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A B S T R A C T

Despite the wide application and benefits of the degree of rate control (DRC) analysis, several details remain 
argued, particularly about the conservation of DRCs at transient (TR) and steady-state (SS) conditions, especially 
for complex reaction networks. This work argues that previous proofs about the conservation properties of DRCs 
have been incomplete, and we provide new mathematical proofs at TR and SS conditions. In addition, we use 
both analytical (automatic differentiation) and numerical (finite difference) approaches to compute DRCs for the 
case study of ethane hydrogenolysis (EH) over Pt(111). This work confirms that at both TR and SS conditions, the 
sum of all DRCs, i.e., sum of the degrees of kinetic (DKRC) and thermodynamic rate control (DTRC), is conserved 
at zero. At SS conditions, the sum of DKRC is conserved at 1 while the sum of DTRC is conserved at − 1. In 
corroboration of previous works, we show that the DTRC for any adsorbate at SS is equal to the product of the 
species coverage and a constant. In contrast, at TR conditions, the individual sums of both DTRC and DKRC are 
not conserved and can be any real number, with potential implications for the novel field of dynamic catalysis. 
Finally, we show that the conventional finite difference (FD) approach, only useful at SS, is prone to inaccuracy 
and very sensitive to the value of the differential change applied. The optimal differential value also varies 
significantly with system and rate definition. Consequently, we describe and illustrate in this work the appli
cation of the automatic differentiation (AD) approach for the more accurate determination of DRCs at both TR 
and SS conditions.

1. Introduction

First-principles modeling of most chemical processes typically results 
in a multistep reaction mechanism. One aim of chemical kinetics studies 
is to unravel the complex relationship between the overall rate of a re
action process and the energetics of all species—intermediates and 
transition states—involved in its mechanism. Usually, more than one 
elementary step and surface intermediate have significant influence on 
the net reaction rate. Hence, selectively modifying such species’ stability 
(i.e., its free energy), either by external fields, catalyst modification, or 
solvent selection could greatly improve the overall reaction rate [1,2]. 
Therefore, identifying such elementary steps, commonly referred to as 
the rate-controlling steps and intermediates, is crucial. We note here that 
Kozuch and Martin [3] advocate the use of the term rate-determining or 
rate-controlling “state” instead of rate-determining or rate-controlling 
“step” since what is typically meant is the transition state of the rate- 
controlling step and not a combination of the reactant, product, and 

transition state. While we agree with Kozuch and Martin, we will 
nevertheless use the term rate-controlling step as it is common in the 
heterogeneous catalysis literature.

Various works have been done to assess which steps and in
termediates in a reaction scheme limit the overall rate. Christiansen [4], 
in one of the earliest pivotal works aimed at understanding the reaction 
mechanism, utilized graph-like diagrams to analyze chemical processes 
as a series of elementary reactions and obtained reaction turnover fre
quencies (TOF) by performing linear algebra on the matrix of rate 
constants [5–7]. However, the complexity of the method and rapid ex
plosion in the number of reaction steps make this approach unattractive 
for reaction analysis [8]. Boudart [5,9] and Dumesic [10] applied the De 
Donder relations to demystify the reaction kinetics and mechanism, and 
Dumesic further posited that rate-determining steps can be identified by 
mathematical manipulation of the relative affinity for each elementary 
step. In his response, Campbell [11], who had earlier introduced the 
concept of “degree of rate control” [12], argued that since Dumesic’s 
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affinity expressions do not take any kinetic information of the elemen
tary steps into account—it purely defines a thermodynamic driving force 
towards equilibrium—it may not be universally applicable in identifying 
rate-determining step(s) in a reaction scheme. In his rebuttal, Dumesic 
[13] contended that the De Donder relations are complementary to 
Campbell’s degree of rate control, and he further showed the consis
tency of the De Donder relations by proving the conservation of sensi
tivities, obtained in terms of the affinities, to unity. His arguments are 
later corroborated by Foley and Bhan [14].

To the best of our knowledge, Campbell’s degree of rate control is the 
most widely utilized tool for reaction mechanism analysis and identifi
cation of rate-limiting steps. Mathematically, the degree of rate control 
for elementary reaction step j, XDRC,j|k, is defined as the dimensionless 
partial derivative of the natural log of the overall rate of production of 
fluid species k, rk,fluid with respect to the natural log of j’s forward rate 
constant, kf ,j, keeping temperature, fluid phase fugacities/activities, and 
other rate constants, except the backward rate constant of step j, kb,j, 
constant. Considering that the forward and backward rate constants of 
any elementary reaction are correlated to the free energy of the transi
tion state via Eyring’s transition state theory [7,15], the definition of the 
XDRC,j|k, is then equivalent to taking the partial derivative of the natural 
log of the overall rate with respect to the dimensionless free energy of 
the transition state of the step j, while the free energy of all in
termediates and other transition states are kept constant [1,16], as 
shown in eq. 1. 

XDRC,j|k =
∂
(
lnrk,fluid

)

∂
(
lnkf ,j

)

⃒
⃒
⃒
⃒
⃒
kf ,i∕=j ,kb,i∕=j ,T,Pi

=
∂
(
lnrk,fluid

)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡i∕=j ,G

0
i ,T,Pi

(1) 

Campbell’s degree of rate control estimates the influence of a dif
ferential change in the free energy of any given transition state on the 
overall rate of production of species k [11,12,16]. In general, XDRC,j|k is 
commonly referred to as the degree of kinetic rate control. Without lack 
of generality, we replaced the activity of fluid species i with its partial 
pressure, Pi, in eq. 1, as it is common for ideal gases.

In 2006, Kozuch and Shaik [6] applied the concept of the degree of 
rate control to develop the degree of TOF control, which quantifies the 
contribution of energy states to the overall reaction rate. In addition, 
Stegelmann and coworkers extended this concept to the degree of the 
thermodynamic rate control for intermediates [16], degree of kinetic 
selectivity control [2], and degree of thermodynamic selectivity control 
[2]. Similar to the kinetic rate control, the degree of the thermodynamic 
rate control quantifies the effect of differential change in an in
termediate’s free energy on the net reaction rate and can be expressed 
mathematically as: 

XDTRC,i|k =
∂
(
lnrk,fluid

)

∂
(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡i ,G

0
j∕=i ,T,Pi

(2) 

Over the decades, these differential sensitivity analyses have been 
applied in building more representative and accurate microkinetic 
models that guide endeavors such as catalyst design by iterative 
screening [17,18], demystification of reaction mechanisms [19–22], and 
analysis of non(pseudo)steady-state [23] and reversible [24] reaction 
processes. The evaluation of the degree of rate control in simple reaction 
networks under idealistic reaction conditions, where the description of 

the overall rate is simple and analytical derivatives are obtainable, is 
fairly straightforward. However, for more complex reaction networks 
and under more realistic reaction conditions without any simplifying 
assumptions, computation of DRC values is not a trivial task due to the 
difficulty in obtaining analytical or accurate numerical derivatives.

Dumesic [13], Baranski [21], Shaik [8], and Stegelmann [16] have 
shown for specific and simple reaction schemes under steady state (SS) 
conditions that the sum of the degrees of kinetic rate control for all 
elementary steps in a catalytic cycle is 1. Similarly, Foley and Bhan [14] 
claim that they have proven that the sum of sensitivities for a generic 
function is conserved at 1 at SS. They also claim to have proven that the 
degrees of thermodynamic rate control sum to a negative constant that is 
equal to the negative of the sensitivity-weighted average of the number 
of surface species reacting in each step (if the free energies of surface and 
transition state species is not a function of coverage). Finally, using a 
similar derivation, they showed that, under transient (TR) conditions, 
the sum of the degrees of rate control can deviate from 1 [23]. We 
question the derivations from Foley and Bhan, while we agree with most 
of their conclusions. One of the objectives of this paper is to illustrate 
why we disagree with previous proofs and provide a new proof that, at 
SS, the degrees of kinetic rate control sum to 1, while the degrees of 
thermodynamic rate control sum to negative (− 1). Under TR conditions, 
the overall sum of kinetic and thermodynamic rate controls is conserved 
at zero, although the sum of kinetic rate controls can become a very 
large number under TR conditions.

In practice, most of the DRC evaluations are performed numerically 
by using the finite difference (FD) method [11]. Approximation of dif
ferentials by FD is performed by correlating the response of the target 
model to the measured perturbation in input parameter. As in the case 
for all FD applications, the size of perturbation in input parameter must 
be shrewdly chosen such that it is small enough to invoke a linear 
response in the model output and not too small to prevent errors due to 
loss of precision [25–27]. Computational intensive methods such as the 
direct sensitivity analysis and the adjoint sensitivity analysis eliminate 
the need for perturbations [28]. While the former involves the solution 
of a composite model encompassing the original model equations and 
variational equations, i.e., differential equations of the state variables 
with respect to parameters of interest, the latter involves the integration 
of a function of an adjoint variable and a carefully defined scalar func
tional [26,28–30]. Although, these two methods are expected to yield 
accurate sensitivity values, the high computational requirement and 
complexity associated with the evaluation of vectors and tensors of 
differential elements, such as the model Jacobian and Hessian, has 
limited their application in catalysis studies, where models of real 
chemical processes can be significantly large. However, the advent of 
symbolic differentiation and automatic differentiation (AD) algorithms 
makes the computation of these derivatives possible and memory effi
cient [25,28]. Although, they did not use either of the two methods, 
Yang et al. [26] pioneered the application of automatic differentiation to 
evaluate degrees of rate control in representative reaction models. 
Specifically, they computed the kinetic DRC values using the forward 
mode AD and showed its superiority at evaluating accurate sensitivities 
compared to the FD method. In contrast, this work utilizes the direct 
sensitivity analysis technique coupled with reverse mode AD-derived 
differentials to compute both thermodynamic and kinetic DRC values.

We highlight that, with advances in dynamic catalysis, program
mable catalysts have the potential to decouple successive elementary 
reaction steps via controlled external stimuli such as resonance fre
quency [31], modulating electric or magnetic fields [32–34], surface 
strains and illumination [35], which selectively alters adsorbate and TS 
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binding energies. By selectively changing species binding energies, 
product turnover frequencies and selectivity can be enhanced beyond 
the theoretical Sabatier maximum and equilibrium limits [31,36–41]. 
Transient DRC evaluation of complex reaction systems with such 
instantaneous changes on the time scale of the reaction can only be 
accurately computed with analytical methods such as the AD technique, 
as FD techniques often struggle to capture such dynamics [31]. Identi
fication of influential species and elementary steps via accurately 
computed DRCs, especially in the transient, can thus aid reaction opti
mization and mechanism elucidation [20], catalyst screening [17,18], 
and even development of reduced models for complex reaction systems 
[42,43].

Overall, in this work, we present a mathematical proof, devoid of any 
assumption for the overall rate expression, that the summation of the 
degrees of rate control of all states (intermediates and transition states) 
is equal to zero. Furthermore, we prove that under SS conditions, the 
sum of the kinetic degrees of the rate control of all elementary steps 
(transition states) in a catalytic cycle is conserved at unity, and conse
quently, the summation of the thermodynamic degrees of rate control 
for all intermediates is equal to − 1. Finally, by utilizing the AD-driven 
direct sensitivity analysis, we affirm that the above conservations hold 
true for a relatively complex ethane hydrogenolysis reaction model on Pt 
(111). Here, we also benchmark the performance of the AD-driven 

method against the numerical FD technique under both TR and SS re
action conditions. We show that under TR reaction conditions, the sum 
of the degrees of rate control and the sum of the thermodynamic degrees 
of rate control do not have to add to 1 and − 1, respectively. Very large 
values are possible with potential consequences for the emerging field of 
dynamic catalysis and programmable catalysts, i.e., small modifications 
in a rate-controlling state can lead to dramatic changes in the observed 
overall reaction rate at transient conditions.

2. Conservation of XKRC and XTRC

2.1. Summation over all degrees of rate controls

The total differential of a function, f , of an array of variables, x→ =
[x1, x2, x3,⋯, xn], is defined by the following expression: 

df( x→) =
∑n

i

∂f( x→)
∂xi

⃒
⃒
⃒
⃒
xj∕=i

• dxi (3) 

where, ∂f( x→)
∂xi

⃒
⃒
⃒
⃒
xj∕=i

is the partial derivative of the function, f( x→), with 

respect to xi, holding other arguments constant.
At constant temperature and partial pressures/activities, the net rate 

of a network of surface reactions is a function of the free energies of all 
intermediates (including the catalyst free site or slab) and transition 
states. If we assume our function is the natural logarithm of the overall 

reaction rate, lnr, and our variables are the dimensionless standard-state 

free energies of the intermediate and transition states (i.e. − G0
i

RT for in

termediate i and 
− G‡j
RT for transition state j), analogous to eq. 3, the 

following expression holds for the rate of production of fluid species k in 
the reaction network: 

d
(
lnrk,fluid

)
=
∑l

i

∂
(
lnrk,fluid

)

∂
(
− Gi
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
Gj∕=i ,T,Pi

• d
(

−
Gi

RT

)

(4) 

where, l is the sum of the numbers of transition states, m, and in
termediates (free site/slab included), n. This implies that the total de
rivative of the turn-over frequency (TOF) is a sum over the partial 
derivatives with respect to transition state energies of m elementary 
reaction steps and the ground state energies of n intermediates (clean 
catalyst slab/site included). Without lack of generality, we work in the 
following with the rate, r, instead of the rate of production of fluid 
species k, rk,fluid, although the result is the same for the rate of production 
of a species.

Rearranging eq. 4 and separating all free energies of transitions states 
and stable intermediates we can re-express it as:  

where ∂(lnr)

∂

(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi 

is the partial derivative of lnr with respect to the 

dimensionless free energy of the transition state of elementary step j, 
while the free energy of all other transition states and intermediates are 

kept constant, and similarly, ∂(lnr)

∂

(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi 

is the partial derivative of 

lnr with respect to the dimensionless free energy of intermediate i, while 
the free energy of all other transition states and intermediates are con
stant. We define here the free energy of the transition state as G‡j =

G0
j,reac − RTln

(
kf ,jhp
kBT

)

, where hp and kB are the Planck and Boltzmann 

constants, respectively, kf ,j is the forward rate constant of step j, and 
G0

j,reac is the free energy of the reactant state of step j (which could 
involve multiple surface species), i.e., the free energy of the transition 
state is defined even for reactions with significant tunneling contribu
tions or transmission coefficients smaller one. Also, if the activation free 
energy barrier, ΔG‡j , is coverage dependent, e.g., a linear function in 

coverage, θl: ΔG‡j= G‡j - G0
j,reac+

∑
lαjlθl, we obtain G‡j = G0

j,reac −

d(lnr) =

⎡

⎢
⎢
⎢
⎢
⎣

∑m

j

∂(lnr)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

• d
(
− G‡j
RT

)

⎤

⎥
⎥
⎥
⎥
⎦
+

⎡

⎢
⎢
⎢
⎢
⎣

∑n

i

∂(lnr)

∂
(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi

• d

(
− G0

j

RT

)

⎤

⎥
⎥
⎥
⎥
⎦

(5) 
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RTln
(

kf ,jhp
kBT

)

−
∑

lαjlθl. Now, assuming we stabilize or destabilize all in

termediates and transition states uniformly by a constant variation in G, 
δG. The elementary reaction free energies and barriers, and conse
quently elementary forward, backward, and equilibrium rate constants, 
as well as the TOF, remain unchanged (a schematic of this is shown in 
Fig. 1a for a typical Langmuir-Hinshelwood mechanism). This is a 
consequence of the free energy being a state function and the zero of 
energy being arbitrary. Also, for an elementary reaction, the number of 
sites is conserved, i.e., the transition state contains the same number of 
sites as the reactant and product. In other words, the total differential 
d(lnr), from eq. 5, is equal to zero in a case of constant perturbation in 
the free energies of transition states and intermediates (which includes 
the free sites).  

We highlight that the statement above is correct not only at SS but 
also under TR conditions as the zero of energy is arbitrary and does not 
affect TR behavior. From eqs. 1–2, Campbell’s kinetic degree of rate 
control for elementary step j and thermodynamic degree of rate control 
of intermediate i are defined as 

XDKRC,j =
∂(lnr)
∂
(
lnkj

)

⃒
⃒
⃒
⃒
⃒
kk∕=j ,Ki ,T,Pi

=
∂(lnr)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

= − RT
∂(lnr)
∂G‡j

⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

(7) 

XDTRC,i =
∂(lnr)

∂(lnKi)

⃒
⃒
⃒
⃒
kj ,Kk∕=i ,T,Pi

=
∂(lnr)

∂
(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi

= − RT
∂(lnr)
∂G0

i

⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi

(8) 

and by substituting eqs. 7 and 8 into eq. 6, we observe that the sum
mation of the degrees of kinetic and thermodynamic rate controls is 

conserved and equal to zero as shown in eq. 9 (since d
(
− G
RT

)

= δG
RT ∕= 0). 

∑m

j
XDKRC,j +

∑n

i
XDTRC,i = 0 (9) 

Since the degrees of rate control are not dependent on the specific 

perturbation d
(
− G
RT

)

, or whether all states were perturbed by the same 

amount, eq. 9 is valid at all conditions and all possible perturbations.

2.2. Summation of all degrees of kinetic rate of control

For a typical reaction mechanism with one rate-determining step 
(RDS), Campbell [1] posited that the degree of rate control of the RDS is 
unity, while those of other elementary steps are zero. This implies that 
the summation of the degrees of rate control of a catalytic cycle is equal 
to one. Kozuch and Shaik [6], Baranski [21], and Dumesic [13] also 
showed that the summation of the kinetic degree of the rate control of all 
of the elementary steps is equal to one for some simple reaction schemes 
where an expression for the TOF of the overall rate is available; how
ever, there is (in our opinion) no rigorous mathematical proof in the 
literature for conservation of sum of XDKRC for more general reaction 

Fig. 1. A schematic of a mechanism, where in (a) all states (intermediates and transition states) are stabilized by δG, and in (b) just the transition states a stabilized 
by δG while the free energy of all other states remains the same.

d(lnr) =

⎡

⎢
⎢
⎢
⎢
⎣

∑m

j

∂(lnr)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

• d
(
− G
RT

)

⎤

⎥
⎥
⎥
⎥
⎦
+

⎡

⎢
⎢
⎢
⎢
⎣

∑n

i

∂(lnr)

∂
(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi

• d
(
− G
RT

)

⎤

⎥
⎥
⎥
⎥
⎦
=

d
(
− G
RT

)

•

⎡

⎢
⎢
⎢
⎢
⎣

∑m

j

∂(lnr)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

+
∑n

i

∂(lnr)

∂
(
− G0

i
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G0

k∕=i ,G
‡

j ,T,Pi

⎤

⎥
⎥
⎥
⎥
⎦
= 0

(6) 
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mechanisms with multiple rate-controlling steps, where an expression 
for the overall rate is not available (we will discuss in more detail the 
previous proof from Foley and Bhan [14] in Section S7 of the Supporting 
Information).

Assuming that we uniformly stabilize all the transition states in a 
reaction mechanism by δG, as shown in Fig. 1b, while the free energies of 
all intermediates are held constant. Then, eq. 6 can be simplified at 
constant temperature and fluid conditions as: 

d(lnr)=

⎡

⎢
⎢
⎢
⎢
⎣

∑m

j

∂(lnr)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

•d
(
− G
RT

)

⎤

⎥
⎥
⎥
⎥
⎦
=
∑m

j
XDKRC,j •d

(
− G
RT

)

or

d
(
lnrk,fluid

)
=

⎡

⎢
⎢
⎢
⎢
⎣

∑m

j

∂
(
lnrk,fluid

)

∂
(
− G‡j
RT

)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0
i ,T,Pi

•d
(
− G
RT

)

⎤

⎥
⎥
⎥
⎥
⎦
=
∑m

j
Xk,DKRC,j •d

(
− G
RT

)

(10) 

The net rate for an elementary surface reaction step, rj, can be written 
as 

rj = kf ,j • Θ→j(θn, Pn) − kb,j • Θ←j(θn, Pn) (11) 

where kf ,j and kb,j are the forward and backward rate constants of 

elementary reaction step j, respectively, and Θ→j(θn, Pn) and Θ←j(θn,Pn)

are functions of the fluid species activity/partial pressure, Pn, and 
pseudo-coverages, θn, of the intermediate n involved in the elementary 
reaction step j (we typically use the term pseudo-coverage instead of 
coverage as it is the number of species n on the surface divided by the 
total number of surface sites, which can differ from the actual coverage 
for larger surface species). Typically, 

kf ,j =
kBT
hp

exp

(

−
G‡j − G0

j,reac

RT

)

, kb,j =
kBT
hp

exp

(

−
G‡j − G0

j,prod

RT

)

,

Θ→j(θn, Pn) =
∏

n
θαn,j

n
∏

m
Pαm,j

m , Θ←j(θn, Pn) =
∏

n
θβn,j

n
∏

m
Pβm,j

m

(12) 

where G0
j,prod is the free energy of the product state of reaction j; αn,j and 

βn,j are the power indices of the coverage of intermediate n in the for
ward and backward rates of the reaction j, respectively, and αm,j and βm,j 

are the power indices of the activities/partial pressures of fluid species m 
in the forward and backward rates of the reaction j, respectively. 
Importantly, if the activation free energy barrier, ΔG‡j , is coverage 

dependent, e.g., ΔG‡j= G‡j - G0
j,reac+

∑
lαjlθl, we put the coverage depen

dence of the rate constant in the coverage functions Θ→j(θn, Pn) and 

Θ←j(θn,Pn) such that, e.g., Θ→j(θn, Pn) = exp
(

−

∑
l
αjlθl

RT

)
∏

n
θαn,j

n
∏

m
Pαm,j

m . In 

other words, our rate constants above do not have any coverage 
dependence but a free energy dependence exactly as shown above, and 
the Θ→j(θn,Pn) and Θ←j(θn,Pn) functions do not have any free energy 
dependence, i.e., αjl are constant and not functions of the free energies 
(while it might be considered unrealistic that the αjl are not functions of 
the free energies/material, the separation of a function in free energy 
and coverage is essential for the following proof).

Next, at SS, the mole balance for any given (surface) intermediate ψ 
can be written as a linear combination of rates of elementary reaction 
steps that produce or consume species ψ (we limit ourselves here to 
catalytic surface reactions or any reaction system where the species 
balances can be written as below, i.e., there is no IN or OUT term but rate 
of production of species ψ, rψ ,prod, is zero). 

dθψ

dt
=0=rψ ,prod=

∑R

j
νψ ,j •rj=

∑R

j
νψ ,j•

[

kf ,j •Θ→j(θn,Pn)− kb,j •Θ←j(θn,Pn)

]

=

∑R

j
νψ ,j •kf ,j •Θ→j(θn,Pn)

⎡

⎣1 −
Θ←j(θn,Pn)

Kj•Θ→j(θn,Pn)

⎤

⎦

(13) 

where νψ,j is the stoichiometric coefficient of species ψ in elementary 

reaction j and Kj = exp
(
− ΔGrxn

j
RT

)

is the equilibrium constant of elemen

tary reaction j with the free energy of reaction given by ΔGrxn
j = G0

j,prod −

G0
j,reac =

∑species
i νi,j G0

i . In the case of coverage-dependent reactant free 
energies, the free energy can usually be split into a coverage- 
independent part and a coverage-dependent part ( G0

i +
∑

lαilθl) and 

the coverage dependence can again be moved into the Θ→j(θn,Pn) and 

Θ←j(θn, Pn) functions such that the kf ,j, kb,j and Kj do not possess any 
coverage dependence. Such decoupling of the free energy is supported 
by the literature for both adsorbate [44,45] and transition state binding 
energies [46,47].

By solving the system of nonlinear differential equations to SS (or 
solving the nonlinear algebraic equations) resulting from the mole bal
ance for all intermediates and free surface site, we can calculate the 
coverages of all intermediates and subsequently, the rate of production 
of any fluid species, k. 

rk,fluid =
∑R

j
νk,j • rj (14) 

Upon uniform stabilization of all the transition states by δG while 
holding the free energies of all intermediates constant, we can write the 
mole balance equations at the new condition at constant temperature 
and fluid conditions as 

dθʹ
ψ

dt
=0=rʹ

ψ ,prod=
∑R

j
νψ ,j•rʹ

j =
∑R

j
νψ ,j•kʹf ,j•Θ→j(θʹn,Pn)

⎡

⎣1−
Θ←j(θʹn,Pn)

Kj•Θ→j(θʹn,Pn)

⎤

⎦

(15) 

where the equilibrium constants Kj remain unchanged, and the forward 
rate constants change to 

kʹ
f ,j = e

(
δG
RT

)

• kf ,j
(16) 

Now, if we replace all the kʹ
f ,j by eq. 16, we can re-write the system of 

eq. 15 as 

dθʹ
ψ

dt
=0=

∑R

j
νψ,j •rʹ

j =e

(
δG
RT

)

•
∑R

j
νψ ,j •kf ,j •Θ→j(θʹn,Pn)

⎡

⎣1 −
Θ←j(θʹn,Pn)

Kj •Θ→j(θʹn,Pn)

⎤

⎦

(17) 

and at SS (and only at SS), we can divide eq. 17 by e

(
δG
RT

)

, finding that 
the SS equations for the new coverages θʹ

ψ , eq. 18, are equivalent to the 
SS equations for the old coverages θψ in eq. 13. 

dθʹ
ψ

dt
= 0 =

∑R

j
νψ ,j • kf ,j • Θ→j(θ́ n,Pn)

⎡

⎣1 −
Θ←j(θ́ n, Pn)

Kj • Θ→j(θ́ n, Pn)

⎤

⎦ (18) 

In other words, the coverages remain unchanged if all transition 
states of the surface reactions are stabilized by the same amount. 

θψ = θʹ
ψ (19) 
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Hence, the rates of all elementary reaction steps j are accelerated by 
the same constant amount: 

rʹj = kʹ
f ,j • Θ→j(θn,Pn)

⎡

⎣1 −
Θ←j(θn,Pn)

Kj • Θ→j(θn,Pn)

⎤

⎦ (20a)  

r’
j = e

(
δG
RT

)

•

⎡

⎣kf ,j • Θ→j(θn,Pn)

⎛

⎝1 −
Θ←j(θn, Pn)

Kj • Θ→j(θn,Pn)

⎞

⎠

⎤

⎦ (20b)  

r’
j = e

(
δG
RT

)

• rj
(20c) 

Similarly, at constant temperature and fluid conditions, the rate of 
reaction or the rate of production of any fluid species k becomes: 

r’k,fluid =
∑R

j
νk,j • r’j = e

(
δG
RT

)

∑R

j
νk,j • rj = e

(
δG
RT

)

• rk,fluid
(21) 

Consequently, the infinitesimal change in the free energy of all 
transition states will change the lnrk by δG

RT. 

d(lnrk) = lnŕk − lnrk =
δG
RT

(22) 

Hence inserting eq. 21 into eq. 10, we obtain: 

d(lnr) =
δG
RT
= d

(
− G
RT

)

=

[
∑m

j
XDKRC,j

]

• d
(
− G
RT

)

or

d
(
lnrk,fluid

)
=

δG
RT
= d

(
− G
RT

)

=

[
∑m

j
XDKRC,j|k

]

• d
(
− G
RT

)
(23) 

which leads to our desired proof (eq. 24) that the sum of the degrees of 
rate control is 1 at SS 

∑m

j
XDKRC,j = 1 or

∑m

j
Xk,DKRC,j = 1 (24) 

We reiterate that beyond the SS condition, we require that the rate of 
a surface or adsorption/desorption reaction be written as: 

rj = Ajexp

(

−
G‡j − G0

j,reac

RT

)

• Θ→j(θn, Pn)

⎡

⎣1 −
Θ←j(θn,Pn)

Kj(T) • Θ→j(θn, Pn)

⎤

⎦ (25) 

with Aj being a temperature-dependent preexponential constant of re
action j. We note that the rate expression from collision theory for 
adsorption processes can also be written as in eq. 25. Furthermore, if our 
rate expressions need to consider some lateral surface interaction pa
rameters, the sensitivity of the rate expression with respect to the lateral 
interaction parameters are not necessarily zero and this sensitivity is not 
included in eq. 24 even though the rate expression can be written as in 
eq. 25, i.e., the sum of sensitivities of all (dimensionless) parameters 
does not sum to 1.

2.3. Summation of all degrees of thermodynamic rate of control

We have proven that the summation of all degrees of rate control of 
transition states and intermediates is zero (eq. 9), and that at SS, all 
degrees of kinetic rate control of transition states sum up to 1 (eq. 24). 
Consequently, the sum of thermodynamic degrees of the rate control of 
reaction intermediates is also conserved and adds up to − 1, as long as 
the conditions from eq. 25 are satisfied. 

∑n

i
XDTRC,i = − 1 (26) 

2.4. Sensitivity analysis of a simple Langmuir-Hinshelwood mechanism as 
case study

The Langmuir-Hinshelwood (L-H) mechanism has been used to 
explain several concepts in heterogenous catalysis. While Campbell’s 
degree of rate control for elementary reactions was first introduced in 
his 1994 paper [12], Kozuch and Shaik [6,8] pioneered the study of the 
effect of intermediate concentration and energetics on the overall rate of 
reaction. As an extension to Cambell’s degree of rate control, Steg
elmann and coworkers [2,16] defined the degree of thermodynamic rate 
control for intermediates, using a simple L-H mechanism, with one rate- 
determining step and three other quasi-equilibrated adsorption- 
desorption steps, to elucidate the concept. To demonstrate the conser
vation of the thermodynamic and kinetic degrees of rate control in a 
reaction at SS, we will use a similar simple L-H mechanism where all 
surface adsorbates occupy one-site each. 

A(g) + *⇌A* (quasi − equilibrium) #(reaction 1)

B(g) + *⇌B* (quasi − equilibrium) #(reaction 2)

A* + B*⇌C* + * (RDS) #(reaction 3)

C*⇌C(g) + * (quasi − equilibrium) #(reaction 4)

In the above L-H scheme, the asterisk (*) denotes a free catalyst site, 
A(g),B(g),C(g) denote gas phase species, and A*,B*,C* represent surface- 
bound intermediates. Applying quasi-equilibrium approximations to 
adsorption-desorption steps, the overall rate of the mechanism above 
can be obtained as 

r =
k3

[

K1K2

[
pA

p0

] [
pB

p0

]

−
1

K3K4

[
pC

p0

] ]

[

1+ K1

[
pA
p0

]

+ K2

[
pB
p0

]

+ 1
K4

[
pC
p0

] ]2 (27) 

where ki and Ki denote the forward rate constant of elementary reaction i 
and the equilibrium rate constant of elementary step i, respectively; pi is 
partial pressure of gas species i, and p0 is the reference pressure (1 bar).

In the absence of lateral interactions between the adsorbed in
termediates, one can show that: 

XDKRC,3 = − RT
∂(lnr)
∂G‡3

⃒
⃒
⃒
⃒
G‡i∕=3 ,G

0
i

= 1 (28) 

XDTRC,A=− RT
∂(lnr)
∂G0

A

⃒
⃒
⃒
⃒
⃒
G0

j∕=A ,G
‡

j

=−

⎡

⎢
⎢
⎣

2K1

[
pA

p0

]

[

1+K1

[
pA

p0

]

+K2

[
pB

p0

]

+
1
K4

[
pC

p0

]]

⎤

⎥
⎥
⎦=− 2θA

(29) 

XDTRC,B=− RT
∂(lnr)
∂G0

B

⃒
⃒
⃒
⃒
⃒
G0

j∕=B ,G
‡

j

=−

⎡

⎢
⎢
⎣

2K2

[
pB

p0

]

[

1+K1

[
pA

p0

]

+K2

[
pB

p0

]

+
1
K4

[
pC

p0

]]

⎤

⎥
⎥
⎦=− 2θB

(30) 

XDTRC,C=− RT
∂(lnr)
∂G0

C

⃒
⃒
⃒
⃒
⃒
G0

j∕=C ,G
‡

j

=−

⎡

⎢
⎢
⎣

2
K4

[
pC

p0

]

[

1+K1

[
pA

p0

]

+K2

[
pB

p0

]

+
1
K4

[
pC

p0

]]

⎤

⎥
⎥
⎦=− 2θC

(31) 
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XDTRC,* = − RT
∂(lnr)
∂G0

*

⃒
⃒
⃒
⃒
⃒
G0

j∕=* ,G
‡

j

=

2
[

K1

[
pA

p0

]

+K2

[
pB

p0

]

+
1
K4

[
pC

p0

]]

[

1+K1

[
pA

p0

]

+K2

[
pB

p0

]

+
1
K4

[
pC

p0

]] − 1

(32a) 

XDTRC,* = 2[θA + θB + θC] − 1 = θA + θB + θC − θ* (32b) 

A detailed derivation of eqs. 28–32b can be found in Section S1 of the 
supporting information. As expected based on the quasi-equilibrium 
assumption for some elementary reaction steps, we observe that the 
degree of kinetic rate of control for reaction step 3 is unity, and zero for 
others. The implication of eqs. 28–32b is that, with the exception of the 
free sites, the thermodynamic degree of rate control of surface in
termediates are typically negative regardless of their magnitudes. On the 
hand, eq. 32b shows that the thermodynamic degree of rate of control of 
free sites is often positive which correlates with the general observation 
that an increase in free sites typically leads to a higher reaction rate.

In addition, the thermodynamic degree of rate control for in
termediates A, B, and C are equal to − 2θA, − 2θB, and − 2θC, 
respectively, corroborating the assertion by Stegelmann and coworkers 
[2], who suggested that the degree of thermodynamic rate of control for 
any intermediate ψ can be expressed as a function of its coverage, θψ . 

XTRC,ψ = − σ • θψ (33) 

where σ is a multiplier, which they posited as the average number of free 
sites involved in the rate-limiting step.

In the limiting case where the surface is almost fully covered by a 
particular intermediate, for instance species A, the surface coverage of 
the abundant species, θA, is approximately 1 and, according to eq. 29, its 
thermodynamic degree of rate of control yields − 2. Since other in
termediates are nearly non-existent on the surface, their coverages are 
approximately 0, and their thermodynamic degree of rate of control are 
effectively zero. In contrast, the degree of thermodynamic rate of control 
for the free sites, as obtained from eq. 32b, is +1, satisfying eq. 26, but 
not satisfying eq. 33.

While σ in the above L-H reaction network is an integer and constant, 
for more complex reaction networks for which analytical solutions are 
not obtainable, especially those with multiple RDS to varying degrees, σ 
can be a real number, expected to be a constant in the absence of nu
merical noises (see Section 4.2).

3. Sensitivity analysis with automatic differentiation

In the following, we utilized automatic differentiation to numerically 
prove our mathematical derivations for a realistic chemical reaction 
system. A brief introduction of automatic differentiation and its modes 
can be found in Section S2 of the Supporting Information 
documentation.

The evaluation of sensitivity analysis involves the computation of 
differentials of m functions with respect to n variables, and as real-life 
models become large and complex, n becomes significantly larger than 
m. The reverse mode AD becomes efficient for such cases since the 
evaluation of all differentials can be performed in m passes. Hence, this 
work couples the reverse mode AD with direct sensitivity analysis to 
compute the kinetic and thermodynamic DRC of the industrially rele
vant ethane hydrogenolysis reaction (EH) over Pt(111) active sites, 
which has importance for understanding both catalytic alkane cracking 

and polyethylene hydrogenolysis for plastic upcycling [48–50]. Using 
this model reaction system, we show by example of a complex compu
tational catalysis system that the overall sum of all the kinetic and 
thermodynamic degrees of rate control is zero, and that at SS, eqs. 24, 
26, and 33 are satisfied. Finally, we demonstrate that under TR condi
tions, the sum of the kinetic degrees of rate control can be very large, 
deviating significantly from 1.

3.1. DFT details for the sample reaction system

This work models the detailed deconstruction of ethane by hydro
genolysis on the (111) facet of platinum. The model contains 31 reaction 
steps, including 26 surface reactions and 5 adsorption-desorption steps. 
Its 16 reaction intermediates, excluding the free site/slab, run the gamut 
from adsorbed ethane molecules to surface-bound elemental carbon and 
hydrogen atoms. The Pt(111) catalyst site model was created according 
to the methodology of Fricke et al. [51] The density functional theory 
(DFT) implementation in the version 5.4.4 of the Vienna Ab initio 
Simulation Package (VASP) was used for the geometric optimization of 
all reactant, product, intermediate, and transition state species. The 
electron-exchange correlations were described at the generalized 
gradient approximation (GGA) level using the Perdew-Burke-Ernzerhof 
functional [52–54], coupled with dispersion corrections based on the 
D3-technique [55–57]. DFT optimization parameters and convergence 
criteria are as described in previous work from the Heyden group 
[51,58–60]. Comprehensive details of the post-optimization DFT energy 
processing and first-principles microkinetic modeling of the ethane 
hydrogenolysis reaction at fixed fluid-phase partial pressures can be 
found in Section S3.1 of the Supporting Information.

3.2. Sensitivity analysis by automatic differentiation on the microkinetic 
model integration

The computation of the sensitivity of mean-field microkinetic 
modeling parameters, such as the degree of thermodynamic and kinetic 
rate control, is complicated by the absence of analytical expressions for 
the solutions of the pseudo-coverages, θi. Since the time-solution of the 
pseudo-coverages is dependent on the free energies of adsorbed in
termediates and transition states, time and initial value of surface cov
erages, the microkinetic model equations can be re-expressed as in eq. 
34, where M is the appropriate mass matrix of the ODE/DAE system; θ is 
the vector of pseudo-coverages of surface-bound intermediates and free 
sites; G‡ and G0 are the vectors of the free energies of the transition 
states and intermediates, respectively; and θ0 is the vector of initial 
values of the pseudo-coverages. This implies that other macroscopic 
quantities of interest, such as reaction rates (by extension, turnover 
frequency) and degrees of rate control, are all functions of the param
eters mentioned above. Hence, eqs. 1 and 2 can be simplified into eqs. 35 
and 36, respectively. While the other terms of eqs. 35 and 36 are rela
tively easy to obtain via rigorous calculus achieved by the application of 
algorithmic differentiation on the model equations, the latter term in the 
summation, ∂θ

∂ζ where ζ ∈
{
G‡,G0, θ0

}
, is not readily available in the 

absence of analytical expressions for θ. 

M •
dθ
dt
= f
(
t, θ,G‡,G0, θ0

)
(34) 

XDKRC,j = − RT

⎡

⎣∂(ln(TOF) )
∂G‡j

⃒
⃒
⃒
⃒
⃒
G‡k∕=j ,G

0 ,θ

+
∑N

n=1

[
∂ln(TOF)

∂θn

]

G‡ ,G0 ,θk∕=n

•

[
∂θn

∂G‡j

]

G‡k∕=j ,G
0 ,θk∕=n

⎤

⎦ (35) 
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By applying automatic differentiation to the integration of the mean- 
field microkinetic model’s system of ODE, we can construct a composite 
model consisting of the original model equations and the variational 
differential equations and solve all the terms concurrently while solving 
the model itself. This approach is the same as the direct sensitivity 
analysis method [28]. Lehmann [61] and Willkomm [62] clearly 
explained the methodology to obtain the derivatives of solutions to 
ODEs with respect to initial values or some parameters. We adapted this 
methodology to obtain the derivatives of pseudo-coverages with respect 
to free energies of adsorbates, transition states, and initial coverage 
conditions.

Assuming that the total differential of unknown pseudo-coverages, 
dθ, is exact, we can express the time-dependence of its derivatives 
with respect to free energies and initial values as: 

d
dt

[
dθ
dG‡

]

=
d

dG‡
f
(
t, θ,G‡,G0, θ0

)
(37) 

d
dt

[
dθ

dG0

]

=
d

dG0 f
(
t, θ,G‡,G0, θ0

)
(38) 

d
dt

[
dθ
dθ0

]

=
d

dθ0
f
(
t, θ,G‡,G0, θ0

)
(39) 

where, 

dθ
dζ
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂θ1

∂ζ1

∂θ1

∂ζ2
⋯

∂θ2

∂ζ1

∂θ2

∂ζ2
⋯

⋮ ⋮ ⋱

∂θ1

∂ζn

∂θ2

∂ζn

⋮

∂θm

∂ζ1

∂θm

∂ζ2
⋯

∂θm

∂ζn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∀ ζ ∈
{
G‡,G0, θ0

}
(40) 

Eqs. 37–39 can be expanded to yield the expressions in eqs. 41–43. 

d
dt

[
dθ
dG‡

]

=
∂f
(
t,θ,G‡,G0,θ0

)

∂G‡

⃒
⃒
⃒
⃒
⃒
G0 ,θ

+

[
∂f
(
t,θ,G‡,G0,θ0

)

∂θ

]

G‡ ,G0

•

[
dθ
dG‡

]

G0 ,θ

(41) 

d
dt

[
dθ

dG0

]

=
∂f
(
t,θ,G‡,G0,θ0

)

∂G0

⃒
⃒
⃒
⃒
⃒
G‡ ,θ

+

[
∂f
(
t,θ,G‡,G0,θ0

)

∂θ

]

G‡ ,G0

•

[
dθ

dG0

]

G‡ ,θ

(42) 

d
dt

[
dθ
dθ0

]

=

[
∂f
(
t, θ,G‡,G0, θ0

)

∂θ

]

G‡ ,G0

•

[
dθ
dθ0

]

G‡ ,θ
(43) 

We recognized that the term ∂f(t,θ,G‡ ,G0 ,θ0)
∂θ

⃒
⃒
⃒
⃒
⃒
G‡ ,G0 

is the Jacobian of the 

microkinetic model, Jf , and by setting QG‡ =
dθ

dG‡; QG0 = dθ
dG0; R = dθ

dθ0
; 

fG‡ =
∂f(t,θ,G‡ ,G0 ,θ0)

∂G‡

⃒
⃒
⃒
⃒
⃒
G0 ,θ

; and fG0 =
∂f(t,θ,G‡ ,G0 ,θ0)

∂G0

⃒
⃒
⃒
⃒
⃒
G‡ ,θ

, we can concisely ex

press eqs. 41–43 as: 

dQG‡

dt
= fG‡ + Jf •QG‡ (44) 

dQG0

dt
= fG0 + Jf •QG0 (45) 

dR
dt
= Jf • R (46) 

QG‡ , QG0 and R are N× M, N× N and N× N matrices, respectively, 
where N denotes the length of the vector of pseudo-coverages (original 
state variables—all surface adsorbates and free site), and M is the 
number of elementary reaction steps. In addition, fG‡ and fG0 have the 
same sizes as QG‡ and QG0 , respectively. While QG‡ and QG0 are initial
ized as zero matrices, R(t = 0) is set to the identity matrix of order N. To 
incorporate eqs. 44–46 into the original differential equations, we cast 
the 2-D vectors into column vectors, and concatenate the resultant col
umn vectors to the original system of differential equations as in eq. 47, 
where ⌊n⌋ denote the operator that reshapes a 2-dimensional matrix n 
into to a column vector. At every step in the solution of the composite 
system in eq. 47, updates to QG‡ , QG0 and R require that instantaneous 
values of fG‡ , fG0 and Jf are evaluated. The computation of these 2- 
dimensional matrices of first-order partial derivatives is performed by 
incorporating the automatic differentiation implementation in the 
CasADi [63] software into our microkinetic model. CasADi [63] lever
ages its symbolic framework to compute analytical differentials, and 
instant values of differentials are obtained by substituting the variables 
with their actual values. Additionally, its open-source, plug-and-play 
nature and easy incorporation into several languages, such as C++, 
Python, and MATLAB, make it an attractive choice. 

φʹ =

⎡

⎢
⎢
⎢
⎢
⎣

θʹ

⌊QG‡
ʹ⌋

⌊QG0
ʹ⌋

⌊Rʹ⌋

⎤

⎥
⎥
⎥
⎥
⎦

(47) 

With 17 intermediates (free site included) and 31 elementary reac
tion steps, the ethane hydrogenolysis system, being studied in this work, 
yields an augmented system of 1122 differential equations. By solving 
the augmented system of differential equations and reshaping appro
priate subarrays of the dissevered composite vector φ, we do not only 
obtain the solution to the pseudo-coverages, θ, but also the numerical 
values to populate the 2D matrices of QG‡ , QG0 , and R, simultaneously. 
The thermodynamic and kinetic degrees of rate of control are then 
evaluated in vector form as shown in eqs. 48–49, where ηT represents the 
transpose of matrix η. 

Table 1 
Steady-state rates of gas-phase production/consumption from the microkinetic 
model of ethane hydrogenolysis over Pt(111) at 300 ◦C, 0.13 atm of H2 and 
0.033 atm of CH3CH3. Negative values denote net consumption.

S/N Gas-phase species Turn-over frequency (TOF) (s− 1)

1 CH3CH3(g) − 7.67 × 10− 3

2 CH2CH2(g) 7.67 × 10− 3

3 CHCH(g) 8.03 × 10− 15

4 CH4(g) 4.34 × 10− 7

5 H2(g) 7.67 × 10− 3

XDTRC,i = − RT

⎡

⎣∂(ln(TOF) )
∂G0

i

⃒
⃒
⃒
⃒
⃒
G‡ ,G0

k∕=i ,θ

+
∑N

n=1

[
∂ln(TOF)

∂θn

]

G‡ ,G0 ,θk∕=n

•

[
∂θn

∂G0
i

]

G‡ ,G0
k∕=i ,θk∕=n

⎤

⎦ (36) 
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XDKRC = − RT

[
∂(ln(TOF) )

∂G‡

⃒
⃒
⃒
⃒
G0 ,θ
+ QT

G‡ •

[
∂ln(TOF)

∂θ

]

G‡ ,G0

]

(48) 

XDTRC = − RT

[
∂(ln(TOF) )

∂G0

⃒
⃒
⃒
⃒
G‡ ,θ
+ QT

G0 •

[
∂ln(TOF)

∂θ

]

G‡ ,G0

]

(49) 

Unlike the fG‡ , fG0 and Jf above, the ∂(ln(TOF) )
∂G‡

⃒
⃒
⃒
⃒
G0 ,θ

, ∂(ln(TOF) )
∂G0

⃒
⃒
⃒
⃒
G‡ ,θ

, and 
[

∂ln(TOF)
∂θ

]

G‡ ,G0 
are relatively easier to evaluate because they are columns 

of differentials of a scalar function with respect to G‡, G0, and θ, 
respectively. They are evaluated using the reverse mode AD imple
mentation in MATLAB’s Deep Learning arrays [64].

4. Results and discussion

The composite microkinetic model was evaluated at 300 ◦C and H2 
and ethane partial pressures of 0.13 and 0.033 atm, respectively, similar 
to the reaction conditions used by Cortright et al. [65] In addition, these 
operating conditions are close to those in other works in the literature 

[66–70].

4.1. Steady-state coverages and reaction rates

First, to validate the AutoDiff solution, the original microkinetic 
model, which consisted of 17 differential and algebraic equations of 
coverages, was solved numerically to SS starting from a clean catalyst 
state. Fig. S4–1 in the Supporting Information shows the time evolution 
of the pseudo-coverages of free sites and surface species, and it indicates 
that the system rapidly reaches a SS in pseudo-coverages. Table S4–1 in 
the Supporting Information shows the values of the pseudo-coverages 
and derived true coverages at SS. Under these conditions, the surface 
becomes primarily covered by hydrogen atoms (92.28 %), CH3C(***) 
(4.67 %), and free sites (3.04 %). The results obtained are in close 
agreement with those reported at similar operating conditions by 
Kuz’min and Zeigarnik [66].

Table 1, an abridged version of Table S4–2 in the Supporting Infor
mation, shows the net rates of feed gas consumption and product for
mation predicted by the microkinetic model. We reckon that the 
predicted rate of hydrogenolysis based on the production of methane is 
about 5 orders of magnitude lower than the ~0.015 (s− 1) reported in the 

Fig. 2. Effect of energy perturbation size on the sums of sensitivity analysis parameters computed based on a.) methane production rate and b.) ethane consumption 
rate using the finite difference (FD) approach.
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literature [65,71]. This difference originates likely from the importance 
of other active sites, such as step sites, uncertainties in DFT energies, and 
the absence of lateral interactions in our model, which leads to excessive 
hydrogen poisoning [50,60].

4.2. Steady-state sensitivity analysis results

Next, we solved the composite model for the ethane hydrogenolysis 
reaction network, consisting of 1122 differential and algebraic equa
tions, to SS, which also populates the QG‡ , QG0 and R matrices, which are 
used to compute the thermodynamic and kinetic degrees of rate control 
according to eqs. 48–49. To fully understand the advantages of AD 
relative to a numerical finite difference (FD) calculation of the degrees of 
rate control for a practical computational catalysis microkinetic model, 
we also computed the degrees of rate control using a three-point 
centered FD approach with varying magnitudes of the free energy 
perturbation, δG. Tables S5–1 and S5–2 in the Supporting Information 
detail the degrees of rate of control of each surface species and 
elementary steps, respectively, and their sums computed based on the 
rate of methane production using FD at varying δG. Likewise, Tables 
S5–3 and S5–4 show the degrees of rate of control of surface species and 

elementary steps, respectively, and their sums computed based on 
ethane consumption rate using the FD at varying δG. Tables S6–1, S6–2, 
S6–3, and S6–4 in the Supporting Information show their respective 
corresponding AD-derived values at SS.

By comparing the FD-derived degrees of rate control values at 
varying perturbation size in Tables S5–1 to S5–4 with their corre
sponding SS AD-derived values, we observed that relatively large δG, i.e. 
δG > 10− 2 eV, causes significant inaccuracies in the DRC values, espe
cially the large ones (denoting rate controlling steps/species). These 
inaccuracies, resulting from truncation error due to the large perturba
tion and nonlinear model response, trickle down to the sums of DRCs 
and cause significant deviation in expected conservations (eqs. 9, 24 and 
26), as can be seen in the case when δG = 0.05 eV. With smaller per
turbations (10− 2 ≤ δG ≤ 10− 4 eV), large DRC values are computed more 
accurately by FD, evident from the close agreement with AD results. 
Also, the accuracy of intermediate values (as small as 10− 6) is often also 
improved, but such improvements are rare in very small values. On the 
other hand, very small magnitudes of perturbation often result in inac
curate DRCs, even in relatively large estimates, stemming from round- 
off errors due to the finite precision with which computer algorithms 
represent real numbers and perform computations with them [25]. 

Table 2 
Comparison of AD- and FD- derived DTRC (XDTRC,i) and sigma (σi) values based on methane production.

S/N Surface species, i DTRC AD, XAD
DTRC,i|CH4 σAD

i|CH4
=
− XAD

DTRC,i|CH4

ωi • θi

DTRC FD, 
XFD

DTRC,i|CH4 

(δG = 5× 10− 4 eV)

σFD
i|CH4

=
− XFD

DTRC,i|CH4

ωi • θi

1 CH3CH3(*) − 1.240 × 10− 4 3.8791 − 1.240 × 10− 4 3.8792
2 CH3CH2(*) − 7.369 × 10− 5 3.8791 − 7.370 × 10− 5 3.8792
3 CH3CH(**) − 5.832 × 10− 7 3.8791 − 5.832 × 10− 7 3.8792
4 CH3C(***) − 1.813 × 10− 1 3.8791 − 1.813 × 10− 1 3.8792
5 CH2CH2(**) − 9.406 × 10− 5 3.8791 − 9.406 × 10− 5 3.8792
6 CH2CH(***) − 3.828 × 10− 7 3.8791 − 3.828 × 10− 7 3.8792
7 CH2C(***) − 1.333 × 10− 5 3.8791 − 1.333 × 10− 5 3.8792
8 CHCH(***) − 1.883 × 10− 7 3.8791 − 1.883 × 10− 7 3.8792
9 CHC(***) − 3.791 × 10− 13 3.8791 − 2.954 × 10− 13 3.0224
10 CC(****) − 3.523 × 10− 22 3.8791 − 4.076 × 10− 14 4.4882 × 108

11 CH4(*) − 1.755 × 10− 16 4.3804 − 5.237 × 10− 14 1.3074 × 103

12 CH3(*) − 1.355 × 10− 12 3.8790 − 1.336 × 10− 12 3.8244
13 CH2(**) − 1.195 × 10− 13 3.8765 − 2.761 × 10− 14 8.9579 × 10− 1

14 CH(***) − 3.895 × 10− 10 3.8793 − 3.897 × 10− 10 3.8810
15 C(***) − 1.031 × 10− 12 3.8794 − 1.053 × 10− 12 3.9615
16 H(*) − 3.580 × 100 3.8791 − 3.579 × 100 3.8791
17 Free site (*) 2.761 × 100 − 90.7664 2.761 × 100 − 90.7662

∑n
i

XDTRC,i|CH4
¡1.000 £ 100 ¡1.000 £ 100

Table 3 
Comparison of AD- and FD- derived DTRC (XDTRC,i) and sigma (σi) values based on ethane consumption.

S/N Surface species, i DTRC AD, XAD
DTRC,i|CH3CH3 σAD

i|CH3CH3
=
− XAD

DTRC,i|CH3CH3

ωi • θi

DTRC FD, XFD
DTRC,i|CH3CH3 

(δG = 10− 3 eV)
σFD

i|CH3CH3
=
− XFD

DTRC,i|CH3CH3

ωi • θi

1 CH3CH3(*) − 5.872 × 10− 5 1.8368 − 5.873 × 10− 5 1.8371
2 CH3CH2(*) − 3.489 × 10− 5 1.8368 − 3.494 × 10− 5 1.8391
3 CH3CH(**) − 2.762 × 10− 7 1.8368 − 2.810 × 10− 7 1.8690
4 CH3C(***) − 8.586 × 10− 2 1.8368 − 8.586 × 10− 2 1.8369
5 CH2CH2(**) − 4.454 × 10− 5 1.8368 − 4.459 × 10− 5 1.8387
6 CH2CH(***) − 1.813 × 10− 7 1.8368 − 1.873 × 10− 7 1.8983
7 CH2C(***) − 6.312 × 10− 6 1.8368 − 6.276 × 10− 6 1.8261
8 CHCH(***) − 8.914 × 10− 8 1.8368 − 1.873 × 10− 7 3.8600
9 CHC(***) − 1.795 × 10− 13 1.8368 − 9.367 × 10− 8 9.5846 × 105

10 CC(****) − 1.668 × 10− 22 1.8368 − 2.995 × 10− 14 3.2976 × 108

11 CH4(*) − 7.358 × 10− 17 1.8368 9.367 × 10− 8 − 2.3382 × 109

12 CH3(*) − 6.418 × 10− 13 1.8368 9.367 × 10− 8 − 2.6808 × 105

13 CH2(**) − 5.662 × 10− 14 1.8368 9.367 × 10− 8 − 3.0388 × 106

14 CH(***) − 1.844 × 10− 10 1.8368 − 9.367 × 10− 8 9.3295 × 102

15 C(***) − 4.880 × 10− 13 1.8368 2.879 × 10− 15 − 1.08 × 10− 2

16 H(*) − 1.695 × 100 1.8368 − 1.695 × 100 1.8367
17 Free site (*) 7.809 × 10− 1 − 25.6712 7.809 × 10− 1 − 25.6706

∑n
i

XDTRC,i|CH3CH3
¡1.000 £ 100 ¡1.000 £ 100
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Fig. 2 shows the effect of perturbation size on the sums of the sensitivity 
analysis parameters, and it clearly depicts the deviation of the sums of 
DKRC, DTRC and their aggregate from 1, − 1 and 0, respectively, when 
large and very small (in the case of TOF formulation based on ethane 
consumption) energy perturbations are used in the sensitivity analysis 
via the FD method.

Tables 2 and 3 show the comparison between AD- and FD-derived 
XDTRC,i and σi values for the TOF computed based on methane produc
tion and ethane consumption, respectively. Table 4 compares their 
corresponding XDKRC,i values for both formulations of TOF. It is note
worthy that the AD-derived thermodynamic degrees of rate control 
values in Tables 2 and 3 at SS are negative for all surface species except 
for the free sites, implying that stabilization of any adsorbate at SS 
negatively impacts the reaction rate. Conversely, the positive DTRC 
value for the free site at SS indicates that more free sites will increase the 
observed reaction rate. In addition, we observed that the ratio of AD- 
derived XDTRC,i and true-coverages of adsorbates, Θi = ωi • θi, 
(excluding free sites) is constant, except for the instance of CH4(*) in 
Table 2, and we attribute this outlier to small errors (noise) in the BLAS 
routines. The uniformity of σ further underpins Stegelmann and 
Andreasen’s [2] expression of XDTRC,i as a product of some negative 
number and the intermediate’s surface coverage, which is always non- 
negative, as shown in eq. 33. We can further extend the expression to 
complex reaction systems where adsorbates occupy multiple sites as: 

XTRC,i = − σ • ωi • θi (50) 

where ωi represents the number of active sites occupied by species i. 
Consequently, the degree of thermodynamic rate of control of free sites, 
XTRC,*, can be obtained as: 

XTRC,* = σ • (1 − θ*) − 1 (51) 

Tables 2 and 3 further show that, with optimally chosen δG, large FD- 
derived degrees of rate control values for rate-controlling species are 
accurate and in agreement with the AD results. However, for small XTRC,i 

values such accuracy is difficult to attain with FD.

4.3. Transient sensitivity analysis results

While SS studies can help establish reaction rate laws and their 
dependence on the reactor’s operating condition, TR investigations can 
often help gain mechanistic insight [72–74]. We computed the TR 
thermodynamic and kinetic degrees of rate control until SS was reached, 
starting from a clean catalyst surface. Unlike the SS condition, we 
observed that large and small values are obtainable for sums of ther
modynamic and kinetic degrees of rate control under TR conditions; 
however, the overall sum is approximately zero. Hence, the conserva
tion over all states (ground and transition states), as mathematically 
shown in Section 2.1, holds true under TR conditions. Tables S6–5 and 
S6–6 of the Supporting Information documentation show the TR ther
modynamic and kinetic degrees of rate control of intermediates and 
elementary steps, respectively, when the turnover frequency (TOF) is 
defined in terms of the methane production rate. Similarly, Tables S6–7 
and S6–8 of the Supporting Information documentation detail the TR 
thermodynamic and kinetic degrees of rate control of intermediates and 
elementary steps, respectively, based on the ethane consumption rate.

From Table S6–5, we observe several surface-bound intermediates, 
namely, CH3CH3(*), CH3CH2(*), CH4(*), CH3(*), H(*), and free sites, are 
initially rate controlling, with XDTRC,i|CH4 values of about − 1.00 each. 
This implies that the methane production rate initially largely depends 
on the free energies of the species listed. As the reaction proceeds, the 
influence of most of these initial rate controlling species, except H(*) 
and the free sites, diminishes in significance, and a new species, CH3C 

Table 4 
Comparison of steady-state AD- and FD- derived DKRC (XDKRC,j).

S/N Elementary reaction step, j DKRC AD, XAD
DKRC,j|CH4

DKRC FD, XFD
DKRC,j|CH4 

(δG = 5× 10− 4 eV)

DKRC AD, XAD
DKRC,j|CH3CH3

DKRC FD, XFD
DKRC,j|CH3CH3 

(δG = 10− 3eV)

1 CH3CH3(*) + * ⇌ 2 CH3(*) 2.908 × 10− 8 2.908 × 10− 8 8.226 × 10− 13 − 2.167 × 10− 15

2 CH3CH3(*) + * ⇌ CH3CH2(*) + H(*) 3.840 × 10− 4 3.840 × 10− 4 4.288 × 10− 4 4.287 × 10− 4

3 CH3CH2(*) + 2* ⇌ CH3(*) + CH2(**) 2.191 × 10− 3 2.192 × 10− 3 6.195 × 10− 8 − 4.066 × 10− 14

4 CH3CH2(*) + 2* ⇌ CH3CH(**) + H(*) 1.643 × 10− 3 1.643 × 10− 3 3.261 × 10− 5 3.260 × 10− 5

5 CH3CH2(*) + 2* ⇌ CH2CH2(**) + H(*) 2.604 × 10− 3 2.604 × 10− 3 7.513 × 10− 3 7.513 × 10− 3

6 CH3CH(**) + 2* ⇌ CH3(*) + CH(***) 2.108 × 10− 1 2.108 × 10− 1 5.956 × 10− 6 5.901 × 10− 6

7 CH3CH(**) + 2* ⇌ CH3C(***) + H(*) 4.199 × 10− 6 4.199 × 10− 6 1.080 × 10− 7 9.367 × 10− 8

8 CH3CH(**) + 2* ⇌ CH2CH(***) + H(*) − 4.904 × 10− 6 − 4.904 × 10− 6 2.476 × 10− 6 2.435 × 10− 6

9 CH3C(***) + * ⇌ CH3(*) + C(***) 6.656 × 10− 1 6.656 × 10− 1 1.881 × 10− 5 1.883 × 10− 5

10 CH3C(***) + * ⇌ CH2C(***) + H(*) − 1.529 × 10− 4 − 1.529 × 10− 4 7.548 × 10− 5 7.540 × 10− 5

11 CH2CH2(**) + 2* ⇌ 2 CH2(**) 4.936 × 10− 6 4.937 × 10− 6 1.384 × 10− 10 − 6.792 × 10− 15

12 CH2CH2(**) + 2* ⇌ CH2CH(***) + H(*) − 1.266 × 10− 3 − 1.266 × 10− 3 3.844 × 10− 4 3.844 × 10− 4

13 CH2CH(***) + 2* ⇌ CH2(**) + CH(***) 7.553 × 10− 6 7.553 × 10− 6 2.131 × 10− 10 − 3.775 × 10− 15

14 CH2CH(***) + * ⇌ CH2C(***) + H(*) − 4.321 × 10− 5 − 4.321 × 10− 5 2.133 × 10− 5 2.136 × 10− 5

15 CH2CH(***) + * ⇌ CHCH(***) + H(*) 4.943 × 10− 7 4.943 × 10− 7 1.358 × 10− 11 3.293 × 10− 14

16 CH2C(***) + 2* ⇌ CH2(**) + C(***) 7.905 × 10− 8 7.906 × 10− 8 2.231 × 10− 12 − 8.078 × 10− 15

17 CH2C(***) + * ⇌ CHC(***) + H(*) 8.522 × 10− 13 8.673 × 10− 13 1.659 × 10− 15 − 9.367 × 10− 8

18 CHCH(***) + 3* ⇌ 2 CH(***) 1.214 × 10− 1 1.214 × 10− 1 3.425 × 10− 6 3.372 × 10− 6

19 CHCH(***) + * ⇌ CHC(***) + H(*) 7.505 × 10− 11 7.490 × 10− 11 1.806 × 10− 13 9.367 × 10− 8

20 CHC(***) + 3* ⇌ CH(***) + C(***) 7.781 × 10− 8 7.782 × 10− 8 2.196 × 10− 12 − 2.133 × 10− 14

21 CHC(***) + 2* ⇌ CC(****) + H(*) 2.014 × 10− 25 1.785 × 10− 14 2.511 × 10− 30 1.002 × 10− 14

22 CC(****) + 2* ⇌ 2C(***) 1.059 × 10− 17 2.506 × 10− 13 2.988 × 10− 22 − 5.797 × 10− 15

23 CH4(*) + * ⇌ CH3(*) + H(*) 3.669 × 10− 12 3.758 × 10− 12 1.735 × 10− 12 − 2.732 × 10− 14

24 CH3(*) + 2* ⇌ CH2(**) + H(*) 3.809 × 10− 10 3.810 × 10− 10 1.804 × 10− 10 − 1.842 × 10− 14

25 CH2(**) + 2* ⇌ CH(***) + H(*) 6.386 × 10− 12 6.326 × 10− 12 3.024 × 10− 12 1.205 × 10− 14

26 CH(***) + * ⇌ C(***) + H(*) 1.033 × 10− 12 1.258 × 10− 12 4.864 × 10− 13 − 9.367 × 10− 8

27 CH3CH3(g) + * ⇌ CH3CH3(*) 4.625 × 10− 8 4.625 × 10− 8 4.183 × 10− 8 − 1.695 × 10− 16

28 CH2CH2(g) + 2* ⇌ CH2CH2(**) − 3.168 × 10− 3 − 3.168 × 10− 3 9.915 × 10− 1 9.915 × 10− 1

29 CHCH(g) + 3* ⇌ CHCH(***) − 1.746 × 10− 13 − 3.947 × 10− 13 1.044 × 10− 12 − 9.367 × 10− 8

30 CH4(g) + * ⇌ CH4(*) 1.755 × 10− 16 − 5.237 × 10− 14 7.658 × 10− 17 9.367 × 10− 8

31 H2(g) + 2* ⇌ 2H(*) 3.624 × 10− 7 3.624 × 10− 7 2.093 × 10− 7 2.810 × 10− 7
∑m

j
XDKRC,j 1.000 £ 100 1.000 £ 100 1.000 £ 100 1.000 £ 100

∑n
i

XDTRC,i +
∑m

j
XDKRC,j ¡1.013 £ 10¡12 2.990 £ 10¡5 ¡6.250 £ 10¡9 4.488 £ 10¡5
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(***), gains somewhat in degree of rate control (SS value of 0.181). This 
is unsurprising as the CH3C(***) becomes the most dominant hydro
carbon species on the surface, as shown in Tables S6–1 and S6–3. 
Furthermore, as the reaction proceeds towards SS, the surface becomes 
almost entirely covered by adsorbed hydrogen and only relatively few 
free sites, hence the large XDTRC,i|CH4 values of − 3.58 and 2.76 for H(*) 
and the free site, respectively. Correspondingly, Table S6–6 shows that 
elementary reaction steps involving early dehydrogenation and C–C 
bond cleavage are rate controlling, albeit to varying degrees initially and 
at SS. Namely, elementary adsorption/desorption and initial hydroge
nation/dehydrogenation steps ‘CH3CH3(*) + * ⇌ CH3CH2(*) + H(*)’, 
‘CH3CH2(*) + 2* ⇌ CH3(*) + CH2(**)’, ‘CH4(*) + * ⇌ CH3(*) + H(*)’, 
‘CH3CH3(g) + * ⇌ CH3CH3(*)’, ‘CH4(g) + * ⇌ CH4(*)’ and ‘H2(g) + 2* 
⇌ 2 H(*)’, have initially XDKRC,j|CH4 values of about 1.00. Though rela
tively smaller than the aforementioned, reaction steps such as 
‘CH3CH3(*) + * ⇌ 2 CH3(*)’, ‘CH3CH2(*) + 2* ⇌ CH3CH(**) + H(*)’ 
and ‘CH3CH(**) + 2* ⇌ CH3(*) + CH(***)’ have non-negligible degrees 
of rate control values of 0.093, 0.035, and 0.035, respectively. As the 
reaction proceeds, the influence of most of the major rate controlling 
steps, formerly mentioned, gradually decline, and some deeper dehy
drogenation and C–C cleavage steps, such as ‘CH3CH2(*) + 2* ⇌ 
CH2CH2(**) + H(*)’, ‘CH3CH(**) + 2* ⇌ CH3C(***) + H(*)’, ‘CH3C 
(***) + * ⇌ CH3(*) + C(***)’, gain in significance for the rate of 
methane production. Towards SS, only elementary steps involving the 

cleavage of deeply dehydrogenated C2HX species were found to have a 
significant influence on the rate of methane production, namely, the 
elementary steps ‘CH3CH(**) + 2* ⇌ CH3(*) + CH(***)’, ‘CH3C(***) + * 
⇌ CH3(*) + C(***)’ and ‘CHCH(***) + 3* ⇌ 2 CH(***)’ with XDKRC,j|CH4 

values of 0.211, 0.666, and 0.121, respectively. As expected, the reac
tion ‘CH3C(***) + * ⇌ CH3(*) + C(***)’ is the dominant rate-controlling 
step for methane production, since most C–C bond cleavage rate pro
ceeds via the CH3C(***) intermediate, see Fig. S4–3. Fig. 3 shows the 
sums of TR XDTRC,i and XDKRC,j, and their overall sum, based on methane 
production and ethane consumptions rates.

As shown in Fig. 3a, unlike the SS case, where all the conservation 
equations of DRCs derived in Section 2 (eqs. 9, 24, and 26) hold true, in 
the TR, the individual sums of DKRCs and DTRCs are not conserved at a 
constant value, and in fact, can be large, small, and even change signs. 
However, their overall sum, as expressed in eq. 9, is negligible over the 
entire time range; hence, this conservation holds both in the TR and SS.

Observations from the evaluation of the degrees of rate control based 
on the rate of ethane consumption, detailed in Tables S6–7 and S6–8, are 
somewhat different. As shown in Table S6–7, at the onset of the reaction, 
the free sites and, to a lesser degree, adsorbed ethane, with XDTRC,i|CH3CH3 

values of − 1 and 0.004, respectively, are the most rate-controlling 
species. We highlight the negative degree of rate control for the free 
site and the positive degrees of rate control for most surface species. As 
the reaction proceeds with more CH3CH3(*) species adsorbed on the 

Fig. 3. Sums of transient thermodynamic and kinetic degrees of rate control from AD. These parameters were computed from the microkinetic model based on a.) 
methane production rate and b.) ethane consumption rate. The shaded region denotes the time range in which the rate of ethane consumption is negative as depicted 
in Fig. S4–2.
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catalyst surface, we observe a short period in which the ethane con
sumption rate is net negative, as shown in Fig. S4–2. This led to a 
relatively high positive degree of rate control of the CH3CH3(*) species 
of 1.17 and an overall positive sum of the thermodynamic degree of rate 
control of 0.166. Beyond the interval of negative ethane consumption, 
the thermodynamic impact of CH3CH3(*) waned, while those of CH3C 
(***), H(*), and free sites increased significantly. Towards SS, the 
XDTRC,i|CH3CH3 values of surface-bound species slowly become all nega
tive, and only CH3C(***), H(*), and the free sites remained thermody
namically relevant, with DRC values of − 0.086, − 1.70, and 0.781, 
respectively. Similar to the DTRC evaluation based on methane pro
duction, H(*) and the free sites had a more significant influence on the 
rate of ethane consumption, albeit in opposite directions, during the late 
transient. An inspection of the TR surface coverages reveals that the H(*) 
coverage increases rapidly from the start of the reaction due to the small 
H2 dissociation barrier on Pt, reaching a peak of 96.8 % after approxi
mately 10− 4 s. This high coverage leaves only a few free sites and hy
drocarbon species on the surface, and hence, a further increase in H(*) 
coverage will decrease the reaction rates, as shown by the XDTRC,i|CH3CH3 

values.
For the degrees of kinetic rate control based on ethane consumption 

detailed in Table S6–8, the adsorption of gas-phase feed molecules, 
CH3CH3(g) and H2(g), was found to be rate-controlling at the onset of 
the reaction. As the reaction progressed into the time interval of nega
tive ethane consumption, several early dehydrogenation steps, namely 
‘CH3CH3(*) + * ⇌ CH3CH2(*) +H(*)’, ‘CH3CH2(*) + 2* ⇌ CH3CH(**) +
H(*)’, ‘CH3CH2(*) + 2* ⇌ CH2CH2(**) + H(*)’, become kinetically 
relevant to the ethane consumption rate, with those leading to the 
production of CH2CH2(**) species having overall a greater positive ef
fect at about 1 μs. The switch to a net positive ethane consumption, at 
~10− 5 s, causes a shift in the significance of the elementary reactions; 
feed adsorption reactions lose influence, and the desorption of the 
favored product, CH2CH2(g), gradually becomes rate-controlling. In 
addition, although they eventually became relatively kinetically irrele
vant at SS, some deeper dehydrogenation steps, such as ‘CH3C(***) + * 
⇌ CH2C(***) + H(*)’, ‘CH2CH2(**) + 2* ⇌ CH2CH(***) + H(*)’, and 
‘CH2CH(***) + * ⇌ CH2C(***) + H(*)’, became momentarily rate 

controlling, albeit, to varying degrees. At SS, the most kinetically crucial 
reaction steps are ‘CH2CH2(g) + 2* ⇌ CH2CH2(**)’ and ‘CH3CH2(*) + 2* 
⇌ CH2CH2(**) + H(*)’, having DRCs of 0.992 and 0.008, respectively. 
Unsurprisingly, no C–C bond-breaking elementary step gained a sig
nificant influence on the rate of ethane consumption since the fraction of 
the total flux of CH3CH3(*) adsorbed to C/C cleavage reaction rates is 
very small. Fig. 3b shows the sums of the TR DKRCs and DTRCs based on 
ethane consumption. Similar to the previous case of TOF formulation 
based on methane production, neither the sum of thermodynamic nor 
kinetic DRC is bounded in the TR state, and sign changes are even 
observed. However, the overall sum of all thermodynamic and kinetic 
degrees of rate control is negligible throughout the entire simulation, as 
stipulated by eq. 9. Lastly, Fig. 3b also shows that at sign changes in 
ethane consumption rate, the sums of DKRCs and DTRCs are asymptotic 
and very large numbers, in the thousands, can be obtained, as shown in 
full-scale graph in Fig. S4–4. Since these sums are almost exact additive 
inverse each other, the conservation over their overall sum still holds.

Granted, the values obtained for the overall sums of DTRCs and 
DKRCs in Tables S6–6 and S6–8 are not exact zeros, as prescribed by eq. 
9, deviation from zero can be attributed to the rounding error associated 
with the ANSI/IEEE Standard 754 [75] for binary floating-point arith
metic used in MATLAB to handle fractional number representation [76].

Finally, we evaluated the TR degrees of rate control using finite 
differences at three different magnitudes of energy perturbation values 
of 0.05, 10− 2 and 10− 4 eV. For TOF formulation based on methane 
production and a step change of 0.05 eV, the sums of thermodynamic 
and kinetic degrees of rate control do not sum to zero even at SS and 
despite minimal noise in the degree of rate control values, as shown in 
Fig. 4a. Fig. 4c shows that a perturbation of 10− 2 eV yielded TR and SS 
sums of thermodynamic and kinetic degrees of rate control that closely 
mimic the AD results, shown in Fig. 3a, even during TR operation. 
However, smaller values of δG result in noisy and inaccurate TR sums of 
thermodynamic and kinetic degrees of rate control, as shown in Fig. 4e. 
On the other hand, TR sensitivity analysis based on ethane consumption 
rate shows a different trend. Fig. 4b and d show that perturbations 
greater than 10− 4 eV evoke a noisy response from the model around time 
intervals of sign change in ethane consumption. A smaller 10− 4 eV 

Fig. 4. Sums of transient thermodynamic and kinetic degrees of rate control obtained from finite differences using 3 different sizes of energy perturbation. These 
parameters were computed from the microkinetic model based on (a) methane production rate using δG = 0.05 (eV), (b) ethane consumption rate using δG =
0.05 (eV), (c) methane production rate using δG = 10− 2 (eV), (d) ethane consumption rate using δG = 10− 2 (eV), (e) methane production rate using δG = 10− 4 (eV), 
and (f) ethane consumption rate using δG = 10− 4 (eV). The shaded region denotes the time range in which the rate of ethane consumption is negative as depicted in 
Fig. S4–2.
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perturbation yields more accurate results, comparable to the AD-derived 
values in the TR operation, as shown in Fig. 4f. Hence, a single fixed 
perturbation may not accurately predict degrees of rate control values 
for various reaction products in the same reaction system with the FD 
approach, especially during TR operation.

In general, perturbation size must be carefully chosen with respect to 
targeted microkinetic model output, especially when computing sensi
tivities during TR operation—a relatively large perturbation appropriate 
for a particular targeted output may be too large for another output 
formulation and cause a nonlinear model response. In addition, exces
sive reduction in perturbation size does not guarantee a more accurate 
response due to round-off errors, motivating the use of the AD method.

Finally, in an attempt to reduce the complexity of the composite AD 
model, we reformulated the AD model without incorporating the dθ

dθ0 

terms, i.e., the R matrix in eq. 46. Fig. S4–6, juxtaposed with Fig. 3, 
shows that the incorporation of the dθ

dθ0 
elements in the AD formulation is 

only relevant in the TR state (as expected). More details on the impor
tance of the dθ

dθ0 
matrix can be found in Section S4.2 of the Supporting 

Information document.

5. Conclusions

A mathematical proof was presented showing that the aggregate sum 
of the kinetic and thermodynamic degrees of rate control (DRC) equals 
zero under steady state (SS) and transient (TR) operation. At SS, the sum 
of kinetic DRCs equals 1, while that of the thermodynamic DRCs equals 
− 1, regardless of the reaction mechanism, conditions, or the turnover 
frequency definition. Using a Langmuir-Hinshelwood mechanism, we 
further demonstrated that at SS, the thermodynamic DRCs of surface 
adsorbates (excluding free sites) are negative and proportional to their 
surface coverages, a relationship valid for ideal surfaces without lateral 
interactions.

Then, an Automatic Differentiation-driven (Direct) Sensitivity 
Analysis technique was developed to accurately compute DRCs, avoid
ing perturbation errors inherent to finite difference methods. Applica
tion to ethane hydrogenolysis confirmed the DRC conservation 
properties at SS and validated a modified Stegelmann and Andreasen 
rule for thermodynamic DRCs, XTRC,i = − σ • ωi • θi, which accounts for 
multisite occupancy.

During TR operation, the sums of the thermodynamic and kinetic 
DRCs are not bounded: they can assume positive or negative values of 
varying magnitudes, dictated by the reaction dynamics. Nevertheless, 
they remain additive inverses of one another. The proposed AD-driven 
sensitivity framework provides a robust tool for transient catalytic re
action analysis and holds strong potential for advancing research in 
dynamic catalysis and programmable catalyst design.
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