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1 Introduction

In recent decades, remarkable progress has been made in applying numerical lattice quantum
chromodynamics (QCD) to systematically and rigorously determine properties of the low-lying
spectrum directly from the fundamental theory. To reach this understanding, the field has
had to overcome two major obstacles:

First, because of the non-perturbative nature of QCD, analytic attempts to systematically
and quantitatively understand its low-energy properties are limited, only applicable for certain
observables, and with sources of systematic uncertainty that can be difficult to quantify. The
lattice paradigm circumvents this challenge by placing the theory in a finite, discretized,
Euclidean spacetime, where reliable numerical determinations of correlation functions can be
achieved by applying Monte Carlo importance sampling on high-performance computers.

Second, the vast majority of states in QCD are unstable resonances that decay to two
or more hadrons via the strong force, and their existence must be reconstructed from the
analytic properties of multi-hadron scattering amplitudes.! Such amplitudes, in turn, are not
directly accessible in the finite Euclidean spacetime inherent to numerical lattice QCD but
can be accessed indirectly using a mathematical framework that relates them to the discrete
energies of the theory in a finite periodic spatial volume. This approach was pioneered by
Liischer [4] following early work in other contexts, e.g. ref. [5]. The method has since been
generalized to treat any number of two-particle channels, allowing each channel to contain
either identical or non-identical particles, non-degenerate masses, and arbitrary intrinsic
spin [6-19]. The relation between energies and amplitudes has also been extensively developed
for three-particle states in refs. [20-54]. These methods have been extensively applied in
lattice QCD calculations of scattering amplitudes and resonance properties [55-136].

See for example refs. [2, 3], for recent reviews on the application of this to experimental scattering data.



This work extends the aforementioned two-particle results by treating one-particle
exchanges (OPE) that can generate branch cuts (often called left-hand cuts) in angular-
momentum-projected amplitudes. This is achieved by generalizing the formalism recently
derived by two of us in ref. [1] for a single channel of identical particles. In addition to
extending the applicability, we provide an alternative derivation and alternative equivalent
forms of the main result. The derivation we present here is simpler and more direct than that
given in ref. [1], although relying on technical aspects that were thoroughly investigated in
that work. Before elaborating further on the new framework and reviewing relevant previous
work, we first consider a few possible applications.

Two notable examples that have received significant attention in recent years are the
H-dibaryon [137] and the tetraquark candidate T, [138]:

e To our knowledge, the gap in the literature concerning the role of OPE branch cuts
in finite-volume scattering formulae was first explicitly pointed out in ref. [99] in the
context of a systematic search for the H-dibaryon at unphysically heavy pion masses,
my &~ 420 MeV. In that work, the authors numerically extracted finite-volume energies
of the AA system both near and on top of the OPE left-hand cut generated by n-meson
exchange and concluded that these had to be discarded since the formalism available
at the time was only applicable in the range (2mjy)? — m?7 < s < (2mp + my)?, where
s = (E*)? is the squared center-of-momentum-frame (CMF) energy, and m, and m, are
the n meson and A baryon masses, respectively.

e The same issue is relevant for the T,., a narrow resonance recently observed by the LHCb
experiment. This doubly-charmed resonance, which lies below the DD* threshold and
decays strongly to DDm states, is of great interest as it is one of the best candidates
for an unambiguous four-quark state. Although for physical pion masses the D* itself
is an unstable resonance decaying to D7, only a ~ 5% increase in m, is sufficient to
render it stable such that one can treat energies in the D D* region as two-particle states.
Motivated by a desire to confirm and understand the T¢. in this simplified two-particle
picture, various lattice QCD collaborations have performed calculations of the finite-volume
spectrum to constrain the DD* amplitude [106, 112, 123, 126]. These works, with the
exception of ref. [112], relied on the finite-volume paradigm outlined above. However, as
was pointed out in ref. [139], the application of the two-particle formalism available at the
time was only valid in the range (mp +mp+)? —m2 < s < (2mp +m,)?, where the lower
bound of validity arises from the OPE left-hand cut arising from pion exchange in the
DD* — DD* amplitude. Just as with the H-dibaryon, a consequence of this is that a set
of the subthreshold finite-volume energies cannot be analyzed without first generalizing
the formalism.

The impact of OPE branch cuts has been well understood for two-body scattering
amplitudes for a longer time,? and only the finite-volume context had not been well explored
until recently. An early work related to this is ref. [140], which emphasizes the effect of single-
pion exchanges in exponentially suppressed volume corrections to the Liischer quantization

2For a discussion on the potential impact of the left-hand cut on the DD* amplitude in the T,. channel,
see ref. [139].



condition, using non-relativistic nuclear chiral EF'T. Unlike our approach, it employs a Bethe-
Salpeter kernel defined solely by the single-pion exchange potential. The identified volume
effects arise from on-shell vs. off-shell differences in this potential, leading to real-valued
corrections. Their study neglects partial-wave mixing and focuses on the two-nucleon system.
More recently, ref. [141] proposed a plane-wave basis (instead of the usual partial-wave
approach) to the Liischer formula, subsequently applied to DD* scattering data in ref. [142].
In ref. [143], an approach based on non-relativistic EF'T was also proposed to treat the issue of
left-hand branch cuts and the associated problem of long-range potentials. This has conceptual
similarities with the work presented here, and previously in ref. [1], namely in the way that
short- and long-range contributions are separated and treated. Very recently, ref. [144] has
proposed using Hamiltonian Effective Field Theory to tackle the same issue of long-range
potentials in numerical lattice calculations. Numerical validation and further theoretical
exploration of equivalences between the proposed formalisms remain open for future work.

This formalism will not only impact the first-principles characterization of QCD reso-
nances, but will also play an important role in future constraints on two- and three-nucleon
interactions, which will help to constrain ab initio nuclear methods. A closely related ap-
plication is the prediction of single and double beta decay rates, which can play a role in
precision tests of the Standard Model. Currently, the lattice QCD community is still resolving
the nucleon-nucleon spectrum at unphysical heavy quark masses, with the most reliable
calculations in the range 400 MeV < m, < 700 MeV. As these calculations begin to approach
the physical point, the OPE branch point at s = (2my)? — m2, where my is the nucleon
mass, will move closer to the kinematic region where finite-volume energies can be extracted.
As shown in ref. [1], this leads to either enhanced exponential finite-volume effects (near
the OPE cut) or power-like finite-volume effects (on the cut), and these must be treated
explicitly to obtain reliable results.

Reference [1] solves the OPE cut problem for elastic scattering of a single channel of
identical particles, using NN as an example. The derivation is based on a skeleton expansion
that represents a finite-volume correlation function as a geometric series of Feynman diagrams
with irreducible vertex functions. The loops in these diagrams are summed over the discrete
set of finite-volume momentum modes and integrated over the time components; as a result,
the vertex functions are sampled at off-shell momenta, i.e. four-momenta k that do not

2. In the usual derivations of finite-volume scattering formulas, the vertex

satisfy k2 = m
functions can be expanded around their on-shell points, and the off-shell dependence can be
absorbed into new infinite-volume quantities up to exponentially suppressed volume effects.
However, as highlighted in ref. [1], this on-shell placement creates problems on the OPE
cut. By using partially off-shell kinematics to avoid the corresponding singularities, an
alternative relation is derived that remains valid down to the two-pion exchange branch cut
starting at s = (2my)? — (2mx)?. The new relation allows to constrain an intermediate
quantity K°(s), which can be related to the scattering amplitude via integral equations
also derived in the published work.

In addition to the extension to any number and type of two-particle channels, in this work,
we also provide some technical results that are important for the practical implementation
of the formalism. In particular, we use a recently developed formalism for the partial-wave
projection of integral equations for three-particle systems [145, 146] to derive improved
integral equations for the two-particle sector that are partial-wave projected.

-3 -



The need to generalize the formalism of ref. [1] is not a mere academic exercise. There
is already a lattice QCD calculation [126] of a coupled-channel system (DD* — D*D*) with
energy levels near the nearest left-hand cut. Although this analysis did not explicitly account
for OPE effects, it did find evidence for the presence of the T, as a virtual bound state, as
well as the first evidence for its excited state, the T.

We also note that for some systems, such as the T, an alternative approach to resolving
the presence of the left cut has been proposed. In particular, it is possible to describe such
systems in terms of three-particle states that are analytically continued below threshold [35,
130, 146-148]. This approach has been shown to automatically treat the OPE cuts explicitly.
An additional advantage is that it may allow a global analysis in a larger kinematic region
beyond the nearest three-particle thresholds. For other systems, such as NNV and AA, it is
less obvious whether it will be as advantageous to apply the three-particle perspective, and
the work presented here offers a useful and perhaps simpler alternative.

This manuscript is organized as follows. In section 2.1, we present a derivation of the
quantization condition for any number of channels, without intrinsic spin. In section 2.2,
we generalize this to include spin. In section 2.3, we prove that the quantization condition
presented here is equivalent to one in ref. [1], when one restricts to the case of a single
channel of identical particles. The quantization condition requires only one set of dynamical
inputs, namely the couplings associated with the OPE, and the finite-volume spectrum.
From this, one can constrain an infinite-volume intermediate quantity denoted Mgy. In
section 3, we explain the relation between M and the physical amplitude. In the limit that
the OPE couplings are fixed to 0, My is the scattering amplitude. Otherwise, the relation
requires solving a class of integral equations. We give exact expressions for the integral
equations for any two-body scattering amplitude that has been partial-wave projected in
terms of the partial-wave projected OPE. Finally, in section 3.3, we give a prescription
for partial-wave projecting the OPE and give exact expressions for two classes of systems,
spinless-spinless, and spinless-vector.

2 Finite-volume quantization conditions

We begin by stating the first of our two main results of this work, the quantization condition
relating finite-volume energies to intermediate infinite-volume quantities. We find it useful to
lead with this to emphasize the essential message before going into details of the derivation.
Our main result for a generic system with coupled two-particle channels is that, up to
neglected exponentially suppressed effects, the finite-volume energies satisfy

det [Mg'+F+CL]=0. (2.1)
aJm jlS

As with many previous results, our quantization condition takes the form of a determinant
over a combined index space, defined by the degrees of freedom that are not fixed with the
total energy. We choose the aJm j¢S-basis, where a is the flavor channel, Jm; is the total

angular momentum, ¢ is the orbital angular momentum, and S is the total intrinsic spin.
The determinant depends on three essential quantities: (i) M is the intermediate infinite-
volume scattering quantity to be determined from the finite-volume spectrum. While its
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Figure 1. Schematic representations of the finite-volume functions appearing in the quantization
condition of eq. (2.1). F is the standard Liischer function encoding the difference between finite-
and infinite-volume two-particle loops, labeled L and oo, respectively. Cp, is a finite-volume quantity
corresponding to the sum of any number of OPEs (¢- and u-channel) connected by two-particle loops.
Detailed definitions of F, Cr, and their building blocks are given later in this section.

general definition is technical, we note that it coincides with the standard physical scattering
amplitude in the limit that all OPE couplings vanish. (ii) F' is the previously derived
generalization of the Liischer finite-volume function for arbitrary channels including spin [19].
Therefore, all modifications due to the OPE are embedded in (iii) the new finite-volume
function Cr,, which also vanishes when all OPE couplings go to zero. We give a schematic
definition of F' and Cy, in figure 1. The exact definitions of each one of these objects are in
the main body of the subsections below, in particular in egs. (2.39) and (2.46).

2.1 Derivation for coupled-channel systems with no intrinsic spin

In this section, we derive a quantization condition in a complementary but equivalent
fashion to ref. [1], extending the results of that paper to non-identical particles and multiple
scattering channels.

Our main task in this section is to obtain an expression for the finite-volume analog
of the two-body scattering amplitude, M. In the context of a generic effective theory of
hadrons, this object is defined through the same expansion in terms of Feynman diagrams as
the physical infinite-volume amplitude, M, but evaluated instead in a periodic cubic finite
spatial volume of side length L. In a finite volume, loop integration over continuous spatial
momentum is replaced by a sum over the discrete set of spatial momenta allowed by the
periodic boundary conditions, k = (27/L)n with n € Z3:

d3k 1
/(%)3 — 7;. (2.2)

The infinite-volume amplitude M is recovered from My by introducing an ie prescription
on the energy F — E + i¢, and taking the infinite-volume limit I — oo, so that the sums
over discrete momentum become Feynman integrals.

In processes involving multiple open two-particle scattering channels, we look at the
finite- and infinite-volume amplitudes as matrices in the space of channels. For example,
we take M to have entries M/,, where the indices a and a’ specify the channels of the
incoming and outgoing states, respectively.
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Figure 2. (a) Shown is the on-shell projection of the vertex function for scalar particles, as discussed
in the main text. (b) and (c) show the diagrammatic representations of the on-shell projection for the
t and u exchanges defined in egs. (2.10) and (2.12), respectively. For all diagrams, the dark circles
denote fully dressed vertices and propagators. The open circle vertices denote their on-shell limits.

By first deriving an expression for My, we are then able to obtain a quantization
condition for the finite-volume spectrum. This will also help us derive expressions satisfied
by the physical infinite-volume amplitude, which we present in section 3. As in ref. [1], we
restrict our attention to the kinematic region bounded from below by the nearest left-hand cut
associated with two or more particle exchanges (across all channels considered) and bounded
from above by the threshold for production of n-particle states, where n > 3.

Power-law finite-volume corrections to observables result from singularities in the physical
region. In a finite volume, these singularities can only be poles arising from intermediate states
going on shell. Other finite-volume corrections are exponentially suppressed as O (e*“L),
where p is typically the mass of the lightest particle that can be exchanged, and are generally
neglected. The goal throughout this derivation is to isolate all possible pole contributions
and thus track the power-law volume dependence.

For simplicity, we first assume all particles involved are spinless. This assumption is lifted
in section 2.2. In the kinematic region considered, the only left-hand cuts of concern result
from the partial-wave projection of one-particle exchanges (OPE), as depicted in figure 2.
In general, this will have two contributions, from t- and u-channel exchanges. These are
shown in figure 2(b) and figure 2(c), respectively.

Before giving explicit expressions for these exchanges, it is crucial to unambiguously
define what is meant by - and u-channel throughout this work. For this, we ensure there is
a consistent labeling scheme for all incoming and outgoing particles across all diagrams and
channels considered. For a given diagram, like the exchanges shown in figure 2, we choose the
particles in the top incoming and outgoing legs, labeled 1 and 3 in the figure, to be the “most



like” particles between incoming and outgoing states. This also fixes the bottom legs, labeled
2 and 4. We must then stick to this assignment for all diagrams and sub-diagrams considered.

Let us illustrate this by looking at a few examples. In a single-channel elastic process
such as DD* — DD*, the obvious choice is to use 1 and 3 to label the same species, say the
heavier D*, and 2 and 4 for the remaining species, in this case D. Note that, with this choice,
we have only u-channel exchanges and no t-channel contribution. For identical particles,
such as the example of NN — NN discussed in ref. [1], all external legs correspond to the
same species and the choice is trivial. In this case, we have contributions from both ¢- and
u-channel exchanges. For coupled-channel scattering, we need to consider also cross-channel
diagrams. Looking, for example, at isospin-1/2 coupled D7 — Dn — D K scattering, a natural
option is to pick the most similar particles across the three channels, in this case the D
and Dg mesons, to always be on the top legs.

Specifying a labeling scheme as outlined above gives a clear definition of single ¢- and
u-channel exchanges, which we now describe in detail. These contributions can be written
in terms of two classes of functions: the first type is the fully-dressed propagator A.(¢?),
defined through

1

2y _
Ay(q) = 2 —m2 — (%) + dc’ (2.3)

where z denotes the particle species, m, is its pole mass and II,(¢?) its self-energy. In
a finite volume, the self-energy will carry exponentially suppressed L dependence. We
neglect this and always use the infinite-volume object since the finite-volume corrections are
exponentially suppressed. We use on-shell renormalization, demanding that I, (q?) satisfies
I, (m?2) = dIl,/dq?(m?2) = 0, such that m, corresponds to the physical pole mass and the
single-particle pole has unit residue. The second class of function we need to consider is
the dressed vertex function, represented diagrammatically in figure 2(a). Because we are
considering spinless particles in this section, these vertex functions must be Lorentz scalars.
We write it in full generality in terms of Lorentz invariants as g, (pi, q?,p2), where ¢ = Dy — Dz
is the momentum transfer and x and y label the incoming and outgoing particle species
that couple to the exchanged particle.

Let us look first at an off-shell tree-level ¢t-channel contribution. With momentum
assignments as shown in figure 2(b), this can be written as

. 1 . . .
iMg oq = 191303, t.02) i) igaa (03,1, 13) (2.4)

where the numeric labels on the vertex functions denote the particle types on the external
legs and e refers to the exchanged particle. Note that momentum conservation dictates that
p2 = P —p; and py = P — p3, where P = (E,P) is the total four-momentum and ¢ is the
usual Mandelstam invariant defined through ¢ = (p3 — p1)?. In the limit where the external
legs are placed on-shell, the vertex functions depend solely on ¢, and we can suppress the
dependence on the external masses to write

iME;lgff,oﬁ“ = 1g13(t) iAc(t) ig2a(t). (2.5)

This quantity is represented in figure 2(b).



Next, we isolate the singular contribution from this diagram in terms of on-shell quantities,
for which we use two identities. The first is represented diagrammatically in figure 2(a). More
explicitly, for the coupling between particles 1 and 3 via the exchange particle, it reads

913(t) = gua(m?) + g13(t) — gua(m?)] | (2:6)

2

where m, is the mass of the exchanged particle. Because mZ

is a constant, we can further
suppress its dependence to rewrite this identity as

g13(t) = g13 + [g13(t) — g13] . (2.7)

A similar relation holds of course for the coupling between particles 2 and 4. The second
identity applies to the dressed propagator and reads
i

Bell) = e
e

+iSe(t) = iDe(t) + iSe(t), (2.8)
where S, is a smooth function in the kinematic region considered, and the second equality
defines D, as the pole piece of the propagator.

With these two identities, we can now write the t-channel contribution as,

Z.~/\/ll(€;l())n,on = 1913 iDe(t) 1924 + ZBISl) s (29)
iTonon + B, (2.10)

where Bgl) is a contribution to a two-body kernel, which is by definition non-singular in the

kinematic region considered. In the second line, we have introduced a notation for the pole
piece. Note that this differs from the similar notation used in ref. [1] in that the couplings
resulting from the vertex functions are included within this object. Following the same
arguments for the u-channel contribution, one similarly finds

iMB) 0 on = 1914 1De(u) igos + iBY (2.11)
= iUon,on + 1BV (2.12)

where u is also the usual Mandelstam invariant, defined through u = (ps—p1)? = (P—p3—p1)>.
As we will see in section 3, the t- and u-channel pole terms will serve as a driving term for
the key integral equation obeyed by the physical infinite-volume amplitude. Note also that,
in figure 2, Bt(l) and B&l) are depicted as diamonds with the labels £,1 and u, 1 respectively.
It is worth noting that placing the external legs on-shell only simplified the expressions
by dropping the dependence on the external variables. If we simply keep these implicit, we

(1)

. . . . . 1
arrive at essentially identical expressions for M, og ¢ and M, g g

iME;l())ﬂ,off = iToff,off + iBt(;lgﬁ,oﬁ, (2.13)
iM'(ul;)off,off = tUof off + iBz(Ll;)c,ff,off- (2.14)

In the derivation that follows, we will start with these objects, where all external legs are
off-shell. To avoid clutter of notation, we will leave the “off,off” subscript implicit going
forward, making it explicit when placing a particle on-shell.
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Figure 3. (a) The open circle is the Bethe-Salpeter kernel where the ¢ and u exchanges have been
removed. Shown are examples of contributions to this quantity. (b) Shown is the diagrammatic
definition of the full amplitude, which includes the sum over all diagrams. The second equality refers
to the partial on-shell projection written in eq. (2.31). The dashed line highlights the particle inside
the loop that has been placed on-shell. For identical particles, the double counting in the ¢ and
diagrams within loops is compensated by the symmetry factor appearing in the definition of the Ag r,
in eq. (2.18).

To consider multiple channels, each of the blocks in egs. (2.10) to (2.14) is promoted
to a matrix in channel space. If there is no t-channel contribution for a particular channel
combination, say the a — &’ amplitude, then the element 7., is taken to be zero, and
similarly for u-channel contributions.

As described in ref. [10], the diagrams contributing to the amplitude can be organized
into a series in terms of Bethe-Salpeter kernels and pairs of dressed propagators, as shown
in figure 3(b). The first term is composed of a single kernel and, for each successive term,
we add another kernel connected by a pair of dressed propagators. This series highlights
the origin of two-particle intermediate states, namely the propagator pairs, thus exposing
the sources of power-like volume effects.

The Bethe-Salpeter kernel used is defined as the sum of all diagrams contributing to the
amplitude which are two-particle irreducible in the s-channel, i.e. those which contain no
intermediate two-particle states. As a result, the infinite- and finite-volume versions of this
object differ only by exponentially suppressed volume corrections. We will neglect these in
the following derivation, always considering the infinite-volume kernel. Note that, according
to the definition above, the Bethe-Salpeter kernel includes the contributions from ¢- and



u-channel exchanges, i./\/l,gl) and iMs). Due to their role in the generation of the nearest
left-hand cut, it is convenient to define a subtracted kernel, iB), from which we have stripped
the pole pieces of the exchanges, i7T and iU. This is shown diagrammatically in figure 3(a).
By construction, i) contains only the non-singular pieces of the exchanges, z'Bt(l) and iBQ(Ll).
Therefore, when placed fully on shell, it is non-singular in the kinematic region considered.

Before giving an all-orders expression for the amplitude based on the series described,
let us examine second-order contributions to the finite-volume amplitude, i.e. contributions
with a single two-particle loop between two kernels. Our goal is to analyze this loop in
finite volume and isolate the two-particle intermediate state singularity, which corresponds
to the source of power-law volume dependence.

Let us consider the diagram with a ¢-channel exchange pole piece only 7 on the left-hand
side and a generic kernel A on the right-hand side, which can stand for a t- or u-channel
exchange or a non-singular kernel B(!). This is pictured in figure 4(a). In the finite volume,
we can write this contribution as

dk .
(lM'T_AL Z/ 27;] 3 Z <Z7:1’b(p37p4;kap_k)

xgbmbl(k?)z’Dbg((P—k)?)iAba(k,P—k;pl,p2)>+(¢B§?j))a,a. (2.15)

In the first term, we have kept only the pole pieces D of the fully-dressed propagators, as
only these will give rise to the two-particle on-shell singularity. The non-singular propagator

).

made all kinematic variables and channel indices explicit above. The index b specifies the

pieces S yield contributions that we collect into the kernel B( ) For clarity, we have
intermediate two-particle channel in the loop, with b1 and b2 identifying the particle types in
each propagator, and &, denoting the symmetry factor of the channel, set to 1/2 for identical
particles and 1 otherwise. Note that, strictly, B%\l) and other kernels in the following analysis
carry volume dependence. We neglect this and treat them as infinite-volume objects since
their finite-volume corrections are exponentially suppressed.

As discussed extensively in the literature, intermediate two-particle states that can go on
shell give rise to pole singularities in the energy after integration over the zero-component
of loop momentum. Performing the integral over k¥ in eq. (2.15), we obtain

(M), Z D) Tanlpapi k. P = K) 6 5 D (P = )

1
wp1 (k)

% i Apa(k, P — k: p1, pa) + (iBEY),.,  (2.16)

kO=wp1 (k)
where we have defined w, (k) = v/m2 + k2. The first term corresponds to the residue of the
pole at k° = wy; (k), which we leave explicit because it contains the two-particle on-shell
singularity. Note that, in this residue, the four-momentum of particle b1 is individually on
shell, i.e. k2 = mj,, but particle b2 is not itself on shell since (P — k)? # mg,. Contributions
from other poles in k° are absorbed into the kernel 8(2 Vo, 8(2 2

Simplifying the propagator pole piece Dy ((P — k)? we find the two-particle

|k0 —wp1 (k)
singularity at E = wp (k) + wpz2(P — k). This condition fixes the magnitude of CM frame

,10,
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Figure 4. Depicted as the partial on-shell projection appearing at the one-loop level described in the
text. Here A is a generic vertex on the right-hand side.

three-momentum to

Q% WAI/Q(S My, Mis) (2.17)

where \(z,y,2) = 2% + y? + 2% — 2(2y + w2 + yz) is the Killén triangle formula and the
subscript b label emphasizes that this magnitude is channel-specific. To rewrite the pole in
terms of CM frame quantities, we introduce a function that is closely related to the function
denoted by S(P,L) in ref. [1]:

w;l 5b’b 5k’k Hb(k*)
wpi(k) 2E*[(gF)? — (k*)% +ie] ’

(A2 z)ws(k', k) = %fb (2.18)

where we have defined w}; = /(gf)? + m#; and introduced an analytic cut-off function Hy(k*)
that equals 1 at the pole |k*| = ¢; and goes to zero exponentially as |k*| — co. Although
we omit the dependence on P here, note that Ay ; depends on this variable through E*,
¢y, and the boost of k to the CM frame.

Using the above definition, we can rewrite eq. (2.16) as

(ZM(leL =>2 ( Ta (p3, pa; K/, P — k& )]k/o_w, L) (182,0)yp(K', K)
b bk ok
; (2,3)
X ['L.Aba(k7 P — k7p17p2)] ko:wbl(k)> (ZB ) (219)
= (iT - il -iA),, + (iBED),. (2.20)

where the difference between the first terms of egs. (2.16) and (2.19) vanishes at the two-
particle pole, and is thus absorbed into the definition of a new non-singular kernel via
8(2 2 B%— 3 In eq. (2.20), we define a shorthand notation for the first term, where each
object can be interpreted as a matrix in momentum and channel space, with summations over

finite-volume momentum and channel index following from standard matrix multiplication.
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An identical analysis can be carried out for contributions with a u-channel pole piece
U or a kernel B on the left side of the loop, which we denote by /\/l 2) and M(B(l)A’
respectively. These are pictured in figure 4(b) and (c). Using the same shorthand notation,

we write the latter as
ZM( ) ZB( ) YYAN l.A + ZB :3)
BWAL = 2L BUIA”

For ./\/léi)‘ 1» however, we define this notation with a subtle difference. The analog of eq. (2.19)
in this case reads

(lMuAL => > ( [i Uty (3, pas k', P — K )]k/o,w ey (12, Dys(K' k)
b bk k

X [iAba(k7P - k;ppr)]ko:wbl(k)) ( 8(2 3)) aa’ (221)

Noting that the quantities wpy;(k) and E — wp(P — k) must coincide at the two-particle

pole, we make the replacement
[’Lu(p3?p4a k,a P — k,)]klo =wy (k’) [Zu(p3ap4a kla P — k/)] k’OZE*wb/z(Pfk’) 9 (222)

the difference between the two objects being absorbed through a kernel re-definition B( 3
8(2 Y We define the shorthand notation to take this modification into account, such that

IMi) = iU iDy g i A+ B (2.23)

The motivation for this replacement is ultimately to avoid the presence of a spurious singularity
in the energy in the partially on-shell u-channel exchange. This is explained in more detail
later in this section.

Putting everything together, the overall second-order contribution to the finite-volume
amplitude, iM(L2), can be written compactly as

iMP = (iBY +iT +iU) it g, - (iBY +iT +itd) +iB?, (2.24)

where we take into account all possibilities for the objects on the left and right sides of the loop.
The kernel B?) collects all non-singular kernels arising from the analysis described above. This
expression can then be applied to all two-particle loops at all orders of the amplitude series.
By doing so, we can obtain the following all-orders expression for the finite-volume amplitude:

iMp =iB+iT +id+ Y (iB+iT +ild) [-ilgr - (iB+iT +ild)]" . (2.25)

n=1

The kernel B here has been obtained by starting from the non-singular kernel B (shown in
figure 3(a)) and subsequently absorbing all non-singular kernels arising from the two-particle
loops at each order of the amplitude series, e.g. the second-order kernel B3 in eq. (2.24).
This absorption is depicted in figure 3(c).
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An important point to consider is that the “-iAq 1, -” operation places the neighboring
objects in specific partially on-shell kinematic configurations. More concretely, for B, 7 and
U appearing between these operations in the series, we will have the placements

Bua(K',P =K'k, P —k) = [Bua(K', P = K3k, P = k)| o, | (1), k0—mn (1) * (2.26)
TwalK', P =Kk, P —k) = [Taa(K', P =K'k, P = k)] jo_y, | (1), k0w (1) -

= a0 o ) (WP~ (220
Unra(K'\ P — Kk, P —k) = [Uva(K', P~ K5k, P~ k)| jo_, | (1), k0= B (Pk)

_ —923914 (2.28)

(War1(K') — wa2(P —k))2 — (P -k —k/)2 —m2 +ie

For Tyq, we have set k = (wq1(k), k) and &' = (wq1(k), k), and hence one can show that

t = (k' —k)? < (ma1 — ma1)? for any choice of real k,k’. With these kinematics, we cannot
2

Z, in contrast to the fully on-shell ¢-channel exchange.

reach the single-exchange pole at t = m
The value of u = (P — k' — k)2, on the other hand, depends explicitly on the total energy F
and is not bounded. The situation is reversed for Uy, where we have set k = (wq1(k), k)
and k' = (F — wee(P — k'), k’). We can then show that u < (mgq — ma2)? for real k, k',
while ¢ is unconstrained. This means we cannot hit the u = m? pole and was the motivation
for our earlier kinematic replacement in eq. (2.22).

In previous derivations of the standard Liischer quantization condition, e.g. ref. [10], the
full Bethe-Salpeter kernel (including possible ¢- and u-channel exchange pole contributions) is
placed fully on shell at this stage. This is done by setting the magnitudes of the CM spatial
momenta to their values at the two-particle poles in the relevant channels, i.e. |k*| = ¢ and
|k'*| = ¢% above. As discussed in ref. [1], doing this for the 7" and U exchanges would introduce
unphysical poles into the amplitude. Consequently, we leave these exchanges in the partially
on-shell configurations described above, and package them into a new exchange function:

EuaK; k) = [Twa(K, P — Kk, P — k)]k,ozwa/l(k,%kozwdl(k)

+ [ua’a(k/7 P — k/; k, P — k)]k’ozwa/l(k’),k0=E*wa2(P*k) ' (229>

Because the kernel B, on the other hand, excludes the exchange poles, it can be placed
fully on shell without further issues.

The contributions arising from the difference between off- and on-shell kernels generate
terms that do not contain two-particle poles. These can be absorbed into B and the resulting
object can then be set on shell. This iterative process can be applied to each order of the
amplitude series of eq. (2.25). We are then able to reorganize the series and, hence, write
down an equation that must be satisfied by the finite-volume amplitude:

iMy =iB+i€+ Y (iB+if) [ idyy - (iB+if)|", (2.30)
n=1
= iB 4 i€ + (iB+i&) -ilap - iMy . (2.31)
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Figure 5. Diagrammatic definitions for (a) My, and (b) Mg 1 defined in egs. (2.32) and (2.33),
respectively.

Here, B is the on-shell kernel obtained from B through the absorption of successive con-
tributions arising from on-shell placements as described above. This object contains no
singularities nor branch points in the kinematic region considered. For identical particles, the
& function double-counts the contributions from exchanges in loops. This overcounting is
compensated by the { symmetry factors in the definition of Ay, in eq. (2.18).

To derive a closed-form expression for My, and consequently, of its poles, we propose
introducing two intermediate quantities, My ; and Mg 1. These are defined so that they
satisfy the equations depicted in figure 5, which can be written compactly as

iMog =iB+iB-ilyy - iMor, (2.32)
iMeg =1E +1i€ -ilap - iMeg g, . (2.33)

Generally, these amplitudes have different pole structures, none of which match that of
Mp. In the limit where the OPE couplings are set to zero, My, reduces to My ; when
evaluated at on-shell external momenta, and its poles are governed by the standard Liischer
quantization condition.

Before proceeding to make use of eqgs. (2.32) and (2.33), let us review how the full
amplitude, My, can be recovered from these two building blocks. For this, we can rewrite
the right-hand side of eq. (2.31) exclusively in terms of Mg 1, and Mg r:

iMp = iMeg + [1 +iMe iAo, - ] iMo 1,

X > (~ilop - iMep - ilgp - iMor)" [ il - iMe 4+ 1] (2.34)
n=0

From this form, it can be deduced that the finite-volume poles are generated from the
all-orders sum shown explicitly. To make use of this, it is necessary to give more explicit
definitions of both Mg 1 and Mg .

Let us start by looking at Mg . This object satisfies eq. (2.32) involving only the
non-singular on-shell kernel B. The standard trick of writing the finite-volume correction of
the two-particle loops in terms of on-shell quantities and a single finite-volume function F,
that depends only on kinematics, can be applied, following the procedure given in ref. [10].
This allows us to relate My 1, to its infinite-volume counterpart, My, defined to satisfy the
infinite-volume version of eq. (2.32), algebraically.

— 14 —



To do so, we first need to express My ; and Mj as matrices in the angular momentum
basis. We decompose their angular dependence in the CM frame into spherical harmonics.
For My, we can write

(MO L)aa p p Z yf’ / 7QZ1) (MO,L)a’E’m’;aém yZTm(p*aq;)a (235)
'm’ fm

where p’, p are one of the outgoing and incoming spatial momenta, respectively, and we
suppress the dependence on the total energy EF and momentum P. We have also introduced

* /

Vim (0%, %) = VT (‘fq’*') Yo (D7) (2.36)
*xI\ £

VL. (p*qt) = Vi (“q’*') Yin (DY), (2.37)

with p* = p*/|p*|. Identical decompositions also apply to the infinite-volume object My
or the kernel B.

We must address two important aspects here: firstly, Mg, or Mg have all external
momentum arguments on shell, meaning that there is a redundancy in their dependence on
p’,p. We can see this by expressing these objects in terms of CM-frame-boosted momenta
p”*,p*, whose magnitude is fixed to ¢% and ¢} (a/,a specify the corresponding channels),
leaving only their directions, i.e. p™* and p*, unspecified. As such, we can look at eq. (2.35)
as providing an off-shell extension of My ; in momentum space, and similarly for Mg or B.
Secondly, My 1, is a finite-volume object and, in principle, only valued in the set of discretized
finite-volume momenta, while projection to harmonics relies on dependence on continuum CM
spatial momentum. This is resolved by noting that the dependence on the external momenta
is carried by infinite-volume objects only, namely the kernels B, for which the extension to
continuous infinite-volume spatial momentum is straightforward.

Using the spherical harmonic projections and combining the finite-volume eq. (2.32)
and its infinite-volume analog, we can express My 1, in terms of Mg through the following
matrix equation:

Mor = [Mg'+ Frl . (2.38)

The F matrix, as standard in the literature, encodes the difference between the finite- (Ag 1)
and infinite-volume (Ag ) two-particle loops and has elements given by

d3k ‘| wgl yg;m’(k*a q*) yﬁm(k*v q*) Ha(k*)

F, a'l’m’; aém(E P) = 5a afa ng Z / Wal (k) 2E*[(q2)2 _ (k*)z + ie]

(2.39)

Using the standard technology to evaluate the imaginary part of two-particle loops, it is
also straightforward to show that M satisfies

Myt =Kgt —ip, (2.40)
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where Ky is a real-valued non-singular function and p is the standard relativistic two-body
phase space factor, represented here as a diagonal matrix in angular momentum and channel
space with elements

*

q
Pa'l/m!; abm = 6a’a 5(’5 6m/m éawj/g . (241)

We turn now to the other building block for the amplitude, Mg 1, which satisfies
eq. (2.33). Unlike My 1, this object does not have its external legs on shell. Consequently,
it is most conveniently expressed as a matrix in the momentum basis, as opposed to the
angular momentum basis. For a given cutoff function H, appearing in the definition of iAy 1,
in eq. (2.18), the number momenta contributing to a sum can be truncated.® Given this,

one can write eq. (2.33), as a matrix equation in this space:
iMe =1i€ +i€ iy iMe 1, (2.42)

where we now interpret £ as the matrix with elements g/, ok = Eqrq(k’, k), as defined in
eq. (2.29), and similarly for Ay 7, and Mg 1. We can subsequently solve this equation for Mg 1.

Mep=E[1+ 0 7" . (2.43)

Both £ and Ag j, are known functions, and thus this equation gives a closed-form solution
for the finite-volume object /\/lg,L.4

Given the expressions for My j, and Mg 1, above, we can now proceed to rewrite eq. (2.34)
and find the poles of M. To do so, we will first need to evaluate three types of sums of
Me 1. For this, we also re-interpret the harmonics defined in eq. (2.36) as a change of
basis matrix from the angular momentum basis to the momentum basis, with elements
Vark': atm = Oara Yem (K™, %) and yge,m,;ak =0ua ygT,m,(k*, q¥). The three types of sum read

(IR L)arerm!; ak = (yT AVH) ng’L>a’€’m’;ak ; (2.44)
(LL)aw;atm = ((Me,L iDL V) ner. apm - (2.45)
(iCL)a'em; atm = (yT iAo 1 iMe il L, y)a'z/m/;azm ) (2.46)
With these in mind, we find that eq. (2.47) can be rewritten as
iMp=iMep +(V+ilr) ilMyp +Co) 7 (VT +iRe) (2.47)

where both sides of this equation are in momentum space overall. However, the internal
block [/\/la i + CL]fl is to be considered in angular momentum space. This will provide
the most straightforward generalization of the standard Liischer quantization condition,

as we now discuss.

3of course, this can introduce a systematic error, as a result, one needs to do convergence tests to ensure
that the final results are not sensitive to the given truncation.

“Eq. (2.43) can be written as Mg 1 = [5_1 + AQ,L} ~' when € is invertible, which is not necessarily true.
£ is singular, for example, when there is no OPE in at least one of the channels considered, in which case
Eaa = 0 for the given channels.
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Upon further investigation of eq. (2.47), we can see that the poles of M, can arise only if
det [My7 +Cr] =0, (2.48)
alm ’

at the given energy, where the afm subscript is used to emphasize that the determinant is
taken over the space of channel and angular momentum indices. To reach this conclusion, we
rely on the fact that poles in Mg 1 and Mg 1, are canceled by other terms in M, provided
neither of these blocks is zero, which can be shown explicitly. Using eq. (2.38), we can
then write the equivalent condition

det Myt +F+Cr) = det [Kg! —ip+F+Cr]=0. (2.49)

This is the main result of this subsection and is quite similar in structure to the standard
Liischer condition. In the absence of single-particle exchanges, the matrix Cy, vanishes, while
the infinite-volume amplitude M reduces to My, reproducing the standard result. In the
second determinant expression, we express the quantization condition in terms of a K-matrix
analog Ky. We envisage that this form will be the most useful for analyzing lattice data.

2.2 Generalization to particles with spin

In deriving eq. (2.49), we allowed for any number of intermediate two-particle channels to go
on shell, our only assumption being that the particles considered had no intrinsic spin. This
appeared in two places: the propagator structure and the analytic structure of the vertex
functions. These two points are, of course, closely related.

In this section, we lift this assumption and allow for particles of arbitrary spin. Because
our main interest is QCD, where the left-hand cuts are primarily generated by one-pion
exchanges, we assume that the exchange particle is still spinless. This assumption only
simplifies the details when partial-wave projecting the resulting one-particle exchange, as will
be done in section 3.3, and has no impact on the steps discussed in this section.

We build largely on the work of refs. [1, 19, 149], which have previously considered
two-body systems with non-zero spin. The first step is to note that the propagator for a
particle x with arbitrary spin s can be written as

Na;ms (4) Nayms (4
Arla) = 32 Bl enel) 5, ), (2.50

ms
where 73 m, (¢) is the spin wave function for the particle « with spin quantum numbers (s, my),
and S; is a smooth function of momentum in the kinematic region considered. Here we
assume that the spin is quantized along a fixed z-axis, but, as discussed in section 3.3, one
can equivalently do this using the helicity basis.

In general, 7, m,(q) is a column vector in the appropriate representation space of the
Lorentz group. For example, for spin-1/2 particles, 1 m, (¢) would be a spinor in Dirac space.
Meanwhile, 7, m, (¢) is a row vector in this same space. For clarity, let us explicitly write
eq. (2.50) with indices a and o’ in the representation space,

a@], =% 1zma (Do e ma (D, [5.(6%)]

)

a'a p q2 — m% + 1€ o'
= > |, @], [Pe@)] @] [Se@oa s (25)

,17,



where we introduced

5m Mg

[Dx(qz)}mslms = m (2.52)
This explains all modifications to the dressed propagators necessary for analyzing the skeleton
expansion.

We turn now to the kernels appearing between loops in that expansion. As before, we
isolate the OPE poles to define the objects T and U. All non-singular contributions to the
Bethe-Salpeter kernel are collected into the object BY), as described in the previous section.
Unlike before, these functions are now tensors in some non-trivial representation space of the
Lorentz group. In other words, a generic kernel function A will acquire indices associated with
the appropriate representation space, A — Ag, 8,:a,a,- Note that, in general, the four external
particles can carry different spin and, as a result, their spin wave functions can live in different
representation spaces. For T and U specifically, the tensor structure will be embedded into
the vertex couplings g. To make the distinction between the spinful and spinless cases clear,
we replace the ¢g’s with I'’s to emphasize their tensor nature, which requires some care.

To understand how these two modifications change the derivation given in the previous
section, let us consider a loop contribution to the finite-volume amplitude, analogous to
eq. (2.15). Here we make one slight change. Instead of having 7 on the left, we consider a
generic A’ vertex. Because we are interested in a contribution to the amplitude, we need to
include the spin wave functions for the external particles explicitly. Furthermore, we will
make the Lorentz representation indices explicit. To slightly reduce the clutter, we define

Aﬁ;a = Aﬁ1ﬁ2;a1a2 ) (2'53>

and, to accommodate any number of channels, we make channel indices a, b explicit:
Aﬁ;a — Abﬁ; aq + (254>

To further simplify the notation in what follows, we also write

IR a0 = (e, O] e, (R)] (2.55)

a2

Using this notation, we finally write a single-loop contribution to the finite-volume
amplitude as

_ dk
(Z'/\/lfz’)_,él,[/)alrns,;amé (8542’;) am/amé Z Z Z /271'0 L3

b a,B 0, S my

X ([ﬁ(ps)ﬁ(m)]a/ms,a/iAa/a/;bﬁ/ (p3,pa;k, P—k) [n(k)n(P—k)]bmr, B

X &p [iDbl(kQ)] {Z'Dlﬂ((P—k)Q)}

mrxl myy mT/2 My

x[7(R)1(P =k)lpm, 50 Abs; a0 (k, P—k;p1,p2) [77(131)77(172)]@%@) :
(2.56)
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Note that sums over m,, «, and so on, are simply shorthand for sums over the underlying
index sets. We further simplify this by introducing a spin basis for the endcaps. Explicitly,

A, :am (k1,k2;p1,02) = Z [17(k1)1(k2)lpm, 5 Abgaa (k1. k23 p1,02) [N(P1)0(P2)] 4y s (2:57)
B«

where repeated channel indices are not being summed over. With this, eq. (2.56) becomes

dk
(ZMEN)AL am/ ams Z Z / 27_;] I3 Z ZAam o bm /(p3ap4ak P— k)

b m,.r, My

<& [wbl(m [iDa((P—k)?)]

mr/1 mry mT/2 My

X Ay, am, (b, P—k; pr,po) ) + (1B 3 (2.58)

a’'mgrsams

Writing this in this form, we can follow the same steps as in section 2.1, to arrive at the
same form to eq. (2.20), by expanding the definition Ay, in eq. (2.18) to be a diagonal
matrix in spin-space,

wbl 6m’51m51 5mg2m52 5b’b 5k’k Hb(k*)
n(k) 2E[(q;)? — ()2 + e

(82,L)1m,:bm. (K K) = L3 & — (2.59)

Next, we can write Ay 7, and the endcaps using the total spin (S, mg) of the two particles
using Clebsch-Gordan coefficients, (simy,, soms,|Smg). Because Ag j, is diagonal in spin,
we simply have

wiy 058 Omgims Ovp Ot Hp(K*)

A 'St 'm k/’k = 260
(A2, L)y smgr;bsms (K, k) = L3 &b oK) 2B () — (k) + id (2.60)
For the endcaps, we get
AbS’mS/;aSms (kla k2;p17p2) =
Z <S/msl‘s/1ms/1, 3/2m3’2>~'4bms/;ams(k1a kg;pl,pg) (31m81,32m82|Sm5> . (2.61)

mgr,ms

Performing these basis transformations, not only for the internal states but also the external
states, and isolating the pole contribution, we arrive at an expression equivalent in spirit
to eq. (2.20),

. (2)  (:2(2,2)
(ZM.A’.A,L)a’S’mS/;aSms_ <ZB '.A)a’S’mS/;aSms

1 .
1YY Y (s P o

bR mp,Rmp " k' k

X (iA2,L)b/R/mR,;meR (k’,k) [iAmeR;aSms (k:,P—k:)} E9=wp1 (k) ) ’

T Al - . .15(2,2)
= [,L‘A 'ZAZL'Z‘A] a’S’mS/;aSms+(ZBA’A)a’S’mS/;aSms ’
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This expression holds if A’ is either the 7 or BY) type. If A’ arises from a U exchange, one
must perform the kinematic replacement introduced in eq. (2.22).

In summary, we get that by incorporating spin, the kernel-replacement rules in egs. (2.26),
(2.27) and (2.28), must be replaced with

Bursimgsasms (K, P—k' sk, P—k) = [Bazslms,;aSms(k:’,P—k’;k,P—k:)}k/o:wall(k,), (2.64)
K0=wq1 (k)

E’S/msl;aSms(k,’P_k/;k’P_k)_) [%/S’ms/;asms(k,ap—k,;kap_k)]k’Ozwa/l(k/)
KO0=wq1 (k)
—[T13024] 0/ §rm gy saSms

_ , 2.65
(a1 (K) a1 (k)2 — (k—k')2—m2+ic (2.65)
Ua/S/mS,;aSmS(k/7P—kl;k,P—]€)—>[Z/{a/S/mS,;aSms(k/,P—kl;k,P—k)] k’ozwa,l(k’)
k°=E—wa2(P—k)
—I F4a’ 'mqr;aSm
_ L2311l s05ms (2.66)

(War1 (K)—wa2(P—k))2—(P—k—k/)2—m2+ie’
where
T1sT24) 0 5rim g saSms = > (Smglsimg,shmg) Hna,l’m% (k") T137a1,m., ()
Mg, Ms

X |:77a’2,ms/2 (P—k")T24702,m., (P—k)} } K=o, (1) (s1ms;,82ms,|SM5),
kozwzl(k)
(2.67)

[F23F14]a’5’msx;a5ms = Z <S,mS’|8,1ms’1a5,2ms’2> [{na’l,msxl (k/)FQi’)naZ,mSQ (P_k)

Mgr,Ms

< nany PRt B | o,y (s1may s |Sims).
kO=F—wq2(P—k)
(2.68)

Given these various building blocks, we are now at a stage to define how the building

blocks in the finite-volume amplitude change. The exchange function, defined in eq. (2.29)
is now a matrix in channel and spin space,

5(1’(1( 17 kéa kh k?) — ga’S’mS/;aSmS (kia kIQa kla k2)a (269>

as is Mg 1. Formally, we can still write the solutions to the matrix equation for Mg 1, given
in eq. (2.43) as a matrix in this enhanced space of momentum and spin,

Mep=E[L+ 087" (2.70)
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Similarly, we write My 1 as a matrix in spin space. We can still use eq. (2.35) for

its matrix elements,

(MO,L) a’S'"mgr;aSmg P P Z yf’ ’ ,QZ/) (MO,L)a’Z’m’S’mS/;aﬁmSmS yZm(P*,qg)-
'm’ fm
(2.71)

We can also write the F' function in eq. (2.39) as a matrix in spin, but because of Ay, is
diagonal in S, see eq. (2.60), so is F, [19, 149]

Fa’[’m’S’mS/;aZmSms (E’7 P) = 55’55m51msFa’Z’m’; aZm(Ey P) (272)

Following the same reasoning, we rewrite Ry, L7 and Cr matrices defined in egs. (2.44)
to (2.46) to explicitly include spin indices,

(iRL)a’Z’m’S’mS/; akSmg = (yT iAQ,L iMS,L) ) (273)

a’t!m’S'"mgr;akSmg
(iLL)a’k’S’mS/; almSmg = (iMS,L iAZ,L y)a’k’S’mS/; afmSmg (274)
. . T . . .
ZC I Pl ! Q1 . = ( ZA lM ZA ) . 275
( L)a £'m/S"mgr; abmSmg Y 2,L &L 2,L Y a'l'm’S'mgr; abmSmg ( )

Having written down every building block in M3 ;, in the fmSmg basis, we could proceed
to rewrite the quantization condition in this basis. That said, it is more convenient to take
one final step and project these to the Jm jS¢ basis. Because we have chosen to quantize
both the spin and orbital angular momentum along the z-axis, this is now a simple exercise.
Because the only quantities that appear in the quantization condition, eq. (2.49), are My,
F and, Cr, we project these here,

(MO)a/J’mJ/K/S’;aJmJES
= Z (J/m(]/‘glm/7 S’msl> (Mo)a’f’m’S’ms/;aémSmS <£m, SmS|JmJ> , (276)

m/ ,mgr,m,mg

Foryrm 08 agm 08

=dgrg Z (J'mp|l'm!,Smg) Fupms: aom (€m, Smg|Jmy) , (2.77)
m/,;m,mg

(CL)a' gm0 8" adm seS

= > (Jmpllm!,5'mg) (CL)atemsmg; atmSms (m, Smg|Jmy) . (2.78)

m/ ,;mgr,m,mg
Having these quantities in the desired basis, we can now rewrite the quantization condition
to include an arbitrary number of channels and spin,

det [Mg'+F+C]=0, (2.79)

aJmJ S

where the determinant now runs over the larger index space. Note that, in the limit where
the exchange couplings are set to 0, the C;, term vanishes and one recovers the quantization
condition for two-body systems with arbitrary spin, first derived in refs. [19, 149].
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2.3 Equivalence to the quantization condition in ref. [1]

In ref. [1], quantization conditions are provided for single-channel systems of two identical
particles of arbitrary spin, taking into account the nearest left-hand cut arising from one-
particle exchanges. In this section, we show their equivalence to the results presented in this
work, namely eqgs. (2.49) (spinless particles) and (2.79) (arbitrary spin).

The condition for identical spinless particles, given in eq. (5.3) of ref. [1], can be stated
in the form

det (=)~ + F| =0, (2.80)

where K is a scheme-dependent, non-singular, infinite-volume function and F¢ is a finite-
volume function, defined as

1 b -
FE=yTS—— =0T §(=£9)"v, 2.81
TS S e e

corresponding to eq. (5.4) of ref. [1]. The objects S and € are matrices in a mixed finite-volume
momentum and angular momentum basis, with elements given by

g _11 w* 4r |k*|£+£l Y (lA{*) Yim (f{*) O H (K*) (2.82)
KmKEm = 739 w(k) 2E*[(q*)2 — (K*)2+ie] ’ '

{ / A / dQp- Yy, (0™) E(P', P) Yem(f)*)} el 0 (2:83)
p* |=[K*|

~ B 1
Exrorm! kom = ]

cf. egs. (3.21) and (3.64) in ref. [1].

Here, kinematic quantities are defined as in section 2.1 and we drop particle and channel
labels since we are considering identical particles in a single channel. As before, H(k*) is
a smooth regulator function, £ is the exchange function defined in eq. (2.29), and [ dQp«
denotes integration over the angular degrees of freedom of the CM-boosted momentum p*.
Finally, v and v? are trivial column and row vectors of ones, respectively, in momentum
space: vx = 1. These contract with the momentum indices of the internal block in eq. (2.81)
to produce the matrix F€ which is defined in the angular momentum index space. Note that
there are a few minor differences between the definitions given here versus ref. [1], which we
discuss at the end of the section. We also deviate from the original notation to align more
closely with the notation and conventions used in this work.

From its definition, we see that S carries the two-particle pole and is therefore closely
related to the object Ag defined in eq. (2.18). Similarly, £ is the matrix of spherical
harmonic projections of the exchange function £, evaluated at finite-volume momenta. As
such, we can provide the following relations between their elements:

Sicrtrmrrem = (@) Vo (K™, ¢%) (Do.p )i Vem (K, ¢7) (2.84)
Eok= Y (@) Vo (K*,0") Ewtrmviwom Vi (K*.0*) | (2.85)
m’ fm
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where we omit the trivial channel indices in Ag 7 and £ and use the appropriate form of
these objects for identical particles.

Looking at the series definition of F€ in eq. (2.81), we can apply these relations and
move around the spherical harmonics and powers of on-shell momentum to obtain

Fég’m’;ﬂm = (q*)ZJr[/ < Z yTAZL [_5A2,L]n y) 5 (286)
'm’; fm

n=0

= (") (VT A0 Y+ VT Ao Me [, Ao D) (2.87)

'm!; m >’

with ) and Y7 as defined in eqs. (2.36) and (2.37). In the second line, we use eq. (2.43) to
replace the infinite series with Mg 1. It is now straightforward to see that the second term
inside the brackets corresponds to the sum Cy, defined in eq. (2.46). The first term can be
identified as the sum term of the Liischer finite-volume function F' in eq. (2.39). Introducing
the notation I for the matching integral term:

1 P’k w* y;m,(k*,q*)ygm(k*,q*) H (k)
Iﬁ’m’;ﬂm = 7/ 3 " 9 ) N (288)
2) @rPwl) 2B () — () +id
we are now able to rewrite the elements of F¢ as
v om = (¢7)C (F +Cp + D) gt m (2.89)

The factors of (¢*)‘™ in the expressions above arise from the different normalization of
the barrier factors in ref. [1].

Let us turn now to the kernel K°. In section 4.2 of ref. [1], it is shown that this object
obeys identical relations to the finite- and infinite-volume amplitude as the kernel B introduced
in section 2.1. More concretely, eq. (2.31) mirrors eq. (4.14) of ref. [1] and its infinite-volume
version matches eq. (4.18) of the earlier work. Consequently, we can identify K° with B
and use this to relate it to M. This allows us to write

U _ —-— -1 U
(q*)Z—l—é (MO l)ﬁ’m/;ém = [(K:OS) }Z’m’;fm + (q*)ZM Iﬁ’m’;ém . (290)

We can now substitute egs. (2.89) and (2.90) into the quantization condition eq. (2.80)
and remove the extra factors of on-shell momentum, yielding the expected condition, eq. (2.49),
in the case of a single scattering channel with identical spinless particles.

For the arbitrary spin case, we proceed almost identically to the spinless case. The
relevant objects K%, F€, € and S now acquire spin indices, and the determinant in eq. (2.80)
is performed over this extended index space. We may keep these in the basis of orbital
momentum and individual particle spins ¢mmg, ms,, which arises naturally in the analysis
of two-particle loops, or change to more convenient bases, such as total angular momentum
Jm €S, as described in section 2.2. Besides accommodating the additional spin indices,
egs. (2.84) to (2.90) then require no further modification and we reach eq. (2.79).

We close this section by commenting on a few technical differences between the expressions
given in egs. (2.80)—(2.83) and the original expressions in ref. [1]:

Firstly, a minor detail is that we use the finite-volume momentum k here as an index,
instead of the CM-frame-boosted k*. This is not an issue, as the Lorentz transformations
provide a one-to-one mapping between the boosted and unboosted momenta.
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Secondly, the finite-volume function F€ above is defined using the projections € of the
exchange function £. This replaces F7 in the previous article, where only the projection
of the t-channel contribution is used:

FT=oTS— 2y : (2.91)
14278

with 7 being the ¢-channel exchange, with kinematics as shown in eq. (2.27), projected to
spherical harmonics as done in eq. (2.83). The factor of 2 in front of T arises from converting
u-channel exchanges into t-channel exchanges, which we are able to do in the case of identical
particles. The symmetry properties of K° under particle exchanges, discussed briefly at the

end of appendix C of ref. [1], allow us to show that
_ ~1 o —1
[(’COS)—I _{_Fé‘} _ [(Kos’) 1 —I—FT} 7 (2‘92)

where K differs from K°s only in contributions which are non-singular in the energy. Since
the two expressions have the same poles, the two versions of the quantization condition
must also be equivalent.

Thirdly, relating to the definition of S. The two-particle pole in eq. (2.82) carries a
factor of w*/(2E*w(k)), as opposed to 1/4w(k) in eq. (5.3) of ref. [1]. These factors coincide
at the pole (k*)? = (¢*)? and thus the two definitions are equivalent up to a non-singular
contribution that is absorbed into a redefinition of the kernel K°.

3 Physical scattering amplitudes

The derivation of the physical amplitude M is relatively straightforward now that we have
defined the finite-volume amplitude in sections 2.1 and 2.2. This can be directly obtained
from My in eq. (2.47) by taking the ordered double limit

M =lim lim Myp. (3.1)
e—0 L—o0
In practice, this means one must replace the sums over discrete momentum with integrals
over continuous momentum:

1 4’k

such that finite-volume loops become infinite-volume loops. Using this prescription, the
expression relating M to the quantities Mg and Mg in momentum space will look essentially
identical to eq. (2.47) without the L subscripts, where Mg and Mg are defined as the ordered
infinite-volume limits of My , and Mg r,, respectively. This will then provide a direct relation
between M, the quantity appearing in the quantization conditions derived in section 2,
to the desired physical amplitude M.

The following subsection deals with the partial-wave-projected infinite-volume amplitude
for the case of particles with zero intrinsic spin. In section 3.2, we generalize this to particles
with non-zero spin. We close with section 3.3, which details the general procedure for
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projecting OPEs to definite total angular momentum and parity (J) and provides explicit
expressions for the cases of spinless-spinless and vector-spinless scattering.

Because we are interested in physical amplitudes that are Lorentz invariant in this
section, we restrict our attention to the CM frame, where the total four-momentum is simply
P = (4/s,0). As such, we will omit the x superscripts when denoting CM kinematics, to
avoid notation clutter.

3.1 Partial-wave projected amplitudes for spinless particles

The goal of this subsection is to show that, after partial-wave projecting the amplitude to
a definite J¥, it can be written as

M7= M+ (14ic") {(Mb”’)_l +c=’P]1 (1+iR7"), (3.3)

where we have suppressed the dependence on the total energy of the system, as well as indices
over channel space. The objects appearing in this equation, which we define in detail below,
are all matrices in channel space. As the reader may note, this equation closely resembles
the expression for the finite-volume amplitude in terms of the auxiliary amplitudes M 1,
and Mg 1, given in eq. (2.47).

Let us now proceed to define each one of the building blocks above, starting with the
partial-wave-projected auxiliary amplitudes ./\/lgp and Mgp. The functions R’ P, o P,
and C’7 are projections of the infinite-volume analogs of Ry, L, and C; defined in
eqs. (2.44), (2.45), and (2.46), respectively. Since these depend on Mg, we will address
them last.

In order to define ./\/l@] " and ./\/lgp, we first write down the integral equations satisfied
by My and Mg and then partial-wave project. These equations are the infinite-volume
limit, as defined in eq. (3.1), of those satisfied by Mg 1, and Mg 1, presented in egs. (2.32)
and (2.33), respectively. Explicitly,

iMo=iB+iB -ilg - iMo, (3.4)
iMg =1E +1E - 1Ag o - IMg,
where B and & are the same driving terms appearing in the definition of the finite-volume

amplitudes. Here, we have also introduced Az, and a dot product notation. These are
jointly defined via

3
A Dy Al =Y / (;17:)‘3 i ALy (k) (109,00 ) (K) i Apa (K) | (3.6)
b

_ d*k ., w1 (gpk) i Hy(k) .
- %:/(271-)3 ZAa/b(k) fb wl(k) QE[qg — k2 + iE] ZAba(k) 3 (37)

where A and A’ are generic infinite-volume quantities, and we omit their dependence on

external momentum arguments. Note that A, is the infinite-volume version of Aj,
defined in eq. (2.18).
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The integral equation for Mg can be solved algebraically, by first writing it in the
partial-wave basis. By considering an arbitrary number of open channels composed of spinless
distinguishable particles, the partial wave basis is obtained using eq. (2.35),

(Mo)ra = Y Vew (P q0) (M) g atm Yim(Psa) (3.8)

'm! fm
where again we have suppressed the dependence on the total energy of the system for the
projected amplitudes, which are fixed to be on-shell. Since M does not depend on the
azimuthal quantum number m, and the orbital angular momentum £ is conserved in channels
with two spinless bosons, we can write (My),/p = 000 Omrm (Mo) iy g0 Simplifying

m'; alm
the equation above to

(Mo) s (P P) Zyem P’ 40) (Mo) i ar Vie (P:a) - (3.9)

The orbital angular momentum ¢ fixes the total angular momentum (J) and parity (P)
of the system,

(MOJP)a/a = (MO)a/e; w0705 (3.10)

and P = (— )K TalTa2, Where m,1 and mgo are the intrinsic parity of the two particles in
channel a.

There is a subtle point worth addressing about the partial-wave projection used in
eq. (3.8). In particular, this partial-wave projection is slightly unconventional due to the
explicit presence of the barrier factors embedded in the definition of ) and Y7 in egs. (2.36)
and (2.37), respectively. This definition is forced upon us from the partial-wave projection
of My, 1, in eq. (2.35). The need for this is to avoid unphysical singularities in finite-volume
functions, such as F' in eq. (2.39), at threshold. Because we have used these barrier factors
in writing our quantization condition in terms of partial-wave projected quantities, this is
propagated onto the definition of the partial-wave projected B kernels. This is to say, this is
yet another way in which the B kernels are scheme-dependent. Consequently, the integral
equation relating B’ to MY " depends on these barrier factors, a dependence subsequently
inherited by the projections My i

In contrast to My, we are not aware of an algebraic solution for the integral equation for
Me, eq. (3.5), that gives the correct analytic structure. In this case, however, we know the
driving term of this integral equation, namely the OPE function &, explicitly. Consequently,
we can attempt to solve this equation numerically. Remarkably, since it closely resembles
the integral equations for three-body systems, we may adopt the techniques already in use
to solve these [130, 145, 146, 150, 151]. The first step towards this goal is to write the
integral equation for the partial-wave-projected MgP. The only quantity that makes this
step non-trivial is &, since it carries angular dependence in the exchange propagator, as
well as in the couplings for systems with non-zero spin. In section 3.3, we give a detailed
description of how the OPE can be projected to definite J in general. For spinless particles,
this procedure is relatively straightforward.

As discussed above, when partial-wave projecting M, we are “forced” to introduce the
barrier factors. Since we did not project £ in the derivation of the finite-volume formalism,
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we have more freedom in defining this projection now. In turn, we choose to define a more
standard projection without barrier factors:

Eaa p p 2477'1/6771 a’K;aZ(’p,|a|pD§/;;n(f))’ (3'11)

where we again drop azimuthal quantum number indices in the projections and use the
fact that orbital angular momentum is conserved for spinless particles. Another notable
distinction between this equation and eq. (3.8) is the fact that the projections depend on
the spatial momentum magnitudes, |p’| and |p|. This is because £ is not fully on shell (note
(P —p)? # m32 and (P — p')? # m?), unlike My above.® Again, we have that

Eda = Eartiat Ot (3.12)

Using similar arguments, we can write analogous expressions for Mg, namely
(Me)y Z47TYZm ) (Me)are;ae(IP'], IP]) Yer (D) (3.13)
(ME),, = (Ms)a/g; 00 - (3.14)

Inserting egs. (3.11) and (3.13) into the integral equation for Mg, eq. (3.5), and per-
forming the integration over the angular degrees of freedom, we obtain an integral equation

for /\/lgpz

i (0 k) (i1Da,00)s (k) ((IMET), (K, p),

(3.15)

(ME"), Wp) = i€ (1 p +Z/

where the integral is now one-dimensional, over the magnitude of spatial momentum k.6 Note
that all arguments here are spatial momentum magnitudes, not four-momenta.

Although the integral runs to oo, the cut-off function in the definition Aj o, allows one
to truncate the integral at some value of k, which we denote kpy.x. Given a value for kp.x,
one can discretize the momentum, and write eq. (3.15) as a matrix equation over generally
off-shell momenta. This is most easily solved by fixing p and p’ to be in the set of discrete
momenta. As discussed in great detail in ref. [151], for singular integrands and driving terms
one may need to deform the contour of integration to avoid singularities. This is certainly
the case for eq. (3.15), where there are two classes of singularities, logarithmic ones present
in €77 and the pole singularity present in Ag .. After solving for the amplitude along the
discrete values of the momenta defined along the contour, one can use the integral equation,
eq. (3.15), to evaluate Mgp for on-shell momenta. For more details on this procedure, we
point the reader to ref. [151] and references within.

5Tt is worth commenting that because & is a partially off-shell quantity, we could have very well introduced
barrier factors when partial-wave projecting. This difference would just be absorbed into the definition of the
projections E,/¢; 4¢, as done in ref. [1].

5We point the reader to ref. [146], where a nearly identical projection of integral equations was done for
three-particle systems.
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To briefly summarize, given the finite-volume spectrum, we can determine (/\/lo‘] P)a,a from
the quantization condition, eq. (2.49). Given the 8&],};, we know how to obtain (Mgp)a,a from
its integral equation, eq. (3.15). These are the two key ingredients to obtain the full amplitude.

The last three quantities we need to examine before arriving at the expression for MY i
given in eq. (3.3) are RI”, EJP, and C’”. As mentioned, these are projections of the infinite-
volume limits of the objects Ry, L, and Cr, respectively defined in eqgs. (2.44), (2.45),
and (2.46). We denote the infinite-volume objects by dropping the L subscript and write the
continuous momentum dependence as an argument instead of an index. We then decompose

the remaining angular dependence in R and £ using spherical harmonics:
Rarorm';a(P) = Z 600 0mmRart;ac(|P]) VAT Y, (B) = Rarersae (IP]) VAT Yy (B),  (3.16)
Im

ﬁa’;aém(pl) = Z \/E}/E’m’(f)/) 5@’( Om/m Ea’& a[(‘p/’) = Vir ng(f)/) ﬁa/g; af(‘p/’) . (3'17>
'm/!
Again, we use the fact that these are infinite-volume objects, and thus independent of m
and diagonal in ¢ for spinless bosons, to simplify the relations above. The same is true for C,
which is written already in the angular momentum basis: Cq/em: arm = 0¢70 Oynrm Care; ae- The
projections to definite J then take the usual form:

P P P
Ra = Rart;at 0.0 » Lla=Latadse, Cla = Cartzat 6.0 - (3.18)

Using eq. (3.13) to project Mg within the definitions of R, £ and C, and using the orthogonality
relation between spherical harmonics, we can arrive at

‘ < k2dk [ k17 . ,
RYo) = [ 5 || (e (k) (ME) 1, (p). (319)
0 ™ qa’
, % k2dk , k17
L) = [ (ME) 1) (800)al®) | ] (3.20)
0 ™ da
P Ook’Qdk:’/OOdek {k,r T [k:]J
o= [ o [ o || () b) GME) (.8 (80.)alk) | ]
(3.21)

As alluded to at the start of the section, the infinite-volume limit of eq. (2.47) now allows
us to relate the partial-wave projections of the auxiliary amplitudes My and Mg, and those
of the derived auxiliary quantities R, £ and C, to those of the full amplitude M. With
the partial-wave decompositions given above for each of these objects, it is straightforward
to derive eq. (3.3) for on-shell momenta.

3.2 (eneralization to particles with spin

At this stage, including the possibility that the particles have intrinsic spin is conceptually
straightforward. As discussed in section 2.2, by introducing spin, each of the building blocks
considered becomes a matrix in spin space. Take, for example, the exchange functions, which
acquire indices associated with the spin of the initial and final particles:

ga/a( /1a ké, kl» k2) — Ea/mglm’SQ;amslmSQ( /17 k‘é, kly k2) . (322)
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Given this, one can use the steps described in section 2.2 to change to the Jm ¢S basis
and, thus, to definite J”. Let us label the resulting projections by Eﬁ/sl;aw(\p’\, Ipl)-
Since the particles now have intrinsic spin, these objects are no longer diagonal in orbital
angular momentum.

Performing the appropriate projections and changes of basis, one can rewrite the integral
equation for the projections of Mg, eq. (3.15), in the form

. P P
(lMg )a/glsl;ags(plvp):Zgé]’Z’S’;aéS(p/:p)

*k2dk . _,r ) . P
+Z Z/O WZ(‘:G,J/Z,S/;b[”s”(p/’k)(ZA27OO)b(k) (ZMg )bé”S”;aES(k’p)'
b ¢S

(3.23)

This can be solved, as was done for three-body systems in ref. [146], by solving this as a
matrix equation in momentum and £S space.

The rest of the equations in the previous section can be generalized immediately to
systems with spin by promoting everything to include £S indices,

P o k2dk [ k1Y . P
ZRg’Z’S’;aZS(p):/O 272 [q/] (ZAQ,oo)a’(k)(ZMg )a’Z’S’;aZS(kvp)a (3.24)
P ) © k2dk . e Lo k1
iLdrsars®)= [ g (ME s () (Ba)alk) | ] (3.25)
el
P o K2AE e k2R TR
an'e's';aes—/o o2 /0 92 ﬂ (ZAZoo)a’(k/)
. JP / . k ¢
X(ZME )a’Z’S’;aES(kvk) (lAZ,oo)a(k) qf . (326)

Given this enhanced matrix space, the main equation for M P, eq. (3.3), remains unchanged.
Of course, this hinges upon having an expression for £/ . In the next section, we explain
how this can be done. In particular, we use the helicity basis to arrive at some key examples.

3.3 Evaluating the one-particle exchange

In this section, we explain how the OPE can be partial-wave projected onto the £S5 basis.
Given that in QCD the nearest left-hand cuts are due to pseudoscalar exchanges, we will
assume that the exchange particle is spinless.

An example we will emphasize is D*D — D*D scattering in the 1. channel, where
the nearest left-hand cut is due to u channel m-exchange. Given this motivating example,
let us look at a generic u-channel OPE, which, following section 2.2, can generically be

written in the form

il = (Mail'1am) (73023 m2) (3.27)

u—m?2 + ie

where u = (p; — p4)? is the usual Mandelstam invariant, m, is the mass of the exchange
particle and the I' tensors result from the on-shell reduction of the vertex functions. We
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use the shorthand notation 7; = n;; (p;) for the spin wave-functions, where j labels the
particle, p; is its four-momentum and A; is its helicity. We omit channel indices as these will
not be relevant for the following. We find that working in the helicity basis is particularly
advantageous when writing explicit expressions for the vertex functions for amplitude analyses
and projecting to partial waves. To express the amplitude in terms of fixed-z spin projections,
as is needed for the form of the QC presented in eq. (2.79), one must apply the following
unitary transformations on the wave functions (see refs. [152, 153]):

@) = 3 m) DY (5). (3.28)
A=—s

where Df\‘jzl is the Wigner D rotation matrix element and p is the orientation of the particle
momentum which can be expressed in terms of the polar, 8,, and azimuthal, ¢,, angles of
the particle as p = (sin 6, cos pp, sin 6, sin ¢, cos 0,,). The specific form of the wave functions
and vertex factors depends on the particles involved in the reaction. Generally, for integer
spin particles, the wave functions are (cf. refs. [154-156])

o e (p,X) = 37 (I (s = D[] € (p, N) e (p,X)(3:29)
)\/7A//

me)| .

where (jimq, jama|jm) is the Clebsch-Gordan coefficient and e*(p, A) is the standard helicity
basis spin-1 polarization four-vector. For half-integer spin particles, the wave functions are

I (p)

— ult s (p N) = Z (%)\’, (s — %))\"|s)\> u(p, \) el (p, ) (3.30)

2s€Zt+ NNV

where u(p, A) is the standard helicity basis Dirac spinor.
The OPE in eq. (3.27) can be projected into a partial wave via the following procedure:
first, we write the propagator as a function of the CM frame scattering angle 8, defined

via p1 - p3 = |p1||p3|cos?,
u=(p1 — p4)2 = m% + mi — 2wiwy — 2|p1||p3| cos b,
= up — 2[p1||ps| (1 + cos0), (3.31)

where ug = m? + m3 — 2wjwy + 2|p1||ps| is the backward limit of u. We can therefore
write eq. (3.27) as

iHA1,>x2,>\3>\4 (9)

iU = . |
2|p1||p3|(¢ + ie — cos B)

(3.32)

2

where ( corresponds to the value of cosf when the propagator goes on mass-shell, u = mZ,

2
me —Ug

- 3.33
2Ip1lips (3:33)

¢ =cosly_pmz = —1
and H, a, 20, (0) is the product of vertex functions. In general, #H is a complicated function

of the scattering angle 6. However, the dependence can be easily written for low-lying spins,
see ref. [145], which we follow.
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Following that work, here we assume that the reaction plane is oriented such that the
azimuthal angle is zero, which we are free to do. Given this, the partial wave projection
of eq. (3.32) over the CM frame scattering angle is

J
a5 (6)

1 fm
ul = 7/ d6 sin 6 2 0, 3.34
ﬁ;:ii 2 Jo 2[p1||ps|(C — cos ) Atz Asha (0) ( )

where A = A — Ay and X' = A3 — Ay and d$) is the Wigner little d matrix clement.” While the
helicity basis is useful in constructing exchange amplitudes of definite J, our target amplitude
should be of definite spin-parity J¥. Therefore, we apply a unitary transformation on the
helicity partial wave amplitudes to those in the spin-orbit, or £S, basis [152]

J 25'+1 J 2S5+1
Z/{Z’S’;ES = Z Z P)\s)\4( * ei]) u)\l,)\Q 7)>\1>\2( * eJ)? (335)
A1,A2 A3, A3,
where the coefficients

20+1

Panna (1) = 27+ 1

<J)\|€O, S)\> <S)\|81)\1, S92 (—)\2)> s (3.36)

where the total angular momentum J is restricted as |S — /| < J < ¢+ S. Similar relations
hold for the final state. Upon projecting to definite J, and recoupling to the £S basis, the
partial wave amplitudes take the form [145]

U’ =ci" +¢d" Qol¢ +ie), (3.37)

where Qg is the Legendre function of the second kind, the coefficients C; and Co which are
matrices in £S space to be tabulated for a target J©. The Qo function has branch points at
¢ = 41, which yields a branch cut, the so-called left-hand cut, in the complex s plane of the
scattering amplitude. The remainder C; and Co coefficients are assured to be non-singular
functions in the kinematic region considered.

We do not attempt to write a generic amplitude and partial wave projection for any spin,
but instead follow the procedure of ref. [145] to construct partial wave OPE amplitudes and
illustrate it by examining some cases of interest to the community.

3.3.1 Spinless-spinless scattering via spinless exchange

Let us consider a generic process involving spinless particles in the external states. Since
the wave functions are trivial, the OPE is

iU =ig —————ig, 3.38
T u— m2 + i€ 7 (3:38)
where g and ¢’ are the couplings of particles 1 and 4 to e and particles 2 and 3 to e, respectively.
In this case, it is easy to show that the partial wave projected OPE is
9'g

U = ——-—
2|p1[ps]

Qs (¢ +ie). (3.39)

"We use the usual convention for rotation matrices, e "%, to define the Wigner d matrix. In using our
results, one should note that some software may use different conventions; for example, MATHEMATICA uses a
sign convention opposite to ours.
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One can show that this is equivalent to eq. (3.37) using an identity implemented in ref. [145].
This follows from the fact that @)y can be written as an integral of the Legendre polynomial
Pj. Then, one can use the recursion relation for the Py, to find

Qu(¢) = Ps(¢) Qo(¢) = Wi-1(C) (3.40)

where W;_1 is a polynomial in (

Pac1() Peon(©). (3.41)

Y4
Wei(Q)=>"
n=1

3.3.2 Vector-spinless scattering via spinless exchange

Next, we consider the u-channel exchange in a vector-spinless reaction, e.g., D*D — D*D
via 7 exchange. In particular, we consider a generic 0F + 1~ — 1~ + 0F process via a 0T
exchange. Since the vertex is proportional to a polarization vector (see ref. [155]), which
must satisfy the transversity condition p3 - €(p3, A3) = 0, one can write the most general
OPE for such processes in the form,

i

id =i[g pa - *(p3, A3)] ilgpa - e(p1, A1)]. (3.42)

—m2 4
u— mz + 1€

The polarization vector in the helicity basis (in the reaction plane) is defined as

1

e(p,+) = ﬁ(0,$cos 6p, —i,£sinb)), (3.43)
1

£(p,0) = E(\p|,wsin 6p,0,wcos b)), (3.44)

where 0, denotes the angle between the spatial momentum p and the z-axis. By direct
evaluation, the H function Hy,n, = —¢'g [p2 - €*(p3, A3)][pa - €(p1, A1)] is

1 .
Hit = —Hig = Jdg §|p1\|p3\ sin?#0, (3.45)
Hao = F9'g A2 sin g (wilp1] + o] cos) (3.46)
V2my
Hor = +4g'g ps| sin @ (wa|ps| + ws|p1| cosb) , (3.47)
V2ms

/

rgng (wa|p1| + wi|p3| cos @) (wa|ps| + ws|p1] cosh) . (3.48)

g
Hoo = —
m

Let 7 and 7’ be the product of the intrinsic parities for the initial and final state,
respectively. For the case of D*D — D*D, we have m = ' = +. Thus, the allowed parity of
the system is P = (—1)¢ = (—=1)¥. A particularly interesting case is the JZ = 17 channel,
where the T,. has been discovered by the LHCDb collaboration. Here, both S and D waves
contribute. For example, following ref. [145], we find the C; and Cs coefficients for the

- 32 —



3681 — 38; channel are

e Csi sy =L Fa-n - —vm s -1 649
et ¢si s = -2 [0 - +er], (3.50)

where v; = 1/,/1 —ﬁ]z with §; = |pj|/w; for j =1,...,4, and

(P B N
f73(ﬁ2+<>+w<64+<) ¢, (3.51)
and
I =smc¢ (gi + gj} + C) + wngé - (3.52)

Further cases can be evaluated similarly. Note that one can relate the results presented in
ref. [145] by identifying H = (—g'g/3) gyq; H', where g, q; and H' are as defined in that
work (the latter without the prime).

4 Conclusions

We have derived a generic non-perturbative framework that relates finite-volume energy
spectra to two-body scattering amplitudes, including nearby left-hand singularities arising from
single-particle exchanges. The formalism allows for an arbitrary number of two-body channels
in which the particles can have arbitrary spin. Applications of this framework proceed in two
steps: first, the new quantization condition is used to constrain the intermediate quantity My
that is insensitive to the left-hand cut; second, the full scattering amplitude is reconstructed
from M via a set of integral equations that also incorporate all single-particle exchanges.

It is straightforward to generalize this work to include branch cuts due to two or more
particles using models due to these exchanges, as was done recently in ref. [157]. While higher-
particle exchanges can be incorporated similarly, we expect their effects will be suppressed
compared with OPE, thus we leave their investigation for future applications.

We conclude by emphasizing two key messages. First, this formalism is a conceptually
simple modification of previously published two-particle formalisms that do not account for
the presence of the one-particle exchange. Second, the formalism is complete and ready
for immediate application.
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