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We investigate photon, pion, and ρ-meson production from proton synchrotron radiation in the presence
of strong magnetic fields. The proton decay widths and the luminosities of the emitted particles are
calculated within a relativistic quantum framework that incorporates Landau quantization. A scaling rule is
derived for the transition probability between different Landau levels. This allows an evaluation of
transitions for extremely high Landau numbers exceeding 1015. Furthermore, we calculate the momentum
distribution of the emitted particles by properly including the proton recoil effect associated with particle
emission. The results differ significantly from conventional semiclassical approaches.
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I. INTRODUCTION

Magnetars are extremely magnetized objects, whose
magnetic fields are stronger than ∼1014 G [1]. As the
multimessenger high-energy source, they have been in
the spotlight. They are associated with such phenomena
as strong x-ray emissions, soft γ-ray emissions, and possibly
with gamma-ray bursts (GRBs), and fast radio bursts (for a
review, see [2]). A fast spining magnetar is also considered
as a possible source of observed ultrahigh-energy cosmic
rays (UHECRs) [3] (see also [4] for candidates of UHECR),
such as theOh-My-Godparticle (3.2 × 1020 eV) detected by

the Fly’s Eye Detector [5] and the Amaterasu particle
(2.4 × 1020 eV) detected by the Telescope Array [6].
Among various radiation processes, synchrotron radia-

tion has been proposed as a source for high-energy photons
in the GeV-TeV range [7–12], and is believed to be an
important emission process in various kinds of neutron
stars including magnetars (for a review, see [1]). Recently,
Zhang et al. [13] studied the role of proton synchrotron
radiation in explaining very high-energy gamma-ray emis-
sion from the exceptionally bright source GRB 221009A.
Their model suggests that protons accelerated in the reverse
shock region can emit synchrotron radiation, accounting for
photons with energies up to ∼18 TeV. Thus, there is
motivation for continuing to study the properties of proton
synchrotron radiation.
To investigate synchrotron emission in objects with

strong magnetic fields, however, quantum-mechanical
effects are not negligible. This is because the unique
environment of magnetars makes processes that are
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forbidden in the absence of a strong magnetic field
possible. These include νν̄-pair synchrotron radiation [14]
and the nucleon direct Urca process in low-mass magnetars
[15]. In a strong magnetic field environment (typically
above the Schwinger limit of B≳ 4.4 × 1013 G), a classical
calculation [16] cannot be applied due to Landau quanti-
zation. This is because despite the continuous parameter of
the magnetic field B in the classical calculation, the
quantum-mechanical treatment involves discrete values
of the magnetic field B. The synchrotron emission can
occur through any quanta that may couple to an accelerated
particle. Since protons strongly couple to meson fields, a
high-energy proton can also radiate pions and other
mesons, as well as photons. The meson-nucleon couplings
are about 100 times larger than the photon-nucleon
coupling, Hence, the meson production process is expected
to exceed photon synchrotron emission in the high-energy
regime. For example, π0 emission from synchrotron radi-
ation is discussed in Refs. [16–20], and ρ0 production is
further discussed in Ref. [21]. However, these calculations
were performed in a semiclassical approximation and
invoked an approximate quantum-mechanical treatment
of the proton transitions among the Landau levels asso-
ciated with the strong magnetic field. In our previous
work [22], we exploited the Green’s function method for
the propagation of protons in a strong magnetic field. We
studied the pion production from proton synchrotron
emission in a relativistic quantum field-theory approach,
whereby the pion is produced from the transition of a
proton between two Landau levels. We then deduced the
energy and angular distribution of emitted pions which had
not been deduced in previous semiclassical approaches.
However, to keep the Landau level number to a value that
allows actual numerical calculations, we had to set the
magnetic field to about 1018 G and the incident proton
energy to less than 10 GeV.
In our next work [23] we found that the proton pionic

decay width satisfies a scaling law when using the pseudo-
vector (PV) coupling for the nucleon-pion interaction. Then,
we can calculate the proton decay width and momentum
distribution, including the angular dependence up to a few
hundred GeV. However, the obtained decay width increases
monotonically as the incident proton energy becomes larger,
and the pion luminosity is very large in the very high-energy
region because of the PV coupling.
On the other hand, the proton decay widths do not satisfy

the scaling law for the photon and vector-meson emissions.
In addition, the decay width for pion emission with the
pseudo-scalar coupling does not satisfy it either. Therefore,
we could not develop our method further at that time.
However, in this paper we report a more general scaling

rule and a new approach to calculate the proton decays to any
particlewithin the relativistic quantum framework. Here, we
elaborate on the new approach and perform calculations for
the direct photon, pion, and ρ-meson emission.

Section II is devoted to an introduction to our theoretical
formalism based upon the Landau quantization. Numerical
results are presented in Sec. III along with detailed
discussions. A summary and conclusions are presented
in Sec. IV.

II. FORMALISM

In this section we briefly explain our formalism for
particle production from proton synchrotron radiation.

A. Proton field

We assume a uniform magnetic field along the z-
direction, B ¼ ð0; 0; BÞ, and take the electro-magnetic
vector potential Aμ to be A ¼ ð0; 0; xB; 0Þ at the position
r≡ ðx; y; zÞ. The proton field ψ̂ðt; rÞ is then obtained with
the following Dirac equation:

½γμði∂μ − eAμÞ −Mp�ψ̂ðt; rÞ ¼ 0; ð1Þ

where Mp is the proton mass, and e is the elementary
charge. We define py and pz as the y- and z-components of
the proton momentum, and the above field ψ̂ðt; rÞ is
proportional to exp½iðpyyþ pzz − EtÞ�. The single particle
energy, E, is given by

E2 ¼ p2
z þ E2

T ¼ p2
z þ 2nLeBþM2

p; ð2Þ

where nL is the proton Landau number, and pz is the z-
component of the proton momentum.
Using the above fields, we can write the proton Green

function as

Gðp0; pz; x; x0Þ ¼
X
nL¼0

F̃nLðξÞ
ρMðp0; pz; nLÞ

p2
0 − EðnL; pzÞ2 þ iδ

F̃nLðξ0Þ

ð3Þ

with

ρMðp0; pz; nLÞ ¼ p0γ0 − pzγ
z þ

ffiffiffiffiffiffiffiffi
2eB

p
nLγ2 þMp; ð4Þ

F̃ ¼ diagðfnL; fnL−1; fnL; fnL−1Þ

¼ fnL
1þ Σz

2
þ fnL−1

1 − Σz

2
; ð5Þ

where ξðξ0Þ ¼ ffiffiffiffiffiffi
eB

p
xðx0Þ − py=

ffiffiffiffiffiffi
eB

p
and Σz ¼

diagð1;−1; 1;−1Þ.

B. Proton decay width in a magnetic field

Now, we consider the following interaction Lagrangian
density for the pion (π0) and vector particles such as the
photon (γ) and ρ-meson (ρ0):
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Lπ ¼ gπ ¯̂ψγ5ψ̂ϕπ; LV ¼ gV ¯̂ψγμψ̂ϕ
μ
V; ð6Þ

where gπ is a coupling constant between the nucleon and
π0, gV is a coupling constant between the nucleon and a
vector particle. Here, ψ̂ represents the proton field operator
in Eq. (1), and ϕα

π;V denotes the field operator of the emitted
pion and vector particle, with α indicating its component.
The momentum of the emitted particle is written as
q ¼ ðeq; 0; qT; qzÞ, where without loss of generality, the
transverse pion momentum is assumed to be directed along
the y-axis.
The decay width of a proton with momentum pz and

Landau levels ni and nf is given by

d3ΓA

dq3
¼ −

g2A
24π2eq

X
nf

δðEf þ eq − EiÞ
EiEf

T if; ð7Þ

where

T if ¼
1

4

X
α;β

Gαβ
A TrfρMðEf;pz − qz; nfÞJαρMðEi;pz;niÞJ̄βg:

ð8Þ

Here, eq is the energy of the emitted particle, and

Jα ¼
Z

dxF̃ðnf; x − qT=2
ffiffiffiffiffiffi
eB

p
ÞγαF̃ðni; xþ qT=2

ffiffiffiffiffiffi
eB

p
Þ;

J̄β ¼
Z

dxF̃ðni; xþ qT=2
ffiffiffiffiffiffi
eB

p
ÞγβF̃ðnf; x − qT=2

ffiffiffiffiffiffi
eB

p
Þ:

ð9Þ

In addition,Gαβ
A is a parameter depending on the interaction

channel, and its details are written below.

We next introduce the definition,

Mðni; nfÞ ¼
Z

dxfni

�
x −

qT
2

�
fnf

�
xþ qT

2

�
; ð10Þ

and write

M1 ¼ Mðni; nfÞ; M2 ¼ Mðni − 1; nf − 1Þ;
M3 ¼ Mðni − 1; nfÞ; M4 ¼ Mðni; nf − 1Þ: ð11Þ

For the pion, we use γ5 for γα and write

J5 ¼
�
M1

1þ Σz

2
þM2

1 − Σz

2

�
γ5; ð12Þ

then the transition matrix becomes

T ifðπÞ ¼
ðM2

1 þM2
2Þ

2
ðEiEf − pizpfz −M2

pÞ
− 2M1M2eB

ffiffiffiffiffiffiffiffiffi
ninf

p
: ð13Þ

For vector particles such as photons and ρ mesons, we
write GA as Gμν

A (μ; ν ¼ 0–3) and

Gμν
V ¼

X
a

εμðaÞενðaÞ; ð14Þ

where εμ is the polarization vector satisfying ε · q ¼ 0.
In this work we consider reactions in the UHE region.

Hence, we can omit the longitudinal part for vector mesons
as well as for the photon. The two transverse polarization
vectors can be taken to be εð1Þ ¼ ð0; 1; 0; 0Þ and
εð2Þ ¼ ð0; 0; qz;−qTÞ=jqj, and the matrices Jμ and J̄μ

(9) are written as

J3 ¼
�
M1

1þ Σz

2
þM2

1 − Σz

2

�
γ3; J2 ¼

�
M3

1þ Σz

2
þM4

1 − Σz

2

�
γ2;

J̄3 ¼
�
M1

1þ Σz

2
þM2

1 − Σz

2

�
γ3; J̄2 ¼

�
M4

1þ Σz

2
þM3

1 − Σz

2

�
γ2: ð15Þ

Substituting Eqs. (14) and (15) into Eq. (8), we can obtain T if as

T ifðVÞ ¼
1

4
TrfρMðEi − eq; 0; nfÞJ2ρMðEi; 0; niÞJ̄2 þ ρMðEi − eq; 0; nfÞJ3ρMðEi; 0; niÞJ̄3g

¼
�
M2

1 þM2
2

2

�
1þ q2z

jqj2
�
þM2

3 þM2
4

2

q2T
jqj2

�
ðEiEf − pizpfz −M2

pÞ

−
�
M1M2

�
1þ q2z

jqj2
�
þM3M4

q2T
jqj2

�
eB

ffiffiffiffiffiffiffiffiffi
ninf

p
: ð16Þ

Next, we discuss the treatment of the UHE region, Ei ≳ 100 GeV. In this energy range, the Landau numbers of the
incident and final protons are extremely large, ni ≳ 108. Thus, we assume that the quantities Mα are equal and define
M ¼ M1 ¼ M2 ¼ M3 ¼ M4. Then, T if is simply given by
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T if ¼ dAM2ðEiEf − pizpfz − 2eB
ffiffiffiffiffiffiffiffiffi
ninf

p −M2
pÞ

≡ dAM2Aif; ð17Þ

where dA ¼ 1 for pions and dA ¼ 2 for vector particles.
Here, we set piz ¼ 0 and derive the decay width for this

case in the following discussion. The decay width for piz ≠
0 can then be obtained by applying a Lorentz trans-
formation in the z-direction.
In the UHE region the Landau number is very large, and

we cannot directly solve Mðni; nfÞ. To address this, we
introduce the curvature parameter,

χp ¼ eBEi

M3
p
; ð18Þ

which effectively characterizes the system in this regime.
This parameter has been widely used in semiclassical
approaches [16–20], though those calculations typically
emphasize the magnetic-field independence of either decay
widths or luminosities.
In Ref. [23], we showed that the pion decay width

exhibits a quantum scaling behavior governed by χp.
However, this scaling is not generally valid for all particle
emission processes. To go beyond these limitations, we
propose a more general framework.
We define

Wif ¼
ffiffiffiffiffiffi
ni
eB

r Z
dqz
2π

½Mðni; nfÞ�2; ð19Þ

which captures the essential behavior in the UHE regime.

In Fig. 1 we show this Wif for the pion when χp ¼ 0.01
(a), and χp ¼ 0.1 (b). We also showWif for ρ-mesons when
χp ¼ 0.1 (c) and χp ¼ 1 (d) with various Landau numbers
ni. We see thatWif is not changed for the large numbers of
Landau levels, ni ≳ 105. As discussed later, the filled
circles indicate the energy at the adiabatic limit [23].
As demonstrated in Ref. [23], when the strength is

concentrated in the momentum region, the final proton and
emitted particles have momenta aligned with the incident
proton momentum in the UHE region. In this case, the T if
can be approximately expressed as T if ∝ δðqzÞ. In the
UHE region, the quantity M can then be expressed as

M2 ≈ 2π

ffiffiffiffiffiffi
eB
ni

s
WifðχpÞδðqzÞ: ð20Þ

From this we obtain

d3ΓA

dq3
¼ dAg2A

ffiffiffiffiffiffi
eB

p

8πeq

X
nf

Aif

EiTEfT

WifðχpÞffiffiffiffi
ni

p

× δðEfT þ eq − EiTÞδðqzÞ: ð21Þ

Then, the total decay width is given by

ΓA ¼ dA
4
g2A

ffiffiffiffiffiffi
eB

p X
nf

Aif

EiTEfT

WifðχpÞffiffiffiffi
ni

p : ð22Þ

Since the above equations are derived in the frame where

piz ¼ 0, we write EiðfÞT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eBniðfÞ þM2

p

q
for the

energy EiðfÞ.
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FIG. 1. The scaling relation ofWif in Eq. (19) when χp ¼ 0.01 (a), and χp ¼ 0.1 (b) for π0, χp ¼ 0.1 (c), and χp ¼ 1 (d) for ρ0. Black
filled circles indicate the energy of the adiabatic limit. The numbers shown in the key correspond to the Landau levels represented by
each line.
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On the other hand, for large ni and nf, we can treat nf as a continuous variable and convert the summation over nf to an
integral as eB

P
nf ≡

R
EfTdEfT . Then, we obtain

dΓA

deq
¼ dAg2A

4
ffiffiffiffiffiffi
eB

p Aif

Ei

WifðχpÞffiffiffiffi
ni

p : ð23Þ

Furthermore, using the relation ΓAðpizÞ ¼ ΓAðpiz ¼ 0ÞEiT=Ei. we can express the differential decay width for a general
piz as

d3ΓA

dq3
¼ dAg2A

8π

EiT

Ei

Z
dEfT

EfTAifffiffiffiffiffiffi
eB

p
EiTEfTeq

WifðχpÞffiffiffiffi
ni

p δ

�
qz −

eq
Ei

piz

�
δðEf þ eq − EiÞ

¼ dAg2A
8π

Aifffiffiffiffiffiffi
eB

p
Eieq

WifðχpÞffiffiffiffi
ni

p δ

�
qz −

eq
Ei

piz

�
: ð24Þ

Here, it is important to note that both eq
d
dq3 and

δðeq − � � �Þδðqz − � � �Þ remain covariant under the Lorentz
transformation along the z-direction. By performing the
integration over the polar angle, we finally get

dΓA

deq
¼ dAg2A

4
ffiffiffiffiffiffi
eB

p Aif

Ei

WifðχpÞffiffiffiffi
ni

p : ð25Þ

Here, we discuss the decay width in the UHE limit
Mq=Ei → 0 at piz ¼ pfz ¼ qz ¼ 0.
When Ei ≈

ffiffiffiffiffiffiffiffiffiffiffiffi
2eBni

p
≫ Mq,

ffiffiffiffiffiffiffiffiffiffiffiffi
2eniB

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
i −M2

p

q
≈

Ei −M2
p=2Ei and

Aif ¼ EiEf − 2eB
ffiffiffiffiffiffiffiffiffi
ninf

p −M2
p

≈
M2

pEf

2Ei

M2
qEi

2Ef
−M2

p ¼ M2
pðEi − EfÞ2
2EiEf

; ð26Þ

then

dΓA

deq
≈
dAg2A
2

ffiffiffi
2

p M2
pe2q

E3
i Ef

WifðχpÞ: ð27Þ

III. RESULTS

In this section, we present numerical results for γ, π0 and
ρ0 synchrotron emission from protons with energies rang-
ing from 1 to 109 TeV in magnetic fields of B ¼ 1013; 1014,
and 1015 G. The maximum Landau level in these con-
ditions reaches approximately 1029. We set the ρN coupling
to be the same as that of πN coupling, i.e., gρ ¼ gπ .

A. Proton decay width

Figure 2 shows the total decay widths of protons for
direct γ, π0-, and ρ0-meson emission as functions of χp. The
decay widths are scaled by a factor of eB=Mp, leading to
identical values across different magnetic field strengths.
These results demonstrate that the total decay widths, when

divided by the magnetic field strength, depend only on χp
and are thus proportional to B.
From this figure, we see that the peak positions of χp are

about χp ≈ 1–10 (Ei ¼ 0.14–1.5 PeV at B ¼ 1015 G), and
they are not significantly different from that of γ, π0, and ρ0

emission. The peak height of the γ decay width is
approximately two orders of magnitude smaller than those
of π0 and ρ0, indicating that the overall magnitude is
primarily determined by the coupling strength. As a result,
the functional form of the total decay width is similar for all
three channels.

0.00

0.01

0.02

10
0

 M
p /

 e
B (a)

0.00

0.02

0.04

0.06

 M
p /

 e
B (b) 0

10 2 10 1 100 101 102 103 104
0.00

0.02

0.04

0.06

0.08

p

 M
p /

 e
B

1015 G
1014 G
1013 G

(c) 0

FIG. 2. Total decay width of a proton at piz ¼ 0 for the direct γ
(a), π0- (b) and ρ0-meson emission versus χp. The solid, dashed
and dotted lines represent the results at B ¼ 1015, 1014, and
1013 G, respectively.
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In Fig. 3, we show the total luminosities for direct γ, π0-,
and ρ0-meson emission, which are defined as

dI
dt

¼
Z

deqeq
dΓ
deq

; ð28Þ

at B ¼ 1013 G, B ¼ 1014 G, and B ¼ 1015 G. In the left (a)
and right (b) panels the results are plotted as functions of χp
(a) and the incident proton energy Ei (b), respectively. We
see that the luminosity is independent of the magnetic field
strength at fixed χp. This indicates that the luminosities are
universal functions of χp, regardless of the value of B.
Next, we present the differential decay width for pionic

emission from protons at magnetic field strengths of
B ¼ 1013; 1014, and 1015 G. As shown in Fig. 4, all the
results coincide when divided by B2, demonstrating that the
differential decay width is proportional toB2 at fixed eq=Ei.

In Fig. 5, we show the differential decay widths at B ¼
1015 G for direct γ (a), π0 (b), and ρ0-meson emission (c).
The results are displayed for several incident proton
energies; Ei ¼ 1 TeV, 10 TeV, 100 TeV, 1 PeV, and
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p
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FIG. 3. Total synchrotron luminosity of the direct γ, π0-, and ρ0-mesons versus χp (a) andEi (b) The red, blue, and green lines represent
the results for γ, π, and ρ-mesons, and the solid, dashed, and dotted lines indicate those at B ¼ 1015, 1014, and 1013 G, respectively.
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FIG. 4. Differential decay width dΓ=deq [multiplied by
½ð1015 GÞ=B�2] for proton to pion decay at piz ¼ 0 versus the
emitted pion energy eq normalized by the incident proton
energies Ei for χp ¼ 0.717.
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FIG. 5. Differential decay width dΓ=deq of protons for direct γ
(a), π0 (b), and ρ0 emission (c) at B ¼ 1015 G. The blue dotted,
purple dashed, red solid, brown dot-dashed, and green long-
dashed lines represent the results for Ei ¼ 1 TeV, 10 TeV,
100 TeV, 1 PeV, and 10 PeV.
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10 PeV. These plots illustrate how the energy spectrum of
the emitted particles evolves with increasing Ei. There is no
strength for the ρ0-emission at Ei ¼ 1 TeV, which is lower
than the energy threshold.
In addition, the solid filled circles indicates the energyat the

adiabatic limit [23], which is also presented in Fig. 1.
In the adiabatic limit, it can be assumed that the relative
momentum between the final proton and the pion is zero, and
that the two particles move with nearly the same velocity. In
this case, the ratio of their energies is approximately given by
the ratio of their masses: ea=Ef ≈ma=Mp, and the final
proton and emitted particle energies are given by

Ef ≈
Mp

Mp þma
Ei; ea ≈

mq

Mp þma
Ei: ð29Þ

When the incident proton energy exceeds the threshold,
particles are emitted at energies near the adiabatic limit. As
the mass of the emitted particle becomes larger, the
threshold energy also increases. However, the threshold

energy cannot be derived analytically in the present
approach, and in the numerical calculations it is found
to be much larger than ma þMp. As the incident proton
energy increases, the differential decay width spreads over
a broader energy region (cf. Fig. 5). The peak energy of the
distribution rises, and the minimum energy shifts slightly
below the adiabatic-limit energy. When the proton energy
increases further, reaching around 10 TeV, the emitted
particles carry away most of the energy and their energies
become nearly equal to that of the incident proton. In this
regime, the energy distribution becomes narrow and the
decay width becomes very small.

B. Luminosity distribution of emitted particles

The luminosity distribution of the emitted particles,
dðd3I=dq3Þ=dt ¼ eqd3Γpπ=dq3 is obtained by averaging
over the incident proton angle, where the proton momen-
tum distribution has a spherical symmetry. The angle
averaged luminosity distribution becomes

�
dΓA

dq3

�
¼

R
dpiz

P
niδ

	
Ei −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
iz þ 2ni þM2

p

q 

dAg2A
8π

Aifffiffiffiffi
eB

p
Eieq

WifðχpÞffiffiffi
ni

p δðqz − eq
Ei
pizÞR

dpiz
P

niδ
	
Ei −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
iz þ 2ni þM2

p

q 

¼ dAg2A

16π

Aif

e2q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
i −M2

p

q WifðχpÞffiffiffiffiffiffiffiffiffiffi
eBni

p : ð30Þ

In Figs. 6–8, we present contour plots of the luminosity
distributions for photons, π0s and ρ0s, respectively, for
incident energies Ei ¼ 10 TeV (a), 100 TeV (b), and 1 PeV
(c) at B ¼ 1015 G. All results are similar. At Ei ¼ 10 TeV,
the momentum of the emitted particles is only distributed
over a very narrow range around the energy the adiabatic
limit. However, as the energy increases, the momenta of the
emitted particles is distributed over a larger range.
The drift angles of the emitted particles closely match

those of the incident protons, and the energy distribution
becomes narrower as the emission angle increases. Very
little emission occurs along the direction of the magnetic
field. Moreover, emission at lower energies decreases as the
incident proton energy increases, consistent with the results
shown in Fig. 5.

C. Comparison with semiclassical theory

Within a semiclassical framework, Berezinsky et al. [17]
derived the total decay width as

Γπ ¼
3g2π
26π

M2
p

Ei
χ2=3p ¼ 3g2π

64π

eB
Mp

χ−1=3p : ð31Þ

Here, the total decay width is proportional to the
magnetic field strength, which is consistent with

our result. For B ¼ 1015 G, this expression gives
Γπ ¼ 1.77 × 104χ−1=3p ðeVÞ, which is considerably larger
than the values obtained in our calculation.
It should be noted, however, that their derivation

assumes the energy of the emitted pions to be negligibly
small, i.e., eq ≪ Ei. In contrast, our results show that the
energies of the emitted particles are distributed over a broad
range and can be comparable to the incident proton energy.
In the high-energy limit, the emitted particle energy
approaches that of the initial proton, so the particle
luminosity does not increase substantially.
Another semiclassical approach was presented in

Ref. [16], where the total luminosity and energy distribu-
tion of the emitted particles were discussed. The luminos-
ities of the emitted particles can be expressed as a function
of χp, and their magnitudes are independent of the magnetic
field strength. These features are consistent with our results.
In Fig. 9, we compare the total luminosities of pion

emission as a function of χp in our relativistic quantum
approach (solid line) with those from the semiclassical
approach of Ref. [16] (dashed line). In both approaches, the
luminosities are independent of B. At small χp (low-energy
region), the semiclassical results are larger and rise more
steeply than those of the quantum theory. At high energies,
however, the two approaches converge to finite values, with
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FIG. 6. Contour plot of the differential photon luminosity for Ei ¼ 10 TeV (a), 100 TeV (b), and 1 PeV (c) at B ¼ 1015 G. They are
integrated over the incident proton angle. Lines on each plot show the contours of relative strength, 17%, 33%, 50% 67%, and 83%. The
vertical and horizontal axes are the z-component and the transverse component of the emitted photon momentum.
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FIG. 7. Contour plot of the differential π0 luminosity for Ei ¼ 10 TeV (a), 100 TeV (b), and 1 PeV (c). Same as Fig. 6.
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the semiclassical prediction becoming slightly smaller than
the quantum one.
While the total luminosities show similar trends,

differences appear in the detailed energy distributions of
the emitted pions. Figure 10 shows the distributions at B ¼
1015 G for Ei ¼ 100 TeV, 10 PeV, 1 EeV, and 10 EeV,
comparing our quantum model with Ref. [16]. In the
semiclassical theory, the low-energy part of the spectrum
is more pronounced and tends to broaden toward lower
energies as Ei increases, whereas in the relativistic quantum
calculation the low-energy component is suppressed.

In the semiclassical theory, the low-energy part of the
pion spectrum is more pronounced than in the quantum
calculation. As the incident proton energy increases, the
semiclassical distribution broadens toward the low-energy
side, whereas in the quantum case the low-energy compo-
nent is suppressed. For Ei ¼ 100 TeV, the pion luminosity
is higher in the semiclassical theory than in the quantum
theory. When the pion energy approaches the incident
proton energy, the quantum calculation predicts that the
luminosity vanishes at eq ¼ Ei, while the semiclassical
theory continues to give a finite value.
In the quantum calculation, recoil effects suppress the

spectrum near the kinematic endpoint, so the luminosity
should vanish as eq → Ei. In our practical computation,
however, we rely on a scaling rule to handle the very large
Landau numbers. For incident energies Ei ≳ 1 PeV, the
actual Landau number exceeds 1018, but in the numerical
evaluation we calculate up to ni;f ∼ 105 and then use the
scaling rule to extrapolate to the physical regime. In this
limit, the Landau-level spacing Δnif becomes extremely
small, and the scaling approximation cannot faithfully
reproduce the endpoint behavior. As a result, the calculated
pion luminosity does not decrease to zero in the region
eq ≲ Ei, contrary to the exact quantum expectation. This
discrepancy should therefore be regarded as a limitation of
the scaling-rule approximation rather than a genuine
physical effect.
Furthermore, the semiclassical calculation exhibits a

different trend for gamma rays and ρ mesons. In this
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FIG. 9. Total pion luminosity as a function of χp. The solid and
dashed lines represent the relativistic quantum and the semi-
classical results in Ref. [16].
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FIG. 8. Contour plot of the differential ρ0 luminosity for Ei ¼ 10 TeV (a), 100 TeV (b), and 1 PeV (c). Same as Fig. 6.
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approach, their luminosities increase continuously with the
proton energy, showing no evidence of saturation. This
behavior indicates a significant difference between the
quantum and semiclassical approaches for vector particle
production. In contrast, the discussion of pion emission
demonstrates that the semiclassical theory fails even to
approximate the results of the quantum calculation.

IV. SUMMARY

In this work, we investigated synchrotron radiation from
ultrahigh-energy protons propagating in strong magnetic
fields within a fully relativistic quantum framework. We
solved the Dirac equation in the presence of a strong
magnetic field and derived the proton propagator from its
solution. While evaluating synchrotron radiation, we found
a scaling rule for the overlap integral of two harmonic
oscillator wave functions in Eq. (19). Using this scaling
property, we derived the decay width of a proton occupying
very large Landau levels in a fully relativistic and quantum
mechanical manner. Furthermore, we found that the proton
decay width adheres to a straightforward scaling rule,
whereby its ratio to the magnetic field strength is solely
dependent on the product of the incident proton energy and
the magnetic field strength.
In the same classical theory, the radiation probability

increases monotonically with the incident energy [24]. In
contrast, our quantum calculation shows that the decay
width peaks and then rapidly decreases, and the particle
luminosity saturates to a finite value for proton energies

exceeding approximately 10 PeV at B ¼ 1015 G. In this
ultrahigh-energy region, the discrete nature of Landau
levels becomes negligible, indicating that our quantum
approach approaches the classical limit. However, classical
theory does not properly account for the recoil of the
emitting proton and assumes that the energy of the emitted
particle is much smaller than the incident proton energy. In
our quantum framework, the emitted particle energy is
distributed around the adiabatic limit, and the peak of this
distribution shifts to larger energy as the incident proton
energy increases. When the proton energy exceeds about
10 PeV, the emitted energy is concentrated near the incident
energy, indicating that recoil effects become significant in
this regime. These effects are naturally incorporated in the
quantum theory. This is because classical theory cannot
treat the emitted radiation as a particle and therefore cannot
fully describe the recoil effect. In contrast, our approach is
based on quantum theory, where the emitted radiation is
treated as a real particle, and the recoil is handled exactly
through energy-momentum conservation.
Semiclassical approaches to synchrotron radiation, such

as those developed by Sokolov and Ternov [25] or
Erber [26], incorporate quantum features like Landau
quantization while treating the radiation field classically.
These methods can approximate certain quantum effects,
but do not fully capture essential features such as recoil and
photon quantization, which are naturally included in our
fully relativistic quantum treatment. Semiclassical theories
have also been extended to describe meson radiation, such
as for π and ρ mesons, as modified analogs of the theory of
optical emission. However, as demonstrated in this work,
when the emitted particles are massive, the recoil becomes
significant, and current semiclassical frameworks appa-
rently fail to accurately describe the synchrotron radiation
process.
As shown in our numerical analysis, both the luminosity

and the decay width are governed by the single scaling
variable χp ¼ eBEi=M3

p. For fixed χp, the luminosities
become independent of B, whereas the decay widths scale
linearly increases with it. When the value of χp becomes
very large (χp ≳ 102), the luminosities approach constant
values, while the decay width decreases towards zero as χp
approaches infinity. In this regime, emitted particles are
produced only rarely, but when they are produced their
energy becomes comparable to that of the incident proton.
This behavior occurs when both the incident proton energy
and the magnetic field strength are increased.
However, when only the magnetic field is increased

while keeping the proton energy fixed, the Landau number
of the incident proton decreases and quantum effects
become significant. In the limit of an infinitely large
magnetic field, the proton is forced into the lowest
Landau level, and the available phase space for the emitted
particle shrinks rapidly. Consequently, both the luminosity
and the decay width must decrease in the limit of extremely
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FIG. 10. Differential pion luminosity with respect to the
emitted pion energy at B ¼ 1015 G. The blue, red, green, and
brown lines represent results with Ei ¼ 100 TeV, 10 PeV, 1 EeV,
and 10 EeV, respectively. The solid and dashed lines indicate our
results and the semiclassical results in Ref. [16], respectively.
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large magnetic fields, even though the scaling variable χp
diverges.
We also note that in heavy-ion collisions, peripheral

ultrarelativistic collisions at the Relativistic Heavy Ion
Collider (RHIC) and Large Hadron Collider (LHC) are
expected to generate magnetic fields as large as
1018–1019 G [27,28]. For example, at Ei ¼ 100 GeV and
B ¼ 1019 G, we obtain χp ≃ 7.1 and ni ≃ 290 for a proton
moving perpendicularly to the magnetic field. In our
approach the corresponding decay widths are estimated
to be Γγ ≈ 2.7 × 10−5 GeV, Γπ ≈ 4.8 × 10−3 GeV, and
Γρ ≈ 1.1 × 10−2 GeV. Furthermore, as the Landau number
is not large, the scaling behavior derived in the high-energy
limit will not be realized. The actual decay widths must
therefore be smaller than the above values. We therefore
expect that the effect of synchrotron radiation on the
observed quantities in ultrarelativistic heavy-ion collisions
is minimal.
Our approach enables the calculations of synchrotron

radiation in the high-energy region above several hundred
GeV, including the full momentum distribution of the
emitted particles. In future work, we plan to compute
the momentum distributions of gamma rays emitted from
ultrahigh-energy cosmic rays and apply these results to
analyze their astrophysical sources. This will involve
integration over the momentum distribution of the incident
protons, which is not spherically symmetric [29,30].
In our approach, the radiation probability vanishes in the

direction parallel to the magnetic field, in agreement with
the classical prediction. In this study, we assume that the
drift angle of the emitted particle is equal to that of the
incident proton. This assumption is numerically supported
in the case where the drift angle is zero, corresponding to

emission perpendicular to the magnetic field [23].
Nonetheless, it is known that charged particles moving
along the magnetic field can emit circularly polarized
photons. In particular, Ref. [31] demonstrated that photon
vortices, described by Bessel wave structures, can be
generated in this direction through transitions between
different Landau levels. Such radiation originates purely
from quantum effects, indicating the existence of a distinct
high-energy limit not addressed in the present analysis.
Although these contributions are expected to be small, they
may still be observable and could provide an interesting
direction for future investigations. Even for ultrarelativistic
protons, quantum calculations remain applicable when the
energy of the emitted particle is much smaller than that of
the incident proton [32]. A more detailed study of this type
of radiation is planned for future work.
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