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e Adaptive implicit-explicit integration developed for thermal radiation transport
e Computationally cheap and simple to apply
e Naturally follows dynamical timescale across 4-5 orders of magnitude
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Abstract

In this paper we develop a framework for moment-based adaptive time integration of deterministic multi-
frequency thermal radiation transpot (TRT). We generalize our recent semi-implicit-explicit (IMEX) inte-
gration framework for gray TRT to multifrequency TRT, and also introduce a semi-implicit variation that
facilitates higher-order integration of TRT, where each stage is implicit in all components except opaci-
ties. To appeal to the broad literature on adaptivity with Runge-Kutta methods, we derive new embedded
methods for four asymptotic preserving IMEX Runge-Kutta schemes we have found to be robust in our
previous work on TRT and radiation hydrodynamics. We then use a moment-based high-order-low-order
representation of the transport equations. Due to the high dimensionality, memory is always a concern in
simulating TRT. We form error estimates and adaptivity in time purely based on temperature and radiation
energy, for a trivial overhead in computational cost and memory usage compared with the base second order
integrators. We then test the adaptivity in time on the tophat and Larsen problem, demonstrating the
ability of the adaptive algorithm to naturally vary the timestep across 4-5 orders of magnitude, ranging
from the dynamical timescales of the streaming regime to the thick diffusion limit.

Keywords:

1. Introduction

Consider the multifrequency time-dependent thermal radiation transport (TRT) and material tempera-
ture equations without scattering given by

%% — _Q-VI— o, T) + o, T)B(,T), (1a)
pcv%—f = /0 h /S d (0(1/, TV - o(v, T)B(v, T))dez/. (1b)

Here, I(x,Q,v,t) is the specific radiation intensity for photons traveling in direction  with frequency v,
T(x,t) is the material temperature, ¢ is the speed of light, C, is the specific heat (which in certain cases
may depend on T'), p is the material density, and o(v,T') are energy- and temperature-dependent material
opacities. In complex physics regimes, opacities do not have a known analytical form, and are defined via a
tabular data look up based on temperature values. The emission source B(v,T) is given as the Planckian
function

)

2hv? -1
B(v,T) = % (ehu/kT _ 1)

where h and K are the Planck and Boltzmann constants, respectively [1].
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In non-relativistic regimes, we typically want to step well over the transport and collisional timescales, and
as a result (1) is treated implicitly in time. Due to the high dimensionality and stiff coupling of variables and
dimensions, though, implicit integration of (1) is very expensive. There are also multiple forms of stiffness,
some of which is physical and must be respected, e.g. to capture the correct wavefront propagation, and
other that is numerical, wherein we can step well over the numerical CFL without loss of physics fidelity.
Additionally, the evolution of photons and coupling to material temperature can experience a wide range of
dynamic timescales in a single simulation. As radiation initially enters an optically thin domain, radiation
energy may evolve on the transport/advective time scale, while the evolution of the radiation energy density
in optically thick regions happens on a diffusion timescale, which is a function of material opacities and
specific heat. Changes in material or corners around which energy and temperature must propagate can
also lead to local physical stiffness. Altogether, the dynamical timescale arising in the simulation of radiation
flow in heterogeneous media evolves with the problem, and can span a wide range.

Altogether, these properties suggest adaptive time stepping to be a natural topic of interest in TRT
simulation. Effectively, we want to take the maximum possible timestep (to minimize the number of high-
dimensional implicit solves), while also ensuring we maintain physics fidelity. For general systems of ordinary
differential equations (ODEs), there is an extensive body of literature on adaptively selecting a timestep
based on a local temporal error estimate, e.g. [2, 3, 4]. Local error estimates for one-step time integration
methods typically come from comparing a primary solution to an embedded solution of a different order.
While it is relatively common for Runge-Kutta methods from the literature to be equipped with embeddings,
it is significantly less common for more sophisticated integrators including the class of partitioned Runge—
Kutta (PRK) methods considered in this work. In fact, our previous work has found it necessary to use the
class of asymptotic preserving IMEX schemes for hyperbolic equations with stiff relaxation terms as defined
in [5] for accurate and stable IMEX integration applied to TRT [6] and radiation hydrodynamics [7]. To the
best of our knowledge, we are aware of no such schemes with derived embedded methods in the literature.

Interestingly, there has been very little work to date in the literature on adaptivity in time for TRT, and
the large codes developed at U.S. Department of Energy labs tend to use ad-hoc measures based on relative
change in solution, or simply follow the sound speed CFL determined by a coupled, e.g., hydrodynamics,
code. We hypothesize one reason for this is that typically adaptive methods are built based on comparing
the new solution constructed from an order-p and order-p + 1 integrator, and the majority of deterministic
transport codes use a first -order semi-implicit Euler method, where

Yntl = Yn + AtN(yna yn+1), (2)

with opacities evaluated at the previous time step [8]. Opacities o typically depend nonlinearly on frequency
and temperature, and in many realistic problems are represented via tabular data profiles, each of these
aspects making it difficult to resolve opacity dependence implicitly. Due to the nonlinear coupling of opacities
with other components of the system, this makes the use of general higher-order integrators challenging.
Higher-order DIRK methods are considered in [9], but here opacities must either be constant or resolved
implicitly, which are not always realistic or practical requirements, respectively. Predictor-corrector schemes
have been considered in, e.g. [10], but without adaptivity, and such schemes typically have relatively poor
stability as observed in the order reduction for multifrequency problems seen in [10]. Mixed-order schemes
are also considered in [11], where low-order moments are integrated with higher order schemes to improve
accuracy without significantly increasing computational cost, but adaptivity is not considered.

In this paper we develop a framework for adaptive time integration of deterministic multifrequency TRT.
We generalize our recent semi-implicit-explicit integration framework for gray TRT [6] to multifrequency,
and also introduce a semi-implicit variation (higher-order integration, where each stage is implicit in all
components except opacities). This allows us to use PRK methods and the broad literature on adaptivity
with Runge—Kutta methods, in the context of the semi-implicit framework of [12, 13] that facilitates nonlinear
partitioning. To facilitate this, we derive embedded methods for four asymptotic preserving IMEX Runge—
Kutta schemes we have found to be robust in our previous work on TRT [6] and radiation hydrodynamics
[7]. We then use a moment-based representation of the transport equations [14, 15], where we integrate the
“low-order” (LO) zeroth and first moment of (1) coupled to the “high-order” (HO) transport equation of

2
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specific intensity (1). Often the LO equations are used purely as a tool to accelerate the implicit solution of
the HO equations. Here we treat the LO moments as auxiliary integrated quantities in time in order to (i)
use them to form a partitioning as in [6], and (ii) as the basis for our error estimates and adaptivity. Due
to the high dimensionality, memory is always a concern in simulating TRT. We form error estimates and
adaptivity in time purely based on temperature and radiation energy, for a trivial overhead computational
cost and memory usage compared with the base second order integrator. Specifically, using temperature
and radiation energy allow us to incorporate adaptivity without additional storage and operations on the
full specific intensity space.

In Section 2 we present the semi-implicit and semi-implicit-explicit nonlinear partitioning of TRT that we
use in the context of semi-implicit Runge-Kutta methods, which facilitate using arbitrary order partitioned
Runge—Kutta methods and their corresponding error estimators. In Section 3 we review semi-implicit Runge—
Kutta methods and adaptive Runge-Kutta methods. We then choose four specific second-order partitioned
integrators we have found to be robust for TRT problems, and derive new embedded error estimators with
certain optimal properties for these methods, and present the framework for moment-based adaptive time
stepping. Note, the framework developed here applies to general moment-based approaches to TRT. We
specifically use high-order-low-order (HOLO) moment discretizations [16, 10, 17] because in our testing they
have demonstrated better IMEX stability for transport, and they also provide a natural/consistent collapse
to a gray moment system that we use for adaptivity and IMEX partitioning. The new framework is then
applied to the gray tophat and multifrequency Larsen problem in Section 4, demonstrating the ability to
naturally change the timestep to respect the dynamic timescale across many orders of magnitude in a single
simulation.

2. TRT moment equations and semi-implicit(-explicit) formulation

Here we consider deterministic Sy transport discretizations, where the angular integral operator is dis-
cretized using discrete ordinates [18] and the frequency integral approximated using a multigroup energy
discretization. We use a linear upwind discontinuous Galerkin discretization in space, with mass lumping
to help maintain positivity [17]. We begin by introducing a general Runge-Kutta framework for (semi-
)implicit-explicit integration in Section 2.1, and proceed to introduce HOLO-based implicit-explicit and
semi-implicit integration methodologies for TRT in Section 2.3, following the gray formulation from [6].

2.1. Semi-implicit(-explicit) Runge Kutta
Post spatial discretization, TRT results in a nonlinear autonomous set of ODEs in time, with general
form

9y _ . N

Runge-Kutta (RK) methods [19] approximate the integration of (3) in time using a combination of Euler-like

A
BT where A corresponds to
RK coefficients, b to weights, and ¢ to quadrature points within a time-step. A generic s-stage RK method
takes the form

stage steps/solves. We adopt the standard notation of a Butcher tableaux,

Y(i):y”—i—AtZaijN(Y(j)) fori=1,...,s,
j=1

y”“ = y” + AthJN(Y—(]))
j=1

Strictly lower triangular A yields an explicit method, and lower triangular yields a diagonally implicit RK
(DIRK) method (we do not consider fully implicit methods here, which yield more complex implicit stage
equations).
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As discussed previously, for realistic TRT simulations we typically do not want to consider the problem
as purely implicit due to the nonlinear dependence on material opacities. Significant work has been done
on partitioned and additive RK (ARK) methods [20, 21], which are designed to integrate equations with a
natural additive partition into stiff and nonstiff parts, N'(y) = Ng(y) + N1(y), where we treat Ng explicitly
and N7 implicitly. However, in TRT the opacities that we want to treat explicitly (or effectively linearize)
are nonlinearly coupled to the stiff components that we must treat implicitly.

To address the nonlinear coupling arising in opacities, we follow the semi-implicit strategy of [12, 13]:
we introduce an auxiliary #-variable and apply IMEX-RK methods to solve the resulting coupled equations:

oy*

VNG, D =N, (@

ot

Note that because the right-hand sides are identical, N'(y*, y), exact integration will yield identical solutions,
y(t) = y*(¢). By duplicating the equations, however, we can partition our equations such that stiff terms are
evaluated at y and non-stiff terms at y*; we then proceed to apply partitioned integrators that are explicit
in y* and implicit in y to the coupled system (4), regardless of nonlinear coupling between the two variables.
This will allow us to nonlinearly partition opacities, e.g., o(v, T*)I, where this term will be treated explicitly
in T and implicitly in I. Thus define an IMEX-RK Butcher tableaux

A A
b’ CbT ®)

c

where tilde-coefficients denote an explicit scheme and non-tilde coefficients represent a DIRK scheme. We
assume that b = b, which simplifies the resulting semi-implicit(-explicit) RK scheme applied to take the
form

i—1

j=1

Yr(z) = Yn + At Z alJN(}/’(;)7 }/(j))v (Gb)
j=1

Uni1 =Yn + ALY BN (Y, Y). (6¢)
j=1

2.2. Continuous TRT moment equations

Moment-based methods typically take the first two moments of (1) in momentum (equivalently the first
two moments in angle, along with integrating over energy), yielding the total radiation energy and radiation

flux 1
FE = —//Idudﬂ, F = //Iﬂdydﬂ, (7)
c

and then introduce some closure to the radiation flux equation that arises when integrating the right-hand
side of (1a). Here we use the HOLO class of methods [16, 10, 17] which introduce a «-consistency term to
the radiation flux equation, wherein the resulting L.LO system takes the form

OF
E = —V~F—CGE(T)E+CLCJP(T)T47 (83‘)
1 0F
— = _§VE — og(T)F +~(I,T)cE, (8b)
pCv%_:f = —acop(T)T* + cop(T)E. (8c)
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Here, og,0p, and or are the radiation-energy-, Planck-, and Rosseland-weighted opacities, respectively,
given by

[ JoIdvdQ _ [oBdv S SRaw
O’E(I,T) = W, Jp( ) = W, O’R(T) = iag? (9)

Note that the moment equations in (8) are auxiliary in the sense that the transport equation in (1)
contains all of the information of the moment equations. A typical approach of moment-based methods is
to apply the first-order semi-implicit discretization in time (2), where opacities are linearized and all other
terms treated implicitly, and proceed to use the moment equations as a nonlinear preconditioner for the
high-order implicit system. First, a “transport sweep” is applied, which solves the discrete implicit form
of (1a) for all discretized angles and energies, with fixed temperature and opacities. Then, the collapsed
opacities (9) and moment closure (in this case v (8)) are formed from the updated angular intensity, and
the nonlinear LO equations are solved for updated {E, F,T} with fixed opacities and closure. This process
is repeated until convergence of the implicit system.

A benefit of moment-based methods is the ability to choose different spatial discretizations for the HO and
LO systems, each of which may facilitate different desirable properties in terms of discretization accuracy,
linear /nonlinear solver efficiency, or ease of multiphysics coupling. Finite volume (FV) methods are a natural
choice for the LO discretization, as they are widely used in lab codes and also make for natural coupling
to FV-based hydrodynamics codes, but care must be taken such that the LO FV discretization satisfies
the thick diffusion limit. To that end, we use the HOLO subcell FV discretization of the LO equations as
introduced in [17]. The time integration framework is also largely agnostic to discretization of the integrals
in (7) and (9); here we use discrete ordinates in angles and a standard multigroup approximation in energy.

2.8. Semi-implicit(-explicit) moment formulation

For embedded adaptivity, one needs a base solution method with order p > 1, so that an embedded
solution of order p —1 > 1 can also be formed. This makes the classical first-order semi-implicit method (2)
widely used in TRT not a viable option.” Here we generalize the first-order semi-implicit method to higher
orders via the framework of [12, 13| (see Section 2.1). Note that memory is critical in TRT simulations due
to the high dimensionality of the problem, and copying all state variables to have both explicit and implicit
stage vectors at first glance seems problematic. We want to emphasize that in both of the formulations that
follow and the integration schemes introduced in Section 3, the only state variable for which an explicit
copy must be stored is temperature, which does not have angular and energy dependence, so the auxiliary
variable formulation is a marginal additional memory cost. Detailed algorithms and pseudocode for semi-
implicit-explicit integration in the context of TRT can be found in [6, Sec. 3.2 and 4].

2.8.1. Semi-implicit TRT

Broadly we want to treat the stiff differential operators and asymptotic behavior of TRT implicitly,
but do not want to couple opacity data nonlinearly into our implicit solve. As described previously, this
is typically accomplished by linearizing opacities, density, and heat capacity at the previous solution, and
treating all other terms in (1) implicitly. In the case of HOLO methods, we augment (1) with the low-
order moment equations (8) and alternate between solving the two systems until they are consistent up
to a desired tolerance (that is, the discrete moments E and F match the integrated moments (7) from I).
Often this is formalized post time discretization [10, 17], but here we consider a HOLO formulation pre
time discretization to allow using arbitrary partitioned semi implicit integrators. To do this, we first need
to define the concept of partitioned collapsed opacities, which use two distinct temperatures {T*,T} for
opacities and weight-functions:

_ [ Jolv, ) IdvdQ [ o(v,T*)B(v, T)dv 2B gy
op(T", I , op(T*T) = , or(T",T) =
[ [IdvaQ [ By, T)dv [ = ey’
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where in the spirit of (4) we will treat *-variables explicitly in our integration scheme and non-*-variables
implicitly. We then arrive at a complete nonlinearly partitioned set of equations given by

% =—cQ-VI—-co(v,T*)] + co(v,T*)B(v,T) = NS*™(T* 1, T), (10a)
aa—f = -V -F—cop(T*,I)E + acop(T*,T)T* = Ns™(T* I, E,F,T), (10b)
OF 02 5 * semi [k
5 = 3 VP —cor(T ,T)F +~(I,T) = Nyp™(T* I, E,F,T), (10c)
or 1 . . mi (rpox
i (acop(T*,T)T* — cop(T*,I)E) = NS (T* I, E,T). (10d)

In practice, we solve each semi-implicit system that arises in integrating (10) via standard HOLO iterations,
first solving I for fixed T', and then solving the LO equations over {E, F, T} given current specific intensity I,
and repeating until convergence of the HO and LO systems. Note, in the inner LO solve, the T' dependence
in opacities and < is fixed in the inner nonlinear solve; i.e., the only nonlinearity in 7" that is resolved in the
inner LO solve is the T* term. More broadly, HO opacities o (v, T*) in (10a) are linearized about T from the
previous time step or stage, but collapsed opacities in the LO equations are updated each outer nonlinear
HOLO iteration based on updated I and T' values.

2.8.2. Semi-implicit-explicit TRT

A single implicit transport solve is computationally very expensive due to the high dimensionality, ill-
conditioning, nonlinearities, and advective nature of the equations. Recently, we proposed a new one-sweep
implicit-explicit time integration scheme for gray TRT based on capturing the asymptotic streaming and
thick diffusion regimes implicitly, and treating the remaining equations explicitly. Here we extend the IMEX
approach to the multifrequency setting in an analogous way by breaking part of the coupling between the
HO and LO equations. We do this by treating the coupling of B(v,T) in (10a) expicitly in 7"

I .
% =—-cQ-VI—co(w, T)I + co(v, T*)B(v,T") = N(T", 1), (11a)
E .
aa_t = -V -F — cog(T* I)E + acop(T*)T* = Ng™(T",I,E,F,T), (11b)
OF 02 " * imex [
a:—gVE—CUR(T )F—F’V(I,T ) ::NF‘ (T 717E’F)7 (llc)
T 1 .
?9_t = _pC (aco'p(T*)T4 — CGE(T*,I)E) = Np(T",1,E,T). (11d)

Note that now we have renmoved the implicit dependence of I on temperature. As a result, each implicit
stage requires one transport sweep in angular intensity for fixed temperature, followed by closing and solving
the (gray) nonlinear LO system in {EF, T} with collapsed opacities. Collapsed opacities here are fixed and
no longer depend on 7', only on 7. This is because in a single LO iteration, opacities are not updated, and
by breaking the implicit coupling between I and the LO system, we no longer have an outer iteration in
which to converge collapsed opacities as in the semi-implicit setting with partitioned collapsed opacities.

3. Adaptive Runge Kutta time integration

3.1. Adaptivity
The local error produced from one step of (6) can be estimated with the help of an embedded method
of lower order. To output such an embedding, we add an additional b vector to each of the tableaux in (5).

Like the primary method, we utilize the same embedded vector for the implicit and explicit schemes. The
embedded solution is then computed analogous to the solution update in (6¢) via

ntt = Yo + ALY BNV Y.

Jj=1

6



Journal Pre-proof

We denote the embedded order of accuracy with p and the primary order of accuracy with p. Following the
standard approaches of [2] and [22, pp. 167-168], a new timestep is selected with

N ~ 2
_ - epp— 1/ (min(p.F)+1) _ L Ynt1i = Unt1i
Atpew = 0.9AL - err , err i ZZ:; <atoli T+ rtol; max([yn i, |yn+“|)) )

and a step is deemed acceptable for the specified absolute and relative tolerances if err < 1. Note, the
error estimate is computed with a local relative tolerance to ensure that error associated with small solution
values is not ignored, something that is particularly important in TRT problems where solutions can span
many orders of magnitudes, and accurate wavefront evolution is critical to long-term accuracy of dynamics.

In this work, we focus on methods with order p = 2 and an embedding one order lower (p = 1). We
use second-order methods to limit the memory requirements, and because our experience with TRT and
radiation hydrodynamics has indicated no benefit in terms of accuracy vs. wallclock time of higher order
methods. To the authors’ knowledge, IMEX embedded pairs of order two have only been constructed in
[23], although higher order methods can be found in [21, 24]. We are particularly interested in schemes
that are asymptotically preserving for hyperbolic equations with stiff relaxation terms in the sense of [5],
a property that our previous work has found important for TRT [6] and radiation hydrodynamics [7]. We
have also found EDIRK schemes as in [21, 24] to be numerically unstable for the very stiff physics in TRT.
There are few schemes that satisfy these property and have derived embeddings in the literature, and to the
best of our knowledge, we are aware of no such second order schemes (as we are interested in) with derived
embeddings. With the sparse availability of existing embedded pairs with the desired properties, we look
to add embeddings to existing methods from the literature. For a given primary method, an embedding
is typically not unique. Free parameters can be used to optimize stability and a number of measures for
embedding quality. Before defining these measures, we must first present the structure of the local truncation
error of the semi-implicit RK scheme (6). This ¢an be derived via Taylor series, or more systematically with
the tree-based approach of [25]:

y(tl) -y = AtTl(l)No + At2T1(2)D1N0 “Noy + At2T2(2)D2N0 “Np + At371(3)D1N0 - DNy - Ny
+ Athz(g)DL/\/o - DoNy - Ny + At3T§3)D2NO DNy - Ny + AtSTig)DQNO - DaNy - Ny (12)
+ AT Dy No N, No) + AT DiaNo (No, No) + AT Dog N (No, No) + O(AtY)

For brevity, we have used a subscript of 0 to denote evaluation at the initial condition, e.g., Ny = N (yo, %o)-
Differentiation of AV with respect to the i-th argument is denoted by D;. Finally, Ti(J ) represents the i-th

order condition residual of order j with values given in Table 1. Analogously, residuals for the embedded

method use a hat, e.g., ?1(1) =1 —bTe where e = [1,...,1)T e R®.
Order 1 ‘ Order 2 ‘ Order 3
7'1(1) =1-—ble 7'1(2) = % — b, 7'1(3) = % —bT Ac, 7'2(3) = % —bT Ag, T?EB) = % — belc,
P =1_ple | 1P =1_pTle, % =1_1pTe2 ¥ =1_pTlcxg),
7.7(3) _ % _ %bT62

Table 1: Order condition residuals up to order three for the local error expansion (12).

Following [21], the principal error for the primary an embedded method are

A1) Z(Ti(pﬂ))Q, and A®+D _ Z(/T\i(ﬁﬂ))z’

[ 7

respectively. To ensure the embedded method provides an accurate error estimate over a wide range of At,
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we aim to have the following quantities close to one:

A ~ 2
~(p+2 +2
\/Zz (Ti(p - Tz'(p )> AD+2)
A+1) A+
Analogous measures of embedding quality for the underlying implicit and explicit Runge-Kutta methods

are denoted with a an I and F subscript, respectively.
We formulate the task of computing an embedded method as follows:

AP+2)

BE+2) CF+2) EO+2) _

A+’

argmin (B, ¢, B, B®, ¢, BY, B, ¢ BEPT ~[1,... 17|
b 2 (13)
st. 0= ?fl) and embedding of underlying implicit method is A-stable

A stronger constraint of L-stability in (13) would be advantageous, but unfortunately, it is infeasible for the
methods discussed in the following section. We use Mathematica and the Integreat library [26] to compute
the measures of embedding quality, an algebraic expression for the A-stability constraint, and a global
minimizer numerically.

3.2. Embedded IMEX-RK schemes

Following our recent papers [6, 7], we have found four IMEX-RK tableaux pairs to be significantly more
robust than all others we have tested for the very stiff and nonlinear problems that arise in TRT and its
coupling to other physics. Joint stability for (nonlinear) partitioned integration of nonlinear equations is
largely unexplored, and what precisely makes for a robust scheme remains an open question. However, we
have found the asymptotic preserving property for hyperbolic systems with relaxation (a model that can be
seen as a natural simplification of TRT and radiation-hydrodynamics) as defined in [5] to be consistently
useful /important. In contrast, although EDIRK methods [21, 24] can offer higher stage order, we have not
found them to be robust for problems in TRT or rad-hydro. We believe this is due to instabilities arising
from the first explicit step over highly stiff radiation physics that are not adequately damped in subsequent
stages (part of this may be numerical in nature due to the large scale variations). We have also generally
found L-stable implicit schemes and favorable joint linear stability properties as we analyze in [27, 28] to be
important. For example, IMEX schemes based on an implicit midpoint method have tended to have poor
stability in practice, likely due to an only A-stable implicit component and poor joint linear stability.

All schemes we utilize are second order with L-stable implicit components, and three of the four were
designed specifically for hyperbolic systems with relaxation [5]. The fourth is an equivalent additive rep-
resentation of a certain scheme in the new class of nonlinearly partitioned Runge-Kutta methods (NPRK)
[27, 25]. Here we present each scheme, including an embedding which is a nearby rational approximation to
the optimal embedding (13). Note that the embedded methods inherit the asymptotic preserving property
since A is nonsingular for all methods (see [5, Theorem 3.1]). We summarize some of the other method
properties in Table 2 and provide stability plots in Appendix A.

H-LDIRK2(2,2,2) |5, Table IIJ:

0 0 0 vy vy 0

1 1 0 1—v|1-2y « _
12 12 12 1/2 fory=1-1/v2.
3/10 7/10 3/10  7/10

SSP-LDIRK2(3,3,2) [5, Table IV]:

0] o 0 0 /4| 1/4 0 0

/2] 12 0 0 /4] 0 1/4 0

1|12 1/2 0 1| 1/3 1/3 1/3
/3 1/3 1/3 /3 1/3 1/3
7/41 13/33 589/1353 7/41 13/33 589/1353
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SSP-LDIRK3(3,3,2)[5, Table V]:

0 0 0 0 v v 0 0
1 1 0 0 1—v| 1—-2y ¥ 0
/2| 1/4  1/4 0o 1/2 [1/2—5 0 v, fory=1-1/V2.
1/6  1/6  2/3 /6 1/6  2/3
—2/17 2/13 213/221 —2/17 2/13 213221

IMEX-NPRK2[42]b [27, Eq. SM5.35:

0 0 vy 0
26+3v2 0 —20+23v2 ~y
Toiovs T893 T6tovs  T8=0v3 fory =1-1/V2.
94 94 94 94
1/15 14/15 1/15 14/15
Implicit Method Implicit Embedded
Method | s Stability Stability AB) BB cB) E®)
H-LDIRK2(2,2,2) | 2 L-stable A-stable 0.2757 1.452  0.9346 0.9004
SSP-LDIRK2(3,3,2) | 3 L-stable A-stable 0.1792 1.583 1.032 0.8292
SSP-LDIRK3(3,3,2) | 3 L-stable A-stable 0.1265 1.116 0.9339 0.6088
IMEX-NPRK2[42]b | 2 L-stable A-stable 0.2564 1.153 0.7964 0.9736

Table 2: Properties of the second order IMEX-RK schemes and their embeddings. A smaller value of A®) typically indicates
a more accurate method. Ideally, B(3)7 0(3), E®) should be close to one.

3.83. Moment-based adaptivity for TRT

Due to the high dimensionality of the TRT solution space, memory is a major concern in numerical
simulation. As a result, adding an additional full copy of the specific intensity for purposes of error estimation
(in addition to an extra copy or two for a second-order integrator) is not desirable. To that end, we propose
performing local error estimation only in the reduced moment system, particularly in the radiation energy
density and the temperature. In addition to being relatively cheap to store an additional copy for error
estimation, these variables are also the primary coupling components to other physics, such as in radiation
hydrodynamics. Thus, we believe these lower dimensional variables are both computationally feasible and
physically suitable representations of error dynamics to guide time step selection. In the error estimation
algorithm from Section 3.1, we thus restrict our embedded vector to only consider the temperature and/or
radiation energy components.

Note, one could also consider using radiation flux F for error estimation. We have found F to consistently
drive timesteps many orders of magnitude smaller than needed. We believe this is due to inconsistency in
the flux closure compared with the flux integrated directly from I, either from the IMEX time integration or
inexact solution of the semi-implicit system. This is consistent with results seen for linear neutron transport
in [29, Fig. 5.8], where inconsistent moment discretizations can lead to nontrivial error in the first moment.

4. Numerical results

We demonstrate our moment-based adaptive time-stepping schemes using the newly derived embedded
IMEX pairs on two common test problems in TRT: (i) the gray tophat problem to test 2d multi-material
geometries, and (ii) the multifrequency Larsen problem to test multifrequency TRT in highly non-equilibrium
regimes.
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4.1. The 2d Tophat Problem

First we consider the multimaterial tophat problem. The problem consists of two materials: the optically
thin pipe and optically thick wall described by opipe = 0.2 L and owan = 2000 é, respectively, which do

cm
not depend on temperature and are thus fixed in time. The heat capacity is C,, = 10" 7E— in both the
wall and pipe. Radiation enters the pipe at the bottom of the domain according to a Planckian distribution
4
evaluated at a temperature of T, = 500eV, that is Lingow = GZZ" . Elsewhere, the domain boundary is

treated as a vacuum. The computational domain is halved by applying a reflection boundary along the
plane x = 0. The initial temperature and radiation fields are set to be in equilibrium with each other at
a spatially uniform temperature of 50eV. The evolution of the temperature field through the pipe can be
seen in Figure 1. We run this problem on a uniform grid of 40 x 140 cells with 6th-order Sy quadrature and
HOLO discretization as in [17, 6].

4.8e+02
450
400
350

- 300
250

I 200
150

I 100
4.9e+01

4.8e+02
450
400
350

— 300

4.8e+02
450
400
350

— 300

430402
400
I 350
1 300
l 250 250
200 I 200
150 150 150
I 100 I 100 I 100
5.0e+01 49e+01 490401

(a) (b) (c) (d)

Figure 1: Evolution of the temperature field in the 2d Tophat problem. The times shown are (a) t = 5e — 10, (b) ¢ = 5e — 09,
(¢) t =5e — 08 and (d) ¢t = 1le — 07.
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We first demonstrate that the adaptive time-stepping naturally captures the dynamic timescale of the
problem, and is robust across time integration scheme and formulation (IMEX vs semi-implicit). Figure 2
shows the adaptive time step choice as a function of physical time in simulation in seconds for IMEX
integration, for the four IMEX schemes and embedded error estimators, and four different adaptive error
tolerances. Error here is measured with respect to radiation energy density. The adaptively chosen timestep
is intuitive as well; early time when radiation is entering the domain and the problem is streaming dominated,
the timestep must be very small to capture the evolution of the radiation energy and temperature front. As
the pipe heats up, the timestep begins to increase. Around physical time ¢t = 10719, the temperature starts
turning the first corner in the pipe (see Figure 2e). Here, all schemes lead to a drop in timestep to capture
these dynamics, with a more significant decrease in timestep required for higher accuracy. After the corner
is resolved, the full pipe begins to heat up. Eventually, the pipe becomes saturated and dynamics transition
to a slow diffusive timescale, which can be captured with large time steps well over the streaming timescale.
Altogether, we span 3-4 orders of mangitude in timestep size over the coarse of the simulation.

Note that across almost all of the time domain, the adaptively chosen timestep is quite similar across all
four time integration schemes and embedded error estimators. The one exception is around physical time
t = 107'% where the temperature begins turning the corner. For the smallest adaptive error tolerance,
SSP-LDIRK2(3,3,2) requires minuscule timesteps on the order of 10~2%s. Analyzing the simulation results,
this appears to be due to negativities that arise in the embedded solution that are “fixed,” but such fixing is
inconsistent with the solution of the high-order scheme, indicating error and a need for a smaller timestep.

10
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Figure 2: Plot of At vs. ¢ for IMEX schemes for the 2d Tophat problem (a) H-LDIRK2(2,2,2), (b) SSP-LDIRK2(3,3,2) (c)
SSP-LDIRK3(3,3,2) and (d) IMEX-NPRK][42]b. In (e), the temperature field is shown at ¢ = 5e — 10 as the field has to resolve
the first corner. The resolution of the first corner corresponds with the drop in At for each of the considered schemes.

Note that a similar problem occurs with semi-implicit integration for SSP-LDIRK2(3,3,2). We believe this
is a subtle nonlinear stability defect of the embedded IMEX pair of SSP-LDIRK2(3,3,2), and for this reason
we recommend the other schemes as they have proven more robust.

Figure 3 then compares the adaptive timestep chosen for a fixed scheme IMEX-NPRK[42]b (similar
results hold for other schemes as well) across IMEX or semi-implicit integration and the use of temperature
or radiation energy for local error estimation. Here we see that, interestingly, when using temperature for
error estimation rather than radiation energy, the adaptive process does not require a decrease in timestep
when the radiation energy and temperature first turn the corner of the pipe. In addition, we see that
the timesteps chosen for IMEX and semi-implicit integration are very similar through most of the time
domain, only differing significantly at times > 10~8s. Here, the physics become truly diffusive and slow
moving, and the coupled semi-implicit integration affords larger timesteps than IMEX without significant
loss in accuracy due to the improved joint stability of semi-implicit integration. On a side note, this further
supports the concept of decoupled IMEX integration, as error-based adaptive time stepping indicates that
coupled semi-implicit integration should still take time steps for which IMEX integration is also stable.

Now we look at error as a function of adaptive error tolerance and final time at which the error is
measured in Figure 4. We consider four final times logarithmically spaced to a final time of 10~"s, at which
point the dynamics are largely diffusive in nature. Because the error estimate is local in nature (in time), we
demonstrate on different final times to confirm that the vastly varying time steps proposed in Figure 3 are
appropriate to accurately capture dynamics during different parts of the problem evolution, in particular
transitioning from a streaming regime to a thick diffusive regime.

First, we point out that in the log-log scaling of error vs. adaptive error tolerance in Figure 4, nearly
all integration schemes, variables, error indicators, and final times have a clear linear relationship. That
is, reducing the adaptive error tolerance by 1 will reduce the integrated L2-error ~ n? for constant p > 0.
Although p varies across final time, integration scheme, variable, and error indicator, when these parameters
are fixed it appears to stay relatively constant. This demonstrates that the error estimator and correspond-
ing adaptive integration algorithm provide qualitatively accurate error estimates and refinement criteria,

11
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Figure 3: Plot of At vs. ¢ for IMEX-NPRK|42]b using IMEX or semi-iniplicit integration, and E, or T for error estimation.

naturally increasing solution accuracy by reducing adaptive error tolerance.

The least successful adaptivity corresponds to early time adaptivity using 7" to estimate error (Figure 4(e-
h)), where the constant p is quite small, i.e. reducing the adaptive error tolerance on T causes only small
reductions in the observed L2-error.. As observed in Figure 3, using only T to estimate error maintains a
fairly large time-step early on, and it appears that 7" alone as an error estimate has a limit in the streaming
regime.

Broadly we see that adaptivity based on E). results in smaller error than equivalent adaptivity based on
T. This is as expected, given that F, adaptivity leads to smaller adaptive time step selection (Figure 3).
Similarly, semi-implicit integration leads to more accurate results than IMEX, particularly in late time
when the problem is diffusive in nature. This is also expected, since the adaptive timesteps proposed are
quite similar between IMEX and semi-implicit (Figure 3), but semi-implicit integration better resolves the
implicit coupling between high-order transport phenomena and low-order diffusion. Last, we point out that
the error obtained is in most cases quite similar across all four schemes. This supports the use of the
two-stage schemes, H-LDIRK2(2,2,2) and IMEX-NPRK2[42]b, in practice due to their lower computational
costs and storage requirements.

4.2. Larsen

The Larsen problem is specified as a 1d multifrequency problem from [8, Sec. VII] with constant heat
capacity Cy = 5.109 - 1011 2 and opacity specified by

eV cm3
o= i ().

where h is Planck’s constant and «y a specified constant. For 1d domain [0,4]cm, we have

10°eV3/em O0<z <1
y(@)=¢102 eV3/em 1<z <2.
10° eV3/em 2 <ax <4

12
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and utilize inflow boundary conditions on the right according to a Planckian distribution evaluated at a

temperature of T = 1000eV, that is IjnAow = %i. The initial temperature and radiation fields are set to
be in equilibrium with each other at a spatially uniform temperature of 1eV. Here we present analogous
results for the Larsen problem as demonstrated for the Tophat problem in Section 4.1. We run this problem
on a uniform grid of 256 cells with 8th-order Sy quadrature, 50 energy groups uniformly split in log-scale
between 1072eV and 10%V., and a HOLO discretization as in [17, 6]. A sequence of solutions for radiation

energy and temperature are shown in Figure 5.
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7
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50 800
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&
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temperature
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temperatu

500

(d) (e) (f)

Figure 5: Top: Radiation energy. Bottom: Material temperature. Shown are solution snapshots at t = 7.64968 x
10~11,2.88063 x 10—, and 10~7 corresponding to the two drops in At seen in Figure 6 and the final time, respectively

We start by again presenting adaptive time step as a function of physical time for four different local
error tolerances, and for IMEX or semi-implicit integration and using temperature or radiation energy for
local error estimation in Figure 6. Here, the time steps arising from the four different IMEX schemes and
embedded pairs are nearly identical (in contrast to the tophat problem, where SSP-LDIRK2(3,3,2) had an
instability of sorts), so we only present results for IMEX-NPRK[42]b. As for the tophat problem, we see
that error estimation based on E,. drives the timestep significantly smaller than error estimation based on T'.
Looking at the temperature adaptivity in Figure 6, we see two sudden drops in At, each also corresponding
to a sharp increase in At using F.-adaptivity. Thus in both cases, these two times are marked as having
a significant change in dynamic timescale. As expected, these times correspond to the radiation energy
heating up a new material. Figure 5(a,d) show the solution shortly after the large drop in At in Figure 6,
where the second, optically thicker material begins to heat up. Similarly, the smaller drop in At seen in
Figure 6 corresponds to the dynamics seen in Figure 5(b,e), depicting the initial increase in temperature of
the third material.

Now we again look at error as a function of adaptive error tolerance and final time at which the error
is measured in Figure 7. As for tophat, the log-log scaling of error vs. adaptive error tolerance has a linear
relationship in most cases, excluding the very first final time considered, where the relationship is more
complex. Similarly, almost all cases yield a steady reduction in error arising from a reduced adaptive error
tolerance, with the only exception being T-adaptivity not effectively reducing radiation energy error in very
early time. Using radiation energy as the error estimator yields smaller L?-error, but noting how much

14
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Figure 6: Plot of At vs. t for IMEX-NPRK][42]b applied to the Larsen problem using IMEX or semi-implicit integration, and
FE, or T for error estimation.

smaller the proposed timesteps are compared with using temperature as an error estimator (see Figure 6),
this accuracy comes at a cost. Last, we point out that for the Larsen problem, semi-implicit integration does
not offer significant benefit over IMEX integration in terms of L2-error, despite very similar adaptive time
step selection (Figure 6). This again supports the idea that the IMEX partitioning is stable and accurate
on the dynamic timescale we want to capture.

Part of the novel contribution of this paper is the extension of the IMEX formulation from [6] for gray
TRT to multifrequency TRT problems, as well as the introduction of a high-order semi-implicit method for
gray or multifrequency that is only explicit/linearized in opacity. To this end, we conclude by providing a
convergence analysis for both the semi-implicit and IMEX methods with fixed At for the multifrequency
Larsen problem. For each of the presented integrators, we compute the solution on six uniform grids in
time. The initial timestep is chosen to be Aty = 3.2e-11 and the timestep is halved for each refinement
level so that Atg = le-12. We use the SSP-LDIRK(3,3,2) integrator to compute our reference solutions
with At,.; = le-13 since the SSP-LDIRK(3,3,3) scheme is consistently one of the most accurate in the
previously presented convergence studies. For this fixed-step convergence study, we set the final time to be
ttinat = 1le-9. We provide convergence tables for E, and the temperature in Tables 3-6. In each case, we
compute the relative L', L? and L® norms with their respective convergence rates given in parentheses.

The data shows that the IMEX method, without adaptive time stepping, suffers from order reduction at
these larger time steps (compared to adaptive At for early physical time), observing convergence usually in
the range p € [1.2,1.5]. This is very likely due to the more complex relationship between LO and HO opacities
in the multifrequency setting compared to gray, wherein we only obtain a “correct” LO opacity by resolving
the HO equation in frequency. Consistent with this explanation, the semi-implicit schemes that accurately
resolve the frequency dependence in LO opacities (despite linearizing the temperature dependence) attain
the desired convergence properties even for large time steps, as well as error 2-3 orders of magnitude smaller
than the IMEX methods. What is interesting is that the adaptive time stepping provides qualitatively
similar behavior in choice of At for the IMEX and semi-implicit formulations (see Figure 6), and, moreover,
the error observed at different times is also qualitatively similar for IMEX and semi-implicit (see Figure 7).
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This is likely because the adaptive time stepping for both methods drive the timestep sufficiently small that
the IMEX method is locally in the basin of second-order convergence at any point in time and obtains better
error than fixing a uniform timestep across the whole simulation.

IMEX-NPRK2[42]b H-LDIRK2(2,2,2)

At L Lo Loo L Lo Loo
3.20e-11 7.03e-02 9.90e-02 5.17¢-01 7.18¢-02 1.01e-01 5.22¢-01
1.60e-11 | 2.53e-02 (1.5) 3.19e-02 (1.6)  1.26e-01 (2.0) | 2.56e-02 (1.5) 3.24e-02 (1.6) 1.33e-01 (2.0)
8.00e-12 | 9.73e-03 (1.4) 1.24e-02 (1.4) 4.22e-02 (1.6) | 9.90e-03 (1.4) 1.26e-02 (1.4) 4.40e-02 (1.6)
4.00e-12 | 4.19¢-03 (1.2) 5.51e-03 (1.2) 1.74e-02 (1.3) | 4.24¢-03 (1.2) 5.57e-03 (1.2)  1.79¢-02 (1.3)
2.00e-12 | 1.86e-03 (1.2) 2.51e-03 (1.1)  7.89e-03 (1.1) | 1.87e-03 (1.2) 2.53e-03 (1.1)  8.05¢-03 (1.2)
1.00e-12 | 8.05¢-04 (1.2) 1.11e-03 (1.2)  3.50e-03 (1.2) | 8.10e-04 (1.2) 1.11e-03 (1.2)  3.55¢-03 (1.2)

SSP-LDIRK2(3,3,2) SSP-LDIRK3(3,3,2)

At L Lo Loo L Lo Loo
3.20e-11 1.14¢-02 5.70e-02 3.03¢-01 2.93¢-02 3.86e-02 2.05¢-01
1.60e-11 | 1.39e-02 (1.6) 1.71e-02 (1.7)  7.19e-02 (2.1) | 8.57e-03 (1.8)  1.03e-02 (1.9)  3.65e-02 (2.5)
8.00e-12 | 5.23¢-03 (1.4) 6.43¢-03 (1.4) 2.23¢-02 (1.7) | 3.09¢-03 (1.5) 3.71e-03 (1.5) 1.15¢-02 (1.7)
4.00e-12 | 2.19¢-03 (1.3)  2.77e-03 (1.2)  8.73¢-03 (1.3) | 1.28¢-03 (1.3) = 1.59¢-03 (1.2)  4.98¢-03 (1.2)
2.00e-12 | 9.49¢-04 (1.2) 1.24e-03 (1.2) 3.86e-03 (1.2) | 5.220:04 (1.3) 6.76e-04 (1.2)  2.30e-03 (1.1)
1.00e-12 | 3.99e-04 (1.2) 5.32e-04 (1.2) 1.68e-03 (1.2) | 1.87¢-04 (1.5) 2.49e-04 (1.4) 9.40e-04 (1.3)

Table 3: Fixed At convergence for the temperature with IMEX integrators. Convergence rates are given in parenthesis with
relative norm errors.

IMEX-NPRK2[42]b H-LDIRK2(2,2,2)

At L4 Lo Loo Ly L, Lo
3.20e-11 5.56e-02 1.59e-01 1.21e+00 5.58e-02 1.60e-01 1.22e4-00
1.60e-11 | 1.06e-02 ( ) 2.72e-02 (2.5) 2.05e-01 ( ) 1.12e-02 (2 3) 2.90e-02 (2.5) 2.19e-01 (2.5)
8.00e-12 | 4.04e-03 (1 4) 6.84e-03 (2,0) 3.41e-02 (2 6) 4.13e-03 (]. 4) 7.05e-03 (2.0) 3.80e-02 (2 5)
4.00e-12 | 1.76e-03 (1 2) 2.97e-03 (1.2) 8.54e-03 (2 O) 1.78e-03 ( ) 2.98e-03 (1.2) 9.63e-03 (2.0)
2.00e-12 | 8.13e-04 (1 1) 1.40e-03 (1.1) 4.14e-03 (1 O) 8.19¢e-04 (1 1) 1.40e-03 (1.1) 4.10e-03 (1 2)
1.00e-12 | 3.72e-04 (1 1) 6.56e-04 (1.1) 1.99e-03 (1 1) 3.73e-04 (1 ].) 6.55e-04 (1.1) 1.97e-03 (1 1)

SSP-LDIRK2(3,3,2) SSP-LDIRK3(3,3,2)

At L4 Lo Lo 14 Lo Lo
3.20e-11 3.16e-02 8.75e-02 6.52e-01 1.99e-02 5.51e-02 4.14e-01
1.60e-11 | 7.11e-03 ( ) 1.77e-02 (2 3) 1.32e-01 (2.3) 3.61e-03 (2.5) 6.80e-03 (3.0) 2.63e-02 (4.0)
8.00e-12 | 2.11e-03 (]. 8) 5.02e-03 (]. 8) 3.73e-02 (1 8) 4.04e-03 (-0.2) 1.04e-02 (-0.6) 4.41e-02 (-0‘7)
4.00e-12 | 8.22e-04 ( ) 1.92e-03 ( ) 1.43e-02 (1.4) 1.96e-03 (1.0) 5.12e-03 (1.0) 2.14e-02 (1.0)
2.00e-12 | 3.64e-04 ( ) 8.58e-04 (1 2) 6.45e-03 (1 2) 9.39¢e-04 (1.1) 2.47e-03 (1.1) 1.05e-02 (1.0)
1.00e-12 | 1.59e-04 (]. 2) 3.80e-04 (]. 2) 2.88e-03 (1 2) 4.38e-04 (1.1) 1.17e-03 (1.1) 5.20e-03 (1.0)

Table 4: Fixed At convergence for E, with IMEX integrators. Convergence rates are given in parenthesis with relative norm
errors.

5. Conclusions

In this paper we propose a moment-based adaptive time integration framework for thermal radiation
transport. We extend the recently proposed IMEX integration framework for gray TRT [6] to the multi-
frequency setting and to include a semi-implicit option, which is implicit in all components except opacity.
We then derive embedded methods for four IMEX Runge—Kutta schemes that are asymptotic preserving
for hyperbolic equations with stiff relaxation terms, a property our previous work has indicated is impor-
tant for stable and robust IMEX integration for TRT and radiation hydrodynamics. Using the embedded
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IMEX-NPRK2[42]b

H-LDIRK2(2,2,2)

At L Lo Lo Ly Lo Loo
3.20e-11 2.07e-04 3.84e-04 2.44e-03 2.23e-04 4.24e-04 1.95e-03
1.60e-11 | 3.68e-05 ( ) 6.02e-05 ( ) 3.19e-04 (2.9) 3.80e-05 ( ) 5.90e-05 (2.8) 2.25e-04 (3.1)
8.00e-12 | 1.46e-05 (1 3) 2.29e-05 (1 4) 7.22e-05 (2.1) 1.35e-05 (1 5) 2.16e-05 (1.4) 6.35e-05 (1.8)
4.00e-12 | 5.28e-06 (1 5) 7.86e-06 (1 5) 2.27e-05 (17) 4.43e-06 (]. 6) 7.55e-06 (1.5) 2.84e-05 (1,2)
2.00e-12 | 2.15e-06 (1 3) 2.77e-06 (1 5) 7.50e-06 (1.6) 1.29e-06 ( ) 2.24e-06 (1.8) 7.62e-06 (1.9)
1.00e-12 | 7.53e-07 (1 5) 9.91e-07 (1 5) 2.00e-06 (1.9) 3.95e-07 (1 7) 6.03e-07 (1.9) 2.05e-06 (1.9)

SSP-LDIRK2(3,3,2) SSP—LDIRK3(3,3,2)

At L1 Lo Lo L Lo Lo
3.20e-11 2.71e-04 4.34e-04 2.02e-03 1.43e-04 2.42e-04 1.28e-03
1.60e-11 | 5.00e-05 ( ) 7.71e-05 (2.5) 2.34e-04 (3.1) 3.30e-05 (2 1) 5.63e-05 (2.1) 3.13e-04 (2 O)
8.00e-12 | 1.70e-05 (1 6) 2.65e-05 (1.5) 8.17e-05 (1.5) 1.25e-05 (1 4) 2.14e-05 (1 4) 1.05e-04 (1 6)
4.00e-12 | 6.05e-06 (1 5) 9.72e-06 (1.4) 2.95e-05 (1.5) 4.14e-06 (1 6) 6.87e-06 (1.6) 2.74e-05 (1.9)
2.00e-12 | 1.61e-06 (1 9) 2.76e-06 (1.8) 9.20e-06 (1.7) 1.51e-06 ( ) 2.21e-06 (1 6) 6.96e-06 (2.0)
1.00e-12 | 5.62e-07 (1 5) 8.40e-07 (1.7) 2.57e-06 (1.8) 7.13e-07 (1 1) 9.25e-07 (1 3) 2.39e-06 (1 5)

Table 5: Fixed At convergence for the temperature with semi-implicit integrators. Convergence rates are given in parenthesis
with relative norm errors.

IMEX-NPRK2[42]b H-LDIRK2(2,2,2)

At Ly Lo Loo L Ly Loo
3.20e-11 2.95¢-04 4.87e-04 2.49¢-03 2.83e-04 1.47e-04 2.16e-03
1.60e-11 | 6.97e-05 (2.1) 1.37e-04 (1.8) 7.96e-04 (1.6). | 6:47e-05 (2.1) 1.23e-04 (1.9)  6.06e-04 (1.8)
8.00e-12 | 1.66e-05 (2.1) 7.49e-05 (0.9)  7.38e-04(0.1) | 1.38¢-05 (2.2) 5.92¢-05 (1.1)  5.88¢-04 (0.0)
4.00e-12 | 4.10e-06 (2.0) 1.87e-05 (2.0) 1.79¢-04 (2.0) | 3.49¢-06 (2.0) 1.69e-05 (1.8) 1.59¢-04 (1.9)
2.00e-12 | 8.11e-07 (2.3)  3.40e-06 (2.5) 3.25¢-05 (2.5) | 6.39¢-07 (2.5) 3.07e-06 (2.5)  3.03¢-05 (2.4)
1.00e-12 | 3.50e-07 (1.2) 1.19e-06 (1.5) 1.07e-05 (1.6) | 1.67e-07 (1.9) 6.83¢-07 (2.2) 6.68¢-06 (2.2)

SSP-LDIRK2(3,3,2) SSP-LDIRK3(3,3,2)

At L Lo Loo Ly Ly Loo
3.20e-11 2.82¢-04 1.226-04 1.69¢-03 2.866-04 1.71e-04 2.78¢-03
1.60e-11 | 6.61e-05 (2.1) 1.24e-04 (1.8) 6.08e-04 (1.5) | 6.82¢-05 (2.1) 1.36e-04 (1.8) 7.17e-04 (2.0)
8.00e-12 | 6.80e-06 (3.3) 1.33¢-05(3.2) 8.04e-05 (2.9) | 1.50e-05 (2.2) 7.10e-05 (0.9)  7.06e-04 (0.0)
4.00e-12 | 1.55e-06 (2.1) - 3.31e-06 (2.0) 3.04e-05 (1.4) | 2.97e-06 (2.3) 1.56e-05 (2.2) 1.49¢-04 (2.2)
2.00e-12 | 3.87¢-07 (2.0) 8.51e-07 (2.0) 6.27¢-06 (2.3) | 8.16e-07 (1.9) 3.96e-06 (2.0)  3.82e-05 (2.0)
1.00e-12 | 1.52e-07 (1.3) 4.04e-07 (1.1)  2.40e-06 (1.4) | 2.80e-07 (1.5) 1.20e-06 (1.7) 1.12¢-05 (1.8)

Table 6: Fixed At convergence for E, with semi-implicit integrators. Convergence rates are given in parenthesis with relative
norm errors.

methods, we develop error estimates in temperature and radiation energy that require trivial overhead in
computational cost and storage, and enable the use of adaptive time stepping algorithms. We apply the
new methods to the gray tophat and multifrequency Larsen problems, and demonstrate that the adaptive
algorithm can naturally change the time step over 4-5 orders of magnitude in a single simulation, ranging
from the streaming regime to the thick diffusion limit.

Currently, we only consider standalone TRT problems. Without coupling to other physics, these problems
have a relatively simply evolution of dynamical timescale, starting very fast as radiation is streaming into
the domain, and slowing down as the material heats up, eventually approaching an optically thick diffusive
equation with much slower dynamical timescale. Perhaps not surprisingly, the adaptive procedure drives
the time step smaller when the flux of radiation reaches a new material, including at time ¢ = 0 or as it
reaches a new material as in Larsen, as well as when navigating sharp corners in the domain as in tophat.
Future work will involve coupling the IMEX TRT formulation from [6] and further developed here with our
work on IMEX radiation hydrodynamics [7] for adaptive high energy density physics simulations, where we
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expect more dynamic behavior and interaction of materials and radiation.
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Appendix A. Stability Regions
A common way to assess the linear stability of IMEX-RK schemes is by visualizing the region
SéoD,a ={Z€C||R(%,2)| < 1,V2 € C : |arg(2) = 7| < o} (A1)

where R(Z, z) is the linear stability function associated with the test problem y’ = S\y + Ay. This shows the
set of explicit scaled eigenvalues, 7 = At\, such that for any implicit scaled eigenvalue, z = At), in a sector
of angle a, the method is stable. We refer readers to [30, Definition 4.1] for additional details. Figure A.8
presents plots of (A.1) for the IMEX-RK methods of section 3.2.
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