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Baseflow Identification via Explainable AI With
Kolmogorov‐Arnold Networks
Chuyang Liu1 , Tirthankar Roy2 , Daniel M. Tartakovsky3 , and Dipankar Dwivedi1

1Geochemistry Department, Lawrence Berkeley National Lab, Berkeley, CA, USA, 2Department of Civil and
Environmental Engineering, University of Nebraska‐Lincoln, Lincoln, NE, USA, 3Department of Energy Science and
Engineering, Stanford University, Stanford, CA, USA

Abstract Hydrological models often involve constitutive laws that may not be optimal in every application.
We propose to replace such laws with the Kolmogorov‐Arnold networks (KANs), a class of neural networks
designed to identify symbolic expressions. We demonstrate KAN's potential on the problem of baseflow
identification, a notoriously challenging task plagued by significant uncertainty. KAN‐derived functional
dependencies of the baseflow components on the aridity index outperform their original counterparts; they
demonstrate that water availability, rather than potential evapotranspiration, drives baseflow by constraining
actual evapotranspiration under arid conditions. On a test set, they increase the Nash‐Sutcliffe efficiency (NSE)
by 65%, decrease the root mean squared error by 29%, and increase the Kling‐Gupta efficiency by 34%. This
superior performance is achieved while reducing the number of fitting parameters from three to two. Next, we
use data from 378 catchments across the continental United States to refine the water‐balance equation at the
mean‐annual scale. The KAN‐derived equations based on the refined water balance outperform both the current
aridity index model, with up to a 105% increase in NSE, and the KAN‐derived equations based on the original
water balance. While the performance of our model and tree‐based machine learning methods is similar, KANs
offer the advantage of simplicity and transparency and require no specific software or computational tools. This
case study focuses on the aridity index formulation, but the approach is flexible and transferable to other
hydrological processes.

Plain Language Summary Equations used in hydrologic model are often suboptimal, resulting in
reduced prediction accuracy and efficiency. We implemented Kolmogorov‐Arnold networks (KAN), a machine
learning algorithm for deriving symbolic formulations, to estimate groundwater recharge and showed that it
outperforms an existing state‐of‐the‐art semi‐empirical formulation. In hydrology, Nash‐Sutcliffe efficiency
(NSE), root mean squared error (RMSE), and Kling‐Gupta efficiency (KGE) are commonly used to evaluate
model performance. Higher NSE and KGE values indicate better performance, while lower RMSE values are
preferable. Our results show that NSE increased by 71%, RMSE decreased by 32%, and KGE improved by 25%.
In addition, KAN identifies an optimal functional form and can be used to derive new analytical formulas using
the prior knowledge. The KAN‐inspired equation outperformed the original formulation and reduced the fitting
parameters. Furthermore, we refined the water‐balance equation at the mean‐annual scale and showed that,
based on the new water‐balance equation, KAN can derive new formulations that are superior to the original
aridity index formulations (up to 105% increase in NSE) and KAN‐derived equations based on the original water
balance. These findings highlight the significant potential of KAN to advance the scientific understanding of a
wide range of hydrologic processes.

1. Introduction
Hydrological models are used to quantify the water cycle and its interactions with human activities and eco-
systems. They provide crucial insights into water resource dynamics and support decision‐making in various
applications. Data‐driven construction of such models, or empirical constitutive laws therein, typically involves
either parametric (non‐symbolic) or symbolic regression. Non‐symbolic regression fits data to a predefined
model, while symbolic regression discovers the best‐fitting equations from the data. Examples of non‐symbolic
regression include the curve number method (Ponce & Hawkins, 1996), which uses an empirical formula to relate
runoff to land use, soil type, and hydrological conditions; the Penman‐Monteith equation to estimate evapo-
transpiration from multiple meteorological and physiological factors (Allen et al., 1998); and various functional
forms of the moisture retention curve (Assouline & Tartakovsky, 2001) that relates soil saturation to pore
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pressure. Such predefined constitutive relations introduce bias due to their failure to capture complex and dy-
namic relationships between relevant hydrologic variables. Further improvements are needed to enhance gen-
eralizibility across diverse hydrological conditions and ecosystems.

In principle, deep learning and artificial intelligence, for example, (Hong et al., 2023, 2024; Li et al., 2023), can be
used to achieve this goal. A prime example from this class is a deep neural network (NN), a universal approx-
imator of any continuous function. It yields black‐box models, aka equation‐free constitutive relations, which are
hard to interpret. NNs‐based symbolic regression can ameliorate this limitation by yielding a closed‐form formula
for various constitutive laws (Kubalík et al., 2023; Martius & Lampert, 2016; Sahoo et al., 2018; Zhou &
Pan, 2022). Such symbolic NNs can handle binary (e.g., addition, subtraction) and unary (e.g., exponential, sine,
logarithm) operations in different units. The significance of each mathematical operation is represented by the
magnitude of its weight that is adjusted, together with the biases of neurons, during the NN training. The
combination of these optimized weights and operations gives a final formula. Despite these advantages, symbolic
regression has limited transparency in the intermediate process, leading to difficulty in error identification.

The Kolmogorov‐Arnold networks (KANs) address these challenges by leveraging the Kolmogorov‐Arnold
representation theorem. The latter states that any continuous function can be represented by a combination of
continuous functions of a single variable and enhances the efficiency of searching the solution spaces (Z. Liu
et al., 2024). While KANs use gradient‐based optimization like traditional NNs, the selection of activation
functions is fundamentally different. In contrast to fixed activation functions, KAN learns the optimal activation
functions from data. This endows it with the capability both to visualize learned activation functions and to
incorporate prior knowledge into symbolic formulas. These improvements are especially important when the
target function is a non‐symbolic function where symbolic regression may fail but KAN can handle it through the
numerical approximation (Z. Liu et al., 2024). In addition, unlike symbolic regression providing only binary
success/failure outcomes, KAN can visualize intermediate processes, facilitating interpretation and error iden-
tification (Z. Liu et al., 2024).

Since KAN is domain‐independent and does not rely on assumptions specific to hydrology, it can be applied
across various fields for scientific discoveries. We demonstrate the value of KANs by identifying optimal
functional dependencies between the runoff components and the aridity index. The latter is defined as the ratio of
mean annual potential evapotranspiration (PET) to mean annual precipitation. It represents regional dryness and
its impact on water balance. This well‐established indicator has significant implications for hydrological
modeling. For example, semi‐empirical models were used to estimate long‐term (mean‐annual) direct runoff and
baseflow from the aridity index across 378 catchments in the contiguous United States (Meira Neto et al., 2020).
KANs are suitable for baseflow identification because of their capability to capture nonlinear and complex re-
lationships between hydrological variables effectively. The modular structure of KANs can be visualized and
derived as mathematical operations to provide insights into how hydrological variables affect the baseflow
processes and potentially enhance the physical understanding of underlying hydrological mechanisms. While this
study primarily focuses on the impacts of the aridity index on baseflow, the modular framework of KAN can be
easily extended to consider additional hydrological variables to improve the baseflow estimation in the future.

By providing more precise formulations of the aridity index, we improve the accuracy and interpretability of
hydrological models by addressing two key questions. First, can a KAN identify novel functional dependencies of
both baseflow and direct runoff on the aridity index? Second, how do the KAN‐derived symbolic relations
involving the aridity index compare with their current counterparts in terms of accuracy, simplicity, and pre-
dictive power? By exploring these questions, we demonstrate that KANs yield superior models, highlighting their
potential to improve hydrological modeling in various applications.

2. Materials and Methods
2.1. Data Sets

The Catchment Attributes and Meteorology for Large‐sample Studies (CAMELS) data set (Addor et al., 2017)
includes daily streamflow, meteorology, and other attributes for 671 catchments across the contiguous United
States. Using this data set, Meira Neto et al. (2020) calculated the mean‐annual precipitation, P; the mean‐annual
PET; the mean‐annual direct runoff, QD; the mean‐annual baseflow, QB; and the aridity index ϕ = PET/P.
Briefly, after excluding catchments that did not meet the criteria for data completeness, catchment size, snow
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fraction, and positive annual evaporation, 378 out of 671 CAMELS catchments were selected for analysis. Daily
streamflow data were partitioned into direct runoff and baseflow using the low‐pass filter method (Lyne &
Hollick, 1979). Daily PET was calculated using the Reference‐crop Penman‐Monteith formulation, based on
incoming solar radiation and wind speed at two m from the gridMET data set (Abatzoglou, 2013), along with
other variables from the CAMELS data set. Finally, daily values were aggregated to mean‐annual variables for
each catchment. The processed data set is available at the repository (Meira, 2020). Our analysis relies on this data
set, including the definition of direct runoff. This definition represents the catchment's fast response to the
precipitation and comprises infiltration‐excess and saturation‐excess runoff, as well as subsurface storm flow.
Additional details of data processing are available in Meira Neto et al. (2020).

2.2. Aridity Index Formulations

Aridity index formulations of Meira Neto et al. (2020) are derived using the Budyko and Budyko (1974) and the
L'vovich (1979) frameworks. In the former, P is decomposed into mean annual streamflow, Q, and evaporation,
E, such that

E
P
= 1 −

Q
P
≡ fE(ϕ), (1)

where the function fE describes a relationship between E/P and ϕ (aridity index).

In the L'vovich (1979) framework, annual precipitation p is partitioned into annual direct runoff qD, annual
baseflow qB, and annual evapotranspiration e. At the mean‐annual time scale, this partition is written as

Q
P
=
QD

P
+
QB

P
. (2)

From Equation 1, Q/P is a function of ϕ. Assuming that both terms on the right‐hand‐side of Equation 2 are also
functions of ϕ,

Q
P
= fD(ϕ) + fB(ϕ), (3a)

where

fD(ϕ) =
QD

P
and fB(ϕ) =

QB

P
. (3b)

Based on the observed patterns of fD(ϕ) and fB(ϕ) in the aforementioned data sets, Meira Neto et al. (2020)
assigned to these functions an exponential form,

fi(ϕ) = exp(− ϕai + bi)ci , i = D,B. (4)

where ai, bi, and ci are the fitting parameters in the ith function. After randomly splitting the data sets into halves
to fit parameters and evaluate model performance 100 times, Meira Neto et al. (2020) obtained

QB

P
≡ fB(ϕ) = exp (− ϕ1.71 − 0.873)1.05 (5)

and

QD

P
≡ fD(ϕ) = exp (− ϕ0.77 − 0.864)1.06. (6)

These relations capture the significant variability inQD/P andQD/P across 378 catchments in the contiguous US
(Meira Neto et al., 2020).
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2.3. Development of KAN Models

We train KANmodels on the same data set, which was randomly split into a training set and a test set with an 8 to
2 ratio. To avoid overfitting, we used a 10‐fold cross‐validated grid‐search method (Pedregosa et al., 2011). In this
method, the training data set was split into a pre‐training set (any nine folds out of the 10 folds) and a validation set
(the remaining one fold out of the 10 folds). The pre‐training set was used to develop a KAN with a given set of
hyperparameters, and the validation set was used to evaluate the model performance by the coefficient of
determination, R2. The Broyden Fletcher Goldfarb Shanno algorithm (Head & Zerner, 1985) was used to find
model parameters that minimize the loss, defined as the root mean squared error|root mean square error (RMSE)
(Chai & Draxler, 2014). The grid search in this method iterated through all sets of hyperparameters and each set of
hyperparameters has an average R2. The optimal set of hyperparameters was chosen based on the highest average
R2. The model was trained with the optimal hyperparameters and the training set was selected as the final KAN
model.

In the 10‐fold cross‐validation with a single set of hyperparameters, 10 KAN models were developed. Each KAN
model was developed through five steps. In step 1, a fully connected KAN is initially trained to be sparse by
regularization. To retain significant connections, pruning is used in step 2 to remove insignificant ones. Based on
learned activation functions in the remaining connections, symbolic functions are set in step 3 through the optimal
curve‐fitting with the highest R2. In step 4, affine parameters are further refined by additional training. In the final
step, the combination of trained parameters and symbolic functions is expressed as a symbolic formula. After
training each KAN model, the ten R2 values were averaged to obtain the average R2 for a single set of
hyperparameters.

In this study, hyperparameters, including the number of layers (2–3), the number of neurons in each layer (1–5),
the seed number to initialize the model (1–10), and the number of grid intervals for each spline (2–4), are
evaluated. Specifically, the number of layers was predefined first (either 2 or 3), and the remaining hyper-
parameters were tuned subsequently. For each predefined number of layers, the optimal combinations of
remaining hyperparameters were selected based on the highest average R2. The maximum of highest average R2

was further used to select the optional number of layers along with associated optional hyperparameters.

2.3.1. Kolmogorov‐Arnold Networks

The Kolmogorov‐Arnold representation theorem states that a continuous multivariate function on a bounded
domain can be expressed as a summation of finite univariate functions (Braun & Griebel, 2009; Kolmogorov,
1956). Based on this theorem, Z. Liu et al. (2024) proposed a NN architecture called KAN as an alternative to
multi‐layer perceptrons (MLPs) with arbitrary widths and depths. Unlike MLPs, which have fixed activation
functions, KAN utilizes learnable univariate functions parameterized by B‐splines. Each activation function in a
KAN can be set symbolically, forming the final symbolic formula.

Given an input vector x, the output of a KAN with L layers is the composition of each layer:

KAN(x) = (ΨL− 1 ◦ ΨL− 2 ◦ ⋯ ◦ Ψ1 ◦ Ψ0) x, (7)

where Ψl is the activation function matrix for the lth KAN layer. In a KAN, neuron i at layer l is denoted by (l, i),
neuron j at layer l + 1 is denoted by (l + 1, j), and the activation function connecting (l, i) and (l + 1, j) is
denoted by ψl,j,i. The input to neuron (l + 1, j) is the summation of all post‐activation values from connected
neurons at layer l:

xl+1,j =∑

nl

i=1
ψl,j,i (xl,i), j = 1,… ,nl+1 (8)

Additional information about KANs is available in Appendix A. The learned activation function can be set to an
evaluated symbolic function with the highest R2. Currently, KAN supports x, x2, x3, x4, 1/x, 1/ x2, 1/ x3, 1/ x4,

̅̅̅
x

√
,

1/
̅̅̅
x

√
, exp(x), log(x), |x|, sin(x), tan(x), tanh(x), sigmoid(x), sign(x), arcsin(x), arctan(x), arctanh(x), 0, Gaussian

function, cosh(x), and other user‐defined functions.
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2.4. Model Performance Evaluation

The test data set contains data unseen by the KAN during its training. We
evaluate the model's performance on this data set in terms of the following
metrics: the Nash‐Sutcliffe efficiency (NSE), Kling‐Gupta efficiency (KGE),
RMSE, and R2. Their precise definitions are provided in Appendix B. Higher
values of NSE, KGE, and R2 signify a better model performance; lower
values of RMSE signify the same. While not typically used for daily or
seasonal forecasting, these statistics help us evaluate how well our models
capture the overall variability in mean annual runoff components across
diverse catchments.

3. Results and Discussion
3.1. KAN‐Derived Function fB

To ensure the robustness of KAN, we use the 10‐fold cross‐validated grid‐
search method to train a KAN on the input‐output pairs {ϕ,QB/P} extracted
from the training data set (Methods). After iterating through all hyper-

parameters in the grid search, the final KAN model structure is (1,1), that is, a single learned activation function
explains the relationship between ϕ and QB/P. In the final KAN model, the learned activation function is a
symbolic function, and the corresponding KAN‐derived fB equation is

QB

P
= fB(ϕ) = 0.39 − 0.34 tanh(1.42ϕ − 0.82). (9)

Figure 1 depicts the curves of the aridity index fB(ϕ) corresponding to the KAN‐derived relation (Equation 9) and
the original model (Equation 5). These are compared to the observed data {ϕ,QB/P} from the test data set across
378 CAMELS catchments. The observed data shows that baseflow normalized by precipitation has a mono-
tonically inverse relationship with the aridity index. In relatively humid regions (ϕ < 1; PET<P), baseflow
declines rapidly with the increasing aridity index. This pattern aligns with expectations, as PET is a significant
sink in the water balance. Given the same precipitation amount, higher PET leads to higher water loss and
consequently results in lower baseflow. Both models capture this pattern but the KAN‐derived relation has a
steeper slope to better agree with the observations. In relatively arid regions (ϕ> 1; PET>P), baseflow decreases
more gradually with increasing aridity index. This reflects physical processes, where water availability—rather
than PET—primarily limits actual evapotranspiration.

Table 1 confirms the visual comparison. The performance of both models on the training data set is consistent
with that on the test data set, implying that both models neither overfit nor underfit. Under both training data set
and the test data set, all model performance metrics of the KAN‐derived fB equation outperform the original
aridity index formulation. The NSE increases by 71.3%, the RMSE decreases by 32.4%, and the KGE increases by
25% under the test data set.

Figure 1. Observed and simulated dependence of normalized baseflow,
QB/P, on aridity index, ϕ, at 378 catchment Attributes and Meteorology for
Large‐sample Studies catchments. The field observations are represented by the
circles. The predictions obtained via the KAN‐derived relation (Equation 9) and
the original aridity index formulation (Equation 5) are shown by the dashed and
solid lines, respectively. Graphical representation begins at ϕ ≈ 0.05 instead of
0 due to limited data availability.

Table 1
Performance Metrics of the Two Models of QB/P = fB(ϕ), Where fB Represents the Functional Relationship Between the
Aridity Index and Baseflow Normalized by Precipitation

Metric

Training data set Test data set

Original fB KAN‐derived fB Original fB KAN‐derived fB Improvement (%)

NSE 0.387 0.747 0.432 0.741 71.3

KGE 0.622 0.804 0.636 0.795 25.0

RMSE 0.0936 0.0601 0.0866 0.0585 32.4

R2 0.740 0.747 0.733 0.744 1.50

Note. The KAN‐derived fB equation improves the model performance.

JGR: Machine Learning and Computation 10.1029/2025JH000749

LIU ET AL. 5 of 14

 29935210, 2025, 4, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025JH

000749, W
iley O

nline L
ibrary on [21/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



While the KAN‐derived relation (Equation 9) outperforms the original model (Equation 5) across all evaluated
metrics, we further assess its robustness under varying climatic conditions. Following Shukla et al. (2019), we
classify the climate based on aridity index values into humid (ϕ < 1.53), semi‐humid (1.53 ≤ ϕ < 2.0), and arid
(ϕ ≥ 2.0). The KAN‐derived equation has the best performance under humid climate conditions with KGE of
0.652, RMSE of 0.061, and R2 of 0.601. This is expected because the majority of the sample belongs to this
category (n = 287). Under semi‐humid and arid climates, RMSE remains comparable (0.036–0.049), but KGE
and R2 decline substantially (KGE from − 0.44 to − 0.17, and R2 from 0.04 to 0.12). This performance decline is
attributable to limited data size. In this study, semi‐humid climate and arid climate only have 26 or 65 data points,
respectively. Future studies are suggested to focus on data collection in semi‐humid and arid regions to enhance
model performance under these climatic conditions.

To address the role of hyperparameters in KAN model performance, we conduct the sensitivity analysis of four
evaluated hyperparameters (i.e., number of layers, number of neurons in the hidden layer, grid size, and random
seed; Figure 2). Among all evaluated hyperparameters, KANs are most sensitive to the number of layers, since
two‐layer models show higher median R2 on the test data set and less variability in model performance compared
to three‐layer models (Figure 2a). For three‐layer models (i.e., models with hidden neurons), model performance

Figure 2. Sensitivity of KANs to hyperparameters (a) number of layers, (b) number of neurons in the hidden layer, (c) grid
size, and (d) random seed. The box‐plots represent the distribution of R2 values on the test data set across different
hyperparameter values.
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varies significantly with the number of neurons (Figure 2b). However, increasing the number of neurons does not
necessarily improve the model's performance. For instance, models with five hidden neurons show lower median
model performance than those with four hidden neurons. In contrast, grid size and random seed have a relatively
minor impact, as both parameters show similar variability ranges in model performance. This suggests that KANs
are least sensitive to grid size and random seed, with the number of layers being the most sensitive parameter,
followed by the number of neurons.

Training and hyperparameters tuning of KANmodels for Function fB took 5 hr and 49 min on a single core (Apple
M1 Max). This computational cost is primarily attributable to unoptimized algorithms for efficiency and
exhaustive hyperparameter search across 1,700 combinations. This computational efficiency may limit its
application to scientific discoveries with big data. However, the computational efficiency can be enhanced by
starting with a simple model structure and gradually increasing the complexity.

3.2. KAN‐Inspired fB Function

While the KAN‐derived fB Equation 9 significantly outperforms the original model, it also increases the number
of fitting parameters from three to four. Evaluation of the available symbolic functions used by the KAN to
approximate the learned activation function revealed exp(x), cosh(x), arctan(x), x4, tanh(x) to be the top five
symbolic functions, arranged in the ascending order with the corresponding R2 increasing from 0.9986 to 0.9993.
The exponent fits the activation function with R2 = 0.9986, indicating that the original functional form of the
aridity index (Equation 4) is a reasonable choice. However, the function tanh(x) fits the activation function with
R2 = 0.9993, suggesting that tanh(x) might be a slightly better choice.

Although exp(x) and tanh(x) give comparable performance in function estimation, they have different hydro-
logical implications. The exponent is more suitable for processes that occur monotonically, such as radioactive
decay. In contrast, being bounded by − 1 and 1 for all x, tanh(x) is suitable for processes with limits, such as ET
constrained by hydrological processes. That explains why tanh(x) is a better choice for this case. It indicates
underlying processes that stabilize water balance partition, exhibiting inherent limits or balancing mechanisms in
the hydrological response. An additional physical constraint is a requirement for the normalized baseflow to
approach zero when the aridity index approaches infinity. These considerations suggest the aridity index of the
form fB(ϕ) = a − a tanh(ϕ + b). Using the training data set to infer the fitting parameters a and b as

fB(ϕ) = 0.536 − 0.536 tanh(ϕ − 0.283). (10)

Table 2 summarizes the model performance metrics for the original aridity index formulation fB in Equation 5 and
the KAN‐inspired model (Equation 10). The twomodels neither overfit nor underfit. The new aridity‐index model
shows a superior performance on both the training data set and the test data set, except the 0.98% decrease in R2

for the test data set. The KAN‐inspired model is better than the original equation in terms of correlation, bias, and
variability. In addition, the KAN‐derived equation uses three fitting parameters, while the KAN‐inspired model
uses only two fitting parameters based on domain knowledge. This demonstrates that the KAN approach can
effectively reduce model complexity without sacrificing performance. Both models utilize a functional form
identified by KAN, highlighting KAN's ability to discover optimal functional relationships in hydrological

Table 2
Performance Metrics of the Two Models of QB/P = fB(ϕ), Where fB Represents the Functional Relationship Between the
Aridity Index and Baseflow Normalized by Precipitation

Metric

Training data set Test data set

Original fB KAN‐inspired fB Original fB KAN‐inspired fB Improvement (%)

NSE 0.387 0.730 0.432 0.712 65.1

KGE 0.622 0.855 0.636 0.849 33.6

RMSE 0.0936 0.062 0.0866 0.062 28.9

R2 0.740 0.741 0.733 0.726 − 0.98

Note. The KAN‐inspired fB equation improves the model performance.
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processes. For ϕ = 0, these models predict QB/P ≈ 0.62 and 0.684. Hence, both formulations have a consistent
maximum baseflow generation under extremely humid conditions. Thus, KANs identify relevant functional
forms to improve model accuracy, leading to a physically meaningful and efficient model.

3.3. KAN‐Derived and KAN‐Inspired fD Functions

Based on the definition, fB(ϕ) + fD(ϕ) = 1 for ϕ = 0. The standard method of KAN training cannot incorporate
such physical constraints into a learned model. We achieve that by adding artificial points near the boundaries
ϕ = 0 and ϕ → ∞ to the training data set: we set QD/P = 1 − 0.684 = 0.316 for 0≤ϕ≤ 0.2, and
fB(ϕ = 0) = 0.684 in the KAN‐inspired fB; we set QD/P = 0 for ϕ≥ 7. This KAN training strategy returns

fD(ϕ) = 0.31 exp(− 0.83ϕ). (11)

Table 3 summarizes the model performance metrics for the original aridity index formulation fD in Equation 6 and
the KAN‐derived model (Equation 11). The KAN‐derived model slightly improves the model performance
across all evaluated metrics, yet it predicts QD/P = 0.31 at ϕ = 0, which is close but not strictly equal to
0.316 (=1 − 0.684). To strictly enforce 0.316 at ϕ = 0, we also consider the aridity index of the form
fD(ϕ) = 0.316 exp(aϕ), with the only fitting parameter a. Based on training data, the KAN‐inspired fD is

fD(ϕ) = 0.316 exp(− 0.875ϕ). (12)

Table 4 summarizes the model performance metrics for the original aridity index formulation fD in Equation 6 and
the KAN‐inspired model (Equation 12). In conjunction with Equation 10, the KAN‐inspired models not only
satisfy fB(ϕ) + fD(ϕ) = 1 at ϕ = 0, but also further slightly enhance the model performance in terms of KGE,
RMSE, and R2. Figure 3 exhibits the sum, Q/P = QB/P + QD/P, across the full range of observed ϕ values.
The error metrics R2 = 0.84 and RMSE = 0.066 demonstrate the model's consistency for all ϕ values.

Table 3
Performance Metrics of the Two Models of QD/P = fD(ϕ), Where fD Represents the Functional Relationship Between the
Aridity Index and Direct Runoff Normalized by Precipitation

Metric

Training data set Test data set

Original fB KAN‐derived fB Original fB KAN‐derived fB Improvement (%)

NSE 0.530 0.541 0.532 0.539 1.22

KGE 0.604 0.631 0.601 0.625 4.07

RMSE 0.044 0.044 0.044 0.043 0.696

R2 0.543 0.542 0.536 0.539 0.594

Note. The KAN‐derived fD equation improves the model performance.

Table 4
Performance Metrics of the Two Models of QD/P = fD(ϕ), Where fD Represents the Functional Relationship Between the
Aridity Index and Direct Runoff Normalized by Precipitation

Metric

Training data set Test data set

Original fB KAN‐inspired fB Original fB KAN‐inspired fB Improvement (%)

NSE 0.530 0.543 0.532 0.535 0.538

KGE 0.604 0.650 0.601 0.643 7.079

RMSE 0.044 0.044 0.044 0.044 0.307

R2 0.543 0.544 0.536 0.540 0.670

Note. The KAN‐inspired fD equation improves the model performance.
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3.4. Analysis of Observed Mean‐Annual Variables

To further improve the accuracy of estimating runoff components, we evaluate the relationship among mean‐
annual variables. Figure 4 exhibits the observed mean‐annual variables QB, QD, P, and PET, along with two
normalized streamflow components QB/P and QD/P, all plotted against ϕ for the 378 CAMELS catchments. In
accordance with Meira Neto et al. (2020), QB/P and QD/P have a similar dependence on ϕ (Figures 4a and 4c).
Our analysis demonstrates that all plotted variables, with the exception of PET, decrease with ϕ. Across the 378
CAMELS catchments,QB andQD show the smallest spread around the mean behavior, indicating that ϕ is a more
reliable predictor of the variability of QB and QD than of their normalized counterparts QB/P and QD/P.

We explore the relationship between this variability and ϕ to uncover potential explanations. The data show that
variability exists across the entire range of ϕ, albeit with differing magnitudes. The most significant variation
occurs when ϕ ∈ [0.5,3]. This range also corresponds to significant variations in P and PET (Figures 4e and 4f).
However, these variations are moderated by ϕ. For instance, in catchments where a ϕ value approaches 1.0, P
varies significantly from 800 to 1,500 mm/year, and PET ranges from 500 to 1,500 mm/year. Such substantial
variations in both P and PET are encapsulated by a similar ϕ value, contributing to a small spread of both QB and
QD over ϕ. P and PET significantly influence the water balance as source and sink terms, respectively. Since
ϕ = PET/P, it indicates the degree to which streamflow is partitioned into direct runoff and baseflow. When
these streamflow components are further normalized by P, additional variability from P is introduced and cannot
be mitigated since PET is not included in the normalization.

Based on these findings, we refine the water‐balance Equations 3a and 3b to isolate the streamflow components,

Q = FD(ϕ) + FB(ϕ), FD(ϕ) ≡ QD, FB(ϕ) ≡ QB. (13)

While fB and fD represent streamflow components normalized by P, FB and FD represent absolute streamflow
components without normalization. The KAN‐derived symbolic equations for FB and FD are

FB(ϕ) = 47.13 + 1932.52 exp (− 1.42(− ϕ − 0.29)2) (14)

and

FD(ϕ) = 616.82 − 418.39 arctan(2.84ϕ − 0.87). (15)

Tables 5 and 6 collate the performance metrics for the original aridity‐index expressions for QB/P and QD/P and
KAN‐derived expressions for QB and QD. (We do not report RMSE because of the differing magnitudes of the

Figure 3. Simulated and observed sum of normalized baseflow and direct runoff,Q/P = QB/P + QD/P. (a) Dependence of
Q/P on the aridity index ϕ, at 378 catchment Attributes and Meteorology for Large‐sample Studies catchments. The field
observations are represented by the blue dots. The predictions obtained via the sum of KAN‐inspired relations (Equations 10
and 12) are shown by the orange solid line. (b) One‐to‐one scatter of the predicted and observed values of Q/P. The black
dashed line represents the 1:1 reference line. Graphical representation begins at ϕ ≈ 0.05, instead of 0, due to limited data
availability.
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target variables caused by normalization.) The KAN‐derived equations
significantly outperform their original counterparts in terms of all metrics.
While, the KAN‐derived expression for QB/P achieves R2 = 0.744 (Ta-
ble 1), the KAN‐derived formula forQB has R2 = 0.886. This 16.4% increase
in R2 is attributable to observed QB with less uncertainty around its mean
behavior across the aridity index, compared to its normalized counterpart
(QB/P). Since PET and P are important factors in water balance to control the
baseflow, the aridity index (PET/P) alone with a small variation can explain
the partition of water flow across catchments with a magnitude difference of
PET and P. The aridity index already contains the information on precipita-
tion and PET. Normalizing baseflow by P again can introduce additional
uncertainty from P, leading to reduced modeling accuracy. These findings
underscore the significance of refining the original water‐balance Equa-
tions 3a and 3b.

While simulating an absolute value (QB) may indeed be less challenging than
simulating a ratio (QB/P), this doesn't necessarily invalidate the comparison.
QB and QB/P have different practical applications in hydrological modeling,
and comparing them provides valuable insights into model capabilities across
different metrics. Our study demonstrates that KAN models for QB can
achieve significantly better prediction accuracy than models for QB/P. This
finding is important as it highlights areas where our modeling approaches
excel and where they may need improvement. The superior performance in
QB prediction suggests that the KAN approach is particularly effective at
capturing the absolute quantity of baseflow. We acknowledge the challenges
in comparing these different metrics and agree that further work is needed.
Specifically, we propose to improve P prediction or incorporate additional
physical constraint parameters to enhanceQB/P predictability. This approach
will allow us to leverage the strengths of KAN in absolute value prediction
while addressing the complexities of ratio prediction.

Finally, we compare the performance of KANs to that of two tree‐based
machine learning approaches: XGBoost (Chen & Guestrin, 2016) and
random forest (Breiman, 2001). On the test data set, the random‐forest model
achieves NSE = 0.911, KGE = 0.941, and R2 = 0.911. The corresponding
statistics for the XGBoost model is NSE = 0.894, KGE = 0.854, and
R2 = 0.899.While the metrics of the tree‐based models are similar to those of
the KAN‐derived relations, these tree‐based machine learning approaches
exhibit several limitations in hydrological modeling. These algorithms are
inherently discrete making them inadequate for capturing continuous re-
lationships among hydrological and climatic variables that are common in
hydrology. In contrast, KANs leverage data to learn smooth activation

Figure 4. Observed mean‐annual (a) baseflow normalized by precipitation
(QB/P), (b) baseflow (QB), (c) direct runoff normalized by precipitation
(QD/P), (d) direct runoff (QD), (e) precipitation (P), and (f) potential
evapotranspiration (PET) over the aridity index ϕ = PET/P, for 378
catchment Attributes and Meteorology for Large‐sample Studies catchments.
All variables except PET show monotonic inverse relationships with the aridity
index. Streamflow components exhibit less variation than their normalized
terms with the aridity index, implying the potential to enhance the model
prediction accuracy.

Table 5
Performance Metrics of the Two Models of QD = FD(ϕ)

Metric

Training data set Test data set

Original fB KAN‐derived fB Original fB KAN‐derived fB Improvement (%)

NSE 0.530 0.769 0.532 0.768 44.2

KGE 0.604 0.816 0.601 0.845 40.6

R2 0.543 0.769 0.536 0.769 43.3

Note. Here, FD represents the functional relationship between the aridity index and direct runoff, and fD represents the
functional relationship between the aridity index and direct runoff normalized by precipitation. The KAN‐derived FD
formula improves the model performance.
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functions, which can be visualized and interpreted to gain insights into process understanding. Additionally, tree‐
based algorithms are struggling with extrapolation beyond the training data set. For instance, when ϕ approaches
zero, QB predictions from the tree‐based methods remain close to 1,500 mm/year, as this exceeds the bounds of
the training data(Figure 4b). This limitation poses a challenge for modeling extreme climate conditions, which are
common in hydrology and are expected to become more frequent in the future. In contrast, KAN‐derived for-
mulations are well‐suited for extrapolation due to their continuous nature. For instance, KAN‐derived formulation
can predict QB over 1,500 mm/year. Furthermore, KANs generate closed‐form symbolic models that are simple
and can be directly used by other users without requiring any specialized software or computational tools.

However, the tree‐based algorithms are highly efficient and optimized for parallel computation. Using six cores,
both tree‐based models can be trained, and finish their hyperparameter tuning within 2 minutes. In contrast,
KANs, currently limited to single‐core processing, require approximately 6 hours for training and hyperparameter
tuning through exhaustive grid search. However, KANs may be preferred in applications where a more in‐depth
interpretability is crucial, as in the present study. In addition, the simple and accurate expressions derived from
KANs can be directly integrated into ecohydrological or process‐based models. In contrast, tree‐based models are
less amenable to such integration due to their reliance on specific programming environments and external li-
braries. Future advancements in KAN algorithms compatible with parallel computing can make them more
suitable for large‐scale applications.

4. Conclusion
We used KAN to derive a symbolic formula for estimating the long‐term baseflow across 378 CAMELS
catchments. The new equation significantly outperforms the original aridity index formula in terms of all eval-
uated metrics. On the test data, the NSE increases by 71.3%, the RMSE decreases by 32.4%, and the KGE in-
creases by 25%.

KAN has identified a new “optimal” relation between the long‐term baseflow and the aridity index. This new
model with two fitting parameters outperforms the original model, which has three fitting parameters.

Observed mean‐annual variables across 378 catchments in the United States indicate that the streamflow com-
ponents QB and QD have more robust dependencies on the aridity index ϕ than their normalized counterparts
QB/P and QD/P do.

Consequently, we refine the water‐balance equations to relate QB and QD to ϕ. The KAN‐derived symbolic
relations significantly outperform the original formulations and are comparable to the tree‐based machine
learning methods, highlighting the advantages of KAN in generating interpretable and accurate models for
predicting streamflow components. The simple and accurate formations provide a solid foundation for parti-
tioning direct runoff and baseflow, especially under the changing climate conditions.

Additionally, the symbolic relations identified in this study are transferable to other KANmodels, allowing for the
exploration of new variables or evaluation of new data by introducing more intervals to approximate complex
relationships, or by investigating new activation functions while locking the activation functions identified here.
These findings highlight that KAN is a promising approach to enhance hydrological modeling. Future studies are
suggested to explore underlying physical reasons for KAN models and KAN's broader generalizability.

Table 6
Performance Metrics of the Two Models of QB = FB(ϕ)

Metric

Training data set Test data set

Original fB KAN‐derived fB Original fB KAN‐derived fB Improvement (%)

NSE 0.387 0.885 0.432 0.886 105

KGE 0.622 0.899 0.636 0.920 44.8

R2 0.740 0.886 0.733 0.886 20.9

Note. Here, FB represents the functional relationship between the aridity index and baseflow, and fB represents the functional
relationship between the aridity index and baseflow normalized by precipitation. The KAN‐derived FB formula improves the
model performance.
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While the aridity index adequately explains mean annual streamflow components, model performance declines in
semi‐humid and arid regions, likely due to data sparsity. To improve generalizability, future work could explore
strategies such as data augmentation and transfer learning. In addition, further improvements are possible when
considering other variables (e.g., soil depth, soil properties, and topography). For example, since topography is a
crucial factor in determining groundwater recharge, its spatial distribution significantly affects the amount of
baseflow. Including this parameter may further improve prediction ability. The KAN framework can be extended
to include these additional variables by adding new input nodes for topography as well as new edges between
these nodes and existing aridity index and baseflow nodes. The relationship (i.e., learned activation function)
between ϕ and baseflow identified in this study can be kept. After training the model with new variables, the new
relationship among topography, aridity index, and baseflow can be visualized through newly learned activations
and used to derive new mathematical expressions. If the considered variable is not well‐studied, new mechanisms
between these variables may be identified. When the target function is not symbolic (e.g., Bessel function), KAN
can still approximate it numerically whereas conventional symbolic regression methods may fail (Z. Liu
et al., 2024). KANs are domain‐independent and do not rely on hydrology‐specific assumptions to demonstrate
optimal functional dependencies between runoff components and the aridity index (i.e., the focus of this
manuscript). This versatility makes them applicable across various fields, including ecology, climate science, and
other areas of scientific discovery.

Multiple studies report improved model performance and computational efficiency by enhancing the training
method and architecture of KANs (Ji et al., 2025). One such modified KAN architecture (Polo‐Molina
et al., 2024) replaces B‐splines with cubic Hermite splines to ensure monotonicity, resulting in a more explainable
model. Despite these advances, current formulations do not explicitly incorporate physical constraints, such as
limiting behavior or boundary conditions. Future work will extend the KAN architecture to embed such physical
constraints or boundary conditions directly within the training process, thereby improving physical realism and
consistency. Additionally, the computational expense of training in this study is relatively high due to the use of a
single core. Algorithmic optimization and parallelization will be essential for enabling large‐scale applications.

Appendix A: Kolmogorov‐Arnold Networks
An output of a KAN is written as

y = KAN(x) =∑

nL − 1

iL=1
ψL− 1,iL,iL− 1

( ∑

nL− 2

iL− 2=1
⋯ (∑

n2

i2=1
ψ2,i3,i2(∑

n1

i1=1
ψ1,i2,i1(∑

n0

i0=1
ψ0,i,i0(xi0 ))))⋯).

(A1)

The activation function ψ(x) is defined as

ψ(x) = wb
x

1 + e− x
+ wc∑

i
ciBi(x), (A2)

where wb and wc are weights, x/ (1 + e− x) is the SiLU basis function, and ∑
i
ciBi(x) is a linear combination of

B‐splines with trainable coefficients ci.

Appendix B: Model Performance Evaluation Metrics
We evaluate the performace of the proposed algirithms in terms of the following metrics. The NSE,

NSE = 1 −
∑

n
i=1(Si − Oi)

2

∑
n
i=1(Oi − Ō)2

; (B1)

the standard R2,
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R2 =
(∑

n
i=1 (Oi − Ō)(Si − S̄))2

∑
n
i=1(Oi − Ō)2∑n

i=1(Si − S̄)2
; (B2)

the KGE,

KGE = 1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(R − 1)2 + (
μs
μo
− 1)

2

+ (
σs/μs
σo/μo

− 1)
2

√

; (B3)

and the RMSE,

RMSE = (
1
n
∑
n

i=0
(Si − Oi)

2
)

1
2

. (B4)
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