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1 Introduction

Three-dimensional gravity (3d gravity) has long served as a fertile ground for exploring
quantum gravity and holography. Compared to gravity in higher dimensions, it enjoys
remarkable simplicity due to the absence of local degrees of freedom, rendering it classically
equivalent to a Chern-Simons theory [1, 2]. Nevertheless, the triviality in the local geometry
is compensated by the richness of 3d topology. Upon quantization, one obtains a topological
quantum field theory (TQFT) called Virasoro TQFT [3, 4], which constitutes an irrational
counterpart to the Chern-Simons/Wess-Zumino-Witten correspondence [5], with an inner
product given by Verlinde [6]. The gravitational path integral of 3d gravity has provided
intriguing insights about the spectrum of a putative dual description [7, 8], which has been
shown to exhibit features of random matrix theory [9-13]. Moreover, wormholes in 3d gravity
capture statistical information about ensembles of CFTs [14-19] that are related to universal
features obtainable from CFT bootstrap [20-25].

It has recently been understood that the full partition function of pure AdSs gravity,
including the sum over all 3-manifold topologies, can be obtained as the topological expansion
of a tensor and matrix integral [26, 27]. The integration variables can be interpreted as



CFTs data, namely conformal weights and OPE coefficients, and the integration measure
imposes the conformal bootstrap constraints. This duality also provides a three-dimensional
version of the connection between matrix models and two-dimensional quantum gravity [28],
along the lines of [29-32].

In this paper, we expand the correspondence to a gravitational theory that admits
dynamical boundaries referred to as end-of-the-world (EOW) branes. On the tensor model
side, this introduces new degrees of freedom associated to the CFT data of a conformal
boundary condition, together with additional terms in the tensor potential related to the
richer collection of crossing relations for boundary conformal field theories (BCFTs). This
is somewhat analogous to the addition of Ny vectors to matrix models, corresponding to
boundaries of the dual 2d worldsheets. In the 3d case, it remains an interesting open question
whether there are analogs of the large- Ny limit in which the theory simplifies, given the
greater complexity of BCFT data.

The new degrees of freedom together with the extended tensor potential manifest them-
selves in the bulk as an open-closed generalization of Virasoro TQFT [33]. Unlike the purely
closed case, the gluing rules of a 3d open-closed TQFT involve gluing along surfaces that are
themselves bordered 2d manifolds [34-36]. We formulate the open-closed Virasoro TQFT
based on the Moore-Seiberg consistency conditions for BCFT, and show how it enriches the
3d sum over manifolds in the topological expansion of the new tensor model.

In addition to new tensors, there is also a new matrix introduced to capture the statistics
of the boundary operator spectrum (or the “open-string” spectrum) of the BCFT ensemble.
These lead to predictions for partition functions of off-shell 3d manifolds, such as the annulus
wormhole (annulus times an interval), the open analog of the torus wormhole [9].

The incorporation of additional bootstrap constraints also highlights an interesting
application of ensemble models whose measure imposes constraints: consider two collections
of data and constraints. In the simplest situations, the data would be the same, and only the
constraints would differ. Suppose one wants to determine whether the resulting bootstrap
problems have the same set of solutions, particularly in situations in which it may not be
obvious that one set of constraint equations implies the other. One can then define associated
ensemble integrals over the data with a potential given by the squares of the constraints, and
check if the associated topological expansions of the models agree. The new tensor model
therefore provides a way to investigate the interplay between various bootstrap constraints.
In fact, using 3d TQFT consistency as the guide, we clarify the role of one of the crossing
relations in the literature and demonstrate its redundancy (in section 4.3).

An application of the BCFT tensor model is to a purely open bootstrap, i.e., one that
involves only the boundary spectrum and OPE coefficients, in the spirit of [37—42]. Instead
of defining a 2d CFT via the usual operator data by computing partition functions via a
decomposition into pairs of pants, one can use purely boundary data to evaluate a triangulated
partition function as follows. Given a triangulation of a Riemann surface, excise the vertices
and impose a given fixed boundary condition on all of the resulting holes. The limit in which
the holes shrink to zero size reproduces the original partition function up to a factor of (e% q)V

)

where V' is the number of vertices of the triangulation, ¢ is the g-function corresponding to



the boundary condition, and e is the size of each hole. Moreover, the triangulated partition
function can be evaluated in terms of the boundary three-point functions and weights.

Given a local CFT2 and any local conformal boundary condition, the above construction
applies. It is an interesting and highly non-trivial question whether all solutions of the
purely boundary bootstrap, with data consisting of only the boundary weights and structure
constants, subject only to boundary four-point crossing (the only bootstrap constraint in the
purely open case), come from a boundary condition of a local CFT. One piece of heuristic
evidence is that boundary four-point crossing is sufficient to imply that all triangulations
give the same result in the shrinking limit, and very dense triangulations seem to imply a
form of 2d locality. The bulk CFTs data, if it exists, can be reconstructed by computing
triangulated torus and higher-genus partition functions.

The question for the associated purely boundary data tensor model is whether the
topological expansion for CFT partition functions agrees with that of the “closed” CFT tensor
model, i.e., with pure 3d gravity without contributions of EOW branes. The tensor and matrix
diagrams that contribute to the purely open model are a subset of those of a full BCFT model
that we analyze in detail in this paper. In particular, our results show that every diagram
evaluates to the 3d gravity partition function on an associated 3-manifold with EOW branes.
Therefore, the above question reduces to whether the contributions from manifolds with extra
interior branes or higher genus branes filling in the holes of the triangulation are suppressed.

To answer this question, it is useful to analyze the contributions from 3d manifolds
with different topologies. In particular, there are singular contributions associated to non-
hyperbolic manifolds, even in the closed case, i.e., without EOW branes: for example, adding
a handle (sphere times an interval) to a hyperbolic manifold can lead to a divergence owing
to the limit where the handle becomes very long. The analog of this example in the open case
is “half” of the handle: take a Zs quotient of the handle and place a spherical EOW brane at
the fixed points. Then glue the only remaining boundary to a hyperbolic manifold (with a
3-ball removed). The divergence again comes from the limit where this half handle becomes
long, but the situation is potentially more manageable. One might expect that adding a local
counter term whenever a spherical EOW brane appears could regulate the partition functions
on such manifolds. While we leave a detailed investigation of this possibility to future work,
it serves as both a motivation for and an application of the BCFT tensor model.

As another natural generalization, we also discuss the incorporation of non-orientable
2d CFTs and correspondingly the additional bootstrap conditions. These are CFTs that
have a reflection symmetry and admit a definition on the crosscap. This further enriches the
topological sum by including non-orientable 3d manifolds. In particular, we explicitly obtain
some new TQFT building blocks and discuss their implications for the ensemble interpretation.

This paper is organized as follows. In section 2, we review the BCFT data and bootstrap.
In section 3, we construct the tensor-matrix model incorporating the new degrees of freedom
and bootstrap constraints. Section 4 presents the 3d interpretation of each element of the new
model, including the data, propagators, and interaction vertices. In particular, we explain
how this bulk interpretation gives rise to an open-closed Virasoro TQFT. Section 5 presents
the aforementioned application to CFT triangulation by restricting the model to a purely
open version. In section 6, we discuss how to incorporate non-orientability.



Note added. While finalizing the paper, we became aware of [43], which contains some
overlap with our work.

2 Review of BCFT

2.1 Data

In BCFT, besides conformal weights (h;, h;) and OPE coefficients Cijk, additional data are
necessary to fully characterize the theory. These include boundary conditions, boundary oper-
ator spectra, boundary OPE coefficients, and structure constants that govern the interactions
between bulk and boundary operators.

Following [19], we will use the notation ¢; for bulk operators which are labeled with
lower-case letters (7, j, ...) and <Z>(Iab) for boundary operators which are labeled with upper-
case letters (I, J, ...). The superscripts (ab) keep track of the boundary conditions on the
two sides of the boundary operator insertion, which can generally be different. With this
notational remark in mind, all the data needed to specify a BCFT are:

e gq: the g-function corresponding to the boundary condition a, which is defined to be
the partition function of a disk with boundary condition labeled by a imposed at the
circular border;

o (hi, hy): conformal weights of bulk operators;

. hgab): conformal weights of boundary operators in the Hilbert space Hciosed;

e Cjji: bulk-to-bulk OPE coefficients, or the three-point function of ¢;, ¢;, and ¢ on
the sphere in the Hilbert space Hc()%%)n (or H for short);

. B%l}?: boundary-to-boundary OPE coefficients, or the three-point function of d)([ab),

¢((]bc), and gbg?a) on the disk, whose circular border is partitioned into three intervals by
these operator insertions, with boundary conditions a, b, and ¢, respectively;

. DE}I): bulk-to-boundary OPE coefficients, or the two-point function of ¢; and gbgaa) on
the disk.

Pictorially, we represent the three types of OPE coefficients as

' wo [ ()
Cijk — R BIJK — o, D“— — o . (2.1)

At this point, the little arrows can be thought of as a reminder of the fact that the bulk
operators have spin, but they will be given a more precise interpretation later. For bulk
operators, we choose the standard normalization of the two-point function on the sphere
such that

(9i(2i,2i)8(25, %)) = — ' = (2.2)



where z; and z; are coordinates of the complex plane. With this normalization, d;; is used
to raise and lower 4 indices, so there is no difference between upper and lower i indices.
For boundary operators, we choose the canonical normalization of the two-point function
of boundary operators such that

(ab)

(ab) (ba) 58  V9a9v015 93
(o "(xr)oy " (x7)) = \wr — agPhr  |og — a2 (2.3)
where x is the coordinate of the real line, and g%b) acts as the metric used to raise and
lower the I indices. For example,

(abe) bo)K' be)K
BijR = ZB(a Mgl = BT Vgage. (2.4)

Conformal symmetry implies

_ (_1)(si+5j+sk)(1fsgn(o'))/2cijk7 B(abc) o B(bca) - B(cab) (25)

C'U(i)ff(j)ff(k) 17k — Pjrr = Pkrj»

where o is a permutation and sgn(o) is positive (negative) one for even (odd) permutations.
Notice that, unlike C', swapping two indices of B gives an independent quantity (though they
are related by complex conjugation, as we explain momentarily). Reflection positivity imposes

* Si+si+s *(abc) acb *(a) a
k= (—1) Tk G, BL(]K) _B%JI)7 Du( ) _D’L(I)' (2.6)

To see this, consider for example the four-point function
=Y CijkCjik Gr, (2.7)
k

where, for every k, G is a positive function that depends on the positions of the insertions.
Requiring this to be non-negative for all configurations (cross ratios) implies non-negativity of
each summand, i.e., C;;xCjir, = 0. We then conclude that C;j; and Cj;, must have opposite
phases. Since we also know |Cijx| = |Cjix| from (2.5), we conclude that!

Cijr. = Cip,- (2.8)

The derivation is slightly more involved for B. From

)20 = BBy >0, (2:9)

(abe)

we infer that B}’ and Bf, 7 K) have opposite phases. To arrive at B} ;;/ = B, we should

(abc) *(cba)

consider the more general setting where the left half-disk is a linear combination of the state

'In higher dimensions, it is common to focus on parity-even tensor structures of the three-point function,
in which case Gy is positive for even total spin and negative for odd total spin, making C;;, always real [44].



shown and the state with I and J swapped; requiring the corresponding disk correlator to be
non-negative for arbitrary cross ratios and linear combinations yields the desired relation.
Finally, for D, consider

(2.10)

1
1
1
]
1
[
1
\

-

o) Dl(?) must be real.

2.2 Bootstrap

For CFTs defined on closed orientable Riemann surfaces, there are two independent bootstrap
constraints, namely crossing symmetry of four-point functions on the sphere and modular
covariance of one-point functions on the torus [45, 46]. In the case of BCFTs, these constraints
are extended by four additional conditions [47, 48]. In what follows, we provide a brief review
of these six constraints. We will express them in terms of crossing kernels rather than
conformal blocks. This is because the kernels are often more convenient to work with and in
our case explicitly known [49-52], so we can avoid dealing with unknown functions.

Four bulk operators on the sphere. The first constraint comes from the crossing symmetry

>. (2.11)

The two skeleton diagrams that appear in this equation represent two different conformal block

of four bulk operators on the sphere. Pictorially, it states

> = Z Cjkmcmli

Z CiimCmki

decompositions of the four-point function, namely the s-channel and ¢-channel decompositions.
The dashed circle in each diagram represents a state cut, where a resolution of the identity is
inserted, and the solid blue line going through the circle represents these internal states.

To work with crossing kernels rather than the conformal blocks, we rewrite this constraint
in the following way. First, write the ¢-block as a linear combination of s-blocks, using the
spherical crossing kernel, defined via

P, P,

Bl —2z) = dPsF
FiPIL=2)= | dPFrp, [Pj n

] Fs(Ps|z), (2.12)

where F; and F; are the s-channel and ¢-channel conformal blocks, respectively, z is the
cross ratio, and F is the Ponsot-Teschner fusion kernel [49, 50]. Projecting the equation
onto an s-channel block labeled by P then leads to

2
- k1l
Ml,ijkl(P7 P) = Z Cijmcmkl(SQ(P — Pm) — C’jkmlei Fo L Z] = O7 (2.13)
where we have used a simplified notation
P, P, k'l
F — Fp . 2.14
o [Pj PJ ’ L’ 1 2

Similar notational simplifications will be employed throughout the paper.



One bulk operator on the torus. The second constraint comes from modular covariance
of one bulk operator on the torus. It is given by the equation

(2.15)

As before, the blue lines form skeleton diagrams, now lying on the torus, and the black dashed
circles are the places where a complete basis of states labeled by j are inserted. Writing the
second block as a linear combination of the first and projecting it onto a single block labeled
by P again gives an equation involving only the crossing kernel, absent the blocks themselves:

Moi(P,P) =" Cij;6%(P — P;j) — Cyj;|Sp;lil|* = 0. (2.16)
J
Here Sp;[i] is a shorthand for Spp,[P;], the modular crossing kernel.

Four boundary operators on the disk. After reviewing the two constraints for CFTs
without borders, let us now consider the first new constraint needed for BCFTs. This comes
from two ways of computing the function of four boundary operators on the disk. It is the
open-sector analog of the spherical crossing symmetry. In terms of conformal blocks, it reads

1 (dab) 1 (bed)
s G LIMP KM

L (abe) plcda)
Z \/MBI?U\ZBI?L%\/[

MeHae

Notice that this is a slightly more intricate situation than crossing on the sphere. The border
of the disk is partitioned into four intervals by the operator insertions, each generally having
a different boundary condition. The dashed line is an open state cut, where a complete set of
states labeled by M is inserted (¢, (ac) ¢ 97a¢ on the left and <l>§\b4d) € H% on the right). The
presence of the factors of g5 is a result of a choice of the normalization for the two-point
function of boundary operators on the disk (2.3).

Similar to crossing on the sphere, the t-channel here can be written as a linear combination
of s-channel blocks. The kernel in fact is the same as one holomorphic factor of the spherical
crossing kernel. Projecting onto an s-channel block with the internal weight labeled by P,
the constraint can be written as

abed 1 abc cda
M:(S,IJI)(L(P) = Z B§JM)B§(L1\)45 (P — Py)

JaJc MeHec
J 1
Biv By Fu p[ ]—o (2.18)
\/gdg Mgbd KL

One bulk and two boundary operators on the disk. The fourth constraint comes from

>. (2.19)

considering one bulk and two boundary operators on the disk. It requires

1 ) ba
)= > Lofen)

1 a aab
> Logsin
Ya MeHbd

MecHaa




The two blocks are similar, but due to the fact that boundary conditions a and b are generally
different, taking the bulk operator i to a boundary operator on the interval with boundary
condition a using the bulk-to-boundary OPE is different from taking it in the other direction
to the interval labeled by b. Projecting the equation onto a block with internal weight P,
the constraint takes the form

ab

Mz(l,iI)J(P) =0, (2.20)

where

ab) (aabd)
Mé(lzIJ Z DzM MIJ (P_PM) (2-21)
ga MEHaa
Loy pt gl / dP'dP"F l_ I} F lz J} F lz 1 B BL
MJI MP' | . P p pp pr-
Yy 1 J I IJ

In all previous constraints, only the fusion matrix F and modular matrix S have appeared.
Here we see a new object B:

Bi2 = om(“hi—hetha) g3 — (pl2)*, (2.22)

This corresponds to an operation known as braiding. Together, spherical crossing, modular
crossing and braiding constitute all the basic moves needed to transform between any
conformal blocks.

Two bulk and one boundary operators on the disk. The fifth constraint comes from
the consideration of two bulk operators and one boundary operator on the disk. Equivalence
of the two conformal block decompositions states that

> CijmDigy

1 aaa a a
V-1 5 gt
ga MNG’}_[CLQ

In the first conformal block decomposition, the two bulk operators are taken to approach
each other first, fusing into another bulk operator via the bulk-to-bulk OPE. The resulting
bulk operator is then taken to the boundary via the bulk-to-boundary OPE. In the second
conformal block decomposition, each bulk operator is taken to the boundary first via the
bulk-to-boundary OPE, and the resulting boundary operators are then evaluated using the
boundary-to-boundary OPE. Projecting onto the first channel with the internal weight labeled
by P, we can rewrite this constraint as Mé?] (P, P) = 0 with

1 _
MY (P Z(JWD 62(P— Prn) — 3 5 BN 1D D\VKs[Pag, Pys P, P Pr, Py, Py,
M,N Ja
(2.24)

where the crossing kernel is given by

— o0 T . 7A . i . _7 —
K5[P],PJ;Pk,Pk; PK,PZ,PJ] = / dP 615(hK+hI—hJ—hz+hz+hJ+hJ+hk hy 2h)
0

K 1 P 17
% Fyp [I ﬂ [kal ]] Fpp [k [j{] (2.25)



Two boundary operators on the annulus. Finally, the sixth constraint concerns two
boundary operators on the annulus. In [48] where the full set of constraints was first
presented, it was remarked that this constraint may be redundant. Some evidence was given
in [53]. Nevertheless, from the 2d perspective, it is not obvious how it follows from the other
constraints. In this section, we will include this constraint nonetheless, but we will be able to
understand this redundancy from a 3d perspective in a later section.

%) > (2.26)

In the picture on the left, a bulk state is inserted at the circular cut, while in the picture on

The constraint takes the form

a b
> DDy

m

1 (aab) ,(bba)
LU B B
C > K’LEGH:  Gagy KL UKL

the right, boundary states are inserted at the interval cuts. We therefore refer to the left and
right block decompositions as closed and open channels, respectively.
Projecting the equation onto a bulk channel with the internal weight labeled by P, the
constraint becomes Mé:llb}(P, P) = 0 with
(ab) (p Py — (@) 1)(b) 52 1 p(aab) p(bba) . p P
Mg 1;(P, P) = ZDmIDmJ5 (P — Pn) — Z Birr By Xe| Py, Py; P, P; Pr, Py,
m K, Lenav Jadb

(2.27)
where the crossing kernel Kg is unspecified. It turns out that we do not need to know it
explicitly as a result of this constraint being redundant. This will be explained in detail
in section 4.

3 Constructing the tensor-matrix model

Following [26, 27], to construct the tensor-matrix model, we square each of the six constraints
and add them to form the tensor model potential. This would give a potential that is
minimized by BCFT data satisfying all the bootstrap conditions. The first two constraints
are concerned with only the closed sector, in the sense that only C’s and ¢;’s are involved;
the third involves only the open sector since only B’s and qﬁgab)’s are involved; the remaining
ones involve both the open sector and the closed sector. In the following, we first review the
potential coming from the closed sector [26, 27] before introducing each new one.
The open-closed model we now construct is defined by

(abc)

Z = H /D[AS) h17 Cljku B}?}}?? DZ(?)’ A,Ea):l e*VO(Asth)i%v(Asth7CijszIJK 7D£?)7A5a))7 (31)
seZ

where all indices run over only non-vacuum states. Here Aga) is defined to be DZ(]T).
As in [27], V) represents the spectral density given by the Cardy density, explained in
more detail in section 4.4. For V, write

6

V= Z ‘/z + %orus + vannu1u57 (32)
i=1



where the first six terms arise from six independent bootstrap constraints, and the last
two terms come from modular invariance on the torus and the open-closed duality on the
annulus. For convenience, we will refer to ), V; as the tensor potential and Viorus + Vannulus
as the matrix potential, though this nomenclature is not totally accurate due to some part
of Vinnuius having a tensorial nature, as we will see later.

3.1 Tensor potential

To form the tensor potential, we square each of the constraints in section 2 with an appropriate
measure and add them together.
For the first constraint, square it with the measure (P, P):

— 12 _ —

Vi=er Y M gjua (P, P)|” (P, P) dPdP. (3.3)

R2uU1
1,9,k 7

The notation | - |? here represents multiplying the quantity by its complex conjugate, but
we will use the same notation for multiplication by the anti-holomorphic counterpart, as in
the next equation. It should be clear from the context. The overall factor of ¢; is a choice,
which we will fix later by normalization of the kinetic term. The choice of the measure
comes from using the Verlinde inner product on the conformal blocks [6]. (In practice, we
can figure out the correct measure by requiring that the second term in (2.13) be squared

to a delta function.) Explicitly,

_ 1
P,P) = — , 3.4
1B ) = P IC i PICo PP 34
where the function po(P) is the Cardy density:
po(P) = sinh(27bP) sinh(27wb~ ! P), (3.5)

and Cy(ijk), which is a shorthand for Co(F;, Pj, Pr), is the DOZZ formula [54, 55] up to
some normalization [22].

Expanding the square and using the following definition of the 65 symbol,

nl1 _ CQ(ZZTL)CU(]]C’I’L) k'l
{mj k:} B po(m) Fm L’ J (3.6)

the potential V; simplifies to

=2 Y CiimCmkiCnjiClin
lpo(m)Co(ijm)Co(kim)|

i,7,k,l,m,n
. Cijmcmklcilncnkj nli
|Co(i5m)Co(klm)Co(jkn)Co(iln))* || m j k

502 (P, — Py)

2
). (3.7)

Next, square the second constraint with an appropriate measure (again fixed by the

Verlinde inner product):

_ 12 _ _
Vo= / |M5,,(P, )| pa(P, P) dPAP, (3.8)

,10,



where
p2(P, P) = |po(P)Co(iPP)[. (3.9)
Expanding the square leads to

CijiCikk

Va = 2¢ AP
i,k ’PO(])CO(Z]J)F

(52(Pj - PB) — \Spjpk [F;]

2) . (3.10)

For the third constraint, write

abed 2
e Y Y Y Y Y [ MR e mpar, @
a,b,e,d TEH JeHbe KeHed [epda R+
where .
pP) = . 3.12
H(P) = o o TTP)Co(KLP) (3.12)
Expanding the square, it becomes
abc cda ach cad
Vi=2cs 3 3 Bi Bicri BN 1 Bh ik 6(Pyv —Pn) (3.13)
abedI,J,K,LM,N GaJe po(M)Co(IJM)Co(KLM)
{N L I}
abc cda dba bdc
—2c3 > Y. By Bicia Birs Bugs M J K .
abedl JELMN (gagcgbgd)1/2 Cg(IJM)CO(KLM)CO(ILN)CO(JKN)

To form the fourth part of the potential, we do the usual thing of squaring, except
that here we find it convenient to insert a relative phase of 2™ between the two terms
in the constraint before squaring (e.g., just add e?™ to the second term in Mz(sib I) 5(P)).
We are free to do so because it is trivial for integers s;. It will be useful when we relax
the integrality condition. Now

a 2
Vima XS [ ML P u(Pap. (3.14)
ab i1, R+UI
where 1
Py — _ _ 3.15
i) = G PICo(TTP) (3.19)

Expanding the square, we find

g g DEBEDRB sy -y

% iy Po(M)Co(itM)Co(1J M)

oDy

9a9b " i 1. 703,N PO

o0 I i1 ~ A
APE F —im(2h+hn—h;—h;—hr—hy) 3.16
X/o NP[JZ] PM[IJ]G ) ( )

Vi

a aab b bba
Di3) By DN By Ty
(M)Co(itM)Co (1] M)

where h is the weight corresponding to the dummy momentum P.

— 11 —



For the fifth constraint,

a D 2 D D
Vi=c5> > / (M3 (P, P)|" s (P, P) dPAP, (3.17)
a 1,21
where 1
ps(P, P) = = = = (3.18)

po(P)po(P)Co(ijP)Co(1)P)Co(1PP)
Expanding the square, this becomes
a a 62(Pk_ﬂ)
Vs=cs5 CijuCiyi D) D) = - — =
2 2, CunCusDi Dij po(k)po(k)Co(ijk)Co(17k) Co(Tkk)

a 4,5.k,10,1
8(Py— Py )8(Py—Py)
p0(J)Colit)Colj3T)Co(MTJ)

(3.19)

1
+C527 Z B](\Z‘IL‘?])BEG'[?‘;&D(@)D(G)D( )D( a)
a Ja;j1,7K LM " po(1)
K[Py,Py; Py, Py; Pic . Py, Py

1 (aaa) (@) (@) (@)
P S B\, D D' D L2 S5tk K> _
Z cm;m IR 3 R b (k) po (k) Co ik) Co (k) Co (KK K)

+c.c.|.

Finally, for the sixth constraint,

_ 12 _ _
Vi=cd> > / (P, P)|" (P, P)dPAP, (3.20)
ab [€7e /RLVI
JeH
where 1
(P, P) = _ _ __ (3.21)

po(P)po(P)Co(IPP)Co(JPP)
Expanding the square, we get

a b)
VG—CGZgg S DYDY DY DY) (P, B)S* (P, — ) (3.22)
b 72 ngJ

+GZ
_GZ

3 3(aab) p(bba) p(aba) pbab) §(Pr, — Pn)6(Px — Pyr)
[RLZTRLENMEZNMT o6 (K ) po(K)Co(TK K )Co(JKK)

g“gb) 1,J,K,L,M,N

> DD p®) plaab) b0 Ke¢[Pk, Pr; Pi, Pi; Pr, Py]

IKLPIRL 50 3 oo ) Colal) Colid) |

gagb) i ITK,L

3.2 Matrix potential

To form the matrix potential, [27] used the modular invariance of the torus partition function
without insertions (empty torus), which is given by (2.16) with i = 1:

S0P - ) = SIsipl1l? =0, (3.23)

Unlike V7 to Vg, the blocks associated with the empty torus are not normalizable with respect
to the Verlinde inner product. For this reason, [27] proposed using the Vandermonde measure:

K(A,s; A" 8") = b9 log |[A — A (3.24)
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A matrix potential Vi is formed by squaring the empty torus constraint with this measure.
Its explicit expression and associated subtleties related to the continuity of spin can be
found in [27].

We now do the analogous thing for the empty annulus.?

Taking the annulus con-
straint (2.27) and setting I = J = 1, the constraint becomes

ZA ADGA(P — Py) — Y Sup[1]6(P - P), (3.25)
M
where we have used [25]

_ M M P1
Ke[M, M; P, P;1,1] = / AP'Fyypr [1 ﬂ] Syp[PFpp [P 11]

= Syp[1]6(P — P). (3.26)

We now need to square this with an appropriate measure. However, it is more convenient
to assign the measure if we write the same constraint by expressing the open channel in
terms of the closed channel:

3 8PPy ZA AP p[1] = 0. (3.27)
IeHb

Analogous to the closed sector, the measure on the open-sector weights is given by
the Vandermonde:

K(h, 1) =log|h— 1] . (3.28)
Define K via
/ dhdh' K (h, b)[] = / (PAP)(P'dP) K (h(P), 1 (P'))[]
= / dPAP' K (P, P))[], (3.29)

where [-] represents some generic integrand.
Squaring the constraint (3.27) and integrating over P, P’ using the measure K (P, P’),

we obtain:
Vo =3 3 KPP =23 3 A”4P [aPR(P. S
a,b I, JeHab ab i Ie’}_[ab ) (330>
+ ZZAEQ)AEZ))AEQ)AEP) /deP/Sip[]l]K(P’ PSpr;[1].
ab ,j

We have used that S;;[1] is real, so complex conjugating does nothing.
We propose that the matrix ensemble is of GOE type when a = b and of GUE type when
a # b. To see this, consider a strip with boundary conditions a and b on the two sides. If a = b,

2See [56] for a discussion of the boundary one-point function on the annulus, which is somewhere in between
the annulus two-point function where we use the Verlinde inner product and the empty annulus where we use
the Vandermonde.
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CRT maps the strip to itself, but not if @ # b. The difference is a factor of two. Interestingly,
this difference is already captured by the matrix potential (3.30). When a # b, there is a
factor of two compared to when a = b because H® = H*. We will see how 3d gravity realizes
this factor of two in section 4.5. See e.g. [57] for relevant discussions in the closed case.

It is useful to separate out the contributions where bulk operator indices (,5) are equal
to the identity. The expression then turns into

annulus ZZK P[,PJ *QZZgagb/dPKPPI g]lP[ ]

ab I,J ab I

/
_QZZZAEQ)Agb)/de((P, Pr)Sp,p(1]
ap i 1
/
+23°5 4@ Al gagb/deP Spp[1]K (P, P)Spall]

/
a b a b o
+303 A AP A )A§.)/deP’§pip[]1]K(P, PSpp (1], (3.31)
a,b i,

a)

where we have used A( = ¢, and dropped a term

agb/deP Sip[1K (P, P)Spn 1], (3.32)

which is just a number that shifts the potential by a constant.

Now, the first term of (3.31) is the kinetic term of the matrix model, and its functional
inverse gives the matrix two-point function (p®(P;)p®(Py)) where p® denotes the density
of states in H%. The factor of two in the potential for a # b becomes a factor of half in
the density two-point function, reflecting the nature of the ensemble. The second term
of (3.31) is a single-trace term. The other terms involve the dynamical objects A’s, so the
matrices interact non-trivially with these vectors. We will discuss the diagrams associated
with these expressions in the next section.

4 3d interpretations

The tensor-matrix model is a quantum mechanical model. One way to study it is the
perturbative approach of Feynman diagrams. Interestingly, in [27], the Feynman rules of
the closed tensor-matrix model map to 3d diagrams with the associated functions mapped
to partition functions of 3d gravity. An interesting question we can now ask is: what 3d
manifolds do Feynman diagrams of our new tensor-matrix model map to? In other words,
what is the 3d theory whose partition functions on those manifolds give us the correct
expressions that reproduce the Feynman rules we have?

In this section, we identify the 3d ingredients one by one. We start with the dynamical
variables and identify their 3d counterparts. We then move on to propagators and vertices.
We will find that these give rise to an open-closed extension of Virasoro TQFT. At the end,
we will also study the 3d avatars of the matrix diagrams which for example give predictions
for partition functions on off-shell topologies such as the annulus wormhole, the open analog
of the torus wormhole.
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4.1 Data

The OPE coefficients C, B and D capture the information contained in the three-point
function of bulk operators on the sphere, the three-point function of boundary operators on
the disk, and the one-bulk-one-boundary two-point function on the disk, respectively, so they
are associated with the pictures (2.1), reproduced here for convenience:

abc 4 1
wk — IJK — zI .

These 2d pictures appear as cross-sections of the 3d diagrams. Notice the small arrows in

the representation of Cjj;, and DZ(?)

. We have included them in anticipation of the framing
that will be of importance from the TQFT point of view. At each cross-section where a bulk
Wilson line passes through, the framing of the Wilson line is represented by a little arrow.
The boundary operators do not carry arrows, as the boundary Wilson lines do not have
framing. We will often suppress the drawing of the framing when it is not the main focus.
The cczrgesponding diagram for the final piece of OPE data A,ga) is not shown, but it is the

a

same as D,;” with the boundary insertion removed. For simplicity, we will often not draw the
diagrams involving A’s separately when we can obtain them from the diagrams involving D’s.

4.2 Propagators
To find the propagators, we now single out the terms in the potential that correspond to

the kinetic terms for C, B, and D, respectively.

C-propagator. For Cjj;, the kinetic term can be obtained by identifying the quadratic
terms in the second line of (3.13) [27]. The result is
CiikClji

!/
Ko =—4¢ —. (4.2)
”Zk |Co(ijk)[*

The factor of four comes from setting different labels to the identity. It is therefore natural
to pick ¢; = 1/4. Inverting this gives the propagator, which we associate with the diagram

—h|Co(ijk)|>? — . (4.3)

B-propagator. The kinetic term for B comes from V3 (3.13). When one of the internal
operators, say N = 1 € H* (so d = b), is taken to be the identity, we must have I € H%® =
L € H% and J € H* = K € H. This gives

/ B(abc) B(cba)

Kp=—dcg y —HE I (4.4)
I;K Co(IJK)
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where we used

By BYY = /gaghy/3e9c (4.5)
111 JI
= po(M) " Cy(IT1 DF : 4.
{MJJ} po(M) ™ Co(IIT1)Co(JJN)Fyns [J 11, (4.6)
JI
o [ ’ [] — Co(TTM)po(M). (7)

The extra factor of g, comes from removing the N-sum which contains the inverse metric
g @) = (g,g,)"1/26"7 . The factor of two comes from the fact that we can set either M or
N to the identity. Also, if both M and N are set to the identity, it gives a constant to the
potential which is then dropped. Incidentally, the first line in (3.13) with I = JJ K = L, N =1
but M # 1 is zero because of the delta function, so it does not contribute to the kinetic term.

Picking ¢3 = 1/4, we now invert the kinetic term to obtain the propagator and assign

to it the following 3d diagram:

D-propagator. We now turn to D. From the third term of V5 (3.19), we have, upon setting
M=N%*1,i=451=1,k=1,

aaa (@) (@) pyla) KM, M; 1,151, i, 1]
D DD, c.l. (4
Z MMnle 1) Ding IM,00(]1),00(]1)00(2'1'1[)00(%]1)00(]1]1]1)+CC (4.9)
Using (see e.g. [33])
i [ . 17 i o
K[M, M;1,1;1,4,i] = ”Thi/ AP, e Ty, F Frs
[ ) s by Ay 7Z7Z] € 0 € M [MZ‘| M1 L Z] l:ﬂ. :ﬂ_]
1)Cy(i21)Co(2el
_ ol )c?o((m\)@()( ) po(1)Co(111), (4.10)
we have
D
Kp = —2052W7 (4.11)

where we have used B](\%I;[)]l = /0ga and D11 = go. Picking ¢ = 1/2 and inverting the

kinetic term, we obtain the propagator

—h Cy(ial) — e%. . (4.12)
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A-propagator. The derivation for A is essentially the same as that for D. From the third
term of V5 (3.19), upon setting M = N =1,i=j, I =1, k=1, we get

/ A(a)A(a) .
Ky = —2c5 Z mpo(z)a (4.13)

where we have used Cy(i7l) = §(P; — P;)/po(i). Therefore, we make the association

0P - Py)
e % . (4.14)

The delta function shows that there is no propagator unless the operator labeled by i is a
scalar. These Wilson lines therefore have no framing.

It is interesting to point out that there is no classical solution with this topology where
the punctured disks are asymptotic boundaries and the bulk Wilson line is below the black
hole threshold, unlike the other three propagators. This is most easily seen by gluing two such
geometries along the brane to form a diagram with the topology of a twice-punctured sphere
times an interval. This is not an issue because the states represented by the Wilson line only
have support above the black hole threshold, so we should not look for classical solutions
with conical defects replacing Wilson lines. If we sum over the index i, we should replace
the Wilson line with a tube connecting the two asymptotic disks, turning the asymptotic
geometry into a single annulus. In that case, there is indeed an on-shell solution with that
topology [58]. The procedure of turning a Wilson line connecting asymptotic boundaries
into a tube is explained in [27] and reviewed in section 4.4, where an analogous procedure
for boundary Wilson lines is also explained.

4.3 Open-closed TQFT

An open-closed TQFT is a TQFT where two manifolds can be glued along certain open
subsets of their boundaries [34-36]. For example, in a 3d closed TQFT, two three-balls must
be glued along their entire boundaries, which are two-spheres, resulting in a three-sphere.
In contrast, in a 3d open-closed TQFT, two three-balls can be glued along a disk, which is
a subset of each of their boundaries, resulting in a three-ball. In this section, we explain
how the tensor part of the model constructed in the previous section leads to an open-closed
Virasoro TQFT. In the rational case, the relation between 3d TQFT and 2d BCFT bootstrap
has been extensively studied in [53, 59-69]. Our language will be most closely following [3],
and we emphasize the open-closed nature of our construction, in contrast to e.g. [68], which
constructs a closed TQFT using the doubling trick. In our case, since the topology of the
EOW brane is essential in reproducing the correct g-function dependence, the open sector
is non-trivial, meaning that it is not equivalent to a doubled version.

To obtain TQFT diagrams, we should first turn the 2d diagrams in equations like (2.11)
into 3d diagrams. Let us discuss (2.11) first. The procedure is simple. Think of the sphere as
the boundary of a 3-ball, and imagine continuously deforming the skeleton into the interior
of the ball whilst keeping the four insertions anchored at the boundary (the 2-sphere). Now,
taking the diagonal terms is tantamount to gluing two of the same-channel block diagrams
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(now 3d) along their boundaries (each a 2-sphere with 4 insertions) with the insertions
appropriately identified (¢ with ¢, j with j, and so on). The result is a skeleton diagram
in S3. We can then remove a 3-ball in the neighborhood of each trivalent junction. This
leads to the following manifold:

2c1 §2(P,, — Pp)
I po(m)Co (im) Co (klm) |

(4.15)

with index structure Cjjy,CrkiCnjiCiin and a coupling of 2¢;/h. This was referred to as
the pillow diagram in [27], but in anticipation of a similar object that will show up soon,
we will call this more precisely the closed pillow diagram. It is a 3d manifold with four
boundaries, each a sphere thrice punctured.

The cross terms are obtained similarly. Gluing an s-channel block to a t-channel block
leads to a skeleton diagram that forms the edges of a tetrahedron in S2, which becomes the
following 3d manifold upon removing a ball at each of the tetrahedron’s corners:

nli
2(}1 m]k

"R (Colijm)Co(klm)Coljkm)Colim)P

2

. (4.16)

with index structure Cijy,CpiiCiinCnij and a coupling of —2¢y/h. We refer to this as the
closed 65 manifold to distinguish it from the open 65 manifold appearing later.

As for V5 presented in (3.10), the first term comes from the two diagonal terms in
expanding the square, and it is associated with the following diagram:

R |po(5)Coligi)I* - @ ﬁ ) (4.17)

with index structure Cj;;Cixx. The hole in the middle represents a genus, in the sense that

the manifold has topology S? x S! when the Wilson lines are stripped and the two boundary
spheres are shrunk to points. The second term is assigned the following diagram:
2c C...C: 2
_%% ‘gijk [P]| — g c : (4.18)
lpo(5)Co(ij7)]
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Here, there is no genus hole in the bulk of the manifold, but the Wilson lines labeled by j
and k are interlocked to prevent them from deforming continuously to lie on the boundaries.
To obtain these diagrams, we again uplift the 2d diagrams in (2.15) to 3d diagrams. For
the first diagram, we continuously deform the blue skeleton into the interior of the solid torus
(as drawn), keeping the insertion anchored at the torus. For the second diagram, we should
continuously deform the skeleton outward and take the exterior of the solid torus (as drawn) to
be the 3d diagram of interest. Gluing two identical blocks therefore gives a 3d manifold with
topology S? x S', while gluing two different blocks gives a 3-manifold with topology S3. The
way the two solid tori are glued together to become S® is an example of Heegaard splitting.
The Wilson line structure is obtained in the same way as before, though in this case we only
need to remove two 3-balls, resulting in diagrams that each have two boundary spheres.

Now let us move on to the new terms in the potential. The procedure explained so far
does not work anymore because the 2d surfaces now have boundaries.

We now describe a generalization of the procedure used in the closed sector. To begin
with, notice that unlike for the first two constraints which are concerned with correlators
on closed Riemann surfaces, we now have correlators on the disk and the annulus. A disk
is not the boundary of any 3d manifold, so we need some extra ingredients to circumvent
this issue. The idea is to join the disk with an EOW brane with disk topology to obtain a
surface with sphere topology and fill in the sphere with a 3-ball. This is a familiar idea from
the AdS/BCFT proposal. We then proceed as before by deforming the red skeleton into the
interior of the 3d manifold with the red circles anchored. However, unlike for blue skeletons,
we need to keep deforming it until it entirely lies on the EOW brane, as below:

(4.19)

We then glue two of these 3d manifolds along the disks to form a 3-ball whose boundary is an
EOW brane decorated with a red skeleton, the same boundary operators being glued together.
We do not glue the EOW branes because they are not part of the geometry describing the
BCEFT correlator. For example, when we glue an s-channel diagram to a ¢t-channel one, we get

P
)

It is not hard to realize that the upper hemisphere needs to be the mirror image of the

t-channel diagram (the lower hemisphere being the s-channel diagram). Because the disk on
the lower diagram has I, J, K, L in a clockwise order (as viewed from below), the disk on the
upper diagram must have the opposite orientation in order to be glued. In terms of formulae,
taking the mirror image corresponds to complex conjugation, as suggested by (2.6) and (2.1).
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Consider V3 in (4.22). The first term is the open-sector analog of the closed pillow
diagram in (4.15), which we refer to as the boundary pillow diagram:

203 5(PM—PN)

" —
i gagepo(M)Co(IJM)Co(KLM)

(4.21)

with index structure B}%‘?Bgiﬁngﬁ?B%z@. In this diagram, four disks are connected via

a 3d manifold accompanied by a collection of EOW branes. Each brane has a “color” label,
a. Two branes with labels @ and b can meet at what we will call a boundary Wilson line,
each representing a state in the open-string Hilbert space H. The branes can also end on
intervals at the boundary of disks representing B (and also D as we will see later). The label
of the brane must match the label of the boundary condition when it does so.

As for the second term in the potential V3 in (3.13), we associate it with the diagram

NLI
—1/2
» (9a9egv9d) { M K}

i Co(ITJM)Co(KLM)Co(ILN)Co(JKN)

with index structure B%%}B%%%B](g?? B](\l;([i(c?]. This is the open-sector analog of the closed

6/ manifold, so we will refer to it as the open 6j manifold.® If we glue two such diagrams
along the branes, we obtain a diagram that has the topology of the closed 6j manifold.

Next, analogous to the step taken when dealing with the first two constraints, where
we remove a ball at each trivalent junction of blue lines (bulk Wilson lines), we remove a
half-ball neighborhood for each trivalent junction of red lines. This leaves a disk with three
boundary Wilson lines ending on it, and the three intervals must be assigned boundary
condition labels in a way consistent with the labels of the boundary Wilson lines. Finally,
assign each piece of the EOW brane separated by the boundary Wilson lines a color label so
that all intervals in contact with it have the same label for the boundary condition. This
procedure leads to the diagrams (4.21) and (4.22).

Consider now Vj. To proceed, again consider the 2d diagrams for the conformal blocks
in (2.19) and upgrade them to 3d diagrams. As before, continuously deform the skeleton
into the interior of the 3d manifold bounded by an EOW brane and the disk. The novelty
here is that our skeleton now consists of both blue and red parts, but the rules are the same:

3This is exactly the generalized tetrahedron in the heavy regime, where we glue along the truncated
triangles (disks with three boundary operators). See section 5 for its relation to the tetrahedral decomposition
where the gluing is along the faces. See also [70, 71].
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the blue lines are deformed into the bulk of the 3d manifold, while the red lines must be
deformed until they lie entirely on the EOW brane. In this case, we have

Here the blue line extends from the bulk operator insertion on the disk (blue dot) to somewhere
on the EOW brane through the 3d interior. The red lines all lie entirely on the EOW brane.
Finally, we glue two of such diagrams to obtain a 3-ball whose boundary is an EOW brane

(4.23)

with sphere topology. As before, a blue trivalent junction is replaced with a ball having three
bulk operator insertions and a red trivalent junction is replaced with a disk having three
boundary operator insertions. As for the blue-red junction, which is new, we replace it with
the last diagram in (2.1), i.e., a disk with a bulk operator and a boundary operator, which
represents the bulk-to-boundary OPE. This leads to the following diagrams upon coloring
the different pieces of the brane separated by boundary Wilson lines with different colors.

For the first term, we have the following vertex for DZ(?() Bﬁ?(}g)DZ(z) B(Laff ).

% 5(Px — Pp)
o gapo(K)Co(inK)Co(1JK)

(4.24)

For the second term, we have the following vertex for Dz((;() Bﬁ?}l‘l})Dl@ Bj(:bf;):

2 (gagp) ) /OOO APFyp [I f] o lz z]

—i7T(2h+hL—hi—;Li—hI—hJ)

@

h po(K)Co(iK)Co(ITK J i

(4.25)

For V5, the algorithmic procedure leads to the following diagrams. The first term gives

the following vertex for CijkCljiD,(;})Dl(}l):
"’l . (426

cs 6*(Pr — P)

B po(k)po(k)Colijk) Co(i7k) Co(TKR)

— 21 —



The second term gives the following diagram for the vertex BJ(\Z(}GJ)BI(—JGI?}&DE?)DJ(-?]) Dl(}l() DJ(-%) :

es_ gq0(Pr— Pg)d(Py — PL)
e po(1)po(J)Co(inl)Co(j3J)Co(M1J)

(4.27)

(aaa

The third term corresponds to the following diagram for the vertex Bj; K) C’kjiDl(}l) DJ(.‘})D,E:}%:

_2¢5 g, °Ks[Pr, Py; P, P; Pic, Py, P
R po(k)po(k)Col(ijk)Co(2jk)Co (kK K)

The factor of two is due to the fact that the third and fourth terms are the same: complex
conjugation corresponds to mirror imaging; as the diagram corresponding to the third term is
invariant under mirror imaging (along with index relabeling), it follows that the corresponding
expression is real. This is an example of the utility of 3d TQFT in the sense that some 2d
CF'T properties become manifest in the 3d formulation. One can also check this explicitly,
as commented in [72].

Finally, consider Vg. Even though we do not know the explicit expression for Kg, we
nevertheless used the fact that it must square to one, with an inner product given by a
generalization of the Verlinde inner product. To turn the block diagrams on the annulus
into 3d diagrams, we essentially follow the same steps as before, except that we have two
different topologies for the 3d manifold. For the bulk-channel diagram, the 3d manifold is
half of the “egg white”, and for the boundary-channel diagram, the 3d manifold is a halved
bagel. We then deform the skeletons just like before:

The corresponding 3d diagrams are then obtained by gluing these diagrams. The first term

and

corresponds to gluing two halved egg whites to get a whole egg white (which has two spherical
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boundaries), leading to the following diagram for the vertex DE(II) DE? Dﬁ)DJ(-bJ):

6 5°(Pi — Py)
1 po(8)po())Co(ial)Co(it])

The second term corresponds to gluing two halved bagels to get a whole bagel, which has a

single toroidal boundary, so we have, for the vertex B\220) pibba) p=laab) px(bbe).

Ce (5(PL —PN)5(PK —PM>

R (9a96)?po (K ) po(K)Co(IKK)Co(JKK)

(4.32)

The third term corresponds to gluing a halved egg white to a halved bagel, which gives a
solid three-ball, i.e., for the vertex Dg?Dg?B}%?B%’(‘?:

2c6 1 Ko[Pr, Pr; P, P;; Pr, Py
b gagy po(i)po(2)Co(irl)Co(in])

(4.33)

As the third term is invariant under mirror imaging (and index relabeling), it is real, so the
two cross terms are the same, hence the factor of two.

Now, we notice that the cross term has exactly the same diagram as the cross term in
V4. From the TQFT point of view, this is the statement that there are two ways to cut
this diagram to write it as the inner product between two conformal blocks. From this, we
can read off the crossing kernel Kg. This fact is simple to understand in the 3d TQFT and
explains the redundancy of the sixth constraint, which is not obvious from the 2d perspective.
This observation is consistent with comments and results in [48, 53]. It would be interesting
to understand this redundancy more directly from the perspective of [46].

With the associations above, we have completed the construction of the open-closed
Virasoro TQFT. The Moore-Seiberg consistency relations [45, 46] for BCFTs ensure the
theory’s topological nature, i.e., the partition function on a general manifold (now with EOW
branes) is independent of how we cut up the manifold into smaller pieces to compute it.
It is an interesting task to verify explicitly the topological nature of the boundary sector
(EOW branes), which we will do in section 4.6.
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Finally, let us comment on the relation to Liouville theory. The Hilbert space of the
open/closed TQFT consists of the bulk Hilbert space (with both left and right sectors)
and the boundary Hilbert space, each spanned by the principal series Virasoro blocks. In
the closed Virasoro TQFT, Liouville CFT (as opposed to just Virasoro principal series)
makes a particular appearance in its relation to the resolution of the identity, where one
interprets the bra (ket) as the left (right) of the non-chiral Liouville with its spectrum of only
scalar primaries. We do not have a simple analog in the open/closed case. Relatedly, the
boundary condition of the open/closed TQFT is a topological one that always exists for a
holomorphically factorized bulk TQFT, defined by the doubling trick. The corresponding set
of boundary conditions for the ensemble of BCFTs is defined abstractly by a set of Ishibashi
states. Consequently, Liouville BCFT does not make a direct appearance, and FZZT [73, 74]
or ZZ [75] boundary conditions are not directly relevant.

To understand the difference in another way, notice that one can prepare a Liouville
conformal block on a compact Riemann surface ¥ with a single copy of Virasoro TQFT on
M =¥ x Interval [3], which is equivalent to having two copies of Virasoro TQFT on the Z5
quotient of M with the reflecting boundary condition at the fixed points:

= m——— ————r 4.34
< | Zvie (M Z5)[? N ( )

e ~

Here, the gray 2d manifolds represent asymptotic boundaries, and the orange surface is the
Z4 fixed points where we place the reflecting boundary condition. On the right-hand side, the
path integral prepares a Liouville CFT state on a single asymptotic boundary ¥ with moduli
(m,m). To prepare a Liouville BCFT state, take the same pictures but let ¥ be a bordered
Riemann surface. The manifold before the quotient M already contains codimension-one
defects (EOW branes). Taking the Zs quotient now introduces codimension-two objects.
Formally, the choice of (local) boundary conditions here is in one-to-one correspondence with
boundary conditions of the Liouville BCFT (for example, one can pick FZZT or ZZ boundary
conditions), but it is non-trivial to derive them explicitly.

4.4 Vy and surgeries

There is another term in the potential of the tensor model which we have not discussed
to this point: V. By construction, it specifies the leading spectrum for both the closed
and the open sectors:

% = %,Closed + ‘/O,open- (435)

By definition, both are given by the Cardy density (with two factors of the g-function in
the open case). As explicitly shown in (3.1), unlike V', Vi does not have a 1/h factor in
front, so it is more leading.
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In holography, the 3d manifestation of the Cardy density is straightforward. Consider
CFT on a torus at high temperature. The dominant saddle in the bulk is the BTZ black
hole. Geometrically, it is the statement that the dominant saddle is a solid torus where
the thermal circle is contractible.

As far as the 3d interpretation of the tensor model is concerned, the role of Vj is to
establish a surgery procedure. For Vj closed, the corresponding surgery was explained in [27],
which we will refer to as the toroidal surgery. A bulk Wilson loop represents an integration
over the bulk operator weights with the measure given by the Cardy density, so it is equivalent
to removing a toroidal neighborhood around the loop and gluing back a solid torus where
the circle parallel to the loop is contractible. In other words,

Xi: >T E/deP!po(P)\2 >T = . (4.36)

Here, 7 labels the circle parallel to the Wilson loop before the surgery. The toroidal surgery
alters the topology of the 3-manifold and plays a crucial role in generating complicated
manifolds from simple ones.

Now, consider a boundary Wilson loop with EOW branes of flavors a and b on either
side. It represents an integral over the boundary operator spectrum with the spectral
density given by

9agopo(P). (4.37)

The corresponding procedure is the open analog of the toroidal surgery, which we will call
the annular surgery. Geometrically, we remove an annular neighborhood of the boundary
Wilson loop from the EOW brane and glue back a geometry with the topology of the disk
times an interval, i.e., a slab. In terms of pictures,

= [ dPgagupo(P) = . (4.38)

Like the toroidal surgery, this changes the topology of the original manifold. In particular, it
changes the topology of the EOW brane, which is also reflected in the g factors, as we discuss
more in section 4.6. Before the surgery, an interval between a boundary with condition a
and another with condition b is contractible to a point (on the boundary Wilson line); after
surgery, this interval is no longer contractible, as can be seen from the diagram above, while
the “thermal” circle (the direction along the Wilson loop) is now contractible through the slab.
This is the open analog of the BTZ black hole, and it provides the leading spectral density.

As an example, consider a solid torus whose boundary is the EOW brane, and place a
boundary Wilson loop wrapping the non-contractible cycle of the brane. The annular surgery
then removes the Wilson loop along with its strip neighborhood and glues back a slab. This
transforms the 3-manifold into a solid ball, and the EOW brane now has sphere topology.

Instead of summing over states running in a loop, one can also sum over states along a
Wilson line connecting asymptotic boundaries. For bulk Wilson lines, we have the following
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surgery procedure, which we call half-toroidal, as it can be thought of as a Z, quotient
of the toroidal surgery:

9000 -

On the Lh.s., we have a bulk Wilson line extending between two asymptotic regions, and
the dashed lines outline a cylinder neighborhood of the Wilson line. To arrive at the r.h.s.,
we simply remove this cylinder. The disk neighborhood of each endpoint of the Wilson line
is now gone, and the remaining boundary of the cylinder becomes asymptotic. In other
words, the sum turns the Wilson line into a tube whose annular boundary is now part of the
asymptotic boundary. The two asymptotic boundaries become connected; if they are already
connected, the genus of the asymptotic boundary increases by one.

For boundary Wilson lines extending between asymptotic boundaries, we have the
open analog of the above, which we call half-annular, as it is a Zs quotient of the annular
surgery. Pictorially,

4
. (4.40)

where the gray regions depict asymptotic boundaries. The surgery joins the two asymptotic
boundaries by turning the strip neighborhood of the boundary Wilson line into a part of the
asymptotic boundary; if they are already connected, the surgery increases the number of
circular borders by one, e.g., a disk asymptotic boundary turns into an annulus.

In the purely closed case [27], all manifolds are produced by the tensor-matrix model. In
the open-closed case, we can now ask a similar question: are all manifolds with EOW branes
produced? More precisely, given prescribed asymptotic boundaries, does the model produce
all possible bordisms with these boundaries? We expect the answer to be affirmative, and it
would be interesting to show it, perhaps using the quadrupling trick explained in [19].

4.5 Off-shell geometries

The conformal blocks associated with the empty torus are not normalizable with respect to
the Verlinde inner product. This is related to the fact that the corresponding 3d manifolds
(e.g., the torus wormhole) have divergent partition functions when evaluated using Virasoro
TQFT. However, these manifolds do have finite 3d gravity partition functions because one
needs to quotient the TQFT answers by the mapping class group.

In the closed case, the matrix part of the model makes predictions for off-shell geometries
in pure 3d gravity. In particular, it gives the correct answer for the torus wormhole [9]. We
have constructed the matrix part of the BCFT model analogously, and we are going to see
that it makes predictions for off-shell 3d manifolds with branes.
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Let us recall the annulus potential (3.31):

‘/annulus:ZZK(PLPJ)_2zzgagb/dPK(P7PI)§llP[]l]

ab I,J ab I

!
—2 A [ PR, Posp

!
+23°3 4@ A0 g, / dPAP'Sp, p[LIK (P, P)Sp L]

ab 1

/
+3 5 AW AP Al AP / dPAP'Spp[1]K (P, P)Spip,[1],  (4.41)
a,b 1,

There are five terms. The first one is the kinetic term, so we take its functional inverse
to obtain the propagator. It is then assigned the following geometry which we call the
annulus wormbhole:

(p™(Pp)p™(Py)) = K~ (P1,Py) —

(4.42)

This is the open analog of the torus wormhole, and it would be interesting to reproduce this
answer directly from a bulk computation along the lines of [9]. Notice that I and J both
live in the open Hilbert space H® where a and b are generally different. This is reflected
in the diagram by the fact that the two branes can have different flavor labels. Notice that
when a = b, there is a single term in the sum, while there are two when a # b. The 3d
perspective is consistent with this observation: there is only one way of connecting the two
annuli if ¢ # b but two otherwise.
The second term is single trace, and the 3d diagram associated to it is a simple slab:

9as [ APR(P.P)S1pl1] — . (4.43)

The third term is interesting because it does not have an analog in the closed case.
It is an interaction term between the open spectrum and the dynamical data A;. The
corresponding 3d diagram looks like

AE“)AZ(-b)gagb/deP'SPiP[]l]f((R P)Spn (1] — e ‘ : (4.44)
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The remaining two terms are purely interaction terms for A. For the fifth one, we
have the diagram

AP ADADAY [ APAP'S 1R (P S, (1) —

and for the fourth one, the diagram is obtained by removing one of the Wilson lines in the
diagram above (along with the disks at its ends).

Compared to the closed matrix model, the 3d diagrams associated to the open matrix
model are simpler, as it is not graded by spin. This means that we do not have something
like the Dehn twist to perform. Owing to the Vandermonde, the matrix model systematically
computes all contributions to the density correlator, which are well-known to be associated
to 2d surfaces. In our model, the corresponding 3d manifolds are simply those 2d diagrams
times an interval. For example, the matrix model produces a connected contribution to
(p®®(Pr)p®(Py)p™(Pr)) that geometrically corresponds to a “thickened” pair of pants, i.e.,
a pair of pants times an interval:

(4.46)

Consequently, whenever there are three boundary Wilson loops in between branes with colors
a and b, removing their annular neighborhoods (trenches) and gluing the thickened pair of
pants produces a subleading contribution.

If we set all the g functions associated to the EOW branes to one, i.e., removing the
dependence on the brane topology and their color labels, we obtain Virasoro Minimal String
(VMS) [76], as can be seen from the spectral density (4.37). It is explained in [76] that
VMS is related to chiral 3d gravity on X, x S 1. See also [77, 78]. In contrast, our bulk
description is non-chiral 3d gravity on manifolds with topology X, x Interval. It would
be interesting to establish a connection between the two.

4.6 Brane action

The closed Virasoro TQFT provides a precise quantization of 3d pure gravity. Since we have
now constructed, in a bottom-up way, an open-closed extension of Virasoro TQFT, we can
ask the question: what classical theory is this TQFT a quantization of?

The classical theory should now have a codimension-one object whose quantization gives
the EOW branes in the TQFT. The nontrivial task is to figure out the action, if any.

We now claim that the classical (Euclidean) action is given by (along with the standard
GHY term and counter terms which we are omitting)

1 1
I=- —2A) — hK — o log gq, 4.4
167Gy /M\/a(R ) 8GN za:/af ;X 089 (447)
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where M is a 3d manifold, @, is a 2d surface which we call an EOW brane, a labels
different EOW branes, g, is a constant associated to each EOW brane, and x, is the Euler
characteristic of Q),. In the absence of asymptotic boundaries, OM = U,Q,, and each @,
is a closed surface. With asymptotic boundaries, say A;, we have OM = (L;A;) U (UaQq)-
Now, each A4; can be either closed (corresponding to CFTs on compact Riemann surfaces)
or open (corresponding to CFTs on bordered Riemann surfaces), and each @, can be either
closed or end on one or more 0A;’s.

At the EOW branes, Neumann boundary conditions should be imposed. The Neumann
boundary condition sets K = 0 at the brane. With K = 0, we can glue two 3d on-shell
manifolds along the brane to produce another on-shell manifold. For example, gluing two open
6/ manifolds gives the closed 65 manifold. The assigned partition functions are consistent
with this fact, up to factors of g, which we discuss next.

To see why we have a topological term for the branes, it is easiest to look at the
partition function on some manifold without asymptotic boundaries. This can be done via an
exhaustive approach. As an example, consider the diagram (4.28). Gluing two of them using
the propagators would lead to a manifold whose boundary is a single genus-five brane along
with some bulk and boundary Wilson lines. Next, perform surgeries for the Wilson lines.
Toroidal surgery on the bulk Wilson lines changes the topology of the 3d manifold but does
not change the topology of the brane. Annular surgeries change the topology of the brane.
Since there are five boundary Wilson loops, we do it five times which removes all five genus
holes. The resulting surface is a sphere, which has Euler characteristic x, = 2. Looking at
the g, dependence in the functions, we obtain a factor of 1/g2 from each of the two vertices
and a factor of g2 from each annular surgery. Together, the g dependence is given by

(92)%(92)° = g2 = gX°, (4.48)

as predicted by the action (4.47).

We now compare and contrast this topological action with the model of [19]. The
action (4.47) is technically a special case of the action in [19]. For example, there the EOW
branes with different labels can join at sharp corners (kinks), and the contribution of each kink
is proportional to the 1d Euler characteristic of the kink with a coefficient that depends on
the boundary conditions on both sides of the kink. Our model does not involve kinks because
the boundary Wilson lines all carry weights above the threshold. However, we can analytically
continue the weights below the threshold and easily verify that the TQFT partition functions
we derived earlier have the exact g factors computed by the model of [19]. A difference
between (4.47) and [19], however, is that the latter only worked with on-shell manifolds. For
on-shell manifolds, the topological action agrees with the one proposed in [58, 79] as the bulk
dual for a single BCFT, as shown in [19, 80]. In other words, [19] extends the formalism
of AdS/BCFT to allow multiple boundaries at large ¢, and we extend it further to include
both on-shell and off-shell manifolds by working with finite c.

5 Purely open bootstrap

As explained in the introduction, one interesting application of the tensor model is to a
purely open bootstrap problem. Consider for example a CFT partition function on a closed
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Riemann surface and perform a triangulation. We can then remove holes at the vertices to
turn it into a BCFT partition function (only a subregion is drawn):

J} -

In the second diagram, the red intervals are places where a complete basis of boundary
operators (open states) is inserted. Each region enclosed by three red intervals and the
boundaries of the holes corresponds to a boundary-to-boundary OPE coefficient BEZ}C(), where
a, b, and c label the boundary conditions imposed at the holes. We can pick all of them to be
the same so that we can drop these labels. In the third diagram, the red intervals are removed,
suggesting that we do not need to pick a channel to specify the BCFT partition function, as
a consequence of four-point crossing on the disk. We can evaluate this in the following model.

Taking the open-closed tensor model (3.1) but keeping only the boundary data, we obtain

the following purely open tensor model:
Z - /D[h], Biyk] e*VO(hI)*%VS(hLBIJK), (5.2)

where V3, given in (3.13), is the potential from the disk four-point crossing constraint. All
other terms in the potential, including V,pnuius, involve bulk (closed) data, so they are absent
in the purely open model.

We can then proceed to look for 3d manifolds whose asymptotic boundary is given by the
BCFT surface, i.e., the third diagram in (5.1). This resonates with the ideas in [41, 81-83].
These 3d manifolds will necessarily contain EOW branes. There will be EOW branes that
end on the holes, but there can also be ones that do not. Focusing on the topology of the
EOW branes, some examples are given by

These are connected 3-manifolds with potentially more than one boundary component. Only
the topologies of the EOW branes (white) are shown, so for each diagram above, there are
many 3d manifolds with different 3d topologies.

There is a beautiful connection between the 3-manifolds constructed from the open 6j
diagrams of the purely open tensor model and the idea of tetrahedral decomposition. It
follows from the doubling trick applied to surgeries on the chain-mail link associated to a
tetrahedral decomposition [84], as described in the context of tensor models in [27]. Here,
the doubling trick means gluing a given 3d manifold with EOW branes to its mirror image
along the brane. Mirror imaging also complex conjugates the partition function.

More precisely, given an open tensor model diagram with only 6j vertices, one can
construct a tetrahedral decomposition as follows. Each vertex is associated to a truncated
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tetrahedron (corners removed). Propagators in the tensor model map to the gluing of
tetrahedra along their faces. Note that in the open case, only cyclic permutations are
permitted, corresponding to the necessity of gluing tetrahedra on opposite sides of a face, a
desirable feature. (Gluing two tetrahedra on the same side of a face would create a non-smooth
surface in the 3d manifold.) External tensor insertions remain unglued asymptotic boundaries.

The vertices of the tetrahedral gluing will be linked by 2-manifolds that need not be
spheres (unlike the following example). Since the tetrahedra are truncated, these become
EOW brane boundaries. The resulting manifold is identical to the one obtained by gluing
open 67 manifolds and performing the annular surgery on all Wilson loops. (This follows from
doubling along the EOW brane boundaries, which results in the chain-mail link construction
built out of closed 6j manifolds. That produces M#y M, the connected sum of M with its
mirror image over all the links of the vertices in the triangulation. Its Z, quotient is the above.)

As an example, consider the 4-1 Pachner move, the procedure of gluing four (truncated)
tetrahedra along their hexagonal faces as shown:

(5.4)

where the yellow triangular surfaces join to form a boundary of spherical topology in the
resulting manifold, and the green triangles form disks. The resulting manifold is another
truncated tetrahedron but with an interior boundary. In terms of the open 65 diagrams,
this corresponds to joining four open 65 manifolds using six B-propagators, each propagator
representing a face gluing:

where we have performed the annular surgery for each of the resulting boundary Wilson
loops (two shown on the front and two at the back of the diagram). With a bit of mental
exercise, one sees that the surgery turns it into another open 65 manifold but with an interior
spherical EOW brane, consistent with the result of the 4-1 Pachner move.

Since each EOW brane contributes a factor of ¢gX, for large g, spherical branes dominate.
However, the contributions from spherical branes (such as the example above) as evaluated
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by the tensor model gluing rules are divergent. If these can be computed and subtracted
off, i.e., renormalized away, then the dominant contributions come from the first diagram
of (5.1) (where all branes are disks that end on the holes). We then get a factor of g where
V' is the number of holes, or the number of vertices in the triangulation. The associated
tetrahedral decomposition would have all vertices at the boundary. From the tensor model
perspective, as the fundamental observables are the OPE coefficients, we will be evaluating
the middle diagram of (5.1), i.e., in a particular channel decomposition. This means that
we would require a slightly stronger statement than the existence of a triangulation without
internal vertices: for a given triangulation of the boundary manifold, we would like to ask if
there is such a triangulation of the 3d manifold whose boundary coincides with the boundary
triangulation. It would be interesting to answer this question.

It is therefore useful to understand the divergent nature of the contributions from the
spherical EOW branes. As explained in the introduction, these are analogous to divergences in
3d manifolds without EOW branes that have an S? handle. One expects that understanding
these divergences might also shed light on those divergences. However, this is a difficult
question that is beyond the scope of the paper. We will only give an example below.

Start with (4.21), connecting By and Byrx with a B-propagator. We then get a
torus brane with two boundary Wilson loops along the non-contractible cycle. Doing the
annular surgery described in section 4.4 on one of these loops removes the Wilson loop and
turns the EOW brane into a sphere. Doing the annular surgery for the other Wilson loop
then turns the manifold into (4.8) with a 3-ball removed from the interior. Using the TQFT
rules, the resulting partition function is then

O [ farne)] 56)

Relative to (4.8) (not as a propagator but as a manifold), we have an overall divergent factor
that is independent of the rest of the manifold.

If we can understand the divergences, we can then try to answer the important question of
whether the topological expansion reproduces the original CFT partition function computed
using the purely closed tensor model. In particular, for finite g, we do not get parametric
suppression of higher EOW brane topologies, but 3d manifolds with higher EOW brane
topologies typically have a greater volume, which are therefore suppressed in the e ¢ expansion.

One may worry that an additional constraint might be needed to enforce that all holes
close properly in the shrinking limit. In other words, we want to ensure that the partition
function scales with a factor of e in the limit the size of the hole € goes to zero for each
hole [41]. We argue that this is already taken care of by Vj, the leading spectral density
appearing in the tensor potential. To see this, consider an annulus with one boundary
operator. This is a special case of (2.26) with J set to 1. Some details can be found in
e.g. [25]. In this limit where the circle without insertions shrinks, the closed channel becomes
a disk one-point function, which vanishes unless I = 1, in which case the equation becomes
the empty torus constraint (3.27). This gives the leading density of the boundary spectrum,
which is part of V) by construction. More general surfaces with holes can be reduced to this
situation via crossing symmetry of the four-point disk function. For example, consider the
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disk two-point function with a hole removed. Crossing turns it into an open pair of pants
glued to a disk one-point function with a hole:

(5.7)

Since the disk one-point function with a hole shrinks properly as argued earlier, this example
works automatically.

6 Non-orientable CFTs

Up to this point, we have restricted ourselves to bootstrap on orientable Riemann surfaces.
In this section, we discuss how to generalize the model even further to include non-orientable
CFTs (on both compact and bordered Riemann surfaces). We will list all the ingredients for
the construction and demonstrate it explicitly for one of the new terms in the potential.

First of all, let us discuss the new variables. In addition to all the BCF'T data reviewed
in section 2.1, the main extra piece of data needed for non-orientability is the one-point
function of a bulk operator on the crosscap (RP?). Let X; denote this data for a scalar bulk
operator with conformal weights (h;, h;). Pictorially,

]

Parity plays an interesting role in the non-orientable case. First of all, parity means
that operators with opposite spins are paired up. We can therefore restrict to positive spins.
Secondly, for scalars, we distinguish between parity-odd and parity-even states. We will
use the notation K; = +1 for the eigenvalues of parity.* Thirdly, X; is only non-zero for
even-parity scalar operators (h; = h; and K; = 1). Finally, Cijk is only non-zero if an even
number of the three states are parity-odd (none or two).

With the variables clarified, let us now discuss bootstrap. There are three additional
bootstrap constraints, making it a total of nine [88]. These come from crossing symmetries
of the following three objects: two bulk operators on the crosscap, one bulk operator on
the Klein bottle, and one bulk operator and one boundary operator on the Mébius strip.
The first one and a special case of the second one have been studied recently in the context
of CFT universal asymptotics in [87].

Let us study the crosscap constraint as an example. In terms of conformal blocks, the
crossing symmetry states [85, 88|

P; P, 7 - P P
Ci 'SXS-F —] —Z PS — Kz _1 hi—hi+h]‘—h]‘ C'L XF J _’L
2 Ci [ ]( ) = Ki(-1) z WXF |

P; P ] (Pl —n), (6.2)

“With only Virasoro symmetry, K; equals the eigenvalue of involution, so we do not distinguish them [85-87].
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where 7 is a real cross ratio. As before, we can project this on a particular s-channel block
labeled by P to express this equation as

s i
m
Notice that, since X, is only non-vanishing for scalar operators ¢,,, the sum over m reduces
to a sum over scalars.
To construct the tensor model, we modify it to

z H /D AS7hI7Cij7BIJK7 Dir, Ai, Xi] e —Vo(As,h1)— 3V (As,h1,Cij,Brix,D zhAz,X) (6.4)
seZ

where

9
V= Z Vi + Viorus + Vannulus- (6'5)
i=1
The three new terms V7, Vg, and Vg come from the three additional constraints mentioned
earlier. We have suppressed the boundary condition labels.
Squaring the seventh constraint gives a new term in the tensor potential:

Vi=cr Z oy M (P) Ma i (P) pr (P)AP, (6.6)
where 1
1) = BN GIPICHP) o

Expanding V7 gives

Vi=2c7 Y CijmCnjiXmXn (6.8)

z’j’m’n

" (P — Pp) B K;(—1)%itsi n ji
po(m)Co(ijm)Co(igm)  Co(ijm)Co(2ym)Co(zjn)Co(in) | m j7 | )
The first term corresponds to a 3d manifold that connects two three-punctured spheres
and two one-punctured crosscaps:

nganjszXn5(Pm - Pn)
po(m)Co(ijm)Co(ym)

(6.9)

The picture is schematic, as it does not specify the topology of the interior. Compared to
the orientable case, the construction of such diagrams is less systematic and more difficult
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to visualize. Nevertheless, it is possible to make progress by thinking about these objects
in the covering space. As a result, we propose that this manifold has the topology of RP?
times an interval with two balls removed. This is a non-orientable manifold. Similarly, the
second term corresponds to, again schematically:

Cijmcnji)fianKi(_l)sﬁ_sj {n Ji . (6.10)

Co(ijm)Co(zgm)Co(zjn)Co(ign) | m j 1

To understand its topology, it is easier to remove all Wilson lines except the one labeled
by 4 and shrink the spheres to points. Then the manifold has the topology of RP? times
an interval, plus a Wilson line. Now deform the Wilson line so that it lies entirely at the
mid-point of the interval. For convenience, also put the two points at the same location. The
cross-section at the mid-point of the interval now looks like

(6.11)

This Wilson loop is non-contractible on RP2. In contrast, if we repeat this for j, we get
a contractible loop.

We can construct the remaining terms in the potential Vg and Vg similarly from the
remaining two bootstrap constraints. However, as the corresponding crossing kernels have not
been explicitly worked out, we will not achieve it in this work. The corresponding 3d diagrams
will also be more complicated. In particular, Vo would be associated to non-orientable 3d
manifolds with EOW branes. It is not clear to us whether the EOW branes themselves
can be non-orientable 2d surfaces.

From the second term, we can isolate the kinetic term for X;. Settingi =1 or j =1,
we obtain

/
XiX;
Kx =—4¢c7 Y ———m—. (6.12)
256
Picking c; = i and inverting the kinetic term, we obtain the propagator:

—hé(P, — P;) — M (6.13)

which has the topology of one-punctured RP? times an interval.
Notice that we have used Ky = 1 because the vacuum is invariant under parity. The
sum over i reduces to parity-even scalars.
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One of the simplest new observables one can study now is the RP? partition function.
We can look for manifolds with a single RP? boundary. However, there is no such smooth
3d manifold. Since the tensor model diagrams only produce smooth manifolds, this means
that we get zero. If we compute the square of the RP? partition function, however, we do
get a non-zero answer. The wormhole with topology RP? times an interval, for example, is
one such contribution, even though the manifold is off-shell. This is consistent with the fact
that the ensemble has a vanishing expectation value for this observable because X7 is equally
likely to have a positive sign or a negative sign. This is to be contrasted with other models
for computing the RP? partition function in holography, where either a codimension-two [89]
or codimension-one defect [90] is introduced to obtain a non-zero answer. In those proposals,
the boundary is a single (non-orientable) CFT, and the bulk model is sensitive to details of
the UV. (See also [91-93] for related discussion on non-orientability in holography.)
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A Consistency checks

In this appendix, we demonstrate with examples the consistency of the open-closed Virasoro
TQFT partition functions and the surgery rules.

Check 1. The simplest example is the following:

First, we glue two open 6; manifolds (4.22) together using the B-propagator, which gives us
a 3d solid torus, where a boundary Wilson loop wraps around the non-contractible boundary
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circle. In terms of formulae,

LI
9agv9cgapo(P)po(N)Co(1.JP)Co(K LP)Co(ILN)Co(JKN)

Fur [K L] Fon [K J}

Fur [K L] Fon [K J]

Co(IJP)Co(K LP) x

J I LI

= 9agv9c9ap0(P)po(N)Co(ILN)Co(JKN) (A.2)

The annular surgery discussed in section 4.4 then removes this Wilson line along with the
genus hole, creating a solid 3-ball. With the genus hole gone, the Wilson lines can be deformed
to look like the open pillow manifold, as shown in the rightmost diagram above. Performing
the integral corresponding to the surgery explicitly:

K L K J
F F
/dP (P) MP[J I] o [L I]
adc X
1 dadero 9a9b9:94p0(P)po(N)Co(ILN)Co(JKN)
1 K L KJ
= dPpF F
ngdpo(N)Co(ILN)Co(JKN)/ PP lJ I] PN [L []
_ §(Py — Pn)
v94p0(N)Co(ILN)Co(JKN)’

(A.3)

which is indeed the expression derived in (4.21).

Check 2. As another example, take two diagrams (4.25) and glue them with a B-propagator
and a D-propagator as follows:

(A.4)

The annular surgery again removes the boundary Wilson loop labeled by M along with the
genus hole. The framing has been included in this example (only shown at endpoints), which
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can be verified to work out correctly. In terms of formulae,
oo
/ dPyrgipo(M) x Co(IJM)Co(izM)
0

(gagb)il o I { (A —iTr(Qh—‘rhM—hi—;Li—h[—h(])
X 7 o dP Fyp Fpi e
7 I

po(K)Co(nK)Co(IJK J J
(gagp) /°° / J UL ir(2h har—hi—hi—hi—hy)
P [F , [F , 17 M i % I J
X o) CoiL)Co(1aL) Jy A Far || Fre )y gl e
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(A.5)

Check 3. As a third example, we check explicitly that when two diagrams (4.28) are glued
with a B-propagator and two D-propagators, we get (4.26):
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