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Rapid progress in aberration corrected electron microscopy necessitates development of robust 

methods for the identification of phases, ferroic variants, and other pertinent aspects of materials 

structure from imaging data. While unsupervised methods for clustering and classification are 

widely used for these tasks, their performance can be sensitive to hyperparameter selection in the 

analysis workflow. In this study, we explore the effects of descriptors and hyperparameters on the 

capability of unsupervised ML methods to distill local structural information, exemplified by 

discovery of polarization and lattice distortion in 𝑆𝑆𝑆𝑆 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3 (𝐵𝐵𝐵𝐵𝐵𝐵) thin films. We 

demonstrate that a reward-driven approach can be used to optimize these key hyperparameters 

across the full workflow, where rewards were designed to reflect domain wall continuity and 

straightness, ensuring that the analysis aligns with the material's physical behavior. This approach 

allows us to discover local descriptors that are best aligned with the specific physical behavior, 

providing insight into the fundamental physics of materials. We further extend the reward driven 

workflows to disentangle structural factors of variation via optimized variational autoencoder 

(VAE). Finally, the importance of well-defined rewards was explored as a quantifiable measure of 

success of the workflow. 
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Introduction  

Physical and chemical functionalities of solids are inseparably related to the atomic 

structure. Phases and defects are defined based on the relative arrangement of atoms in solids. 

Ferroic variants arise from small symmetry-breaking distortions caused by the correlated 

displacement of atoms from their high-symmetry positions. The relative magnitude of these 

displacements is determined by the nature of primary order parameter in the system and reduces 

from ferroelastic to ferroelectric and ferromagnetic systems.1 The over a hundred-year-old history 

of X-Ray and neutron scattering2, 3 as the enabling element of condensed matter physics and 

materials science is related to its capability to probe the details of atomic structure on the 

macroscopically averaged level.4, 5  

 Over the last decade, the progress in aberration corrected electron microscopy6-8 has 

enabled direct mapping of atomic structures with picometer level precision.9 With this, the physical 

order parameter fields can be mapped on the atomic level simply from atomic positions of the 

cation and anion columns. The work of Jia et al. has demonstrated the direct spatially resolved 

mapping of polarization10 via transmission electron microscopy (TEM),11-13 and Chisholm et al. 

demonstrated this approach via Scanning Transmission Electron Microscopy (STEM).14 Since 

then, this approach has been demonstrated for exploration of other order parameters including 

octahedra tilts15-18 and chemical expansivity,19 and a number of studies reporting the atomically 

resolved structures of charged and uncharged topological defects18, 20, 21, order parameter coupling 

at interfaces22, 23, modulated phases,24 polarization pinning at the defects5, exotic structures such 

as ferroelectric vortices25 and many other aspects of materials behavior.21, 26 In several cases, these 

studies have been used to reconstruct the associated physical mechanisms including vacancy-

induced polarization screening19, 27 or parameters of associated Ginzburg-Landau models.28, 29  

 In addition to physics-based analysis of the STEM data, several approaches based on the 

machine learning methods have been reported.30, 31 In these cases, the structure is represented using 

descriptors that capture the characteristics of the local structure. The descriptors can be coordinates 

of the near neighbourhood,32 image patch centered on the specific atoms,33 or image patches 

centered on the grid.34 The clustering or dimensionality reduction of the descriptors yields the class 

labels or reduced descriptors that can be mapped on the original image space, illustrating the 

variability of local structures.35, 36 These in turn can be used to visually identify ferroelectric 
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domains37-39, single phase regions40, 41, phase intergrowth42, 43, topological and structural defects44, 

45, and other relevant structural motifs.  

 Both physics- and ML-based analysis of the imaging data can be represented as a workflow, 

or sequence of image analysis operations including background corrections46, 47, key point (e.g. 

atom) finding, descriptor construction, clustering, and dimensionality reduction.48 This process is 

now driven by a human operator and is extremely time-consuming, often taking days and weeks. 

Correspondingly, only a small fraction of microscope data is analyzed. Furthermore, the analysis 

process is often non-myopic in that the selection of descriptors early in the analysis pipeline can 

affect the data representations down the line, resulting in strong human bias in analysis. Finally, 

the extreme time requirements and human orchestration make this approach inconsistent with real-

time data analytics and especially autonomous microscope operations.49  

 Recently, we have proposed an approach for construction of data analysis pipelines based 

on the reward-driven workflow concept.50 In these, human operator selects a set of reward 

functions that in some way reflect the quality of the analysis results. These reward functions are 

designed to balance the human heuristics and physics of the system. Based on this reward function, 

the construction of the data analysis pipeline can be represented as an optimization problem in the 

combinatorial space of possible operation sequences and product space of hyperparameters for 

each operation. In this manner, the workflow construction is reduced to the optimization problem 

in the high-dimensional space, and as such is robust, explainable, and unsupervised. While 

ostensibly biased, this approach in fact directly matches the decision making of the human 

operator, the biases introduced by the introduction of reward function are traceable, and reward 

functions can be tuned during the experiments. 

 Previously, we applied reward‐driven optimization to atom‐finding—first in 

post-acquisition HAADF–STEM images, tuning Laplacian-of-Gaussian parameters against 

physics-based metrics50, and then in real-time automated experiments51 to maintain robust 

performance under changing conditions. Here, we extend this paradigm to unsupervised domain 

segmentation: by embedding Gaussian mixture model (GMM)52, 53 clustering and conditional 

variational autoencoder (CrVAE)54, 55 steps within the same multi-objective optimizer, we tune 

descriptor window size, covariance structure, and invariance settings. Regardless of the chosen 

analysis pipeline—whether sliding-window GMM clustering, fast Fourier transform (FFT)56 

paired with singular value decomposition (SVD)57, fast Fourier transform paired with non-negative 
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matrix factorization (NMF)58, or fast Fourier transform paired with independent component 

analysis (ICA)59—the internal hyperparameters (window dimensions, number of components, 

covariance structure, and overlap stride) critically govern segmentation outcomes. Exhaustively 

mapping these high‐dimensional parameter spaces is both time-consuming and difficult to 

interpret; comprehensive hyperparameter maps for each method are presented in Supplementary 

Figures S1–S6. 

I. Model systems 

The dataset for our model system includes cross-sectional atomic resolution STEM images 

of 𝑆𝑆𝑆𝑆 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3 (𝐵𝐵𝐵𝐵𝐵𝐵) at nominal Sm concentrations of 0%, 7%, 10%, 13%, and 20%. 

Samples were prepared using focused ion beam (FIB)60 extraction from a single composition-

spread film. Pure 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3exists as a rhombohedral ferroelectric (𝑅𝑅3𝑐𝑐) phase, however, when small 

amount of Bi is replaced with 𝑆𝑆𝑆𝑆, the material transits into an orthorhombic non-ferroelectric 

phase. These two distinct phases are separated by a morphotropic phase boundary (MPB)61, 

characterized by incompatible symmetries. Currently, this dataset contains the original images, 

atomic coordinates, intensities for atomic columns, and calculated physical order parameter 

fields.62 As such, these can be used both for development of the new analysis pipelines, 

benchmarking the analysis results, anomaly detection and physics discovery for the morphotropic 

materials.   

 Here, we develop the reward driven workflow for the phase and ferroic variant 

identification based on the atomically centered descriptors. In this, the coordinates for the atomic 

columns are assumed to be known (atomic column positions were extracted using the 

Laplacian-of-Gaussian (LoG) detector in scikit-image (blob_log)63 with 𝜎𝜎 ∈

[1, 5], threshold=0.04, and zero overlap, applied directly to the image. This approach locates each 

atom by identifying local intensity maxima without additional filtering, yielding sub-pixel-precise 

(𝑥𝑥,𝑦𝑦) coordinates. For a visual comparison of raw versus detected centers, see Supplementary 

Figure S7.) The analysis starts with selection of the descriptors as image patches, and subsequent 

clustering and dimensionality reduction. The output of such analysis are the real space 

representations of labels and corresponding centroids (for clustering) and latent variables (for 

dimensionality reduction) that would ideally separate phases and ferroic variants. Previously, we 

have demonstrated this approach for ad-hoc workflows with human (and very time consuming) 
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tuning of the descriptors and hyperparameters.35 Here, we cast it as an unsupervised analysis 

problem.  

 

II. Phase and ferroic variant identification 

 First, we explore the descriptor and hyperparameter optimization for clustering-based 

workflows. Here, we identify the descriptor as rectangular window of the size [𝑤𝑤1,𝑤𝑤2] centered 

on the atomic columns with coordinates (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖), where i = 1, …, N is the total number of atomic 

columns in the image. Atoms in the chosen sublattice act as key points, and sub-images centered 

on these atoms are used as descriptors. By using experimentally determined atomic coordinates 

instead of assuming an ideal periodic lattice, this method accounts for local strains and distortions, 

providing a more accurate representation of the material’s microstructure and its influence on the 

order parameter. The formed image patches are represented as 𝑤𝑤1𝑤𝑤2 dimensional vectors and are 

classified using GMM.52, 53 The corresponding class labels are plotted as the maps centered on 

(𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) as shown in Figure 1. The centroids for the GMM clusters are available in the associated 

Colab notebook.  

 
Figure 1: (A) HAADF image showing the selected region of interest. (B) Ground-truth 
polarization map of that region, illustrating the actual polarization distribution. (C) Examples of 
descriptors—image patches of various sizes—extracted around each atomic column, with window 
dimensions labeled [𝑤𝑤1,𝑤𝑤2]. (D) Segmentation obtained by fitting a Gaussian Mixture Model 
(GMM) with 5 fixed components (𝑛𝑛𝑛𝑛 = 5), i.e. modeling the local descriptor distribution as a 
mixture of five Gaussian clusters. (E) Segmentation obtained by a GMM with 6 fixed components 
(𝑛𝑛𝑛𝑛 = 6), illustrating how increasing the number of Gaussian clusters affects the granularity of the 
resulting phase or domain labels. Here, “𝑛𝑛𝑛𝑛” denotes the number of Gaussian mixture components 
(clusters) used in the GMM. A smaller 𝑛𝑛𝑛𝑛 yields coarser segmentation (larger domains), while a 
larger 𝑛𝑛𝑛𝑛 can capture finer structural variations but risks over-segmentation. 
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Figure 1 illustrates how different window sizes influence region segmentation in a selected 

area of 𝑆𝑆𝑆𝑆 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3 thin films using GMM clustering. These descriptors encode local 

structural information, including polarization and lattice distortions, and GMM clusters regions 

with similar structural properties by representing these variations as a combination of Gaussian 

distributions.64 The identification of distinct clusters corresponds to different phases or domains in 

the material. Smaller descriptors, such as [8, 12], tend to over-segment the image, detecting minor 

variations and introducing noise. This can obscure the physical meaning of the domains by over-

emphasizing local fluctuations in the material. In contrast, larger window sizes, such as [50, 64], 

provide more generalized segmentation by averaging over larger areas, which can result in the loss 

of fine details crucial for accurately identifying domain boundaries. On the other hand, the number 

of GMM components directly affects how the image is segmented into different phases. With fewer 

components, the clustering captures broader, larger-scale regions, while increasing the number of 

components allows for finer distinctions between different phases. However, an excessively large 

number of components may lead to overfitting, where minor variations in the descriptors are 

misinterpreted as distinct phases. Hence, the descriptor and number of GMM components must be 

carefully selected to achieve a balance between capturing the physical meaning of the underlying 

domain structures and avoiding over-segmentation or loss of important details.65  

To quantify the effect of window size selection on clustering results, we applied k-means 

clustering66, 67 to convert the continuous ground truth 𝑃𝑃𝑥𝑥𝑥𝑥 polarization map into discrete labels. 

This allowed for a direct comparison of labels between the ground truth and the images generated 

by GMM clustering across different window sizes. For each combination of window sizes, we 

calculated the correlation coefficient68 between the ground truth labels and the GMM-derived 

labels. The heat maps for each parameter were then combined into a single RGB heat map to 

visualize how window size influences clustering alignment with the ground truth polarization 

states. 
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Figure 2: A) Heat map of the correlation coefficient between ground truth image of polarization 
component 𝑃𝑃𝑥𝑥𝑥𝑥 with the label images for the pairs of [𝑤𝑤1,𝑤𝑤2], B) Ground truth labeling with color-
coded polarization regions, C) to F) Segmentation of regions based on the descriptors sizes and 
fixed 5 number of components (𝑛𝑛𝑛𝑛 = 5) in GMM clustering. 

Figure 2 illustrates the inherent complexity of selecting optimal hyperparameters, 

particularly window sizes, within the workflow. Figure 2(A) displays the correlation heatmap 

between various window sizes and the ground truth. Notably, none of the selected window sizes 

by human operator perfectly align with the ground truth values, indicating that while we may infer 

one parameter (e.g., window size), other hyperparameters may critically influence the results. 

Figure 2(C-F) further emphasizes this point by depicting the spatial distributions of 

different window sizes ([8, 12], [30, 30], [48, 20], and [50, 64]). These variations reveal that each 

window size captures distinct structural features, but no single window size fully reproduces the 

true material characteristics shown in the ground truth image Figure 2(B). The discrepancies 

between the various window sizes demonstrate that incorrect or suboptimal selection of window 

size may lead to significant variations in the detected structural features, such as domain 

boundaries or polarization patterns. It is remarkable that changing the descriptor size visualizes 

different aspects of domain pattern, highlights the domain walls, or indicates presence of the 

extraneous phases. Also note that in Figure 2(E) for this particular descriptor a new cluster is 

visualized, corresponding to the effect of the mistilt on the right hand side of the image.69 

 This analysis illustrates a very complex behavior of unsupervised analysis even in the 2D 

parameter space of simple clustering algorithm. Practically, the dimensionality of the parameter 
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space for the full workflow is considerably higher, and includes parameters of denoising process, 

window sizes, selection of the clustering algorithm per se, and the hyperparameters of clustering. 

For instance, in a workflow involving a Gaussian blur filter70 and GMM clustering, the parameter 

space can include both continuous and categorical variables. The continuous parameters may 

consist of the standard deviation (sigma, 𝜎𝜎) of the Gaussian blur filter and the dimensions of the 

descriptor window (width and height). On the other hand, the categorical variables may include 

the number of clusters, the covariance type in GMM (full, tied, diagonal, or spherical), and the 

selection of descriptors (e.g., image patches or atomic coordinates). Selection of alternative 

clustering methods, image transform or linear or non-linear dimensionality reduction prior to 

clustering further increases the parameter space dimensionality.  

To optimize the analysis workflow and make it traceable and robust, we employ the reward-

driven concept. Here, we utilize the fact that in ferroelectric materials the domain walls are 

continuous, tend to align in certain crystallographic dimension, and have relatively small 

roughness. To identify the wall geometry, we apply an edge-detection algorithm71 to identify the 

boundaries between the GMM clusters effectively mapping the domain walls. To represent these 

boundaries as lines, we employed a line detection method, specifically the Hough Transform72, 73, 

ensuring that the detected domain walls were accurately fitted as continuous line segments. With 

access to this line-based representation of domain walls, we proceeded to optimize the analysis 

through a reward-driven approach. 

Two rewards were defined to guide the optimization process within a parameter space 

consisting of three key hyperparameters: window size  𝑤𝑤1, window size 𝑤𝑤2, and the GMM 

covariance type. Reward_1 focuses on minimizing the curvature of the detected domain walls, 

encouraging the formation of smooth and continuous lines that accurately represent the natural 

morphology of the walls without abrupt discontinuities. Physically, ferroelectric domain walls are 

expected to exhibit low curvature to maintain stability and minimize elastic energy.74 The curvature 

at each point was computed using the gradients of the x and y coordinates, followed by their second 

derivatives. Specifically, the curvature κ was computed using the formula: 

𝜅𝜅 =  (|𝑑𝑑𝑥𝑥.𝑑𝑑𝑦𝑦2 − 𝑑𝑑𝑦𝑦.𝑑𝑑𝑥𝑥2| (𝑑𝑑𝑥𝑥2⁄ + 𝑑𝑑𝑦𝑦2))1.5 
(1) 

where 𝑑𝑑𝑥𝑥 and 𝑑𝑑𝑦𝑦 the gradients of the x and y coordinates, and 𝑑𝑑𝑥𝑥2 and 𝑑𝑑𝑦𝑦2  are their respective 

second derivatives. This ensures that any abrupt changes in direction, indicating high curvature, 
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are penalized. We then calculated the average curvature across all points and minimized this value. 

This drives optimization toward smoother lines, reflecting the natural configuration of ferroelectric 

domain walls. Reward_2 aims to maximize the length and continuity of the detected domain walls. 

This reward is rooted in the physical expectation that ferroelectric domain walls are extended 

structures that typically form continuous patterns without segmentation. The goal is to avoid 

detecting fragmented or overly segmented domain walls, thereby improving the representation of 

the physical reality. We calculated the total length of each segment using the Euclidean distance75 

between consecutive points within the segment. The reward for each cluster of segments was then 

computed as the total length of all segments divided by the number of segments in the cluster, 

effectively penalizing excessive segmentation while encouraging longer, continuous walls. 

L = (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ(𝑖𝑖) / # 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑖𝑖)) (2) 

Together, these two rewards guided the optimization process to produce results that are 

both physically meaningful and consistent with the natural morphology of ferroelectric domain 

walls.  

Defining appropriate rewards in an optimization workflow, particularly in experimental 

sciences, is inherently challenging. The difficulty lies in quantifying experimental goals while 

ensuring that these rewards convey the physical meaning of our objectives. For ferroelectric 

domain walls, this involves capturing features like curvature, continuity, and morphology, which 

reflect fundamental physical properties. The process of defining these rewards may vary depending 

on the individual's perspective and understanding of the experimental context. By establishing 

rewards that embody the same core principles while allowing for different interpretations, we 

ensure that the workflow remains adaptable yet converges to scientifically consistent outcomes. 

The reward-driven workflow for this problem is detailed and its key hyperparameters are 

summarized in Algorithm 1, and its schematic overview is shown in Figure 1.  

Algorithm 1: Reward-Driven GMM Clustering for Domain-Wall Segmentation 
Input: 

1. HAADF image:  𝑰𝑰 ∶  𝜴𝜴 →  ℝ  
2. Atomic column coordinates: {𝒙𝒙𝒊𝒊,𝒚𝒚𝒊𝒊}𝒊𝒊=𝟏𝟏𝑲𝑲 ⊂ 𝜴𝜴 
3. Reward functions 

a. Curvature reward: 𝑹𝑹𝟏𝟏(𝜽𝜽) =  𝟏𝟏
∑ �𝒔𝒔𝒋𝒋�𝒋𝒋

∑ ∑ 𝜿𝜿(𝒑𝒑)𝒑𝒑 𝝐𝝐 𝒔𝒔𝒋𝒋𝒋𝒋  

where {𝒔𝒔𝒋𝒋} are the detected line segments and 𝜿𝜿(𝒑𝒑)) is the curvature at point 𝒑𝒑. 
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b. Length reward: 𝑹𝑹𝟐𝟐(𝜽𝜽) =  
∑ �𝒔𝒔𝒋𝒋�𝒋𝒋

# {𝒔𝒔𝒋𝒋}
 

i.e.\ the total segment length divided by the number of segments. 
4. Hyperparameter search space 

a. Window size: 𝝎𝝎𝟏𝟏 𝝐𝝐 𝑾𝑾𝟏𝟏 , 𝝎𝝎𝟐𝟐 𝝐𝝐 𝑾𝑾𝟐𝟐 
b. GMM covariance type: 𝑪𝑪 𝝐𝝐 {full, tied, diag, spherical} 

Output:  
1. Final labels: {𝑳𝑳𝒊𝒊∗}𝒊𝒊=𝟏𝟏𝑵𝑵 , with 𝑳𝑳𝒊𝒊∗ 𝝐𝝐 {𝟏𝟏, … ,𝒌𝒌} 
2. Pareto-optimal hyperparameters: {𝜽𝜽 = (𝝎𝝎𝟏𝟏,𝝎𝝎𝟏𝟏,𝑪𝑪)} 𝒐𝒐𝒐𝒐 𝒕𝒕𝒕𝒕𝒕𝒕 (𝑹𝑹𝟐𝟐,𝑹𝑹𝟐𝟐) 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 

 
Steps: 

1. Initialize a multi-objective Bayesian optimizer over 𝜽𝜽 = (𝝎𝝎𝟏𝟏,𝝎𝝎𝟏𝟏,𝑪𝑪) 
2. Repeat until convergence: 

a. Propose candidate 𝜽𝜽 
b. Descriptor extraction 

i. For each atomic site (𝒙𝒙𝒊𝒊,𝒚𝒚𝒊𝒊), extract 

𝑫𝑫𝒊𝒊 = 𝑰𝑰 �𝒙𝒙𝒊𝒊 −  
𝝎𝝎𝟏𝟏

𝟐𝟐
: 𝒙𝒙𝒊𝒊 +

𝝎𝝎𝟏𝟏

𝟐𝟐
,𝒚𝒚𝒊𝒊 −  

𝝎𝝎𝟐𝟐

𝟐𝟐
: 𝒚𝒚𝒊𝒊 +

𝝎𝝎𝟐𝟐

𝟐𝟐
� 𝝐𝝐 ℝ𝝎𝝎𝟏𝟏∗𝝎𝝎𝟐𝟐 

ii. Stack {𝑫𝑫𝒊𝒊} into matrix 𝑿𝑿𝜽𝜽  𝝐𝝐 ℝ𝑵𝑵∗(𝝎𝝎𝟏𝟏∗𝝎𝝎𝟐𝟐) 
c. GMM clustering 

i. Fit a Gaussian Mixture Model with 𝒌𝒌 components and covariance 𝑪𝑪 to 
𝑿𝑿𝜽𝜽 , yielding labels 𝑳𝑳𝒊𝒊(𝜽𝜽) ∈ {𝟏𝟏, … ,𝒌𝒌} 

d. Domain wall detection 
i. From a binary wall map 

𝑾𝑾(𝜽𝜽)[𝒖𝒖,𝒗𝒗] =  �𝟏𝟏, 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂 𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏𝒏 𝒐𝒐𝒐𝒐 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 (𝒖𝒖,𝒗𝒗)  𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 𝑳𝑳𝒊𝒊
𝟎𝟎, 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐   

ii. Apply edge detection and Hough transform to 𝑾𝑾(𝜽𝜽) to extract line 
segnments {𝒔𝒔𝒋𝒋} 

e. Evaluate rewards 
i. Compute 𝑹𝑹𝟏𝟏(𝜽𝜽) via Eq. 1 

ii. Compute 𝑹𝑹𝟐𝟐(𝜽𝜽) via Eq. 2 
f. Update the optimizer with objectives ((𝑹𝑹𝟏𝟏(𝜽𝜽),𝑹𝑹𝟐𝟐(𝜽𝜽)) 

3. Extract the Pareto front of all non-dominated 𝜽𝜽, mapping out the trade-off curve in 
(𝑹𝑹𝟏𝟏,𝑹𝑹𝟐𝟐) space 

4. Select a preferred solution 𝜽𝜽∗ (e.g\ the “knee” point), and set final labels  
𝑳𝑳𝒊𝒊∗ =  𝑳𝑳𝒊𝒊(𝜽𝜽∗) 
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Figure 3: Schematic overview of the reward-driven clustering workflow. 

 The reward-driven workflow produced 100 different solutions, each exploring various 

combinations of hyperparameters to satisfy the analysis objectives. In Figure 4(A), each point 

corresponds to three parameters: the height and width of the window size, and the GMM clustering 

hyperparameters (in this case, the covariance type). The green point in Figure 4(A) represents the 

optimal solution with the highest rewards. This is shown in Figure 4(B), where both predefined 

objectives straightness, continuous lines with minimal curvature have been successfully achieved, 

considering a descriptor of size [34, 50] and covariance type of "tied" as hyperparameters of the 

workflow. The red point in Figure 4(A) represents a selected solution chosen for exploration. The 

corresponding predicted pattern, shown in Figure 4(C), demonstrates that both rewards are at their 

minimum. This outcome indicates that neither of the defined objectives was successfully achieved. 

 Note that moving across the possible solution space reveals different aspects of the domain 

structure and allows to visualize the domain walls and the boundary of the mis-tilt region. 

Importantly, this decision making can be performed as a part of real-time instrument operation. 

 
Figure 4: (A) Pareto front solutions representing the trade-off between two rewards, 𝑅𝑅1 
(Straightness) and 𝑅𝑅2 (Length). The red and green markers highlight the solutions selected by 
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operator during analysis according to be prerequisites of the experiment, (B) Solution acquired by 
the workflow, showing the best possible trade-off between objectives of the experiment, (C) 
Another option in pareto front solution that operator has selected to explore the materials 
properties, (D) Ground truth polarization map. 

III. Disentangling the factors of variation 

 As a second example of reward driven unsupervised workflow, we explored the 

disentanglement of the structural factors of variation using the variational autoencoder (VAE) 

based approach.54, 55 The VAE offers a non-linear dimensionality reduction of the descriptors, 

disentangling the factors of variation within the data. In many cases, these factors of variation can 

be identified with the physical and chemical variability in the system. For this analysis, we used 

the pyroVED package developed by Ziatdinov et al.76 Recent review of VAE approach is reported 

in Valleti et al.77 

 To explore the physics of materials, we use conditional rotationally invariant Variational 

Autoencoder (CrVAE), incorporating several degrees of freedom. Two latent variables were used 

to capture intrinsic features of the material, while rotational transformations accounted for 

symmetry in the data. The conditional variable is the atom type, i.e. patches centered at the A site 

and B site of the atoms in material’s lattice structure. The A site is mainly occupied by 𝑆𝑆𝑆𝑆³⁺ 

(Samarium ions) and 𝐵𝐵𝐵𝐵³⁺ (Bismuth ions), which sit at the corners of the unit cell. The B site is 

occupied by 𝐹𝐹𝐹𝐹³⁺ (Iron ions), located at the center of the unit cell and coordinated by oxygen atoms 

to form 𝐹𝐹𝐹𝐹𝐹𝐹₆ octahedra. These conditional dimensions enable the model to focus on specific 

structural features. In Figure 5(A), the smooth transitions observed in the latent dimensions across 

the A site cations suggest subtle shifts in lattice stability and polarization, likely driven by minor 

variations in the local chemical environment and structural properties of the material. Conversely, 

in Figure 5(B), the transitions at the B site reveal more pronounced structural changes. These are 

associated with the greater flexibility of the 𝐹𝐹𝐹𝐹³⁺ ions and the FeO₆ octahedra, reflecting alterations 

in ferroelectric and magnetic properties, as well as lattice strain. 

The correlation between the representation of unit cell centers along the 𝑧𝑧1 −  𝑧𝑧2 axis in 

Figure 5(C) and the phase transition from ferroelectric to non-ferroelectric states shown in Figures 

5(D, E) indicates the existence of more than two distinct structural variations within the material. 

Note that for ideal material we expect that polarization variants will be discovered to correspond 

to the same value of latent variable but different orientations. However, for realistic images the 

mistilt effect break this rotation invariance, and ferroic variants are separated as different latent 
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values even for rVAE. The rotational latent angle now visualizes the polarization rotation at the 

domain walls, as clearly visible in Figure 5(F).  

To assess the reliability of the model's predictions, we computed the latent uncertainty 

across different regions of the material by analyzing the variance of multiple dropout samples. This 

technique provides a measure of how confidently the model can reconstruct material features based 

on its training data. High uncertainty regions indicate areas where the model's decoder is less 

reliable, due to sparse data representation or complex structural transitions, such as defects or phase 

boundaries. In contrast, regions with low uncertainty suggest a stable and confident reconstruction 

of the material's atomic structure. The latent uncertainties of 𝜎𝜎1  −  𝜎𝜎1 and angular orientation in 

Figures 5(J), 5(K), and 5(L) highlight how these encoded features vary spatially across the 

material, with the uncertainty map serving as a key tool to identify areas where further refinement 

or additional data may be needed. 
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Figure 5: Conditional rotational variational autoencoder considering possible degree of freedom 
for a certain patch size of [40, 40], (A) 2D grid visualization showing the decoded images 
generated by the CrVAE across the latent space, where (A) and (B) show latent space transitions 
for A and B site atoms, respectively. (C) maps unit cell centers along the 𝑧𝑧1 −  𝑧𝑧2 axis, indicating 
distinct structural variations. (D) and (E) highlight phase transitions between different ferroelectric 
domains, while (F) demonstrates angular variations with 𝜋𝜋/2 rotations, consistent with ferroic 
domain walls. (I) represents the latent uncertainty in the material structure, derived from the two 
key latent variables 𝑠𝑠1 and 𝑠𝑠2 . (J), (K), and (L) represent the spatial distribution of the latent 
uncertainty for   𝑠𝑠1 − 𝑠𝑠2 and angular orientation variables, respectively.   

 The VAE application towards imaging data also creates workflows with multiple tunable 

parameters. These include denoising and descriptor selection similar to clustering, and a broad 

range of hyperparameters for VAE including the invariance (rotation, translation, scale), priors on 

the corresponding distributions, and classical hyperparameters on the encoder and decoder 

including number of layers, activation functions, etc. Here, we focus discussion only on the physics 

relevant hyperparameters including invariances, that jointly with description form the optimization 

space for the reward driven workflow.  
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 We also note that the selection of hyperparameters in VAE can also be based on reward 

functions. For example, classification of phases and defects calls for normal VAE, while mapping 

the rotation of the polarization field selects rVAE. In the case of CrVAE, the model is applied when 

both rotational transformations and specific known conditions, such as lattice site information (A 

and B sites), need to be considered. However, this determination is done prior to workflow 

selection and corresponds to the degenerate case of reward function. Here, the embedded CrVAE 

in the reward-driven workflow follows a similar logic as before, where the optimization is guided 

by two key rewards. The first emphasizes consistency in the orientation, and straightness of the 

domain walls, reflecting the material's crystallographic symmetry and minimizing variations in 

angular alignment. The second focuses on ensuring continuous length representation of domain 

walls, avoiding any abrupt discontinuities that could distort the natural morphology.  

 The reward-driven workflow was employed to optimize the descriptor size for each degree 

of freedom in the CrVAE processing system. In this analysis, the second latent dimension (z2) was 

used to identify in-plane domain walls by applying Kernel Density Estimation (KDE)78 and peak 

detection.79 KDE was employed to estimate the distribution of 𝑧𝑧2 revealing regions of high data 

density that correspond to significant structural features. Peaks in the KDE were identified as 

potential markers for domain walls. To focus on the most relevant features, we selected the top 5 

peaks with the highest densities and classified each 𝑧𝑧2value based on its proximity to these peaks. 

This approach allows for an effective classification of the latent space, capturing transitions in the 

material's structure and enabling a more detailed analysis of in-plane domain wall behavior. As 

shown in Figure 6(A), where Pareto-optimal points illustrate the trade-off between straightness 

and lines length, the goal is to achieve a solution closest to the origin [0, 0], representing optimal 

rewards in both objectives. Figure 5(B) shows that both objectives straightness and continuous 

length were successfully achieved with a descriptor size of [50, 58]. Compared to the ground truth 

in Figure 6(D), this analysis reveals additional insights beyond just polarization, providing a deeper 

understanding of the material properties. A corresponding predicted pattern for exploration is 

shown in Figure 6(C). Although this solution does not fully optimize the rewards, it captures some 

similar features. The lines representing the domain walls in this case are either inaccurately placed 

or may be highlighting other characteristics, such as variations in material composition or the 

effects of imaging conditions. 
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Figure 6: (A) Pareto front solutions representing the trade-off between two rewards, R1 
(straightness) and R2 (length) pure 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵₃. The red and green markers highlight the solutions 
selected by operator during analysis according to be prerequisites of the experiment, (B) Solution 
acquired by the workflow, showing the best possible trade-off between objectives of the 
experiment, (C) Another option in pareto front solution that operator has selected to explore the 
materials properties, (D) Ground truth polarization map. 
 
IV. Evolution of ferroelectricity across composition series 

To enhance our understanding of the domain structure, we applied the CrVAE embedded 

reward-based model on 7% 𝑆𝑆𝑆𝑆 concentration in 𝑆𝑆𝑆𝑆 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵₃ (𝐵𝐵𝐵𝐵𝐵𝐵) to investigate its 

influence on domain wall formation and ferroelectric behavior. This model can be readily applied 

to other 𝑆𝑆𝑆𝑆 concentrations, including 10%, 13%, and 20%, as demonstrated in the supporting 

notebook. This approach allows us to dynamically optimize descriptor sizes and latent 

representations for detecting domain walls while the material's composition changes.  

 
Figure 7: (A) Pareto front solutions representing the trade-off between two rewards, 
𝑅𝑅1(straightness) and 𝑅𝑅2(length) for 7% concentration in Sm-doped BiFeO₃. The red and green 
markers highlight the solutions selected by operator during analysis according to be prerequisites 
of the experiment, (B) Solution acquired by the workflow, showing the best possible trade-off 
between objectives of the experiment, (C) Another option in pareto front solution that operator has 
selected to explore the materials properties, (D) Ground truth polarization map. 

 The data presented in Figure 7 demonstrates that the workflow effectively optimizes the 

selection of descriptor parameters to meet the objectives of minimizing curvature and maximizing 

the wall length. Although the model did not identify domain walls in this material, this outcome is 

aligned with our predefined criteria, which prioritized domain walls that are both straight and 

extended. The observed domain structures in this material, however, do not exhibit these 
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characteristics at the current concentration level. Consequently, while the workflow effectively 

fulfills the specified reward conditions, this result highlights a limitation in the reward definitions 

when applied to more complex materials, as exemplified by the structure observed here. This 

suggests a need for refining the rewards criteria to better capture the natural variability and 

complexity of domain wall structures in MPB compositions. 

To address this need, we propose creating a table of reward functions that align closely 

with the physical parameters and objectives of the experiment, providing a structured approach to 

benchmarking them. This process begins by defining reward functions that represent realistic 

physical expectations for domain wall structures. We then utilize crowdsourcing to gather diverse 

insights and establish a comprehensive list of reward functions that capture essential attributes of 

these structures. This approach is based on the principle that, ideally, domain walls should be short 

to minimize the material’s free energy and align linearly with crystallographic directions.  

However, practical challenges complicate this ideal: we lack direct access to the free energy 

functional, and real materials frequently exist in non-equilibrium states with complex long-range 

interactions and fields. In response to these complexities, our method includes iterative 

benchmarking, refinement through collective expert feedback, and a curated list of functions that 

quantify key characteristics relevant to the study. Importantly, any mathematically equivalent 

reward that captures the same physical objective should yield the same hyperparameter choices 

and segmentation results. We compared our mean‐curvature straightness reward (Eq. 1) with a 

classical chord-to-arc ratio metric (defined in Supplementary Eq. S1), and—despite their 

completely different mathematical forms—both converge to the equivalent Pareto‐optimal 

hyperparameters and segmentation maps (Supplementary Fig. S8). By leveraging these targeted 

reward functions, we aim to achieve a nuanced representation of domain wall structures that 

respects both theoretical ideals and the inherent variability in real-world materials. 

Summary 

 To summarize, we propose and implement reward-driven workflows for the unsupervised 

rapid image analysis of atomically resolved data towards the discovery of phases and ferroic 

variants. With atomic column coordinates known, this problem is equivalent to clustering or 

dimensionality reduction in the high-dimensional space of descriptors, with the analysis results 

being sensitive to the choice of descriptors and the hyperparameters of the unsupervised method. 

We cast this problem as an optimization process in the parameter space of descriptor size and 
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hyperparameters, with the reward function representing the physics-based heuristics of the 

problem, aligning with human operator decision-making. For clustering, this approach allows 

robust and explainable segmentation of the image, which shows excellent agreement with physics-

based ground truth analysis. For VAE this methodology facilitates efficient dimensionality 

reduction and the extraction of meaningful features that align with physical interpretations. For 

CrVAE, added conditions focus on crystallographic sites of atoms, extending unsupervised 

learning to reveal how atomic arrangements influence phase stability, and structural variations.  

 A unique aspect of this reward-based segmentation is that it is unsupervised, robust, and 

explainable. As such, it can be deployed as part of real-time data analytics on automated 

microscopes to support human decision-making and yield physically explainable results. We note 

that the reward workflow concept can be further generalized to a much broader range of physics 

discovery tasks if physics- or human heuristic-based reward functions can be formulated. 
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