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A catalyst is a substance that enables otherwise impossible transformations between states of a system,
without being consumed in the process. In this work, we apply the notion of catalysts to many-body
quantum physics. In particular, we construct catalysts that enable transformations between different
symmetry-protected topological (SPT) phases of matter using symmetric finite-depth quantum circuits.
We discover a wide variety of catalysts, including GHZ-like states that spontaneously break the sym-
metry, gapless states with critical correlations, topological orders with symmetry fractionalization, and
spin-glass states. These catalysts are all united under a single framework that has close connections to
the theory of quantum anomalies, and we use this connection to put strong constraints on possible pure-
and mixed-state catalysts. We also show how the catalyst approach leads to new insights into the struc-
ture of certain phases of matter, and to new methods to efficiently prepare SPT phases with long-range
interactions or projective measurements.
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I. INTRODUCTION

In chemistry, a catalyst is a substance that enables or
speeds up a chemical reaction that would otherwise be
impossible or slow. Furthermore, the catalyst is not con-
sumed in the process, so it can be reused many times.
The idea of catalysts has also been successfully applied
to few-body quantum mechanics. For example, an entan-
glement catalyst is a quantum state that enables otherwise
impossible transformations between two states using local
operations and classical communication [1], and this per-
spective has led to new insights into entanglement theory
[2]. Catalysts have also been applied to more general quan-
tum resource theories [3,4] and the generation of magic
states for fault-tolerant quantum computation [5,6]. In gen-
eral, understanding the role of catalysts leads to more
efficient methods of achieving a desired transformation,
and also in many cases provides new insights into the
fundamental properties of said transformation.

In this paper, we apply catalysts to the setting of many-
body quantum physics. In this setting, spatial locality plays
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a crucial role, and a natural kind of transformation is that
which can be generated in finite time by a local Hamil-
tonian. Here, “finite” means independent of system size,
allowing us to talk about transformations between states
in the thermodynamic limit. It is known that such trans-
formations are equivalent to finite-depth quantum circuits
(FDQCs) [7]. Whether or not two many-body states can
be related via FDQC is a question of both fundamental
and practical importance. On one hand, the classification
of topological phases of matter coincides exactly with
the equivalence classes of many-body ground states under
FDQCs, with a trivial state being one that can be pre-
pared from an unentangled state using an FDQC [7]. On
the other hand, FDQCs are the operation that is most
naturally implemented in a quantum computer, so any
transformation implemented by FDQC is said to be “easy.”

One can additionally impose symmetries on the Hamil-
tonian or circuit, and a state that can be mapped to a
product state using an FDQC, but cannot be using a sym-
metric FDQC, is said to belong to a nontrivial symmetry-
protected topological (SPT) phase of matter [8]. This is the
class of state that we focus on in this work. In particular,
we construct catalysts that enable transformations between
distinct SPT phases of matter using symmetric FDQCs,
something that is impossible without a catalyst, see Fig. 1.
These catalysts are themselves many-body states match-
ing the dimensionality of the system, and they have widely
varying physical properties including symmetry-breaking
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|ψSPT〉

|ψSPT〉

FIG. 1. Certain many-body quantum states, such as those
belonging to different SPT phases of matter, cannot be related
using symmetric finite-depth quantum circuits. This changes in
the presence of an appropriate long-range entangled many-body
catalyst.

states with catlike entanglement, gapless ground states of
conformal field theories, topologically ordered states with
fractionalized excitations, and disordered spin-glass states.
All of these types of catalysts are unified under a sin-
gle framework. Namely, if a transformation between SPT
phases with symmetry group G can be implemented by a
symmetric quantum cellular automaton U , then any state
that is invariant under both G and U can catalyze the trans-
formation by symmetric FDQC. Remarkably, the combi-
nation of G and U symmetry has deep connections to the
notion of quantum anomalies, which, in particular, implies
that pure-state catalysts must have long-range entangle-
ment (although we show this is not true for mixed-state
catalysts).

Using our framework, we construct explicit examples of
catalysts and their associated symmetric FDQCs to trans-
form between a large variety of SPT phases of matter with
on-site unitary symmetry groups. In general, pure-state cat-
alysts are at least as difficult to prepare as the SPT phases
themselves. However, since the catalyst can be reused, this
hard work only needs to be done once, since a single cata-
lyst can be used to prepare many SPT states. On the other
hand, we show that mixed-state catalysts can be prepared
in finite time using symmetric local channels. Furthermore
in some cases, the form of the catalysts helps us to learn
more about physical properties of the SPT phase at hand.
We also show how the catalyzed transformation can be
used to construct new methods of efficient state preparation
using, for example, long-range power-law decaying inter-
actions or projective measurements. Overall, our results
pave the way for studying quantum catalysts in the context
of many-body quantum systems.

The rest of the paper is organized as follows. In Sec. II,
we define our notion of many-body catalysts, and present

Theorem 1, which gives a generic recipe to construct cat-
alysts for SPT phases. We then discuss a simple example
of these ideas, which is intimately related to the famous
Lieb-Schultz-Mattis (LSM) anomaly [9]. In Sec. III we
construct catalysts that transform between all SPT phases
with global symmetries that lie within the so-called group
cohomology classification [8]. In Sec. IV, we consider
higher-form and subsystem symmetries. In Sec. V, we then
generalize our notion of catalysts to allow mixed states. We
give examples of mixed-state catalysts that relate to the
recent notion of strong-to-weak symmetry breaking [10],
and we then characterize all mixed-state catalysts in one
dimension. In Sec. VI, we show how the catalyst frame-
work can lead to novel methods to efficiently prepare SPT
phases. Finally, in Sec. VII, we discuss future directions of
study for many-body catalysts.

II. MANY-BODY CATALYSTS

In this section, we define our notion of many-body quan-
tum catalysts, give a systematic procedure to construct a
large class of catalysts, and present a simple case study
that illustrates the diversity of this class.

A. Definitions

First, we establish some terminology. A quantum cellu-
lar automaton (QCA) is a unitary U that preserves locality
[11,12]. That is, for any operator O supported in a ball of
radius r, the conjugated operator UOU† is supported in a
ball of radius r + d for some constant d. A typical example
of a QCA is a finite-depth quantum circuit (FDQC), which
is a unitary operator of the form,

U =
D∏

�=1

(
∏

i

u�,i

)
, (1)

where each u�,i, referred to as a gate, acts only on qubits
within a ball of radius r and the gates within a given layer �
have nonoverlapping support. Both D and r should further-
more be independent of system size. An example of a QCA
beyond FDQCs is the lattice translation operator T . Given
some symmetry operators U(g) for g in some group G,
we define a G-symmetric QCA to be a QCA that commutes
with U(g) for all g ∈ G. A G-symmetric FDQC is similarly
an FDQC where each gate u�,i commutes with U(g) for all
g ∈ G. We remark that it is possible for a symmetric QCA
to be an FDQC but not a symmetric FDQC, meaning that
the operator is symmetric as a whole but cannot be written
in terms of local symmetric gates.

In this paper, we consider bosonic SPT phases with
an on-site unitary symmetry U(g) = ∏

i ui(g) for g ∈ G
(which is not necessarily spatially uniform). The objects
of interest are symmetric quantum states, which satisfy
U(g)|ψ〉 = |ψ〉 for all g ∈ G. The classification of SPT
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phases is based on equivalence classes of symmetric quan-
tum states modulo symmetric FDQCs [8]. That is, two
symmetric states |ψ1〉 and |ψ2〉 are in the same SPT phase
if and only if there is a symmetric FDQC U such that

|ψ1〉 = U |ψ2〉. (2)

If we define the trivial SPT phase to be the phase con-
taining symmetric product states, then the above definition
implies that a state belonging to a nontrivial SPT phase can
never be prepared from a symmetric product state using a
symmetric FDQC. Instead, one requires a symmetric quan-
tum circuit whose depth grows linearly with system size
[13,14] or a symmetric circuit with long-range gates [15].

Typically, one also extends the above definition to allow
the addition of ancillary degrees of freedom in symmet-
ric product states to either side of Eq. (2). This allows the
comparison of states on different system sizes, different lat-
tices, and with different local Hilbert spaces (e.g., spin-1/2
and spin-1 particles). One way to understand the results of
this paper is that we study how the classification of SPT
phases changes when nontrivial ancillae are allowed.

We define our notion of many-body catalysts as follows:

Definition 1 (Many-body catalysts). Given a pair of G-
symmetric states |ψ0〉 and |ψ1〉, we say that a G-symmetric
state |a〉 catalyzes the transformation |ψ0〉 �→ |ψ1〉 if there
exists a G-symmetric FDQC V such that,

V(|ψ0〉 ⊗ |a〉) = |ψ1〉 ⊗ |a〉. (3)

Observe that we only consider catalysts that are them-
selves symmetric such that the symmetry of the whole
system is preserved. Furthermore, the dimensionality of
the catalyst should match that of the system that is being
catalyzed, i.e., the catalyst should be defined on a con-
stant number of ancillary degrees of freedom per site i. If
one allows higher-dimensional catalysts, for example, then
the pumping construction of Ref. [16] shows that even a
symmetric product state can serve as a catalyst.

Here we considered only pure-state catalysts, but in
Sec. V will also allow mixed-state catalysts, which are
defined using a suitable generalization of Definition 2. Nat-
urally, since the definition of many-body catalysts include
the notion of an FDQC, it should only be applied in a
scenario where the initial, final, and catalyst states can be
defined on systems of increasing size, and the depth D and
range r of the FDQC are both independent of system size.

To understand this definition operationally, we imagine
the setting of a resource theory where local, symmetric
interactions are easy to implement, but other kinds of inter-
actions are hard. Consider the case where |ψ0〉 = |ψtriv.〉, a
trivial symmetric product state, and |ψ1〉 belongs to a non-
trivial SPT phase. Then it is “hard” to transform between
the two states. However, in the presence of the catalyst |a〉,

the transformation is “easy” since it can be implemented
by a symmetric FDQC. Furthermore, the catalyst remains
unchanged in the process. Therefore, one can imagine that,
with ample supply of product states |ψtriv.〉, SPT states can
be continually “pulled” out of the catalyst. The goal of this
paper is to characterize catalysts for SPT phases, construct
examples, relate them to the physics of SPT order, and
examine the applications to state preparation in quantum
devices.

This operational definition also leads to a strong con-
straint on the form of possible catalysts. Namely, it cannot
be possible to generate a catalyst for a nontrivial SPT phase
by acting with a symmetric FDQC on a product state. If
this was possible, then the process of creating the catalyst,
using it to catalyze the SPT phase, and destroying the cat-
alyst describes an symmetric FDQC that creates the SPT
phase from a product state, which is a contradiction. More
generally, the catalyst |a〉 cannot be symmetrically invert-
ible [10], meaning that there cannot exist a state |a−1〉 such
that |a〉 ⊗ |a−1〉 is connected to a symmetric product state
via a symmetric FDQC. In other words, it must at least be
as hard to make the catalyst as it is to make the SPT phase
on its own. However, the advantage of using a catalyst is
that the hard work only needs to be performed once, since
the catalyst is not consumed after use and can therefore be
reused.

B. (G, U)-symmetric catalysts

Throughout this paper, we will primarily focus on a
particular class of catalysts that we call (G,U)-symmetric
catalysts. This class will be well suited to studying all kinds
of SPT phases. Their construction is based on two facts.
First, any fixed-point SPT state |ψSPT〉 within the group
cohomology classification can be created from a symmet-
ric product state |ψtriv.〉 from a symmetric QCA U called
the SPT entangler [8],

|ψSPT〉 = U |ψtriv.〉. (4)

It is important to note that, while U is a symmetric QCA,
it is not a symmetric FDQC. Second, given any symmet-
ric QCA U , the operator U ⊗ U−1 on the doubled Hilbert
space can be written as a symmetric FDQC with respect
to the doubled symmetry U′(g) = U(g)⊗ U(g) [12,15].
To do this, define the SWAP operator S that exchanges the
two Hilbert spaces, S(|ψ〉 ⊗ |φ〉) = |φ〉 ⊗ |ψ〉. This can
be written as a product of local SWAP gates, S = ∏

i si
where each si exchanges site i between the two Hilbert
spaces. Note that si commutes with U′(g) since U(g) is
a product on onsite operators. Then, we can write,

U ⊗ U−1 = (U ⊗ I)S−1(U−1 ⊗ I)S

=
∏

i

vi

∏

i

si, (5)
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where vi = (U ⊗ I)si(U−1 ⊗ I). Since U is locality pre-
serving, vi is a local operator supported near sites i. Finally,
since both si and U ⊗ I commute with U′(g), vi does as
well. Therefore, Eq. (5) is a decomposition of U ⊗ U−1

into local, U′(g)-symmetric gates, which can be suitably
divided into finitely many disjoint layers, so U ⊗ U−1 is a
symmetric FDQC.

With the above facts, we can describe our construction
of SPT catalysts, which is summarized as follows:

Theorem 1. Consider an arbitrary G-symmetric state
|ψ〉 and a G-symmetric QCA U . Then, any (G,U)-
symmetric state can catalyze the transformation |ψ〉 �→
U |ψ〉.

Proof. Let |a〉 be a state such that U(g)|a〉 = |a〉 for all
g ∈ G and also U |a〉 = |a〉, and let V = U ⊗ U−1. From
the above, we know that V is a symmetric FDQC. Then we
have,

V(|ψ〉 ⊗ |a〉) = U |ψ〉 ⊗ U−1|a〉 = U |ψ〉 ⊗ |a〉, (6)

where we used the simple observation that, if |a〉 is invari-
ant under U , it is also invariant under U−1. �

In particular, if we take |ψ〉 = |ψtriv.〉 and choose U to
be the entangler of a state |ψSPT〉 belonging to a nontriv-
ial SPT phase, then this result implies that any (G,U)-
symmetric state can catalyze the transformation |ψtriv.〉 �→
|ψSPT〉.

Theorem 1 is an important result that will help us to con-
struct a large class of SPT catalysts with various physical
properties. Furthermore, Theorem 1 establishes an impor-
tant relationship between catalysts and anomalies. In the
present context, a symmetry group is said to be anomalous
if no short-range entangled state can be invariant under
all elements of the group. A state is said to have short-
range entanglement (SRE) if it can be prepared from a
product state using an FDQC, and otherwise it has long-
range entanglement (LRE) [7]. In general, we expect that
the set of symmetries U and U(g) for all g ∈ G is anoma-
lous whenever U is an entangler for a nontrivial SPT phase.
One can argue this based on the fact that these are the
symmetries that emerge on the boundary of a decorated
domain wall SPT-ordered state in one higher dimension
[17], and it is known that such states do not allow short-
range entangled boundary states. For the case of Abelian
symmetries in 1D systems, we explicitly prove in Sec. V
that (G,U)-symmetric catalysts must have LRE. The fact
that anomalies can “eat” SPT phases has previously been
observed in Refs. [18–20].

In 1D, common states with LRE include symmetry-
breaking states with catlike entanglement, ground states of
gapless Hamiltonians, and states consisting of long-range

FIG. 2. The trivial (top) and nontrivial (bottom) SPT states
where each pair of dots connected by a line represents a Bell
state. The two-qubit unit cell is indicated by the dotted boxes, and
the arrows denote the action of the lattice translation operator T
that relates the two states.

entangled pairs of qubits. Once we go to higher dimen-
sions, there are other kinds of states with LRE including
topologically ordered states. We will see that all of these
classes of states are useful as catalysts for certain SPT
phases. In Sec. V, we will see that mixed-state catalysts
do not need to be long-range entangled.

C. Case study: 1D SPT and LSM

Here, we present a case study of SPT catalysts that
highlights some of the different kinds of catalysts that
fall under the framework of Theorem 1. In this case,
the anomaly described above will be the familiar Lieb-
Schultz-Mattis (LSM) anomaly [9]. The two states we
consider are defined on 2N qubits with periodic boundary
conditions as follows:

|ψtriv.〉 =
N⊗

i=1

|�〉2i,2i+1, (7)

|ψSPT〉 =
N⊗

i=1

|�〉2i−1,2i, (8)

where |�〉 = (|00〉 + |11〉)/√2 is the Bell state. If we
block sites into pairs of qubits, |ψtriv.〉 describes a prod-
uct of Bell states contained within unit cells, while |ψSPT〉
describes a product of Bell states between unit cells, see
Fig. 2. Both states are invariant under a Z2 × Z2 symme-
try generated by

∏
i Xi and

∏
i Zi. It is well-known that

these are representative fixed-point states for the trivial
and nontrivial SPT phases with this symmetry [8,21,22].
Therefore, there is no symmetric FDQC relating them.

To apply Theorem 1, we need to identify the entangler
U . In this case, one particularly simple choice is to take
U to be the lattice translation operator T that maps site
i to site i + 1 as shown in Fig. 2. We emphasize that T
translates single qubits, rather than unit cells, so it acts
nontrivially within a unit cell. The translation operator is
an example of a QCA. Furthermore, it clearly commutes
with both symmetry operators so it is a symmetric QCA.
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The fact that T ⊗ T −1 can be implemented as a symmet-
ric FDQC has been discussed previously [12,15,23]. To
find a catalyst, we need a state that is both translationally
invariant and symmetric under

∏
i Xi and

∏
i Zi. After find-

ing such a state, we can apply Theorem 1 to construct a
symmetric FDQC that translates |ψtriv.〉 forwards by one
site, transforming it into |ψSPT〉, and translates the catalyst
backward by one site, which leaves it unchanged because
the catalyst is translationally invariant. This accomplishes
the desired catalyzed transformation.

When we search for symmetric, translationally invari-
ant states, we run into the well-known LSM anomaly [9].
While

∏
i Xi and

∏
i Zi commute within unit cells of size

two, they anticommute within a single site since XZ =
−ZX . Therefore, a translationally invariant catalyst must
carry a fractional charge, i.e., a projective representation,
per unit cell. The LSM theorem and its later generaliza-
tions state that no short-range entangled state can satisfy
this constraint [9,22]. Typical ways to avoid the LSM
theorem come from long-range order originating from
spontaneous symmetry breaking of the internal or trans-
lation symmetry, or critical correlations found in ground
states of gapless Hamiltonians. We will find that each
of these cases outlines a generic recipe for constructing
catalysts.

First, the catalyst can spontaneously break (part of) the
internal Z2 × Z2 symmetry. An example of such a catalyst
in the Greenberger-Horne-Zeilinger (GHZ) state,

|a〉 = |ψGHZ〉 = 1√
2
(|00 · · · 0〉 + |11 · · · 1〉), (9)

which is indeed symmetric and translationally invariant.
Observe that this state has a long-range order for operators
charged under the symmetry

∏
i Xi.

Second, the catalyst can spontaneously break transla-
tion symmetry. An example of this is obtained by simply
forming the superposition

|a〉 = 1
N (|ψtriv.〉 + |ψSPT〉), (10)

for some normalization constant N . This state, which is
a superposition of dimerlike coverings, has a structure
reminiscent of the famous Majumdar-Ghosh state [24].

Third, the catalyst can be the ground state of a gapless
Hamiltonian. To construct such an example, note that the
trivial and SPT states are ground states of the following
gapped Hamiltonians:

Htriv. = −
∑

i

X2iX2i+1 −
∑

i

Z2iZ2i+1, (11)

HSPT = −
∑

i

X2i−1X2i −
∑

i

Z2i−1Z2i. (12)

Then, we define the Hamiltonian,

Ha = Htriv. + HSPT, (13)

which is gapless and has a unique ground state with
quasi-long-range correlations (i.e., two-point correlations
decaying as a power law) [25]. The ground state of this
Hamiltonian will be (G,U) symmetric and therefore a
valid catalyst.

Finally, we give an example that does not fit into the
usual LSM framework since it is not the ground state of a
local Hamiltonian. Namely, we can construct the product
of long-range Bell states as,

|a〉 =
N⊗

i=1

|�〉i,i+N . (14)

This example is interesting because it leads to a novel
method to prepare SPT phases with long-range interac-
tions, as discussed in Sec. VI. Although this example does
not fit into the LSM framework, it is constrained by a more
general condition that we describe in Sec. V (Theorem 2).

III. CATALYSTS FOR SPT PHASES WITH
GLOBAL SYMMETRIES

Here we construct catalysts for all SPT phases that
lie within the group cohomology classification [8]. These
phases can be represented by fixed-point states called
cocycle states, which are defined on a triangulation of a
d-dimensional space with onsite the Hilbert spaces C

|G|
spanned by the states |g〉 for g ∈ G. The global symme-
try is defined by U(g) = u(g)⊗N , where u(g)|h〉 = |gh〉.
The states in d dimensions are defined by a d + 1 cocy-
cle, which is a function νd+1 : Gd+2 �→ U(1) satisfying
certain conditions, see Ref. [8] for more details. Cocy-
cles can be divided into certain equivalence classes called
cohomology classes, which are in a one-to-one correspon-
dence with the “in-cohomology” SPT phases [8]. These
cover all SPT phases in low dimensions [26], but certain
“beyond-cohomology” phases can exist in four dimensions
and higher [27,28] (or three dimensions if time-reversal
symmetry is allowed [29]).

Given a cocycle νd, we can define a finite-depth quan-
tum circuit U(νd) such that,

|ψ(νd)〉 = U(νd)| +G +G · · · +G〉, (15)

is a fixed-point state belonging to the corresponding SPT
phase, where |+G〉 = 1/

√|G|∑g∈G |g〉 [8]. The circuit
U(νd) commutes with the symmetry U(g) as a whole.
However, it is only a symmetric FDQC (meaning the
individual gates are symmetric) if νd belongs to a triv-
ial cohomology class. Without loss of generality, we can
always assume that U(νd) has finite order, meaning that
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U(νd)
L = I for some L. This is physically related to the

fact that the set of SPT phases with symmetry G forms a
finite group, see Appendix A for details.

To construct catalysts for cocycle states, we follow
Theorem 1 and search for (G,U(νd))-symmetric states.
The first approach is to construct a state that spontaneously
breaks the internal symmetry G,

|a〉 = 1√|G|
∑

g∈G

|gg . . . g〉. (16)

This state is G symmetric by construction. In Appendix
A, we show that νd can again be chosen such that
U(νd)|gg . . . g〉 = |gg . . . g〉 for all g ∈ G, so the state is
also U(νd) symmetric. This state completely breaks the G
symmetry. More generally, it is sufficient to only break the
symmetry down to a subgroup H , which has the property
that the SPT phase is trivial when only H symmetry is
enforced.

Alternatively, we can create a state that spontaneously
breaks U(νd) symmetry,

|a〉 = 1
N

L∑

�=1

U(νd)
�| +G +G · · · +G〉, (17)

for a normalization constant N . This state is (G,U(νd))

symmetric by construction.
The final construction uses a Hamiltonian perspec-

tive, and often produces gapless catalysts (i.e., states that
are the ground states of gapless Hamiltonians). Consider
the trivial paramagnetic Hamiltonian H0, which has | +G
+G · · · +G〉 as its unique gapped ground state. Then we
construct the following Hamiltonian:

Ha =
L∑

�=1

U(νd)
�Htriv.U(νd)

�†. (18)

Since this Hamiltonian commutes with G and U by con-
struction, its ground state will be (G,U) symmetric. If
there are multiple ground states, we can always find a sym-
metric state within the ground space. For the special case
where � = 2, Eq. (18) can be interpreted as being part of a
continuous family of Hamiltonians,

Ha(α) = αHtriv. + (1 − α)HSPT, (19)

where we defined HSPT = U(νd)Htriv.U(νd)
† and Ha ≡

Ha(1/2). This Hamiltonian is self-dual since the two terms
are exchanged after conjugation by U(νd). In some cases,
α = 1/2 corresponds to a second-order phase transition
such that Ha is gapless and has a unique ground state with
critical correlations, as in Eq. (13). However, this is not
always the case, and α = 1/2 may instead correspond to

a first-order phase transition or belong to an intermediate
symmetry-breaking phase, as discussed in Refs. [30–33].

Finally, we remark that Theorem 1 can be applied to
certain beyond-cohomology phases as well. For example,
the 4D lattice model described in Ref. [28] is a beyond-
cohomology SPT, but it was shown that there still exists a
symmetric QCA U that creates it from a symmetric product
state. Therefore, we can still search for (G,U)-symmetric
states to catalyse this phase.

A. Example: 1D cluster state

As the simplest example of a cocycle state, we can con-
sider the 1D cluster state [34]. Strictly speaking, the cluster
state is not technically a cocycle state, but it can be straight-
forwardly reinterpreted as one, as discussed in Ref. [35].
For accessibility of the discussion, we will use the stan-
dard presentation of the cluster state. The state is defined
on a ring of even length N as,

|ψC〉 = UCZ| + + · · · +〉, (20)

where |+〉 = (|0〉 + |1〉)/√2 and the entangler UCZ is
defined as,

UCZ =
N∏

i=1

CZi,i+1, (21)

where the two-qubit controlled-Z operator is defined
as CZi,j = |0〉〈0|i ⊗ Ij + |1〉〈1|i ⊗ Zj . The state has a
Z2 × Z2 symmetry generated by Ue = ∏

i X2i and Uo =∏
i X2i+1.
Let us explore the various kinds of catalysts constructed

in the previous section for the case of the cluster state.
The symmetry-breaking catalyst defined in Eq. (16) cor-
responds to a pair of GHZ states on the even and odd
sublattices. In this case, the SPT order can be trivialized
by spontaneously breaking the Z2 × Z2 symmetry to any
Z2 subgroup. Accordingly, a state made of a GHZ state
on one sublattice and a trivial product state on the other
is also a valid (G,UCZ)-symmetric catalyst. Next, since
U2

CZ = 1, the catalyst associated to spontaneously break-
ing the entangler symmetry is (| + + · · · +〉 + |ψC〉)/N .
This state has recently received attention since it is dual
to a state with noninvertible symmetry [36]. Finally, the
family of Hamiltonians,

H(α) = −α
∑

i

Xi − (1 − α)
∑

i

Zi−1XiZi+1, (22)

commutes with UCZ at the α = 1/2 point. At this point, the
Hamiltonian is gapless [37], and the ground state is critical
with central charge c = 1.
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B. Topologically ordered catalysts in d > 1

So far, we have primarily studied catalysts with long-
range or algebraically decaying correlations. This is
because these are the kinds of states that can be symmetric
under an anomalous symmetry (“match the anomaly”) in
1D. In higher dimensions, another type of catalyst becomes
possible, since it is known that in higher dimensions
anomalies can be matched using topologically ordered
states with symmetry fractionalization [38]. Accordingly,
we will find that such states can also be catalysts for
higher-dimensional SPT phases with global symmetries.
We first argue this from the viewpoint of the algebraic
theory of anyons, and then we give an explicit lattice
example.

1. Algebraic argument

To demonstrate the algebraic argument, let us first
explain how one could argue the equivalence of two anyon
models, which are characterized by a set of anyons having
certain fusion rules and braiding statistics. As an example,
consider the equivalence between a stack of two double
semion (DS) models and a stack of one toric code (TC)
model and one DS model. While these two systems ini-
tially appear to have different anyon content, it turns out
that, by relabeling the anyons in a way that preserves the
fusion structure, the two systems can be made equivalent
[39]. This implies that the two systems are equivalent as
topological phases, and therefore suggests the presence
of a FDQC relating them. Such an FDQC was explicitly
constructed in Ref. [39].

To establish the corresponding argument for SPT
phases, one can try to “ungauge” the topological order in
the first layer of the stacks, which maps the TC and DS
phases to the trivial and nontrivial SPT phases with Z2
symmetry, respectively [37]. To discuss the algebraic per-
spective in the presence of symmetry, we enter the regime
of symmetry-enriched topological (SET) phases, where we
need to consider the joint algebraic theory containing both
the anyons and the extrinsic symmetry defects [40]. When
we compare a DS model stacked with a trivial Z2 para-
magnet to a DS model stacked with a Z2 SPT, the only
difference is that the extrinsic Z2 symmetry defect has triv-
ial self-statistics in the former case while it has semionic
statistics in the latter case (since this defect becomes the
semion after gauging) [37]. However, we can fix this by
binding the semion from the DS model to the symmetry
flux in one model, akin to relabeling anyons above. This
binding can again be implemented using an FDQC and,
since it does not change how the symmetry defects inter-
act with the symmetry charges, one can choose this FDQC
to be symmetric. Therefore, the argument suggests that the
DS model can serve as a catalyst for the Z2 SPT order.

In general, one can apply the above algebraic perspec-
tive to search for SET phases that can “absorb” a given

SPT phase. While the above SET models have trivial sym-
metry fractionalization, meaning that the Z2 symmetry acts
trivially on the anyons, more general SET catalysts may
require nontrivial symmetry fractionalization. The fact that
SET phases can “absorb” SPT phases, or equivalently
the fact that SET phases can have gapped interfaces with
SPT phases, has also previously been discussed in Refs.
[41–43]. Here, we are reinterpreting this fact from the
perspective of many-body catalysts.

2. Explicit catalyst for Z2 SPT

We can confirm the validity of the algebraic argument
above using an explicit lattice model. We consider the
modified form of the DS model presented in Ref. [44]
(see also Refs. [45,46]). This model is defined on a tri-
angular lattice with qubits on the edges e ∈ E, and has the
following Hamiltonian:

HDS = −
∑

p

Bp −
∑

v

Av , (23)

where Bp = ∏
e∈p Ze is the product of Z’s around a trian-

gular plaquette, Av = βv
∏

e�v Xe is a product of X ’s on all
edges emanating from the vertex v times a certain diago-
nal unitary βv that acts on the 12 edges nearest the vertex
v. The precise form of βv is not important here, but we note
the properties (i) [Av , Av′] = 0 for all v, v′, (ii) A2

v = I , and
(iii)

∏
v Av = I (on periodic boundaries) [44]. Importantly,

this model has the same topological order as the original
DS model. To equip this model with a Z2 symmetry, we
add decoupled qubits on the vertices v ∈ V of the lattice
and define the Z2 symmetry UZ2 = ∏

v Xv and the mod-
ified symmetric Hamiltonian H̃DS = HDS −∑

v Xv, such
that H̃DS has ground states of the form |ψ̃DS〉 = |ψDS〉 ⊗
|+〉⊗|V| where |ψDS〉 is a ground state of HDS and we
introduced the notation |ψ〉⊗|	| = ⊗

i∈	 |ψ〉i.
The Z2 SPT we will catalyze also takes an unconven-

tional form. Inspired by the construction in Ref. [47], we
consider the model,

HSPT = −
∑

p

Bp −
∑

v

AvXv −
∑

e

ZeZv1Zv2 , (24)

where v1,2 are the two vertices connected to edge e. This
model again commutes with UZ2 . To confirm that this
model belongs to the nontrivial Z2 SPT phase, observe
that gauging the Z2 symmetry results in a model equiva-
lent to HDS up to an FDQC, which implies the nontrivial
SPT order [37]. The ground state of HSPT can be written in
the following way:

|ψSPT〉 = USPT
(|0〉⊗|E| ⊗ |+〉⊗|V|) , (25)
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where we define the SPT entangler,

USPT =
∏

v

ctrl − Av , (26)

where the operator ctrl − Av is defined to act on the vertex
v and the 12 edges closest to v as ctrl − Av = |0〉〈0|v ⊗
I + |1〉〈1|v ⊗ Av . To confirm that |ψSPT〉 is indeed the
ground state of HSPT, we note that USPTXvU†

SPT = XvAv
(owing to the fact that A2

v = 1), which leads to

Htriv. := USPTHSPTU†
SPT = −

∑

p

Bp −
∑

v

Xv −
∑

e

Ze.

(27)

This Hamiltonian has a unique ground state |ψtriv.〉 =
|0〉⊗|E| ⊗ |+〉⊗|V|, so HSPT must have the unique ground
state |ψSPT〉 = USPT|ψtriv.〉. The SPT entangler USPT can
be written as an FDQC because the different ctrl − Av
gates all commute (owing to the fact that the Av all com-
mute), and UZ2USPTU†

Z2
= USPT

∏
v Av = USPT so it is a

symmetric QCA.
Finally, we show that the ground states |ψ̃DS〉 of H̃ψDS

are (G,USPT) symmetric for G = Z2, and therefore serve
as catalysts for |ψSPT〉 according to Theorem 1. For any
ground state |ψ̃DS〉, we have,

USPT|ψ̃DS〉 =
∑

�i

(
∏

v

Aiv
v

)
|ψDS〉 ⊗ |�i〉 = |ψ̃DS〉, (28)

where |�i〉 = ⊗
v |iv〉 with iv = 0, 1 and we used the fact

that Av|ψDS〉 = |ψDS〉 for all v since |ψDS〉 is a ground
state. Therefore, |ψ̃DS〉, interpreted as a SET model with
DS topological order and a trivial Z2 symmetry fractional-
ization, is a catalyst for the nontrivial Z2 SPT.

IV. CATALYSTS FOR OTHER TYPES OF
SYMMETRIES

In all examples until this point, we considered only
global onsite symmetries of the form U(g) = u(g)⊗N .
However, Theorem 1 applies equally well to cases where
the action of the symmetries is not uniform across space.
This occurs in many cases of physical interest, particularly
higher-form symmetries and subsystem symmetries. In this
section, we show what new kinds of catalysts emerge when
considering these more general symmetries, and what this
teaches us about the corresponding phases of matter.

A. Higher-form symmetries

A q-form symmetry operator is defined as one which
is supported on a codimension-q subset of the lattice,
such that a 0-form symmetry is a global symmetry. As an
example with higher-form symmetries, we consider the 2D

cluster state with qubits on the edges e ∈ E and vertices
v ∈ V of a square lattice (the “Lieb lattice”) [48,49]. The
parent Hamiltonian of the 2D cluster state is,

HLieb = −
∑

v

(
Xv
∏

e�v
Ze

)
−
∑

e

(
Xe

∏

v∈e

Zv

)
, (29)

where subscripts e and v depict edge and vertex, respec-
tively. All terms in the Hamiltonian commute with each
other, and the 2D cluster state is exactly the ground state.
The ground state can be written as,

|ψLieb〉 = ULieb
(|+〉⊗|E| ⊗ |+〉⊗|V|) , (30)

where the entangler is defined as,

ULieb =
∏

〈e,v〉
CZe,v . (31)

This state has both a 0-form Z
(0)
2 symmetry and a 1-form

Z
(1)
2 symmetry, with the following symmetry generators:

U(0) =
∏

v

Xv , U(1)
γ =

∏

e∈γ
Xe, (32)

where γ is an arbitrary closed loop along the bonds of the
square lattice.

To construct catalysts for this state, we focus on
symmetry-breaking states. Depending on which symmetry
we spontaneously break, these states will look very dif-
ferent. For example, the following GHZ state breaks Z

(0)
2

symmetry:

|a〉 = |+〉⊗|E| ⊗ (|0〉⊗|V| + |1〉⊗|V|) , (33)

and one can straightforwardly confirm that is is invariant
under ULieb and is therefore a valid catalyst. We can instead
spontaneously break the Z

(1)
2 symmetry. Recalling that a

spontaneously broken 1-form symmetry is synonymous
with topological order [50], we can define the state,

|a〉 =
(
∏

p

1 + Bp

2
|0〉⊗|E|

)
⊗ |+〉⊗|V|, (34)

where Bp = ∏
e∈p Xe is a product of four X operators

around the plaquette p . The state on the edge degrees
of freedom is precisely the ground state of the 2D toric
code. This state is also invariant under ULieb and is there-
fore a valid catalyst. The fact that we can catalyze |ψLieb〉
by spontaneously breaking only one of the Z

(0)
2 or Z

(1)
2

symmetries implies that it should belong to a trivial SPT
phase when only one of these symmetries is enforced.
This can be confirmed by constructing explicit symmetric
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FDQCs. Thus, we find that the catalyst perspective can be
potentially useful in determining when an SPT is trivial or
not.

For higher-form symmetries, topologically ordered
phases can serve as catalysts due to their interpretation
as states with spontaneously broken higher-form symme-
try. This is distinct from Sec. III B where the presence of
symmetry-fractionalized excitations in topological phases
is what enabled their use as catalysts.

The above example is protected by a combination of 0-
form and 1-form symmetries, but we can similarly analyze
models that have only higher-form symmetries. For exam-
ple, the 3D cluster state defined in Ref. [51] has Z

(1)
2 × Z

(1)
2

symmetry [52] and can be catalyzed using ground states of
3D toric codes [53].

B. Subsystem symmetries

Subsystem symmetries are similar to higher-form sym-
metries in that they involve symmetry operators that act on
lower-dimensional subsets of the lattice. They are however
distinguished from higher-form symmetries by the fact that
these subsets are rigid, i.e., nondeformable. Here, we con-
sider linelike symmetries, but similar constructions can be
made for systems [54] with fractal or planar symmetries as
well.

A SPT phase that is protected by subsystem symmetries
is called a subsystem SPT (SSPT) phase of matter [55]. As
the simplest example, we again consider a 2D cluster state,
but this time with qubits only living on the vertices v of a
square lattice. The parent Hamiltonian is

Hsquare = −
∑

v

Xv

⎛

⎝
∏

v′∈n(v)

Zv′

⎞

⎠ , (35)

where n(v) contains all neighboring vertices of v. The
ground state is

|ψsquare〉 = Usquare|+〉|V|, (36)

where

Usquare =
∏

〈v,v′〉
CZv,v′ . (37)

The subsystem symmetries of this state act along diagonal
lines in both directions,

Uc,± =
∏

i

Xi,c±i, (38)

where each value of c describes a different vertical line and
± denote the two directions (diagonal and antidiagonal).

This cluster state belongs to a nontrivial subsystem
SPT (SSPT) phase of matter [55]. In the classification of

SSPT phases with linelike symmetries, there is a distinc-
tion between strong and weak phases, where the latter is
equivalent to a stack of 1D SPT phases aligned with the
direction of the symmetries and the former is not. From
this definition, it is clear that a suitable catalyst for a
weak SSPT can be constructed using a stack of 1D states,
each being able to catalyze a 1D SPT phase. Conversely,
we conjecture that a strong SSPT cannot be catalyzed by
a stack of 1D states. This would give another way to
distinguish strong and weak SSPT phases, adding to the
approaches discussed in Refs. [55,56].

The justification for this conjecture is the following. As
we have seen, and as is emphasized by Theorem 1, cata-
lysts allow one to act with symmetric QCA on the target
system. For this argument, we assume this is essentially
all that we can accomplish with catalysts. Now, suppose
we embed a 1D catalyst along some line of the 2D SSPT.
By acting with a symmetric FDQC, we expect that this
allows us to modify our system by a 1D symmetric QCA
supported along the region near the catalyst. By stack-
ing many 1D catalysts, we are able to act with many 1D
symmetric QCA on different 1D lines spanning the 2D
state. If we stack a constant number of such catalysts
per generator of the subsystem symmetry, we can over-
all apply a finite-depth circuit of 1D symmetric QCA.
This kind of transformation is exactly the basis of the
classification of strong SSPTs given in Ref. [56]. In par-
ticular, it was argued that a strong SSPT cannot be created
from a symmetric product state using such a transforma-
tion. Therefore, we conjecture that a stack of 1D catalysts
cannot catalyze a strong 2D SSPT.

For an example of a symmetry-breaking state that can
be a catalyst for |ψsquare〉, we have the symmetric ground
state of the plaquette Ising model,

HPIM = −
∑

v

⎛

⎝
∏

v′∈n(v)

Zv′

⎞

⎠ . (39)

This actually defines two plaquette Ising models, one for
each sublattice. This is an intrinsically 2D symmetry-
breaking model. The symmetric ground state of HPIM
that is invariant under all Uc,± is a subsystem symmetry-
breaking state that can catalyze |ψsquare〉.

V. MIXED-STATE CATALYSTS

In this section, we go beyond pure-state catalysts and
consider general mixed states. We will see that this allows
us to define catalysts with very different properties than
pure-state catalysts. In particular, mixed-state catalysts
need not have long-range correlations. When using mixed
states to catalyze transformations between pure states, we
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restrict to strongly symmetric catalysts, which satisfy

U(g)ρ = ρU(g) = ρ, ∀g ∈ G. (40)

This means that the state ρ is a mixture of symmetric states,
rather than only being symmetric “on average,” such that
the symmetry of the system is always preserved. If we
allow weakly symmetric states, which do not satisfy Eq.
(40) but do satisfy U(g)ρU(g)† = ρ, then it is trivial to
construct catalysts, the maximally mixed state being one
example. This matches the known fact that SPT order is
not stable under weakly symmetric channels [57]. We then
define a mixed-state catalyst in a similar fashion as for pure
states.

Definition 2 (Mixed-state catalysts). Given a pair of G-
symmetric states |ψ0〉 and |ψ1〉, we say that a mixed state ρ
catalyzes the transformation |ψ0〉 �→ |ψ1〉 if ρ is strongly
G symmetric and there exists a G-symmetric FDQC V such
that,

V(|ψ0〉〈ψ0| ⊗ ρ)V†=|ψ1〉〈ψ1| ⊗ ρ. (41)

Note that we still only drive the catalyzed transforma-
tion using an FDQC. We could further generalize this by
asking that |ψ0〉〈ψ0| ⊗ ρ and |ψ1〉〈ψ1| ⊗ ρ are two-way
connected via symmetric local channels, akin to recent def-
initions of SPT phases for mixed states [58], but we will
find that our definition is sufficient to allow for interesting
examples of mixed-state catalysts.

The notion of a (G,U)-symmetric catalyst still holds for
mixed states. If ρ is weakly symmetric under U , mean-
ing that UρU† = ρ, then a straightforward generalization
of the proof of Theorem 1 shows that it can catalyze
the transformation |ψ〉 �→ U |ψ〉 for all |ψ〉. We there-
fore still use the terminology (G,U)-symmetric catalysts
for mixed states, with the understanding that the state
should be strongly G symmetric but need only be weakly
U symmetric.

A. Catalysts from strong-to-weak symmetry breaking

An interesting class of mixed-state catalysts can be
constructed using the notion of strong-to-weak SSB (SW-
SSB) [10,58–68]. We showcase this for the example of
the 1D cluster state discussed in Sec. III A. Consider the
following mixed state:

ρ = 1
2N (1 + Ue)(1 + Uo). (42)

This state is clearly strongly G symmetric for G = Z2 ×
Z2. It is also weakly UCZ symmetric since,

2N UCZρUCZ =
⎛

⎝1 +
∏

j

Z2j −1X2j Z2j +1

⎞

⎠

×
⎛

⎝1 +
∏

j

Z2j X2j +1Z2j +2

⎞

⎠

= (1 + Ue) (1 + Uo) . (43)

Therefore, it is a valid catalyst. In contrast with pure-
state catalysts in 1D, which always had (quasi-)long-range
correlations, this state only has short-ranged two-point cor-
relations of the form 〈OiOj 〉 = Tr(ρOiOj ). This follows
from the fact that the state ρ can also be written as a convex
sum of product states, namely a sum of all rank-one projec-
tors of the form | + − + − + · · · 〉〈+ − + − + · · · | con-
taining an even number of |−〉 states on both the even and
odd sublattices. Because of this, it is also infinite-partite
separable and therefore has no long-range entanglement
[69]. In fact, it can be prepared from a symmetric product
state with a symmetric local quantum channel (although
the reverse transformation is not possible), as discussed
further in Sec. VI in the context of efficient preparation
of catalysts. Thus, its properties starkly contrast with those
of pure-state catalysts.

The general framework to which this state belongs is
that of strong-to-weak SSB (SW-SSB) [10]. This describes
the scenario where a density matrix is strongly G sym-
metric as a whole, but it is a mixture of a finite number
of weakly G-symmetric states. More precisely, an SW-
SSB mixed state is characterized by a long-ranged fidelity
correlator of the local charged operator Oi, namely

F
(
ρ, OiO

†
j ρOj O†

i

)
∼ O(1), (44)

where F(ρ, σ) = Tr
√√

ρσ
√
ρ is the fidelity of two den-

sity matrices ρ and σ . This is the analog of the long-range
correlator Tr(ρOiOj ) that characterizes conventional SSB.
One can easily verify that the state ρ defined in Eq. (42)
has F

(
ρ, ZiZ

†
j ρZj Z†

i

)
= 1 whenever i and j belong to the

same sublattice, so it indeed has SW-SSB.
We see that, when mixed-state catalysts are allowed,

(quasi-)long-range correlations are not necessary, and
long-range fidelity correlators are sufficient. The fidelity
correlator is closely related to the Edwards-Anderson cor-
relator [10]. Physically, this implies that we can construct
catalysts that spontaneously break the symmetry in the
sense of a spin glass does rather than a ferromagnet.
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The generalization of the state in Eq. (42) to general
symmetry groups is

ρ ∝
∑

g∈G

U(g), (45)

which will always be (G,U) symmetric for any G-
symmetric QCA U . This is therefore a valid SW-SSB
catalyst for all examples discussed prior to this point.

As a particularly interesting example, consider the
higher-form SPT |ψLieb〉 discussed in Sec. IV A. We can
define the density matrix,

ρ =
(
1 +∏

v Xv
2

)∏

p

(
1 + Bp

2

)
. (46)

This state is invariant under the entangler ULieb. It also has
SW-SSB of the Z

(0)
2 × Z

(1)
2 symmetry. For qubits on ver-

tices, there is SW-SSB of Z
(0)
2 captured by a long-ranged

fidelity correlator,

F (ρ, ZvZv′ρZvZv′) = 1. (47)

For the 1-form symmetry generated by U(1)
γ , the relevant

dual operators whose expectation values diagnose sym-
metry breaking are products of Z operators Wλ = ∏

e∈λ Ze
where λ is an closed path on the dual lattice. We can
easily check that ρ has SW-SSB of the 1-form Z

(1)
2 sym-

metry in the sense of a vanishing expectation value and a
non-vanishing fidelity expectation value of Wλ,

Tr (ρWλ) = 0

F (ρ, WλρWλ) = 1.
(48)

Furthermore, we can check the disorder parameters defined
by truncating the 1-form symmetry operators U(1)

γ to open
strings γ̄ ,

Tr
(
ρU(1)

γ̄

)
= 0

F
(
ρ, U(1)

γ̄ ρU(1)
γ̄

)
= 1.

(49)

This pattern of expectation values matches the recent char-
acterization of 1-form SW-SSB given in Ref. [70]. We
remark that, in a state with SW-SSB of a 1-form symmetry,
the edge qubits form a mixed-state topological order that
can restore a classical bit [59,70–74].

B. Characterizing 1D catalysts

We have seen that catalysts in spatial dimension d >
1 can belong to various different classes with different
properties including topological order. In d = 1, how-
ever, the situation is relatively simple, and here we derive

strong constraints on possible catalysts in 1D. We focus
on (G,U)-symmetric catalysts, but we believe that these
findings should hold more generally.

Our constraints are phrased in terms of the concept
of symmetry localization. Recall that we are consid-
ering mixed-state catalysts in the general case, and a
(G,U)-symmetric catalyst is then a mixed state ρ such
that U(g)ρ = ρU(g) = ρ and UρU† = ρ. We can then
define two notions of symmetry localization. First, given
any finite region 	 = [a, b] of the lattice, define U	,g =∏

i∈	 ui(g) to be the symmetry truncated to R. Then, strong
localization of the symmetry means that there exist opera-
tors L	,g and R	,g that supported in a finite region around
sites a and b such that the following holds (perhaps up to
exponentially small corrections in |	|),

ρU	,g = ρ(L	,g ⊗ R	,g). (50)

In the context of SPT phases, the operator U	,g(L
†
	,g ⊗

R†
	,g) is called a string-order parameter [75].

Theorem 2. Suppose ρ is a 1D state that is strongly
G symmetric for a finite Abelian group G and satisfies
UρU† = ρ where U is an entangler for a nontrivial SPT
phase. Then ρ cannot exhibit strong localization of the G
symmetry.

Proof. We prove this using the invariant for SPT entan-
glers defined in Ref. [76]. We use this approach because
these invariants are defined for non-Abelian and higher-
dimensional SPT phases as well, meaning it is likely that
this proof can be extended to those cases as well (as
opposed to a proof based on string-order parameters, say).
For Abelian G, the invariant of Ref. [76] is defined via the
identity,

U†UA,gUUB,hU†U†
A,gUU†

B,h=cg,h1, (51)

where A = [a, c] and B = [b, d] are two overlapping
intervals with a � b � c � d. The set of phases cg,h ∈
U(1) for g, h ∈ G completely specify U up to symmetric
FDQCs. In particular, U cannot entangle a nontrivial SPT
if cg,h = 1 for all g, h ∈ G.

We prove that cg,h = 1 whenever there is a state ρ that
exhibits strong symmetry localization and satisfies ρ =
UρU†. Assume that such a state ρ exists. We define the
shorthand notations,

W	,g = L	,g ⊗ R	,g (52)

W	,g = UW	,gU† (53)

W̃	,g = U†W	,gU . (54)
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By multiplying both sides of Eq. (51) by ρ and taking the
trace, we have,

cg,h = Tr(U†UA,gUUB,hU†U†
A,gUU†

B,hρ)

= Tr(U†UA,gUUB,hU†U†
A,gUW†

B,hρ)

= Tr(U†UA,gUUB,hU†U†
A,gW

†
B,hρU)

= cg,hTr(U†UA,gUUB,hU†W†
B,hU†

A,gρU), (55)

where we used the fact that U†
A,gW

†
B,hUA,gWB,h = cg,h1

[76]. Continuing, we have,

cg,h = cg,hTr(U†UA,gUUB,hU†W†
B,hW†

A,gρU)

= cg,hTr(U†UA,gUUB,hW̃†
A,gW†

B,hρ)

= cg,hch−1,gTr(U†UA,gUW̃†
A,gρ). (56)

Therein, we used the fact that W̃†
A,gW†

B,h = W†
B,hW̃

†
A,g since

they are supported in disjoint regions. We then noticed
that UB,h = U†

B,h−1 (since UB,h is a unitary representation of

G) and again used the fact that U†
B,h−1W̃†

A,gUB,h−1W̃A,g =
ch−1,g1 [76]. Then we used symmetry localization to write
UB,hW†

b,hρ = ρ. Finally, we have,

cg,h = cg,hch−1,gTr(U†UA,gW†
A,gρU)

= cg,hch−1,gTr(U†ρU)
= cg,hch−1,g . (57)

Therefore, ch−1,g = 1 for all g, h ∈ G. �

Similar invariants exist for non-Abelian phases and in
higher dimensions [76], and we believe they can be used
to prove the same result in those cases.

This theorem strongly constrains pure-state catalysts.
This is because any pure state that has exponentially decay-
ing correlations must have strong symmetry localization.

Corollary 1. Suppose a 1D state |ψ〉 is (G,U) sym-
metric where G is finite Abelian and U is an entangler
for a nontrivial SPT phase. Then |ψ〉 must have some
(quasi-)long-range two-point correlation functions.

Proof. We prove the contrapositive. If |ψ〉 has only
exponentially decaying correlations, then it has area-law
entanglement [77,78] and can therefore be faithfully repre-
sented as a matrix product state (MPS) [79]. But, every
MPS with exponentially decaying correlations exhibits
symmetry localization [80]. From Theorem 2, we see that
|ψ〉 cannot be (G,U) symmetric where U is an entangler
for a nontrivial SPT phase. �

This result for pure states is essentially equivalent to that
of Ref. [81], which holds for general groups G, where the
authors arrived at the constraint from the perspective of
anomalous symmetries.

For mixed-state catalysts, the situation is different. As
we have seen, the SW-SSB catalyst in Eq. (42) has all
short-range correlations (but long-range fidelity correla-
tions). While the SW-SSB catalyst does not have strong
symmetry localization, it does have weak symmetry local-
ization. This means that, for any subregion 	, there exist
operators L	,g and R	,g such that

U†
	,gρU	,g = (L†

	,g⊗R†
	,g)ρ(L	,g ⊗ R	,g). (58)

This can be seen in the example of Eq. (42) where L	,g =
R	,g = 1.

We can argue that any catalyst with weak symmetry
localization must have a long-range fidelity correlator.
SinceU is symmetric and locality preserving, we can write,

UU	,g(L
†
	,g⊗R†

	,g)U†=U	,g(L†
	,g⊗R†

	,g), (59)

where L	,g and R	,g are localized near the left and right
endpoints of 	. If U is the entangler of a nontrivial Abelian
SPT and G is finite Abelian, then the operators L	,g will
carry different charge than L	,g for some g ∈ G (likewise
for the right endpoints). Then, we can write,

ρ = (L	,g ⊗ R	,g)U
†
	,gρU	,g(L

†
	,g⊗R†

	,g)

= (L	,g ⊗ R	,g)U
†
	,gρU	,g(L†

	,g⊗R†
	,g)

= (L	,gL†
	,g⊗R	,gR†

	,g)ρ(L	,gL†
	,g⊗R	,gR†

	,g), (60)

where we conjugated by U and then applied Eq. (58). The
endpoint operators L	,gL†

	,g and R	,gR†
	,g carry nontrivial

charge for some g ∈ G. Then Eq. (60) implies a long-range
fidelity correlator (44) for charged operators, as claimed.

For general mixed-state catalysts, we make the follow-
ing conjecture as an extension of Corollary 1:

Conjecture 1. A catalyst ρ of 1D SPT should have
a (quasi-)long-range correlation in the sense of Rényi-n
correlator for some n ∈ Z

+ and local operator Oi, namely

R(n)(i, j ) = Tr
(
ρσ n−1

)

Tr(ρn)
, σ = O†

i Oj ρO†
j Oi. (61)

We note that the converse of this conjecture can be eas-
ily argued. First, note that a catalyst ρ for a 1D SPT cannot
be symmetrically invertible, meaning there cannot exist a
state ρ̃ ∈ H̃ and a strongly symmetric finite-depth local
quantum channel E , such that

E[ρ ⊗ ρ̃] = |0〉 〈0| ∈ H ⊗ H̃. (62)

This follows from the fact that symmetric invertibility
implies strong symmetry localization [58], which we have
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shown is incompatible with being an SPT catalyst. Now,
it was shown in Ref. [10] that all symmetrically invertible
states have exponentially decaying Rényi-n correlators for
all n. Our conjecture is therefore the converse, namely that
any state which is not symmetrically invertible must have
a long-range Rényi-n correlator for some n.

VI. APPLICATIONS TO STATE PREPARATION

Here we discuss how the many-body catalyst framework
can be used to derive novel methods for preparing SPT-
ordered states. Throughout this discussion, we assume that
we are in a scenario where we only have access to sym-
metric gates or interactions since SPT phases can be easily
prepared using nonsymmetric FDQCs [8]. Such a symme-
try constraint may come from inherent properties of the
underlying physical system, such as conservation of charge
or particle number, or gauge symmetries in lattice gauge
theories [79,82]. It can also be desirable to engineer a sys-
tem where only symmetric interactions occur since this can
increase the robustness of certain models of quantum com-
putation [83–85] or the efficacy of error correction (where
we view the symmetry constraint as being similar to a
biased-noise error model [86,87]).

At the most basic level, any efficient preparation unitary
Ua for a catalyst |a〉 from a trivial product state immedi-
ately gives an efficient protocol to prepare any state |ψ〉
that it catalyzes. This is because we can simply prepare the
catalyst in an ancillary system, then use it to prepare |ψ〉
via a symmetric FDQC,

|ψtriv.〉 ⊗ |ψtriv.〉 I⊗Ua−−−→ |ψtriv.〉 ⊗ |a〉 V−→ |ψ〉 ⊗ |a〉, (63)

and we can additionally apply I ⊗ U−1
a at the end if we

want the ancillary system to return to the trivial state. If
Ua can be implemented in time τ using symmetric interac-
tions, then |ψ〉 can be made in time τ + C where C is the
constant time needed to implement the FDQC V (or time
2τ + C if we want to unmake the catalyst at the end).

It turns out that for the (G,U)-symmetric catalysts
described in Theorem 1, it is not necessary to use ancillary
degrees of freedom to take advantage of the catalyst. Sup-
pose a state |ψ〉 can be prepared using a symmetric QCA
U and there is a catalyst |a〉 that is (G,U) invariant. Then,
consider the following process:

|ψ〉 = UU†
aU†Ua|ψtriv.〉. (64)

Since U is not generally a symmetric FDQC, this sequence
of four evolutions does not describe an efficient prepara-
tion of |ψ〉. However, if we write Ua as a Hamiltonian
evolution,

Ua = T
[
ei
∫ τ

0 Ha(t)dt
]

, (65)

for some time-dependent symmetric Hamiltonian Ha(t),
where T is the time-ordering operator, then we can rewrite
Eq. (64) as,

|ψ〉 = T
[
e−i

∫ τ
0 H̃a(t)dt

]
T
[
ei
∫ τ

0 Ha(t)dt
]
|ψtriv.〉. (66)

where we have defined the modified Hamiltonian,

H̃a(t) = UHa(t)U†. (67)

If Ha(t) consists of symmetric terms then so will H̃a(t)
since USPT is a symmetric QCA. Furthermore, Ha(t) and
H̃a(t)will have the same spatial locality. Note that this only
holds if Ha is a symmetric Hamiltonian, which is where the
symmetry of the catalyst comes in. So, if |a〉 can be pre-
pared in time τ using a symmetric Hamiltonian evolution,
then |ψ〉 can be prepared in time 2τ using a symmet-
ric Hamiltonian evolution with the same locality, without
requiring ancillary degrees of freedom. If we instead write
Ua as a symmetric quantum circuit, then UU†

aU† will be
a symmetric quantum circuit with the same depth and
locality (up to a constant).

A. Generating SPT phases with long-range
interactions

The above method can be applied to construct efficient
methods to prepare SPT phases with long-range interac-
tions. First, consider the case of all-to-all interactions. In
Sec. II C we saw that the product of long-range Bell states
defined in Eq. (14) can catalyze the 1D SPT fixed-point
state. These Bell states can be prepared in constant time
using a long-range two-body symmetric Hamiltonian, or
equivalently using a symmetric FDQC with long-range
two-qubit gates. Therefore, the 1D SPT can also be pre-
pared in constant time using long-range symmetric inter-
actions. A similar construction works for SPT phases in all
dimensions. This reproduces the observation of Ref. [15]
that all SPT phases can be prepared in constant time using
long-range symmetric interactions.

We can also construct efficient methods to prepare SPT
states using power-law decaying Hamiltonians. We define
an α-decaying Hamiltonian as one of the form,

H =
∑

i<j

hi,j , (68)

where hi,j acts on sites i and j and is bounded by ||hi,j || <
d−α

i,j where di,j is the distance between i and j and α is
some positive constant. The catalyst we consider is the
GHZ state, which we have seen serves as a catalyst for SPT
phases in all dimensions. Efficient protocols to prepare
GHZ states using power-law interactions have been stud-
ied extensively due to their application in state-transfer,
see Ref. [88] for a recent review. Using the resulting GHZ
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state as a catalyst, all of these protocols can be immediately
translated protocols to prepare SPT phases [89].

In general, the optimal time to make a GHZ state using
an α-decaying Hamiltonian is a complicated function of α.
Here, we mention as one example that, for α < D where D
is the spatial dimension, the time to make a GHZ state is
independent of system size. Therefore, SPT phases can be
made in constant time using α-decaying symmetric Hamil-
tonians for α < D. To the best of our knowledge, this is the
first construction of symmetric long-range Hamiltonians
for preparing SPT phases.

B. Generating SPT phases with local symmetric
channels

We showed in Sec. V that SPT phases can be catalyzed
using SW-SSB mixed states. Here we show how to pre-
pare the mixed states efficiently using only local symmetric
measurements, thereby giving a constant-time local, sym-
metric channel to prepare SPT phases. Importantly, no
long-range classical communication or unitary feedback is
needed.

It is well known that a GHZ state can be prepared in
constant time using local measurements of the stabiliz-
ers and unitary operations conditioned on the measure-
ment outcomes. However, those unitary corrections require
long-range classical communication, and hence this proto-
col does not constitute a local, symmetric channel. Sur-
prisingly, it turns out that the unitary correction is not
necessarily needed to use the state as a catalyst because
the post-measurement state can be (G,U)-invariant for all
measurement outcomes.

Let us demonstrate this for the example of the 1D cluster
state. Suppose we initialize an ancillary system in the sym-
metric product state |+〉⊗N . Now, we measure the operator
ZiZi+2 for each i. Note that this measurement commutes
with the Z2 × Z2 symmetry. The postmeasurement state
is,

|a(�s)〉 =
∏

i

1 + siZiZi+2

2
|+〉⊗N , (69)

where �s = (s1, . . . , sN ) and the signs si = ±1 are the mea-
surement outcomes. Note that valid measurement out-
comes satisfy

∏
i s2i = ∏

i s2i+1 = 1 and all valid outcomes
are equally likely. In the case that si = 1 for all i, this
describes a pair of GHZ states on the odd and even sub-
lattices. For generic measurements, the postmeasurement
state is a GHZ state with some pattern of domain walls.
These domain walls can be corrected by applying strings
of local X operators determined by the measurement out-
comes. However, this correction step is unnecessary since
the postmeasurement state |a(�s)〉 is a catalyst for all mea-
surement outcomes. To see this, note that |a(�s)〉 is a
stabilizer state, and a minimal set of generating stabiliz-
ers with no relations between them is given by Ue, Uo, and

{siZiZi+2, i = 1, . . . , N − 2}. Therefore, we can write,

|a(�s)〉〈a(�s)| =
N−2∏

i=1

(
1 + siZiZi+2

2

)(
1 + Ue

2
1 + Uo

2

)
,

(70)

which is clearly invariant under conjugation by UCZ. This
implies that UCZ|a(�s)〉 = |a(�s)〉 up to an irrelevant phase.

Therefore, to prepare a cluster state, we can prepare a
catalyst by performing symmetric local measurements on
a product state and then applying the catalyzed symmet-
ric FDQC described in Theorem 1. The catalyst that we
prepare on average in the process is

ρ =
∑

�s
p�s|a(�s)〉〈a(�s)| = 1

2N (1 + Ue)(1 + Uo), (71)

which is exactly the mixed-state catalyst described in
Sec. V. Therefore, the above process describes via an oper-
ational “unravelling” what it means to use the mixed-state
catalyst in practice. We stress that this mixed state is dif-
ferent from the pure GHZ state. In particular, it does not
allow for long-range state transfer, so there is no contradic-
tion that we are able to prepare it with a symmetric local
channel.

VII. DISCUSSION

In this work, we introduced the idea of a many-body
quantum catalyst and demonstrated its richness and broad
applicability in the context of SPT phases of matter. There
are many avenues of future work, and we describe some
here. First, it is worth noting that a majority of our results
considered a particular class of catalysts that we called
(G,U)-symmetric catalysts (Theorem 1), but we have not
shown that all catalysts must belong to this class. Can we
find catalysts for SPT phases with new physical proper-
ties if we move away from this class? Or is it possible
that all catalysts can be related in a particularly way to a
(G,U)-symmetric catalyst? In general, it is an important
problem to constrain potential catalysts at a more basic
level than we have done here. In this direction, Theorem
2 gives constraints on potential catalysts that lie beyond
the framework of Theorem 1.

All of our results and examples considered bosonic sys-
tems. However, our ideas can be straightforwardly applied
to fermionic systems. For example, the 1D Kitaev chain
is an SPT phase protected by fermionic parity symmetry
[90]. It can be created from a trivial state using a symmet-
ric QCA: the “Majorana” or “half” shift operator [91,92].
Then, any fermionic state that is invariant under this oper-
ation can catalyze the Kitaev chain, see Refs. [92–95] for
examples. The discussion therefore exactly mirrors that
given in Sec. II C, where the qubits therein are replaced
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by Majorana fermions. The fermionic case is especially
interesting because the protecting parity symmetry cannot
be explicitly broken. Therefore, unlike the case of bosonic
SPT phases, there is no way to efficiently create a sin-
gle Kitaev chain, making the catalyst approach potentially
more appealing.

Another future direction involving fermions is to make a
connection to the notion of fragile topology [96], wherein
a topologically nontrivial energy band can be trivialized
by the addition of trivial degrees of freedom. This repre-
sents an analog of our results for noninteracting fermions.
Whether ideas introduced in our paper, possibly in combi-
nation with ideas from fragile topology, can be employed
to develop an understanding of many body catalysts for
interacting fermionic systems would be an interesting topic
for future work.

We have also focused on catalyzing short-range entan-
gled phases of matter, and we suspect that catalysts will
play a much different role when considering long-range
entangled phases. As a preliminary comment, we remark
that some of the aspects of our story are reminscent of the
idea of foliated fracton phases of matter [97]. Therein, cer-
tain 3D phases of matter called fracton phases have the
property that an FDQC acting on the fracton state and a
product state can turn that product state into a topologi-
cally ordered state. This process changes the 3D state by
reducing its size in one direction, but preserves its phase
of matter. So one can view a fracton phase as a catalyst
for topologically ordered states, with the caveat that it can
only be used finitely many times (assuming a finite system
size).

In a similar vein, catalysts can also be used to transform
between gapless phases of matter [98,99]. For example,
it is shown in Ref. [99] that two gapless topological
phases with distinct patterns of symmetry enrichment can
be related by applying symmetric QCA corresponding to
SPT entanglers. Since the catalysts we construct allow
such QCA to be implemented on arbitrary states, they can
also catalyze the transformation between different certain
symmetry-enriched gapless phases.

While we have only considered catalyzing transforma-
tions between pure states, possibly with use of mixed-
state catalysts, we can also consider transformations
between mixed states. One particularly relevant sub-
ject is SPT phases of mixed states and open quan-
tum systems [52,57,100–104], which have also been
called average SPT phases of matter [58,105–108]. It
will be interesting to investigate whether transformations
between such phases can be catalyzed, and whether they
require FDQCs or more general quantum channels to be
implemented.

Finally, we used the catalyst perspective to derive novel
methods to prepare SPT phases using symmetric long-
range interactions. These methods were based on known
efficient methods to prepare GHZ states with power-law

interactions. However, we know there are other kinds of
catalysts including gapless states (and topological states
in higher dimensions). Any efficient method to prepare
these states would lead to efficient methods to prepare
SPT phases. For gapless states in particular, we note
that their preparation complexity appears similar to GHZ
states with local interactions [109], but this may change
with power-law interactions. Preparing gapless states with
power-law interactions seems like an interesting problem
with relations to Lieb-Robinson bounds [88] and anomaly
bootstrapping [110].
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APPENDIX: PROPERTIES OF COCYCLE STATES

Here we prove two claims for Sec. III about cocycle
states, namely that the cocycle νd can be chosen such
that (1) U(νd)

L = 1 for some L and (2) U(νd)|gg · · · g〉 =
|gg · · · g〉 for all g ∈ G. First, let us be more precise about
what we mean by saying such a choice is possible. As
discussed shortly, cocycles can be sorted into equivalence
classes such that cocycle states who cocycles belong to the
same class lie in the same SPT phase. To create a catalyst
for a desired cocycle state, it is sufficient to instead find a
catalyst for any other cocycle state belonging to the same
phase, since that state can be mapped to the desired state
by a symmetric FDQC. Our claim is that every equivalence
class contains a cocycle νd such that conditions (1) and (2)
hold.

To prove this, we need to define the circuit U(νd) more
precisely. Given a cocycle νd, we define the gate [8],

U(νd) =
∑

g1,...,gd∈G

νd(e, g1, . . . , gd)|g1 · · · gd〉〈g1 · · · gd|.

(A1)

Then, given a triangulation �d consisting of d-simplices
�d, we have,

U(νd) =
∏

�d∈�d

U(νd)
s(�d), (A2)
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where U(νd) acts on the d + 1 sites included in the simplex
�d. The signs s(�d) = ±1 depend on the orientation of
the simplex �d [8]. In 2D, for instance, we can act with
the gate U(ν3)

±1 on the three qubits around every face of a
triangular lattice where the sign depends on the orientation
of the triangle. The gates U(νd) are all diagonal and hence
commute, so U(νd) is an FDQC.

We first argue that we can choose νd such that
U(νd)

L =1. We recall some basic notions in group coho-
mology [8]. Any function λd : Gd+1 → U(1) is called a
d cochain and the d cochains form an Abelian group
under pointwise multiplication. Next, there exist certain
coboundary operators ∂d that map from d cochains to d + 1
cochains. A cochain νd is called a cocycle if ∂dνd = 1 and
it is called a coboundary if νd = ∂d−1μd−1 for some d − 1
cochain μd−1 (note that every coboundary is automatically
a cocycle). The cohomology classes [νd] are equivalence
classes of cocycles modulo coboundaries and they form a
group H d(G, U(1)) called a cohomology group.

Now, it is known that the cohomology groups are finite
Abelian groups. Therefore, for any cocycle νd, there exists
some L such that νL

d belongs to the trivial class, mean-
ing νL

d = μd for a coboundary μd. Now define ν̃d = νdμ
1/L
d

such that ν̃L
d = 1. This is again a cocycle because μ1/L

d is a
coboundary if μd is. We also have [νd] = [ν̃d]. Then, from
the definition in Eq. (A1) it is clear that U(ν̃d)

L = 1 so
U(ν̃d)

L = 1 as well.
Next we prove that we can choose νd such that

U(νd)|gg . . . g〉 = |gg . . . g〉. From the definition in Eq.
(A1), this is true if νd(e, g, . . . , g) = 1. This can always be
made true by modifying νd by an appropriate coboundary,
as shown in Appendix J1 of Ref. [8], which completes the
proof.

[1] D. Jonathan and M. B. Plenio, Entanglement-assisted local
manipulation of pure quantum states, Phys. Rev. Lett. 83,
3566 (1999).

[2] T. V. Kondra, C. Datta, and A. Streltsov, Catalytic trans-
formations of pure entangled states, Phys. Rev. Lett. 127,
150503 (2021).

[3] A. Anshu, M.-H. Hsieh, and R. Jain, Quantifying
resources in general resource theory with catalysts, Phys.
Rev. Lett. 121, 190504 (2018).

[4] I. Marvian, Restrictions on realizable unitary operations
imposed by symmetry and locality, Nat. Phys. 18, 283
(2022).

[5] C. Gidney and A. G. Fowler, Efficient magic state factories
with a catalyzed |CCZ〉 to 2|T〉 transformation, Quantum
3, 135 (2019).

[6] K. Fang and Z.-W. Liu, Surpassing the fundamental limits
of distillation with catalysts, ArXiv:2410.14547.

[7] X. Chen, Z.-C. Gu, and X.-G. Wen, Local unitary transfor-
mation, long-range quantum entanglement, wave function

renormalization, and topological order, Phys. Rev. B 82,
155138 (2010).

[8] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Symmetry
protected topological orders and the group cohomology of
their symmetry group, Phys. Rev. B 87, 155114 (2013).

[9] E. Lieb, T. Schultz, and D. Mattis, Two soluble models
of an antiferromagnetic chain, Ann. Phys. (N. Y.) 16, 407
(1961).

[10] L. A. Lessa, R. Ma, J.-H. Zhang, Z. Bi, M. Cheng, and C.
Wang, Strong-to-weak spontaneous symmetry breaking in
mixed quantum states, ArXiv:2405.03639.

[11] B. Schumacher and R. F. Werner, Reversible quantum
cellular automata, ArXiv:quant-ph/0405174.

[12] T. Farrelly, A review of quantum cellular automata,
Quantum 4, 368 (2020).

[13] Y. Huang and X. Chen, Quantum circuit complexity of
one-dimensional topological phases, Phys. Rev. B 91,
195143 (2015).

[14] X. Chen, A. Dua, M. Hermele, D. T. Stephen, N. Tan-
tivasadakarn, R. Vanhove, and J.-Y. Zhao, Sequential
quantum circuits as maps between gapped phases, Phys.
Rev. B 109, 075116 (2024).

[15] D. T. Stephen, A. Dua, A. Lavasani, and R. Nand-
kishore, Nonlocal finite-depth circuits for constructing
symmetry-protected topological states and quantum cel-
lular automata, PRX Quantum 5, 010304 (2024).

[16] N. Tantivasadakarn and A. Vishwanath, Symmetric finite-
time preparation of cluster states via quantum pumps,
Phys. Rev. Lett. 129, 090501 (2022).

[17] X. Chen, Y.-M. Lu, and A. Vishwanath, Symmetry-
protected topological phases from decorated domain
walls, Nat. Commun. 5, 3507 (2014).

[18] P.-S. Hsin and A. Turzillo, Symmetry-enriched quantum
spin liquids in (3 + 1)d, J. High Energy Phys. 2020, 22
(2020).

[19] T. T. Dumitrescu and P.-S. Hsin, Higgs-confinement tran-
sitions in QCD from symmetry protected topological
phases, SciPost Phys. 17, 093 (2024).

[20] Y. Choi, Y. Sanghavi, S.-H. Shao, and Y. Zheng, Non-
invertible and higher-form symmetries in 2+1d lattice
gauge theories, SciPost Phys. 18, 008 (2025).

[21] X. Chen, Z.-C. Gu, and X.-G. Wen, Classification of
gapped symmetric phases in one-dimensional spin sys-
tems, Phys. Rev. B 83, 035107 (2011).

[22] N. Schuch, D. Pérez-García, and I. Cirac, Classifying
quantum phases using matrix product states and projected
entangled pair states, Phys. Rev. B 84, 165139 (2011).

[23] H. C. Po, L. Fidkowski, T. Morimoto, A. C. Potter,
and A. Vishwanath, Chiral Floquet phases of many-body
localized bosons, Phys. Rev. X 6, 041070 (2016).

[24] C. K. Majumdar and D. K. Ghosh, On next-nearest-
neighbor interaction in linear chain. I, J. Math. Phys. 10,
1388 (1969).

[25] R. Thorngren, A. Vishwanath, and R. Verresen, Intrin-
sically gapless topological phases, Phys. Rev. B 104,
075132 (2021).

[26] D. V. Else and C. Nayak, Classifying symmetry-protected
topological phases through the anomalous action of the
symmetry on the edge, Phys. Rev. B 90, 235137 (2014).

020353-16

https://doi.org/10.1103/PhysRevLett.83.3566
https://doi.org/10.1103/PhysRevLett.127.150503
https://doi.org/10.1103/PhysRevLett.121.190504
https://doi.org/10.1038/s41567-021-01464-0
https://doi.org/10.22331/q-2019-04-30-135
https://arxiv.org/abs/2410.14547
https://doi.org/10.1103/PhysRevB.82.155138
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1016/0003-4916(61)90115-4
https://arxiv.org/abs/2405.03639
https://arxiv.org/abs/quant-ph/0405174
https://doi.org/10.22331/q-2020-11-30-368
https://doi.org/10.1103/PhysRevB.91.195143
https://doi.org/10.1103/PhysRevB.109.075116
https://doi.org/10.1103/PRXQuantum.5.010304
https://doi.org/10.1103/PhysRevLett.129.090501
https://doi.org/10.1038/ncomms4507
https://doi.org/10.1007/JHEP09(2020)022
https://doi.org/10.21468/SciPostPhys.17.3.093
https://doi.org/10.21468/SciPostPhys.18.1.008
https://doi.org/10.1103/PhysRevB.83.035107
https://doi.org/10.1103/PhysRevB.84.165139
https://doi.org/10.1103/PhysRevX.6.041070
https://doi.org/10.1063/1.1664978
https://doi.org/10.1103/physrevb.104.075132
https://doi.org/10.1103/PhysRevB.90.235137


MANY-BODY QUANTUM CATALYSTS... PRX QUANTUM 6, 020353 (2025)

[27] A. Kapustin, Symmetry protected topological phases,
anomalies, and cobordisms: Beyond group cohomology,
ArXiv:1403.1467.

[28] L. Fidkowski, J. Haah, and M. B. Hastings, Exactly solv-
able model for a 4 + 1D beyond-cohomology symmetry-
protected topological phase, Phys. Rev. B 101, 155124
(2020).

[29] F. J. Burnell, X. Chen, L. Fidkowski, and A. Vishwanath,
Exactly soluble model of a three-dimensional symmetry-
protected topological phase of bosons with surface topo-
logical order, Phys. Rev. B 90, 245122 (2014).

[30] L. Tsui, H.-C. Jiang, Y.-M. Lu, and D.-H. Lee, Quantum
phase transitions between a class of symmetry protected
topological states, Nucl. Phys. B 896, 330 (2015).

[31] N. Bultinck, UV perspective on mixed anomalies at crit-
ical points between bosonic symmetry-protected phases,
Phys. Rev. B 100, 165132 (2019).

[32] N. Tantivasadakarn, R. Thorngren, A. Vishwanath, and R.
Verresen, Building models of topological quantum crit-
icality from pivot Hamiltonians, SciPost Phys. 14, 013
(2023).

[33] N. Tantivasadakarn, R. Thorngren, A. Vishwanath, and R.
Verresen, Pivot Hamiltonians as generators of symmetry
and entanglement, SciPost Phys. 14, 012 (2023).

[34] R. Raussendorf, D. E. Browne, and H. J. Briegel,
Measurement-based quantum computation on cluster
states, Phys. Rev. A 68, 022312 (2003).

[35] J. Miller and A. Miyake, Latent computational complexity
of symmetry-protected topological order with fractional
symmetry, Phys. Rev. Lett. 120, 170503 (2018).

[36] S. Seifnashri and S.-H. Shao, Cluster state as a nonin-
vertible symmetry-protected topological phase, Phys. Rev.
Lett. 133, 116601 (2024).

[37] M. Levin and Z.-C. Gu, Braiding statistics approach to
symmetry-protected topological phases, Phys. Rev. B 86,
115109 (2012).

[38] X. Chen, F. J. Burnell, A. Vishwanath, and L. Fidkowski,
Anomalous symmetry fractionalization and surface topo-
logical order, Phys. Rev. X 5, 041013 (2015).

[39] W. Shirley, K. Slagle, and X. Chen, Fractional excitations
in foliated fracton phases, Ann. Phys. (N. Y.) 410, 167922
(2019).

[40] M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang,
Symmetry fractionalization, defects, and gauging of topo-
logical phases, Phys. Rev. B 100, 115147 (2019).

[41] C. Wang and M. Levin, Weak symmetry breaking in
two-dimensional topological insulators, Phys. Rev. B 88,
245136 (2013).

[42] Y.-M. Lu and D.-H. Lee, Gapped symmetric edges of
symmetry-protected topological phases, Phys. Rev. B 89,
205117 (2014).

[43] M. Cheng and D. J. Williamson, Relative anomaly in
(1 + 1)d rational conformal field theory, Phys. Rev. Res.
2, 043044 (2020).

[44] G. Dauphinais, L. Ortiz, S. Varona, and M. A. Martin-
Delgado, Quantum error correction with the semion code,
New J. Phys. 21, 053035 (2019).

[45] C. W. von Keyserlingk, F. J. Burnell, and S. H. Simon,
Three-dimensional topological lattice models with surface
anyons, Phys. Rev. B 87, 045107 (2013).

[46] J. C. Magdalena de la Fuente, N. Tarantino, and J. Eis-
ert, Non-Pauli topological stabilizer codes from twisted
quantum doubles, Quantum 5, 398 (2021).

[47] M. A. Webster, B. J. Brown, and S. D. Bartlett, The
XP stabiliser formalism: a generalisation of the Pauli sta-
biliser formalism with arbitrary phases, Quantum 6, 815
(2022).

[48] B. Yoshida, Topological phases with generalized global
symmetries, Phys. Rev. B 93, 155131 (2016).

[49] R. Verresen, U. Borla, A. Vishwanath, S. Moroz,
and R. Thorngren, Higgs condensates are symmetry-
protected topological phases: I. Discrete symmetries,
ArXiv:2211.01376.

[50] Z. Nussinov and G. Ortiz, A symmetry principle for
topological quantum order, Ann. Phys. (N. Y.) 324, 977
(2009).

[51] R. Raussendorf, Quantum computation via translation-
invariant operations on a chain of qubits, Phys. Rev. A
72, 052301 (2005).

[52] S. Roberts, B. Yoshida, A. Kubica, and S. D. Bartlett,
Symmetry-protected topological order at nonzero temper-
ature, Phys. Rev. A 96, 022306 (2017).

[53] A. Hamma, P. Zanardi, and X.-G. Wen, String and mem-
brane condensation on three-dimensional lattices, Phys.
Rev. B 72, 035307 (2005).

[54] S. Vijay, J. Haah, and L. Fu, Fracton topological order,
generalized lattice gauge theory, and duality, Phys. Rev. B
94, 235157 (2016).

[55] Y. You, T. Devakul, F. J. Burnell, and S. L. Sondhi, Sub-
system symmetry protected topological order, Phys. Rev.
B 98, 035112 (2018).

[56] T. Devakul, D. J. Williamson, and Y. You, Classifica-
tion of subsystem symmetry-protected topological phases,
Phys. Rev. B 98, 235121 (2018).

[57] C. de Groot, A. Turzillo, and N. Schuch, Symmetry
protected topological order in open quantum systems,
Quantum 6, 856 (2022).

[58] R. Ma, J.-H. Zhang, Z. Bi, M. Cheng, and C. Wang, Topo-
logical phases with average symmetries: the decohered,
the disordered, and the intrinsic, ArXiv:2305.16399.

[59] J. Y. Lee, C.-M. Jian, and C. Xu, Quantum criticality
under decoherence or weak measurement, PRX Quantum
4, 030317 (2023).

[60] P. Sala, S. Gopalakrishnan, M. Oshikawa, and Y. You,
Spontaneous strong symmetry breaking in open sys-
tems: Purification perspective, Phys. Rev. B 110, 155150
(2024).

[61] X. Huang, M. Qi, J.-H. Zhang, and A. Lucas, Hydro-
dynamics as the effective field theory of strong-to-weak
spontaneous symmetry breaking, Phys. Rev. B 111,
125147 (2025).

[62] Y. Xu and C.-M. Jian, Average-exact mixed anoma-
lies and compatible phases, Phys. Rev. B 111, 125128
(2025).

[63] A. Moharramipour, L. A. Lessa, C. Wang, T. H. Hsieh, and
S. Sahu, Symmetry enforced entanglement in maximally
mixed states, PRX Quantum 5, 040336 (2024).

[64] D. Gu, Z. Wang, and Z. Wang, Spontaneous symmetry
breaking in open quantum systems: Strong, weak, and
strong-to-weak, ArXiv:2406.19381.

020353-17

https://arxiv.org/abs/1403.1467
https://doi.org/10.1103/PhysRevB.101.155124
https://doi.org/10.1103/PhysRevB.90.245122
https://doi.org/10.1016/j.nuclphysb.2015.04.020
https://doi.org/10.1103/PhysRevB.100.165132
https://doi.org/10.21468/SciPostPhys.14.2.013
https://doi.org/10.21468/SciPostPhys.14.2.012
https://doi.org/10.1103/PhysRevA.68.022312
https://doi.org/10.1103/PhysRevLett.120.170503
https://doi.org/10.1103/PhysRevLett.133.116601
https://doi.org/10.1103/PhysRevB.86.115109
https://doi.org/10.1103/PhysRevX.5.041013
https://doi.org/10.1016/j.aop.2019.167922
https://doi.org/10.1103/PhysRevB.100.115147
https://doi.org/10.1103/PhysRevB.88.245136
https://doi.org/10.1103/PhysRevB.89.205117
https://doi.org/10.1103/PhysRevResearch.2.043044
https://doi.org/10.1088/1367-2630/ab1ed8
https://doi.org/10.1103/PhysRevB.87.045107
https://doi.org/10.22331/q-2021-02-17-398
https://doi.org/10.22331/q-2022-09-22-815
https://doi.org/10.1103/PhysRevB.93.155131
https://arxiv.org/abs/2211.01376
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.1103/PhysRevA.72.052301
https://doi.org/10.1103/PhysRevA.96.022306
https://doi.org/10.1103/PhysRevB.72.035307
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevB.98.235121
https://doi.org/10.22331/q-2022-11-10-856
https://arxiv.org/abs/2305.16399
https://doi.org/10.1103/PRXQuantum.4.030317
https://doi.org/10.1103/PhysRevB.110.155150
https://doi.org/10.1103/PhysRevB.111.125147
https://doi.org/10.1103/PhysRevB.111.125128
https://doi.org/10.1103/PRXQuantum.5.040336
https://arxiv.org/abs/2406.19381


STEPHEN, NANDKISHORE, and ZHANG PRX QUANTUM 6, 020353 (2025)

[65] Y. Guo, K. Ding, and S. Yang, A new framework for quan-
tum phases in open systems: Steady state of imaginary-
time Lindbladian evolution, ArXiv:2408.03239.

[66] Y. Kuno, T. Orito, and I. Ichinose, Strong-to-weak sym-
metry breaking states in stochastic dephasing stabilizer
circuits, Phys. Rev. B 110, 094106 (2024).

[67] P. Sala, J. Alicea, and R. Verresen, Decoherence and
wavefunction deformation of d4 non-Abelian topological
order, ArXiv:2409.12948.

[68] J.-H. Zhang, C. Xu, and Y. Xu, Fluctuation-dissipation
theorem and information geometry in open quantum sys-
tems, ArXiv:2409.18944.

[69] L. A. Lessa, M. Cheng, and C. Wang, Mixed-state quan-
tum anomaly and multipartite entanglement, Phys. Rev. X
15, 011069 (2025).

[70] C. Zhang, Y. Xu, J.-H. Zhang, C. Xu, Z. Bi, and
Z.-X. Luo, Strong-to-weak spontaneous breaking of 1-
form symmetry and intrinsically mixed topological order,
ArXiv:2409.17530.

[71] E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, Topo-
logical quantum memory, J. Math. Phys. 43, 4452 (2002).

[72] Y. Bao, R. Fan, A. Vishwanath, and E. Altman,
Mixed-state topological order and the errorfield dou-
ble formulation of decoherence-induced transitions,
ArXiv:2301.05687.

[73] R. Sohal and A. Prem, A noisy approach to intrinsically
mixed-state topological order, PRX Quantum 6, 010313
(2025).

[74] T. Ellison and M. Cheng, Towards a classification of
mixed-state topological orders in two dimensions, PRX
Quantum 6, 010315 (2025).

[75] F. Pollmann and A. M. Turner, Detection of symmetry-
protected topological phases in one dimension, Phys. Rev.
B 86, 125441 (2012).

[76] C. Zhang, Topological invariants for symmetry-protected
topological phase entanglers, Phys. Rev. B 107, 235104
(2023).

[77] F. G. S. L. Brandão and M. Horodecki, Exponential decay
of correlations implies area law, Commun. Math. Phys.
333, 761 (2014).

[78] J. Cho, Realistic area-law bound on entanglement from
exponentially decaying correlations, Phys. Rev. X 8,
031009 (2018).

[79] F. Verstraete and J. I. Cirac, Matrix product states rep-
resent ground states faithfully, Phys. Rev. B 73, 094423
(2006).

[80] D. Pérez-García, M. M. Wolf, M. Sanz, F. Verstraete, and
J. I. Cirac, String order and symmetries in quantum spin
lattices, Phys. Rev. Lett. 100, 167202 (2008).

[81] X. Chen, Z.-X. Liu, and X.-G. Wen, Two-dimensional
symmetry-protected topological orders and their pro-
tected gapless edge excitations, Phys. Rev. B 84, 235141
(2011).

[82] N. Schuch, F. Verstraete, and J. I. Cirac, Quantum entan-
glement theory in the presence of superselection rules,
Phys. Rev. A 70, 042310 (2004).

[83] A. Miyake, Quantum computation on the edge of a
symmetry-protected topological order, Phys. Rev. Lett.
105, 040501 (2010).

[84] D. V. Else, I. Schwarz, S. D. Bartlett, and A. C. Doherty,
Symmetry-protected phases for measurement-based quan-
tum computation, Phys. Rev. Lett. 108, 240505 (2012).

[85] R. Raussendorf, C. Okay, D.-S. Wang, D. T. Stephen,
and H. P. Nautrup, Computationally universal phase
of quantum matter, Phys. Rev. Lett. 122, 090501
(2019).

[86] D. K. Tuckett, A. S. Darmawan, C. T. Chubb, S. Bravyi,
S. D. Bartlett, and S. T. Flammia, Tailoring surface codes
for highly biased noise, Phys. Rev. X 9, 041031 (2019).

[87] J. P. Bonilla Ataides, D. K. Tuckett, S. D. Bartlett, S. T.
Flammia, and B. J. Brown, The XZZX surface code, Nat.
Commun. 12, 2172 (2021).

[88] C.-F. A. Chen, A. Lucas, and C. Yin, Speed limits and
locality in many-body quantum dynamics, Rep. Prog.
Phys. 86, 116001 (2023).

[89] It should be noted that the protocols used in optimal
state-transfer protocols of Refs. [111,112] do not use sym-
metric Hamiltonians. However, it is straightforward to
modify these protocols such that they are symmetric, with-
out changing their efficiency. See, as a demonstration, the
linear-depth circuit in Ref. [14] for creating a GHZ state.

[90] A. Y. Kitaev, Unpaired Majorana fermions in quantum
wires, Phys. -Usp. 44, 131 (2001).

[91] H. C. Po, L. Fidkowski, A. Vishwanath, and A. C. Pot-
ter, Radical chiral Floquet phases in a periodically driven
Kitaev model and beyond, Phys. Rev. B 96, 245116
(2017).

[92] N. Seiberg and S.-H. Shao, Majorana chain and Ising
model - (non-invertible) translations, anomalies, and
emanant symmetries, SciPost Phys. 16, 064 (2024).

[93] A. Rahmani, X. Zhu, M. Franz, and I. Affleck, Phase dia-
gram of the interacting Majorana chain model, Phys. Rev.
B 92, 235123 (2015).

[94] E. O’Brien and P. Fendley, Lattice supersymmetry and
order-disorder coexistence in the tricritical Ising model,
Phys. Rev. Lett. 120, 206403 (2018).

[95] N. Seiberg, S. Seifnashri, and S.-H. Shao, Non-invertible
symmetries and LSM-type constraints on a tensor product
Hilbert space, SciPost Phys. 16, 154 (2024).

[96] H. C. Po, H. Watanabe, and A. Vishwanath, Fragile
topology and Wannier obstructions, Phys. Rev. Lett. 121,
126402 (2018).

[97] W. Shirley, K. Slagle, Z. Wang, and X. Chen, Fracton
models on general three-dimensional manifolds, Phys.
Rev. X 8, 031051 (2018).

[98] T. Scaffidi, D. E. Parker, and R. Vasseur, Gapless
symmetry-protected topological order, Phys. Rev. X 7,
041048 (2017).

[99] R. Verresen, R. Thorngren, N. G. Jones, and F. Poll-
mann, Gapless topological phases and symmetry-enriched
quantum criticality, Phys. Rev. X 11, 041059 (2021).

[100] A. Coser and D. Pérez-García, Quantum 3, 174 (2019).
[101] R. Ma and A. Turzillo, Symmetry protected topologi-

cal phases of mixed states in the doubled space, PRX
Quantum 6, 010348 (2025).

[102] J. Y. Lee, Y.-Z. You, and C. Xu, Symmetry protected
topological phases under decoherence, Quantum 9, 1607
(2025).

020353-18

https://arxiv.org/abs/2408.03239
https://doi.org/10.1103/PhysRevB.110.094106
https://arxiv.org/abs/2409.12948
https://arxiv.org/abs/2409.18944
https://doi.org/10.1103/PhysRevX.15.011069
https://arxiv.org/abs/2409.17530
https://doi.org/10.1063/1.1499754
https://arxiv.org/abs/2301.05687
https://doi.org/10.1103/PRXQuantum.6.010313
https://doi.org/10.1103/PRXQuantum.6.010315
https://doi.org/10.1103/PhysRevB.86.125441
https://doi.org/10.1103/PhysRevB.107.235104
https://doi.org/10.1007/s00220-014-2213-8
https://doi.org/10.1103/PhysRevX.8.031009
https://doi.org/10.1103/PhysRevB.73.094423
https://doi.org/10.1103/PhysRevLett.100.167202
https://doi.org/10.1103/PhysRevB.84.235141
https://doi.org/10.1103/PhysRevA.70.042310
https://doi.org/10.1103/PhysRevLett.105.040501
https://doi.org/10.1103/PhysRevLett.108.240505
https://doi.org/10.1103/PhysRevLett.122.090501
https://doi.org/10.1103/PhysRevX.9.041031
https://doi.org/10.1038/s41467-021-22274-1
https://doi.org/10.1088/1361-6633/acfaae
https://doi.org/10.1070/1063-7869/44/10s/s29
https://doi.org/10.1103/PhysRevB.96.245116
https://doi.org/10.21468/SciPostPhys.16.3.064
https://doi.org/10.1103/PhysRevB.92.235123
https://doi.org/10.1103/PhysRevLett.120.206403
https://doi.org/10.21468/SciPostPhys.16.6.154
https://doi.org/10.1103/PhysRevLett.121.126402
https://doi.org/10.1103/PhysRevX.8.031051
https://doi.org/10.1103/PhysRevX.7.041048
https://doi.org/10.1103/PhysRevX.11.041059
https://doi.org/10.22331/q-2019-08-12-174
https://doi.org/10.1103/PRXQuantum.6.010348
https://doi.org/10.22331/q-2025-01-23-1607


MANY-BODY QUANTUM CATALYSTS... PRX QUANTUM 6, 020353 (2025)

[103] H. Xue, J. Y. Lee, and Y. Bao, Tensor network formulation
of symmetry protected topological phases in mixed states,
ArXiv:2403.17069.

[104] S. Sun, J.-H. Zhang, Z. Bi, and Y. You, Holographic view
of mixed-state symmetry-protected topological phases in
open quantum systems, ArXiv:2410.08205.

[105] R. Ma and C. Wang, Average symmetry-protected topo-
logical phases, Phys. Rev. X 13, 031016
(2023).

[106] J.-H. Zhang, Y. Qi, and Z. Bi, Strange correlation func-
tion for average symmetry-protected topological phases,
ArXiv:2210.17485.

[107] Y. Guo, J.-H. Zhang, H.-R. Zhang, S. Yang, and Z.
Bi, Locally purified density operators for symmetry-
protected topological phases in mixed states, ArXiv:2403.
16978.

[108] J.-H. Zhang, K. Ding, S. Yang, and Z. Bi, Fractonic
higher-order topological phases in open quantum systems,
Phys. Rev. B 108, 155123 (2023).

[109] W. W. Ho and T. H. Hsieh, Efficient variational simulation
of non-trivial quantum states, SciPost Phys. 6, 029 (2019).

[110] R. A. Lanzetta and L. Fidkowski, Bootstrapping Lieb-
Schultz-Mattis anomalies, Phys. Rev. B 107, 205137
(2023).

[111] Z. Eldredge, Z.-X. Gong, J. T. Young, A. H. Moosavian,
M. Foss-Feig, and A. V. Gorshkov, Fast quantum state
transfer and entanglement renormalization using long-
range interactions, Phys. Rev. Lett. 119, 170503 (2017).

[112] M. C. Tran, A. Y. Guo, A. Deshpande, A. Lucas, and A. V.
Gorshkov, Optimal state transfer and entanglement gener-
ation in power-law interacting Systems, Phys. Rev. X 11,
031016 (2021).

020353-19

https://arxiv.org/abs/2403.17069
https://arxiv.org/abs/2410.08205
https://doi.org/10.1103/PhysRevX.13.031016
https://arxiv.org/abs/2210.17485
https://arxiv.org/abs/2403.16978
https://doi.org/10.1103/physrevb.108.155123
https://doi.org/10.21468/SciPostPhys.6.3.029
https://doi.org/10.1103/PhysRevB.107.205137
https://doi.org/10.1103/PhysRevLett.119.170503
https://doi.org/10.1103/PhysRevX.11.031016

	I.. INTRODUCTION
	II.. MANY-BODY CATALYSTS
	A.. Definitions
	B.. (G,U)-symmetric catalysts
	C.. Case study: 1D SPT and LSM

	III.. CATALYSTS FOR SPT PHASES WITH GLOBAL SYMMETRIES
	A.. Example: 1D cluster state
	B.. Topologically ordered catalysts in d>1
	1.. Algebraic argument
	2.. Explicit catalyst for Z2 SPT


	IV.. CATALYSTS FOR OTHER TYPES OF SYMMETRIES
	A.. Higher-form symmetries
	B.. Subsystem symmetries

	V.. MIXED-STATE CATALYSTS
	A.. Catalysts from strong-to-weak symmetry breaking
	B.. Characterizing 1D catalysts

	VI.. APPLICATIONS TO STATE PREPARATION
	A.. Generating SPT phases with long-range interactions
	B.. Generating SPT phases with local symmetric channels

	VII.. DISCUSSION
	. ACKNOWLEDGMENTS
	. DATA AVAILABILITY
	. APPENDIX: PROPERTIES OF COCYCLE STATES
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


