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1 Introduction

The internal structure of hadrons is a rich topic of study in the field of quantum chro-
modynamics (QCD). The phenomenon of confinement means that the constituent quarks,
antiquarks and gluons (known collectively as “partons”) cannot be studied in isolation; their
behavior and effects can only be inferred from scattering experiments. The first function
to encapsulate the internal structure of the hadron was the parton distribution function
(PDF) which describes the probability density of a parton carrying a specific fraction of the
hadron’s longitudinal momentum in the limit of the hadron traveling along the lightcone.
A review of these studies can be found, for example, in a Snowmass 2021 whitepaper [1].
However, the PDFs only provide a one-dimensional picture of the hadron since they depend
solely on the longitudinal momentum.

The generalized parton distributions (GPDs) [2–5] measure not only the parton’s longi-
tudinal momentum but also its distribution in the transverse impact parameter space [6–9].
They provide details on the origin of the mass and spin of the nucleon [3], and their moments
and forward limits lead to the gravitational form factors and PDFs. This makes them of
great value in the study of hadronic structure. The unpolarized nucleon GPD is comprised
of two functions which we denote by H and E. In terms of the lightcone matrix elements,
the quark GPD is defined as

F (x, ξ, t) =
∫ dz−

4π eixp+z−
〈
p′′
∣∣∣∣ψ (−z2

)
γ+W

(
−z2 ,

z

2

)
ψ

(
z

2

)∣∣∣∣ p′〉
= 1

2p+

[
H(x, ξ, t)u(p′′)γ+u(p′) + E(x, ξ, t)u(p′′) iσ

+ν∆ν

2m u(p′)
]
, (1.1)

where W (−z/2, z/2) is a Wilson line along the lightcone, |p⟩ is a hadron state with 4-
momentum pµ, ψ is the fermion field. The momentum transfer ∆µ = (p′′ − p′)µ, t ≡ ∆2, and
the skewness parameter ξ = p′′+−p′+

p′′++p′+ . The lightcone coordinates are defined as z± = 1√
2(z

0±z3)
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for a hadron moving along the z3 axis. In the limit t→ 0, the H GPD reduces to the PDF,
whereas the E GPD is inaccessible for it is multiplied by the momentum transfer vector.
Experimental studies of GPDs will be a top target at the future Electron-Ion Collider
(EIC) [10–15] through processes such as deeply-virtual Compton scattering (DVCS) [4] and
meson production (DVMP) [16, 17].

The first-principles lattice QCD calculation of GPDs started with their Mellin moments
over two decades ago [18–30]. However, this method is limited to the lowest few moments due
to the worsening signal-to-noise and power-divergent operator mixing. The proposal of large-
momentum effective theory (LaMET) in 2013 [31–33] made it possible to directly calculate the
x dependence of PDFs and GPDs, which has led to significant progress in this field along with
other approaches [34–44] over the years. The LaMET approach involves computing spatially
separated correlators on the Euclidean lattice and relating the corresponding momentum-space
distributions — the quasi distributions — to the lightcone through effective theory expansion
and matching [45–50]. The first GPD to be studied in the LaMET framework was for the
pion in ref. [51] with an unphysical pion mass of 310MeV. The equivalent calculations in the
zero-skewness limit were performed by MSULat at the physical pion mass [52, 53] as well
as by the BNL-ANL group at a superfine lattice spacing with unphysical quark masses [54].
The unpolarized and helicity GPDs for the nucleon were later studied in refs. [55–59] and the
transversity GPD was calculated in ref. [60]. The twist-three GPDs were also explored by
the ETMC in ref. [61]. In addition to LaMET, GPDs can also be accessed on the lattice with
a short-distance factorization of the spatial correlators, or the pseudo-GPD method [39, 62],
which can be used to extract the lowest few Mellin moments through operator product
expansion [63] or fit the x-dependence with modeling [42]. The ETMC in refs. [64, 65]
determined the moments of the unpolarized and helicity nucleon GPDs in the zero skewness
case at a pion mass of 260 MeV, up to the sixth order. The HadStruc Collaboration in
ref. [43] also extracted the unpolarized nucleon GPD moments in this framework up to
the fourth order. Notably, according to a recent proposal by the ETMC and BNL-ANL
collaboration in ref. [58], the lattice computational cost of quasi-GPD matrix elements can
be significantly reduced with the use of asymmetric frames [59, 66], which will improve the
precision of GPD calculation in return.

The field of LaMET has matured to the point at which it is important to study and
control perturbation theory uncertainties. Much progress has been made on this front
with renormalization group resummation (RGR) [67, 68], leading-renormalon resummation
(LRR) [69, 70] and threshold resummation [67, 71–73]. The RGR procedure is designed
to resum logarithmic terms that become large when the intrinsic physical scale of the
parton differs from the desired renormalization scale of the PDF. The technique is to set
the energy scale where the logarithmic terms vanish and then evolve to the desired scale
using the renormalization group equation (RGE). In the case of PDFs this is the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [74–76] which have been computed up to
three loops [77]. For lightcone distribution amplitudes (DAs) it is the Efremov-Radyushkin-
Brodsky-Lepage (ERBL) equation [78–81]. The first application of RGR in the lightcone
matching was to the pion valence quark PDF [67, 68, 82–84]. Subsequent applications of
RGR matching were made to the nucleon helicity [85] and transversity PDFs [86, 87], as well

– 2 –



J
H
E
P
0
7
(
2
0
2
5
)
2
4
1

as the nucleon and pion GPDs at zero skewness [54, 88]. LRR regularizes and eliminates
the infrared renormalon ambiguity between the lattice renormalization and the MS schemes,
which ensures the linear power accuracy of the LaMET calculation. It has been applied
to improve the calculation of pion valence PDF [69, 83, 84], light-meson DAs [70, 72, 89],
nucleon transversity PDF [87], and the pion and nucleon GPDs [54, 88]. Finally, the threshold
resummation has been included in the analysis of the Mellin moments of the pion valence
quark PDF [67] and pion/kaon DAs [72, 89].

The application of RGR to DAs and GPDs at non-zero skewness, however, are more
complicated, because of their multi-scale nature. In these off-forward matrix elements, there
are two partons with different momenta, corresponding to two different logarithms. It is then
impossible to solve just one RGE to resum their matching kernels. The soft-collinear effective
theory (SCET) [90–94] has been a useful tool to resum multi-scale problems, which further
factorizes different physical scales and introduces more RGEs. It has been recently applied to
quasi-PDF to resum the threshold logarithms related to soft gluon emission [71, 73], which
becomes important when the parton momentum fraction x → 1.

In the same spirit, we seek for a further factorization of GPD matching to resum the
different logarithms separately. In this work, we find that the large logarithms in GPD
matching are important only in the threshold limit to all orders, thus could be resummed
after the threshold factorization. Therefore, we propose to resum the GPD matching kernel
in the threshold limit to improve the perturbative accuracy. We determine the initial
scales of each RGE in the threshold factorization formula and obtain the fully resummed
matching kernel. Finally, we numerically test our approach by applying the resummed
matching kernel to a GPD model. Then, we inversely match the resulting quasi-GPD to
reproduce the original GPD model. We demonstrate that LaMET works only for a range
x ∈ X ≡ [−1 + x0,−ξ − x0]∪ [−ξ + x0, ξ − x0]∪ [ξ + x0, 1− x0], where x0 is a cutoff for hard
parton momentum. Beyond this range, the non-perturbative effect and power corrections
become important. The fact that our final result agrees with the original GPD model also
demonstrates that the potential power correction and non-perturbative effect in x → ±ξ
and ±1 will not be spread out to the region X during the inverse matching procedure. This
guarantees the predictive power of LaMET for x ∈ X in lattice calculations.

This paper is organized as follows. In section 2, we examine the structure of logarithms
in the GPD matching kernel at non-zero skewness, and demonstrate that they are important
only in the threshold limit. We then derive the factorization of GPD matching into the
Sudakov factors and the jet function in the threshold limit using the SCET framework, which
can reproduce the threshold factorizations for the quasi-PDFs [71, 73] and quasi-DAs [72, 89].
In section 3, we derive the resummation of the Sudakov factors and the jet function in the
threshold limit by solving the RGEs and determining the initial scales, and use the solutions
to correct the full matching kernel. In section 4 we test our formalism numerically on a GPD
model to demonstrate the self-consistency of our method. Finally, we conclude in section 5.

2 Threshold factorization of the quasi-GPD

The process of RGR is applied to the lightcone matching. Once we have computed the
quasi-GPD F̃ (x, ξ, Pz, t), we align the ultraviolet (UV) part with the lightcone to obtain
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the GPD F (x, ξ, µ) using the matching formula

F̃ (x, ξ, Pz, t) =
∫ 1

−1
dy C

(
x, y, ξ,

Pz

µ

)
F (y, ξ, t, µ) +O

(( ΛQCD
|x± ξ|Pz

)2
,

( ΛQCD
|x± 1|Pz

)2)
, (2.1)

where C is the matching kernel. For unpolarized GPDs at nonzero skewness, the matching
kernel has been calculated up to NLO in refs. [45–47, 50] for the MS scheme,

C
(
x, y, ξ,

Pz

µ

)
= δ(x− y)

[
1 + αs(µ)CF

2π

(
3
2 ln µ2

4P 2
z

+ 5
2

)]
(2.2)

+ αs(µ)CF

4π

[( |ξ + x|
2ξ(ξ + y) +

|ξ + x|
(ξ + y)(y − x)

)(
ln
(
4(ξ + x)2P 2

z

µ2

)
− 1

)

+
( |ξ − x|
2ξ(ξ − y) +

|ξ − x|
(ξ − y)(x− y)

)(
ln
(
4(ξ − x)2P 2

z

µ2

)
− 1

)

+
((

ξ + x

ξ + y
+ ξ − x

ξ − y

) 1
|x− y|

− |x− y|
ξ2 − y2

)(
ln
(
4(x− y)2P 2

z

µ2

)
− 1

)]
+
.

where αs(µ) is the strong coupling at energy scale µ and CF is the quadratic Casimir for
the fundamental representation of SU(3). The plus-prescription for the second bracket, “+”,
regulates the singularity at x = y:

C
(
x, y, ξ,

Pz

µ

)
+
= C

(
x, y, ξ,

Pz

µ

)
− δ(x− y)

∫
dz C

(
z, y, ξ,

Pz

µ

)
(2.3)

In eq. (2.2), the quark-momentum logs are ln
(
4(ξ±x)2P 2

z
µ2

)
which become large in the limit

x → ∓ξ and the threshold logs are ln
(
4(x−y)2P 2

z
µ2

)
, which become large in the limit x → y,

the threshold limit. The three logarithms correspond to three physical scales in the system:
the outgoing and incoming quark (antiquark) momentum |ξ + x|Pz and |ξ − x|Pz, and the
gluon momentum |x− y|Pz. Due to its multi-scale nature, it is very difficult to naively resum
the large logarithms in the traditional way by solving the RGE.

Actually, the problem can be simplified. In the soft quark (antiquark) limit (x→ ±ξ),
the quark-momentum logarithms are suppressed by a factor of |x± ξ|, because to all orders
of perturbation theory, these logarithms come from the loop integral involving the fermion
propagator /k

k2+iϵ
attached to the Wilson line, where the fermion’s longitudinal momentum

is exactly the same as the parton momentum kz = (x± ξ)Pz by definition. Meanwhile, the
contribution from transverse Lorentz components k⊥ is power-suppressed. As a result, the
soft quark (antiquark) logarithm always appears as |x± ξ| lnn |x± ξ| in the momentum-space
twist-2 matching kernel, which vanishes in the soft quark (anti-quark) limit x → ±ξ, thus
in general does not need to be resummed.

However, there are a few exceptions. As we will show below, in the threshold limit x→ y,
the coefficients at all orders are fully determined by the Sudakov factor H((x ± ξ)Pz, µ)
after the threshold factorization. The only dependence on the momentum fraction (x± ξ)
exists in the logarithm. Thus in the threshold limit x→ y, the coefficient of the logarithm
is finite, which could only be achieved by forming a ratio of |x±ξ|

y±ξ . In the threshold limit
x→ y, this ratio is ±1, so the quark-momentum logarithms are still important and requires
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resummation. Another exception is in the ξ → 0 limit, where there is a 1
ξ enhancement in the

quark-momentum logarithms. If we first expand in ξ, the two logarithms |ξ ± x| lnn |ξ ± x| of
the two quark-momentum are combined, resulting in ln |x| that does not have a suppression
factor when x→ 0. It corresponds to the DGLAP logarithm in quasi-PDF. So a resummation
in the threshold limit is not enough for the DGLAP region in general. Fortunately, inspired by
the RGR of quasi-PDF, which resums the matching kernel by evolving from µh = 2|x|Pz [68],
we find that if we first evaluate the matching kernel at µh = 2|x|Pz for the DGLAP region
|x| > ξ, the remaining logarithm will be of the form

(
|x±ξ|

2ξ(ξ±y) +
|x±ξ|

±(ξ±y)(y−x))

)
lnn |x±ξ|

|x| , which
becomes finite when ξ → 0. After taking this step, the remaining logarithm becomes relevant
only in the threshold limit.

Based on the above arguments, in the ERBL region |x| < ξ, the resummation of all three
logarithms is only necessary in the threshold limit. In the DGLAP region |x| > ξ, a direct
resummation in the threshold limit is not enough, but we can first choose µh = 2|x|Pz, then
the resummation is only necessary in the threshold limit.

In the threshold limit, the matching kernel can be further factorized into a product of
Sudakov factors H, and a jet function J ,1 as has been worked out for the PDF case [71, 73].
Reference [72] extended the factorization to the DA case by assigning proper parton momenta
to the Sudakov factors without providing a rigorous proof. In this work, we provide a SCET
derivation of the general threshold factorization formula of quasi distributions, which can be
reduced to the PDF, DA and GPD cases for different external states. The SCET has already
been used to derive the factorization formula for a quasi transverse-momentum-dependent
distribution defined from correlators fixed in the Coulomb gauge [96].

For a hadron moving at a large momentum P along the z-direction, its wave function is
dominated by collinear quark and gluon modes whose momentum kµ scales as (k+, k−, k⊥) =
(1, λ2, λ)P+ with λ ∼ ΛQCD/P

+ ≪ 1. When the parton momentum xP+ or xPz is probed
with 0 < x < 1, the spectator momentum (1 − x)P+ is also hard, so the relevant degrees
of freedom in QCD fields are collinear (n) and ultra soft (us) ones,

ψ = ψn + ψus + . . . , Aµ = Aµ
n +Aµ

us + . . . , (2.4)

where the quark and gluon modes scale as {ψn, ψus} ∼ {λ, λ3}(P+)3/2, Aµ
n = (A+

n , A
−
n , A

⊥
n ) ∼

(1, λ2, λ)P+, and Aµ
us ∼ λ2P+ [93, 97]. To derive the collinear factorization formula for the

quasi-PDF [98] that involves only one collinear momentum scale xP+, there is no need to
separate the collinear and ultrasoft degrees of freedom through field redefinition [93].

The quark bilinear operator used to define the quasi-distributions,

OΓ(z1, z2) ≡ ψ̄(z1)ΓW (z1, z2)ψ(z2) , (2.5)

can be re-expressed as the product of two dressed quark fields [99–101],

OΓ(z1, z2) = ψ̄(z1)Wz(z1)ΓW †
z (z2)ψ(z2) ≡ Ψ̄(z1)ΓΨ(z2) , (2.6)

where Γ = γt or γz, and Wz(z) is an semi-infinite Wilson line that connects ±∞ to zµ.
For collinear quasi-distributions, the product of Wz(z1) and W †

z (z2) reduces to the straight
1Rigorously speaking, the jet function should be named a soft function, but we choose to follow the

convention used in the literature for threshold resummations [71, 94, 95].
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Wilson line from z2 to z1 regardless of their orientations, which is why we do not specify the
direction of Wz in the above equations. In the following we choose Γ = γt for discussion.

Since ψ̄nγ
−ψn ∼ O(λ4), ψ̄nγ

+ψn ∼ O(λ2), the expansion of Oγt(z1, z2) is

Oγt(z1, z2) =
1√
2
ψ̄n(z1)Wz(z1)γ+W †

z (z2)ψn(z2) +O(λ4) . (2.7)

When away from the threshold region, i.e., the emission by the active parton is also collinear
and hard, the Wilson line Wz can be expanded as

Wz =Wz[An] =Wn[An] +O(λ2) . (2.8)

As a result, the dressed quark field becomes

W †
zψn =W †

nψn +O(λ2) . (2.9)

In SCET, the r.h.s. corresponds to the operator

e−iP·zW †
nξn , (2.10)

where Pµ is the Hermitian derivative operator that projects out the collinear momentum of
W †

nξn, and ξn is the collinear quark field with the zero mode subtracted [102]. The QCD
operator W †

zψn and SCET operator e−iP·zW †
nξn are related by a matching condition

W †
zψn(z) = e−iP·zH(Pz, µ)W †

nξn , (2.11)

where H(Pz, µ) is a hard Sudakov factor independent of the quark flavor.
Since z is the Fourier conjugate to xPz, it scales as z ∼ O(1) at finite x. This means

that the exchange of particles between the dressed fields ψ̄n(z)Wz(z) and W †
z (0)ψn(0) also

contribute to the hard coefficient function, so the matching of Oγt(z1, z2) from QCD to
SCET must be in a convolutional form,

Oγt(z1, z2) =
∫
dη1dη2

[
ξ̄nWn

]
(z1)

γ+√
2

C(η1, η2,P+†
1 /η1,P+

2 /η2, µ)
[
W †

nξn

]
(z2)

=
∫
dη1dη2

∫
dω1dω2 C(η1, η2, ω1, ω2, µ)

× ei(P1·z1−P2·z2)
√
2

[
ξ̄nWn

]
δ(ω1 − P+†

1 /η1)γ+δ(ω2 − P+
2 /η2)

[
W †

nξn

]
, (2.12)

where C is a perturbative matching coefficient that depends on the momenta (ω1, ω2) carried
by each parton. The convolution is realized through the integration over the momentum
fractions of the daughter partons, η1, η2 ∈ (−∞,∞) [98], as the convolution allows all collinear
momenta to flow out of the active parton. Note that here we have neglected the mixing
with gluon bilinears since we only consider non-singlet and valence quark channels, but it
will be straightforward to include them. The variables η1, η2 will eventually be fixed by
momentum conservation in the matrix elements, as we show below. The Sudakov factors
H are absorbed into the matching coefficient C and cannot be separated from the other
contributions under collinear factorization.

– 6 –
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When inserted into the off-forward hadron states, we can derive the factorization formula
for the quasi-GPD,

F̃ (x, ξ, Pz, t)

≡
∫
dz

4πe
−ixPzz

〈
p′′
∣∣∣∣Oγt

(
−z2 ,

z

2

)∣∣∣∣ p′〉
=
∫
dη1dη2

∫
dω1dω2 C(η1, η2, ω1, ω2, µ)

×
〈
p′′

∣∣∣∣∣∣∣
[
ξ̄nWn

]
δ(ω1 − P+†

1 /η1)
δ
(
xPz −

Pz†
1 +Pz

2
2

)
√
2

γ+

2 δ(ω2 − P+
2 /η2)

[
W †

nξn

]∣∣∣∣∣∣∣ p′
〉

=
∫
dη1dη2

∫
dω1dω2 C(η1, η2, ω1, ω2, µ)

×
〈
p′′
∣∣∣∣∣[ξ̄nWn

]
δ(ω1 − P+†

1 /η1)δ
(
xP+ − P+†

1 + P+
2

2

)
γ+

2 δ(ω2 − P+
2 /η2)

[
W †

nξn

]∣∣∣∣∣ p′
〉

=
∫
dη1dη2

∫
dω1dω2 C(η1, η2, ω1, ω2, µ)δ

(
xP+ − 1

2(ω1η1 + ω2η2)
)

× P+
∫ 1

−1
dy δ(ω1 − (y + ξ)P+)δ(ω2 − (y − ξ)P+)F (y, ξ, t, µ)

=
∫ 1

−1
dy

∫
dη1dη2 C(η1, η2, (y + ξ)P+, (y − ξ)P+, µ)

× δ

(
x− 1

2((y + ξ)η1 + (y − ξ)η2)
)
F (y, ξ, t, µ) . (2.13)

If we perform a change of variables,

η̄ = 1
2 [(1 + ρ)η1 + (1− ρ)η2] , η = − 1− ρ

1 + ρ2
η1 +

1 + ρ

1 + ρ2
η2 , (2.14)

with ρ = ξ
y , then

F̃ (x, ξ, Pz, t) =
∫ 1

−1

dy

|y|

∫
dη C

(
η̄ = x

y
, η, ρ, (y + ξ)P+, (y − ξ)P+, µ

)
F (y, ξ, t, µ) . (2.15)

As one can see, η is merely a dummy variable to be integrated over, and the matching
coefficient is uniquely determined by the momenta of the active parton and its emission.
Therefore, by defining

1
|y|

∫
dη C

(
x

y
, η,

ξ

y
, (y + ξ)P+, (y − ξ)P+, µ

)
≡ C

(
x

y
,
ξ

y
, (y + ξ)P+, (y − ξ)P+, µ

)
+

= C
(
x, y, ξ,

Pz

µ

)
+
, (2.16)

we obtain the exact same factorization formula eq. (2.1) derived in ref. [47] using operator
product expansion. Based on eq. (2.12), we can also derive the collinear factorization formulae
for the quasi-PDF [63, 98, 103] and quasi-DA [104].

Now let us turn to the threshold limit x → y, where we consider a “soft” scale |x −
y|P+ ∼

√
ϵP+ ≪ P+ for the emission from the active parton. This scale is soft (ϵ ≪ 1)

– 7 –
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compared to the collinear momentum, while it can still be much harder or comparable to
λP+, i.e., ΛQCD. When

√
ϵP+ ∼ ΛQCD, then perturbation theory fails and the factorization

will involve a non-perturbative jet function. Therefore, we consider
√
ϵP+ ≫ ΛQCD so that

the jet function is still perturbatively calculable [71, 73]. After threshold resummation, we
shall be able to see when perturbation theory breaks down.

Under this hierarchy, the emitted “soft”-collinear modes
√
ϵ(1, λ2, λ)P+ from the active

parton can propagate a distance of 1/(
√
ϵP+), which makes the “soft” degrees of freedom

(
√
ϵ,
√
ϵ,
√
ϵ)P+ relevant. To derive the threshold factorization formula, we first integrate out

the off-shell modes with p2 ≫ ϵ(P+)2 to match QCD to a SCET which involves the “collinear”
∼ (1, ϵ,

√
ϵ)P+ and “soft” modes ∼ (

√
ϵ,
√
ϵ,
√
ϵ)P+. The corresponding “soft-collinear” mode,

which scales as ∼
√
ϵ(1, ϵ,

√
ϵ)P+ and is emitted by the parent parton, is also relevant. If

treated separately from the “collinear” mode, it would lead to a further factorization of
the PDF into a “hard-collinear” coefficient and a “soft” function [73, 94, 105]. However,
since our goal is to obtain the full PDF without additional factorization, we do not perform
this separation, and the “soft-collinear” contribution is included as part of the “collinear”
modes. With such a scale separation, the space-like Wilson line in the dressed quark field
follows the factorized expansion,

Wz =Wz[An +As] =Wn[An]Sz[As] +O(ϵ) , (2.17)

after integrating out the off-shell modes with p2 ≫
√
ϵ(P+)2 that couple the “collinear” and

“soft” modes. The “soft” Wilson line Sz[As] cannot be expanded in the collinear direction
because the gluon momentum is off-shell and isotropic. On the other hand, the contribution
from “soft” quark modes in the bilinear operator Oγt is suppressed and negligible. Therefore,
we have the collinear expansion

Oγt(z1, z2) =
1√
2
ψ̄n(z1)Wn(z1)Sz(z1)γ+S†

z(z2)Wn(z2)ψn(z2) +O(ϵ2) . (2.18)

Since we consider the distance |z1 − z2| ∼ O(1/(
√
ϵP+) propagated by the “soft” modes,

the “collinear” fields separated by it will not be able to exchange any hard particle. Therefore,
the QCD operator is matched onto the above SCET as

Oγt(z1, z2) =
eiP1·z1−P2·z2

√
2

[
ξ̄nWn

]
ϵ
H(Pz†

1 , µ)S†
n(z1)Sz(z1)

× γ+S†
z(z2)Sn(z2)H(Pz

2 , µ)
[
W †

nξn

]
ϵ
+O(ϵ2) , (2.19)

where the matching for the collinear fields is multiplicative and given by the Sudakov factors.
The soft Wilson lines Sn is added to ensure invariance under the collinear and soft gauge
transformations in SCET [93]. We also label the square brackets enclosing the collinear fields
by “ϵ” to distinguish them from the original SCET defined by the expansion parameter λ.

The hadron matrix element of the “collinear” fields defines the GPD, which is equivalent
to the definition in full QCD under lightcone quantization or the original SCET [93, 95].
Therefore, we can remove the label ϵ and establish the threshold factorization formula for
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the quasi-GPD as

F̃ (x, ξ, Pz, t) =
∫
dz

4πe
−ixPzz

〈
p′′
∣∣∣∣∣ [ξ̄nWn

]
H(Pz†

1 , µ)S†
n(z1)Sz(z1)

ei
Pz†
1 +Pz

2
2 ·z

√
2

×γ
+

2 S†
z(z2)Sn(z2)H(Pz

2 , µ)
[
W †

nξn

] ∣∣∣∣∣p
〉

=
∫
dz

4πe
−ixPzz

〈
p′′
∣∣∣∣∣ [ξ̄nWn

]
H(Pz†

1 , µ)
ei

Pz†
1 +Pz

2
2 ·z

√
2

γ+

2 H(Pz
2 , µ)

[
W †

nξn

] ∣∣∣∣∣p′
〉

× 1
Nc

〈
0
∣∣∣∣Tr [S†

n

(
−z2

)
Sz

(
−z2

)
S†

z

(
z

2

)
Sn

(
z

2

)]∣∣∣∣ 0〉 , (2.20)

where we derive the coordinate-space jet function definition

J̃z(z2µ2) ≡
1
Nc

〈
0
∣∣∣∣Tr [S†

n

(
−z2

)
Sz

(
−z2

)
S†

z

(
z

2

)
Sn

(
z

2

)]∣∣∣∣ 0〉 . (2.21)

The collinear matrix element in the above factorization formula defines the lightcone GPD,〈
p′′
∣∣∣∣∣[ξ̄nWn

]
H(Pz†

1 , µ)
γ+

2 H(Pz
2 , µ)

[
W †

nξn

]∣∣∣∣∣ p′
〉

=
∫ 1

−1
dy H((y − ξ)Pz, µ)†H((y + ξ)Pz, µ)

× F (y, ξ, t, µ) . (2.22)

However, additional care must be given to the Sudakov factors. When one matches the
dressed QCD field W †

zψ to the SCET operator W †
nξn, the Sudakov factor also involves an

imaginary part [106–109],

H(Pz/µ) = H

(
ln −4(Pz ± i0)2

µ2

)
, (2.23)

where ± depends on the orientation of the Wilson lines.
As we have explained in the above, the quasi-GPD does not depend on the orientation of

the Wilson line Wz, so the threshold factorization should not depend on it, either. However,
this apparently contradicts eqs. (2.22) and (2.23), as there is an incomplete cancellation
of the imaginary parts of the two Sudakov factors, which leads to a remnant contribution
that depends on the orientation of Wz. To resolve this conflict, we note that the key in
the threshold factorization is that the collinear fields separated by |z| ∼ 1/(

√
ϵP+) do not

exchange hard particles. Therefore, in the spacetime picture of the factorization, the dressed
quark fields ψ̄Wz and W †

zψ must already be spatially separated, which cannot be satisfied
if both Wz’s have the same orientation. In refs. [71, 73], it was proposed to choose Wz

differently for ψ̄ and ψ, i.e.,
[
ψ̄W−ẑ

]
(−z/2) and

[
W †

ẑψ
]
(z/2) for z > 0, and

[
ψ̄Wẑ

]
(−z/2)

and
[
W †

−ẑψ
]
(z/2) for z < 0. In this way, the Wilson lines avoid overlapping with each other,

and the definition of the jet function should be modified accordingly to involve both future-
and past-pointing light-like Wilson lines. As a result, the imaginary part of the Sudakov
factor depends on the sign of z, which can be redefined with a phase,

H(Pz, µ,±) = H

(
ln −4(Pz ± i sgn(z)0)2

µ2

)
≡ |H(Pz, µ)| exp [∓isgn(zPz)A(Pz/µ)] . (2.24)
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Nevertheless, such a treatment has a problem of recovering the straight Wilson line in the
quasi-GPD definition. To reconcile this inconsistency, we note that when both Wz’s are of
the same orientation, they overlap with each other, so there can be exchange of hard particles
between the dressed quarks. Although they are separated by |z| ∼ 1/(

√
ϵP+), there is still a

segment of the straight Wilson line W (−z/2, z/2) that is within a distance
√
ϵ|z| of ψ̄ or ψ,

over which the hard particles can travel. The contribution from this segment is exactly the
so called “sail diagram” [63] in the threshold limit x→ y, which is identical to the product of
the phase factors in eq. (2.24) and independent of the choice of Wz orientation.

Therefore, the exact factorization formula for the quasi-GPD is established as

F̃ (x, ξ, Pz, t) =
∫ 1

−1
dyF (y, ξ, t, µ)

∫
dz

4πe
−i(x−y)PzzH((x−ξ)Pz,µ,−)†H((x+ξ)Pz,µ,+)J̃z(z2µ2)

=
∫ 1

−1
dy|H((x− ξ)Pz, µ)H((x+ ξ)Pz, µ)|F (y, ξ, t, µ)

∫
dz

4πe
−i(x−y)PzzJ̃z(z2µ2)

× exp [−isgn(z(x− ξ)Pz)A((x− ξ)Pz/µ)− (ξ → −ξ)] . (2.25)

Note that in the first line we have replaced the variable y by x in the Sudakov factors, which
is allowed since we work in the limit x → y. The above factorization formula reduces to
the PDF case [71, 73] in the limit ξ → 0. For the DA case, the leading Fock state of the
meson is a pair of quark and antiquark with momentum fraction x and (1− x), respectively.
Therefore, we can define the antiquark momentum to be negative in the Sudakov factor, i.e.,
H(−(1− x)P z, µ,−)†H(xPz, µ,+), to obtain the threshold factorization formula [72, 89].

Therefore, the matching coefficient in the threshold limit is factorized as

C
(
x, y, ξ,

Pz

µ

)
x→y−−−→ F

[
H((x− ξ)Pz, µ,−)†H((x+ ξ)Pz, µ,+)

]
⊗ J(|x− y|Pz, µ)(1 +O(x− y)), (2.26)

where F stands for Fourier transform from z to x − y.
The Sudakov factor has the following form in coordinate space up to one-loop order,

H(pz, µ,±) = 1 + αs(µ)CF

4π

(
−1
2L2

±(pz) + L±(pz)−
5π2

12 − 2
)
, (2.27)

L±(pz) = ln
(
−4(pz ± i sgn(z)0)2

µ2

)
= ln 4p2z

µ2
∓ i sgn(zpz)π. (2.28)

After Fourier transformation, the real part is independent of z, thus goes into a delta function,
and the imaginary part’s z-dependence in sign(zpz) is converted to 1

(y−x)π ,

F [Re(H(pz, µ,±))](x− y) = δ(x− y)
[
1 + αs(µ)CF

4π

(
−1
2 ln2 4p

2
z

µ2
+ ln 4p2z

µ2
+ π2

12 − 2
)]

,

F [Im(H(pz, µ,±))](x− y) = ∓ sgn(zpz)
αs(µ)CF

4π
1

y − x

(
ln 4p2z

µ2
− 1

)
. (2.29)

The jet function is derived from the Wilson line structure and is thus the same for GPDs
as it is for PDFs. In coordinate space, the jet function is

J̃z(z, µ) = 1 + αs(µ)CF

2π

(
1
2 l

2
z + lz +

π2

12 + 2
)
, (2.30)
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where lz = ln
(

µ2z2e2γE

4

)
. The corresponding momentum-space formalism is

J(|x− y|Pz, µ) = δ(x− y)
(
1 + αs(µ)CF

2π

(
2 + π2

4 + 1
2 ln2 4P

2
z

µ2
− ln 4P 2

z

µ2

))

+ αs(µ)CF

2π

(
P
(
ln(x− y)2

|x− y|

)
+
(
ln 4P 2

z

µ2
− 1

)
P
( 1
|x− y|

))
, (2.31)

with the principal value (PV) P(f(|x − y|)) defined as

P(f(|x− y|)) = f(|x− y|)− δ(x− y)
∫ x+1

x−1
dyf(|x− y|). (2.32)

In practice, lattice quasi-GPDs are renormalized in the hybrid scheme [110], which is
perturbatively convertible to MS. For example, The multiplicative renormalization factor
in coordinate space can be defined as

Zhybrid(z, a) =

 ⟨P = 0|OΓ(0, z)|P = 0⟩, |z| ≤ zs

⟨P = 0|OΓ(0, zs)|P = 0⟩e−δm(a)(|z|−zs), |z| > zs

(2.33)

where ⟨P = 0|OΓ(0, z)|P = 0⟩ is the matrix element of operator OΓ in P = 0 hadron states,
and δm(a) is the mass counterterm to remove the linear divergence of the spatial Wilson
line in OΓ [100, 101, 110–112]. The matching kernel then requires a modification to the
MS matching kernel eq. (2.2) as [110]

∆C(x, y, ξ, Pz

µ
) = αs(µ)CF

2π

[
−δ(x− y)

(
3
2 ln µ2

4P 2
z

+ 5
2

)
+
(3 Si[(y − x)zsPz]

π(y − x)

)
+

]
, (2.34)

where zs ≪ Λ−1
QCD separates short and long range renormalizations, and Si(λ) =

∫ λ
0 dt sin(t)/t.

Since the singular terms in the threshold limit has been changed by this correction term,
the threshold factorization will also be modified. As suggested in ref. [73], it is convenient
to absorb the correction into the norm of the Sudakov factor,

∆|H(pz, µ)| = −αs(µ)CF

4π

(
3
2 ln µ

2z2se
2γE

4 + 5
2

)
, (2.35)

which reproduces the threshold terms of ∆C in momentum space.

3 Resumming large logarithms in the threshold limit

3.1 Renormalization group equation and the general solutions

The lightcone GPD follows an evolution equation

∂F (x, ξ, t)
∂ lnµ2 = V̂F = V(x, y, ξ)⊗ F (y, ξ, t) , (3.1)

V(x, y, ξ) = αs(µ)CF

4π

[( |ξ + x|
2ξ(ξ + y) +

|ξ + x|
(ξ + y)(y − x)

)
+
( |ξ − x|
2ξ(ξ − y) +

|ξ − x|
(ξ − y)(x− y)

)
+
((

ξ + x

ξ + y
+ ξ − x

ξ − y

) 1
|x− y|

− |x− y|
ξ2 − y2

)]
+
+O(α2

s), (3.2)
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which allows us to evolve the GPD from one fixed scale to another. It is not enough to resum
all three different logarithms with this single RG evolution equation. But as we mentioned in
the previous section, the threshold factorization split the three different logarithms into three
different quantities. Now all three factorized parts of the matching kernel follow independent
RGEs. This allows the separate resummation of the three components. More explicitly,
the Sudakov factors follow the RG equation

∂ lnH(pz, µ,±)
∂ lnµ = 1

2Γcusp(αs)
(
ln 4p2z

µ2
∓ iπ sgn(zpz)

)
+ γH(αs), (3.3)

where Γcusp is the universal cusp anomalous dimension [113] known to four-loop order [114, 115],

Γcusp = 4αs

3π + α2
s

27π2
[
201− 9π2 − 10nf

]
+ α3

s

3240π3
[
99225 + 330nf − 40n2f − 12060π2

+600nfπ
2 + 594π4 + 17820ζ(3)− 13320nfζ(3)

]
+O(α4

s),

where ζ(3) is the Riemann zeta function, nf is the number of active quark flavors, and γH is
the anomalous dimension of the Sudakov factor known to 2-loop order [71, 107, 116]:

γH =− 2αs

3π + α2
s

648π2
[
1836ζ(3) + 39π2 − 3612 + (160 + 18π2)nf

]
+O(α3

s).

In the hybrid scheme, the anomalous dimension of the Sudakov factor is modified corre-
spondingly,

∆γH = −αs

π
− α2

s

( 127
72π2 + 7

54 − 5nf

36π2
)
. (3.4)

The norm and phase of the Sudakov factor follow independent evolutions,

∂ ln |H|(pz, µ)
∂ lnµ = 1

2Γcusp(αs) ln
4p2z
µ2

+ γH(αs), (3.5)

∂A(pz, µ)
∂ lnµ = πΓcusp. (3.6)

Both of them can be solved analytically as

|H|TR(pz, µ) = |H|(µh)eSΓ(µh,µ)−aH(µh,µ)
(2pz

µh

)−aΓ(µh,µ)
, (3.7)

A(pz, µ) = A(pz, µh) + πaΓ(µh, µ), (3.8)

where SΓ(µ0, µ), aH(µ0, µ) and aΓ(µ0, µ) are all evolution factors from scale µ0 to µ, calculated
from the QCD beta function and the anomalous dimensions,

SΓ(µ0, µ) = −
∫ αs(µ)

αs(µ0)

Γcusp(α)dα
β(α)

∫ α

αs(µ0)

dα′

β(α′) ,

aH(µ0, µ) = −
∫ αs(µ)

αs(µ0)

γH(α)dα
β(α) , (3.9)

aΓ(µ0, µ) = −
∫ αs(µ)

αs(µ0)

Γcusp(α)dα
β(α) .
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The jet function evolves multiplicatively in coordinate space,

∂ ln J̃(z, µ)
∂ lnµ = Γcusp(αs)lz − γJ(αs), (3.10)

where γJ is known at up to two-loop order [71],

γJ =− 4αs

3π + α2
s

12π2

[
60ζ(3) + 23π2

3 − 1396
9 + (23327 − 2π2

9 )nf

]
+O(α3

s).

It has a simple solution,

J̃z(lz, µ) = e[−2SΓ(µi,µ)+aJ (µi,µ)]
(
zµie

γE

2

)−2aΓ(µi,µ)
J̃z(lz, αs(µi)), (3.11)

with the evolution factor

aJ(µi, µ) = −
∫ αs(µ)

αs(µi)

γJ(α)dα
β(α) . (3.12)

Its Fourier conjugate J(∆ = |x − y|Pz, µ) evolves in a more complicated way,

∂J(∆, µ)
∂ lnµ =− [Γcusp(αs) + γJ(αs)] J(∆, µ)

+ Γcusp(αs)
(∫

∆′<∆
d∆′J(∆′, µ)

∆−∆′ +
∫
∆′>∆

d∆′J(∆′, µ)
∆ +∆′

)
, (3.13)

so it is more straightforward to resum the jet function in coordinate space, then Fourier
transform back to momentum space [94],

J(∆, µ) = e[−2SΓ(µi,µ)+aJ (µi,µ)]J̃z(lz = −2∂η, αs(µi))
[sin(ηπ/2)

|∆|

(2|∆|
µi

)η]
∗

× Γ(1− η)e−ηγE

π

∣∣∣∣∣
η=2aΓ(µi,µ)

, (3.14)

where the star function is a generalized version of the plus function,

∫ ∞

−∞
d∆

[
|∆|η−1

]
∗
f(∆) ≡

∫ ∞

−∞
d∆|∆|η−1

f(∆)−
⌊−η⌋∑
i=0

∆i

i! f
(i)(0)

 , (3.15)

with ⌊−η⌋ = n when n ≤ −η < n + 1 for an integer n.

3.2 Initial-scale choice for the solutions to the RGEs

Although we have the general solutions to the RGEs, we still need to figure out the initial
scales, µh1 , µh2 and µi to obtain the resummed forms. Despite the explicit dependence on
these initial scales in the formalism, the solutions to the RGEs are actually independent
of them when summed up to all orders of αs,

∂J(∆, µ)
∂µi

= ∂H(pz, µ)
∂µh

= 0. (3.16)
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However, since we truncate the perturbation series up to a fixed-order of αs, and we only aim
to resum the logarithms at higher order, there are still remaining initial-scale dependence
from unknown higher order constants. Thus the initial scales need to be chosen carefully
based on physical arguments.

For the purpose of logarithm resummation, the initial scales are usually chosen to minimize
the logarithmic contributions at these scales, such that the fixed-order perturbation theory
at the initial scales is already a good approximation. Since the logarithms are determined by
the physical scale Q as ln µ2

Q2 , an optimal choice is µ = Q so that the higher-order logarithms
vanish. Based on this principle, the hard scales in the Sudakov factors are determined
by the external quark (antiquark) momentum 2|x± ξ|Pz, corresponding to the logarithms
ln µ2

(2|x+ξ|Pz)2 and ln µ2

(2|x−ξ|Pz)2 , thus we can choose

µh1 = 2|x+ ξ|Pz, µh2 = 2|x− ξ|Pz. (3.17)

On the other hand, the semi-hard scale in the jet function is more complicated. Naively,
the explicit scale in its logarithm ln µ2

(2|x−y|Pz)2 suggests µi = 2|x − y|Pz, depending on the
momentum transfer carried by the emitted gluon. However, this scale depends on the variable
y, which is a variable being integrated over in the matching. Thus for any x, there always exists
a region 2|x− y|p≪ ΛQCD during the integration, where the scale becomes non-perturbative.
Then the method is numerically not implementable because it hits the Landau pole. There
have been proposals to avoid the Landau pole with specific prescriptions [117–119], but these
approaches introduce unphysical power corrections to the result [120]. Here we adopt another
approach to avoid the issue, which was initially proposed in the threshold resummation
of DIS and Drell-Yan [94, 95], arguing that the actual semi-hard scale in the jet function
should be determined after convoluting the jet function with a parton distribution functional
form and integrating out the variable y, such that the logarithms in the results eventually
only depend on the external physical scale Q and the kinematic variable x. In our case,
the scale will eventually depend on a combination of external momenta xPz and ξPz. In
the threshold factorization of DIS, the resummed jet function is convoluted with the PDF
ϕ(y) in a range ξ ∈ [x, 1] [94],

FDIS(x,Q2) ∝ J̃z

(
ln Q

2

µ2i
+ ∂η, µi

)
e−γEη

Γ(η)

∫ 1

x
dy

ϕq(y, µF )
[(y/x− 1)1−η]∗

, (3.18)

and in the threshold region ξ → 1, ϕ(y) is approximated by a power-law function,

ϕq(y) ∼ (1− y)b, (3.19)

which simplifies the above integral to

FDIS(x,Q2) ∝ J̃z

(
ln Q

2

µ2i
+ ∂η, µi

)
e−γEηΓ(b+ 1)
Γ(η + b+ 1)

(1− x

x

)η

. (3.20)

When factoring out the x-dependence, the commutator [∂η,
(
1−x

x

)η
] =

(
1−x

x

)
ln
(
1−x

x

)
intro-

duces extra factors to the logarithms in the jet function,

FDIS(x,Q2) ∝
(1− x

x

)η

J̃z

(
ln (1− x)Q2

xµ2i
+ ∂η, µi

)
e−γEηΓ(b+ 1)
Γ(η + b+ 1) , (3.21)
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indicating that the physical scale is
√

1−x
x Q, corresponding to the invariant mass of the

final state.
The argument is not directly applicable to the case of off-forward distributions, such as

the GPD or DA, because the integral in eq. (3.18) is no longer limited to [x, 1], and a simple
power-law cannot describe the lightcone distribution in all regions. Thus trying to obtain
an analytical result of the integration to study the form of logarithm becomes impossible.
Based on the same idea, we propose a different approach to analyze the form of logarithm
after integration for more general cases.

Taking the factorization of quasi-GPD for an example, the convolution of jet function
and the lightcone GPD is (as a general discussion, we ignore ξ- or t-dependence and only
keep the x-dependence in the distributions F and F̃ )

F̃ (x) −→ exp{[−2SΓ(µi, µ) + aJ(µi, µ)]} (3.22)

× J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)
Γ(1− η)e−ηγE

π

∫ 1

−1
dyF (y)

[ sin(ηπ/2)
|y − x|1−η

]
∗
.

Note that the star function requires us to subtract F (x) and its derivative up to order ⌊−η⌋
at the singular point y = x, thus the integral should look like

F̃ (x) ∝ exp{[−2SΓ(µi, µ) + aJ(µi, µ)]}J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)
Γ(1− η)e−ηγE

π
sin(ηπ/2)

×

∫ 1

−1
dy
F (y)−

∑⌊−η⌋
i=0

1
i!(y − x)iF (i)(x)

|y − x|1−η

−
∫ ∞

1
dy

∑⌊−η⌋
i=0

1
i!(y − x)iF (i)(x)
|y − x|1−η

−
∫ −1

∞
dy

∑⌊−η⌋
i=0

1
i!(y − x)iF (i)(x)
|y − x|1−η

 , (3.23)

where the two terms in the last line comes from the long-tail virtual contribution of the star
function, labeled as F̃2(x). Physically, they correspond to residuals of the soft singularity
cancellation between real and virtual contributions, which is the actual sources of the
threshold logarithms in F̃ (x).

First, we show that the first term in the square bracket, labeled as F̃1(x), does not
contribute to threshold logarithm due to the cancellation between real and virtual contri-
butions. If F (x) is a C∞ function in both (a, x) and (x, b), we can divide the integral into
two parts, and Taylor expand F (y) to get,

F̃1(x) ∝ J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)∫ b

a
dy

∑∞
n=1+⌊−η⌋(y − x)nF (n)(x)

n!|y − x|1−η

∝ J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)∫ b

x
dy

∞∑
n=1+⌊−η⌋

(y − x)n+η−1

n! F (n)(x)

+
∫ x

a
dy

∞∑
n=1+⌊−η⌋

(−1)n (x− y)n+η−1

n! F (n)(x)


∝

∞∑
n=1+⌊−η⌋

J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)
F (n)(x)

[
(b− x)n+η

n!(n+ η) + (−1)n (x− a)n+η

n!(n+ η)

]
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∝
∞∑

n=1+⌊−η⌋
F (n)(x)(b− x)n+η

n!(n+ η) J̃z

(
ln µ2

4(b− x)2P 2
z

, α(µi)
)

+
∞∑

n=1+⌊−η⌋
F (n)(x)(−1)n (x− a)n+η

n!(n+ η) J̃z

(
ln µ2

4(x− a)2P 2
z

, α(µi)
)
, (3.24)

where the logarithm in the jet function eventually depends on the distance to the boundary,
|x− a| and |x− b| , when convoluted with a C∞ distribution. However, note that n+ η ≥
1 + η + ⌊−η⌋ > 0, (x − a)n+η ln(x− a)m for any m and n in the series will be finite, so
they are not logarithmically divergent. As a result, F̃1(x) is negligible when the threshold
logarithm becomes important. On the other hand, the long-tail virtual contributions from
the star function are,

F̃2(x) ∝ J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)[∫ ∞

b
dy

∑⌊−η⌋
n=0 (y − x)nF (n)(x)
n!|y − x|1−η

+ (−1)n
∫ a

−∞
dy

∑⌊−η⌋
n=0 (y − x)nF (n)(x)
n!|y − x|1−η

]

∝
⌊−η⌋∑
n=0

J̃z

(
ln µ2

4P 2
z

− 2∂η, α(µi)
)
F (n)(x)

[
(b− x)n+η

n!(n+ η) + (−1)n (x− a)n+η

n!(n+ η)

]

∝
⌊−η⌋∑
n=0

F (n)(x)(b− x)n+η

n!(n+ η) J̃z

(
ln µ2

4(b− x)2P 2
z

, α(µi)
)

+
⌊−η⌋∑
n=0

F (n)(x)(−1)n (x− a)n+η

n!(n+ η) J̃z

(
ln µ2

4(x− a)2P 2
z

, α(µi)
)
, (3.25)

with n + η ≤ 0. Thus the logarithms from F̃2(x) are important and indeed the source of
threshold logarithm that needs to be resummed. For a C∞ function F (y) defined on (a, b),
the threshold logarithms generated from the convolution of the kernel C(x, y) on F (y) are
ln µ2

4(x−a)2P 2
z

and ln µ2

4(x−b)2P 2
z

.
More generally, when the function is defined on y ∈ (c, d), and is not C∞ at y = a

and y = b with d > b > a > c, we can redefine a piece-wise function as a combination
of C∞ functions:

F (y) =



G1(y), c < y < a

G1(y)− (G1(y)− F (y)), a < y < x

G2(y)− (G2(y)− F (y)), x < y < b

G2(y), b < y < d

, (3.26)

= G1(y)Θ(c < y < x) +G2(y)Θ(x < y < d)
+ (F (y)−G1(y))Θ(a < y < x) + (F (y)−G2(y))Θ(x < y < b), (3.27)

where G1(x) and G2(x) are smooth continuations of F (x) from (c, a) and (b, d) to (c, x) and
(x, d). Then the integral can be decomposed into four parts with a smooth integrand in
each region: the convolution with G1 on (c, x); the convolution with (G1 − F ) on (a, x);
the convolution with (G2 − F ) on (x, b); and the convolution with G2 on (x, d). Following
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the same derivation as eq. (3.25) and Taylor expand the functions at x, we can get four
different logarithms, ln µ2

4(x−c)2P 2
z

, ln µ2

4(x−a)2P 2
z

, ln µ2

4(b−x)2P 2
z

, and ln µ2

4(d−x)2P 2
z

. It can be further
generalized to functions with any number of non-smooth points, where each non-smooth
point xi in the integral induces a logarithm of ln µ2

4(x−xi)2P 2
z

, corresponding to a physical scale
2|x− xi|Pz. However, not all of them are important in the perturbation series, because the
integrand is always enhanced by the gluon momentum with a factor of 1

|x−y|−n+1−η , resulting
in an enhancement in the final result 1

|x−xi|−n−η with n+ η ≤ 0, which is more divergent than
the logarithms, thus will filter out the nearest |x − xi| contribution. Eventually, only the
nearest non-smooth point y = x0 to x induces the most important logarithmic contribution.

Thus we can define the semi-hard scale as a profile function that depends on the distance
to the nearest non-smooth point. For the case of GPD, the non-smooth points are ±1 and
±ξ, corresponding to a profile function:

µi = 2min[|1− x|, |1 + x|, |ξ − x|, |ξ + x|]Pz. (3.28)

In the ERBL region |x| < ξ, the two scales 2(ξ ± x)Pz are the same as the two hard scales
in the Sudakov factor, which is also the case for DA [72, 89]. In the limit of ξ → 0, where
the quasi-GPD factorization becomes the same as the quasi-PDF factorization, the scale
2xPz is the hard scale corresponding to quark momentum, and the scale 2(1− |x|)Pz when
x → ±1 are the threshold semi-hard scales [71, 73].

3.3 Resummation of the full matching kernel

The resummation of the full matching kernel includes two steps: evaluating the matching
kernel at a specific physical scale where all the logarithms are as small as possible; then
resumming the remaining logarithms in the threshold limit.

The first step requires us to find a proper scale µh, where the matching kernel is obtained
through a full evolution,

C(x, y, ξ, Pz, µ) = C(x, y, ξ, Pz, µh) exp
[∫ µh

µ
V̂(µ)d lnµ2

]
, (3.29)

where V̂ is the GPD evolution kernel in eq. (3.1), such that

F̃ (x, ξ, Pz, t) =
∫
dyC(x, y, ξ, Pz, µ)F (y, ξ, µ, t) =

∫
dyC(x, y, ξ, Pz, µh)F (y, ξ, µh, t). (3.30)

In the ERBL region |x| < ξ, the hadron is emitting a quark-antiquark pair with momentum
fraction ξ± x. Thus it looks like emitting a meson of total momentum 2ξPz, and it is natural
to choose µh = 2ξPz in the first step. In the DGLAP region |x| > ξ, we propose to evaluate
the matching kernel at µh = 2|x|Pz in order to enable the resummation in the threshold
limit for any ξ value, as shown in section 2.

The second step includes multiplicatively subtracting the fixed-order threshold terms in
the full matching kernel, then adding back the resummed version of the threshold terms [72, 89],

CTR(µh) = JHTR(µh, µi, µh1 , µh2)⊗ JH−1
NLO(µh)⊗ CNLO(µh), (3.31)
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where JHTR(µh, µi, µh1 , µh2) is the resummed kernel at scale µh in the threshold limit, with
semi-hard scale µi in the jet function, and hard scale µh1,2 in the Sudakov factors,

JHTR(µh, µi, µh1 , µh2) = J(µh, µi)⊗H(µh, µh1 , µh2), (3.32)

and JH−1
NLO(µh) = JHTR(µh, µh, µh, µh) is the fixed-order kernel in the threshold limit. Since

the factorization is multiplicative in coordinate space, it is equivalent to write the momentum
space version of JHTR in a different order,

JHTR(µh, µi, µh1 , µh2) = H(µh, µh1 , µh2)⊗ J(µh, µi), (3.33)

which differs from eq. (3.32) by higher order corrections of O(|x − y|0) in the threshold
expansion. Such a difference could be included as a systematic error of the calculation.

Combining the above two steps, the full matching kernel is resummed as

CTR(µ) = JHTR(µh, µi, µh1 , µh2)⊗ JH−1
NLO(µh)⊗ CNLO(µh)⊗ exp

[∫ µh

µ
V̂(µ′)d lnµ′2

]
,

(3.34)

with the scales chosen as

µh = 2max[|x|, ξ]Pz, µh1 = 2|x+ ξ|Pz,

µh2 = 2|x− ξ|Pz, µi = 2min[|x± ξ|, |1± x|]Pz. (3.35)

3.4 Resumming logarithm with leading power accuracy

Ideally, the factorization formula of quasi-GPD in eq. (2.1) has power corrections starting
at quadratic order in ΛQCD/pz with the physical scale pz = |x± ξ|Pz or |1± x|Pz. However,
the quasi-GPD F̃ (x, ξ, Pz) renormalized in the hybrid scheme contains a linear renormalon
from the spatial Wilson line [121–129]. The same linear renormalon exists in the matching
kernel C(x, y, ξ, Pz/µ), corresponding to the factorially growing coefficients in the perturbative
expansion [130]. A naive inverse convolution of them will in principle introduce a linear
power correction O

(ΛQCD
pz

)
to the lightcone GPD F (x, ξ, µ). In the threshold factorization,

this renormalon goes with the spatial Wilson line into the jet function. Meanwhile, another
linear renormalon is introduced to the phase of the Sudakov factors due to the threshold
factorization [131]. Although the JH and JH−1 in eq. (3.31) contain opposite renormalons
that cancel order by order, the renormalon in the fixed-order inverse kernel JH−1

NLO does not
automatically cancel the one in the resummed kernel JHTR because of different higher-order
logarithm terms. Thus, without renormalon regularization, the resummation of logarithms in
the matching kernel will still introduce linear power corrections to the lightcone GPD.

To remove power corrections introduced by the renormalon series, there are two types of
approaches in general. One is to define the sum of the factorially divergent series with known
asymptotic behavior in certain regularization scheme, e.g., integrating along a fixed path on
the Borel plane, which is regularization-scheme dependent [127, 128, 132]. Another type is to
subtract the divergent part from the series and work with the remaining finite renormalon-free
part, such as the “R-evolution” method [133, 134], which is subtraction-scheme dependent.
In either case, a non-perturbative quantity is defined to absorb the scheme dependence and
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the renormalon ambiguity. A systematic method to achieve the leading power accuracy
following the first strategy has been proposed recently for the LaMET calculations [69],
and has been applied to the calculation of GPD without resumming the logarithms [88].
The idea is to regularize all renormalons in the same scheme, such that the ambiguities
corresponding to the same renormalon cancel in the convolution. The linear renormalon
in the matching kernel or the Wilson coefficients is regularized by the LRR, which defines
the scheme τ as the PV prescription when resumming the asymptotic series in the Borel
plane. This approach ensures that all perturbation series containing the same renormalon is
regularized in the same τ -scheme. On the other hand, the renormalon in the renormalized
lattice quasi-GPD is originally obtained in an different scheme τ ′, depending on how the
mass counterterm δm(a, τ ′) in eq. (2.33) is extracted. It is then converted to the same τ
scheme by introducing a scheme-dependent non-perturbative parameter m0(τ, τ ′) to the
renormalization constant, eδm(a,τ ′)|z| → e(δm(a,τ ′)+m0(τ,τ ′))|z|, which is extracted by matching
the renormalized lattice data at Pz = 0 in scheme τ ′ with LRR-improved perturbation theory
at short distance in scheme τ [69].

The same method could be applied to our resummation formalism. Once we regularize
all the linear renormalons in the same scheme, the ambiguities can cancel between H−1

NLO and
HTR, as well as between J−1

NLO and JTR. The coordinate space correction to the jet function
is the same as that in the Wilson coefficient C0 [69],

J̃LRR
z (z, µ) = J̃z + |z|µ

(
R(αs)PV −

n∑
i=0

riα
i+1
s

)
, (3.36)

where ri is the coefficient of the asymptotic series,

ri = Nm

(
β0
2π

)i Γ(n+ 1 + b)
Γ(1 + b)

[
1 + c1b

b+ i
+ . . .

]
, (3.37)

with b = β1/2β20 , c1 = (β21 − β0β2)/(4bβ40), and Nm(nf = 3) = 0.575 in the MS scheme. RPV
is the resummation of the series riα

i+1
s with the PV prescription,

R(αs)PV = Nm
4π
β0

∫ ∞

0,PV
due

− 4πu
αsβ0

1
(1− 2u)1+b

(
1 + c1(1− 2u) + . . .

)
. (3.38)

Since the threshold resummation of JTR is defined in coordinate space first and then Fourier
transformed to the momentum space, we perform the same operation on the correction term,

JLRR
TR (µ) = JTR +

∫
dzPz

2π ei(x−y)zPz |z|1−2aΓ(µi,µ)e−2SΓ(µi,µ)+aJ (µi,µ)µi

(
µie

γE

2

)−2aΓ(µi,µ)

×
(
R(αs(µi)PV −

n∑
i=0

riα
i+1
s (µi)

)
, (3.39)

where the Fourier transformation of |z|1−2aΓ(µi,µ) is obtained using the same ϵm regularization
as in ref. [69],∫

dz

2πe
i(x−y)zPz |z|1−2aΓe−|z|ϵm = Γ(2− aΓ)

π
Re[(ϵm − i|x− y|Pz)−2−aΓ ]. (3.40)
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Note that although the resummed renormalon series |z|µR(αs)PV explicitly depends on
the scale µ, the renormalon ambiguity [123],

Res[|z|µR(αs)] ∝ |z|NmΛQCD, (3.41)

is µ-independent. This allows the cancellation between the renormalon ambiguities in JTR(µ)
and J−1

NLO(µ) with renormalon regularized in the same scheme but at different scales. Same
cancellation works for the renormalons in the Sudakov factors below.

The LRR of the Sudakov factor contains two parts: the LRR correction to the hybrid
scheme correction ∆|H|(pz, µ) in eq. (2.35),

∆|H|LRR(pz, µh) = ∆|H|(pz, µh)−
zsµh

2

(
R(αs(µh)PV −

n∑
i=0

riα
i+1
s (µh)

)
, (3.42)

and the LRR of the phase factor A(pz, µ) [73] (note that the phase factor in GPD is half of
the phase factor in PDF because the Sudakov factor is factorized into two parts),

ALRR(pz, µh) = A(pz, µh) +
µh

|pz|

(
R(αs(µh)PV −

n∑
i=0

riα
i+1
s (µh)

)
. (3.43)

The LRR in the perturbative matching defines the quasi-GPD in a specific scheme of
renormalon regularization. Thus the renormalized lattice quasi-GPD also depends on the
renormalon regularization, and this scheme dependence is only canceled when matched to
lightcone GPD with the matching kernel regularized in the same scheme. Once all the
renormalons are regularized in the same schemed defined by the PV prescription in LRR, the
resummation of logarithms will not introduce extra linear power correction, and the power
accuracy of the factorization formalism eq. (2.1) is achieved.

4 Numerical tests

With the formula derived above, we now test the method on a GPD model. Here, we choose
the double-distribution GPD model used in refs. [135, 136],

F (x, ξ, t) = θ(x+ ξ)2 + λ

4ξ3
(
x+ ξ

1 + ξ

)λ [
ξ2 − x+ λξ(1− x)

]
(4.1)

− θ(x− ξ)2 + λ

4ξ3
(
x− ξ

1− ξ

)λ [
ξ2 − x− λξ(1− x)

]
(4.2)

with ξ = 0.5, such that both the ERBL and DGLAP regions are large enough for us to examine
the resummation effect. Meanwhile, the lightcone distribution is in general factorization-scale
dependent. Thus, we need to specify the value of µ when using this model, and the distribution
at different µ values can be connected through the evolution of GPD given in eq. (3.1). As the
physical scales in eq. (3.35) could become non-perturbative when x is close to the boundaries
±ξ and ±1, the range we could calculate in the LaMET framework is roughly bounded to be

x ∈ X ≡ [−1 + x0,−ξ − x0] ∪ [−ξ + x0, ξ − x0] ∪ [ξ + x0, 1− x0], (4.3)
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Figure 1. The GPD model at µ = 4GeV and the corresponding quasi-GPD at Pz = 4GeV with NLO
matching.

with the cutoff x0 given by ∼ ΛQCD/Pz, as demonstrated in the calculations of PDF [68, 73]
and DA [72, 89]. In practice, lattice calculations involve hadron momenta Pz ≈ 2GeV, then
the truncation will be around x0 ≈ 0.2, as we will show below. It will not be an issue if
we only need the matching to the quasi-GPD, or only the inverse matching from known
quasi-GPD to lightcone GPD. In this work, however, we only test on a lightcone GPD model,
and want to obtain the quasi-GPD followed by an inverse matching on the interpolated
function to reproduce the original GPD model. x0 ≈ 0.2 creates a too large gap that makes
the interpolation meaningless. So here we choose µ = Pz = 4GeV to further suppress x0, such
that an interpolation of the quasi-GPD results is possible. Then, we can apply an inverse
matching to the interpolated quasi-GPD and compare with the original GPD, which is a
good test of the self-consistency of our resummation method.

With this setup, a direct fixed-order matching CNLO(x, y, ξ, Pz, µ) could be convoluted
with the GPD model F (y, ξ, µ, t) to obtain the NLO quasi-GPD F̃ (x, ξ, Pz, t) in the hybrid
scheme with zs = 0.2 fm (a typical scale in lattice calculations that satisfies a≪ zs ≪ Λ−1

QCD),
as shown in figure 1. Since we implement the matching as matrix product, the process is
reversible, and an inverse matching matrix C−1

NLO(x, y, ξ, Pz, µ) applied to the quasi-GPD
F̃ (x, ξ, Pz, t) exactly reproduces the original GPD model.

Once we resum the matching kernel, the calculation explicitly diverges in the non-
perturbative regions. Then, we get three pieces of quasi-GPD from the calculation, as shown
in figure 2. Here we show both Pz = 2GeV and Pz = 4GeV for comparison (note that
the model is always defined at µ = Pz for simplicity). Qualitatively, the matching effects
at different Pz are similar, but they are smaller at larger Pz due to smaller coupling αs at
larger physical scales. Note that there is a slight difference in the two different orders of the
convolution JH = J ⊗H or H ⊗ J , which comes from the higher-order threshold terms in
|x − y| and should be treated as a systematic error. At larger momentum, we are able to
calculate a larger range of x, and the difference between the two methods is smaller because
the higher-order threshold terms are more suppressed. To examine higher-order effects and
test the stability of the perturbative calculation, we vary the physical scales by a factor
of

√
2, i.e., µi/h/h1/h2 → cµi/h/h1/h2 with c = {

√
2, 1,

√
2−1}. Then, the uncertainties from

scale variation is an estimate of potential higher-order corrections. Figure 3 shows the scale
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Figure 2. The perturbatively matched quasi-GPD with NLO and resummed NNLL matching kernels
at Pz = 2GeV (left) and Pz = 4GeV (right) for ξ = 0.5. The bands represents scale variation
in the initial scale choice of the resummation. Qualitatively, the matching effects with different
physical scales are similar. At larger momentum, we are able to calculate a larger range of x, and the
difference between the two methods are smaller because the higher-order threshold terms are also
more suppressed.
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Figure 3. The absolute (left) and relative (right) scale variation of quasi-GPD as a function of x. The
divergence in the scale variation (except for the relative uncertainty near x = 0.8 because F̃ (0.8) ≈ 0)
is a clear sign of entering the non-perturbative region, where we cannot obtain reliable results from
perturbative matching.

variation as a function of x. At x = 0, all the relevant physical scales in the system are
identical, µi = µh = µh1 = µh2 = cPz. In this case, the two implementations are exactly the
same, and there is no threshold resummation effect. However, there is still a non-vanishing
scale variation due to the overall evolution effect of GPD from scale cµh to µ. We also observe
a diverging trend when |x ± ξ| < 0.1 and |x ± 1| < 0.1. The divergence of scale variation
is a sign of the breakdown of perturbation theory, thus setting a bound on x, only within
which could we obtain reliable results from perturbative matching. According to the physical
implication of resummation, the truncation x0 ≈ 0.1 is determined by the condition that one
of the physical scales in the system drops to 2x0Pz and becomes non-perturbative such that
αs(2x0Pz) ∼ 1, which is not sensitive to ξ. A similar x0 is observed in a different test with
ξ = 1/3, as shown in figure 4. This prevents us from extracting the x-dependence near x→ ±ξ
and x→ {0, 1}. Nevertheless, it could in principle be improved with larger Pz in future lattice
calculations, especially with the recent developments [137, 138] that improve the precision of
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Figure 4. The perturbatively matched quasi-GPD with NLO and resummed NNLL matching kernels
at Pz = 4GeV for ξ = 1/3. The bands represents scale variation in the initial scale choice of the
resummation. We observe a similar truncation x0 ∼ 0.1 where the physical scales start to become
non-perturbative.

measuring boosted hadrons. Meanwhile, as the experiments provide useful constraints on the
x-dependence near x → ±ξ, the LaMET calculations provide x-dependence in x ∈ X , and
lattice calculations of moments provide global information of GPDs, we can hopefully fully
understand the GPDs in future by combining all the complementary information [139].

Since we do not have a full quasi-GPD calculated with the resummed formalism, we are
unable to implement an inverse matching directly. However, considering that the x-dependent
quasi-GPD calculated on lattice is usually a continuously smooth function, this should not
be an issue for the practical implementation of our formalism. Therefore, for the purpose of
model demonstration, we can interpolate the current quasi-GPD calculated on X to extend
its domain to the full x ∈ [−1, 1], including the regions where matching breaks down. In
order to check how sensitive our final result is to the unknown interpolated region, we try
different interpolation orders for comparison. We choose a simple linear interpolation and
a spline interpolation and show the comparison in figure 5. The latter guarantees that the
second order derivative is continuous, making the curve “look smooth”. The uncertainty in
the interpolated region x→ ±ξ is significantly larger than other regions, and could be a rough
estimate of these unknown and uncontrollable effects. Note that for the twist-2 contribution
we do not need to know the quasi-distribution in |x| > 1 to calculate lightcone GPD, as
long as we only invert the matching (sub-)matrix defined in |x|, |y| < 1, so it is ignored in
our interpolation. In practical lattice calculations, it is still recommended to convolute the
inverse matching with a full range of quasi-distribution in [−∞,∞].

Then we implement the resummed inverse matching kernel to the above interpolated
quasi-GPD functions. If we ignore the interpolation step, the resulting lightcone GPD from
our numerical approach is related to the original GPD through (the LRR correction is implied
in the matching kernel and threshold terms):

F (x, µ, ξ, t) =
(
V̂(µh, µ)⊗ C−1

NLO(µh)⊗ JHNLO(µh)⊗ JH−1
TR(µh, µi, µh1 , µh2)

)
x,y

(4.4)

·
(
JHTR(µ′h, µ′i, µ′h1 , µ

′
h2)⊗ JH−1

NLO(µ
′
h)⊗ CNLO(µ′h)⊗V̂(µ, µ′h)

)
y,z
F (z, µ, ξ, t),

where all scales without the prime symbol “′” are determined by the variable x, and all
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Figure 5. Different interpolations of quasi-GPD function with resummed matching kernels. The
large uncertainty in the interpolated region can be regarded as an estimate of power corrections and
non-perturbative effects there.
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Figure 6. Lightcone GPD results obtained from applying the resummed inverse matching kernels to
the interpolated quasi-GPD results calculated from resummed matching kernels in the hybrid scheme.
Different approaches and interpolations all reproduce the original GPD model consistently within the
perturbative region.

scales with the prime symbol “′” depend on variable y. Clearly, due to the different scale
choices, the resummed inverse matching kernels in the first line is mathematically different
from the inverse of the second line, and they in principle do not completely cancel each other.
However, after implementing the resummed inverse matching, we do find the quasi-GPD
is converted back to the original GPD curve in x ∈ X with high accuracy, as shown in
figure 6. Moreover, the two different implementations JH = J ⊗H or H ⊗ J generate almost
identical results before entering the non-perturbative region. It is a sign that our method
is self-consistent, especially at large momentum.

More interestingly, regardless of how the incalculable non-perturbative region is interpo-
lated, the inversely matched results are consistent. Our results suggest that the unknown
systematics in non-perturbative regions do not introduce a noticeable uncertainty in per-
turbative region after the inverse matching in LaMET.

To demonstrate the renormalization-scheme independence of the method, we also test the
same procedure in the MS scheme. Then, none of eq. (2.34), eq. (2.35), or eq. (3.42) is needed.
In the MS scheme, there is no current conservation in the perturbative matching step due to
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Figure 7. The resummed GPD matching comparison between the hybrid and the MS schemes (left),
and inverse matching after an interpolation in the MS scheme (right) for ξ = 0.5. Although the
quasi-GPD in the MS scheme is much higher, the inverse matching consistently reproduces the original
GPD model.

the existence of the extra term proportional to αsδ(x− y) in eq. (1). As a result, the quasi-
GPD in the MS scheme is noticeably higher than the hybrid scheme, but the enhancement
will be compensated by the same suppression in the inverse matching, as shown in figure 7.
The method is again self-consistent when implemented in the MS scheme. The cut-off is also
x0 ≈ 0.1, because the ΛQCD and αs are defined in the same way in these two schemes.

5 Conclusion

In this work, we use SCET to derive the threshold factorization for the quasi-GPD in the
soft-gluon-emission limit, which can reduce to the quasi-PDF and quasi-DA cases with their
corresponding external states. Based on the factorization formula, we propose a method to
resum the large logarithms related to soft partonic momenta in the perturbative matching of
quasi-GPD. There are three different scales in the matching kernel, 2|x± ξ|Pz from the quark
(antiquark) momentum and 2|x− y|Pz from the gluon momentum, which makes it difficult to
resum directly. We demonstrate that these logarithms are only important in the threshold
limit in the ERBL region for any µ ∼ Pz, and in the DGLAP region when setting µ = 2xPz.
Based on this finding, we further factorize the matching kernel in the threshold limit, then
resum the three different logarithms independently. We discuss the choice of initial scales
in the solution of RG equations, and derive the correction to the full matching kernel. By
applying the resummed matching kernel to a GPD model, we demonstrate that the reliable
range of LaMET calculation is X = [−1 + x0,−ξ − x0]∪ [−ξ + x0, ξ − x0]∪ [ξ + x0, 1− x0] in
the quasi-GPD, where the cut-off x0 is given by ∼ ΛQCD/Pz. Notably, when ξ < x0, LaMET
cannot make reliable predictions for the ERBL region. Without exact information of the
non-perturbative regions, we interpolate the results with different strategies to allow large
variations representing the systematic uncertainties in these regions. Then we apply the
resummed inverse matching kernel to the interpolated quasi-GPD and reproduce the original
GPD model accurately in X , despite the large difference in the interpolating function outside
X . The agreement suggests that our method is self-consistent, and also demonstrates that
the inverse matching will not spread out the systematic uncertainties from non-perturbative
effects and power corrections outside the region X .
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