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Key Points:  9 

• The contribution of intersections to fracture network connectivity depends on the stress-10 
dependent spatial correlations in fracture aperture distributions. 11 

• Intersections enhance connectivity in flow directions parallel to intersections. 12 

• Corners cause correlated clusters on one fracture to be disconnected from correlated 13 
clusters on the other fracture, reducing the connectivity of a network. 14 

Abstract  15 

Networks of intersecting fractures often provide the flow paths through subsurface reservoirs.  16 
Assessing network connectivity is challenging because fracture intersections compose a 17 
vanishingly small fraction of the network void volume.  In this paper, motivated by 3D X-ray 18 
imaging of the simplest element of fracture network, i.e., two orthogonal fractures, we perform a 19 
percolation and finite-size scaling analysis to study the connectivity provided by fracture 20 
intersections.  The conditions when an intersection enhances connectivity across a sample depend 21 
on spatial correlations in the fracture aperture distributions, on the stress state, and on the direction 22 
of flow.  Here we consider three flow directions: (1) across intersections, (2) parallel to 23 
intersections and (3) around corners.  For (1), intersections provide minimal enhancement of 24 
connectivity because they contribute little additional void area. For (2), intersections increase the 25 
probability of a connected path near threshold by enabling 3D connected pathways that are not 26 
possible in parallel fractures. Flow around corners, (3), is fundamentally the result of the 27 
intersection connecting two fractures in series and spatial correlations are broken around corners, 28 
suppressing the connectivity relative to (1).  When the connected fractures are stressed equally, a 29 
joint percolation threshold emerges that continues to have scale invariance.  However, when the 30 
fractures are stressed unequally, the system has mixed percolation without clearly-defined 31 
percolation thresholds.  In all cases, percolation probabilities are found to be scale dependent 32 
which has important consequences for the connectivity of larger fracture networks composed of 33 
the fundamental element studied here. 34 

 35 

 36 
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Plain Language Summary 38 

Fractures in rocks in the Earth control many properties of importance to human activity, such as 39 
the stability of tunnels and the ability to extract or store fluids underground.  Single fractures may 40 
be limited in size, but networks of fractures can extend over long distances, enhancing the flow of 41 
fluids, for instance in enhanced geothermal systems or in hydrocarbon reservoirs.  The intersection 42 
between two fractures is a fundamental element in such fracture networks, and understanding the 43 
fluid transport properties at such an intersection provides the foundation upon which broader 44 
understanding of fracture networks is built.  In this paper, using X-ray tomography, we measure 45 
the geometric properties of fracture intersections under stress.  Based on these results, we use 46 
percolation theory to predict how the connectivity of fluid paths along or across intersections are 47 
affected by changing stress conditions.  We find that while intersections play little role for transport 48 
directly across the fracture intersection, the intersection plays a dominant role in fluid transport 49 
that crosses from one fracture to another (around corners).  Furthermore, the geometric properties 50 
of the fractures play an important role determining how strong these effects are.  Understanding 51 
the percolation properties of fracture intersections provides the first step towards understanding 52 
the broader properties of fracture networks. 53 

 54 
Index Terms—Fractures, fracture networks, percolation 55 

1 Introduction 56 
Natural and induced fracture networks are often the key pathways for the injection and withdrawal 57 

of fluids in energy-related applications.  For example, the 2017 DOE Basic Research Needs  report 58 

on “Energy and Water”(Tirrell et al., 2017) recognized that overcoming the dual challenges of 59 

maximizing the lifetime of a geothermal reservoir, while minimizing water usage, required a 60 

fundamental understanding of how to create, maintain and manage a fracture network. Control and 61 

manipulation of fracture networks is also important for traditional and unconventional oil and gas 62 

resources and for subsurface water resource development, as well as for subsurface storage 63 

projects (CO2, H2). These applications cause complex interactions that perturb (physically, 64 

thermally, and chemically) fracture network connectivity over the lifetime of a project.  65 

Consequently, an improved understanding of what affects and contributes to fracture connectivity 66 

is required to sustain subsurface activities. 67 

Understanding connectivity of a fracture network begins by defining the topological elements 68 

that form a network. Topological elements are often defined from 2D views from outcrops, tunnels 69 

or boreholes.  Although fracture networks are intrinsically 3D, these 2D sections enable one to 70 

infer the topological elements of a system (Bai et al., 2000; S.E. Laubach et al., 2019; Peacock et 71 

al., 2018; D.J. Sanderson & Nixon, 2015). The simplest topological elements of fracture networks 72 

are often referred to “X”, “Y or T” and “V” (Figure 1) based on the shape of the intersecting 73 
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fractures (Stephen E Laubach et al., 2018; S.E. Laubach et al., 2019; Peacock et al., 2018; D.J. 74 

Sanderson & Nixon, 2015; David J Sanderson & Nixon, 2018). These simple topological elements 75 

are composed of two intersecting fractures sharing one intersection.  Although there is an extended 76 

hierarchy of topological elements in a fracture network, it is important to understand how the base 77 

elements of these simplest topological elements (i.e., single fractures and intersections) affect 78 

fracture network connectivity. 79 

For single fractures, the literature is rich in studies that show that the void geometry in a 80 

fracture controls the flow path geometry and connectivity along the fracture plane as a function 81 

of stress(Berkowitz, 2002; Boutt et al., 2006; Brown et al., 1998; Council, 1996; Deng et al., 82 

2024; Durham & Bonner, 1995; He et al., 2025; Nemoto et al., 2009; D. D. Nolte, Pyrak-Nolte, 83 

L. J., and Cook, N. G. W., 1989; Pyrak-Nolte et al., 1988; Raven & Gale, 1985; C. F. Tsang & 84 

Neretnieks, 1998; Y. W. Tsang & Tsang, 1987; Viswanathan et al., 2022; Welch et al., 2021; 85 

Witherspoon et al., 1980; Wood, 2024). The hydraulic, mechanical and seismic responses of 86 

single fractures were shown to be linked by the fracture void geometry (Petrovitch et al., 2014; 87 

Pyrak-Nolte, 2019; Pyrak-Nolte & Nolte, 2016) which includes spatial correlations as well as the 88 

probability distribution functions of apertures and contact areas between two rough surfaces in 89 

contact. As this geometry deforms under stress, the contact area between the two surfaces 90 

increases, the voids deform, and the flow path geometry and connectivity within single fractures 91 

 
Figure 1. (left) Rock outcrop with “X”, “T” and “V” topological elements from California Route 120 on cut-
off to the Old Priest Grade, Priest, California. (right) “T” topological element in rock outcrop on Granite Island 
in Kenai Fjords National Park, Alaska with puffins for scale.  



Pyrak-Nolte ,L.J. & Nolte, D.D., 2025, Role of intersections in fracture connectivity,  
Accepted for Publication Nov 4, 2025 in the Journal of Geophysical Research: Solid Earth, 130, e2025JB033007, 

https://doi.org/10.1029/2025JB033007 

 4 

are altered.  With stress, a fracture can transition from an effective medium region, where there 92 

are multiple parallel flow paths across a fracture, to a percolation regime where connectivity is 93 

controlled by only a few flow paths (Petrovitch et al., 2014; Pyrak-Nolte, 2019; Pyrak-Nolte & 94 

Nolte, 2016).  A single fracture under sufficiently high stress may cease to support fluid flow and 95 

transmit seismic waves as if it were a welded contact (i.e. “intact” material) (Pyrak-Nolte et al., 96 

1990).   97 

Fracture intersections are also base elements of fracture networks, providing the connectivity 98 

that enables long-range transport over distances larger than the average length of any single 99 

fracture in the network.  The role of fracture intersections in the evolution of fracture network 100 

connectivity has been largely overlooked, yet without intersections, fractures would be isolated 101 

in space.  The behavior of intersections is central to how a network evolves in response to 102 

changing physical and chemical processes.  Closure or sealing of an intersection can radically 103 

affect the geometry of the transport paths that provide access to fracture surfaces in a system.  In 104 

contrast to the wealth of studies on single fractures, considerably fewer experimental studies have 105 

been performed on fracture networks and their flow properties and how they deform under stress 106 

(e.g.(Asahina et al., 2014; Frash et al., 2017; Frash et al., 2016; Frash et al., 2019; Hull & Koslow, 107 

1986; Johnson & Brown, 2001; Johnson et al., 2006; Montemagno & Pyrak-Nolte, 1999; 108 

Stockman et al., 2001; Viswanathan et al., 2022)).  3D discrete fracture network simulations with 109 

different aperture distributions in each fracture (Frampton et al., 2019) observed discontinuities 110 

in permeability between intersecting fractures which affected flow channeling and the travel-111 

times/residence-times of solutes transported through a network. Connectivity was improved by 112 

enhancing the intersection permeability which led to notable decreases in residence times, but 113 

raises questions of what the geometry of a fracture intersection is under stress and how it affects 114 

mixing rules used for solute transport through fracture networks. 115 

Stanton-Yonge et al. (Stanton-Yonge et al., 2023) performed hydrostatic tests on a rock core 116 

with 2 induced intersecting fractures with an “X” topology to compare the permeability to a core 117 

with 2 induced parallel fractures.  From optical microscopy on 2D thin sections from the core, 118 

the intersection was found to be irregular in shape with apertures larger than the adjacent 119 

fractures.  The core with an “X” topology was found to be more permeable than two parallel non-120 

intersecting fractures.  The flow measurements were taken along the intersection which can act 121 

as a short circuit between the inlet and outlet, suggesting that the intersection remained open and 122 
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connected under stress.  Another study (Santos et al., 2022) used 3D X-ray tomography to image 123 

the change in an “X” topological element as a function of stress and observed that whether an 124 

intersection remained open or closed depended on the spatial correlations in the aperture 125 

distributions and on the orientation of the “X” topological element relative to an applied uni-axial 126 

stress field. These studies raise many questions: do two intersecting fractures always support 127 

more flow than 2 parallel fractures?; How does stress affect the connectivity among the base 128 

elements of a network?; How does connectivity changes with scale of observation?; and How is 129 

connectivity around corners affected by the aperture distributions of the individual fracture 130 

planes?  131 

Here, a percolation and finite-size scaling analysis is performed to address these questions.  132 

Percolation and finite-size scaling analysis (Stauffer, 1987) is a sophisticated yet simple tool for 133 

assessing connectivity of void space in a fracture network, yielding not only the probability of 134 

whether there is a connected path across a fracture or a fracture network but also providing 135 

information on how this connectivity scales with the length scale of observation.  Figure 2 shows 136 

an example of the spanning probability P(A,L) as a function of void area fraction for a single 137 

fracture with a random distribution of apertures for observation length scales of 1/32, 1/16, 1/8, ¼, 138 

½ and 1 (arbitrary units).  At the critical area fraction, Ac, the spanning probability, P(Ac), is scale 139 

invariant, i.e. all observation scales have the same probability of having a connect path across the 140 

 
Figure 2.  (a) Single-fracture spanning probability, P(A,L), as a function of area fraction, A, for different observation 
scales.  Ac is the critical area fraction where the spanning probability, P(Ac) is scale invariant. (right) Sub-sectioning 
of a single fracture into 1/32, 1/16, 1/8, ¼, ½ of the original length, L =1, for a random aperture distribution (blue 
– green – yellow – red increasing aperture) used to perform finite-size analysis as a function of scale.  Note: 1/32 
size is not shown in (b). 
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fracture.  Below the fixed point, P(L) decreases with an increase in observation scale L, and 141 

conversely, above the fixed point, P(L) increases with increasing observation scale.  Thus the 142 

magnitude of the probability of having a connected path depends on the scale of observation, 143 

except at the threshold Ac.  These concepts will be applied to understanding the spanning 144 

probability (i.e. connectivity) across an “X” topological element under stress.   145 

 Percolation approaches have previously been used to study the connectivity in single 146 

fractures with aperture distributions (e.g.(D. D. Nolte, and Pyrak-Nolte, L. J., 1997; D. D. Nolte 147 

& Pyrak-Nolte, 1991; Petrovitch et al., 2014)), in 2D fracture networks with fractures having 148 

different but constant aperture (e.g. (J.‐R. de Dreuzy et al., 2001; Ye et al., 2021)) and 3D networks 149 

with length and shape distributions but with each fracture having a constant aperture 150 

(e.g.(Hamzehpour et al., 2021; Mourzenko et al., 2005; David J Sanderson & Nixon, 2018; Thovert 151 

et al., 2017)).  De Dreuzy et al. (J. R. de Dreuzy et al., 2012) performed a Monte Carlo study using 152 

a discrete fracture network (DFN) model to study flow through 3D fracture networks.  The 153 

networks consisted of random fractures with different lengths (and in turn variable-length 154 

intersections) and each fracture had an aperture distribution. They noted that the location of an 155 

intersection in a fracture, either through a large void or an area contact (or low transmissivity), had 156 

a strong impact on flow, flow channeling and disconnection of flow paths. While the simulation 157 

of a full network provided interesting results, a more fundamental study is needed on just a single 158 

topological element to fully understand the role of the probabilistic and spatial distribution of 159 

apertures on the intersection geometry and on connectivity, considering how this is influenced by 160 

stress, and how connectivity can extend into 3D depending on the spatial correlations in the 161 

aperture distributions. 162 

 163 

In this paper, we present 3D X-ray tomographic reconstructions of “X” topological elements 164 

to demonstrate the changes in the geometry with stress.  Laboratory data were collected for two 165 

stress cases:  (1) when the “X” topological element had an “x” orientation relative to an applied 166 

normal stress, causing both fractures to close under stress; and (2) when the “X” topological 167 

element had a “+” orientation relative to an applied normal stress, causing a reduction in apertures 168 

on the horizontal fracture while the vertical fracture  was unaffected by stress. Motivated by these 169 

experimental observations, a Monte Carlo study is performed to examine the effect of spatial 170 

correlations on the spanning probability across the intersection (referred to as left-to-right, LR), 171 
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in a direction parallel to the intersection (front-to-back, FB) and around corners (Northwest, NW).  172 

The FB spanning probabilities are compared to the spanning probabilities for two parallel 173 

independent (non-intersecting) fractures to determine if the observations from Stanton-Yonge et 174 

al.(Stanton-Yonge et al., 2023) hold for different stress conditions, aperture distributions and 175 

scales of observation. For the percolation analysis, the “x” orientation is in a “homogeneous 176 

percolation regime” because the spatial correlations and reduction in apertures from stress are the 177 

same in both fractures, similar to lithostatic conditions in the subsurface (assuming no deviatoric 178 

stresses).  However, the “+” orientation is in a “mixed percolation regime” because only one 179 

fracture is changing with stress.  The “+” orientation is similar to the stress conditions in regions 180 

with tectonic extension or uniaxial-strain reference state where the vertical load can be greater 181 

than the lateral confinement (vertical stress > lateral stresses).  From our analysis, we show that 182 

stress condition, void area fractions and spatial correlations in the fracture aperture distribution 183 

determine under what conditions, and by how much, fracture intersections affect the connectivity 184 

of fracture networks and when scaling is applicable.  185 

 186 

2 Experimental Observations 187 

The motivation for the percolation study is based on results from 3D tomographic imaging of 188 

a simple network under stress. Although there is an extended hierarchy of topological elements 189 

in natural fracture networks, the “X” topological element is taken as the focus of this paper to aid 190 

in understanding how this most basic element of network topology changes under stress.  In this 191 

section, we describe the experimental approach and the results from analyzing the volumetric 192 

reconstructions of the fracture intersection. 193 

1.1 Experimental Approach 194 

1.1.1 Sample Fabrication 195 

A simple fracture network was designed based on an “X” network topology that is composed 196 

of two intersecting orthogonal fractures.  The samples were constructed from 3D printed prisms 197 

of an acrylate-based polymer (Figure 3a&b).  An “x” orientation of the “X” topology experiences 198 

equal stresses on both fracture planes under normal loading (Figure 3f).  A “+” orientation (Figure 199 

3e) was used to preferentially load the horizontal fracture.  For the “x” orientation, the network 200 
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was assembled from four 3D printed triangular prisms (∼ 3 x 6 x 6 mm3 each) that had surface 201 

roughness on the rectangular lateral faces but not on the base (Figure 3a). For the “+” orientation, 202 

the sample was composed of four 3D printed rectangular prisms (~ 3 x 3 6 mm3 each) with 203 

roughness on two sides (Figure 3b).  The surface roughness was designed with either random 204 

(samples: +Random & xRandom)  or spatially correlated (samples: +Correlated and xCorrelated) 205 

asperity distributions that were generated using a stratified percolation approach (D. D. Nolte & 206 

Pyrak-Nolte, 1991) (see Section 3 for a description of the pattern generation and Table 1 for 207 

parameters used to generate the patterns). Opposing fracture surfaces were mirror images of each 208 

other, i.e. not mated.  The blocks were printed with photopolymer clear resin on a Formlabs 3 209 

printer with a layer thickness of 25 micrometers (Figure 3c). Printed blocks were cleaned in a 5-210 

minute isopropyl alcohol wash followed by a 2-minute drip dry, which was repeated 3 times, or 211 

until no excess resin remained. The cleaned blocks were then cured in a UV LED light chamber 212 

set to 35◦C for 20 minutes.  213 

1.1.2 3D X-ray Tomographic Imaging Under Stress 214 

Heat shrink tubing (light gray outside the sample in Figure 3e&f) was shrunk onto the 215 

perimeter of the sample to provided lateral confinement. The sample was placed into a 3D printed 216 

 
Figure 3. Sample fabrication and testing.  Examples of computer generated stl files used for 3D printing (a) a 
triangular prism and (b) rectangular prism to create topological networks with different orientations for 
loading. (c) Image of an “x” orientation network fabricated from (a) triangular prisms. (d) Drawing of a 
sample in the loading system with alignment guides. 2D X-ray images of (e)  “+” and (f) “x” orientations 
relative to loading for an X topological network.  
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custom frame (same printing materials and parameters as the sample) to control sample alignment 217 

during set-up and loading (Figure 3d).  The frame with mounted sample was placed inside a 218 

Deben CT5000 stress rig inside a Zeiss Versa 510 3D X-ray microscope to acquire 2D X-ray 219 

projections of the sample that were then used for 3D volumetric tomographic reconstructions of 220 

the fracture network geometry.  The frame was designed to prevent significant slip along the 221 

fractures by having loading platens that are larger than the sample width.  The load was applied 222 

with a displacement rate of 0.1 mm/minute.  3D X-ray volumetric imaging was performed for 223 

several selected normal loads (25, 100 and 200 N) 30 minutes after reaching the desired load to 224 

allow the system to equilibrate.  The settings for the X-ray imaging were 80 kV at 7 Watts, 0.4x 225 

magnification, bin 2, 3.5 sec exposure time, 2401 projections, and source and detector distances 226 

of 73 and 334 mm, respectively.  This yielded a voxel edge length of 12.3 micrometers.  227 

1.2 Visualization and Analysis of 3D Fracture Network Geometry 228 

3D tomographic reconstructions of the fracture networks enable the examination of stress 229 

effects on the network void volume, contact area and intersection geometry.  Figure 4 shows the 230 

reconstructed network for a “+” orientation relative to loading for a random (Figure 4a-c) and a 231 

spatially correlated (Figure 4d-g) asperity distributions.  The aperture distributions in Figure 4 232 

 
Figure 4.  3D reconstruction of aperture distribution for the X topological network in the “+” orientation for (a-c) 
samples +Random and (e-g) +Correlated for  normal loads of 25, 100 and 200N. Intersection geometry is shown 
for the “+” orientation for (d) random and (h) spatially correlated asperity distribution for  normal loads of 25, 100 
and 200N.  The color scale gives the aperture in millimeters.  The scale represents 1 mm. 
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were obtain from the thickness mapping function in the DragonFly™ reconstruction software that 233 

uses a Laplace smoothing function. White regions in the figures are contact area but may also be 234 

apertures of less than one voxel.   The intersection geometry (Figures 3d&f) was extracted from 235 

the networks using custom codes written in IDL and then visualized using the same thickness 236 

mapping function in DragonFly™.  For the “+” orientation, only the apertures in the horizontal 237 

fracture are significantly affected by increasing the load from 25 N to 200 N (Figures 4a-c,e-g).  238 

The vertical fracture is approximately unaffected, and the intersection remains connected with 239 

increasing load (Figures 4d&h).  As the load on the sample is increased, the two intersecting 240 

fractures change to have differing void area fractions and contact areas (white regions in Figures 241 

4a-c & 5a-c) which leads to a mixed percolation regime.  The differences in the void geometry 242 

 
Figure 5.  (a&c) Aperture distributions and (b&d) auto-correlation functions for samples +Random and 
+Correlated for normal loads of 25, 100 and 200 N.  HF – horizontal fracture, VF – vertical fracture. 
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between the vertical and horizontal fracture with increasing load is captured by the changes in the 243 

aperture distributions and spatial correlations that occur (Figure 5). The aperture distributions 244 

(Figure 5a&c) show that the probability distribution for the horizontal fracture shifts to lower 245 

values of apertures with increasing load while for the vertical fracture, the aperture distribution 246 

remains relatively constant.  An auto-correlation analysis (Figure 5b) shows that the spatial 247 

correlations (Figures 5b&d) in the vertical fracture are unaffected by stress.  However, the spatial 248 

correlation length of the horizontal fracture decreases with increasing load.   249 

When the fracture network is in the “x” orientation ((Figures 6&7), both fractures are subjected 250 

to similar normal and shear stresses, unlike the fractures in the “+” orientation. These similar 251 

stresses result in a reduction in aperture for both fractures in the network (Figure 7a&c).  An auto-252 

correlation analysis for the “x” orientation (Figures 7b&d) shows that the spatial correlations do 253 

not change significantly, and the correlation length remains unchanged with increasing load. As 254 

the load increases from 25 N to 100 N, the intersection becomes weakly connected, and then at 255 

200 N almost completely disconnects (Figures 6h). The topology of the network transitions from 256 

a “X” to two disconnected “V” topological elements, each with their own intersection. The effect 257 

 
Figure 6.  3D reconstruction of aperture distribution for samples (a-c) xRandom and (e-g) xCorrelated for  
normal loads of 25, 100 and 200N. Intersection geometry is shown “x” orientation for (d) random and (h) 
spatially correlated asperity distribution for  normal loads of 25, 100 and 200N.  The color scale gives the 
aperture in millimeters.  The scale represents 1 mm. 
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of the spatial correlations in the original asperity distribution is reflected in the spatial distribution 258 

of apertures and contact area. 259 

The 3D reconstructions of the elemental fracture intersection topology help to identify the key 260 

changes in network connectivity caused by stress.  For instance, in the x-configuration, when the 261 

intersection and fractures in a network close uniformly, the fractures can disconnect and transition 262 

from an “X” to a “V” topology.  Thus understanding how connectivity around the corners is 263 

affected by the geometry of the individual fractures is crucial for predicting the properties of 264 

“corner flow”.  In the +-configuration, when only one fracture is affected by stress, the connectivity 265 

and area fractions of the void spaces differs in each fracture, leading to a mixed percolation regime. 266 

Figure 7.  (a&c) Aperture distributions and (b&d) auto-correlation functions for normal loads of 25, 
100 and 200 N for (a&b) a random (sample: xRandom) and (c&d) spatially correlated (sample: 
xCorrelated) initial asperity distributions. HF – horizontal fracture, VF – vertical fracture. 
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For both configurations, connectivity in the direction along the intersection (i.e. front-to-back 267 

(FB)) is controlled by the relative area fractions and connectivity of the void spaces in each of the 268 

two fractures as well as along the intersection.  For FB flow in the “+” orientation, the vertical 269 

fracture controls the connectivity that is enhanced by the intersection that does not close under 270 

stress even when the horizontal fracture is only weakly connected front to back (Figure 4).  These 271 

observations motivated our percolation analysis using Monte Carlo simulations of fracture network 272 

connectivity to include: (1) mixed percolation (section 4.2) versus homogeneous percolation 273 

(section 4.1) to capture the difference in fracture void geometry as a function of stress for the “+” 274 

and “x” orientations, respectively, and (2) examination of percolation around corners to capture 275 

the effect of closing an intersection and to understand how spatial correlations carry around corners 276 

(sections 4.1.2 & 4.2.2).   277 

3 Percolation & Finite Size Scaling Analysis 278 

In this section, we describe a percolation analysis approach to study finite-size scaling of 279 

percolation probabilities as a function of changing area fractions by considering spanning paths: 280 

1) across an intersection (LR), 2) in the direction parallel to the intersection (FB), and 3) around 281 

corners (NW) (refer to Figure 8 d&e for nomenclature).   282 

3.1 Network Construction 283 

A stratified percolation approach is used to generate patterns of aperture distributions for the 284 

individual fracture planes.  Stratified percolation is a correlated percolation model that is a hybrid 285 

between a Sierpinski carpet and random continuum percolation that generates correlated aperture 286 

distributions with tunable spatial correlation lengths (D. D. Nolte, and Pyrak-Nolte, L. J., 1997; D. 287 

D. Nolte & Pyrak-Nolte, 1991; Petrovitch et al., 2014; Pyrak-Nolte et al., 1988).  Construction of 288 

an aperture distribution starts within the 1st tier (largest scale) where N points (points per tier) are 289 

randomly located within the size of the array.  Each point defines the center of a set of N second 290 

tiers that are reduced in size from the previous tier by a scale factor b.  The process is then iterated 291 

for a third tier and fourth tier, etc., each time reducing the size of the tier by the scale factor b.  292 

Within each final tier, N points are plotted with a selected point size.  The accumulating plotted 293 

points overlap, and each time a point is placed, the array element at the positions of overlap are 294 

incremented by 1 unit of aperture.  The resulting fractal geometry of fracture voids depends on the 295 
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number of tiers n, on the number of points selected per tier N, on the point size and on the scale 296 

factor b. The scale factor is calculated as 297 

𝑏 = $!""!#	%&'(
)*&+,%&'(

%
- +.

.   (1) 298 

The construction can stop at any tier.  For instance, a single tier (1T) generates an uncorrelated 299 

(short-range correlations) percolation pattern (Figure 8a).  Selecting two tiers (2T) generates a 300 

fracture void pattern that is strongly clumped (mid-range correlations) in area but has relatively 301 

uniform apertures within the clumps (Figure 8b), while selecting five tiers (5T) leads to strong 302 

long-range correlated void patterns with characteristic log-normal aperture distributions (Figure 303 

8c).  Therefore, the stratified model can be tuned nearly continuously from uncorrelated continuum 304 

 
 
Figure 8.  Examples of stratified percolation aperture distributions generated for (a) 1 Tier, (b) 2 Tiers and (c) 5 Tiers. 
The fracture aperture distribution is inserted into a 3D array to create (d) a “+ or (e) an “x” orientation of the “X” 
topological element. (f) 2D subsection of a fracture network to illustrate the aperture distribution along the planes 
and intersection for the same N for both fractures. (g) An example of simulated network with different area fractures 
for a 5 Tier generation. The connectivity of the network was examined for the directions in shown in (d & e) FB – 
front to back which is in the direction parallel to the intersection; LR – left to right and TB – top to bottom which 
cross the intersection, and NW – northwest to probe connectivity around corners. 
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percolation to strongly correlated continuum percolation with aperture distributions that are 305 

multifractal (Pyrak-Nolte et al., 1992). 306 

In this study, we generated aperture distributions for the individual fracture planes that had short- 307 

(1T), mid- (2T) and long-range (5T) correlations. Table 1 lists the parameters used to generate the 308 

aperture distributions of the fracture planes for the percolation analysis (and to generate the 309 

asperity distributions for our fabricated laboratory samples). The number of points per tier were 310 

varied in increments (Table 1) to simulate the change in void area fracture as a function of stress.  311 

Figure 8 a-c gives examples of 1T, 2T and 5T aperture distributions for an area, A ~ 0.8.  The 1T 312 

and 5T models are representative of the end members of spatial correlations observed in laboratory 313 

samples.  1T is essentially a random distribution often observed in more homogeneous rock 314 

(mineralogy, grain size) such as a sandstone or some granites.  A 5T model represents fractures 315 

that exhibit flow channeling, for example., fractures with heterogeneous mineral distributions that 316 

have been preferentially eroded. A 2T model would not be commonly observed in the field because 317 

Table 1. Parameters used to generate the asperity patterns for the laboratory samples and aperture distributions 
for the percolation analysis. 

 Laboratory 
Random 
Asperity 

Distribution 

Laboratory 
Correlated 
Asperity 

Distribution 

Random or 
Short-range (1T) 

Aperture 
Distribution 

Mid-range  (2T) 
Correlated 
Aperture 

Distribution 

Long Range (5T) 
Correlated 
Aperture 

Distribution 
Number of Tiers, n 1 3 1 2 5 

Points per Tier, N, in 
both Fractures (“x”) 

and in Horizontal 
Fracture (“+”) 

5,376 28 90,000-420,000 
(increments 

30,000 points) 

300-1015 
(increments of 

65 points) 

8-19 
(increments of 1 

point) 

Points per Tier, Nv, in 
the Vertical Fracture 

for “+” 

NA NA 150,000 
210,000 
240,000 

430 
560 
755 

11 
15 
19 

Point Size, ps 5 5 4 4 4 
Array Size 180x180 180x180 2060x2060 2060x2060 2060x2060 

Number of Networks 
Single Fracture 

“x” 
“+”  

“+” A1/A2 = 1.0 
“+” A1/A2 = 0.8 
“+” A1/A2 = 0.75 
“+” A1/A2 = 0.6 
“+” A1/A2 = 0.5 

 
NA 

 
NA 

 
100 
100 
500 

 
100 
100 
500 
100 
100 
100 
100 
100 

 
500 
500 
500 
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of the patchiness of the void area.  However, the 2T model is important because it represents a 318 

case intermediate between short- and long-range correlations. 319 

The fracture aperture distributions (e.g. Figure 8a-c) were used to create the void volumes of 320 

the fracture network (e.g. Figure 8f).  For the “x” orientation condition, two different aperture 321 

distributions (i.e. one for each fracture) but with the same statistical properties were generated 322 

using the same parameters (Table 1) but with different seeds for the random generator to randomly 323 

position the points.  The two patterns were statistically similar, but the exact spatial and 324 

probabilistic distributions differed.  For the “+” orientation conditions, the horizontal fracture was 325 

generated for a range of N values to simulate changes caused by stress, and the vertical fracture 326 

was generated for a fixed N.  The N for the vertical fracture for the “+” condition (Table 1) were 327 

chosen to generate area fractions in the vertical fracture that were less than, near and greater than 328 

Ac. Patterns for the vertical and horizontal fractures were generated with an array size of 2060 x 329 

2060 pixels from which a 1027 x 1027 array was extracted from the center to avoid any possible 330 

edge effects from the creation of the pattern which uses a “wrap-around” approach during creation 331 

(see (D. D. Nolte & Pyrak-Nolte, 1991) for more details).  After generating the patterns for the 332 

vertical and horizontal fractures, a 3D array (1024 x 1024 x 1024 pixels3) was created and set equal 333 

to 0 for all array elements. Then a centered 1024x1024 array was extracted from the fracture 334 

aperture patterns to insert into the 3D array to form an “X” topology network as shown in Figures 335 

8f&g.  Next the void volume was created by expanding the aperture from the 2D plane into the 336 

volume (Figure 8f) on either side of the initial inserted fracture.  The matrix on either side of  a 337 

fracture was eroded based on the value of aperture at that location.  For example for the horizontal 338 

fracture, if location (i, j) had an aperture = 8 units, then voxels (i , j, z-4:z+4) would be set equal 339 

to 1. This results in mirrored surfaces similar to that used in the experiments.  If an aperture at a 340 

location was 0 this represented contact area between the 2 surfaces.  For the voxels of intersection 341 

between the 2 fractures, the void value of the voxel was taken as the logical OR of the individual 342 

void values of the two fractures.  Therefore, if either fracture has a void value of 1 at that voxel, 343 

then the resulting intersection had a void value of 1.  Figure 8g is an example of a “+” network, 344 
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i.e. the fractures have different void area fractions. The number of simulations run for the different 345 

conditions are listed in Table 1. 346 

3.2 Stress-Displacement Calibration 347 

Fracture void geometries deform under stress as far-field stresses compress the asperities of the 348 

fracture geometry and deform the voids (Hopkins, 1990; Pyrak-Nolte, 2019).  The resulting far-349 

field stress-displacement curves of fractures in crystalline rock define an effective parameter of 350 

the fracture known as the static fracture specific stiffness that can be interpreted approximately as 351 

a distribution of springs under compression.  In previous work (Pyrak-Nolte et al., 1988), we have 352 

shown how to extract the stress-displacement curves from the stratified percolation construction 353 

described above.  To provide a stress calibration for the model, we consider fractures in granite 354 

with specific stiffness of 10 TPa/m with an asymptotic maximum displacement of 5 micrometers 355 

(Cook, 1992; Pyrak-Nolte et al., 1987).  This spans the number of points per tier in the model 356 

construction for 1T from 90,000-420,000, for 2T from 300-1015 and for 5T from 8 to 19.  A graph 357 

of the calculated stress-displacement is shown in Figure 9a including the specific stiffness (Figure 358 

9b), which is defined as the derivative (tangent slope) of the displacement-stress curve.   359 

The key calibration curves for the percolation analysis are shown in Figure 9c.  Percolation 360 

through two-dimensional fractures is described as a probability for the void geometry to span the 361 

fracture, at a given observation scale, as a function of the void area fraction.  The relationship 362 

between area fraction and stress is nonlinear because of the asymptotic closure of the fracture 363 

under high stress.  In the following percolation probability graphs, the spanning probability as a 364 

 

 
Figure 9. For 1T, 2T and 5T fracture aperture patterns (a) the displacement-stress, (b) fracture specific stiffness-
stress and (c) void area fraction versus stress curves. 
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function of area fraction can be converted back to fracture specific stiffness and stress for fractures 365 

at a selected scale.  This calibration sets a nominal fracture stress-strain behavior for meter-scale 366 

fractures of 1-10 micrometer average aperture in crystalline rock.  Fracture stiffness has been found 367 

to follow scaling relations (Petrovitch et al., 2014; Pyrak-Nolte, 2019; Pyrak-Nolte & Nolte, 2016), 368 

allowing the stress-displacement properties discussed in the follow sections to be scaled up to 369 

larger field sites as well as down to laboratory scales. 370 

 371 

3.3 Analysis Approach 372 

Once the simulated “X” topological networks were created, the spanning probability of the 373 

network was determined for the directions shown in Figure 8d&e, namely FB, LR, TB and NW.  374 

Other corners were studied but produced the same result and are not shown for brevity.  A custom 375 

function was written in the IDL language to determine if two sides of a sample were connected 376 

(LR, TB, FB, NW) after using the “label_region” function to identify connected regions.  Then the 377 

function found the subscripts of the unique elements on opposing faces (e.g. left and right face for 378 

LR, or north and west for NW) and performed a comparison of the elements.  If a match occurred, 379 

then a percolation cluster existed between the two faces under examination.   For the finite-size 380 

scaling analysis, the spanning probability is calculated at different scales. This was achieved by 381 

sub-sectioning the 3D array into smaller arrays centered around the intersection and sectioned 382 

along the intersection. The array edge lengths were 32, 64, 128, 256, 512 and 1024 which resulted 383 

in 32, 16, 8, 4, 2, and 1 subsections, respectively, per network.  Table 1 lists the number of networks 384 

generated at the largest scale so that the average spanning probability was based on total spanning 385 

probability at each scale divided by the number of simulations times the number of subsections.  386 

The average area fraction, Aave, is based on the area fraction of the fracture that is changing which 387 

is approximately the Aave for a single fracture with the same statistics.  Spanning probabilities for 388 

two parallel fractures used the spanning probabilities of the individual fractures to calculate the 389 

spanning probability for two parallel fractures, P||, namely 390 

 391 

𝑃||(𝐴1, 𝐴2) = 𝑃-(𝐴1) + 𝑃0(𝐴2) − (𝑃-(𝐴1) ∗ 𝑃0(𝐴2)).  (2) 392 

 393 
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where P1(A1) and P2(A2) are the spanning probabilities of the individual fractures as a function of 394 

void area fraction.  When both fractures have the same statistical properties,  equation (2) becomes 395 

 396 

𝑃1(𝐴) = 2𝑃(𝐴) − 𝑃(𝐴)0      (3) 397 

 398 

where  P(A) = P1(A) = P2(A).  The equation was validated against Monte Carlo simulations of 399 

three-dimensional percolation for two independent non-intersecting fractures.  400 

4. Results & Discussion 401 

In this section, we present and discuss the results from the percolation and finite-size scaling 402 

analyses, for the x-orientation where both fractures experience the same change in void volume 403 

area fraction (homogeneous percolation), and then for the +-orientation where only the void 404 

volume in the horizontal fracture changes with stress (mixed percolation).  The final section 405 

contains results for conditions between these two limiting cases when both fractures experience 406 

different non-zero stresses. 407 

4.1  Connectivity of a Single Fracture vs Parallel Fractures 408 

When moving from a single fracture to a set of parallel fractures, the probability of having a 409 

connected path across a sample increases, as shown in a comparison of the spanning probability 410 

for a single fracture and two parallel fractures in Figure 10 for aperture distributions with short-, 411 

mid- and long-range spatial correlations.  The critical area fraction, Ac, for the threshold remains 412 

the same for one or a set of parallel (non-intersecting) fractures, but the magnitude of the spanning 413 

 
Figure 10 . Comparison of the spanning probability for a single fracture, PFB, (open symbols, solid line) 
with that for two parallel fractures, P||FB, (filled symbols, dashed line) as a function of void area fraction 
and for observation scales 1/32, 1/16, 1/8, ¼, ½ and 1 for fractures with (a) short-, (b) mid- and (c) long-
range spatially correlated aperture distributions.  
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probability increases with increasing number of parallel fractures because of the multiplicity of 414 

possible paths across the sample.  As expected, having two statistically similar fractures enhances 415 

the probability of having a connected path across a fracture sample for all observations scales.   416 

4.2 Connectivity Front to Back: Comparison of Intersecting Fractures vs Parallel 417 

Fractures 418 

A key question is whether two intersecting fractures provide more connectivity and potentially 419 

more flow than two parallel fractures. To address this question, we compared the spanning 420 

probabilities as a function of scale for two independent parallel fractures relative to the case of two 421 

intersecting orthogonal fractures in the FB direction, i.e., in the direction parallel to the long axis 422 

of the intersection (see Figure 8e).  This is in the same direction as the flow measurements by 423 

Stanton-Yonge et al (Stanton-Yonge et al., 2023). For homogeneous percolation (i.e., “x” 424 

orientation) with both fractures under the same stress, the average area fractions for both fractures 425 

are the same.  The additional void volume that is provided by the fracture intersection contributes 426 

a positive increment to the percolation probability relative to the two independent (parallel) 427 

fractures based on simple mathematical additivity.  Therefore, the question is not whether fracture 428 

intersections increase connectivity and flow, but by how much?  429 

4.2.1 Homogeneous Percolation: Front-to-Back Connectivity  430 

Figure 11a-c shows the “x” spanning probabilities in the FB direction as a function of void 431 

area fraction for aperture distributions with short-, mid- and long-range spatial correlations for the 432 

different observation scales.  The dependence on area fraction represents the reduction in the 433 

apertures and increase in contact area that occurs with increasing stress.  Two sets of curves are 434 

shown in each subplot.  The dashed curves are the percolation probabilities for two independent 435 

parallel fractures.  The solid curves are the percolation probabilities for the intersecting x-436 

orientation.  Both sets of curves exhibit scaling behavior, i.e., there is a fixed point at Ac above 437 

which the spanning probability P for a given A decreases with decreasing scale of observations, 438 



Pyrak-Nolte ,L.J. & Nolte, D.D., 2025, Role of intersections in fracture connectivity,  
Accepted for Publication Nov 4, 2025 in the Journal of Geophysical Research: Solid Earth, 130, e2025JB033007, 

https://doi.org/10.1029/2025JB033007 

 21 

and below increases with decreasing scale of observations.  At the fixed point, Ac, the spanning 439 

probability P is scale invariant.   440 

The critical thresholds and the spanning probabilities at the critical thresholds are shown in 441 

Fig. 11d.  The differences of interest are when considering two independent non-intersecting 442 

fractures (i.e., parallel fractures) relative to the equivalent fractures when they are intersecting.  443 

For fractures with no correlations other than short range (Figure 11a) the threshold Ac stays 444 

approximately unchanged, but the spanning probability at threshold is increased by the 445 

intersection.  In contrast, when longer-range correlations are present (e.g. 11c and the green open 446 

squares in Figure 11d) in the two intersecting fractures, the threshold Ac and the spanning 447 

probabilities at threshold are lower than for two parallel fractures.  The lower Ac for the intersecting 448 

 
Figure 11. Front-to-back (FB) comparison of the spanning probability for the “x” orientation 
(homogeneous percolation), PxFB, with that for two parallel fractures, P||FB, as a function of void area 
fraction and for observation scales 1/16, 1/8, ¼, ½ and 1 for fractures with (a) short-, (b) mid- and (c) 
long-range spatially correlated aperture distributions. (d) A comparison of PxFB(Ac)  and P||FB(Ac)  , i.e. at 
the fixed point, for the different aperture distributions. 
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fractures is a consequence of flow paths that can move out of one fracture plane and into another, 449 

allowing for an increased number of possible flow paths front-to-back.  This increases the options 450 

for spanning that lowers the threshold, and fractures can percolate under stresses that would have 451 

mostly prevented flow in the individual parallel fractures.  The shift in the threshold (i.e., Ac) is 452 

approximately 5-10%.  This shift would have significant effect on flow for systems that are near 453 

their percolation threshold.  454 

4.2.1 Mixed Percolation: Front-to-Back Connectivity  455 

For the “+” FB orientation, only one fracture in a network is subjected to stress, the amount of 456 

contact area differs between the two fractures, as does the aperture distribution and the spatial 457 

correlations in the two fractures as observed in the laboratory data (Figures 4 & 5).  Mixed 458 

percolation conditions were created by holding the vertical fracture at a fixed stress, i.e. fixed A.  459 

Three stresses were selected to produce void-space connectivity below, near, and above the 460 

percolation threshold (see Methods Table 1).  Examination of the spanning probability (Figure 12) 461 

for aperture distributions with short- , mid- and long-range spatial correlations (Figure 12) show 462 

that when Av > Ach, no fixed point exists, P+FB ~ P||FB and larger observation scales exhibit a higher P 463 

for all A for spatially correlated aperture distributions (see Figure 12c, f, and i).  When Av < Ach, P+FB, ~ 464 

P||FB, for spatially correlated aperture distributions (see Figure 12d and g). Thus, for Av < Ach and Ach < 465 

Av the behavior is essentially a 2D connectivity problem.  Only when Av is near Ach does the 466 

intersection play an important role in connectivity.  The vertical fracture provides additional 467 

connectivity creating a 3D connected path rather than just the 2D connectivity of two parallel 468 

fractures.  This is illustrated in Figure 13 where the horizontal fracture (Figure 13a) and the vertical 469 

fracture (Figure 13b) individually are not connected front to back.  Both of these patterns would 470 

yield a spanning probability of 0 leading to P||FB = 0 for two parallel fractures. However, by rotating 471 

one fracture by 90 degrees to form an intersection between the two fractures, a connected flow 472 

path is formed front to back (Figure 13c).  Hence, the intersection enables connectivity through a 473 
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3D tortuous path through both fractures.  The connection across the intersection provides a small 474 

link to increase the P+FB and to shift the fixed point to a lower Ac than for two parallel fractures. 475 

 476 

4.3 Connectivity across Intersections and around Corners 477 

Here we examine the effect of intersections on connectivity across intersections (LR) and 478 

around corners (NW) for the two cases of “x” homogeneous percolation, where the area fraction 479 

of both fractures closes under stress and have the same area fractions, and “+” mixed percolation, 480 

where the area fraction only changes in one of the fractures with increasing stress.  Because 481 

fractures in the field exhibit a range of orientations relative to a stress field, results are also 482 

 
Figure 12. Comparison of the spanning probabilities , PFB, as a function of the horizontal fracture void area 
fractionfor mixed percolation conditions for 2 parallel fractures versus 2 orthogonal intersecting fractures (“+” 
orientation) where the area fraction of the vertical fracture, AV, does not change.  (a-c) 1T, (d-f) 2T and (g-i) 5T.  
The area fraction for the vertical fracture is (left column) below, (middle column) near and (right column) above 
Ac of the horizontal fracture. 
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presented for intersection orientations between the “x” and the “+”, all of which have mixed 483 

percolation except for the “x” limit. 484 

4.3.1 Homogeneous Percolation: “x” orientation   485 

 
Figure 13. The void distribution in (a) the horizontal and (b) the vertical fracture with mid-range spatially 
correlated aperture distributions. Note that the individual fractures do not have a connected path from front to 
back. The dashed red circle highlights the region where the horizontal fracture is not connected front to back. (c) 
The connected path from front-to-back for two intersecting fractures in the mixed percolation conditions.    
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 When both fractures are subjected to the same stress, the change in void area fraction is the 486 

same in both fractures.  For statistically similar fractures, this results in similar spanning 487 

probabilities for PLR  and PTB.  For corner percolation, the same P occurs around all 4 corners (NW, 488 

NE, SW and SE in Figure 8e).  Thus here we only compare PLR to PNW (Figure 14) for the “x” 489 

orientation (homogeneous percolation) for different spatial correlations.  490 

In all cases, PLR is larger than or equal to PNW.  For short-range correlations (Figure 14a), PLR 491 

and PNW are approximately equal.  As the range of the correlations increases (from mid- to long 492 

range Figures 14b&c), the fixed point for PNW shifts to lower area fractions than for PLR (Figure 493 

14d).  At large observation scales (i.e. 512, 1024), PLR and PNW exhibit similar spanning 494 

probabilities.  However, at smaller observation scales, PNW probabilities are suppressed relative to 495 

PLR (e.g. Figure 14c).  These trends occur because, although the horizontal and vertical fractures 496 

are statistically similar, they were generated using different random seeds.  Therefore, all 497 

correlations are broken discontinuously around corners.  In nature, fractures are not expected to 498 

have the same void space distribution though they may have the same void volume because of the 499 

details of how the fracture was formed as well as the mineralogy (Jiang et al., 2020), including 500 



Pyrak-Nolte ,L.J. & Nolte, D.D., 2025, Role of intersections in fracture connectivity,  
Accepted for Publication Nov 4, 2025 in the Journal of Geophysical Research: Solid Earth, 130, e2025JB033007, 

https://doi.org/10.1029/2025JB033007 

 26 

geochemical alterations that lead to local variations in surface roughness/aperture distribution.  The 501 

 
Figure 14. Corner spanning probabilities, PxLR and Px⏌, homogeneous percolation, as a function of fracture 
void area fraction for (a) short-, (b) mid-and (c) long-range spatially correlated aperture distributions as a 
function of void area fraction and for observation scales of 1/16, 1/8, ¼, ½ and 1. (d) A comparison 
PxLR(Ac) and Px⏌ (Ac), i.e., at the fixed point for “x” fracture configuration for the different aperture 
distributions.The arrows indicate the shift in P and Ac from PxLR to PxNW. (e) Short-range and (f) long-range 
correlations intersecting fractures illustrating the effect of spatial corners on connectivity around corners. 
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discontinuous break causes correlated clusters on one plane to be disconnected from correlated 502 

clusters on the other plane (Figure 14f), reducing the spanning probability.   503 

The scale-invariant fixed point for corner flow is affected by spatial correlations in the aperture 504 

distribution (Figure 14d).  For short-range correlations, the fixed point for PLR and PNW have the 505 

same Ac, because the break in the spatial correlation around corners is negligible (Figure 14e).  506 

However, when spatial correlations become important, the smaller-scale spanning probabilities are 507 

significantly suppressed (Figure 14b&c), shifting the fixed point Ac to lower values (Figure 14d).  508 

For instance, the fixed point for PNW for a 5T network occurs at 38% area fraction even as the 509 

 
Figure 15. Comparison of the spanning probabilities , PLR and PNW as a function of void area fraction of the 
horizontal fracture for mixed percolation conditions for 2 parallel fractures versus 2 orthogonal intersecting 
fractures where the area fraction of the vertical fracture does not change.  (a-c) 1T, (d-f) 2T and (g-i) 5T.  The 
area fraction for the vertical fracture is (left column) below, (middle column) near and (right column) above Ac 
of the horizontal fracture.  
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probability of having a connected path is less than 20%.  PNW has lower values of Ac and P(Ac) 510 

relative to the PLR for long-range correlated aperture distributions. 511 

4.3.2 Mixed Percolation “+” orientation 512 

The effects of mixed percolation conditions on P+LR and P+NW when the area of the vertical 513 

fraction, Av, is below, near and above Ac are shown in Figure 15.  The rows are short-, mid- and 514 

long-range spatial correlations.  The columns are by the area fraction of the vertical fracture for Av 515 

which is listed in each graph.  Percolation across the horizontal fracture P+LR exhibits scaling 516 

behavior and is only minimally affected by Av with the fixed point shifting at most by  a few 517 

percent.  Unlike for the homogeneous case, P+NW  versus Ah is not similar to P+LR (Figure 15). For 518 

fractures with the mid- range (Figure 15d) and long-range spatially correlated aperture 519 

distributions (Figure 15g), the probability P+NW is suppressed relative to P+LR for all scales of 520 

observations for Ah > Ac, hence the vertical fracture controls the percolation for corner flow.  521 

Conversely, for Ah < Ac the probability P+NW is enhanced relative to P+LR for all scales of 522 

observations because the area fraction Av > Ah, and the vertical fracture contributes higher 523 

percolation for corner flow.  Therefore, corner flow for mixed percolation in the “+”-configuration 524 

is contingent on the fixed properties of the vertical fracture that is not changing with stress.  It is 525 

either acting as a short (for high Av) or as an open circuit (for low Av).  526 

4.3.3 Mixed Percolation for Intermediate Orientations 527 

Intersecting fractures in outcrops and the subsurface will not always be oriented relative to a 528 

stress field like the “x” and “+” orientations used in our laboratory study.  As the network element 529 

is rotated from the “+” to the “x” orientation, the system goes from only one fracture experiencing 530 

a normal stress to both fractures experiencing roughly the same magnitude of both a normal and 531 

shear stress.  Here, we examine the effect of fracture orientations on corner flow (i.e., NW) as the 532 

two fractures rotate relative to a vertical stress field, causing the area fractions to vary in both 533 

fractures.   534 

To establish a relationship between the two fractures, we assume the area fractions are linearly 535 

proportional through A1= fA2 where f < 1.  Therefore, as the average area of the fracture network 536 

increases, the A2 fracture passes through its percolation threshold, Aac2, before the A1 fracture 537 
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passes through Aac1.  The spanning probabilities 538 

are graphed as a function of average area 539 

fraction of the entire network denoted by Aa = 540 

(A1 + A2)/2.  This yields equations for the 541 

critical threshold for the vertical and horizontal 542 

fractures: 543 

Aac1 = (f+1)/4f  544 

Aac2 = (f+1)/4. 545 

Figure 16 shows Aac1 and Aac2 a function of 546 

f from 0.5  to 1.0.  When f =1, Aac1 = Aac2 which 547 

represents the “x” orientation.  As f decreases, 548 

the values of Aac1 and Aac2 diverge.  The 549 

divergence of Aac1 and Aac2 is shown by the dashed lines graphed over the spanning probabilities 550 

shown in Figure 17 for different values of f.  For corner flow, the two half fractures are in series 551 

and thus the spanning probability is dominated by A1 which has the lower area fraction.  Unlike a 552 

fixed point where all the curves cross over at a single point, for this mixed percolation, the curves 553 

cross through an extended region that is bounded on the high side by Aac1 and Aac2 on the low side. 554 

There are no significant features at Aac2.  Below Aac2 and above Aac1 the scaling behavior is 555 

qualitatively similar to homogeneous percolation and the scaling from small to large scales still 556 

applies.  For example, larger scales having steeper curves continues to be true.  But within the 557 

cross-over region between Aac1 and Aac2, the spanning probabilities are best described by an 558 

envelope known as an evolute, for which there is no distinct fixed point.  If Aa, the average area of 559 

the network, is near threshold, there is no clear scaling for corner flow path connectivity.  560 

 561 

5 Discussion and Conclusions  562 

The intersection between two fractures is a basic topological element from which a fracture 563 

network system is composed.  Furthermore, the effects of the intersection on connectivity across, 564 

along or between fractures can determine how well a fracture network can support fluid transport.  565 

 
Figure 16. The critical thresholds for the horizontal 
and vertical fractures as a function of the ratio of 
their area fractions. The symbols represent the values 
of the critical threshold for the simulations shown in 
Figure 17. 
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Therefore, understanding the behavior of fracture intersections is a fundamental starting point for 566 

 
Figure 17. The corner spanning probability as a function of the average network void area fraction for intersecting 
fractures  with mid-range spatial correlations and area fractions that change with stress for f=A1/A2 (from top to 
bottom) of 0.5, 0.6, 0.75, 0.8 and 1.0.  The dashed curves show the boundaries of the evolute between which no 
clear scaling behavior exists.  The values of the evolute boundaries for the values of f shown here are given by 
the symbols in Figure 16.  The left blue dashed line represents the critical threshold for the A2 fracture and the 
right red dashed line represents the critical threshold for the A1 fracture. 
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the understanding of larger fracture networks.  By simple additivity, it is clear that an intersection 567 

increases connectivity relative to two independent fractures, but what is not as simple is how large 568 

the effect on connectivity may be, depending on the properties of the individual fractures and their 569 

orientation relative to local stress fields.  In some cases, the intersection is fundamental, providing 570 

the link from one fracture to another to enable long-range transport through a network.  In other 571 

cases, the intersection provides little more than an incremental path in parallel with other existing 572 

paths.  This paper presents a systematic analysis, motivated by 3D x-ray tomography of stressed 573 

intersections, of the finite-size scaling of the percolation probabilities of fracture intersections.  574 

The results define when intersections play their largest role for which fracture properties and under 575 

what conditions. 576 

Whether fracture intersections contribute a large effect to the global connectivity of a fracture 577 

network depends on the aperture distributions and their spatial correlations for the individual 578 

fractures, including how these properties are altered by stress and by the direction of flow relative 579 

to stress.  As observed in the laboratory data, stress on a fracture network can reduce the apertures 580 

and increase the contact area of the individual planes.  Depending on the orientation between the 581 

stress field and the fracture system, the intersection is either maintained, or the stress causes the 582 

intersection topology to change from “X” to “V”.  If the fracture properties are related through 583 

lithostatic pressure, so that changing stress affects them both equally, then the fracture intersection 584 

plays its largest role when the fractures are near their percolation thresholds.  The steep slope of 585 

the percolation probability near threshold with changing area fraction makes the global 586 

connectivity highly sensitive to small changes in local connectivity provided by the fracture 587 

intersection.  Spanning probabilities can change by factors greater than 2 when comparing the 588 

percolation probability of two independent parallel fractures to two intersecting fractures.  For 589 

instance, when the flow is along the intersection (the FB condition), the intersection in this flow 590 

direction acts as a partial short circuit with enhanced front-to-back connectivity, while for flow 591 

across the intersection (the LR condition), the intersection has little effect. 592 

In the mixed percolation condition (when only one fracture is subjected to stress), when the 593 

flow is along the intersection, the connectivity is dominated by the fracture with the larger area 594 

fraction, and again the intersection plays little role.  In the “+” configuration, when Av > Ah, then 595 

most of the front-to-back connectivity along the intersection is through the vertical fracture, and 596 
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when Av < Ah, then most of the connectivity is through the horizontal fracture.  Only when Av ≈ Ah 597 

≈ Ac  near the percolation threshold does the intersection contribute significantly to connectivity, 598 

as we saw for the homogeneous case. 599 

The situation is very different for corner flow, which takes place only because of the fracture 600 

intersection.  Without the intersection, there is obviously no corner flow.  Furthermore, the local 601 

in-plane correlations of the two intersecting fractures change discontinuously around the corner.  602 

The break in local correlation reduces connectivity, suppressing the spanning probability.  603 

Therefore, fracture intersections act to suppress flow relative to the flow through individual 604 

fractures with the same properties.  This corner flow suppression is strongest for mid-range 605 

correlations (2T) because the percolation clusters do not perfectly connect around the corner.  For 606 

the other two cases of only local short-range correlations (1T) and long-range correlations (5T), 607 

the intersection can enhance connectivity.  As with flow along the intersection, this 608 

enhancement/suppression effect around corners is largest when the fractures are near their 609 

percolation threshold.  Therefore, while the intersection often acts to enhance flow, there are 610 

limited regimes where the intersection can actually suppress flow, keeping in mind that this is 611 

always relative to the flow through individual fractures with identical statistical properties, 612 

although clearly, in all cases, corner flow does not occur without the intersection. 613 

Therefore, based on this study, the question whether intersecting fractures, natural or induced, 614 

enhance the connectivity of a fracture network depends on whether a fracture network is in the 615 

homogeneous or mixed percolation regime, and if the void area fractions of the fractures are near, 616 

or far, from their critical area thresholds.  The rock type would influence the geometry of the 617 

fracture surfaces and in turn the aperture distribution.  For example, the roughness of fracture 618 

surfaces is intimately related to the grain size of the rock, to structural features such as layering 619 

and/or an oriented mineral fabric(Jiang et al., 2020), and to geochemical alterations as well as the 620 

orientation of an induced fracture with respect to oriented structural/fabric features.  In addition, 621 

the local stress field affects the amount of void space area available for fluid flow (i.e., Ac) and 622 

whether stress is partitioned into normal and shear components.  Stress fields are affected by local 623 

topography, the presence and orientation of faults and fractures, heterogeneity in physical 624 

properties, and depth.  For example, a field study (Haimson, 1978) found that the principal 625 

horizontal stress was greater than the vertical stress for depths between 20 to 240 m in a quartzite 626 
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unit in Waterloo, Wisconsin. They observed that the orientation and magnitude of the principal 627 

horizontal stresses differed for rocks above and below 20 m which was attributed to surface 628 

topography.  Thus, fractures in the subsurface are expected to fall more into the mixed percolation 629 

regime.   630 

Therefore, achieving homogeneous percolation in nature is expected to be more difficult than 631 

in the laboratory.  In the laboratory, equal stresses on two fractures was achieved by orienting the 632 

network at 45o to the principal stress (i.e., uniaxial load) which resulted in equal partitioning of 633 

normal and shear stresses on all fracture planes.  In nature, fractures in a network have different 634 

orientations relative to the local stress field and/or stress field at the time of formation. Intersecting 635 

fractures can occur from a single deformation event that gives rise to multiple fractures or from 636 

subsequent events where the stress field between fracture events has changed (Peacock et al., 637 

2018). Once formed, the fractures also affect the local stress field which in turn affects the fracture 638 

propagation path and the final void space geometry.  Purely lithostatic stress conditions, where the 639 

stress is equal in all directions, is a theoretical ideal that is only observable under specific 640 

conditions (i.e. minimal tectonic forces, specific range of depths, specific rock type, fluid 641 

pressures, etc.).  Lithostatic stresses in the Earth’s upper crust (0-10km) are often accompanied by 642 

a deviatoric stress from the local tectonic environment or other physical processes.  Therefore, all 643 

of these reasons suggest that the condition of mixed percolation in the field would be significantly 644 

more common than homogeneous percolation.   645 

Percolation and finite-size scaling analysis enables the examination of the expected behavior 646 

when changing the scale of observations, for example, understanding how laboratory results on 647 

the core scale would translate to the borehole scale and potentially reservoir scale.  Here, the 648 

analysis showed that connectivity around corners breaks scaling particularly when the two 649 

fractures in the network are subjected to different stresses, i.e., in the mixed percolation regime. 650 

The analysis of mixed percolation when the fractures are subjected to different stresses showed 651 

that there is no clear scaling behavior for area fractions between the different thresholds of the two 652 

fractures.  This raises the question as to whether the ability to scale network behavior is possible 653 

in real systems, a question that requires further research.  654 
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One of the outstanding open issues is how close or how far the void area fraction of fractures 655 

in the subsurface or outcrops are from percolation thresholds.  Note that when the average area 656 

fraction of the network is below the lower critical threshold (Aac1 in Figures 16 & 17) and above 657 

the higher critical threshold (Aac2 in Figures 16 & 17), traditional scaling behavior still applies.  658 

That is, below Aac1, small observations scale have a higher probability of having a connected path 659 

than larger scales, and conversely above Aac2, large scales of observation have higher spanning 660 

probability than smaller observation scales.  These regimes of size-dependent scaling prevent the 661 

adoption of representative volumes (REV) for effective medium theory.  On the other hand, for 662 

very high area fractions near unity, the spanning probability saturates, and effective medium theory 663 

does become applicable.  Our results suggest that void area fractions greater than about 80% would 664 

allow this effective medium approach, for instance for some subsurface applications where 665 

increased fluid pressures are used to keep fractures open.  However, even if the area fractions on 666 

the individual fracture planes are near 80% with spanning probabilities near P = 90%, connecting 667 

several of these fractures in series would decrease the probability of having connected path by Pn 668 

where n is the number of fractures connected in series. 669 

In conclusion, fracture intersections provide the fundamental link a between fractures within a 670 

larger fracture network.  If two fractures are near their percolation thresholds, then their 671 

intersection adds significant connectivity between the fractures, which enhances long-range 672 

transport of fluids.  If stresses on the fractures are equivalent, then a homogeneous percolation 673 

condition is present, and scale-independent behavior is observed at the critical percolation 674 

threshold, which would allow scaling  to arbitrary sizes.  However, under any mixed percolation 675 

condition, which is likely to be the most common case encountered in either the lab or the field, 676 

there is strictly no scale-independent spanning probability.  This is true for corner flow under any 677 

imbalance of stresses.  Furthermore, for mid-range correlations, the connectivity around the corner 678 

can be lower than expected because of the discontinuous break in correlations going from one 679 

fracture to the other.  This effect was previously unanticipated and would need to be incorporated 680 

in large-scale models of fracture networks.  On the other hand, even in the absence of scale-681 

independent behavior near threshold, scale-dependent effects can still be predicted and 682 

extrapolated to larger field and smaller lab scales. 683 

 684 
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