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Abstract: The kinematic Sunyaev-Zel’dovich (kSZ) effect induces a non-zero density-density-
temperature bispectrum, which we can use to reconstruct the large-scale velocity field from a
combination of cosmic microwave background (CMB) and galaxy density measurements, in a
procedure known as “kSZ velocity reconstruction”. This method has been forecast to constrain
large-scale modes with future galaxy and CMB surveys, improving their measurement
beyond what is possible with the galaxy surveys alone. Such measurements will enable
tighter constraints on large-scale signals such as primordial non-Gaussianity, deviations from
homogeneity, and modified gravity. In this work, we demonstrate a statistically significant
measurement of kSZ velocity reconstruction for the first time, by applying quadratic estimators
to the combination of the ACT DR6 CMB+kSZ map and the DESI LRG galaxies (with
photometric redshifts) in order to reconstruct the velocity field. We do so using a formalism
appropriate for the 2-dimensional projected galaxy fields that we use, which naturally
incorporates the curved-sky effects important on the largest scales. We find evidence for the
signal by cross-correlating with an external estimate of the velocity field from the spectroscopic
BOSS survey and rejecting the null (no-kSZ) hypothesis at 3.8σ. Our work presents a first
step towards the use of this observable for cosmological analyses.

Keywords: Sunyaev-Zeldovich effect, cosmic web, galaxy surveys
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1 Introduction

Small-scale measurements of the cosmic microwave background (CMB) anisotropies are
dominated by the CMB secondary anisotropies — chiefly the Sunyaev-Zel’dovich (SZ) ef-
fects [1–3] and CMB lensing [4, 5]. The former arise from the electromagnetic interaction
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(scattering) of CMB photons with electrons along the line of sight, and the latter from
their gravitational interactions with matter. As we measure the CMB at higher resolution
with ground-based experiments like the Atacama Cosmology Telescope (ACT) [6, 7], the
South Pole Telescope (SPT) [8, 9], Simons Observatory (SO) [10], and CMB-S4 [11], we
will continue to make extremely high signal-to-noise measurements of these signals, which
contain different and complementary information to the primary anisotropies that dominated
the space-based instrument era.

The SZ interaction has several different effects on CMB maps, depending on the properties
of the electron gas that scatters the CMB. The thermal SZ (tSZ) effect is sourced when
the electrons have relatively high pressure and upscatter the CMB photon; this induces
a well-understood spectral distortion in the CMB [2], and thus can be isolated with its
frequency dependence (see, e.g. [12–19]). The tSZ effect is a well-established probe of the
thermodynamics of the highly massive, late-Universe objects (halos hosting galaxy clusters)
that source the signal (see, e.g. [20–27]), and of the distributions of these clusters (see,
e.g. [28–31]). See [32, 33] for reviews.

The kinematic SZ effect, in contrast, is sourced by the scattering of CMB photons off
a gas of electrons that has a non-zero bulk velocity with respect to the CMB; the signal
can be thought of as the Doppler shifting of the CMB. In this case, no spectral distortion
is imparted to the photons, and so this signal cannot be separated from the primary CMB
using multifrequency measurements. The primary anisotropies are dominant on large-to-
intermediate scales, making measurements of the kSZ signal difficult without high resolution
data. Detections have been made with increasing significance through cross-correlations
(see, e.g. [34–43]).

The kSZ signal depends on two properties of the electron gas that scatters the CMB: its
density and radial velocity (with respect to the CMB). For most kSZ observables, the relevant
quantities that source the anisotropies are the small-scale fluctuations in the electron density,
and the large-scale fluctuations in the velocity field. By using an external measurement
of the electron velocity (e.g. by inferring velocity from the large-scale density field), the
velocity-electron density degeneracy can be broken, and the kSZ signal can become a probe
of the electron density of the Universe. Similarly, combination with an external measurement
of the electron density allows the degeneracy to be broken to allow for direct measurements
of the large-scale velocity. Such a measurement has been recognized to have the power to
probe the properties of the Universe on extremely large scales, through a process known
as “kSZ tomography”, or “kSZ velocity reconstruction”(see, e.g. [44–50]). This property of
the signal has been forecast to be sensitive to local primordial non-Gaussianities, large-scale
homogeneity and anisotropy, and modified gravity [51–57].

kSZ tomography has been demonstrated with simulations [58–60] and applied to Planck
CMB data [61], with the unWISE galaxy sample [62, 63] used as the tracer of electron
density. This combination led to a signal consistent with zero at ∼ 1σ. In this work,
we use higher-resolution CMB data from ACT DR6 [64], along with the Dark Energy
Spectroscopic Instrument (DESI) luminous red galaxy (LRG) sample [65], to perform kSZ
velocity reconstruction. While there are more objects, with a higher number density, in
the unWISE sample, their very wide redshift distributions (and large redshift uncertainties)

– 2 –
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significantly dilute the velocity signal. The DESI LRGs, in contrast, have the advantage of
having per-object photo-z estimates, which can be used to bin the velocity tomographically
and reduce the line-of-sight cancellation. Additionally, due to the large overlap with the
BOSS spectroscopic survey, we can benefit from making a detection using a cross-correlation
with an external measurement of the velocity field, reconstructed from the continuity equation
applied to the BOSS galaxies. We find ∼ 3.8σ evidence of the cross-correlation between
our kSZ-estimated velocity and this template.

This is a first step towards the application of a precision analysis pipeline to such signals.
In particular, the signal we measure is sensitive to local primordial non-Gaussianity (through
the continuity equation velocity estimate) and can be directly used to constrain f loc

NL. In
the broader landscape of upcoming high-resolution, low-noise CMB surveys such as SO and
CMB-S4 and upcoming high-number-density galaxy surveys, including photometric surveys
such as the Vera Rubin Observatory’s LSST [66], Euclid [67], and SPHEREX [68], as well as
spectroscopic surveys like DESI [69], kSZ tomography will turn into a high-signal-to-noise
cosmological probe.

The ⟨Tgg⟩ statistic (where the first T is the CMB temperature, one g is the small-
scale galaxy density, and the other g is the large-scale velocity field that is inferred from a
galaxy survey) is the same statistic that is probed in kSZ velocity-weighted stacking, e.g.
in [39, 43], where detections of the signal were made at 6.5σ and 13σ respectively, using the
data combinations of ACT DR5+BOSS; ACT DR6+DESI LRGs respectively. However, the
stacking measurement is more appropriate for constraining the baryon distribution, while our
kSZ velocity reconstruction analysis method is more appropriate for constraining large-scale
cosmology [50]. These detections show that with various data combinations, detections of
the large-scale velocity field with higher significance will be possible imminently.

In this work, we work with the data combination
〈
vkSZrecon,DESIvcontinuity,BOSS

〉
(ie, we

use a different galaxy sample for kSZ velocity reconstruction as for the continuity equation),
which is expected to be suboptimal to both the

〈
vkSZrecon,DESI−LRGSvcontinuity,DESI−LRGS

〉
and

〈
vkSZrecon,BOSSvcontinuity,BOSS

〉
signals. We do this for several reasons. First, we use the

DESI LRG sample for kSZ velocity reconstruction as we are interested demonstrating the
application of the 2-dimensional formalism to data for which it is appropriate, ie photometric
data. While in principle the 2-dimensional formalism can be applied to spectroscopic surveys,
to achieve optimal signal to noise it may be necessary to use many redshift bins which may be
computationally difficult. We note that, after submission of this paper, another work appeared
which measured this signal in a different 3-dimensional formalism [70]. Second, while we
expect higher signal-to-noise from the

〈
vkSZrecon,DESI−LRGSvcontinuity,DESI−LRGS

〉
combination,

such a measurement requires a velocity reconstruction performed on the DESI LRG sample.
This has now been performed (see, e.g. [43]), and analysis of this signal is ongoing work.

For all cosmological calculations throughout, we use the Planck 2018 cosmology [71],
where H0 ≡ 100h = 67.66 km/s/Mpc, Ωbh

2 = 0.02242, Ωch
2 = 0.11933, ln(1010As) = 3.047,

and ns = 0.9665, with H0 the Hubble parameter today, Ωbh
2 the physical baryon density,

Ωch
2 the physical cold dark matter density, and As and ns the amplitude and spectral index

of scalar fluctuations respectively (at a pivot scale of 0.05 Mpc−1).

– 3 –
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2 Data

We use three datasets: a CMB blackbody map from ACT DR6+Planck [64] and a photometric
galaxy sample from the DESI Legacy Survey [72] for the kSZ velocity reconstruction; and a
spectroscopic galaxy sample from SDSS for the large-scale velocity template. We describe
these below.

2.1 kSZ dataset: ACT DR6

The CMB map we use is the ACT DR6+Planck CMB temperature map, which is a needlet
internal linear combination (NILC) [73] estimation of the blackbody signal in the multifre-
quency ACT data, described in [64]. NILC allows for the creation of a minimum-variance
map from separate multifrequency maps which preserves the frequency dependence of a
signal of interest (in this case, the blackbody primary CMB+kSZ signal) and allows for
inter-frequency cleaning of other signals (such as the tSZ signal and other foregrounds).
The map is created from a combination of ACT DR4 and DR6 data and Planck NPIPE
data [74]. It covers 30% of the sky and is convolved with a 1.6 arcminute Gaussian beam.
The area of sky covered is shown in figure 1. We reproject the map from the Plate-Carrée
(CAR) coordinate system to a HEALPix coordinate system, with an Nside of 2048 (which
has pixel size ∼ 1.7′), by first projecting to spherical harmonics with ℓmax = 3 × 2048 and
then to HEALPix. We note that the downgrading to Nside = 2048, which is lower resolution
than the native ℓmax ∼ 21000 resolution of the ACT DR6 map, limits us to a maximum
multipole ℓmax = 3 × 2048 = 6144. While the kSZ signal is stronger on smaller scales, due
to residual foreground power the improvement at high-ℓ is limited, and with this cut-off
we capture ∼ 95% of the signal-to-noise.

2.2 Photometric galaxy dataset

The galaxy dataset we use for kSZ velocity reconstruction is the DESI LRG sample with
photometric redshifts described in [65]. These objects were selected from the imaging data
from the DESI Legacy Survey DR9 [72, 75].

In [65], the subset of these galaxies with photo-z in the range 0.4 < zphoto < 1 was split
into four tomographic redshift bins with spectroscopically-confirmed redshift distributions, for
use in measurements that benefit from tomography and require accurate redshift distributions
(such as for the ACT DR6 CMB lensing cross correlation analyses of [76, 77]). We similarly
impose a zphoto > 0.4 cut in order to avoid modelling the redshift distribution in the tails of
the sample. We also require that the objects overlap in redshift with the BOSS galaxies, to
perform the cross-correlation with BOSS galaxies, and so only use objects with zphoto < 0.7.
There are 9,638,964 such objects (out of 33,735,219 in the entire catalog). The distribution
of their photometric redshifts is shown in figure 2.

We rebin these galaxies into four photometric redshift bins such that there are an
equal number (2,409,741) of galaxies in each bin. Thus the photometric redshift boundaries
are [0.4, 0.49, 0.57, 0.64, 0.7]. To model the true redshift distributions, we convolve these
step (top-hat) functions with Gaussians with width 0.027 × (1 + z), which quantifies the
photometric redshift uncertainty; these true redshift distribution estimates are also shown in
figure 3. Thus, the dN

dz are approximate; in order to mitigate mismodelling of this redshift

– 4 –



J
C
A
P
0
5
(
2
0
2
5
)
0
5
7

ACT mask (equatorial coordinates). fsky = 0.3

0 1

DESI mask (equatorial coordinates). fsky = 0.441

0 1

vrecon mask (equatorial coordinates). fsky = 0.231

0 1

BOSS mask (equatorial coordinates). fsky = 0.266

0 1

Figure 1. The ACT mask (top left) and the DESI mask (top right) applied respectively to the kSZ
map and each galaxy overdensity map for the velocity reconstruction. The resulting reconstructed
velocity has their combined mask applied (bottom left) with an overlap area of 23.1% of the sky. The
mask applied to the BOSS template is also shown (bottom right), with a sky area of 26.6%. The
overlap area of the kSZ reconstruction mask and the BOSS mask is fsky = 11%.

0.0 0.2 0.4 0.6 0.8 1.0

zphoto (DESI); zspect (BOSS)

0

1

2

3

4

5

6

7

d
N d
z

DESI LRGs / BOSS galaxies: normalized dN
dz

DESI LRGs used in this work

BOSS LOWZ

BOSS CMASS

Figure 2. The zphoto distribution for the DESI LRGs that we use in this work is shown (blue) along
with the distribution of spectroscopic redshifts of the BOSS LOWZ (orange) and CMASS (green)
galaxies. In every case the normalization is such that the distribution integrated over the redshift
range is 1.
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0.0 0.2 0.4 0.6 0.8

z

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

d
N d
z

Redshift bins used for kSZ velocity reconstruction

Bin 1

Bin 2

Bin 3

Bin 4

dN
dzphoto

dN
dztrue estimate

100 Mpc [comoving]

(∼velocity coherence length)

Figure 3. The four DESI LRG redshift distributions used for kSZ velocity reconstruction binned
according to photometric redshift (shaded). The true dN

dz for these samples is modeled by convolving
photometric dN

dzphoto with a Gaussian with width 0.027 × (1 + z) (solid lines). All distributions are
normalized such that they integrate to 1. Note that the entire dN

dzphoto distribution is identical (up to
normalization) to the blue distribution in figure 2.

distribution, we will not analyse any inter-bin measurements, as these are more sensitive
to the poorly-modelled tails of the redshift distributions.

Note that our photometric bins are different from the four photometric bins defined
in [65] with spectroscopic calibration, as we require bins with finer redshift resolution in
order to maximize the signal-to-noise. We indicate in figure 3 a vertical grid in z with 100
[comoving] Mpc separation. This is the approximate velocity coherence length. As our bins
are slightly wider than this, we still have some dilution of the velocity signal.

We project the galaxy bins onto the sphere and convert the projected galaxy maps gi(n̂)
into galaxy overdensity maps δgi according to

δgi(n̂) = gi(n̂) − n̄i

n̄i
(2.1)

where n̄i is the mean galaxy density in bin i, which is measured directly from the projected
maps by dividing the number of objects by the sky area.

2.3 Spectroscopic galaxy dataset

2.3.1 3-D velocities from SDSS-BOSS galaxies

For the velocity template we use in the cross-correlation, we use velocities reconstructed
from the SDSS DR10 BOSS galaxy sample [78]. We use the filtered dataset as described
in [39] which has had velocity reconstruction performed on it using the continuity equation,
which infers velocity from overdensity according to

∇⃗ · v⃗cont + f

b
∇⃗ ·

[(
v⃗cont · n̂

)
n̂
]

= −aHf
δg

b
, (2.2)

– 6 –
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Bin I AI
v

1 0.86
2 0.70
3 0.77
4 0.65

Table 1. The normalizations AI
v which we apply to the template velocities to account for the

Wiener-filtering (we rescale the templates by 1/AI
v).

where v⃗cont is the three-dimensional velocity that appears in the continuity equation; f ≡ d ln δ
d ln a

(with δ the dark matter overdensity and a the scale factor) is the growth rate; n̂ is a unit
vector centered on the origin describing direction; H is the Hubble parameter; δg is the
galaxy overdensity; and b is the linear galaxy bias. We use galaxies both from the CMASS
and LOWZ samples.

2.3.2 Creation of 2-D velocity templates

We take the three-dimensional velocity field evaluated at the positions of the galaxies, and
project it into the 2-dimensional radial velocity field on HEALPix maps of Nside = 32 (pixel
size ∼ 1.8◦). We refer to this as vBOSS,cont

r . In each pixel, we take the mean value of the
radial velocity of the galaxies in that pixel reweighted by the relative redshift distributions
between the BOSS samples and the four DESI LRG bins that we will use to perform kSZ
velocity reconstruction. Explicitly, we have four templates (labelled by I):

v̂template,I
r =

∫
vBOSS,cont

r
dNI

dz dz∫ dNBOSS

dz dz
, (2.3)

where dNI

dz is the normalized redshift distribution of the galaxies in bin I (over which we
want to estimate the velocities) and dNBOSS

dz is the normalized redshift distribution of the
BOSS galaxies.

2.3.3 Velocity template normalization

The BOSS velocities we use are Wiener-filtered to downweight worse-measured modes (ie,
those with low local comoving number density and low variance P (k)). Normally, their
cross-correlation with our kSZ reconstruction should be normalized by Monte-Carlo methods.
However, in our case, we apply a correction by comparing the power spectra of the measure-
ments to those expected from theory. In particular, we show the template velocity auto power
spectra for each bin in figure 19 of appendix C. We can then rescale the velocities by an ampli-
tude AI

v such that they match the theory in each redshift bin. By comparing the measurements
with theory, we find that the velocities should be rescaled by the values listed in table 1.

We show the four radial velocity templates in figure 4.

– 7 –
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BOSS template velocity v̂template,I , Bin I = 1

-344.589 344.589km/s

BOSS template velocity v̂template,I , Bin I = 2

-428.274 428.274km/s

BOSS template velocity v̂template,I , Bin I = 3

-389.34 389.34km/s

BOSS template velocity v̂template,I , Bin I = 4

-461.218 461.218km/s

Figure 4. The radial velocity template maps created from the continuity equation applied to BOSS
data, as described in section 2.3.

3 Reconstruction formalism and pipeline

To perform kSZ velocity reconstruction, we use an adapted version of the public code
ReCCO [60].1 A very general version of the velocity estimator we use is described in detail in
that reference. A similar version has previously been applied to the combination of Planck
kSZ + unWISE galaxy data in [61]. We describe the estimator in this section.

We work in the 2-dimensional “lightcone” formalism appropriate for kSZ velocity re-
construction with photometric galaxies for which we do not have 3-dimensional informa-
tion (or for which we can gain quasi-3-dimensional information by using tomographic red-
shift bins). This is in contrast to the 3-dimensional formalism which is more appropriate
to spectroscopic surveys for which the full three-dimensional information is known (see,
e.g., [50]).

The curved-sky harmonic space estimator for kSZ velocity reconstruction with galaxies
was introduced in [49] and uses formalism that was developed for CMB lensing reconstruction
in [79]. In both the CMB lensing and kSZ velocity reconstructions, the estimators search
for a distinctive statistically anisotropic signature induced in the statistically isotropic CMB
field through the modulation of small-scale statistics by a large-scale mode. In the case of
CMB lensing, the small scale CMB power spectrum is modulated by the large-scale lensing
convergence and shear. For the kSZ velocity reconstruction, the small-scale galaxy-electron
power spectrum is modulated by the large-scale radial velocity field.

1https://github.com/jcayuso/ReCCO.
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In practice, we use a real-space version of the harmonic space estimator, which first
appeared in [58] (and was generalized in [60]), as it is computationally more efficient and
more practical to implement.

3.1 kSZ velocity reconstruction pipeline

3.1.1 kSZ-galaxy cross-correlation

The kSZ temperature anisotropy ∆T kSZ takes the form

∆T kSZ(n̂)
T̄

= −σT

∫
dχa(χ)vr(χ, n̂)ne(χ, n̂), (3.1)

≡ −
∫

dχvr(χ, n̂)τ̇(χ, n̂) (3.2)

where T̄ is the mean temperature; σT is the Thomson scattering cross section; a(χ) is the
scale factor at comoving distance χ; vr(χ, n̂) ≡ v⃗ · n̂ is the radial velocity at (χ, n̂); and
ne(χ, n̂) is the electron density at (χ, n̂). We encompass several of these quantities into the
definition of differential optical depth τ̇(χ, n̂) above.

Due to the large-scale radial velocity modulation, the kSZ-galaxy cross correlation〈
∆T kSZ

ℓm δgi

ℓ′m′

〉
is statistically anisotropic (ie, not proportional to δℓℓ′δmm′ , where δXY is the

Kronecker delta). In particular,〈
∆T kSZ

ℓm

T̄
δgi

ℓ′m′

〉
=

∑
ℓ1m1ℓ2m2

W ℓ1ℓ2ℓ
m1m2−m

∫
dχ
〈
vrℓ1m1(χ)τ̇ℓ2m2(χ)δgi

ℓ′m′

〉
, (3.3)

where W ℓ1ℓ2ℓ3
m1m2m3 is a mode-coupling matrix of the form:

W ℓ1ℓ2ℓ3
m1m2m3 =

√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

(
ℓ1 ℓ2 ℓ3
0 0 0

)(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
. (3.4)

To probe large scales in the radial velocity, we can work in the squeezed limit, where
ℓ1 ≡ L ≪ ℓ2, ℓ3. In that limit, the three-point function in equation (3.3) can be simplified
according to 〈

vrLM (χ)τ̇ℓ2m2(χ)δgi

ℓ′m′

〉
≈ vrLM (χ)

〈
τ̇ℓ2m2(χ)δgi

ℓ′m′

〉
(3.5)

≡ vrLM (χ)
(
C τ̇ gi

ℓ′ (χ)δℓ′ℓ2δm′m2

)
, (3.6)

where the form of the last line results from the statistical isotropy of
〈
τ̇ℓ2m2(χ)δgi

ℓ′m′

〉
. Using

this approximation simplifies equation (3.3) to〈
∆T kSZ

ℓm

T̄
δgi

ℓ′m′

〉
=
∫

dχ
∑
LM

(−1)M

(
ℓ ℓ′ L

m m′ −M

)
fℓℓ′LC τ̇ gi

ℓ′ vrLM (χ) (3.7)

where

fℓℓ′L =

√
(2ℓ + 1)(2ℓ′ + 1)(2L + 1)

4π

(
ℓ ℓ′ L

0 0 0

)
. (3.8)

This demonstrates that the mode coupling between T and δg is proportional to the projection
of vr. we can use this property to write down a quadratic estimator with T , δg that uses
this mode coupling to reconstruct vr.

– 9 –
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3.1.2 Harmonic-space quadratic estimator for vr

[49, 60, 61, 80] show that the minimum variance, unbiased quadratic estimators of a redshift-
integrated velocity field vi

rLM are

v̂i
rLM = Ai

L

∑
ℓm;ℓ′m′

(−1)M

(
ℓ ℓ′ L

m m′ −M

)
fℓℓ′LCτgi

ℓ′ T̃ℓmδ̃gi
ℓ′m′ , (3.9)

where X̃ℓm ≡ Xℓm
CXX

ℓ

indicates the multipole moments of an inverse-variance-filtered field (where

CXX
ℓ includes signal and noise); Cτgi

ℓ ≡
∫

dχC τ̇ gi

ℓ (χ); and

Ai
L = (2L + 1)

∑
ℓ;ℓ′

(
fℓℓ′LCτgi

ℓ′

)2

CT T
ℓ Cgigi

ℓ′


−1

. (3.10)

Note that Tℓm is an estimate of T kSZ
ℓm , and includes the signal as well as other sources of

foregrounds and noise (such as the primary CMB). The projected quantity that we estimate
vi

r is related to the three-dimensional velocity vr(χ) by the following integral:

vi
rLM ≈

∫
dχ

C τ̇ gi

ℓ=ℓ̄
(χ)

Cτgi

ℓ=ℓ̄

vrLM (χ), (3.11)

where ℓ̄ is a reference multipole that contributes most of the signal-to-noise to the mea-
surement.

While the kernel C τ̇ gi

ℓ=ℓ̄
(χ) incorporates both the redshift evolution of the galaxies and of

the differential optical depth within each bin, if the differential optical depth is approximated
as constant within each bin (such that the overall optical depth τ =

∫ χ2
χ1

τ̇(χ)dχ = (χ2 −χ1)τ̇),
then only the galaxy redshift evolution is relevant and we can make the approximation

vi
rLM ≈

∫
dχW i(χ)vrLM (χ), (3.12)

where W i(χ) is the redshift distribution (dN
dχ ) of the galaxy window used in the estimation.

For our case, we have checked that this expression reproduces equation (3.11) to within a
few percent, and so in practice, this is the quantity that we calculate.

3.1.3 Real-space quadratic estimator for vr

In practice, we use a real-space version of equation (3.9). This estimator is advantageous as it
requires only forward-and-backward spherical harmonic transformations on the data (and no
further complicated computations such as of Wigner-J symbols, except in the computation
of the normalization AL). The real-space estimator is

v̂i
rLM = Ai

L

(
T̃ (n̂)ζi(n̂)

)
LM

, (3.13)

where ζi(n̂) is a filtered version of a galaxy field. The filtering is such that it has the
(modeled) scale dependence of the τ field:

ζi
lm = Cτgi

ℓ δ̃gi
ℓm (3.14)

where δ̃g is an inverse-variance-filtered galaxy overdensity field. The real-space estimator
v̂i

rLM is the spherical-harmonic transform of their real-space product, filtered by Ai
L.

– 10 –
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3.1.4 Inputs to the estimator and the optical depth bias

The estimators depend on the multipole moments of the temperature field Tℓm; the multipole
moments of the galaxy overdensity field δgi

ℓm; their auto power spectra CT T
ℓ , Cgigi

ℓ ; and the
galaxy-electron cross power spectrum Cτgi

ℓ . The auto power spectra CT T
ℓ and Cgigi

ℓ , which
are used for inverse-variance-filtering, are the auto spectra of the signal including all noise
contributions and are estimated directly from the data.

In contrast, Cτgi

ℓ , which quantifies how the galaxies are distributed with respect to the
electrons, is not obtained from the data and requires a model. We describe the model we
use in appendix A. An incorrect model will lead to a biased (mis-normalized) estimator —
this is the “optical depth bias” such that

v̂i
rLM = bi

Lvi
rLM , (3.15)

where bi
L is the bias in question. bi

L can be expressed in terms of the model error on Cgτ
ℓ

and is scale-independent on the scales L of interest (see, e.g., figure 13 of [60]), so there
are in principle only i optical-depth-bias parameters. In practice, we will reduce this to
one parameter (which we will label A), as we do not have the signal-to-noise to detect any
redshift evolution in our model.

The filters used are presented in more detail in appendix B.

3.1.5 Results of the reconstruction: radial velocity maps

We show the reconstructed velocity fields in figure 5. As small-scale noise fluctuations
dominate, we show the maps filtered to preserve only the L < 20 information. We show in
appendix D the same plots but with only the L < 10 and L < 50 information shown.

3.2 Cross-correlation with an external velocity template

3.2.1 Velocity power spectrum measurement

After creating estimates of v̂i
r we then estimate the velocity power spectrum Cvv

ℓ by cross-
correlating the kSZ-reconstructed v̂kSZ,i

r with the velocity templates created by perform-
ing continuity-equation velocity reconstruction on the BOSS galaxies v̂template,I

r . We refer
to our estimate as C v̂kSZ,i

r v̂template,J
r

ℓ . We perform the power spectrum measurements with
pymaster [81].2 This is a python implementation of the MASTER algorithm [82], which
estimates a multipole-binned mask-decoupled power spectrum of two masked Gaussian fields.
We note that this is suboptimal to, say, a quadratic maximum likelihood approach [83],
which we leave for future work.

While there are 16 independent cross-correlations (as i = 1, 2, 3, 4 and J = 1, 2, 3, 4),
we only measure the four “intra-bin” power spectra where i = J . This avoids bias from
modelling uncertainties, in particular in the tails of the redshift distributions.

3.2.2 Velocity covariance matrix

We calculate the covariance matrix C ≡ Cov(Ĉ v̂kSZ,i
r v̂template,I

r
L , Ĉ v̂kSZ,j

r v̂template,J
r

L′ ) by creating
3200 null Gaussian simulations of the NILC temperature map and the DESI galaxy overdensity

2https://namaster.readthedocs.io.
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kSZ velocity reconstruction v̂kSZ,i, Bin i = 1 (L < 20)

-599.584 599.584km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 2 (L < 20)

-599.584 599.584km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 3 (L < 20)

-599.584 599.584km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 4 (L < 20)

-599.584 599.584km/s

Figure 5. The reconstructed velocity maps in each bin, filtered such that only the L < 20 modes are
shown. See appendix D for maps constructed with other filters.

maps. We do this by drawing random (full-sky) realizations of a temperature field with the
same power spectrum as the NILC temperature map, and galaxy fields with the same power
spectra as the tomographically binned DESI galaxy samples Cgigj

ℓ (including i ̸= j); this
is performed easily with healpy’s synalm() function. We include no correlation between
the simulated galaxies and temperature, and so expect to recover a null signal. We mask
these with the appropriate masks and then run our full velocity reconstruction pipeline on
these simulations (as described in section 3.1).

In practice, we find that these do not adequately explain the entire variance of the velocity
measurements. While the simulations match the data at the 2-point level, we find that there is
a mismatch of order 1.22 at the 4-point level. In particular, the measured auto power spectra
of the velocities reconstructed from the simulations agree with the theoretical calculation

Cvgaussiani
vgaussiani

L ≡N
(0)
L

v̂kSZ,i
r v̂kSZ,i

r = Ai
L, (3.16)

where N
(0)
L

v̂kSZ,i
r v̂kSZ,i

r is the Gaussian reconstruction noise expected from the pipeline applied to
Gaussian, signal-free data (indicated by vgaussiani), and where Ai

L is the same as the amplitude
in equation (3.10); this is expected. However, due to an unmodelled 4-point function in
the data, we find that the data has an excess of order 1.22 (ie, N

(0)
L

v̂kSZ,i
r v̂kSZ,i

r ≊ 1.22Ai
L,).

This may be due to higher order ⟨ggTT ⟩ biases not included in the simulations; a similar
phenomenon was found in [61]. To correct for this, we simply multiply the simulations by 1.2,
which results in the auto power spectra of the simulated velocity reconstructions matching

– 12 –
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those of the data. This only has the effect of increasing the errorbars by a factor of 1.2,
and does not affect the data or modelling.

We then measure Ĉ v̂
kSZsim,i
r v̂template,I

r
L (as described in section 3.2.1), using the true velocity

field from the BOSS galaxies. We verify that the mean measurement is zero, and use the
covariance of these measurements as our covariance matrix.

3.3 Likelihood for detection

We write a likelihood

−2lnL(Ĉ v̂kSZ,i
r v̂template,I

r
L ,A) =

(
Ĉ v̂kSZ,i

r v̂template,I
r

L −ACvivI

L

)
C−1

(
Ĉ v̂kSZ,j

r v̂template,J
r

L′ −ACvjvJ

L′

)
(3.17)

≡ χ2 (3.18)

where CvivJ

L (with no hat) indicates a theory model. A is an ampltidue parameter that
encompasses the uncertainty in the electron and galaxy model: the optical depth bias. As we
have low signal to noise, we jointly fit only one parameter across all redshift bins, although we
will explore redshift dependence of A in section 5.5. We maximize the likelihood with respect
to A to find a best-fit amplitude for the theory model. We then use 6800 more Gaussian
simulations, which are created the same way as those we used to estimate the covariance
matrix (ie, as described in section 3.2.2), but which, importantly, are independent from those
used in the covariance estimation, and maximize the likelihood with respect to A for all of
these simulations. We verify that the mean is zero, and use the distribution of measurements
to quantify the uncertainty (covariance) on A.

4 Theory modelling

We require a theory model for two quantities: the electron-galaxy angular cross-correlation
power spectrum, Cτgi

ℓ , and the velocity auto-power spectrum, CvAvB

ℓ . We use class_sz3 [84,
85] to model Cτgi

ℓ , and our modified version of ReCCO to model CvAvB

L . We present the
model for the velocity power spectrum in this section, and we present the model for Cτgi

ℓ

in appendix A.

4.1 Radial velocity power spectrum from ReCCO

We model the radial velocity power spectrum CvAvB

L on large scales within the linear ΛCDM
model by modifying code previously implemented in ReCCO. CvAvB

L is modelled as

CvAvB

L =
∫

dχ1dχ2W A(χ1)W B(χ2)

×
∫

k2dk

(2π)3 Kv
L(χ1, k)Kv

L(χ2, k)Plin(χ1, χ2, k), (4.1)

where W X(χ) are the redshift kernels of the velocity fields we are interested in, and the
integral over the 3d Fourier-space vector k calculates how the gravitational impact of the large

3https://github.com/CLASS-SZ/class_sz.
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(∼velocity coherence length)

Figure 6. Redshift kernels used in the cross-correlation modeling for the kSZ reconstruction on the
DESI LRGs (solid lines), and for the BOSS templates (dotted lines). The BOSS and DESI bins are
equal (up to normalization) except for the z < 0.7 cut, imposed to reflect the redshift coverage of the
survey. All distributions are normalized to integrate to 1. Note the lower redshift BOSS and DESI
bins coincide.

scale matter distribution induces velocities. Here Plin(χ1, χ2, k) is the linear matter power
spectrum, and the velocity kernel Kv

L(χ, k) is constructed from the velocity transfer functions.
The relevant redshift kernels for CvivI

ℓ (which appears in our likelihood) are dN i

dχ and
dNI

dχ , the redshift distributions for the four DESI bins and BOSS templates respectively.
These are shown in figure 3.

For W i(χ) (relevant for the kSZ-reconstructed velocity), we use:

W i,kSZ(χ) =
dN i

dχ∫ dN i

dχ dχ
(4.2)

where dN i

dχ is the redshift distribution of the tomographic DESI galaxy bin we used in the
kSZ velocity reconstruction for bin i. For the BOSS templates, which have been reweighted
to match the same redshift distribution but which contain no information from galaxies
at z > 0.7, we use

W I,template(χ) =


dNI

dχ∫
z<0.7

dNI

dχ dχ
z < 0.7

0 z ≥ 0.7,

(4.3)

where dNI

dχ are the same as dN i

dχ . These are shown in figure 6. Note the different normalization
in the highest redshift bins, which is due to the fact that all redshift kernels are normalized
to integrate to 1.

The velocity kernel has the form

Kv
L(χ, k) = 4πiL f(χ)H(χ)a(χ)

(2L + 1)k (LjL−1(kχ) − (L + 1)jL+1(kχ)) , (4.4)
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×10−7 Auto velocity power spectra CvAvA
L
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kSZ reconstruction X BOSS Template

kSZ reconstruction auto

BOSS Template auto

Figure 7. The theory auto-power-spectra for the four redshift bins, as computed with ReCCO. We
show the expected signal for the auto-spectra of the reconstructions and of the templates, as well as
their cross power spectra. Note that for Bins 1 and 2, the BOSS redshift bins overlap with the kSZ
redshift bins such that the solid, dashed, and dotted lines all lie on top of each other for these bins.
The sharp cutoff at z > 0.7 in the BOSS template leads to the separation of the curves seen for Bin 4
and, to a lesser extent, Bin 3.

where jL(x) is the Bessel function of degree L. Note that this only includes the contribution
to the kSZ signal from the “local Doppler” term (ie, the relative velocity of a remote object
with respect to us — the part sourced by the gravitational field around it), and neglects the
signal induced by the intrinsic CMB dipole that an object sees.4

At large L, and when W (χ) has wide support (ie, large redshift bins), the Limber
approximation [86] allows equation (4.1) to be simplified to the very familiar

CvAvB

L =
∫

dχ

χ2 W A(χ)W B(χ)
(

Kv
L

(
χ,

L + 1/2
χ

))2
Plin

(
χ,

L + 1/2
χ

)
. (4.5)

On large scales, this is not a good approximation. Thus, ReCCO uses the beyond-Limber
corrections of [87] to compute equation (4.1). The implementation is described in detail
in appendix A of [60].

The theoretical signal is shown in figure 7. We show the power spectra calculated both
with the window functions appropriate for the kSZ reconstruction (“kSZ reconstruction auto”,
Cvivi

L ) and for the BOSS templates (“BOSS template auto”, CvIvI

L ) as well as one of each
(“kSZ reconstruction X BOSS template”, CvivI

L ), which we will measure by taking the cross-
spectra of the reconstruction with the templates. The models differ for the higher-redshift
bins due to the sharp cut-off in z of the BOSS templates at z = 0.7.

4On very large scales, these contributions may be relevant to the auto power spectrum of the kSZ-
reconstructed velocity, and contain useful information to constrain primordial physics (see, e.g., [55]), but they
do not appear in the velocity field template that was reconstructed from the continuity equation and so are
not relevant for our signal.
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5 Cross-correlation measurement and significance

In this section we present our measurements of the velocity power spectrum CvAvB

L . All
measurements are “cross” spectra, in that we are measuring a cross power spectrum between
a continuity-equation-reconstructed template and a kSZ-reconstructed velocity. To avoid
confusion, we refer to this spectrum (ie, CvivI

L ) as the “intra-bin” power spectra (ie, as
opposed to the “auto-spectrum”, or the “cross-spectrum”, which could more generically mean
an inter-bin measurement of CvivJ

L for i ̸= J5).
We measure the cross power-spectra with pymaster. In all cases, we use an L-binning

scheme defined by linear bins with ∆L = 6 starting at Lmin = 3 and up to Lmax = 56 (note
that we also include the bin 0 < L < 3 in our pymaster binning scheme, measurement, and
decoupling matrix, although we do not use it in the analysis). We explore the sensitivity
of the measurement to Lmin in section 5.4.

We note that the auto power spectrum of the reconstruction is expected to be noise-
dominated, and so we do not report a measurement; we expect the total signal-to-noise
ratio to be ∼ 1.4 for Lmin = 3, and 0.6 for Lmin = 8. As any measurement would not
be statistically significant, and highly dependent on the lowest L bin, we choose to focus
only on the cross-correlation.

5.1 Datapoints and covariance matrix

The measured “intra-bin” cross power spectra of the kSZ velocity reconstructions and the
BOSS templates, Ĉ v̂kSZ,iv̂template,I

L are shown in figure 8. To measure their covariance matrix,
we use 3200 of the simulations described above. This covariance matrix is shown in figure 9,
along with the same object converted to a correlation matrix (ie, divided by the square root of
its diagonal on both axes). It is clear here that the most important off-diagonal correlations
are those between neighbouring multipole bins, although some structure in the correlations
begin to be visible for the L = L′ entries of Cov(Cv3

rv3
r

L , C
v4

rv4
r

L′ ). This is expected, as these
redshift bins have a largest overlap, and the underlying signal Cvtemplate,I

r vtemplate,J
r

L as well as
the correlated reconstruction noise NvkSZ,i

r vkSZ,j
r

L are maximized here (recall there is no signal
CvkSZ,i

r vkSZ,j
r

L or CvkSZ,i
r vtemplate,J

r
L in the simulations, including for i = J).

5.2 Consistency with zero

The χ2 with respect to zero of our measurement is 57.59, corresponding to a PTE of 1.26%
(as calculated from an analytical χ2 distribution for 36 degrees of freedom, corresponding
to four redshift bins with nine L bins each). We show this, along with the distribution of
χ2-to-zero from our null simulations, in figure 10. Indeed, 114 (ie, 1.68%) of the simulations
have a higher χ2 than the measurement; this, along with the fact that the analytical χ2

is a good fit by-eye to the histogram on, indicates that the analytical χ2 distribution is a
good description for these datapoints.

5While we can measure CvivJ

L , we do not model it as it is more sensitive to tails in the dN
dz

than the
inter-bin measurement, and is thus difficult to model accurately without spectroscopically confirmed redshift
distributions. However, the signal is expected to be non-zero, both due to long-range inter-bin correlations and
the non-negligible redshift overlap of neighbouring bins. We leave the interpretations of such measurements to
future work.
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Figure 8. The measured cross power spectra of the four velocity templates and reconstructions,
along with the best-fit models.
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Figure 9. Left: the log of the absolute value of the covariance matrix for the intra-bin analysis.
Right: the correlation matrix for the intra-bin analysis. The correlation matrix is defined here as
the covariance matrix divided by the square root of its diagonal on both axes. We have removed the
diagonal from the visualization, as it is by definition equal to 1.
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Figure 10. Left: The distribution of the χ2 with respect to zero of CvivI

L from 6800 simulations, with
the χ2 of the measurement also indicated. Center : The distribution of the ∆χ2, ie the difference
between the χ2 with respect to the best fit and the χ2 with respect to zero of CvivI

L from 6800
simulations, with the ∆χ2 of the measurement also indicated. Only two of the 6800 simulations have
a higher ∆χ2 than the measurement. Right: The distribution of the recovered best-fit values of A, for
the simulations and with the data measurement indicated. In all cases the histograms are normalized
to be density distributions, and similarly the Gaussian plots have unit normalization.

5.3 Measurement significance and recovered signal amplitude

We maximize the likelihood defined in equation (3.17) with respect to the amplitude parameter
A, both for the data and also for our 6800 null simulations. The improvement in the χ2,
ie ∆χ2 ≡ χ2|0 − χ2|maximum−likelihood, with χ2|0 the χ2 when A = 0 and χ2|maximum−likelihood
the χ2 at the maximum likelihood value, is shown in figure 10, in the centre panel. We
overplot an analytic χ2 distribution for one degree-of-freedom. The improvement in the χ2

for the measurement is 14.06, corresponding to a PTE of 0.018%—when comparing to the
simulations, we note that this ∆χ2 is indeed greater than all but two (ie, 0.03%) of them.
Given the agreement between the distributions and the analytical χ2 distributions, we can use
either of these as a detection significance, and note that this corresponds to ∼ 3.7σ evidence
(from the simulations) or 3.9σ from the analytical χ2 distribution. The χ2 with respect to the
best fit is 43.53, corresponding to a PTE of 0.2133 (for 37 degrees of freedom). Restricting to
each redshift bin alone, the ∆χ2 to the best-fit is (4.2, −0.3, 4.3, 5.9) for i = (1, 2, 3, 4).

The best-fit value of A is shown, along with the corresponding distribution from the
null simulations, on the right hand side of figure 10. We overplot a Gaussian distribution
with mean 0 and standard deviation given by the measured standard deviation of the values
recovered from the simulations; this can be interpreted as the 1σ errorbar on A. We recover a
best-fit value of A = 0.638 ± 0.17, providing 3.8σ evidence of A ≠ 0. We note that again only
2 simulations out of 6800 have a best fit value of A with |A| greater than the measured value.

The datapoints, along with the best-fit model, are shown in figure 8. For visualization
purposes, it is also helpful to co-add the datapoints from the different redshift bins and
compare to a co-added best-fit model.

In order to co-add the datapoints, we first divide each measurement (and the covariance)
by the relevant best-fit theory, and multiply by a common reference signal. For the reference
signal, we take the geometric mean of the best-fit theory:

Abest−fitC
V V
L =

( 4∏
i=I=1

Abest−fitC
vivI

L

)1/4

. (5.1)
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Figure 11. The reweighted, co-added datapoints, and the reweighted theory. This plot is shown for
visualization purposes; in practice, the datapoints of figure 8 are analyzed.

Thus our rescaled measurements are given by

d̂i
L = Abest−fitC

V V
L

Abest−fitCvivJ

L

Ĉ v̂kSZ,i
r v̂template,I

r
L . (5.2)

These are estimators of Abest−fitC
V V
L . We then optimally co-add the datapoints given the

covariances,
d̂co−added

L =
∑

i

wi
Ld̂i

L, (5.3)

where the weights wi are such that the variance of d̂co−added
L is minimized subject to the

constraint that
∑

i wi
L = 1. This is the minimum-variance estimator of Abest−fitC

V V
L . The

weights are found straightforwardly by evaluating

wi
L = aTC−1

L

aTC−1
L aT

, (5.4)

where C−1
L is the inter-bin inverse of the covariance matrix C, and a is a vector of ones. We

show the optimally co-added datapoints, and the reference signal, in figure 11.

5.4 Scale-dependence of the signal-to-noise

The measured best-fit value of A, as a function of the minimum multipole included in the
analysis Lmin, is shown in figure 12. As expected, much of the signal-to-noise is on the
largest scale, with a 3σ signal requiring Lmin ≤ 12, and a 2σ signal requiring Lmin < 20.
This indicates the constraining power of the extremely large scales, and simultaneously the
stability of the measurement to the value of Lmin.
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Figure 12. The best-fit value of A as a function of the minimum multipole included in the analysis
Lmin. The 1σ, 2σ, and 3σ regions are indicated. Much of the signal-to-noise comes from the largest
scales, in particular the 3σ signal requires Lmin ≤ 12, and a 2σ signal requires Lmin ≤ 20.

5.5 Redshift-dependence of the signal

We have previously been fitting one best-fit amplitude jointly to all redshift bins. We can
also allow for redshift dependence of the signal by fitting a different parameter Ai separately
each redshift bin. We show the results of such a procedure in figure 13. On the left of
figure 13 we show Gaussian distributions centred on the measured best-fit value of Ai, with
standard deviations given by the measured standard deviation of the best-fit values on the
6800 simulations. We also show the same quantity for our jointly-fit A. Note that all of the
measurements are consistent with each other, and so can be combined. On the right, we
make any possible redshift dependence clear. There is not enough signal to noise to detect
any trend. The χ2 with respect to the four-parameter model is 41.90, which corresponds to
a PTE of 13.8% (for 33 degrees of freedom). Recalling that the fixed-A model had a χ2 of
43.53 (and a PTE of 0.2133), it is clear that we cannot prefer the varying-A model over the
fixed-A model — ie, we do not have the signal-to-noise to detect evolution in A.

6 Conclusions

In this work, we have found the first evidence, at 3.8σ, for the large-scale velocity field
as reconstructed by kSZ tomography using the 2-dimensional “lightcone” formalism. This
formalism (which is used to reconstruct and model the 2-dimensional angular velocity field)
stands in contrast to the 3-dimensional formalism, which is more appropriate for kSZ velocity
reconstruction with spectroscopic surveys in which full 3-dimensional information is available.

Currently, this measurement serves as a proof-of-principle that such a signal is detectable.
However, given the cosmological interest in this observable, and the impending increase in
galaxy samples and improvements in small-scale CMB data, we expect kSZ tomography to
become a precision probe of the late-Universe density field in the near-term future. Such a
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Figure 13. The redshift dependence of A. Left: Gaussian estimates of the posterior distributions of

A (assuming a uniform linear prior on A), which we define as P(A) ∝ e
−

(A−Ai
bestfit)2

2σ2
i , with Ai

bestfit the
measurement from the data and σi the standard deviation of the best-fit of the simulations in that
redshift bin (which are centred on zero). We also show the equivalent distribution for the joint best-fit,
in black. Right: The redshift dependence of Ai, plotted against the mean redshift of the bins (which
we calculate by taking the z at which W i(z) integrates to 1/2 from 0). The points are centred on the
best-fit value of Ai, with the errorbar given by σi as before. The 1σ region of the joint constraint is
also indicated in gray.

research programme will require well-tested reconstruction pipelines, appropriate for various
datasets.

The 2-dimensional lightcone formalism we have used is complementary to the 3-
dimensional “box” formalism (e.g., as developed in [50]). The box formalism makes it
easy to incorporate the full 3-dimensional information in a spectroscopic survey; however it
has drawbacks in that it is difficult to incorporate redshift evolution and very large-scale
curved-sky effects (due to approximations such as the flat-sky approximation that are used in
the box formalism). The 2-dimensional lightcone formalism, in contrast, naturally incorporates
these effects; but the requirement of tomographic redshift binning necessarily loses some of
the 3-dimensional information (which can dilute the velocity signal). For photometric surveys,
however, there will be no information loss if the redshift bins are chosen to have widths similar
to the photometric redshift error of the sample. In principle, the information in a spectrosopic
survey can also be accessed by using the 2-dimensional formalism by using redshift bins that
are closer to the correlation length of the signal of interest; however, it is possible that such
an analysis will be computationally difficult. We leave such a study to future work.

As such, it will be important to develop both pipelines in preparation for different
types of galaxy samples.

This work was intended as a demonstration and proof-of-principle of the kSZ velocity
reconstruction pipeline on data, and so we report only our detection significance and best-fit
value of the optical depth bias A. However, we note that the Cvv

L signal we measure is directly
sensitive to interesting beyond-ΛCDM physics including local primordial non-Gaussianity, and
can be used directly to constrain fNL; we leave such a constraint for follow-up work. Indeed,
higher signal-to-noise may be accessible using current datasets with velocity reconstruction
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performed directly on the photometric galaxies, as advocated in [88, 89] (and applied recently
to a similar combination of datasets in [43]). We note that [90] found constraints on fNL with
σ(fNL) ∼ 200 from applying this method to the Planck+unWISE data combination.

We note that the galaxy sample we use has previously been used to constrain fNL [91];
in principle, the combination with the kSZ velocity observable can allow for improvements
compared to the auto power spectrum measurement — both by way of sample variance
cancellation [92] and because the CvkSZvtemplate

L constraint alone is interesting due to its
dependence on different large-scale systematics compared to the auto power spectrum. As
was demonstrated on data for the first time recently in [90], there is also a wide range of
beyond-ΛCDM models that can be constrained with the kSZ velocity signal.
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A Galaxy-electron cross correlation

We model the galaxy-electron cross correlation Cgτ
ℓ using a halo model. Within the halo

model, all dark matter is placed in discrete halos, which we model as spherically-symmetric;
the lowest-density regions of the dark matter field, which are outside of the halos, are
modelled as having zero dark matter. Cosmological observables are simplistically modelled as
depending only on the mass and redshift of the halo; this ignores several other real effects on
the observables due to other factors such as the environment and merger history of the halo.

For a review of the halo model, see [95]. We perform all halo model calculations with
class_sz [84, 85]; those references describe in detail the calculations we use. class_sz is
based on the Boltzmann code class [96, 97].7 For completeness, we describe them briefly
here (including listing our specific parameter and modelling choices, where relevant).

A.1 2-dimensional (angular) power spectra: Cgτ
ℓ and 3-dimensional power

spectrum Pge(k, z)

In general, Cgτ
ℓ comprises a 2-halo term quantifying inter-halo correlations (ie clustering)

and a 1-halo term quantifying intra-halo correlations (which, as such, is sensitive to the
radial profile of halos).

Within the Limber approximation, Cgτ
ℓ is a weighted integral over redshift of the three-

dimensional power spectrum

Cgiτ
ℓ =

∫
dχ

χ2 W i(χ)W τ (χ)
(

Pge

(
k = ℓ

χ
, z

))
, (A.1)

where W i(χ) is the galaxy window function, W τ (χ) is the electron window function, and
Pge(k, z) is the three-dimensional electron-galaxy power spectrum. The galaxy window
functions we use are

W i(χ) =
dN i

dχ∫
dχdN i

dχ

. (A.2)

The electron window function is

W τ (χ) = σT

1 + z
ne(χ), (A.3)

where ne(χ) is the average number density of electrons at χ

ne(χ) = ρe

mpµe
, (A.4)

with ρe the electron density, mp the mass of the proton, and µe ∼ 1.14 the mean molecular
weight per electron (thus mpµe is the mean molecular mass per electron). ρe is modelled as

ρe(χ) = ffreeρb = ffreefbΩm(1 + z)3ρcrit (A.5)

where ffree is the fraction of free electrons (we assume ffree = 1) and ρb = fbΩm(1 + z)3ρcrit
is the mean baryon density at z, with fb = Ωb

Ωm
the baryon fraction, and ρcrit the critical

density today.
7http://class-code.net.
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The three-dimensional galaxy-electron power spectrum comprises the 2-halo and 1-halo
information according to

Pge(k, z) = P 2h
ge (k, z) + P 1h

ge (k, z) (A.6)

where the 2-halo term is given by

P 2h
ge (k, z) =

(∫
dMb(M, z) dN

dM
ug(k, M, z)

)
×
(∫

dMb(M, z) dN

dM

M

ρm
ue(k, M, z)

)
Plin(k, z) (A.7)

where Plin(k, z) is the linear matter power spectrum, and the 1-halo term is given by

P 1h
ge (k, z) =

∫
dM

(
M

ρm
ue(k, M, z)ug(k, M, z)

)
. (A.8)

Above, M indicates halo mass, b(M, z) is the halo bias, and dN
dM (which is also a function

of (M, z)) is the halo mass function. ue(k, M, z) is the Fourier-transform of the spheri-
cally symmetric electron profile, and ug(k, M, z) is the Fourier-transform of the spherically
symmetric galaxy profile.

We integrate over the mass range 0 < M < 5 × 1015h−1M⊙. We use the halo mass
function of [98] and the halo bias of [99], and the halo mass-concentration relation of [100].
The density profiles of the halos that we use are not calibrated at such low halo masses, and so
following [101] we replace the contribution to the integral below 1010M⊙ with counter-terms
accounting for the low-mass contribution as explained in appendix B of [85].

A.2 Galaxy model

To model the galaxy distribution, we use a halo occupation distribution (HOD) model:

ug(k, M, z) = Nc(M) + Ns(M)u(k, M, z)
ng

, (A.9)

where ng is the mean galaxy number density, Nc(M) is the expected number of central galaxies,
Ns(M) is the expected number of satellited galaxies, and the satellites are distributed according
to u(k, M, z) which we take to be (the Fourier transform of) a Navarro-Frenk-White (NFW)
profile [102]. The mean galaxy density ng can be calculated by integrating over Nc and Ns:

ng =
∫

dM
dN

dM
(Nc(M) + Ns(M)) . (A.10)

The mean numbers of centrals Nc(M) and of satellites Ns(M) take the forms

Nc(M) = 1
2

(
1 + erf

(
log M − log MHOD

min
σlog M

))
, (A.11)

Ns(M) = Nc(M)
(

M − M0
M ′

1

)αs

. (A.12)

A similar HOD model has been previously fit to the DESI galaxies [103]. We choose parameters
which are similar (although not exactly the same) as the best-fit parameters from this fit;
we list them in table 2.
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Parameter Value
MHOD

min 1014.08h−1M⊙

σlog M 0.27
M0 0.65 × 1012.89h−1M⊙

αs 1.2
M ′

1 1014.8h−1M⊙

Table 2. The parameters used in the HOD to describe the DESI galaxies.

A.3 Electron model

For the electrons, we use the “AGN-feedback” generalized NFW (gNFW) profiles of [104].

B Filters for the quadratic estimator

In this appendix we plot the filters that we use for the galaxy and temperature fields in
the quadratic estimator.

The quadratic estimator for the velocity is

v̂i
rLM = N i

L

(
T̃ (n̂)ζi(n̂)

)
LM

(B.1)

where

ζi
lm = Cτgi

ℓ δ̃gi
ℓm, (B.2)

with the tilde indicating an inverse-variance filtered field

X̃ℓm ≡ Xℓm

CXX
ℓ

. (B.3)

The variance filter CXX
ℓ includes all sources of signal and noise in X.

B.1 Temperature filter

The temperature filter CT T
ℓ used to filter the temperature field T (n̂) to create T̃ (n̂) is estimated

directly from the temperature field by calculating the power spectrum using hp.anafast()
on the region left unmasked by the ACT mask. This is shown in figure 14. We have checked
that are results are insensitive to whether we bin and smooth the measured power spectra
using large multipole bins, or we use the raw Cℓs.

B.2 Galaxy filters

We use four photometrically binned galaxy samples such that I = 1, 2, 3, 4. The galaxy filters

used in each estimation to create ζi(n̂) are thus Cτgi

ℓ

Cgigi

ℓ

. Again, we estimate Cgigi

ℓ by directly

measuring the pseudo-Cℓs of the overdensity maps, on the region left unmasked by the DESI
LRG masks. These are shown in figure 15.
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Figure 14. The filter CT T
ℓ by which the temperature field is inverse-variance filtered. This is

measured directly from the pseudo-Cℓs of the field using healpy.anafast() (and dividing by the sky
area fsky). We do not use any of the multiples at ℓ < 500 (indicated by the gray region).
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Measured galaxy auto power spectra
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Figure 15. Measured galaxy auto power spectra for the DESI LRGs, estimated directly from the
maps with healpy.anafast() (and division by fsky). We also indicate the Poissonian shot noise
level 1

n̄ , where n̄ is the mean number density of the galaxies (recall that the samples are chosen such
that each has an equal number of objects N = 2409741, so that this shot noise is equal for all bins).
Additionally we indicate the measured auto power spectrum with this shot noise subtracted (although
note that this quantity is never used and is only included here for illustrative purposes).

The Cτgi

ℓ are modelled with class_sz as described in appendix A. The models are shown

in figure 16. The combined filters Cτgi

ℓ

Cgigi

ℓ

are then shown in figure 17. Again, we have checked

that are results are insensitive to whether we bin and smooth the measured power spectra
using large multipole bins, or we use the raw Cℓs.
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Figure 16. Modelled galaxy-electron cross power spectra, modelled using class_sz as described in
appendix A.
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Figure 17. The harmonic filters used to filter the δgi fields to create ζi, Cτgi

ℓ

Cgigi

ℓ

.

B.3 Galaxy auto power spectra

To correctly account for the covariance between the measured CvivI

L and CvivJ

L the covariance
between the different galaxy samples (i ̸= j) must be included. In practice we do this by
creating a covariance matrix using simulations that display the appropriate covariance. In
particular, we draw Gaussian simulations with the correct covariance matrix Cgigj

ℓ . The auto
spectra Cgigi

ℓ were shown in figure 15; we show the cross power spectra in figure 18. These
are similarly estimated by measuring the cross- pseudo Cℓs of the two maps δgi and δgj using
healpy.anafast() and dividing by fsky. Note that the cross-spectra are only non-zero for
neighbouring bins, as expected given the small overlap of their redshift kernels.
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Figure 18. The cross power spectra between the different galaxy bins. Note that for bins that are
not neighbouring, the measurement is not significantly non-zero (as expected, given the low overlap
between the redshift bins and the small scales involved — in the Limber approximation, a model
would predict exactly zero correlation). In each plot, we also show the power spectra with an estimate
of the shot noise subtracted (with the estimate calculated simply as 1

n̄ ).
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Figure 19. The measured autospectra of the velocity templates, along with the ΛCDM model
predictions (solid) and the models rescaled by a normalization to empirically correct for the impact of
Wiener filtering in generating the templates, such that they better describe the data.

C Velocity normalization

The continuity-equation velocities have been reconstructed from SDSS with a Wiener filter
applied, and their normalization should be inferred using Monte-Carlo methods. Alternatively,
we compare the power spectra of each of our templates to those expected from a ΛCDM
calculation, and normalize by the appropriate amount to correct this. The measured power
spectra are shown in figure 19.

The errorbars in figure 19 are Gaussian estimates of the covariance of CL calculated
with the Knox formula

σ(Cvv
L ) = 1

2L + 1(Cvv
L + Nvv

L ), (C.1)

with the mask accounted for by deconvolution using pymaster. The measured power is
used to estimate Cvv

L + Nvv
L in this calculation. The rescaling factors we use are found by

finding the best-fit Av for these datapoints (separately for each redshift bin), using this
covariance matrix to weight the datapoints.
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D Reconstructed velocity maps

In the main text, we showed the reconstructed velocity maps filtered to preserve only the
L < 20 information (figure 5). In this appendix, we show analagous plots for L < 10 and
L < 50 information. These are presented in figures 20 and 21 respectively.

kSZ velocity reconstruction v̂kSZ,i, Bin i = 1 (L < 10)

-299.792 299.792km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 2 (L < 10)

-299.792 299.792km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 3 (L < 10)

-299.792 299.792km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 4 (L < 10)

-299.792 299.792km/s

Figure 20. The reconstructed velocity, filtered to preserve only L < 10 information.

kSZ velocity reconstruction v̂kSZ,i, Bin i = 1 (L < 50)

-1498.96 1498.96km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 2 (L < 50)

-1498.96 1498.96km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 3 (L < 50)

-1498.96 1498.96km/s

kSZ velocity reconstruction v̂kSZ,i, Bin i = 4 (L < 50)

-1498.96 1498.96km/s

Figure 21. The reconstructed velocity, filtered to preserve only L < 50 information.
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