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We employ the SMASH transport model to provide event-by-event initial conditions for the
energy-momentum tensor and conserved charge currents in hydrodynamic simulations of relativis-
tic heavy-ion collisions. We study the fluctuations and dynamical evolution of three conserved
charge currents (net baryon, net electric charges, and net strangeness) with a 4D lattice-QCD-based
equation of state, NEOS-4D, in the hydrodynamic phase. Out-of-equilibrium corrections at the
particlization are generalized to finite densities to ensure the conservation of energy, momentum,
and the three types of charges. These theoretical developments are integrated within the X-SCAPE
code as a unified framework for studying the nuclear matter properties in the Beam Energy Scan
program.
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I. INTRODUCTION

Relativistic nuclear collision experiments provide a
versatile laboratory for studying the emergent proper-
ties of strongly interacting matter under extreme condi-
tions [1–4]. At high temperatures and low net baryon
densities, such as those probed at the top energies
of the Relativistic Heavy-Ion Collider (RHIC) and the
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Large Hadron Collider (LHC), the produced quark-gluon
plasma (QGP) behaves as a type of strongly-coupled
fluid, whose collective space-time evolution is successfully
described by relativistic hydrodynamics initialized with
models based on nuclear geometry and parton satura-
tion physics [5–9]. Precision comparisons between theo-
ries and experiments require a unified approach with ro-
bust uncertainty quantification, which the JETSCAPE
Collaboration has been pursuing [10, 11]. Meanwhile, as
the field advances toward a more complete mapping of
the phase diagram of Quantum Chromodynamics (QCD)
— exploring the uncharted regions at finite tempera-
tures and large net baryon densities — new theoretical
challenges emerge [12–17]. These include the need to
model systems far from boost invariance, with signifi-
cant baryon stopping, interactions between the fluid and
spectators, and substantial non-equilibrium effects in the
early stages of the collision [18–20].

In this intermediate to low beam energy regime, rel-
evant to the RHIC Beam Energy Scan (BES) pro-
gram [21, 22] and upcoming experiments at the Facility
for Antiproton and Ion Research (FAIR) [23], the as-
sumptions of eikonal collisions and significant Lorentz
contraction in traditional initial condition models be-
come increasingly unreliable [20, 24–26]. For exam-
ple, as the saturation scales become non-perturbative,
the parton saturation-based models lose their predictive
power at low collision energies [27, 28]. The traditional
Glauber-type models lack descriptions of the complex
baryon transport and longitudinal fluctuations arising
from the initial stopping of individual nucleon-nucleon
collisions [29–31]. To explore phenomenological impacts
from these aspects, transport-based models offer a mi-
croscopic and dynamical approach for generating (3+1)D
initial conditions at finite densities.

Microscopic transport models — such as UrQMD [32,
33], JAM [34], SMASH [35], and AMPT [36] — simu-
late, in a Monte-Carlo setup, the non-equilibrium evolu-
tion of hadronic or partonic degrees of freedom through
the early phases of the collision. These models nat-
urally incorporate key features relevant for relativistic
nuclear collisions at finite net baryon density, includ-
ing nucleon stopping, finite charge diffusion, non-trivial
longitudinal structure, and the development of out-of-
equilibrium pressure anisotropies. By evolving the sys-
tem from the initial nuclear overlap through a cascade
of interactions, these models generate energy-momentum
tensors and conserved charge currents that can be used to
initialize hydrodynamic evolution on an event-by-event
basis [24, 37–42].

However, the transport model description is effective
when the system’s averaged mean free path is longer
than the particles’ typical thermal wavelength, which
is necessary for well-defined quasi-particles in the sys-
tem [43]. It is challenging to include the effects of
mixed/changing degrees of freedom between hadrons and
partons. The transport-to-hydro matching procedure in-
troduces model complexities, such as determining the ap-

propriate time to switch to hydrodynamics [24, 44], im-
plementing consistent smearing or coarse-graining proce-
dures [45], and handling off-equilibrium corrections to the
energy-momentum tensor and conserved currents [46].
Nevertheless, this hybrid framework enables a realistic
treatment of the event-by-event initial conditions for rel-
ativistic nuclear collisions with multiple types of con-
served charges, namely net baryon B, electric charge Q,
and strangeness S. It enables systematic phenomenolog-
ical studies of the QCD equation of state and the QGP
transport coefficients, including its viscosity and charge
diffusion coefficients [47–51], within a 4D QCD phase di-
agram [52–55].
In this work, we investigate the construction and char-

acterization of transport-based initial conditions with the
SMASH transport model for heavy-ion collisions at finite
densities. We focus on the event-by-event fluctuations of
multiple conserved charges (B, Q, S) in the initial con-
dition, their following collective evolution in the hydro-
dynamic phase with a 4D lattice-QCD-based equation
of state [52, 56], and finally, the mapping from fluid to
hadrons and their subsequent propagation to the final
state. Our goal is to establish a multi-stage framework
that enhances the phenomenological studies of QCD mat-
ter in the high-baryon-density region of the QCD phase
diagram.

II. MODEL DESCRIPTION

In this work, we employ the microscopic non-
equilibrium hadronic transport model SMASH [35] (ver-
sion 3.1) as the initial conditions for relativistic vis-
cous hydrodynamics, followed by particlization using the
Cooper-Frye procedure [57] when the energy densities of
fluid cells drop below a switching energy density. The
produced hadrons are then fed back to SMASH and
evolved until their kinetic freeze-out and final strong de-
cays are performed. This setup is similar to other hy-
brid approaches with hadronic transport initial condi-
tions, like the SMASH-vHLLE-Hybrid [42, 58] or setups
using UrQMD in the initial state [24, 37, 40, 59].
We apply this setup to Au+Au collisions at

√
sNN =

200 GeV collision energy with an impact parameter of
b = 0 or sampled in a range b = 6− 8 fm. We also show
examples for the evolution of the hydrodynamic medium
at lower energies, i.e.,

√
sNN = 19.6 GeV and 7.7 GeV.

A. Hadronic Transport

The hadronic transport model SMASH is designed to
evolve a hadronic out-of-equilibrium system, as it can
be found in the initial and final state of heavy-ion col-
lisions, in phase space [35, 60]. In this work, we run
SMASH with physical particles in the quantum molecu-
lar dynamics (QMD) mode without mean field and test
particle method. SMASH incorporates all hadronic de-
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grees of freedom up to a mass of 2.35 GeV listed in the
PDG table [61]. The high-energy hadronic interactions in
SMASH are treated with string formation and fragmenta-
tion using Pythia 8 [62, 63]. Interactions at lower energies
are implemented using resonances with vacuum Breit-
Wigner spectral functions. These have mass-dependent
widths implemented with the Manley-Saleski ansatz [64].
The collisions between hadrons use a geometric covariant
collision criterion [65] including 1 → 2, 2 → 1, and 2 → 2
processes.

1. Initial Conditions

The colliding nuclei in SMASH are sampled from a
Woods–Saxon distribution, shifted by the impact pa-
rameter, and propagated along the z-direction. To pre-
vent nuclei without potentials from disintegrating before
the collision, the initial Fermi motion in the transverse
plane is frozen. It is reactivated as soon as the first nu-
cleon–nucleon scattering occurs.

For the initialization of relativistic hydrodynamics,
particles are extracted from SMASH on a constant proper
time hypersurface τ0, defined by the nuclear passing
time [24]:

τ0 =
Rp +Rt√(√

sNN

2mN

)2

− 1

, (1)

where Rp/t are the projectile and target radii,
√
sNN the

center-of-mass energy, and mN the nucleon mass. At
high collision energies, for example

√
sNN = 200 GeV,

we impose a lower bound of τ0 = 0.5 fm/c similar to
Ref. [42].1

At high energies, most of the hadrons are produced
by string fragmentation [66]. SMASH assumes that
strings are decayed into hadrons instantaneously through
Pythia. Therefore, this setup does not include overlap-
ping and interacting strings [67]. Using SMASH as an ini-
tial condition effectively sets the hadron formation time
to τ0. The physical process of string fragmentation re-
quires finite time, which could be larger than τ0. Our
approach assumes a fast chemical equilibration from a
gluon-dominated phase. We use only the space-time in-
formation of the hadrons’ energies and the quantum num-
bers of the conserved charges to initialize the hydrody-
namic fields.

1For comparison, the values
√
sNN = 19.6GeV and 7.7GeV

correspond to initialization times of τ0 = 1.23 fm/c and 3.2 fm/c,
respectively, based on the nucleon mass mN = 0.938GeV and gold
radius RAu = 6.37 fm as implemented in SMASH.

2. Hadronic Rescatterings

After the particlization from the hydrodynamic freeze-
out surface, we feed all the produced hadrons back into
SMASH for the dilute non-equilibrium evolution in the
afterburner phase. For this evolution, the hadrons are
back-propagated to the time of the first produced hadron,
and they appear in the transport evolution when they
are formed. Before reaching their formation time, the
hadrons free-stream. During the evolution, which is
mainly rescatterings and resonance decays, the system
dilutes until there are no more interactions. At the end
of the evolution time, SMASH performs all strong decays
of the hadrons.

B. Hydrodynamics

We consider individual hadrons extracted from
SMASH at a constant proper time as wave packs. They
contribute as source terms for the (3+1)D relativistic vis-
cous hydrodynamic evolution using MUSIC [68–71]. The
hydrodynamics solves the following equations with source
terms on the right-hand side:

∂µT
µν = Jν , (2)

∂µJ
µ
α = ρα, (3)

where the energy-momentum tensor can be decomposed
as

Tµν = euµuν − (P +Π)∆µν + πµν . (4)

Here ∆µν = gµν − uµuν denotes a projection operator,
uµ the four-velocity, and gµν = diag(1,−1,−1,−1) is the
space-time metric. Dissipative effects are described by
the bulk viscous pressure Π and the shear stress tensor
πµν . The index α in Eq. (3) indicates the three different
types of conserved charges: baryon number B, electric
charge Q, and strangeness S. The hadron source terms
on the right-hand side of Eqns. (2)-(3) are smeared with
the kernel K(xµ;xµ

h):

Jν(xµ) =
1

dt
K(xµ;xµ

h)P
ν
h , (5)

ρα(x
µ) =

1

dt
K(xµ;xµ

h)Qα. (6)

The four-position of the hadron is indicated by xµ
h .

Since we are dealing with hadrons, there is no pre-
equilibrium color field contribution to the hydrodynamic
source terms. In this work, we employ a covariant smear-
ing kernel and compare its results with those from a reg-
ular Gaussian smearing kernel. The covariant smear-
ing kernel in Cartesian coordinates was employed in
Refs. [41, 72]:

Kcov(r; rh) =
γ

(2πσ2)3/2

× exp

(
− (r− rh)

2 + ((r− rh) · u)2
σ2

)
, (7)
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where u = γv is the three spatial components of the
hadron’s velocity four vector. Here, we generalize this
kernel to Milne coordinates by considering a wave packet
on a constant proper time surface. In this case, the
smearing kernel remains in the same form by defining r =
(x, y, τηs) and rh = (xh, yh, τηs,h), where we explicitly in-
clude a factor of τ in the ηs components such that the
metric used for the dot product is gij = diag(−1,−1,−1).
The spatial components of the hadron’s four-velocity
are u = (ux, uy, τuη) = (P x

h /mh, P
y
h /mh, τP

η
h /mh),

where mh is the rest mass of the hadron, and γ =√
1 + (ux)2 + (uy)2 + (τuη)2.
The second is a simple Gaussian-smearing kernel

KG(x, y, ηs;xh, yh, ηs,h) =
1

πσ2
⊥

√
γ2
η

πσ2
η

× exp

(
− (x− xh)

2 + (y − yh)
2

σ2
⊥

− γ2
η

(ηs − ηs,h)
2

σ2
η

)
(8)

with two separate widths σ⊥ and ση in the transverse
plane and the longitudinal direction, respectively. Here,
the longitudinal profile was Lorentz contracted with the
hadron’s longitudinal velocity, γη = cosh(yh). Compar-
ing these width parameters with the one in the covariant
smearing kernel, we have the following relation σ⊥ = σ
and ση = σ/τh.

The covariant smearing kernel, compared to the Gaus-
sian kernel, introduces a Lorentz contraction in the di-
rection of movement of the smeared hadron, such that
rapidly moving hadrons appear to have a more squeezed
density distribution in the position space. During the
hydrodynamic evolution, these larger spatial gradients
could lead to a faster expansion of the fluid into the di-
rection of the contraction. The Gaussian kernel was used
in a few works in the literature [24, 42, 73]. In this work,
we set σ = σ⊥ = 0.5 fm and ση = 0.5.
Compared to the Gaussian kernel, the covariant smear-

ing kernel poses greater numerical challenges. The
Lorentz contraction, particularly for fast-moving hadrons
in the source terms, can amplify numerical inaccuracies
arising from the finite spatial and rapidity spacing of the
hydrodynamic grid. This effect can be especially sig-
nificant for the evolution of conserved charges. Figure 1
shows the probability distribution of the Lorentz factor γ
in the covariant kernel (7) for three different

√
sNN values,

obtained from a single Au+Au collision event at b = 0.
In rare cases, γ can reach values as large as ∼ 100, result-
ing in a pronounced contraction of the source term. In
practice, we find that the impacts from these fast-moving
hadrons are small on the global charge conservation dur-
ing hydrodynamic evolution. In our simulations, we em-
ploy grid spacings of ∆ηs = 0.1 and ∆x = ∆y = 0.2 fm,
which yield a relative uncertainty per hydrodynamic step
of O(10−4) for NB and NQ, while the absolute uncer-
tainty for NS is of the same order.

The hydrodynamic equation of motion in Eqns. (2)
and (3) are solved together with an equation of state

100 101 102

γ

10−3

10−2

10−1

100

p(
γ

)

√
sNN = 200 GeV
√
sNN = 19.6 GeV
√
sNN = 7.7 GeV

FIG. 1. Probability distributions of the Lorentz factor γ in
the covariant smearing kernel Eq. (7) for a single Au+Au
collision event at b = 0, shown for three different center-of-
mass energies

√
sNN.

neos-4D based on lattice QCD and hadron resonance
gas at finite densities [52, 56]. This approach assumes
that the system reaches chemical equilibrium at τ0. We
leave the exploration of dynamical chemical equilibra-
tion for future work. The complete 4-dimensional depen-
dence for pressure on local energy density and three types
of conserved charges, P (e, nB , nQ, nS), enables the inde-
pendent propagation of net baryon, electric charge, and
strangeness inside the QCD fluid. We consider viscous
effects, namely shear and bulk viscosity, in fluid dynamic
evolution. The shear stress tensor and bulk viscous pres-
sure are evolved with the Denicol-Niemi-Molnar-Rischke
(DNMR) theory [74, 75]. The specific shear and bulk
viscosity are parametrized as

ηT

e+ P = η0

[
1 + b

(
µB

µB,0

)a]
, (9)

ζT

e+ P = ζ0 exp

[
−
(
T − Tpeak

Twidth,≶

)]
, (10)

where Tpeak = 0.17GeV − 0.15 GeV−1µ2
B denotes the

temperature at which the bulk viscosity peaks. The
widths of the Gaussian profile are Twidth,< = 0.01 GeV
for T < Tpeak and Twidth,> = 0.08 GeV for T > Tpeak.
We use ζ0 = 0.1 for the peak value of bulk viscosity, and
set the shear viscosity parameters to η0 = 0.08, b = 2,
µB,0 = 0.6 GeV, and a = 0.7 [76, 77]. We do not intro-
duce explicit dependencies of the QGP’s specific viscosity
on µS and µQ. In this work, we do not consider the dif-
fusion effects on multiple conserved charge currents and
leave the full model development for future work.

The hydrodynamic evolution is performed until a
switching energy density of esw = 0.35 GeV/fm3 is
reached [78], followed by the construction of the freeze-
out hypersurface Σ using the Cornelius algorithm [79].
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C. Particlization

Before the further evolution of the hadrons in the af-
terburner, the cells at the freeze-out hypersurface have
to be converted into hadronic degrees of freedom, where
their spatial and momentum distributions are sampled.
This is done with a Cooper-Frye freeze-out procedure [57]
for each hadron species k via

Ek
dNk

d3p
=

∫
Σ

pµd2σµ [f
eq
k (x,p) + δfk(x,p)] , (11)

where the out-of-equilibrium corrections δfk(x,p) =
δf shear

k (x,p) + δfbulk
k (x,p) arise from the shear stress

tensor and bulk viscous pressure. The d3σµ is the nor-
mal vector on the constant energy density hyper-surface
Σ and f eq

k (x,p) denotes the thermal equilibrium distri-
bution for the hadron species k.

We use the (e, nB , nQ, nS) in individual hydrodynamic
cells and convert them to (T, µB , µQ, µS) using a hadron
resonance gas (HRG) EOS including the hadronic con-
tent of the SMASH transport code.2 This procedure
ensures the conservation of energy-momentum and con-
served charges during the particlization stage. The offi-
cial neos-4Dmatches to an HRG with a slightly different
hadronic content, leading to a less than 5% difference in
the conversion. Ref. [81] shows that the discrepancy is
negligible in the final-state observables.

In this work, we derive the out-of-equilibrium δf cor-
rections with Grad’s moment method and the Chapman-
Enskog (CE) expansion with three types of conserved
charges at finite densities [82]. We start with the match-
ing condition for a given fluid cell, the local energy and
net charge densities are given by the equilibrium distri-
butions as

e = uµuν

∑
k

gk

∫
p

pµpνf eq
k (T, µk) (12)

nq = uµ

∑
k

qkgk

∫
p

pµf eq
k (T, µk), (13)

where
∫
p
=

∫
d3p/[(2π)3Ep], gk and qk are the degen-

eracy factor and quantum charge for particle species k,
respectively. The summation runs over all the hadronic
species, including the cocktail resonance states. These
conditions translate to the following requirement for δf :

0 = uµuν

∑
k

gk

∫
p

pµpνδfk(T, µk) (14)

0 = uµ

∑
k

qkgk

∫
p

pµδfk(T, µk). (15)

2The HRG does not include phase shift corrections from
hadronic interactions, but the resonance states effectively take into
account some of them [80].

And the viscous tensors of the fluid cell are mapped to
the out-of-equilibrium corrections as

πµν −Π∆µν =
∑
k

gk

∫
p

pµpνδfk(T, µk). (16)

One can show that the matching conditions for charge
diffusion currents are separated from the shear and bulk
sectors in Eq. (16). We leave the derivation of the δf for
multi-charge diffusion to future work.

1. Grad’s moment method

To consider multiple flavors of conserved charge cur-
rents at the particlization, we generalized Grad’s moment
expansion of δf as [83–85]

δfk = f eq
k (1± f eq

k )[
pαpβϵαβ + pα

(
Bkϵ(B),α + Skϵ(S),α +Qkϵ(Q),α

)]
,

(17)

where Bk, Sk, and Qk are the quantum numbers of the
hadron species k. Compared to the standard Grad’s 14-
moment method for a single conserved charge current, we
introduce independent coefficients ϵ(qi),α for individual
conserved charge currents. The coefficients ϵαβ , ϵ(B),α,
ϵ(S),α, ϵ(Q),α have 10+4Nq independent moments (22 for
Nq = 3), which depend on local temperature and chem-
ical potentials. They will be solved from the matching
conditions in Eqns. (14) to (16).
The shear sector can be separated from Eq. (16) with

the projection tensor as follows,

πµν =
∑
k

gk

∫
p

[
∆µα∆νβpαpβ − 1

3
∆µν

(
∆αβpαpβ

)]
δfk

= 2J42

(
1

2
∆µ

α∆
ν
β +

1

2
∆µ

β∆
ν
α − 1

3
∆µν∆αβ

)
ϵαβ

≡ 2J42ϵ
⟨µν⟩, (18)

where the projection tensor ∆µν ≡ gµν − uµuν with
gµν = diag(1,−1,−1,−1). We define the following ther-
modynamic integrals for convenience,

Imn,k(T, {µqi}) ≡∫
p

(pµuµ)
m−2n(−pµpν∆µν)

nf eq
k (1± f eq

k ), (19)

Jmn(T, {µqi}) ≡
1

(2n+ 1)!!

∑
k

gkImn,k(T, {µqi})

(20)

J q1
mn(T, {µqi}) ≡

1

(2n+ 1)!!

∑
k

q1kgkImn,k(T, {µqi})

(21)

J q1q2
mn (T, {µqi}) ≡

1

(2n+ 1)!!

∑
k

q1kq2kgkImn,k(T, {µqi})

(22)
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where q1 and q2 are the quantum charges of hadrons (B,
Q, and S). The bulk sector involves five scalar moments,
namely ϵ∗∗ = uαuβϵ

αβ , ϵ(B)∗ = uαϵ
α
(B), ϵ(S)∗ = uαϵ

α
(S),

ϵ(Q)∗ = uαϵ
α
(Q) and Tr(ϵ) = gαβϵ

αβ [83, 84]. They can be

solved from the matching condition Eqns. (14) to (16) in
the form of a matrix equation



0

−1

0

0

0


=



J40 J41 J B
30 J S

30 JQ
30

J41
5

3
J42 J B

31 J S
31 JQ

31

J B
30 J B

31 J BB
20 J BS

20 J BQ
20

J S
30 J S

31 J BS
20 J SS

20 J SQ
20

JQ
30 JQ

31 J BQ
20 J SQ

20 JQQ
20





ϵ∗∗

Tr(ϵ)− ϵ∗∗

ϵ(B)∗

ϵ(S)∗

ϵ(Q)∗


. (23)

Finally, the out-of-equilibrium corrections are,

δfGrad,shear
i = f eq

i (1± f eq
i )

pµpνπµν

2J42
(24)

δfGrad,bulk
i = f eq

i (1± f eq
i )Π

×
[
1

3
(4ϵ∗∗ − Tr(ϵ))(p · u)2 + 1

3
(Tr(ϵ)− ϵ∗∗)m

2
i

+ (Biϵ(B)∗ + Siϵ(S)∗ +Qiϵ(Q)∗)(p · u)
]
. (25)

We evaluate the six coefficients J42,
1
3 (4ϵ∗∗ − Tr(ϵ)),

1
3 (Tr(ϵ)− ϵ∗∗), ϵ(B)∗, ϵ(S)∗, and ϵ(Q)∗ with a hadron res-
onance gas model as functions of T, µB , µS , µQ.

2. Chapman-Enskog expansion

Taking the relaxation time approximation, we can ob-
tain the leading-order δf from the Chapman-Enskog ex-
pansion,

δfk =
τR

(p · u)p
µ∂µf

eq
k (26)

=
τR

(p · u)f
eq
k (1± f eq

k )

× pµ∂µ

(
p · u−BkµB − SkµS −QkµQ

T

)
, (27)

where Bk, Sk, and Qk are the quantum numbers of the
hadron species k. By separating the derivatives into
scalar, vector, and tensor parts and using ideal hydro-
dynamic equations of motion, we can identify the shear
and bulk viscous corrections as follows [86, 87],

δfCE,shear
k = f eq

k (1± f eq
k )

πµν

2η̂

pµpν

(p · u)T (28)

δfCE,bulk
k = −f eq

k (1± f eq
k )

(
Π

ζ̂

)
1

(p · u)T

×
[
1

3
m2 −

(
1

3
− ĉ2

)
(p · u)2

]
, (29)

where the relaxation time τR is casted into the coefficients
η̂, ζ̂, and ĉ which are functions of T, µB , µS , µQ. They can
be determined with the matching conditions in Eqns. (14)
to (16),

η̂ =
1

15T

∑
i

gi

∫
p

|p|4
Ep

f eq
i (1± f eq

i ) (30)

ζ̂ =
1

3T

∑
i

gim
2
i

∫
p

f eq
i (1± f eq

i )

[
m2

i

3Ep
−
(
1

3
− ĉ2

)
Ep

]
(31)

ĉ2 =
J31

J30
(32)

These three coefficients are computed using a hadron res-
onance gas model in the 4-dimensional (T, µB , µS , µQ)
space.
The 4-dimensional δf coefficients from Grad’s and CE

methods have been computed and implemented in the
particle sampler iSS [88, 89].

III. X-SCAPE IMPLEMENTATION

The X-SCAPE framework implements the workflow
chain SMASH+MUSIC+iSS+SMASH, orchestrated by the
Bulk Dynamics Manager (BDM) module in version 2.0.0
in the executable SMASHInitialCondition [90]. Within
X-SCAPE, all modules can operate on a time-stepped
basis, enabling workflows where each module advances
according to its own internal clock.
The specific workflow corresponding to this study is

illustrated in Fig. 2, where time flows from left to right.
The simulation begins by initializing the nuclei in

SMASH according to a Woods–Saxon distribution, sep-
arated by the chosen impact parameter, which can be
either fixed or randomly sampled within a range. The
time origin t = 0 is then defined dynamically as the
moment of the first nucleon–nucleon collision. During
the pre-equilibrium stage, SMASH propagates the pro-
duced hadrons in Minkowski coordinates, while the BDM
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first
collision

BDM

iso-

MUSIC + iSS

SMASH IC

SMASH Afterburner

FIG. 2. Schematic diagram of the simulation workflow for
SMASH+MUSIC+iSS+SMASH model in the X-SCAPE framework
and orchestrated by the BDM module. The simulation begins
with SMASH pre-equilibrium dynamics in Minkowski coordi-
nates, proceeds through hydrodynamic evolution and parti-
clization in Milne coordinates, and concludes with hadronic
rescattering in the SMASH afterburner.

module continuously extracts particles crossing the iso-
τ0 = 0.5 fm/c hypersurface. Ref. [42] demonstrated that
this removal, which leaves holes in the hadronic medium,
does not affect final-state observables. To ensure accu-
rate determination of hadron crossings on this surface,
the pre-equilibrium hadronic transport evolution is per-
formed with a very small timestep of ∆t = 0.002 fm/c.
Hadrons in the extracted hadron list are back-propagated
using free-streaming, ensuring they are exactly on the
iso-τ0 hypersurface when the source terms are created.
All participant hadrons are then given to a hadron liq-
uefier module that smears the source terms according to
the procedure described in Sec. II B. At the same time,
the spectator hadrons are stored for possible use in the
afterburner phase.3

Since the hydrodynamic evolution is performed in
Milne coordinates, it is not possible to concurrently feed
hadrons from the transport stage into the hydrodynamic
stage in real time. Instead, after the SMASH initial
stage is complete, the time is reset to τ0, and the subse-
quent evolution proceeds in proper time using timesteps
of 0.1 fm/c in the BDM module.4 At the first hydro-
dynamic timestep, the sources from the hadron liquefier
module are deposited in MUSIC.

During the hydrodynamic evolution, the medium is
continuously checked for cells crossing the freeze-out tem-
perature hypersurface. The hadrons produced at freeze-
out are stored in the BDM module. Once the entire sys-
tem has frozen out, the time is reset again to the earliest
hadron emission time in the BDM list.

Finally, the simulation resumes in Minkowski time dur-
ing the late-stage hadronic evolution. The afterburner

3In this work, we do not include the spectator hadrons in the
afterburner phase.

4Note that within one time step of the BDM module, the hy-
drodynamic evolution typically advances in multiple substeps. In
our setup, a time step of ∆τ = 0.02 fm/c is used to satisfy the
Courant–Friedrichs–Lewy (CFL) condition [91].

module (SMASH) propagates all hadrons emitted from
the hydrodynamic phase, and optionally the initial-state
spectators, until kinetic freeze-out.
Following the discussion in Sec. II B on the numer-

ical challenges of implementing the covariant smearing
kernel – particularly the accuracy loss caused by highly
contracted source terms from fast-moving hadrons – we
introduce a mitigation strategy implemented in the BDM
and hadron liquefier modules. The hadron liquefier in-
cludes a user-defined upper bound on the Lorentz factor
γ, which can be set in the X-SCAPE configuration file.
If a participant hadron designated as a source term ex-
ceeds this γ threshold, it is rejected by the liquefier and
returned to the BDM, where it is stored until the after-
burner stage. At that point, it is propagated together
with the hadrons emerging from the hydrodynamic evo-
lution, ensuring energy–momentum conservation.
For the

√
sNN = 200 GeV case with ∆ηs = 0.1 and

∆x = ∆y = 0.2 fm, setting γcutoff = 10 yields a sub-
stantial improvement: the numerical accuracy for global
charge conservation increases by a factor of ≈ 2.
We verify that the current X-SCAPE implementa-

tion produces consistent numerical results with those ob-
tained by running standard SMASH and MUSIC code
packages sequentially outside the X-SCAPE framework.

IV. RESULTS

In this section, we investigate the hydrodynamic
evolution with multiple conserved charge currents and
their impact on the final-state observables using the
SMASH+MUSIC+iSS+SMASH model. Simulation out-
puts were analyzed using the Python analysis package
SPARKX [92, 93].

A. Hydrodynamic evolution with multiple
conserved charge currents

Figure 3 shows the evolution snapshots for the entropy
density and scaled conserved charge densities in the x−ηs
and x−y planes for central Au+Au collisions at 200 GeV.
We scaled the entropy density by the longitudinal proper
time, which accounts for the longitudinal expansion of
unit cells in the Milne coordinate. At 200 GeV, we ob-
serve that the entropy density in the x− ηs plane shows
a flux-tube-like distribution, which is reminiscent of the
Lund string production [66]. To estimate the sizes of
conserved charge density profiles, we scale them with the
local entropy density. The ratio of net baryon to entropy
density stays mostly positive along the longitudinal direc-
tion, indicating the baryon-antibaryon pair production is
subdominant compared to the contribution from initial-
state baryon stopping. On the contrary, the net electric
charge density distribution exhibits a lot of local fluctu-
ations because charged π+-π− pairs are relatively more
abundantly produced than baryon-antibaryon pairs. At a
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FIG. 3. Evolution snapshots for scaled entropy density τs, scaled conserved charge densities (nB/s, nQ/s, nS/s) in the x− ηs
plane at y = 0 (left panels) and in the transverse x−y plane at mid-rapidity ηs = 0 (right panels) for SMASH initial conditions
at

√
sNN = 200 GeV with the covariant smearing kernel at τ = 0.54, 1, 2, 5 fm/c at impact parameter b = 0.

fixed x position, the net electric charge density alternates
between positive and negative along ηs as a result of the
produced charge pairs from the transport model. A simi-
lar mechanism is present for the net strangeness, which is
driven purely by fluctuations from local pair production
within the transport model.

We note that the maximum values of nQ/s and nS/s
are larger than those of nB/s from the SMASH initial
condition, which is a unique feature for initial conditions
based on hadronic transport models. Within hadronic
degrees of freedom, the lightest particle species that car-
ries a non-zero baryon charge is the proton. Since its
mass is much heavier than that of mesons such as pi-
ons and kaons, the energy cost to produce a proton-
antiproton pair is much higher than a pair of charged
mesons in the string fragmentation. Therefore, this
mechanism results in fluctuation-dominant density dis-
tributions for net electric charges and net strangeness,
while net baryon density is dominated by the initial-
stage stopping/transport. This feature differentiates
the hadronic transport-based initial conditions from oth-
ers [25, 76, 77, 94–103].

The right panel of Fig. 3 shows the entropy density
and scaled charged density distributions in the transverse
plane at mid-rapidity ηs = 0. We can observe the Lorentz
contraction from the covariant kernel in the charge den-
sity distributions at early times. As the collision system
expands, the length scale of typical charge fluctuations
increases with evolution time and reaches around 2 fm at
τ = 5 fm/c.

Figures 4 and 5 show similar snapshots of the hydrody-

namic evolution for semi-peripheral Au+Au collisions at
19.6 and 7.7 GeV, respectively. Compared to the results
at 200 GeV, we observe that the number of fluctuation
sources in conserved charge distributions is significantly
less at lower collision energies. However, the maximum
value of net electric charges remains a factor of 2 larger
than that of net baryon density. The magnitudes of nS/s
values are about three times larger at low collision ener-
gies compared to those at 200 GeV. These results indi-
cate that the collision systems probe a significant region
of the QCD phase diagram along the directions of net
electric charge and net strangeness density. It is cru-
cial to employ a realistic equation of state in 4D, namely
P (e, nB , nQ, nS), to properly take into account the vari-
ation of thermodynamic quantities at finite densities.

The right panels of Figs. 4 and 5 show the transverse
dynamics of the collision systems at low energies. In con-
trast to the rapid fireball expansion at 200 GeV shown
in Fig. 3, we observe that the development of hydrody-
namic radial flow is comparable with the system’s cooling
rate at low energies, which results in a roughly constant
size of the fireball over the entire evolution. The fireball
still retains an elliptic shape at a late stage of evolution,
indicating that it has not fully transformed the spatial
eccentricity into flow anisotropies at low collision ener-
gies.
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FIG. 4. Evolution snapshots for scaled entropy density τs, scaled conserved charge densities (nB/s, nQ/s, nS/s) in the x− ηs
plane at y = 0 (left panels) and in the transverse x−y plane at mid-rapidity ηs = 0 (right panels) for SMASH initial conditions
at

√
sNN = 19.6 GeV with the covariant smearing kernel at τ = 1.27, 2, 3, 5 fm/c at a random impact parameter in the range

from 6 to 8 fm.

FIG. 5. Evolution snapshots for scaled entropy density τs, scaled conserved charge densities (nB/s, nQ/s, nS/s) in the x− ηs
plane at y = 0 (left panels) and in the transverse x−y plane at mid-rapidity ηs = 0 (right panels) for SMASH initial conditions
at

√
sNN = 7.7 GeV with the covariant smearing kernel at τ = 3.24, 4, 5, 7 fm/c at a random impact parameter in the range

from 6 to 8 fm.

B. Covariant smearing kernel on final-state
observables

In this section, we study the effects of Lorentz-
contracted smearing kernels on final-state observables in

heavy-ion collisions.

Figure 6 compares the longitudinal distributions of
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FIG. 6. The space-time rapidity distributions of conserved
charges at initial (dashed) and particlization (dash-dotted)
from simulations with the covariant smearing kernel. They
are compared with the pseudo-rapidity distributions of net
baryon density (a), net electric charge density (b), and net
strangeness (c) in central Au+Au collisions at 200 GeV.

conserved charges at three different stages of central
(b = 0) Au+Au collisions at 200 GeV. The net baryon
and net electric charge distributions have a similar shape
at the initial stage, with most of the charges located at
|ηs| ∼ 2 after the colliding nuclei pass through each other,
simulated by the SMASH transport model. Because
of the global strangeness neutrality constraint, the net
strangeness distribution presents more structures along
the longitudinal direction5. The negative valleys in the
forward and backward rapidities are correlated with the
peak positions in the net baryon distribution, indicat-
ing the locations of strangeness baryons in the initial
state. The positive strangeness near mid-rapidity rep-
resents the balanced production of strange mesons, such
as kaons. Now, examining the conserved charge distribu-
tions on the particlization hypersurface, we observe that
the hydrodynamic flow pushes more net baryons and net
electric charges from central to forward and backward

5Because only 200 SMASH events are analyzed here, the net
strangeness distribution still shows an asymmetric shape for central
Au+Au collisions at the initial stage.

rapidities. The peaks of those distributions shift for-
ward/backward by about one unit in space-time rapid-
ity as the collision system evolves from the initial state
to the particlization. The evolution of the strangeness
distribution in the hydrodynamic phase is similar, with
its negative valleys moving forward/backward by about
one unit in space-time rapidity. Comparing the differ-
ence between the individual conserved charge distribu-
tions at the particlization and their final pseudorapidity
distributions, we can quantify the effects of thermal emis-
sion via the Cooper-Frye procedure and further hadronic
rescatterings and decays in the transport phase. We ob-
serve that the tails of final-state pseudo-rapidity distribu-
tions of these conserved charges reach out to significantly
higher pseudo-rapidities, about two units in η beyond the
beam rapidity at 200 GeV. The peak positions for the
final-state net baryon and net electric charges are approx-
imately 0.5 units more forward/backward compared to
their space-time rapidity immediately before particliza-
tion. For the net strangeness, we find that the maximum
and minimum values increase in the final-state pseudo-
rapidity distribution compared to those in the initial
state. We verified that the total numbers of net baryons,
net electric charges, and net strangeness remain constant
as the system evolves through these three stages.

Figure 7 compares the final-state charged hadrons and
conserved charge distributions between covariant and
Gaussian smearing kernels. The simulations with the co-
variant smearing kernel produce more charged hadrons
near mid-rapidity because the sharper initial smear pro-
files lead to more viscous entropy production. Further-
more, the stronger shear viscous effects also decelerate
longitudinal expansion, which increases particle produc-
tion near mid-rapidity. On the other hand, the pseudo-
rapidity distributions for the conserved charges are close
between the results with the two smear kernels. Because
both smearing kernels take into account the Lorentz con-
traction along the longitudinal direction, the difference
in the pseudo-rapidity distributions is small.

Figure 8 compares the pT-differential spectra for pi-
ons and protons in central Au+Au collisions between
the covariant and Gaussian smearing kernels. We find
that the identified particle pT spectra are flatter with
the covariant kernel because the Lorentz contraction on
the smearing profile in the transverse plane increases the
initial pressure gradients and results in large hydrody-
namic radial flow. The large pressure gradients at the
early stage of the collisions also lead to a larger viscous
entropy production, which increases the overall particle
yields, consistent with the results shown in Fig. 7.

Figure 9 shows the reaction plane pT-differential ellip-
tic flow in semi-central Au+Au collisions at 200 GeV.
The two smearing kernels result in very similar pT-
differential elliptic flow. Although the large early-stage
pressure gradients with the covariant smearing kernel
generate more flow anisotropy in the system, they are
compensated by the stronger blue shifts from the radial
flow in the pT-differential elliptic flow observable [104–
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FIG. 7. Event-averaged charged hadrons and net-charge
distributions for B,Q, S as a function of pseudorapidity in
Au+Au collisions with impact parameter b = 0 at 200 GeV
using the covariant (solid) and the Gaussian (dashed) smear-
ing kernels.

106].

C. Out-of-equilibrium corrections to final-state
observables at finite densities

In this section, we study how the final-state observables
depend on the form of out-of-equilibrium corrections at
the particlization stage. To isolate the δf effects from
other event-by-event fluctuations, we perform particliza-
tion with different choices of δf corrections on the same
ensemble of hydrodynamic hypersurfaces. Therefore, the
difference in the results stems from varying δf correc-
tions at particleization and their subsequent evolution in
the SMASH hadronic transport phase.

Figure 10 shows that the Chapman-Enskog δf (dashed
line) gives a ≈ 5% more charged hadron yields than the
results using Grad’s moment corrections and no correc-
tions. We find negligible corrections from the shear and
bulk δf to the conserved charges pseudorapidity distri-
butions because those δf corrections do not differentiate
particles vs. anti-particles.
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FIG. 8. Event-averaged hadronic pT-differential spectra near
midrapidity (|η| ≤ 0.5) for final-state π++π− (blue) and p+ p̄
(red) in Au+Au collisions with impact parameters b = 6−8 fm
using the covariant (full) and the Gaussian (dashed) smearing
kernels.
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FIG. 9. The reaction-plane elliptic flow for charged hadrons as
a function of pT for Au+Au collisions with impact parameters
b = 6 − 8 fm using the covariant (full) and the Gaussian
(dashed) smearing kernels.

Figure 11 further compares the different δf corrections
as a function of the transverse momentum for identified
particle spectra near mid-rapidity. The sizes of δf cor-
rections can be obtained by taking the difference with the
results with δf = 0. Because the δf from Grad’s moment
method grows quadratically with the transverse momen-
tum pT, our results show larger corrections compared to
those with the Chapman-Enskog δf . Both pion and pro-
ton spectra get steeper with the Grad’s δf , indicating the
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FIG. 10. Event-averaged charged hadrons and net-charge
distributions for B,Q, S as a function of pseudorapidity for
Au+Au collisions at impact parameters b = 6− 8 fm without
δf corrections (dotted), with Grad’s moment method (full),
and with Chapman-Enskog (dashed) corrections.

δfbulk overwhelms the shear ones. Interestingly, we find
that the Chapman-Enskog δf makes the particle spectra
flatter, suggesting that the corrections from shear viscos-
ity dominate over those from bulk viscous effects.

Lastly, Figure 12 shows the δf effects on the charged
hadron pT-differential elliptic flow. Compared to the re-
sults without δf , we find that both types of δf corrections
suppress the charged hadron v2(pT). For pT < 2 GeV,
the two types of δf give compatible results for charged
hadron v2(pT).

V. CONCLUSIONS

In this work, we develop transport-based initial condi-
tions using SMASH for relativistic hydrodynamic simula-
tions. This transport-based initial-state model provides
realistic, event-by-event fluctuating (3+1)D distributions
for the system’s energy-momentum tensor and conserved
charge densities, namely the net baryon (B), net elec-
tric charge (Q), and net strangeness (S). We find that
the hadronic transport model exhibits unique features in
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FIG. 11. Event-averaged hadronic pT-differential spectra near
midrapidity (|η| ≤ 0.5) for π+ + π− (blue) and p+ p̄ (red) in
Au+Au collisions with impact parameter b = 6−8 fm without
δf corrections (dotted), with Grad’s moment (full), and with
Chapman-Enskog (dashed) corrections.
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FIG. 12. The reaction-plane elliptic flow for charged hadrons
as a function of pT for Au+Au collisions with impact parame-
ters b = 6−8 fm without δf corrections (dotted), with Grad’s
moment method (full), and with Chapman-Enskog (dashed)
corrections.

the conserved charge density distributions, which distin-
guish it from other types of initial condition models. The
SMASH initial conditions contain significantly more local
fluctuations in net electric charges and net strangeness
compared to net baryon density, which is a result of the
fact that producing balancing charged meson pairs costs
significantly less energy than that for baryon-antibaryon
pairs. This type of initial condition indicates that the
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produced fireball in the hydrodynamic phase will explore
a wide range of net electric charge and net strangeness
densities in the QCD phase diagram.

To capture all the finite density dependence in the
full-fledged bulk dynamics simulations, we couple the
SMASH initial conditions with relativistic hydrodynam-
ics using a 4D lattice-QCD-based equation of state, in
which the local pressure depends on (e, nB , nQ, nS). We
further generalize the out-of-equilibrium corrections with
all three types of conserved charges at finite densities in
the Cooper-Frye particlization procedure. They are es-
sential to ensure all the conserved macroscopic quanti-
ties are smoothly switched from fluid cells to individual
hadrons. Using this new hybrid model, we conduct a pilot
study of the (3+1)D dynamical evolution of all three con-
served charge densities in the hydrodynamic phase and
its subsequent impact on final-state observables. We in-
vestigate the dynamical evolution of the system’s entropy
density and the three types of conserved charges during
hydrodynamic evolution at several collision energies. We
observe that the local charge fluctuations remain sub-
stantial for net electric charges and net strangeness across
all collision energies. The full covariant smear kernel ex-
hibits large pressure gradients, resulting in strong hydro-
dynamic radial flow and flattened particle spectra.

One numerical realization of this hybrid model has
been implemented in the X-SCAPE framework ver-
sion 2.0.0. It lays the foundation for future exploration
of core-corona dynamics and concurrent hydrodynamics
and hadronic transport descriptions for heavy-ion colli-
sions at RHIC fixed-target, FAIR, and HADES energies.

The framework code and parameter input files used
to reproduce the results of this work are available in
Refs. [90, 107].
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