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The energy-momentum tensor (EMT) of the proton encodes fundamental information about its mass,
pressure, and shear distributions. Using recent lattice QCD data for the gravitational form factors, we show
that the Breit-frameWigner EMTmay be of Hawking-Ellis type IV in the proton’s core. Such EMT violates
all pointwise energy conditions and lacks a causal rest frame so that the usual mechanical picture fails at
short distances. We define the gravitational radius—a new hadronic observable—marking the scale where
the EMT becomes ordinary (type I) and the classical interpretation is restored. We also derive from the
averaged null energy condition nonperturbative, model-independent quantum field theory constraints on
gravitational form factors.
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I. INTRODUCTION

Gravitational form factors (GFFs) provide valuable
information about the internal structure of hadrons, such
as their spatial distributions of mass [1,2], angular
momentum [3], pressure, and shear forces [4–11]—for
a review, see Ref. [12]. Recent measurements of such
GFFs via deeply virtual Compton scattering have
generated a lot of theoretical and phenomenological
activity. To date, the GFFs of the proton have also been
determined up to momentum transfer −t ¼ 2 GeV2 from
lattice QCD [13]. The GFFs parametrize the graviton-
proton vertex [14,15] and allow the construction of the
energy-momentum tensor (EMT) Tμν of the proton [4,5]
as the Wigner transform of the QCD energy-momentum
operator; the Wigner transform provides a map from
Hilbert space operators to quasiprobability distributions
in phase space.
In the context of semiclassical gravity, this proton

EMT provides a source for Einstein’s equations of general

relativity (GR) for the metric of spacetime.1 Alternatively,
instead of reading Einstein’s equations as matter determin-
ing gravity (gμν), one can read the equation in reverse and
determine how the spacetime with the desired properties
determines the EMT needed to produce it. This is the point
of the so-called energy conditions (ECs), used to constrain
the set of possible EMTs that can source Einstein’s
equations [16]. Examples are the null energy condition
(NEC), the weak energy condition (WEC), the dominant
energy condition (DEC), and the strong energy condition
(SEC) [16]. Though not fundamental [17], pointwise ECs
have been instrumental in general relativity over the years
to rigorously establish, e.g., incompleteness (“singularity”)
theorems and the area law theorem for black holes [18].
Violations of ECs are widely known and, often, very
consequential. SEC is a sufficient condition to ensure
the focusing of timelike or null geodesics so that gravity
is always attractive in GR [16], but this condition is violated
during inflation and the current accelerated expansion of
the universe. Other examples where pointwise ECs are
violated, usually because of quantum effects, can be found
in [19–22]. Nevertheless, less stringent conditions obtained
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1Of course, because Newton’s constant G ∼ l2
Planck, where

lPlanck is the Planck length, modifications in spacetime sourced
by a single proton are utterly negligible at distances probed at
colliders. Our point here is purely formal, as we are not
advocating that there are any relevant, observable gravitational
effects sourced by the proton.
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by imposing that ECs should only hold on average, such as
the averaged null energy condition (ANEC), have played
an important role in general relativity [19,23–29] and are
known to hold in unitary, Lorentz-invariant, interacting
quantum field theories in Minkowski spacetime [30,31].
Thus, ECs provide an important tool for revealing the
general physical properties of energy-momentum tensors
even when gravitational effects are negligible, as is the
case here.
The standard interpretation of the proton EMT as

describing some medium, in the classical sense, with
pressure and shear forces is only meaningful when the
typical energy conditions hold.2 In fact, the mass radius of
the proton [2,5], hr2imass ¼

R
d3xx⃗2T00ðx⃗Þ=m (where m is

the proton mass), only has straightforward interpretation
when the local energy density is non-negative for all
timelike observers, i.e., if WEC holds. It is therefore
interesting to test the energy-momentum tensor corre-
sponding to the GFFs of the proton for potential violation
of energy conditions. In this paper, we show that at large
distances from the center of the proton, all pointwise ECs
appear to be satisfied, so the dilute tails of the proton
behave as ordinary matter. However, using as input recent
lattice results for the GFFs, we find that near the center of
the proton all pointwise ECs could be violated. A definitive
answer will require measurements or lattice QCD compu-
tations of GFFs to a somewhat higher momentum transfer
than is presently available. Finally, we show that ANEC
leads to a new model-independent constraint for the proton
and pion GFFs in QCD, which can be investigated on the
lattice.
We remark that Jaffe has drawn attention to ambiguities

in defining spatial charge densities in hadrons with a radius

of order their Compton wavelength [32], akin to issues due
to the identification of the Wigner transform of a local
quantum field theory (QFT) operator with a classical phase
space distribution. Also, Miller has discussed definitions of
the electromagnetic “radius” of the proton [33]. However,
the points raised by these authors apply the same to type I
EMTs such as for a spin-0 pion, and are unrelated to the
systematic and observer independent Hawking-Ellis clas-
sification [16] we pursue. Thus, it is our goal here to extract
from the EMT information about the causal eigenvectors
and the corresponding mechanical interpretation.
Finally, we would like to note that some of the

implications of the pointwise (NEC, WEC, DEC, SEC)
energy conditions on model GFFs have been considered
previously in Ref. [9], assuming an unpolarized proton
where the spin vector σ⃗ss in the expression for T0i in (5) is
set to zero. However, the relevance of the Hawking-Ellis
classification of the EMT has not been realized before, and
Ref. [9] implicitly assumed the EMT to be of ordinary
type I; we shall show below that for a proton with definite
polarization the EMT may turn out to be of type IV in
the core. Furthermore, as remarked above, in this work we
derive novel model-independent constraints on the GFFs of
spin 0 and spin 1=2 hadrons arising from ANEC, which
have not been considered heretofore.

II. GRAVITATIONAL FORM FACTORS AND THE
WIGNER TRANSFORM OF THE QCD
ENERGY-MOMENTUM OPERATOR

The vertex of a 2þþ glueball or graviton and a proton can
be parametrized in terms of three QCD form factors
[4,5,14,15] as

hp0; s0jT̂μνð0Þjp; si ¼ ūs0 ðp0Þ
�
AðtÞPμPν

m
þ JðtÞ iðPμσνρ þ PνσμρÞΔρ

2m
þDðtÞΔμΔν − ημνΔ2

4m

�
usðpÞ: ð1Þ

This represents the total energy-momentum tensor of quarks
plus gluons, which is renormalization scale invariant; T̂μνð0Þ
denotes the Belinfante symmetric QCD energy-momentum
operator at spacetime point 0. Here, P ¼ ðp0 þ pÞ=2,
Δ ¼ p0 − p, and the Mandelstam variable t ¼ Δ2; in this
section we shall be using the ημν ¼ diagðþ;−;−;−Þ Min-
kowski metric in Cartesian coordinates common in standard
QFT textbooks [34]. Also, s, s0 denote the spin states for a

given polarization axis. Note that P · Δ ¼ 0 because these
four-momenta are on shell and, therefore, contracting the
above matrix element with Δμ gives zero, as this energy-
momentum tensor is conserved.
The A and J FFs satisfy Að0Þ ¼ 1 so that the integral

over all space of the static EMT T00 gives the mass of the
proton, Eq. (4) below. Furthermore, Jð0Þ ¼ 1=2 is the spin
of the proton. The D FF is unconstrained except to satisfy
tDðtÞ → 0 as t → 0. For asymptotic momentum transfer,
−t → ∞, the form factors scale as follows [35]:

AðtÞ ∼ 1

t2
; DðtÞ ∼ 1

t3
; AðtÞ − 2JðtÞ ∼ 1

t3
: ð2Þ

Note that the last expression implies a cancellation of the
leading ∼1=t2 behavior between AðtÞ and 2JðtÞ. Besides

2Standard Boltzmann kinetic theory satisfies all energy con-
ditions because the phase-space distribution function f ≥ 0. Once
quantum effects are considered by the replacement of the
classical phase-space distribution by the Wigner quasidistribu-
tion, which is not non-negative, energy condition violations can
happen. However, nonpositivity of the Wigner distribution may
occur even for type I EMTs and is unrelated to the Hawking-Ellis
classification [16].
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the asymptotic scaling laws, our current theoretical knowl-
edge of the FFs includes their determination from lattice
QCD up to momentum transfer −t ¼ 2 GeV2 [13], as
already mentioned. Furthermore, they have also been
computed in holographic models for the proton [36–39].
For the electromagnetic FFs of the pion and kaon the
transition to the asymptotic scaling of perturbative
QCD occurs at momentum transfer of order several
giga-electron-volts [40].
From the above matrix element, one can construct an

energy-momentum tensor on a fixed (but arbitrary) time
surface x0 [4,5,9]:

Tμνðx⃗Þ ¼
hx0; x⃗jT̂μνð0Þjx0; x⃗i

hx0; x⃗jx0; x⃗i

¼
Z

d3Δ
2Eð2πÞ3 e

−iΔ⃗·x⃗
�
Δ⃗
2
; s

����T̂μνð0Þ
���� − Δ⃗

2
; s

�
; ð3Þ

with E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ⃗2=4þm2

q
the energy of the on-shell proton

states. Here, the matrix element of T̂μνð0Þ is taken for the
same spin states in bra and ket. The details of how to arrive
at this expression are given in Appendix A. In fact, Tμνðx⃗Þ
represents the Wigner transform (see also Ref. [9]) of the
operator T̂μνð0Þ for momentum P⃗ ¼ 0, so a more appro-

priate notation would be Tμνðx⃗; P⃗ ¼ 0Þ. The marginal of
this quasiprobability distribution corresponds to the expect-
ation value of T̂μνð0Þ in a proton state with momentum

P⃗ ¼ 0 and spin s,Z
d3xTμνðx⃗Þ¼ hP⃗¼ 0;sjT̂μνð0ÞjP⃗¼ 0;si¼mδμ0δν0: ð4Þ

Using the parametrization (1) in (A13) we may express
every component of Tμνðx⃗Þ in terms of the QCD form
factors; see Refs. [4,5,9] and Appendix B.

III. ENERGY CONDITIONS

The pointwise energy conditions we will be considering
are [18] the following:

(i) Null energy condition: Tμνlμlν ≥ 0 for all null
vectors lμ.

(ii) Weak energy condition: Tμνtμtν ≥ 0 for all timelike
vectors tμ. The physical meaning here is that the
energy density measured by any observer is non-
negative. By continuity, this will also be true for any
null vector, so WEC implies NEC.

(iii) Dominant energy condition: for all future-directed
timelike tμ, the vector Tμ

νtν should be a future-
directed nonspacelike vector. The physical meaning
of this condition is that for any observer, the local
energy density appears non-negative and the local
energy flow vector is nonspacelike. One can prove

that DEC implies that if Tμν vanishes in some set
region of spacetime, then it also vanishes on the
future Cauchy development of that region [16]. This
is a necessary, but not sufficient, condition to ensure
causality. Also, one can show that DEC im-
plies WEC.

(iv) Strong energy condition: for all unit timelike tμ,
ðTμν − T

2
ημνÞtμtν ≥ 0, where T ¼ ημνTμν.

We employ the EMT of (A13) to write the energy
conditions in terms of the following quantities:

T00¼
Z

d3Δ
ð2πÞ3e

−iΔ⃗·x⃗
�
mAðtÞ− t

4m
ðAðtÞ−2JðtÞþDðtÞÞ

�
;

Mi¼T0i¼−
i
2

Z
d3Δ
ð2πÞ3e

−iΔ⃗·x⃗JðtÞðΔ⃗×σ⃗ssÞi;

Pt¼
1

2

Z
d3Δ
ð2πÞ3e

−iΔ⃗·x⃗ t
4m

DðtÞð1þðr̂·Δ̂Þ2Þ;

Pr¼
Z

d3Δ
ð2πÞ3e

−iΔ⃗·x⃗ t
4m

DðtÞð1−ðr̂·Δ̂Þ2Þ;

Γ¼ðPtþT00Þ2−4M⃗2;

ρ¼1

2
ðT00−PtÞþ

1

2

ffiffiffi
Γ

p
;

P1¼
1

2
ðPt−T00Þþ

1

2

ffiffiffi
Γ

p
: ð5Þ

In the second line, σ⃗ss ¼ ξ†s σ⃗ξs, with ξs the Pauli spinor of
the proton. For proton spin þ 1

2
along the z-axis we have

ξs ¼ ð1; 0ÞT and σ⃗ss ¼ ð0; 0; 1Þ ¼ ẑ. Also, our notation
is x⃗ ¼ rr̂.
The discriminant Γ determines the type of energy-

momentum tensor according to the Hawking-Ellis classi-
fication [16]. In regions where Γ > 0, the energy-momen-
tum tensor is of type I [16,41], one of the eigenvectors is
timelike and the others are spacelike, and all eigenvalues
are real. Physically, this means that the energy flux T0i can
always be made to vanish via a local Lorentz transforma-
tion—there is always a physical observer who finds no net
energy flux in any direction—so that the EMT is diagonal
in a properly defined orthonormal frame [16]. EMTs
describing classical matter, where concepts such as pres-
sure and shear stress have clear physical meaning, are
expected to be of type I [16,18]. If Γ ¼ 0, the tensor is of
type II, two eigenvalues are degenerate corresponding to
two null eigenvectors, and this case is typically associated
with classical radiation [16]. In general, in the absence of
protecting symmetries, one expects that perturbations may
take the system away from type II [42]. Type III EMTs
cannot occur in spherical symmetry [22], so this case is not
relevant here. When Γ < 0, the EMT is of type IV; one
finds no causal eigenvectors, and two eigenvalues have a
nonzero imaginary part. This can occur because in
Lorentzian manifolds (such as Minkowski spacetime) the
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inner product between vectors can have any sign, which
implies that the tensor used to determine the eigenvalues,
Tν
μ, does not need to have a real spectrum or be diago-

nalizable; complex conjugate pairs and Jordan blocks can
appear [18]. Type IV cases are rather uncommon
[19,21,43], and their properties away from the test-field
limit in Einstein’s equations were recently investigated in
[22,44]. For type IV EMTs, it is impossible for a physical
observer not to experience a nonzero net energy flux.
Furthermore, there are always local Lorentz frames in
which the energy density is zero [16]. Additionally, one can
show that Tμνtμtν cannot be bounded from below for all
unit timelike vectors tμ [19]. Hence, type IV EMTs violate
all the pointwise ECs mentioned above, since NEC is
violated. This illustrates the importance of checking ECs,
even in flat spacetime.
For completeness, we note that, away from the test-field

case, it has been shown [44] that there is no hypersurface-
orthogonal timelike Killing vector in a spacetimes sourced
by type II, III, or IV EMTs. In particular, this implies that
spacetimes generated by type IV EMTs cannot be static.
Reference [45] gives necessary conditions that must be

fulfilled to avoid violation of NEC, WEC, DEC, and SEC.
In terms of the EMT quantities defined above, these energy
conditions are necessarily violated in regions where

Γ < 0; or T00 þ Pt < 0: ð6Þ

Wewill call these necessary conditions because if satisfied,
the energy conditions are violated. Equations (6) are
important as they determine the type of EMT at hand,
and the properties of QCD matter and fields in the proton.
Now, let us focus on the case where Γ > 0. Thus, the

tensor is of type I, and the standard statements [18] for the
energy conditions hold:

(i) NEC: ρþ Pi ≥ 0 (i ¼ 1; t; r). This imposes the
following constraints:

ρþ P1 ¼
ffiffiffi
Γ

p
≥ 0;

ρþ Pt ¼
1

2
ðT00 þ PtÞ þ

1

2

ffiffiffi
Γ

p
≥ 0;

ρþ Pr ¼
1

2
ðT00 − PtÞ þ

1

2

ffiffiffi
Γ

p
þ Pr ≥ 0: ð7Þ

(ii) WEC: ρ ≥ 0 and ρþ Pi ≥ 0 (i ¼ 1; t; r), which is
NEC. This implies that, in addition to the NEC
conditions above, we also have

1

2
ðT00 − PtÞ þ

1

2

ffiffiffi
Γ

p
≥ 0: ð8Þ

(iii) DEC: ρ ≥ jPij (i ¼ 1; t; r). In other words, ρ ≥ 0,
ρþ Pi ≥ 0, and ρ − Pi ≥ 0 (i ¼ 1; t; r). This can be
seen as WEC with the additional constraint
ρ − Pi ≥ 0. Here, this leads to

1

2
ðT00 − PtÞ þ

1

2

ffiffiffi
Γ

p
− Pt ≥ 0;

1

2
ðT00 − PtÞ þ

1

2

ffiffiffi
Γ

p
− Pr ≥ 0;

T00 − Pt ≥ 0; ð9Þ

together with the conditions for WEC (we remind
the reader that DEC implies WEC, which in turn
implies NEC).

(iv) SEC: ρþP
3
i¼1 Pi ≥ 0 and ρþ Pi ≥ 0 (i ¼ 1; t; r).

This implies that

Pt þ Pr þ
ffiffiffi
Γ

p
≥ 0 ð10Þ

must hold, in addition to the NEC conditions.

IV. TEST OF THE ENERGY CONDITIONS WITH
QCD FORM FACTORS

We employ the parametrizations of the form factors
recently determined from state-of-the-art lattice QCD
calculations [13]. These are dipole FFs such as

AðtÞ ¼ αA
ð1 − t=Λ2

AÞ2
; ð11Þ

and similarly forDðtÞ and AðtÞ − 2JðtÞ. The parameters αi,
Λi are given in the supplemental material of Ref. [13]. In
that paper, it is shown that the dipole forms hold at least up
to momentum transfer Δ ¼ ffiffiffiffiffi

−t
p ¼ ffiffiffi

2
p

GeV. However, we
do know that DðtÞ as well as AðtÞ − 2JðtÞ asymptotically
transition into a ∼1=t3 falloff. Hence, we restrict the dipole
form for these two FFs to a maximum of Δ�; we then
transition right away to the asymptotic form with a
coefficient chosen so that the FFs are continuous at Δ�
although the first derivative will not be, of course. This is of
no concern here since the energy conditions involve
integrals over the FFs. We also know that AðtÞ is supposed
to fall off ∼1=t2 asymptotically so we assume that (11)
extends to asymptotic momentum transfer in that case.
We first test the necessary conditions of Eq. (6). We find

that T00 þ Pt > 0 for all r except possibly for r very close
to 0 and largeΔ�. However, choosing x⃗ in the x-y plane and
the spin direction along ẑ, we find that the discriminant
ΓðrÞ in the “interior” region is mostly negative; see Fig. 1
(negative values are found whenever x⃗ is not perfectly
aligned with the spin direction). This occurs because of the
proton’s T0i component, determined by the J form factor.
That is, in the proton’s interior, the EMT is not of
“ordinary” type I but of type IV except in the “tail” of
the Wigner distribution of the proton. The farther out (in
momentum transfer) the lattice QCD dipole FFs hold
(greater Δ�), the greater −ΓðrÞ becomes in the interior
of the proton.
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At radial distances sufficiently far from the center, we
find ΓðrÞ > 0, so the tensor necessarily becomes type II
before it turns into type I. For Δ� ¼ 2 GeV this occurs at
about two proton Compton wavelengths, dropping to 1.3λ̄
for Δ� ¼ 3 GeV and to 1.1λ̄ for Δ� ¼ 4 GeV. In the far
tails of the Wigner distribution, all the energy conditions
mentioned above are satisfied. This can be seen from the
expressions in Eq. (5): in the limit r → ∞ we obtain T00 ∼
m=r3 with a positive coefficient, while Mi; Pt; Pr → 0

faster than r−3; hence Γ → T2
00.

In the right panel of Fig. 1 we show various curves for
ΓðrÞ. These were obtained by variation of the pole masses
Λq, Λg in the individual GFFs within the uncertainties
quoted in Ref. [13]. For example, the curves labeled Aþ
(A−) correspond to increasing (decreasing) both ΛAq and
ΛAg simultaneously by the uncertainty on these parameters
quoted in the supplemental material of Ref. [13]. We do not
vary the αAq, αAg parameters since Að0Þ, Jð0Þ, and Dð0Þ
correspond to conserved “charges.” The figure shows that
ΓðrÞ > 0 throughout the core of the proton could be
achieved only by the most rapid allowed falloff of JðtÞ
from Jð0Þ ¼ 1=2. For Δ� > 2 GeV, a region of negative Γ
is unavoidable even in this case.

V. NEW CONSTRAINTS ON GFFS FROM ANEC

We now go beyond the strict point-wise EC considered
above and investigate also the averaged null energy con-
dition, which states that

R
dζTμνlμlν ≥ 0, where the

integral is taken over a complete null geodesic with
affine parameter ζ∈ ð−∞;∞Þ and tangent vector
lμ ¼ dxμ=dζ. In Minkowski spacetime, one can assume
without any loss of generality xμðζÞ ¼ ζlμ, with
lμ ¼ ð1; niÞ, with n⃗2 ¼ 1. Using the full expression
for the EMT (see Appendix D), ANEC requiresR
dζlμlνTμν¼

R
dζðT00−2niT0iþninjTijÞ≥0. For P⃗ ¼ 0,

imposing that ANEC holds in QCD gives the following

constraint on the A and J GFFs (see the derivation in
Appendix D):

Z
0

−∞
dt

�
mAðtÞ − t

4m
ðAðtÞ − 2JðtÞÞ

�
≥ 0: ð12Þ

It is interesting to note that in some holographic models
[38] A ¼ 2J, so (12) holds for

R
dtAðtÞ ≥ 0 provided the

mass m ≥ 0. In QCD, the integral in (12) is finite because
A − 2J ∼ 1=t3 asymptotically [35], but the−tðA − 2JÞ term
is not positive definite [13]. Nevertheless, we have con-
firmed that this inequality indeed holds for the proton EMT
when the model GFFs used in our calculations of the
pointwise ECs are employed. Thus, ANEC implies3 that
(12) provides a new model-independent constraint that
should be satisfied by proton GFFs in QCD.
We compare to ANEC for a spin-0 pion where the

asymptotic AðtÞ GFF takes monopole form [47,48]. We
obtain

½Δ2Að−Δ2Þ�∞
4πjx⃗0⊥j

þ
Z

d2Δ⊥
ð2πÞ2 e

−iΔ⃗⊥·x⃗0⊥

×

�
EAð−Δ2⊥Þ −

½Δ2Að−Δ2Þ�∞
2Δ⊥

�
≥ 0: ð13Þ

x⃗0⊥ represents the displacement of the geodesic from
the center of the pion, and ½Δ2Að−Δ2Þ�∞ ¼
limΔ→∞Δ2Að−Δ2Þ with Δ ¼ jΔ⃗j. The first term in

FIG. 1. Left: Plot of the discriminant ΓðrÞ assuming lattice QCD FFs [13] (with best fit parameters) for momentum transfer below Δ�,
and a transition to the asymptotic FFs at Δ�. Here, x⃗ is chosen perpendicular to the direction of the spin axis, so M⃗2 > 0. Radial distance
is measured in units of the Compton wavelength λ̄ ¼ 1=m, where m is the proton mass. Right: ΓðrÞ for Δ� ¼ 2 GeV obtained by
variation of the pole masses in the individual GFFs within the uncertainties quoted in Ref. [13].

3Besides the explicit proofs in Minkowski spacetime in
[30,31], it is known that violating ANEC would be generally
catastrophic, as arguments exist stating that this could be used to
build time machines [26,27] and violate the (generalized) second
law of thermodynamics [46]. Finally, we note that in Minkowski
spacetime, all null lines are achronal so the ANEC condition
discussed here is equivalent to the more stringent achronal
averaged null energy condition [28], which is expected to hold
even in curved spacetime.
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Eq. (13) is always positive and ANECπ diverges as
∼jx⃗0⊥j−1 as jx⃗0⊥j → 0. Hence, in this limit ANECπ ≥ 0
is satisfied. However, for finite jx⃗0⊥j, Eq. (13) represents a
new nontrivial constraint on the AðtÞ GFF of the pion. For
example, if this GFF were described by a single monopole
mass Λ, then mπ=Λ≳ 0.21 would be required
by ANECπ ≥ 0.

VI. SUMMARY AND DISCUSSION

The form factors of the graviton-proton vertex determine
the Wigner transform of the QCD energy-momentum
tensor in the proton. Its spatial distribution has been used
to investigate the mechanical properties of the proton, such
as its pressure and shear forces. In this work, motivated by
the fact that the EMT is a source term in Einstein’s
equations, we have checked its properties according to
the classification of Hawking-Ellis using form factors
determined from lattice QCD up to momentum transfer
−t ¼ 2 GeV2 where we transitioned to the asymptotic
forms expected from perturbative QCD. We have found
that the EMT in the proton is of “ordinary” type I in the
radial tails beyond a few Compton wavelengths where the
standard energy conditions such as NEC, WEC, SEC, and
DEC are satisfied. In the interior region, however, the
proton EMT may be of type IV, lacking any causal
eigenvectors, and violating all the standard pointwise
energy conditions. This unconventional behavior originates
from the contribution of the J form factor which determines
the T0i component of the EMT. In this regard, the EMT of
the pion, where T0i ¼ 0, will not be of type IV, though the
pointwise ECs may still be violated in certain regions.
The exotic properties potentially displayed by the proton

EMT, such as the fact that there may be regions within the
proton where its energy density can vanish or become
negative, call for some caution with definitions of the
proton’s mechanical properties, such as its mass radius,4

using this EMT. We propose using the point where the
EMT transitions from type IV to type I (thus, necessarily
becoming type II at that point) to define a new “gravita-
tional radius” for the proton, which is free from the
conceptual issues mentioned above. Using current input
from the lattice, we obtain that this occurs at about 1–2
Compton wavelength. The precise value of this “classic-
alization” length scale above which typical mechanical
properties within the proton are well-defined, standard ECs
are fulfilled, and gravity is necessarily attractive, requires
determining the gravitational form factors for momentum
transfers beyond −t ¼ 2 GeV2, either from lattice QCD or
experiments.
Finally, we showed that ANEC translates into the new

model-independent, nonperturbative constraints (12) and (13)

for the proton AðtÞ and JðtÞ form factors and the AðtÞ
pion form factor in QCD, respectively. A definitive
confirmation of ANEC from data reaching to sufficiently
high −t could motivate additional theoretical work toward
new rigorous proofs in asymptotically free theories.5 In
this context, it would be interesting to also check other
conditions, such as the quantum null energy condition,
which has been thoroughly discussed in the literature
[50–53].
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APPENDIX A: WIGNER TRANSFORM OF THE
QCD ENERGY-MOMENTUM OPERATOR

We construct a proton state in position space as

jxi ¼
Z
p

e−ip·xjpi: ðA1Þ

Here, jpi refers to a proton state in momentum space, i.e.,
an eigenstate of the momentum operator. These are on-shell
states with p0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þm2

p
implicitly understood; hence,

the integration is only over three-momentum p⃗ with
integration measure [34]

Z
p

¼
Z

d3pffiffiffiffiffiffiffiffi
2p0

p
ð2πÞ3

: ðA2Þ

Wemay then compute hyjxi using the covariant momentum
space normalization

4We refer to Ref. [49] for a recent comprehensive review of
various proton radius definitions.

5ANEC was proven to hold in unitary, Lorentz invariant
quantum field theories in Minkowski spacetime in [30] using
quantum information-theoretic inequalities, such as the monot-
onicity of the relative entropy. In [31], a proof was obtained using
causality considerations.
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hp0jpi ¼ 2p0ð2πÞ3δðp⃗0 − p⃗Þ; ðA3Þ

As these are on-shell states, the δ-function for three-
momentum in effect also enforces p0 ¼ p00. With this,

hyjxi ¼
Z
p

Z
p0

e−ip·xeip
0·yhp0jpi

¼
Z

d3p
ð2πÞ3 e

−ip0ðx0−y0Þeip⃗·ðx⃗−y⃗Þ: ðA4Þ

On a surface of fixed time, y0 ¼ x0,

hx0; y⃗jx0; x⃗i ¼ δðx⃗ − y⃗Þ: ðA5Þ

Let us now consider the equal time matrix element

hx0; x⃗jT̂μνð0Þjx0; x⃗i: ðA6Þ

Using (A1), this becomes

Z
p

Z
p0
e−ip·xeip

0·xhp0jT̂μνð0Þjpi ¼
Z

d3P
Z

d3Δffiffiffiffiffiffiffiffi
2p0

p
ð2πÞ3

ffiffiffiffiffiffiffiffiffi
2p00p

ð2πÞ3
eiΔ

0x0eiðP⃗−1
2
Δ⃗Þ·x⃗e−iðP⃗þ1

2
Δ⃗Þ·x⃗hp0jT̂μνð0Þjpi: ðA7Þ

Here we introduced the four-vectors

P ¼ pþ p0

2
; Δ ¼ p0 − p: ðA8Þ

Due to the change of integration variables, in (A7) we
should now read p0 and p00 in shorthand for

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP⃗ − Δ⃗=2Þ2 þm2

q
≡ E;

p00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP⃗þ Δ⃗=2Þ2 þm2

q
≡ E0; ðA9Þ

with Δ0 ¼ E0 − E and P0 ¼ ðE0 þ EÞ=2. Now we use that

Z
d3P
ð2πÞ3 e

iP·ðx−xÞ ¼ hx0; x⃗jx0; x⃗i; ðA10Þ

and interpret hx0; x⃗jx0; x⃗i in the sense of distributions to see
that its inverse may be represented as ð2πÞ3δðP⃗ − Q⃗Þ when
working with momentum space basis vectors. Thus, we
find that

hx0; x⃗jT̂μνð0Þjx0; x⃗i ¼ hx0; x⃗jx0; x⃗i
Z

d3Δ
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4P2

0 − Δ2
0

p eiΔ·x
�
P⃗þ Δ⃗

2
; s

����T̂μνð0Þ
����P⃗ −

Δ⃗
2
; s

�
: ðA11Þ

The final step is to identify the expectation value of the energy-momentum tensor as

Tμνðx0; x⃗; P⃗Þ ¼
hx0; x⃗jT̂μνð0Þjx0; x⃗i

hx0; x⃗jx0; x⃗i ¼
Z

d3Δ
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffi
4E0E

p eiðE0−EÞx0e−iΔ⃗·x⃗
�
P⃗þ Δ⃗

2
; s

����T̂μνð0Þ
����P⃗ −

Δ⃗
2
; s

�
: ðA12Þ

The static EMT of Polyakov et al. is recovered by taking P⃗ ¼ 0, the “Breit frame,” which gives the energy-momentum
tensor in Eq. (3) of the main text:

Tμνðx⃗Þ ¼
Z

d3Δ
2Eð2πÞ3 e

−iΔ⃗·x⃗
�
Δ⃗
2
; s

����T̂μνð0Þ
���� − Δ⃗

2
; s

�
: ðA13Þ

Equation (A12) represents the Wigner-Weyl transform of T̂μνð0Þ to the phase-space quasiprobability distribution

Tμνðx0; x⃗; P⃗Þ. Note that this is conserved,

∂
μTμνðx0; x⃗; P⃗Þ ¼

Z
d3Δ
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffi
4E0E

p eiðE0−EÞx0e−iΔ⃗·x⃗iΔμ

�
P⃗þ Δ⃗

2
; s

����T̂μνð0Þ
����P⃗ −

Δ⃗
2
; s

�
¼ 0; ðA14Þ

where Δμ ¼ ðΔ0; Δ⃗Þ.
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Integrating (A12) over all space,

TμνðP⃗Þ ¼
Z

d3xTμνðx0; x⃗; P⃗Þ ¼
1

2E
hP⃗; sjT̂μνð0ÞjP⃗; si

¼ PμPν

m
: ðA15Þ

On the right-hand side (RHS) both E and P0 are evaluated
for Δ⃗ ¼ 0, so that P0 ¼ E. The EMT for an ensemble
of such particles characterized in infinite volume by
the classical momentum-space mass density distribution
mfðP⃗Þ ≥ 0 is

TðKTÞ
μν ¼

Z
d3P
2E

TμνðP⃗ÞmfðP⃗Þ¼
Z

d3P
2E

PμPνfðP⃗Þ: ðA16Þ

This is the EMT of classical kinetic theory.

APPENDIX B: COMPONENTS OF THE WIGNER
EMT IN TERMS OF THE FORM FACTORS

We now write down the components of the static, Breit
frame EMT Tμνðx⃗Þ in terms of the form factors. The matrix
element of T̂00ð0Þ is

�
Δ⃗
2
; s

����T̂00ð0Þ
���� − Δ⃗

2
; s

�

¼ 2mE

�
AðtÞ þ −t

4m2
ðAðtÞ − 2JðtÞ þDðtÞÞ

�
: ðB1Þ

The terms ∼AðtÞ; DðtÞ can be reproduced easily using

ūs0 ðp0ÞusðpÞ ¼ 2Eδs0s ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ⃗2=4þm2

q
δs0s, for p⃗0 þ p⃗ ¼

0 and p⃗ ¼ −Δ⃗=2. The simplest approach for the term ∼JðtÞ
is to use the Gordon identity in the form

ūsðp0Þ iσ
0νΔν

2m
usðpÞ ¼ ūsðp0Þγ0usðpÞ −

P0

m
ūsðp0ÞusðpÞ:

ðB2Þ

The second term on the RHS immediately gives −2E2=m.
For the first term on the RHS, using the chiral/Weyl
representation of γ0 [34], we have γ0usðpÞ ¼ usðp0Þ
since p⃗ ¼ −p⃗0; so, for that term one obtains
ūsðp0Þusðp0Þ ¼ 2m. In all, the RHS evaluates to
−2p⃗2=m ¼ −ð1=2ÞΔ⃗2=m ¼ t=2m. Hence,

ūsðp0ÞJðtÞ 2iP0σ0ρΔρ

2m
usðpÞ ¼ 2J

tE
2m

; ðB3Þ

which agrees with the term ∼JðtÞ in Eq. (B1).

From Eq. (A13) then,

T00ðrÞ ¼ m
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·⃗x

×

�
AðtÞ þ −t

4m2
ðAðtÞ − 2JðtÞ þ DðtÞÞ

�
:

ðB4Þ

Here r ¼ jx⃗j because the integral does not depend on the
direction of x⃗. Integrating over all of space confirms that

Z
d3xT00ðrÞ ¼ m; ðB5Þ

since Að0Þ ¼ 1.
We move on to T0iðx⃗Þ. The matrix element of T̂0ið0Þ is

given by Eq. (17c) of Ref. [5]:

hp0; sjT̂0ið0Þjp; si ¼ −EJðtÞiðΔ⃗ × σ⃗ssÞi: ðB6Þ

To confirm, we provide a few details of the derivation. We
again use the Gordon identity in the form

ūsðp0Þ iσ
iνΔν

2m
usðpÞ ¼ ūsðp0ÞγiusðpÞ

¼ −u†sðp0Þγiusðp0Þ: ðB7Þ

Here we used that γ0 and γi anticommute, and
γ0usðpÞ ¼ usðp0Þ. To proceed, we employ the following
representation of Dirac matrices and spinor solutions [34]:

γi ¼
�

0 σi

−σi 0

	
; usðpÞ ¼

� ffiffiffiffiffiffiffiffiffi
p · σ

p
ξsffiffiffiffiffiffiffiffiffi

p · σ̄
p

ξs

	
;

u†sðpÞ ¼
�
ξ†s

ffiffiffiffiffiffiffiffiffi
p · σ

p

ξ†s
ffiffiffiffiffiffiffiffiffi
p · σ̄

p
	
: ðB8Þ

Here, σμ ¼ ð1; σ⃗Þ and σ̄μ ¼ ð1;−σ⃗Þ. The Pauli spinors

ξ↑ ¼
�

cos θ
2

eiϕ sin θ
2

	
; ξ↓ ¼

�−e−iϕ sin θ
2

cos θ
2

	
ðB9Þ

describe the spin component along the axis
n̂ ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ. We now use the Pauli
matrix identities

ffiffiffiffiffiffiffiffiffi
p · σ

p ¼
ffiffiffiffi
E

p �
w− þ wþ

2
þ p̂ · σ⃗

w− − wþ
2

	
;

ffiffiffiffiffiffiffiffiffi
p · σ̄

p ¼
ffiffiffiffi
E

p �
w− þ wþ

2
þ p̂ · σ⃗

wþ − w−

2

	
;

w� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jp⃗j=E

p
ðB10Þ
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to evaluate

u†sðp0Þγiusðp0Þ ¼ p0lξ†s ½σi; σl�ξs ≡ iðΔ⃗ × σ⃗ssÞi: ðB11Þ

Here, σiss ¼ ξ†sσiξs. For proton spin þ 1
2
along the z-axis

(i.e., θ ¼ 0 so that n̂ ¼ ẑ, and ξs ¼ ξ↑) we have σ⃗ss ¼
ð0; 0; 1Þ and ðΔ⃗ × σ⃗ssÞx ¼ Δy, ðΔ⃗ × σ⃗ssÞy ¼ −Δx,
ðΔ⃗ × σ⃗ssÞz ¼ 0. Then, from Eq. (A13),

T0iðx⃗Þ ¼ −
i
2

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗JðtÞðΔ⃗ × σ⃗ssÞi: ðB12Þ

Specifically for spin þ 1
2
along the z-axis,

T0yðx; y; zÞ ¼ −T0xðy; x; zÞ ¼ i
2

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗ΔxJðtÞ;

T0z ¼ 0: ðB13Þ

Finally, we write the components of Tijðx⃗Þ, using P⃗ ¼ 0
and ūsðp0ÞusðpÞ ¼ 2E:

Tijðx⃗Þ ¼
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗DðtÞΔ
iΔj − δijΔ⃗2

4m
: ðB14Þ

APPENDIX C: DERIVATION OF THE
EIGENVALUES OF Tμν

In this appendix, we adhere to the common mostly plus
choice for the metric tensor gμν used in the GR literature
[18]. The Minkowski metric in Cartesian coordinates is
now ημν ¼ diagð−1; 1; 1; 1Þ.
In semiclassical general relativity, in principle, any

smooth Lorentzian manifold can be a spacetime for a
suitably determined source given by the energy-momentum
tensor Tμν, such that Einstein’s equations

Rμν −
1

2
gμνR ¼ 8πGTμν ðC1Þ

are fulfilled. Above, TμνðxÞ ¼ hT̂μνðxÞi is the expectation
value of the energy-momentum tensor operator in a
quantum state (with pure vacuum contributions subtracted,
so we are only interested in how “matter” curves space-
time). Gravity can be treated classically away from large
curvature regions, such as near black hole singularities,
where intrinsic quantum effects in gravity cannot be
neglected.
Clearly, instead of reading (C1) as matter (Tμν)

determines gravity (gμν), one can read the equation in
reverse and determine how the spacetime with its
desired properties (e.g., absence of closed timelike
curves) determines the Tμν needed to produce it. This

is the idea behind the so-called energy conditions [20],
which may be used to constrain the set of possible
energy-momentum tensors that appear in Einstein’s
equations [16].
As mentioned in the main text, the energy conditions we

consider are the null energy condition, the weak energy
condition, the dominant energy condition, and the strong
energy condition, whose definitions were given in the main
text and are also found in [18].
Let us now show how these energy conditions are

translated into conditions for the eigenvalues of the
energy-momentum tensor. We first note that Tμ

ν need
not be symmetric. Furthermore, even though Tμν is a
symmetric real (0, 2)-tensor, since gμν is not positive
definite, the linear map Tμ

ν from vectors into vectors is not
guaranteed to be diagonalizable in the sense that it need
not have four linearly independent eigenvectors. This is
discussed in detail in the classic book by Hawking and
Ellis [16]. Of particular relevance for the case of the
proton is the so-called type I energy-momentum tensors,
where one of the eigenvectors of Tμ

ν is timelike, with the
others being spacelike. This is the case of energy-
momentum tensors describing ordinary matter, such as
a perfect fluid. The other possibilities are as follows: type
II, in which Tμ

ν has a double null eigenvector; type III,
where one finds a triple null eigenvector; and type IV, in
which Tμ

ν has no timelike or null eigenvector (in fact, it has
eigenvalues with nonzero imaginary parts). The standard
interpretation of mechanical quantities within the proton,
such as its pressure and shear forces, inherently assumes
that the energy-momentum tensor in the proton is of
type I.
The energy-momentum tensor Tμν of the proton, com-

puted in the previous section, has the following nonzero
components in Cartesian coordinates:

T00ðrÞ ¼ m
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗

×

�
AðtÞ þ −t

4m2
ðAðtÞ − 2JðtÞ þDðtÞÞ

�
; ðC2Þ

T0iðx⃗Þ ¼ −
i
2

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗JðtÞðΔ⃗ × σ⃗ssÞi; ðC3Þ

TijðrÞ ¼
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗DðtÞΔ
iΔj − δijΔ⃗2

4m

¼
�
xixj

r2
−
δij

3

	
sðrÞ þ δijpðrÞ; ðC4Þ

where
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sðrÞ ¼ −
1

4m
r
d
dr

�
1

r
d
dr

DðrÞ
	

¼ 3

2

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·r⃗DðtÞ ðr̂ · Δ⃗Þ
2 − 1

3
Δ⃗2

4m
;

pðrÞ ¼ 1

6m
1

r2
d
dr

�
r2

d
dr

DðrÞ
	

¼ 1

6m
∇2DðrÞ

¼ 1

6m

Z
d3Δ
ð2πÞ3 e

−iΔ⃗·r⃗tDðtÞ; ðC5Þ

and DðrÞ represents the Fourier transform of DðtÞ.
To see how the energy conditions dictate the behavior of

the eigenvalues of Tμ
ν , we use the fact that any Lorentzian

manifold is locally flat to introduce a vierbein (or tetrad)
feμaðxÞg, with a ¼ 0, 1, 2, 3, which define an orthonormal
basis such that

gμνðxÞeμaðxÞeνbðxÞ ¼ ηab ðC6Þ

and

gμνðxÞ ¼ ηabeaμðxÞebνðxÞ; ðC7Þ

where ηab ¼ diagð−1; 1; 1; 1Þ. Note that we raise and lower
μ and ν indices using ημν, and a and b indices using ηab.
One can now determine any tensor in the local
Minkowskian frame. For example, for the energy-momen-
tum tensor, we define

Tab ¼ Tμνe
μ
ðaÞe

ν
ðbÞ: ðC8Þ

We use spherical coordinates so gμν ¼ diag×
ð−1; r2 sin2 θ; r2; 1Þ and

eμð0Þ ¼

0
BBBB@

1

0

0

0

1
CCCCA; eμð1Þ ¼

0
BBB@

0
1

r sin θ

0

0

1
CCCA;

eμð2Þ ¼

0
BBBB@

0

0

1
r

0

1
CCCCA; eμð3Þ ¼

0
BBBB@

0

0

0

1

1
CCCCA: ðC9Þ

Note that (C6) is satisfied. In spherical coordinates, the
spatial part of the energy-momentum tensor is diagonal. In
fact, the only nonzero components are T00 and

Tϕϕ ¼ 1

r2sin2θ

�
pðrÞ − sðrÞ

3

	
≡ 1

r2sin2θ
Pt;

Tθθ ¼ 1

r2
Pt; Trr ≡ Pr ¼ pðrÞ þ 2

3
sðrÞ;

T0ϕ ¼ −
1

2r
d
dr

J ðrÞ: ðC10Þ

Here, we took the spin of the proton in the z direction.
Even before computing the eigenvalues of the energy-

momentum tensor, one can see that this tensor cannot be
of type III [16], though it can in principle be of types I, II,
or IV. One can now find the eigenvalues λ using this
spherical coordinate system by solving the following
equation:

det ðTa
b − ληabÞ ¼ 0: ðC11Þ

Besides the obvious Pr and Pt, the other two eigenvalues
are

λ� ¼ 1

2
ðPt − T00Þ �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPt þ T00Þ2 − sin2 θ

�
d
dr

J ðrÞ
	

2

s

¼ 1

2
ðPt − T00Þ �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPt þ T00Þ2 − 4ðT0iÞ2

q
: ðC12Þ

The discriminant

Γ ¼ ðPt þ T00Þ2 − 4ðT0iÞ2 ðC13Þ

determines the properties of the energy-momentum tensor.
When Γ > 0, the energy-momentum tensor is of type I
[16,41]. If Γ ¼ 0, the tensor is of type II. When Γ < 0, the
energy-momentum tensor is of type IV.
Denoting the timelike eigenvector by tμ and its eigen-

value by ρ, note that

Tμ
νtν ¼ −ρtμ; ðC14Þ

because of our metric signature. Thus, ρ ¼ −λ− is the rest
energy density [45]. Therefore, the quantities we use to
determine the energy conditions in the main text are

ρ¼ 1

2
ðT00 −PtÞ þ

1

2

ffiffiffi
Γ

p
; P1 ¼

1

2
ðPt − T00Þ þ

1

2

ffiffiffi
Γ

p
;

P2 ¼ Pt; P3 ¼ Pr: ðC15Þ

APPENDIX D: DETAILS ABOUT THE ANEC
CALCULATION

We first consider the averaged null energy condition for
the spin-1=2 proton and then for the spin-0 pion.
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The ANEC integral for the null geodesic lμ ¼ ð1; niÞ is

Z∞
−∞

dζlμlνTμν ¼
Z∞
−∞

dζðT00 − 2niT0i þ ninjTijÞ: ðD1Þ

Using the general expression in (A12), this can be expressed as

Z
d3Δ
ð2πÞ2

δðΔμlμÞffiffiffiffiffiffiffiffiffiffi
4EE0p

�
ūðp0ÞuðpÞAðtÞ

m
ðl · PÞ2 þ JðtÞ

m
lμPμlνΔρūðp0ÞiσνρuðpÞ

�
: ðD2Þ

We note that the D form factor does not contribute to this integral. The spinor matrix elements for general P⃗ have been
computed in [9,54],

ūðp0ÞuðpÞ ¼ N −1½2ðP2
0 − P⃗2 þ P0mÞ þ iϵ0ijkPiΔjSk� ¼ N −1½2ðP2

0 − P⃗2 þ P0mÞ − iP⃗ · ðΔ⃗ × S⃗Þ�;

ūðp0ÞiσμρΔρuðpÞ ¼ N −1


PμΔ2 þmðημ0Δ2 − ΔμΔ0Þ þ 2

�
ðP0 þmÞiϵμνρλΔνPρSλ −

Δ2

4
iϵμνρ0ΔνSρ − ðP · SÞiϵμνρ0ΔνPρ

��
ðD3Þ

with Sμ ¼ ð0; S⃗Þ the rest frame spin vector; in the notation of Refs. [4,5] S⃗ had previously been denoted σ⃗ss, up to sign.
Furthermore,N ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0 þm

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p00 þm

p
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

Eþm
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E0 þm
p

and P0 ¼ ðp0 þ p00Þ=2 ¼ ðEþ E0Þ=2. We can also write the
latter for μ ¼ 0 and μ ¼ i as

ūðp0Þiσ0ρΔρuðpÞ ¼N −1fP0Δ2 −mΔ⃗2 þ 2ðP0 þmÞiP⃗ · ðΔ⃗× S⃗Þg;

ūðp0ÞiσiρΔρuðpÞ ¼N −1


PiΔ2 −mΔiΔ0 þ 2

�
iðP0 þmÞðP0ðΔ⃗× S⃗Þi −Δ0ðP⃗× S⃗ÞiÞ þΔ2

4
iðΔ⃗× S⃗Þi − ðP⃗ · S⃗ÞiðΔ⃗× P⃗Þi

��
:

ðD4Þ

The ANEC integral then becomes

Z
d3Δ
ð2πÞ2

δðΔμlμÞffiffiffiffiffiffiffiffiffiffi
4EE0p

�
ūðp0ÞuðpÞAðtÞ

m
ðl · PÞ2 þ JðtÞ

m
lμPμlνΔρūðp0ÞiσνρuðpÞ

�
: ðD5Þ

The integrand can be simplified by considering the transformation Δ⃗ → −Δ⃗. This lets Δ0 → −Δ0 since E ↔ E0, and
P0 → P0. Therefore, the term in ūðp0ÞuðpÞ involving Δ⃗ × S⃗ is odd and drops out. Along the same lines, all terms in
Δρūðp0ÞiσνρuðpÞ that are odd under Δ⃗ → −Δ⃗ can be dropped. The ANEC integral then simplifies to

Z
d3Δ
ð2πÞ2

δðΔμlμÞffiffiffiffiffiffiffiffiffiffi
4EE0p

�
AðtÞ
m

ðl · PÞ2 2ðP
2
0 − P⃗2 þ P0mÞ

N
þ JðtÞ

m
lμPμ lνPνΔ2 þmΔ2

N

�
: ðD6Þ

This is required to be≥ 0 for any P⃗ (and any n⃗), with n⃗2 ¼ 1. For P⃗ ¼ 0 specifically it simplifies considerably since E ¼ E0,
and thus Δ0 ¼ 0; P0 ¼ E;N ¼ Eþm:

Z
d3Δ
ð2πÞ2 δðn⃗ · Δ⃗Þ

�
AðtÞ
m

ðP0Þ2 þ JðtÞ
2m

Δ2

�
¼

Z
d2Δ⊥
ð2πÞ2

�
ðAð−Δ⃗2⊥Þ − 2Jð−Δ⃗2⊥ÞÞ

Δ⃗2⊥
4m

þmAð−Δ⃗2⊥Þ
�
: ðD7Þ

Recall that A − 2J ∼ 1=Δ6⊥ asymptotically in QCD so the integral is convergent.
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We now turn to a spin-0 pion. The matrix elements of its EMT are

�
P⃗þ Δ⃗

2

����T̂00ð0Þ
����P⃗ −

Δ⃗
2

�
¼ 2ðP0Þ2AðtÞ þ 1

2
Δ⃗2DðtÞ;

�
P⃗þ Δ⃗

2

����T̂0ið0Þ
����P⃗ −

Δ⃗
2

�
¼ 2P0PiAðtÞ þ 1

2
Δ0ΔiDðtÞ;

�
P⃗þ Δ⃗

2

����T̂ijð0Þ
����P⃗ −

Δ⃗
2

�
¼ 2PiPjAðtÞ þ 1

2
ðΔiΔj þ δijΔ2ÞDðtÞ: ðD8Þ

These are the expressions to be used in Eq. (A12) for Tμνðx0; x⃗; P⃗Þ.
The GFFs of a spin 0 particle have monopole form,

AðtÞ ¼ αAq
1 − t=Λ2

Aq
þ αAg
1 − t=Λ2

Ag
; ðD9Þ

and similar for DðtÞ. The monopole masses ΛAq;ΛAg in the quark and gluon contributions have been determined on the
lattice in Ref. [55], again up to −t ¼ 2 GeV2. In the asymptotic regime the pion GFFs from perturbative QCD have been
found to scale ∼1=t [47,48].
From Eq. (A12) we obtain the components of the Wigner transform; for simplicity, we again choose the Breit frame. We

then have

T00ðx⃗Þ ¼ ½Δ2Að−Δ2Þ�∞ þ ½Δ2Dð−Δ2Þ�∞
4π2r2

þ
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗
�
EAðtÞ þ 1

4E
Δ⃗2DðtÞ − ½Δ2Að−Δ2Þ�∞

2Δ
−
½Δ2Dð−Δ2Þ�∞

2Δ

�
: ðD10Þ

Here, ½Δ2Að−Δ2Þ�∞ ¼ limΔ→∞Δ2Að−Δ2Þ with Δ ¼ jΔ⃗j. In the Breit frame, T0i ¼ 0. Finally,

Tijðx⃗Þ ¼ −½Δ2Dð−Δ2Þ�∞
xixj

2π2r4
þ
Z

d3Δ
ð2πÞ3 e

−iΔ⃗·x⃗ðΔiΔj − δijΔ⃗2Þ
�
DðtÞ
4E

−
½Δ2Dð−Δ2Þ�∞

2Δ3

�
: ðD11Þ

We now write xμðζÞ ¼ xμ0 þ ζLlμ ¼ ðζ; x⃗0 þ ζLn̂Þ, so dxμ=dζ ¼ Llμ ¼ Lð1; n̂Þ where L denotes an arbitrary
length scale. Also, x⃗2 ¼ ðx⃗0 þ ζLn̂Þ2 ¼ x02 þ 2ζLx⃗0 · n̂þ L2ζ2. Note that here, for the pion, a shift of the geodesic
from the center is required since some components of Tijðx⃗Þ diverge as jx⃗j ¼ r → 0. The ANEC integral for the pion is
given by

Z∞
−∞

dζlμlνTμνðx⃗Þ ¼
Z∞
−∞

dζ½T00ðx⃗Þ þ n̂in̂jTijðx⃗Þ�: ðD12Þ

The first term with T00 gives

½Δ2Að−Δ2Þ�∞ þ ½Δ2Dð−Δ2Þ�∞
4πL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 − ðx⃗0 · n̂Þ2

p þ
Z

d2Δ⊥
ð2πÞ2L e−iΔ⃗⊥·x⃗0⊥

�
EAð−Δ2⊥Þ þ

Δ2⊥
4E

Dð−Δ2⊥Þ −
½Δ2Að−Δ2Þ�∞

2Δ⊥
−
½Δ2Dð−Δ2Þ�∞

2Δ⊥

�
;

ðD13Þ

while the term involving Tij gives

−
½Δ2Dð−Δ2Þ�∞

4πL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 − ðx⃗0 · n̂Þ2

p −
Z

d2Δ⊥
ð2πÞ2L e−iΔ⃗⊥·x⃗0⊥Δ⃗2⊥

�
Dð−Δ2⊥Þ

4E
−
½Δ2Dð−Δ2Þ�∞

2Δ3⊥

�
: ðD14Þ
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Adding both contributions,

ANECπ ¼
½Δ2Að−Δ2Þ�∞
4πLjx⃗0⊥j

þ
Z

d2Δ⊥
ð2πÞ2Le−iΔ⃗⊥·x⃗0⊥

×
�
EAð−Δ2⊥Þ −

½Δ2Að−Δ2Þ�∞
2Δ⊥

�
: ðD15Þ

This is the final result for ANEC for the pion. For Δ⊥ → ∞
the bracket under the integral is ∼1=Δ3⊥; hence, the integral
is finite. The first term is always positive, and letting jx⃗0⊥j
become arbitrarily small, ANECπ exhibits a power diver-
gence. So, in this limit ANECπ ≥ 0 should be satisfied.

On the other hand, we have found numerically that a
monopole form factor Að−Δ2Þ ¼ 1=ð1þ Δ2=Λ2Þ para-
metrized in terms of a single monopole mass across the
entire range of momentum transfer, breaks ANECπ ≥ 0

(for jx⃗0⊥jΛ≳ 1) when the pion mass mπ=Λ is sufficiently
small. This suggests that the lattice monopole fit men-
tioned above will not hold to high momentum transfer;
the A-GFF will change for higher Δ before it settles,
asymptotically, to yet again a monopole form. Indeed,
such behavior has been observed in some lattice QCD
computations of AðtÞ [56], however, without relating it
to ANEC.
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