recursions used to calculate Qi,j from previously calcu-
lated subsequence partition functions can be depicted as recursion
diagrams (Figure 4 left; with free energy contributions colored to
match the loop types of Figure 1) or equivalently using recursion
equations (Figure 4 right). The Q recursion relies on additional re-
stricted partition functions Qs and Qb, and Qb in turn relies on re-
stricted partition functions Qm and Qms, all of which are calculated
recursively. Collectively, the Q, Qs, Qb, Qm, and Qms recursions
yield Q(ϕ) = Q1,N , incorporating the partition function contribu-
tions of every secondary structure, s ∈ Γ(ϕ), based on free energy
model (1) treating all strands as distinct.

Mixed-material recursion overview. Recursions for the single-
material algorithm use free energy parameters for only one mate-
rial (either RNA or DNA) for all loops independent of the material

4



DNA
RNA

Material
DNA
RNA

Parameter Set

RNA/DNA

ii+1

jj-1

ii+1

jj-1

ii+1

jj-1a

b

c

Figure 5: Treatment of extensible interior loops in the mixed-material algorithm. (a) Extension to single-material loop. If the material of the
extension (nucleotides i and j) matches the material of the previous nucleotides (checked by comparing to nucleotide i+ 1), single-material
loop contributions cached in Qx,single

i+1,j−1,l−2 are extended as single-material contributions in Qx,single
i,j,l . In preparation for a potential mixed-

material extension to previously single-material loops, the recursion Qx,futuremix
i+1,j−1,l caches contributions of the same loops using the mixed-

material parameter set instead of the single-material parameter set. (b) Mixed-material extension to previously single-material loops. If there
is a mismatch between the material of the extension (nucleotides i and j) and the material of the previous nucleotides (checked by comparing
to nucleotide i+1), mixed-material contributions previously cached in Qx,futuremix

i+1,j−1,l−2 are extended as mixed-material contributions in Qx,mix
i,j,l .

(c) Extension to mixed-material loops. Qx,mix
i+1,j−1,l−2 is always extended in Qx,mix

i,j,l , since mixed-material loops remain mixed-material no
matter which materials are introduced by the extension.

of each nucleotide in a given loop. Our mixed-material algorithm
switches parameter sets based on the material composition of each
loop, with mixed-material loops using RNA/DNA parameters, RNA
loops using RNA parameters, and DNA loops using DNA parame-
ters (Figure 2). As a result, a given single-material loop is treated
identically by single- and mixed-material algorithms, and in the spe-
cial case where a system contains only one material, mixed-material
algorithms return the same results as single-material algorithms.

Parameter switching is trivial for loop types whose contributions
to the partition function are calculated within a single recursion level
since the material for each nucleotide can be checked and the appro-
priate free energy parameters applied to the loop as a whole. How-
ever, the situation is more challenging for loop types whose contri-
butions to the partition function are calculated across multiple re-
cursion levels, as these loops are never considered in their entirety,
necessitating the use of both single- and mixed-material recursions
to keep track of the material properties of each loop, employing the
appropriate single- or mixed-material free energy parameters on the
fly. Here, we outline the mixed-material recursion concepts for each
loop type. Full details are provided in Section S6, including recur-
sions with coaxial and dangle stacking.

Hairpin loop treatment. The partition function contribution of
a hairpin loop is incorporated within a single recursion level. Thus,
the material of the entire loop can be checked and either single- or
mixed-material parameters used as appropriate.

Interior loop treatment. Consider an interior loop closed by
base pairs i · j and d · e with i < d < e < j and let n1 ≡ d− i− 1
and n2 ≡ j − e − 1 denote the number of unpaired bases for the
two sides of the interior loop. Interior loops with n1 < 4 or n2 <
4 are explicitly enumerated within a single recursion level, so the
material can be checked for the entire loop and single- or mixed-
material parameters used as appropriate.

For interior loops with n1 ≥ 4 and n2 ≥ 4, the free energy is

given by:

∆Ginterior
i,d,e,j(ϕ) = ∆Ginterior

size (n1 + n2)

+ ∆Ginterior
asymm(|n1 − n2|)

+ ∆Ginterior
mm (ϕd−1, ϕd, ϕe, ϕe+1)

+ ∆Ginterior
mm (ϕj−1, ϕj , ϕi, ϕi+1)

(6)

corresponding to a size term (dependent on the sum of the lengths of
the sides, n1+n2), an asymmetry term (dependent on the difference
in the length of the sides, |n1 − n2|), and sequence-dependent mis-
match terms (reflecting stacking of bases i+ 1 and j − 1 on closing
base pair i·j and bases d−1 and e+1 on closing base pair d·e). These
loops are termed extensible interior loops because the free energy of
smaller loops can be used to calculate the free energy of larger loops
in order to reduce the time complexity of the algorithm. Note that
extending both the 5′ and 3′ ends of the loop by 1 nucleotide so that
the loop is closed by base pair i− 1 · j + 1 instead of i · j does not
change the asymmetry and ∆Ginterior

mm (ϕd−1, ϕd, ϕe, ϕe+1) mismatch
terms. Hence, the free energy of extensible interior loops of size
l ≡ n1 + n2 can be calculated from extensible loops of size l − 2
by swapping out the size parameter ∆Ginterior

size (l− 2) for ∆Ginterior
size (l)

and replacing the mismatch term ∆Ginterior
mm (ϕj−2, ϕj−1, ϕi+1, ϕi+2)

with ∆Ginterior
mm (ϕj−1, ϕj , ϕi, ϕi+1). For example, in calculating the

partition function this corresponds to:

qsize ≡ exp{−[∆Ginterior
size (l)−∆Ginterior

size (l − 2)]/kT} (7)

Qx
i,j,l = Qx

i+1,j−1,l−2q
size + edge cases. (8)

Here Qx
i,j,l is the partition function contribution for extensible inte-

rior loops of size l bounded by indices i and j. This operation in
effect replaces ∆Ginterior

size (l − 2) with ∆Ginterior
size (l) for each loop in

Qx
i+1,j−1,l−2, obtaining the partition function contribution for loops

extended by one nucleotide on each side. Note that Qx does not
include the ∆Ginterior

mm (ϕj−1, ϕj , ϕi, ϕi+1) mismatch term, which is
incorporated at a higher recursion level for each closing base pair

5



i · j, making it unnecessary to swap out this mismatch contribution
as the loop is extended. Qx also includes edge cases corresponding
to contributions from extensible loops with n1 = 4 or n2 = 4 that
cannot be extended from smaller extensible loops. The process of
loop extension reduces the time complexity of calculating interior
loop contributions from O(N4) to O(N3), using three loop indices
(i, j, l) instead of four (i, j, d, e).

To accommodate mixed materials, the Qx recursion must be
split into separate recursions that track extensible interior loops that
are either single- or mixed-material, using either single- or mixed-
material values of the ∆Ginterior

size (n1 + n2) and ∆Ginterior
asymm(|n1 − n2|)

parameters according to the overall material properties of each loop.
Let µi denote the material of nucleotide i (e.g., either RNA or DNA)
and let the Kronecker delta function

δµi,µj =

{
1 if µi = µj

0 otherwise
(9)

indicate whether i and j are the same or different materials.
To extend single-material loops, the two nucleotides that are

added (i and j) must both match the material of the other nucleotides
in the loop, which can be verified by comparing to i+1 (Figure 5a):

qsingle ≡ exp{−[∆Ginterior
size,µi

(l)−∆Ginterior
size,µi

(l − 2)]/kT} (10)

Qx,single
i,j,l = δµi,µi+1δµj ,µi+1Q

x,single
i+1,j−1,l−2q

single + edge cases
(11)

If the material of i or j does not match i + 1 and j − 1 (Figure
5b), then single material loops of size l − 2 cannot be extended
as single-material loops to size l and must instead be extended as
mixed-material loops. This requires a related recursion, Qx,futuremix,
that tracks the same single-material loops as Qx,single, but uses the
mixed-material parameter set:

qmix ≡ exp{−[∆Ginterior
size,mix(l)−∆Ginterior

size,mix(l − 2)]/kT}
(12)

Qx,futuremix
i,j,l = δµi,µi+1δµj ,µi+1Q

x,futuremix
i+1,j−1,l−2q

mix + edge cases
(13)

so that single-material loops can be extended as mixed-material
loops if i or j introduce a new material:

Qx,mix
i,j,l = (1− δµi,µi+1δµj ,µi+1)Q

x,futuremix
i+1,j−1,l−2q

mix

+Qx,mix
i+1,j−1,l−2q

mix + edge cases (14)

Here, the Qx,mix recursion tracks mixed-material loops, which are
always extended as mixed-material since they remain mixed no mat-
ter what material i and j are (Figure 5c). See Section S6.4 for full
details on interior loop recursions for the mixed-material algorithm.

Multiloop treatment.A multiloop is closed by 3 or more ter-
minal base pairs and may be defined by the series of bounding sub-
sequences [ϕ], the ends of which form the terminal base pairs. The
free energy for a multiloop (without coaxial and dangle stacking) is
modeled as:

∆Gmulti([ϕ]) = ∆Gmulti
init + nbp∆Gmulti

bp + nnt∆Gmulti
nt

+∆Gallterminalbp([ϕ]) (15)

where ∆Gmulti
init denotes the penalty for formation of a multiloop,

∆Gmulti
bp denotes the sequence-independent penalty for a terminal

base pair in a multiloop, nbp denotes the number of terminal base
pairs, ∆Gmulti

nt denotes the penalty per unpaired nucleotide in a
multiloop, and nnt denotes the number of unpaired nucleotides.
∆Gallterminalbp([ϕ]) is the sum of the sequence-dependent penalty
∆Gterminalbp

ϕi,ϕj
for each terminal base pair i · j closing the multiloop.

We define ∆Gmulti
bp and ∆Gterminalbp

ϕi,ϕj
based on the material(s) of a

given terminal base pair whether the overall loop is single- or mixed-
material. For example, these parameters are the same for an RNA
terminal base pair whether the multiloop is all-RNA or a mixture of
RNA and DNA. Likewise, we define ∆Gmulti

nt based on the material
of each unpaired nucleotide within the multiloop whether the overall
loop is single- or mixed-material. By contrast, ∆Gmulti

init applies to the
multiloop as a whole and has different values for single- and mixed-
material multiloops. For efficiency reasons, multiloop partition func-
tion contributions are calculated using multiple levels of recursions
without ever knowing the full multiloop structure at any single re-
cursion level. As a result, it is necessary to define single- and mixed-
material recursions so that once the partition function contributions
for a given multiloop have been calculated through the recursive pro-
cess, the correct value of ∆Gmulti

init can be incorporated depending on
whether the multiloop turns out to be single- or mixed-material.

To illustrate this concept, consider one of the contributions to the
Qm recursion of Figure 4c,

Qm
i,j =

∑
i<d<j

Qm
i,dQ

ms
d+1,j + . . . , (16)

corresponding to the partition function contribution for subsequence
[i, j] containing more than one base pair inside a multiloop (with
3′-most pair between d + 1 and a nucleotide ≤ j). Figure 6a il-
lustrates different single-material multiloops and the single-material
recursions used to generate them for an RNA sequence.

If we split Qm and Qms into single- and mixed-material recur-
sions, we have the following:

Qm,single
i,j =

∑
i<d<j

δµi,µjQ
m,single
i,d Qms,single

d+1,j + . . . (17)

Qm,mix
i,j =

∑
i<d<j

[
Qm,mix

i,d Qms,mix
d+1,j +Qm,mix

i,d Qms,single
d+1,j

+Qm,single
i,d Qms,mix

d+1,j

+ (1− δµi,µj )(Q
m,single
i,d Qms,single

d+1,j )
]
+ . . . (18)

Unlike the single-material algorithm, which contains the Qm
i,dQ

ms
d+1,j

contribution (16), the mixed-material algorithm treats four com-
binations of these terms that are assigned to a higher level
Qm,single

i,j recursion (17) or Qm,mix
i,j recursion (18) depending on

whether the combination represents an overall single- or mixed-
material multiloop contribution. Any combination involving
at least one mixed-material recursion element (Qm,mix

i,d Qms,mix
d+1,j ,

Qm,mix
i,d Qms,single

d+1,j , Qm,single
i,d Qms,mix

d+1,j ) represents an overall mixed-
material contribution that is included in Qm,mix

i,j . The remaining com-
bination, Qm,single

i,d Qms,single
d+1,j , represents a single-material contribu-

tion if the materials for the two single-material subsequences [i, d]
and [d + 1, j] match (added to (17) using the conditional δµi,µj ),
and a mixed-material contribution if they do not (added to (18) using
the conditional (1 − δµi,µj )). Figure 6b illustrates different mixed-
material and single-material multiloops and the recursions used to
generate them for a chimeric RNA/DNA sequence.

For the single-material algorithm, the Qb recursion (Figure 4b) re-
cursively calls Qm and Qms to complete the calculation of the par-
tition function contributions for each multiloop, incorporating the
final terminal base pair, j · i, to close the loop. For the mixed-
material algorithm, Qb

i,j is evaluated by comparing the materials of
the Qm

i+1,d and Qms
d+1,j−1 recursions as well as the material of the

terminal base pair j · i and using either a single- or mixed-material
value for ∆Gmulti

init , the penalty for formation of a multiloop, depend-
ing on whether the overall multiloop turns out to be single- or mixed-
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Figure 6: Comparison of multiloop treatment for single- and mixed-material algorithms. (a) Single-material algorithm. (b) Mixed-material
algorithm. For each algorithm, recursions are depicted with recursion diagrams (above) and recursion equations (below). In recursion
diagrams, a dashed line demarcates a region without implying that the connected bases are paired; a half-solid/half-dashed straight line
indicates that the nucleotide connected on the solid side is base-paired to a nucleotide within the demarcated region; shaded regions correspond
to loop free energies that are explicitly incorporated at the current level of recursion. Examples of partial multiloops (each corresponding
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contributions to the partition function.

material:
qsingle ≡ exp

{
−[∆Gmulti

init,µi
+∆Gmulti

bp,µi
+∆Gterminalbp

ϕj ,ϕi
]/kT

}
(19)

qmix ≡ exp
{
−[∆Gmulti

init,mix

+ δµi,µj∆Gmulti
bp,µi

+(1− δµi,µj )∆Gmulti
bp,mix

+∆Gterminalbp
ϕj ,ϕi

]/kT
}

(20)

Qb
i,j =

∑
i<d<j

δµi,µj δµi,µi+1δµi,µj−1Q
m,single
i+1,d Qms,single

d+1,j−1q
single

+
∑

i<d<j

[
Qm,mix

i+1,dQ
ms,mix
d+1,j−1 +Qm,mix

i+1,dQ
ms,single
d+1,j−1

+Qm,single
i+1,d Qms,mix

d+1,j−1

+ (1− δµi,µj δµi,µi+1δµi,µj−1)(Q
m,single
i+1,d Qms,single

d+1,j−1)
]
qmix

+ . . . (21)

See Sections S6.3 and S6.5 for full details on multiloop recursions
without/with coaxial and dangle stacking.

Exterior loop treatment. An exterior loop contains a nick be-
tween strands, is closed by zero or more terminal base pairs, and may
be defined by the series of bounding subsequences [ϕ], two ends of
which border the nick and the other ends of which form the terminal
base pairs. An unpaired strand is an exterior loop with a free energy
of zero, corresponding to the reference state.21 The free energy for
an exterior loop without coaxial and dangle stacking is modeled as:

∆Gexterior([ϕ]) = 0 +∆Gallterminalbp([ϕ]),

where ∆Gallterminalbp([ϕ]) is a sum of the sequence-dependent penalty
∆Gterminalbp

ϕi,ϕj
for each terminal base pair i · j closing the exterior loop.

As in the multiloop setting, we define ∆Gterminalbp
ϕi,ϕj

based on the mate-
rial(s) of a given terminal base pair whether the overall exterior loop

7
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Figure 7: Improved prediction of duplex melting temperature using a mixed-material RNA/DNA algorithm compared to single-material RNA-
only or DNA-only algorithms. Computed vs empirical melting temperatures (Tm) for four different experimental studies. Mean absolute
error (MAE). (a) Sugimoto et al, 1995.13 67 RNA/DNA hybrid duplexes with no mismatches; one duplex was omitted that did not melt
between 0 ◦C and 100 ◦C using RNA parameters. (b) Nakano et al., 2004.15 37 chimeric duplexes with no mismatches (30 duplexes with
the same non-self-complementary sequence (termed seq1) with varying RNA and DNA composition e.g., rGACUAdGGT/rACCUAGUC,
dGACTrAGGU/dACCTAGTC, dGACTrAGGU/rACCUdAGTC; 7 duplexes with the same self-complementary sequence (termed seq2) with
varying RNA and DNA composition e.g., rCGCGCdG/rCGCGCdG, rCGCdGCG/rCGCdGCG; the single-material predictions are the same
for all duplexes with the same sequence (depicted as horizontal lines). (c) Watkins et al., 2011.20 54 RNA/DNA hybrid duplexes: 43 contain
a single internal rA×dA, rC×dC, rG×dG, or rU×dT mismatch, 11 contain no mismatch; duplexes that appear in Sugimoto et al., 200029

were omitted. (d) Sugimoto et al., 2000.29 57 RNA/DNA hybrid duplexes: 39 contain a single mismatch (rA×dA, rA×dC, rA×dG, rC×dA,
rC×dT, rG×dA, rG×dG,rU×dC, rU×dG, or rU×dT), 9 contain a wobble pair (rG·dT), 4 contain a chimeric mismatch (dT×dG), 5 contain
no mismatch; eight sequences containing dU were omitted since there are no DNA parameters for U. Each strand: 50 µM. Salt conditions:
1.0 M Na+.

is single- or mixed-material. For example, the parameter is the same
for an RNA terminal base pair whether the exterior loop is all-RNA
or a mixture of RNA and DNA. As a result, when a terminal base
pair is encountered in an exterior loop context within a recursion
(e.g., the terminal base pair j · i in the exterior loop recursion of Fig-
ure 4b), the material of the terminal base pair is checked and either a
single- or mixed-material parameter value is used as appropriate.

Results and Validation
Validation with empirical RNA/DNA melting temperature

data from the literature. The new mixed-material RNA/DNA
parameter set incorporates available stack loop and internal mis-
match free energies derived in the literature from duplex melt ex-
periments.13, 15, 20 For each duplex used in the parameterization ex-
periments, we used the new mixed-material algorithms to calculate
the melting temperature (Tm) for comparison to the experimental
melting temperature. Figure 7 displays the computed and empir-
ical Tm for the duplexes used in four studies: RNA/DNA hybrid
duplexes with no mismatches13 (panel a), RNA/DNA chimeric du-

plexes with no mismatches15 (panel b), RNA/DNA hybrid duplexes
with or without a mismatch20 (panel c), RNA/DNA hybrid duplexes
with or without a single hybrid or chimeric mismatch (panel d).
In each plot, ideal data would fall on the diagonal. Using mixed-
material RNA/DNA simulations, the mean absolute error (MAE) in
Tm was {2.1, 0.58, 2.1, 2.5}◦C for these four data sets. In the ab-
sence of mixed-material parameter sets and algorithms, current stan-
dard practice is to simulate RNA/DNA systems as either all-RNA
or all-DNA. Using all-DNA simulations for these four data sets, the
MAE increased to {4.9, 5.2, 4.3, 4.7}◦C with the Tm typically over-
estimated for two data sets and typically under-estimated for two
others. Using all-RNA simulations for these four data sets, the MAE
increased further to {15, 12, 18, 16}◦C and the Tm was typically
overestimated for all four data sets. These results are consistent
with previous observations that mixed RNA/DNA base-pairing is
energetically more similar to DNA-only base-pairing than to RNA-
only base-pairing.13 The chimeric duplexes of Figure 7b have no
mismatches and either of two duplex sequences, but with different
RNA/DNA compositions; mixed-material simulations capture the
empirical trend in Tm, while single-material RNA-only or DNA-
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Figure 8: Improved prediction of duplex melting temperature using a
mixed-material RNA/2′OMe-RNA algorithm compared to a single-
material RNA-only algorithm. Computed vs empirical melting tem-
perature (Tm) for the experimental study of Kierzek et al., 2006.17

Mean absolute error (MAE). 68 RNA/2′OMe-RNA hybrid duplexes
without mismatches.17 Each strand: 50 µM. Salt conditions: 0.12 M
Na+.

only simulations cannot, predicting the same Tm for all duplexes
with the same sequence (depicted as horizontal lines). We were not
able to identify any unifying cause underlying the small number of
outliers in the mixed-material scatter plots of Figure 7.

Validation with empirical RNA/2′OMe-RNA melting
temperature data from the literature. The new mixed-
material algorithms can also be used with the new mixed-material
RNA/2′OMe-RNA parameter set to model systems that contain a
mixture of RNA and 2′OMe-RNA nucleotides. Figure 8 displays
the computed and empirical Tm for RNA/2′OMe-RNA hybrid du-
plexes without mismatches that were used to parameterize the model.
Mixed-material RNA/2′OMe-RNA simulations produce an MAE of
0.97 ◦C compared to 5.1 ◦C for RNA-only simulations, which tend
to underestimate the Tm.

Validation with melt experiments on different duplex
material compositions. As a further test of the utility of the
mixed-material model and algorithms, we synthesized duplexes with
each of four different strand compositions (DNA:DNA, DNA:RNA,
RNA:DNA, and RNA:RNA) and performed melt experiments to
enable comparison of computed and experimental melt curves for
a given duplex sequence with these different material composi-
tions. Figure 9 displays the computed and experimental melt curves
and melting temperatures for three duplex sequences. The mixed-
material simulations correctly predict the stability order between
the different material compositions. This is particularly signifi-
cant because while RNA:RNA duplexes are generally more stable
than DNA:DNA duplexes, whether DNA:DNA is more or less sta-
ble than DNA:RNA and/or RNA:DNA hybrid duplexes is sequence-
dependent.13 Indeed, the order of increasing stability for Duplex
1 is DNA:RNA < RNA:DNA < DNA:DNA < RNA:RNA, with
the all-DNA duplex more stable than either of the hybrid duplexes,
but for Duplexes 2 and 3, the order of increasing stability switches
to be DNA:RNA < DNA:DNA < RNA:DNA < RNA:RNA, with
the all-DNA duplex of intermediate stability between the two hy-
brid duplexes. The MAE in Tm across the three duplex sequences
was 1.7°C for DNA:DNA duplexes, 1.7°C for DNA:RNA duplexes,
2.6°C for RNA:DNA duplexes, and 1.1°C for RNA:RNA duplexes.

Relative efficiency of single- and mixed-material dynamic
programs. Both the single- and mixed-material algorithms have
time complexity O(N3) using dynamic programming recursions
that operate on a maximum of three nucleotide indices in each re-
cursion. However, the mixed-material algorithms include new con-
ditional statements to check the material composition of each nu-
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Figure 9: Comparison of computed vs experimental melt curves and
melting temperatures for three duplex sequences each synthesized
with four different strand compositions (DNA:DNA, DNA:RNA,
RNA:DNA, and RNA:RNA). Computed melt: fraction of nu-
cleotides unpaired. Experimental melt: fraction of nucleotides un-
paired based on curve fit with 2-state model. Symbols denote N = 3
replicate experiments; each experimental curve fit represents the
mean of the curve fits for the replicates. Computed and experimental
melting temperatures (Tm) depicted as vertical lines. Mean absolute
error (MAE) ± SEM for N = 3 replicate experiments. Each strand:
5 µM. Salt conditions: 1.0 M Na+.

cleotide, as well as duplicate recursions to appropriately handle
single- and mixed-material loop contributions within the dynamic
program. Figure 10 compares the speed of single- and mixed-
material partition function algorithms for 3-stranded complexes.
Across a wide range of complex sizes, the mixed-material algorithm
is ≈2–3.5× slower than the single-material algorithm. Hence, the
significant accuracy benefits achieved by modeling mixed-material
systems at nucleotide resolution come at the cost of only a modest
increase in simulation time.
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Figure 10: Relative speed of single- and mixed-material partition function algorithms. Calculation of the partition function with or without
coaxial and dangle stacking for a complex of 3 strands, each with a different random sequence of uniform length. For the mixed-material
tests, each strand contained a random mix of RNA and DNA nucleotides. For single-material tests, the same strand sequences were used with
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Conclusions
We formulated free energy parameter sets for RNA/DNA and
RNA/2′OMe-RNA mixed-material systems to enable analysis of
complex and test tube ensembles with the material composition spec-
ified at nucleotide resolution. We developed new single- and mixed-
material dynamic programming recursions that apply the appropriate
single- or mixed-material free energy parameters to each loop within
a secondary structure depending on the material properties of a given
loop. The mixed-material algorithm exactly reproduces the results of
the single-material algorithm when applied to a single-material sys-
tem. In the context of the unified dynamic programming framework
underlying NUPACK,10 the new mixed-material recursions enable
calculation of diverse physical quantities for mixed-material systems
(complex partition function, equilibrium complex concentrations,
equilibrium base-pairing probabilities, minimum free energy sec-
ondary structure(s), and Boltzmann-sampled secondary structures;
see Section S2.9 for details). The mixed-material algorithms retain
the O(N3) time complexity of the single-material algorithms with a
≈2–3.5× increase in run time.

We validated the mixed-material models and algorithms by pre-
dicting duplex melting temperatures from literature experiments
for both RNA/DNA and RNA/2′OMe-RNA data sets. For mixed-
material systems, the mixed-material models and algorithms are sig-
nificantly more accurate in predicting melting temperatures than
single-material models and algorithms. As a reality check, we
compared mixed-material simulations to new duplex melt curves
for three hybrid duplex sequences synthesized with four combina-
tions of strand compositions (DNA:DNA, DNA:RNA, RNA:DNA,
and RNA:RNA). Mixed-material simulations correctly predicted the
sequence-dependent order of duplex stability for the different mate-
rial compositions.

The new mixed-material parameter sets incorporate the limited
supply of empirical mixed-material loop free energies that have been
regressed in the literature, filling in missing mixed-material values
with blended single-material values. These new mixed-material al-
gorithms significantly increase the motivation to perform additional
mixed-material empirical parameterization studies as updates to the
parameters files can be directly leveraged in future mixed-material
simulations of complex and test tube ensembles, including for new
combinations of materials.

Materials and Methods
Materials.Sequences for the three duplexes used for UV melt

experiments are shown in Table 1. The sequences were selected for

experimental study based on predictions using the mixed-material
algorithm that they would fully melt within the range 0 °C to 100 °C
and have different Tm values for each of the four material combi-
nations. Each strand was synthesized and HPLC-purified as an all-
RNA oligo and as an all-DNA oligo by Integrated DNA Technolo-
gies.

Table 1: Three duplex sequences each synthesized with four dif-
ferent strand compositions (DNA:DNA, DNA:RNA, RNA:DNA,
RNA:RNA). U replaces T for RNA strands.

Duplex Strand1 Strand2

1 5′-CGAATTAAGCA-3′ 5′-TGCTTAATTCG-3′

2 5′-CGAAAAGGGC-3′ 5′-GCCCTTTTCG-3′

3 5′-GGACTAAGC-3′ 5′-GCTTAGTCC-3′

Duplex melt experiments. Each strand was resuspended in
a solution of 1 M NaCl, 0.5 mM Tris, 5 µM EDTA. Concentra-
tions were determined by measuring absorbance at 260 nm. For
each duplex, two complementary strands were mixed at a 1:1 ratio
with each strand at 5 µM. Melts were performed using the Agilent
Cary 3500 Multicell Peltier UV-Vis Double Beam Spectrophotome-
ter. Absorbance vs temperature curves were collected at 260 nm
from 5 to 90 °C at a heating rate of 2 °C/min. Below 25 °C, N2

gas was streamed through the instrument to prevent condensation
on the cuvettes. N = 3 replicate melt experiments were performed
for each material composition (DNA:DNA, DNA:RNA, RNA:DNA,
and RNA:RNA) for each of the three duplex sequences in Table 1.

Curve fitting for duplex melt experiments.For each repli-
cate melt experiment, UV absorbance data were fit with a two-state
model where each strand is assumed to be either in a single-stranded
(ss) unpaired state (strands A and B) with no base pairs formed or in
a double-stranded (ds) duplex state (duplex AB) with all base pairs
formed. Absorbance curve fits with sloping baselines for the ss and
ds states were performed using the Levenberg–Marquardt (LM) al-
gorithm, yielding the temperature-dependent fraction of strands in
the single-stranded state, fss(T ) (see Section S2.8 for details).44 The
empirical melting temperature, Tm, is defined as the temperature at
which fss(T ) = 0.5. Figure 9 displays the mean fss(T ) curve fit and
mean Tm over N = 3 replicate experiments. Additionally, replicate
absorbance measurements are displayed as equivalent fss(T ) values
calculated as a fraction of the absorbance difference between the re-
gressed single-stranded and double-stranded sloping baselines at a
given temperature. Note that for a two-state model applied to strands
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that form a fully complementary duplex (as is the case for Figure 9),
fss(T ) is equivalent to the fraction of nucleotides that are unpaired
in solution.

Computational melt studies. Computational melt studies
for Figures 7–9 were performed using temperature-dependent
mixed-material parameter sets (rna dna06 for RNA/DNA and
rna merna06 for RNA/2′OMe-RNA) using the nostacking
complex ensemble (no coaxial or dangle stacking10, 27) for a test
tube ensemble that includes all monomers and dimers formed from
strands A and B for a given duplex (i.e., A, B, AA, BB, AB). Single-
material calculations were performed using single-material param-
eter sets rna06 for RNA and dna04.2 for DNA. Strand concen-
trations and salt conditions were set as follows to match experimen-
tal conditions: each strand at 50 µM in 1.0 M Na+ for Figure 7;
each strand at 50 µM in 0.12 M Na+ for Figure 8; each strand at 5
µM in 1.0 M Na+ for Figure 9. For 1 °C increments from 5 to 90
°C we calculated the partition function and equilibrium base-pairing
probability matrix for each complex. The partition functions for the
complexes in the test tube were then used to calculate the equilib-
rium complex concentration for each complex species. The equi-
librium complex concentrations and equilibrium base-pairing prob-
ability matrices were then used to calculate the fraction of unpaired
nucleotides, fu(T ) for the test tube ensemble,27 which is displayed
as a computational melt curve in Figure 9. For fully complemen-
tary duplexes, fu(T ) falls in the interval [0, 1] and computational
melting temperature, Tm, is defined as the temperature at which
fu(T ) = 0.5. For duplexes with an internal mismatch (1×1 inte-
rior loop), fu(T ) falls in the interval [1/n, 1], where n is the number
of nucleotides in each strand, and the computational Tm is defined
as the temperature at which fu(T ) = (n + 1)/(2n), corresponding
to the midpoint of the interval. For the timing comparisons of Fig-
ure 10, jobs were run in serial on dual-processor 8-core 3.30 GHz
Intel E5-2667v2 Xeon nodes with 64 GB of memory.

Literature free energy parameters were regressed from experimen-
tal studies using a two-state model that models each duplex as either
fully associated or fully disassociated. On the other hand, the parti-
tion function algorithm operates on a complex ensemble containing
all possible (unpseudoknotted connected) secondary structures, with
or without coaxial and dangle stacking. If coaxial and dangle stack-
ing states are included in the ensemble, each secondary structure in-
corporates Boltzmann-weighted contributions from a subensemble
of stacking states.10 We found that including coaxial and dangle
stacking states using literature parameters derived using a two-state
model tended to overstabilize the duplex and overestimate the melt-
ing temperature compared to experimental results (see Section S7.2).
This is not to say that the stacking ensemble is less accurate than
the nostacking ensemble, but rather that it is less compatible with
how the literature free energy parameters were regressed from exper-
imental data. Efforts are underway to regress free energy parameters
from scratch for use with the full complex ensemble including coax-
ial and dangle stacking states.

RESOURCES
NUPACK web app and Python module. Mixed-material jobs

can be run interactively via the NUPACK web app (nupack.org)
or scripted locally using the NUPACK Python module, sub-
ject to the NUPACK software license agreement. Please di-
rect questions, comments, feature requests, and bug reports to
support@nupack.org.

ASSOCIATED CONTENT
Supporting Information
Strand association penalty for a complex, coaxial and dangle stack-
ing subensembles within multiloops or exterior loops, complex en-
sembles with and without coaxial and/or dangle stacking, validation
and implementation of salt corrections, temperature dependence of

the free energy model, treatment of constant free energy terms for
complex ensembles, distinguishability issues, curve fitting for du-
plex melt experiments, calculation of diverse physical quantities over
complex and test tube ensembles using a unified dynamic program-
ming framework, single-material free energy models for RNA, DNA,
and 2′OMe-RNA, mixed-material free energy models for RNA/DNA
and RNA/2′OMe-RNA, mixed-material recursions without or with
coaxial and dangle stacking, additional studies, validation studies.

AUTHOR INFORMATION
Corresponding Author
*E-mail: niles@caltech.edu

ORCID
Avinash Nanjundiah: 0009-0008-5985-5130
Mark E. Fornace: 0000-0002-5829-5839
Samuel J. Schulte: 0000-0001-9982-6504
Niles A. Pierce: 0000-0003-2367-4406

Author contributions
Conceptualization: N.A.P.; Methodology (computational): A.N.,
M.E.F., N.A.P.; Methodology (experimental): S.J.S.; Software:
A.N., M.E.F.; Validation: A.N., S.J.S.; Investigation (computa-
tional): A.N.; Investigation (experimental): S.J.S.; Writing - original
draft preparation: A.N., N.A.P.; Writing - review and editing: A.N.,
M.E.F., S.J.S., N.A.P.; Visualization: A.N., N.A.P.; Supervision:
N.A.P.; Funding acquisition: N.A.P.

Notes
The authors declare no competing financial interests.

ACKNOWLEDGMENTS
This work was funded by the National Science Foundation (NSF-
CHE-2317395 and NSF-OAC-1835414), by the Programmable
Molecular Technology Center (PMTC) within the Beckman Institute
at Caltech, by the AWS/IST Cloud Credit Program at Caltech. S.J.S
was supported in part by National Institutes of Health NIGMS train-
ing grant GM008042. M.E.F. was supported in part by the U.S. De-
partment of Energy, Office of Science, Office of Advanced Scientific
Computing Research’s Applied Mathematics Competitive Portfolios
program under Contract No. AC02-05CH11231.

REFERENCES
(1) Raj, A., van den Bogaard, P., Rifkin, S. A., van Oudenaarden,

A., and Tyagi, S. (2008) Imaging individual mRNA molecules
using multiple singly labeled probes. Nat. Methods 5, 877–879.

(2) Choi, H. M. T., Schwarzkopf, M., Fornace, M. E., Acharya,
A., Artavanis, G., Stegmaier, J., Cunha, A., and Pierce, N. A.
(2018) Third-generation in situ hybridization chain reaction:
Multiplexed, quantitative, sensitive, versatile, robust. Develop-
ment 145, dev165753.

(3) Hochrein, L. M., Ge, T. J., Schwarzkopf, M., and Pierce, N. A.
(2018) Signal transduction in human cell lysate via dynamic
RNA nanotechnology. ACS Synth. Biol. 7, 2796–2802.

(4) Roberts, T. C., Langer, R., and Wood, M. J. A. (2020) Ad-
vances in oligonucleotide drug delivery. Nat. Rev. Drug Discov.
19, 673–694.

(5) Zuker, M. (2003) Mfold web server for nucleic acid folding and
hybridization prediction. Nucleic Acids Res. 31, 3406–3415.

(6) Lorenz, R., Bernhart, S. H., Siederdissen, C. H. Z., Tafer, H.,
Flamm, C., Stadler, P. F., and Hofacker, I. L. (2011) Vien-
naRNA Package 2.0. Algorithms Mol. Biol. 6.

(7) Reuter, J. S., and Mathews, D. H. (2010) RNAstructure: Soft-
ware for RNA secondary structure prediction and analysis.
BMC Bioinformatics 11, 129.

11

https://www.nupack.org
mailto:support@nupack.org


(8) Ding, Y., Chan, C. Y., and Lawrence, C. E. (2004) Sfold
web server for statistical folding and rational design of nucleic
acids. Nucleic Acids Res. 32, W135–W141.

(9) Andronescu, M., Aguirre-Hernandez, R., Condon, A., and
Hoos, H. H. (2003) RNAsoft: A suite of RNA secondary struc-
ture prediction and design software tools. Nucleic Acids Res.
31, 3416–3422.

(10) Fornace, M. E., Porubsky, N. J., and Pierce, N. A. (2020) A
unified dynamic programming framework for the analysis of
interacting nucleic acid strands: Enhanced models, scalability,
and speed. ACS Synth. Biol. 9, 2665–2678.

(11) Lorenz, R., Hofacker, I. L., and Bernhart, S. H. (2012) Folding
RNA/DNA hybrid duplexes. Bioinformatics 28, 2530–2531.

(12) Lesnik, E. A., and Freier, S. M. (1995) Relative thermodynamic
stability of DNA, RNA, and DNA:RNA hybrid duplexes: Re-
lationship with base composition and structure. Biochemistry
34, 10807–10815.

(13) Sugimoto, N., Nakano, S., Katoh, M., Matsumura, A., Naka-
muta, H., Ohmichi, T., Yoneyama, M., and Sasaki, M. (1995)
Thermodynamic parameters to predict stability of RNA/DNA
hybrid duplexes. Biochemistry 34, 11211–11216.

(14) Nakano, S., Fujimoto, M., Hara, H., and Sugimoto, N. (1999)
Nucleic acid duplex stability: Influence of base composition on
cation effects. Nucleic Acids Res. 27, 2957–2965.

(15) Nakano, S., Kanzaki, T., and Sugimoto, N. (2004) Influences of
ribonucleotide on a duplex conformation and its thermal stabil-
ity: Study with the chimeric RNA-DNA strands. J. Am. Chem.
Soc. 126, 1088–1095.

(16) Banerjee, D., Tateishi-Karimata, H., Ohyama, T., Ghosh, S.,
Endoh, T., Takahashi, S., and Sugimoto, N. (2020) Improved
nearest-neighbor parameters for the stability of RNA/DNA hy-
brids under a physiological condition. Nucleic Acids Res. 48,
12042–12054.

(17) Kierzek, E., Mathews, D. H., Ciesielska, A., Turner, D. H., and
Kierzek, R. (2006) Nearest neighbor parameters for Watson-
Crick complementary heteroduplexes formed between 2’-O-
methyl RNA and RNA oligonucleotides. Nucleic Acids Res.
34, 3609–3614.

(18) Kierzek, E., Ciesielska, A., Pasternak, K., Mathews, D. H.,
Turner, D. H., and Kierzek, R. (2005) The influence of locked
nucleic acid residues on the thermodynamic properties of 2’-
O-methyl RNA/RNA heteroduplexes. Nucleic Acids Res. 33,
5082–5093.

(19) McTigue, P. M., Peterson, R. J., and Kahn, J. D. (2004)
Sequence-dependent thermodynamic parameters; for locked
nucleic acid (LNA)-DNA duplex formation. Biochemistry 43,
5388–5405.

(20) Watkins, N. E., Kennelly, W. J., Tsay, M. J., Tuin, A., Swenson,
L., Lee, H. R., Morosyuk, S., Hicks, D. A., and SantaLucia, J.
(2011) Thermodynamic contributions of single internal rA·dA,
rC·dC, rG·dG and rU·dT mismatches in RNA/DNA duplexes.
Nucleic Acids Res. 39, 1894–1902.

(21) Dirks, R. M., Bois, J. S., Schaeffer, J. M., Winfree, E., and
Pierce, N. A. (2007) Thermodynamic analysis of interacting
nucleic acid strands. SIAM Rev. 49, 65–88.

(22) Zadeh, J. N., Steenberg, C. D., Bois, J. S., Wolfe, B. R., Pierce,
M. B., Khan, A. R., Dirks, R. M., and Pierce, N. A. (2011) NU-
PACK: Analysis and design of nucleic acid systems. J. Comput.
Chem. 32, 170–173.

(23) Wolfe, B. R., and Pierce, N. A. (2015) Sequence design for a
test tube of interacting nucleic acid strands. ACS Synth. Biol.
4, 1086–1100.

(24) Hochrein, L. M., Schwarzkopf, M., Shahgholi, M., Yin, P., and
Pierce, N. A. (2013) Conditional Dicer substrate formation via
shape and sequence transduction with small conditional RNAs.
J. Am. Chem. Soc. 135, 17322–17330.

(25) Geary, C., Rothemund, P. W. K., and Andersen, E. S. (2014)
A single-stranded architecture for cotranscriptional folding of

RNA nanostructures. Science 345, 799–804.
(26) Wolfe, B. R., Porubsky, N. J., Zadeh, J. N., Dirks, R. M., and

Pierce, N. A. (2017) Constrained multistate sequence design
for nucleic acid reaction pathway engineering. J. Am. Chem.
Soc. 139, 3134–3144.

(27) Fornace, M. E., Huang, J., Newman, C. T., Porubsky, N. J.,
Pierce, M. B., and Pierce, N. A. (2022) NUPACK: Analysis and
design of nucleic acid structures, devices, and systems. Chem-
Rxiv .

(28) SantaLucia, J., Jr., and Hicks, D. (2004) The thermodynamics
of DNA structural motifs. Annu. Rev. Biophys. Biomol. Struct.
33, 415–440.

(29) Sugimoto, N., Nakano, M., and Nakano, S. (2000)
Thermodynamics-structure relationship of single mismatches
in RNA/DNA duplexes. Biochemistry 39, 11270–11281.

(30) SantaLucia, J., Jr. (1998) A Unified View of Polymer, Dumb-
bell, and Oligonucleotide DNA Nearest-Neighbor Thermody-
namics. Proc. Natl. Acad. Sci. U. S. A. 95, 1460–1465.

(31) Xia, T.B., SantaLucia, J., Jr., Burkard, M.E., Kierzek, R.,
Schroeder, S.J., Jiao, X.Q., Cox, C., and Turner, D.H. (1998)
Thermodynamic parameters for an expanded nearest-neighbor
model for formation of RNA duplexes with Watson-Crick base
pairs. Biochemistry 37, 14719–14735.

(32) Mathews, D. H., Sabina, J., Zuker, M., and Turner, D. H.
(1999) Expanded sequence dependence of thermodynamic pa-
rameters improves prediction of RNA secondary structure. J.
Mol. Biol. 288, 911–940.

(33) Lu, Z. J., Turner, D. H., and Mathews, D. H. (2006) A set of
nearest neighbor parameters for predicting the enthalpy change
of RNA secondary structure formation. Nucleic Acids Res. 34,
4912–4924.

(34) Turner, D. H., and Mathews, D. H. (2010) NNDB: The nearest
neighbor parameter database for predicting stability of nucleic
acid secondary structure. Nucleic Acids Res. 38, D280–D282.

(35) Bloomfield, V.A., Crothers, D.M., and Tinoco, I., Jr. (2000)
Nucleic Acids: Structures, Properties, and Functions (Univer-
sity Science Books, Sausalito, CA).

(36) Serra, M. J., and Turner, D. H. (1995) Predicting thermody-
namic properties of RNA. Methods Enzymol. 259, 242–261.

(37) Mathews, D. H., Disney, M. D., Childs, J. L., Schroeder, S. J.,
Zuker, M., and Turner, D. H. (2004) Incorporating chemical
modification constraints into a dynamic programming algo-
rithm for prediction of RNA secondary structure. Proc. Natl.
Acad. Sci. U. S. A. 101, 7287–7292.

(38) Peyret, Nicolas, Prediction of Nucleic Acid Hybridization: Pa-
rameters and Algorithms. Thesis, Wayne State University
(2000).

(39) Bommarito, S., Peyret, N., and SantaLucia, J. (2000) Thermo-
dynamic parameters for DNA sequences with dangling ends.
Nucleic Acids Res. 28, 1929–1934.

(40) Koehler, R. T., and Peyret, N. (2005) Thermodynamic Proper-
ties of DNA Sequences: Characteristic Values for the Human
Genome. Bioinformatics 21, 3333–3339.

(41) Freier, S. M., Alkema, D., Sinclair, A., Neilson, T., and Turner,
D. H. (1985) Contributions of dangling end stacking and ter-
minal base-pair formation to the stabilities of XGGCCp, XC-
CGGp, XGGCCYp, and XCCGGYp helixes. Biochemistry 24,
4533–4539.

(42) Chen, B., Gilbert, L. A., Cimini, B. A., Schnitzbauer, J., Zhang,
W., Li, G. W., Park, J., Blackburn, E. H., Weissman, J. S., Qi,
L. S., and Huang, B. (2013) Dynamic imaging of genomic loci
in living human cells by an optimized CRISPR/Cas system.
Cell 155, 1479–91.

(43) McCaskill, J.S. (1990) The equilibrium partition function and
base pair binding probabilities for RNA secondary structure.
Biopolymers 29, 1105–1119.

(44) Petersheim, M., and Turner, D. H. (1983) Base-stacking and
base-pairing contributions to helix stability: Thermodynam-

12



ics of double-helix formation with CCGG, CCGGp, CCGGAp,
ACCGGp, CCGGUp, and ACCGGUp. Biochemistry 22, 256–
263.

13



FOR TABLE OF CONTENTS USE ONLY

DNA
RNA

Material

Title: Models and Algorithms for Equilibrium Analysis of Mixed-
Material Nucleic Acid Systems

Authors: Avinash Nanjundiah, Mark E. Fornace, Samuel J. Schulte,
and Niles A. Pierce

14




